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A. Qo’chqorov, J. Rasulov. Tengsizliklar-I11. Masalalar to’plami / Toshkent,
2008 y.

Fizika —matematika fanlari doktori, professor A. A’zamov umumiy tahriri ostida.

Qo’llanmada oxirgi yillar mobaynida turli davlatlarda bo’lib o’tgan
matematika olimpiadalarida taqdim qilingan tengsizliklar yechimlar bilan
keltirilgan.

Qo’llanma umumiy o’rta ta’lim maktablari, akademik litseylar va kasb—hunar
kollejlarining 1iqtidorli o’quvchilari, matematika fani o’qituvchilari hamda
pedagogika oliy o’quv yurtlari talabalari uchun mo’ljallangan.

Qo’llanmadan sinfdan tashqari mashg’ulotlarda, o’quvchilarni turli matematik

musobagqalarga tayyorlash jarayonida foydalanish mumkin.

Tagqrizchilar: TVDPI matematika kafedrasi mudiri, f.—m.f.n., dotsent
Sh.B. Bekmatov
TVDPI boshlang’ich ta’lim metodikasi kafedrasi dotsenti,
ped. f.n. Z. S. Dadanov

Ushbu qo’llanma Respublika ta’lim markazi qoshidagi matematika fanidan
ilmiy-metodik kengash tomonidan nashrga tavsiya etilgan. (15 iyun 2008 y., 8 -

sonli bayyonnoma)
Qo’llanmaning yaratilishi Vazirlar Mahkamasi huzuridagi Fan va

texnologiyalarni  rivojlantirishni  muvofiglashtirish ~ Q’omitasi  tomonidan

moliyalashtirilgan (XM 1-16 — sonli innovatsiya loyihasi)
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Masalalar.

1. Agar a,b,c musbat sonlar va n,k € N bo’lsa, u holda quyidagi

n+k n+k n+k
a b c
X e >a"+b" +c"
c a

tengsizlikni isbotlang.

2. (Rossiya -2003) Musbat a,b,c sonlar a+b+c=1 tenglikni ganoatlantirilsa, u
holda

1 1 1 2 2 2
+ + > + +
l-a 1-b 1-c¢ 1+a 1+b l+c

tengsizlikni isbotlang.

3. (Moldova -2005) Musbat a,b,c sonlar a* +b* +c* =3 tenglikni qanoatlantirsa,

1 1 1

+ + <1
4—ab 4—ac 4-bc

tengsizlikni isbotlang.

4. (Koreya -2000) Aytaylik,a,b,c, x,y,z haqiqiy sonlar quyidagi
a>b>c>0 ,x>y2>z>0 shartlarni ganoatlantirsin, u holda

a’x? N bzyz N o272 N E
(by + cz)(bz + cy) (cz + ax)(cx + az) (ax + by)(ay + bx) 4

tengsizlikni isbotlang.

5. (Yaponiya -2002) Aytaylik,n >3 va n e N da musbat a,,a,,...,a,,b,,b,,....,b,
sonlar quyidagi @, +a, +...+a, =1 6éa b} +b; +...+b’ =1 shartlarni
qanoatlantirsin. U holda

a, (b +a,)+a,(b,+a,)+...+a, (b, +a)<l1

tengsizlikni isbotlang.



6. Musbat a,b,c sonlar a+ b+ ¢ =1 shartni ganoatlantirsa, u holda

\/ ab \/ bc \/ ac 3
+ + <=
ab+c bc+a ac+b 2

tengsizlikni isbotlang.

7. (Eron -2005) Musbat a,b,c sonlar uchun
2
(ﬁ+é+£j 2(a+b+c)(l+l+lJ
b ¢ a a b c

tengsizlikni isbotlang.

8. (Vengriya -1996) Musbat a,b sonlarning yig’indisi birga teng bo’lsa

2 2
a

> — tengsizlikni isbotlang.
a+1l b+1 3

9. Haqiqly musbat x,y,z sonlar xyz >1 shartni ganoatlantirsa,

5 5 5

X z
5 2 2+5 y2 2+5 2 221
Xy tzn Y HzHx ZHx+y

tengsizlikni isbotlang.

10. (XMO, Xalgaro Matematika olimpiadasi -2005) Musbat x, y,z sonlar xyz >1
shartni gqanoatlantirsa,
R ys _yz 5 _ 2

+ + >0
X+y 4z V424X 24+x+y

tengsizlikni isbotlang.

11. (Bosniya -2002) Agar musbat x, y,z sonlar xyz =x+ y+z+2 tenglikni

qanoatlantirsa,

5(x+y+2)+1828(xy +[yz +zx)



tengsizlik o’rinli bo’lishini isbotlang.

12. (APMO -2005) Musbat a,b,c sonlar abc =8 shartni qanoatlantirsa, u holda.
a’ b’ c’ 4

+ + g
JA+a)1+8)  JA+5)1+¢) \/(1+c3)(1+a3) 3

tengsizlikni isbotlang.

13. (Rossiya -1999) Musbat haqiqiy x va y sonlar x” + 3’ > x’ + y" tengsizlikni

qanoatlantirsa, u holda x’ + )’ <2 tengsizlikni isbotlang.

14. (APMO -2003). Agar a,b,c sonlari uchburchak tomonlarining uzunliklari

bo’lib, a + b+ ¢ =1 shartni qanoatlantirsa, ne€ N, n>2 uchun

32

4/a”+b” +</b”+c” +</c"+a" <1+

tengsizlikni isbotlang.

15. Musbat a,,a,,...,a, sonlar uchun quyidagi

n-n G, +&Sn+1
A G

n n

tengsizlikni isbotlang. Bu yerda

a+a,+..+a
— 1 2 0 —
g, =%Yaa,.a, A = L G, =y AA,...A4, .

n

16. (Yaponiya -2005) Musbat a,b,c sonlar yig’indisi birga teng bo’lsa,

a§/1+b—c+b%/1+c—a+%/1+a—b <1

tengsizlikni isbotlang.

17. (Kolmogorov kubogi, Rossiya -2004) Musbat haqiqiy a,b,c,d sonlar abcd =1

shartni qanoatlantirsa, u holda



l+ab 1+bc l1+cd 1+da
+ + + >4
1+a 1+b l+c 1+d

tengsizlikni isbotlang.

18. (Kolmogorov kubogi, Rossiya -2004) Musbat a,b,c sonlarning yig’indisi

birga teng bo’lsa,

(ab+bc+ca)[ @ b P jzi
b(b+1) c(c+1) a(a+1)) 4

tengsizlik o’rinli bo’lishini isbotlang.

19. Musbat a,b,c sonlar a+ b+ c =1 shartni ganoatlantirsa,

2 2 2
a+b b'+c c +a

+ + >2
b+c c+a a+b

tengsizlikni o’rinli bo’lishini isbotlang

20. Musbat x, y,z sonlar uchun

X ¥ z

+ + <1
X+ ) x+z) Yy J+0)(+z) z+JE+Hx)(z+ )

tengsizlikni isbotlang.

21. (Xitoy -2004) Musbat a,b,c sonlar uchun

\/a \/b \/c 3\/5
+ + <
a+b b+c c+a 2

tengsizlikni isbotlang.

22. (Turkiya -1998) Agar 0 <a <b <c shart bajarilsa,
(a+3b)(b+4c)(c+2a)=60abc

tengsizlikni isbotlang.



23. (Buyuk Ipak yo’li Xalqaro olimpiadasi -2006) Musbat a,b,c sonlar uchun

abc =1 shart bajarilsa,

2
4 i/EJri/EJri/E S3(2+a+b+c+l+l+lj3
b c a a b c

tengsizlikni isbotlang.

24. (Albaniya -2002) Musbat a,b,c sonlar uchun

(a+b+c)+a’ +b* +c* < (l+l+lj(a2+52+02)

a b c

J3+1
3V3
tengsizlikni isbotlang.

25. (AQSh -2004) Musbat a,b,c sonlar uchun
(¢ —a®+3)(B° b +3)(c* -’ +3) = (a+b+c)

tengsizlikni isbotlang.

26. Musbat a,b,c sonlar uchun
(a* +ab+b>)(b*> +bc+ ) +ca+a’)>(ab+bc+ca)’

tengsizlikni isbotlang.

27. (AQSh -2001) Agar musbat a,b,c sonlar a® +b* +¢* +abc =4 shartni

ganoatlantirsa, 0 < ab + bc + ca — abc < 2 tengsizlikni isbotlang.

28. Haqiqiy x,y sonlar x #0, xy(x’ —y*)=x"+ )" shartlarni qanoatlantirsa,

x” +y* > 4 tengsizlikni isbotlang.

29. (Vyetnam -2001) Musbat a,b,c sonlar 21ab + 2bc +8ac <12 shartni

. 1 2 : . C .
ganoatlantirsa, P(a,b,c)=—+—+ 3 ifodaning eng kichik qiymatini toping.
a c



2 2 2 2
30. Musbat a,b,c sonlar uchun a + b— + < >a+b+c+—F Ha-b)
c a a+b+c

tengsizlikni isbotlang.

31. (Hindiston -2000) Haqiqiya,,...,a, conlar uchun a, <a,<...<a, va

a, +a, +...+a, =0 shartlar bajarilsa, na,a, + Zaiz <0 tengsizlikni isbotlang.
i=1

32. (Ruminiya -1999) Musbat x,,x,,...x, sonlar Hxl. =1 shartni qanoatlantirsa,

i=1
1 1 1

+ +—
n—-1+x, n-1+x, n—1+x

tengsizlikni isbotlang.

33. (Polsha -1991) Haqiqiy x,y,z sonlar x* + y* + z° =2 shartni qanoatlantirsa,

X+ y+z—xyz <2 tengsizlikni isbotlang.

34. (Vyetnam -2001) Musbat x, y,z sonlar

TSZ< mln{x\/_y\/_} x+z\/§>\/_ y\/§+z\/_0>2\/_ shartlarni

qanoatlantirsa, P(x,y,z)= Lz + % + % ifodaning eng katta qiymatini toping.
X z

35. (AQSh -2003) Musbat a,b,c sonlar uchun

(2a+b+c)2 s (2b+c+a)2 N (2c+a+b)’
2a° +(b+c)* 2b°+(a+c) 27 +(a+b)

tengsizlikni isbotlang.

36. (Albaniya -2004) Musbat a,b,c sonlarning ko’paytmasi birga teng bo’lsa,
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! + ! + ! >1,2

\/a+1+0,64 \/b+1+0,64 \/c+1+0,64
b c a

tengsizlikni isbotlang.

37. Musbat x,y,z sonlar xyz =1 shartni ganoatlantirsa,

X+y+z-— 1+1+1 > ! —
x+1 y+1 z+1) x(1+z) y(d+x) z(1+y)

tengsizlikni isbotlang.

38. Musbat x, y,z sonlar uchun
3x —x+ 1)V —y+ D) —z+ D)= (xpz) +xpz +1

tengsizlikni isbotlang.

39. (Belorussiya -1997) ne N, n>1 uchun

1 1 1 1 U
—+—-+—+..+—<n—-n"
2 3 4 n

tengsizlikni isbotlang.

40. Birdan katta haqiqiy x,y,z sonlar l+l+l:2 tenglikni kanoatlantirsa,
X y z

\/x+y+ z>+/x—1 +\/y—1 ++/z—1 tengsizlikni isbotlang.

41. (Hindiston -2002) Musbat a,b,c sonlar a” +b” +c* = 3abc tenglikni

b c

. a 9 e
ganoatlantirsa, —— + + > tengsizlikni isbotlang.

b’ a? a*b® a+b+c

42. (Ukraina -2002) Musbat x, y,z sonlar uchun



1 1 1 1 283
+—S+—S+—

- > t
(x+y+z)2 Xy z 9\/xyz(x+y+z)

tengsizlikni isbotlang.

43. (Ukraina -2001) a,,a,,...,a, haqiqiy sonlar
a,+a,+..+a,>n*,al +a; +..+a <n’+1 shartlarni qanoatlantirsa,

n—1<a, <n+1 tengsizlikni isbotlang.

44. (Ukraina -2001) Musbat a,b,c 6a «a,B,y o+ f+y =1 sonlar uchun

aa+ b+ yc+ 2\/ (afp + By + ya)(ab +bc+ ca) <a+b+c tengsizlikni isbotlang.

45. (Ukraina -2000) Musbat a,b sonlar uchun
1 1 1 1 64

f—t— >
a 3ab® 3a’h b 3(a+b)

tengsizlikni isbotlang.

46. (Ukraina -1999) Haqiqiy x,,x,,...,X, € [0;1] sonlar uchun

3 3 3

X, X X
S+ X+ 5-1+ I I R Si I A I Si 155
X +x X, +X X X +x +X,+x+ X, X+ X X+ X, 4+ X,

3
5
tengsizlikni isbotlang.

47. (Bosniya -2002) Musbat a,b,c sonlari a’ +b> +c¢” =1 shartni qanoatlantir-sa,

2 2 2
a b c

+ +
1+2bc 14+2ac 1+2ab

2% tengsizlikni isbotlang.

48. (Yugoslaviya -2002) Musbat x,x,.....x,,, sonlar uchun

2 2 2
x122x5+%+%+...+()9—-11)3, 2<i<2001
l_

10



2001
X.

shart bajarilsa, Z ’ >1,999 tengsizlikni isbotlang.
=X X, X

49. (Hindiston -2002) Musbat a,b,c sonlar uchun

—+
b

a c+b a+c b+a

a b c_c+a a+b b+c
—+—2 + +
c

ekanligini ko’rsating.

50. (XMO -1998) Agar y, >1(i=1,2,..n) bo’lsa,
1 1 1 n

+ +....+ >
I+y  1+y, 1+, 1+\"/y1y2---yn

tengsizlikni isbotlang.

51. (Hindiston -2004) Ixtiyoriy x, € (O;%] sonlar uchun (i=1, 2,..., n)

I X, ﬁ(l - X,)
< i=1

i=l1

2] (B

tengsizlikni isbotlang.

52. (XMO -2001) x,,x,,.....x, haqiqiy sonlar uchun

X, X X
L4 2 +o n <~In

2 2 2 2 2 2
1+x5 1+x +x I+x +x, +...+x,

tengsizlikni isbotlang.

53. (XMO -2004) Musbat a,b,c sonlar ab+ bc + ca =1 tenglikni qanoatlantirsa,

§/1+6b +i/l+6c +§/l+6a SL
a b c abc

tengsizlikni isbotlang.
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54. (XMO -2004) Musbat x,y,z,a,b,c sonlar ab+bc+ca=1 shartni

qanoatlantirsa
2 3 3 3
3abc(x+y+z)£§+ax +by +cz

tengsizlikni isbotlang.

55. (Moldova -2001) a,, a,,..., a, haqiqiy musbat sonlar uchun

1 1 1
— > —
n

o1 o
Z-Z_I:l+al. iz_lla.

1

tengsizlikni isbotlang.

56. (AQSh -1992) a,,a,,a,,....,a, musbat haqiqiy sonlari a,_ -a,, <a’
(i=1,2,...,n—1) shartni qanoatlantirsa
QG+ta+..ta, a+tat..ta, agta+.+a,, a+a+..+a,
n+l n—1 n n

tengsizlikni isbotlang.

57. (Polsha -1996) a,b,c , x,y,z nomanfiy sonlar bo’lib,

1 . :
x+y+z=a+b+c=1, 0<x,y,z< 5 shartlarni ganoatlantirsa,

ax+ by + cz > 8abc

tengsizlikni isbotlang.

58. (XMO -1998) Yig’indisi birdan kichik bo’lgan x,,x,,....,x, musbat sonlar
uchun
n"x X, (1=x —x, == x,) < (% +x, + o+ x, ) (1= x)(1 - x,)...(1-x,)

tengsizlikni isbotlang.

12



a b

59. 0<a,b,c <1 sonlar uchun + +
bc+1 ac+1 ab+1

< 2 tengsizlikni isbotlang.

a+b+c+d <4(a+c)

60. a, b, ¢, d €[1;2] sonlar uchun <
b+c d+a b+d

tengsizlikni isbotlang.

61. (Vyetnam -2002) a, b, ¢ uchburchak tomonlari va 0 <¢ <1 uchun

\/ a . \/ b +\/ € >2Jl+¢ tengsizlikni isbotlang.
a+c—tb

b+c—ta a+b—tc

62. Haqiqiy a, b, ¢ sonlar a+b+c=0 shartni qanoatlantirsa,

a’b® +b’c® +c’a’ +3 > 6abc tengsizlikni isbotlang.

2002

63. (O’zbekiston -2001) x;, x5, ..., X002 musbat sonlar Z g
o 1+ x;

=1 shartni

1'" tengsizlikni isbotlang.

ganoatlantirsa, x;x;...X2002> 200
64. (Belorussiya -1999) Agar musbat a, b, ¢ sonlar a’+b”+¢*=3 tenglikni

+ ! + !
l+ab 1+bc 1+ac

qanoatlantirsa, > — tengsizlik o’rinli bo’lishini isbotlang.

65. Agar a>b>c>0 va x,y,z € R bo’lsa,

(ax+by+cz)(£+l+£)£
a b c

(x+y+z)

(a+c)
4ac
tengsizlikni isbotlang.

66. (Singapur -2004) Agar a, b, ¢ > 0 bo’lsa, u holda

ab bc ac

+ + Sl(a+b+c)
a+b+2¢c b+c+2a a+c+2b 4

tengsizlikni isbotlang.

13



67. (Polsha -2006) Agar musbat a, b, ¢ sonlar ab+bc+ca=abc tenglikni

at+b* bt +c* ¢t +at

qanoatlantirsa, u holda — -t ot 3 3
ab(a”+b") be(b”+c) ac(a +c’)

>1 tengsizlikni

isbotlang.

68. (Sankt-Peterburg -2006) Agar a, b, ¢, d musbat sonlar a’+b°+c’+d’=1

tenglikni qanoatlantirsa, u holda a +b+c+d +

>18 tengsizlikni isbotlang.
abcd

69. (APMO , Osiyo va Tinch Okean qirg’og’i davlatlari olimpiadasi -2004) Agar x,

v, z musbat sonlar bo’lsa,
()c2 + 2)(y2 + 2)(22 +2)29(xy+ yz + zx)

tengsizlik o’rinli bo’lishini ko’rsating.

70. (Xitoy -2004) Agar natural a, <a, <...<a, sonlar ketma-ketligi zl <1
i=1 Cli

d 1 1
shartni ganoatlantirsa < tengsizlikni isbotlang.
1 (;a2+x2J 2a] —2a, +2x° s s

i

(xeR).

71. (Rossiya -2002) Musbat x, y,z sonlar x + y + z =3 shartni ganoatlantirsa,

Jx + \/; +~z > Xy + yz + zx tengsizlikni isbotlang.

72. (Belorussiya -2002) Natural a,b sonlar uchun ‘a\/z — b‘ > 2(;

tengsizikni
a-+ b) 8

isbotlang.
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73. (Belorussiya -2002) Musbat haqiqiy a,b,c,d sonlar uchun

2‘ad—bc‘

\/(a+c)2 +(b+d)2 <@ +B +E +d* S\/(a+c)2 +(b+a’)2 +

J(a+e) +(b+d)

tengsizlikni isbotlang.

74. (APMO -2002) Musbat a,b,c sonlar 1 + % + 1 =1 shartlarni ganoatlantirsa,
a c

Ja+bc ++/b+ac +e+ab=abe +a +b++c ttengsizlikni isbotlang.

75. (APMO -1996) a,b,c uchburchak tomonlari bo’lsa,
Ja+b—c+b+c—a+~Jc+a—b<~Ja+b+c

tengsizlikni isbotlang.

76. Musbat a,b,c sonlar a + b+ c =3 shartni ganoatlantirsa,

2a@’b+bc+c’a)>3(a’b+b’c+c’a—1) tengsizlikni isbotlang.

77. (APMO -1998) a,b,c musbat sonlar uchun

a b C a+b+c
1+=|1+=||1+=|=22| 1+ tengsizlikni isbotlang.
( bj( cj( aj ( Jabe j © ¢

78. (Singapur -2001) ne N va a,,a,,...,a, sonlar Zai =1 shartni ganoatlantirsa,
i=1

a, al 1 e

— Sttt > — tengsizlikni isbotlang.

a, +a, a;+a; a, +a, 2n

4
a

79. (XMO -2000) Musbat a,b,c sonlar abc =1 shartni ganoatlantirsa,

(a -1+ %)(b -1+ lj(c -1+ lj <1 tengsizlikni isbotlang.
c a

15



80. (Qozog’iston -2000) Yig’indisi birga teng bo’lgan a, b, ¢ sonlar uchun
a' +b" b +c ' +ad

+ + > 1 tengsizlikni isbotlang
a@+b b+ F+ad’ .

+LZZ

x+y 2xy 2

81. (Yaponiya -2002) Musbat x, y sonlar uchun x+ y +

tengsizlikni isbotlang.

82. (Pol’sha -1996) Musbat a,b,c sonlarning yig’indisi birga teng bo’lsa,

a b c

5 +— +— 32 tengsizlik o’rinli bo’lishini isbotlang.
a +1 b°+1 c +1

83. (Gonkong -2005) Musbat a,b,c,d sonlarning yig’indisi birga teng bo’lsa,

6(a3 +b+c+ d3) > (a2 +b+ct+d’ ) +% tengsizlikni isbotlang.

84. (Kanada -1998) Istalgan natural n soni (n > 2) uchun

1 1 1 1 11 1 1 1 e
— | 1+=+—=+...+ >—| —+—+—+...+ — | tengsizlikni isbotlang.
n+l1 3 5 2n—-1) n\2 4 6 2n

85. (Bosniya -2002) Agar a >0 va 0<bh <1 bo’lsa, V1+a> ++/1— 5’ g%+9
a

tengsizlikni isbotlang.

2n-3

x, ,, hn>1Dbo’lsa, in <1 tengsizlik

i=1

86. (Polsha -1995) Agar x, :% va x, =

o’rinli bo’lishini isbotlang.
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87. (Bosniya -2002) Agar x, € (O;%) (i=1,2,...,n) sonlari Ztgxl. <n shartni

i=1

n

qanoatlantirsa, sinx, -sinx, -...-sinx, <2 2 tengsizlikni isbotlang.

88. (Belorussiya -2000) Musbat a,b,c;x, y,z sonlar uchun

a6 b6 c6 (a2 +b2 +C2)
— 2

> tengsizlikni isbotlang.
x y z 3(x+y+z)

89. (AQSh -1997) Istalgan musbat a,b,c sonlar uchun

! + ! + ! < ! tengsizlikni isbotlan
a+b+abc b+ +abe S +a’+abc  abe 8 &

90. (Pol’sha -2000) Aytaylik x;, >0 (i=1,2,...,n) va n>2 bo’lsin.
n(n—1)
2

X, +2x,+3x,+...+nx, < +x,+ X5 +x, +...+ x" tengsizlikni isbotlang.

91. (Gretsiya -2002) Agar a,b,c musbat sonlar a’ +b” +¢” =1 shartni

2
qanoatlantirsa, b2a + b + 2C Z%(a a+b\/5+c\/g) tengsizlikni

+1 41 da*+1

isbotlang.

92. (Ukraina -2002) a, 21 (i=1,2,...,n), n21, A=1+a,+a,+...+a,
1 : . n’4
x, =———, 1<k <n deb belgilash kiritsak, u holda x, +x, +...+x, > ———
l+ax,, n"+A4

tengsizlikni isbotlang.

93. (Sankt Peterburg -2004) Musbat a,b,c sonlar uchun

ab N bc N ac <2a+20b+27c
3a+b b+2¢ c+2a 49

17




tengsizlikni isbotlang.

94. (Irlandiya -1998) x # 0 son uchun

I 1

x*—x ——+—20
X x

tengsizlikni isbotlang.

95. (Eron -1998) Birdan katta x, y,z sonlar l + 1 + l = 2 shartni qanoatlantirsa,
X y z

\/x+y+22\/x—l+\/y—1+\/z—l

tengsizlikni isbotlang.

96. (Vyetnam-1998) x,,x,,...,x, (n = 2) musbat sonlar

T S
x, +1998  x, +1998 x, +1998 1998

tenglikni ganoatlantirsa,

@ >1998 tengsizlikni isbotlang.

n—1

18



Yechimlar.

1. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligidan

munosabatga ko’ra,

ntk Cln+k n n n n+k| (a'”k )n bnk n
o +.t o +b"+b Jvr....+b >(n+k) T:(n+k)a
s k
yoki
n+k
n- X +k-b">(m+k)a".
Xuddi shunday,
n+k
n- 7 +kc" > (n+k)b",
n+k
n- " +k-a"2(n+k)c"

tengsizliklarni hosil gilamiz. Bu tengsizliklarni hadma-had qo’shib,

n+k n+k n+k

a b C

X +—t— >a" +b" + "
c a

ni hosil qilamiz.

2. Ushbu l+12
a b a+b

1 1 1 1 1 1 1 1 1 1 1 1
+ + =— + +— + +— + >
l-a 1-b 1-¢ 2\b+c a+b 2\b+c a+c 2 a+b a+c

1 4 4 4 2 2 2
— + + = + + )
2b+a+c¢c b+a+2c b+2a+c) 1+a 1+b 1+c

tengsizlikdan foydalanamiz:

2

3. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligidan
foydalanib,

2 4 < 4 1 1

— < < +
4—agb 8-2ab 8—a’-b* 4-a* 4-b*
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tengsizlikni hosil gilamiz. Xuddi shunday,

2 1 1 2 1 1
< + , < + .
4—bc 4-b> 4-c* " d—ac 4-a° 4-¢°

Bu tengsizliklarni hadma-had qo’shib,

1 1 1 1 1 1
+ + < ~+ >+ 5
4—ab 4-bc 4—ac 4-a 4-b" 4-c

tengsizlikni hosil gilamiz. Berilgan a* +b* +¢* =3 shartdan a’ < 2ekanligi kelib
chigadi.Bundan quyidagi

I at+5
~a’ 18

(a2—1)2(2—a2)20<:>4

tengsizlik o’rinli. Xuddi shunday,
4 4
1 < b +5 1 <€ +5

4-b>" 18 T 4-c* 7 18
tengsizliklar o’rinli. Bu tengsizliklarni hadma-had qo’shib,
1 1 1 1 1 1 _a*+5 b*'+5 *+5
+ + < -+ >+ > < + + =1
4—ab 4-bc 4-ca 4-a 4-b° 4-c 18 18 18
ekanligini hosil qilamiz.
4. Berilgan tengsizlikni chap tomonida turgan qo’shiluvchilarni mos ravishda
A,B,C deb belgilaymiz.
2 2
(by + cz)(bz +cy)=b" +c*)yz+be(y’ +2°) < [y -2|_ z J(b2 +c)+be(y* +27)=
:l(yz +22)(b+c)2 = A>2( a )2 x
2 \b+c) y+7

2

2 2 2
Xuddi shunday , B > 2( b ) Y ,C> 2( ¢ j 5 z tengsizliklarni hosil
a+c X

£+ x a+b +y?

gilamiz.Berilgan shartlarga ko’ra

2

2
a b c X z
> >

b+c c+a a+b y +7°

22 2
X +y

2
22yz
zZ"+X

munosabatlar o’rinli. Chebishev tengsizligini qo’llasak,
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y+zt X +z20 X+

2 2 2 2
22'1'1( =+ ° +— j 2x 7t 2y 7 T 2Z 2
3 3\b+c c+a a+b)\y +z= z+Xx Xx +Yy

2 2 2 2 2 2
A+B+C22-l ( ? j +( b j +( < ) AA A >
3|\b+c a+c a+b

Musbat «, 5,y sonlar uchun A p L 52 tengsizlikni isbotlaymiz.
p+y y+a a+f 2
a+pf=t, p[+y=s, y+a=t belgilash kiritib,
a_ . p LY :T+t—s+r+s—t+s+t—rz
p+y y+a a+p 2s 2t 2t
=l(£+£+z+£+£+£—3j21(2+2+2—3):2
2\s s t t T T 2 2

33 (2

o 11 (3) 3
ni hosil gilamiz. Bundan 4+ B+C>2-—-—- 5
Tenglik a=b=c va x=y=z bo’lganda bajariladi.

5. t=a’ +a; +..+a deb belgilab,

aa,+a,a,+..taa, +aa <
<aa,+aa,+aa,+..+taa,+
+a,a, +a,a, +...+a,a, +
+aa,+...+a,a, +

+a _.a =

n—-1"n
1 1
:5{(a1 +a,+..a, )2 —(al2 +a; +...af)} :5(1—t)

munosabatlarni hosil qilamiz. Bu yerdan #<1 kelib chiqadi.

Koshi-Bunyakovskiy-Shvarts tengsizligini qo’llab,

2
(ab +ab, +...+ab,) < (af +a; +...+ aj)(bf +b2 +...+b§) =t

yoki ab, +a,b, +...+ab, < Ji tengsizlikni topamiz. Bundan
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a (b +a,)+a,(b,+a,)+...+a,(b,+a)=(ab +ab, +..+ab,)+

+(aa, + aya; + ...+ a,a,) < \/;-l-%(l—l) _%(\/;_1)2 +1<1

6. Berilgan tengsizlikni chap tomonini 7 bilan belgilab, o’rta arifmetik va o’rta

geometrik miqdorlar haqidagi Koshi tengsizligidan foydalanamiz, ya’ni:

\/ ab \/ bc \/ ac
ab+1—-a->b bc+1-b-c

ac+l—a—c
\/ ab \/ bc \/ ac
= + + <
(1-a)1-b) (1-b6)1-c) (1-a)1-c)
gl( a_, b j+1(i+ c j+1(i+ ¢ jg
2\1-b 1-a) 2\1l-c 1-b) 2\1-c 1-

a
1{ a b b c a c 3
<— + + + + + ==
2\ a+c¢c b+c b+a c+a b+a b+c 2

7. Tengsizlikni ikkala qismidagi qavslarni ochib ixchamlasak

ifoda hosil bo’ladi.Endi % =X, b =y, € -z deb belgilash kiritsak, u holda (*)
c a

tengsizlik

x> +y +z° +l+l+12x+y+z+3 (**)
X y z
ko’rinishga keladi. xyz =1 ekanligidan quyidagi

2
x+y+
x2+y2+222u2x+y+z (1)

va —+—+—2>3 (2) tengsizliklar o’rinli. (1) va (2) larni hadma-had qo’shib (**) ni
X y z

hosil gilamiz. Bundan (*) isbotlandi.

8. a + b =1 ekanligidan foydalanib yuqoridagi tengsizlikni quyidagi
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shaklda yozamiz:
l< a2 . bZ
3_(a+b)(a+(a+b)) (a+b)(b+(a+b))

Bundan a’b+ab’ <a’ + b’ yoki (a3 +b3)—(a2b+ab2) :(a—b)z(a+b)2 0

9. yz(y* +z°)=y’z+ yz’ < y* + z* tengsizlik o’rinli, chunki
Yt —y’z—yz + 2 :(y3—z3)(y—z)20 :>x(y4+z4)2xyz(yz+zz)2y2+z2
yoki
x° S x° _ x*
XC+y+z X +x(+zY) eyt ezt

Xuddi shunday,

5 4 5 4

y > y Z > z
V+x'+22 eyt eyt eyt

Bu tengsizliklarni hadma-had ko’shib, isboti talab qilingan tengsizlikni hosil

qilamiz.

10. Yugoridagi tengsizlikni quyidagicha yozib olamiz:
2 2 2 2 2 2 2 2 2
Xy 4z yAx 4z x4y +z

<3
X4y +z X+ +x X+

va Koshi-Bunyakovskiy-Shvarts tengsizligini qo’llab,

5 1
X+ +2)z+ 1 +2) 2 (x2(2)? + 2+ 20) 2 (P 4 Y+ 22
X'+ 4z - yz+y* +2°

X +y 4zt Xy +z

yoki Xuddi shunday,

X'y 4z <xz+x2+z2 X'y 4z <xy+x2+y2

Ay 4z Xy 4z ey Xy
munosabatlarni hosil qilamiz. Bu tengsizliklarni hadma-had qo’shsak,

x2+y2+zz+x2+y2+zz+x2+y2+zz Xy + yz + zx

<2+

<3
X +y 4z Y +xi+z 24+xT+y X’y 4z
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11. «, B,y uchburchak burchaklari uchun
1=cos’a +cos* B+cos” y +2cosacos Bcosy tenglikdan foydalanib,

cosa cos [ cosy __ cosa cos [ L cosy

. = +2
cosfcosy cosycosa cosacosfS cosffcosy cosycosa cosacosf

ifodani hosil gilamiz .

cosa cos [} cosy
_ o=

X = H - s &
cos fcosy Cosycosa cosa cos

deb belgilash kiritib, cosa + cos S+ cosy < % tengsizlikdan foydalansak,

4(x+y+z+2(\/5+\/;+\/;))ﬁ9xyz<:>
8(\/@+\/;+\/;)S9(x+y+z+2)—4(x+y+z):5(x+y+z)+18

12. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligidan

foydalanib,

Ji+a' = [(1+a)(1+a* - a) < 22"2,\/1+b3 = J(+b)(1-b+1%) < 2+2b2,
V1+¢? =\/(l+c)(1—c+c3)£2—|_c2

2

munosabatlarni topamiz. Endi quyidagi tengsizlikni isbotlasak yetarli:
4a’ . 4p* . 4c* J4
(2+a7)(2+07) (2+07)(2+¢7) (2+¢°)(2+a7) 3

3(a2(2+cz)+b2(2+a2)+02(2+b2))Z(2+a2)(2+b2)(2+02)<:>

-

a’b’ +b’c’ +c’a’ + Z(a2 +b + cz) >a’b’c’ +8="72
Bu tengsizlik quyidagi tengsizliklarni hadma-had qo’shishdan hosil gilinadi:
a’b* +b’c* +cta’ >33 (abc)4 =48, 2(a2 +b* + cz) > 63 a’b*c® =24

Bulardan isboti talab qilingan tengsizlikni hosil gilamiz.
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13. Birinchi navbatdax + y* > x* + 3’ tengsizlikni isbotlaymiz. Faraz gilaylik,
x+y><x*+y bo’lsin. x’ + y* <x*+’ tengsizlikdan foydalansak, farazimizga
zid bo’lgan 2(x* + ") (x+x*)+(»* + y*) 2 2x" +2)° tengsizlik hosil bo’ladi.
Shuning uchun

x+y>2x’+y>x +y° :>2(x+y2)2x2+y3+x3+y42

>xX 4+ +2x—142y" -1= ¥+’ <2.

14. Umumiylikni chegaralamasdan a > b > ¢ deb olib, uchburchak tengsiz-ligini

qo’llasak, 1:a+b+c>2a:>b£a<% va bundan

!
1+1=2:>(a”+b")»11<2n
2" 20 2" 2

a" +b" <

*) .

Endi qo’yidagini qaraymiz:

n

b+l =+ Lep v+ S S b" ¢ (chunki Zeb > ¢,
2 2 2" 2

n
c
(a—kzj >a"+c" .

(b”+c”)’l“+(a”+b”);<b+§+a+§:1. (**)

Xuddi shunday,

Demak,

(*) va (**) larni hadma-had qo’shib, isboti talab etilgan tengsizlikni hosil qilamiz.

15. AAj“l =x, va x, =1 deb belgilash kiritsak,

k
2 3 n—1
O Ay A AY(A) (A
4 A’ A4, ) 4, 4
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=k— (k- 1) =k—(k-1)x,;

k

——\/1 (2-x,)(3-2x,)...(n—(n—1)x,) .

G "A'A2 A

Umumlashgan Koshi tengsizligidan foydalansak
. aa, +a,a,+..+aa,
(a,>0,,>0,i=12,...n “""%a"ay*..a" <1 —22 n),
a+a,+..+a,

5 n(n+l)
M +%=n"\/x1 2 xxg.x T+ 1-(2-x,)(3 - 2x)..(n— (n—Dx,) <

n n

Sl(n(n;l)_i_xz_i_z%_,_._._|_(n_l)xnj_,_l(1+(2_)cz)+(3—2x3)+...+(n—1))€,,)
n n

(n+1) 1

ntl ——(x, +2x;+..+(n-Dx,)=n+1.
n

+l(.x2 +2x,+...+(n-1x,)+
n

16. Bu tengsizlikning chap tomonini S deb belgilab, quyidagi usulda o’rta

arifmetik va o’rta geometrik miqdorlar o’rtasidagi munosabatni qo’llaymiz:

SSa(1+1+(13+b_c)j+b(1+1+(13+C_a)j+c(1+1+(1+a_b))=

3

3a+3b+3c+ab+ac+bc—ba—ca—ch
3

=1

17.

l+ab 1+bc 1+cd 1+da l+ab 1+cd 1+bc 1+da
+ + + = + + + =
l+a 1+b l+c¢ 1+d l+a l+c 1+ 1+d

1+ab 1+ab N 1+bc+ l+bc |
l+a ab(1+c) 1+b  be(l1+d)

:(1+ab)( ! + ! ]+(1+bc)[ ! + ! jz
l+a ab(l+c) 1+b bc(l1+d)

4(1+ab) L A+bo)
“l4+a+ab(+c) 1+b+bc(1+d)
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18. Bu tengsizlikni chap tomonini 7" bilan belgilab, umumlashgan Koshi-
Bunyakovskiy-Shvarts tengsizligini quyidagicha qo’llaymiz:
T-(a(b+1)+bc+)+c(a+1))2(a+b+c) =1

yoki T 2> ! tengsizlikni va undan
ab+bc+ca+1

T> ! > 1 —

“ab+bc+ca+l (a+b+c) 1
3

3
4
munosabatni hosil gilamiz.

-19.
a2+b+b2+c+cz+a_a(l—b—c)+b+b(l—a—c)+c+c(l—a—b)+a_
b+c c¢c+a a+b b+c c+a a+b

a+b b+c c+a at+b b+c c+a
= —a+ -b+ —c= + + -
b+c c+a c+b b+c c+a a+b

Z3i/a+b‘b+c-c+a 122
b+c c+a a+b

1>

2
20. Ixtiyoriy x,y,z>0 uchun (x —\/;) >0 x*+yz 2 2\xyz &

x2+xy+xz+y22xy+2\/x2yz+xz<:>(x+y)(x+z)2(\/5+\/x—z)2 =

JOo+ ) (x+2) 2 Jxy +/xz

munosabatni topamiz. Bundan

al + 4 + z <
x+\/(x+y)(x+z) y+\/(x+y)(z+y) Z+\/(Z+x)(z+y)

X y z

TN EYN S ey e ey
Jx + \/; + Jz =1

P (P LN ST SN A S S

21. Koshi-Bunyakovskiy-Shvarts tengsizligini qo’llab,
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\/ a +\/ b +\/ ¢ _ |[2ata+b+c)  2b(a+b+e) 2e(atbtc))
a+b b+c cta \\(a+b)a+c) (b+c)b+a) (c+a)c+b)

y atc b+a N c+b B
2(a+b+c) 2a+b+c) 2(a+b+c)

:\/2-(a+b+c)( a + b + ¢ j
(a+b)a+c) (b+c)b+a) (c+a)c+b)

munosabatni hosil gilamiz. Endi
(a+b+c) a + b + ¢ =
(a+b)a+c) (b+c)b+a) (c+a)c+b)
_2(a+b+c)ab+ac+bc) <2
(a+b)b+c)c+a) 4

yoki
S(a +b+ c)(ab +bc+ca)<9(a+b)b+c)c+a)=

6abc <ab(a+b)+bc(b+c)+ac(a+c)

tengsizlikni isbotlash yetarli. Bu tengsizlik esa o’rta arifmetik va o’rta geometrik
miqdorlar o’rtasidagi munosabatga ko’ra o’rinli. Bulardan yuqoridagi isboti talab

etilgan tengsizlik isbotlandi.

22. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligidan
quyidagicha foydalanamiz:

(a+3b)(b+4c)c+2a)=(a+b+b+Db)b+c+c+c+c)c+a+a)=>
11 19 17

24(‘/ab3 -SQ/b-c4 -33/6120 =60a2-bp0.c5 =

2 1 1 1 1

15 12 . .20 T 0
=60abc ¢ =60 abc ¢ 60abc(£j12 -(%jzo > 60abc

I 1o a
ql2 - ph2o a2h20

b=2 c=L deb belgilash kiritsak, u holda

23.a=2
y 4 X
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2

3

4[3/x_§+3‘/y_§€+3‘/y_§jg3(2+1+1+1+1+1+5j
y t X y t x x y t

4«3/xyt(l+l+lj33(2+£+X+£+Z+1+z ,

y x t y t x t y t

bundan

W

W

x+t t+ t+x
2+ Y

4 (xy+yt+tx)§3[ +
JCovty? y x !

Bundan 64(xy + yt +tx)’ <27((xy + vt +tx)(x + y +t) — xpt)” tengsizlikni

isbotlasak yetarli.

27((x + y+1)(xy + yt +tx) — xpt)* >

2
227((X+y+l)(xy+yt+tx)—(x+y+t)(gy+yt+tx)j -
2 2
+y+t
:27(§(x+y+t)(xy+yt+tx)) :64(Xy+yt+tx)2w 264(xy+yt+tx)3

24. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligiga ko’ra
1
3

+123(lllj , a+b+c=3/abc

tengsizliklar o’rinli. Bulardan (a+b+ c)(l + % + l) >9 ekanligini topamiz. Bu
a c

tengsizlik va a +b+c¢ < \/ 3(a’> +b* +¢*) tengsizliklarni hadma-had ko’paytirib,

3\/5 < (l+%+lj(\/a2 +b° +cz) va bundan
a

C
\/§+1(1 1 1j )

et (@ D+ IR+ D+ ) 4N D+ >
et )= {J3( )

>(a+b+c)+Va>+b” +c’.

25. Musbat x son uchun x* —1 va x’ —1 ifodalar bir xil ishoraladir, ya’ni
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0<(xX*-D(x—-1)=x"—x—x" +1yoki X’ —x* +3>x" +2.Bu tengsizlikdan
foydalansak, u holda (a’ —a” +3)(b° —b* +3)(c’ —c* +3) > (a’ + 2)(b’ + 2)(c’ +2).
Bundan (a3 + 2)(b3 +2)(c’ +2)>(a+b+c)’ tengsizlikni isbotlash yetarli.

Umumlashgan Koshi-Bunyakovskiy-Shvarts tengsizligini quyidagi usulda
qo’llaymiz:

(@ +2) +2)(*+2)=(’ +1+ DA+ + DA +1+)>(a+b+c)

26. Umumlashgan Koshi-Bunyakovskiy-Shvarts tengsizligini quyidagi usulda
qo’llaymiz:
(a* +ab+b)b* +bc+c)(c’ +ca+a’)=

=(a’ +ab+b*)(c* +b* +bc)ac+a® +c*) > (ac + ab + bc)’

27. Agar a,b,c>1 bo’lsa, a* +b° +c* + abc >4 bo’ladi. Agar a <1 bo’lsa, u

holda ab + bc + ca— abc > bc —abc =bc(1—a)>0.Endi ab+bc+ca—abc<2
tengsizlikni isbotlaymiz.a =2cos A, b=2cosB, c=2cosC va A, B, C e {O,%}

deb belgilash kiritsak, shartga ko’ra 4+ B + C =z ekanligini topamiz va

cosAcosB+cosBcosC+cosAcosC—ZcosAcosBcosCS%

tengsizlikni isbotlasak yetarli bo’ladi. Faraz etaylik, 4> % yoki 1-2cos 4>0

.Bundan

cos AcosB+cosBcosC+cosCcosA—2cosAcosBcosC =
=cos A(cos B+ cosC)+cos BcosC(1—2cos 4)

Quyidagi cos B+ cosC < % —cosA va

2cos BcosC =cos(B—C)+cos(B+ C)<1-cos A tengsizliklardan foydalansak,

cos A(cos B+ cosC)+cosBcosC(1—-2cos A4) < cosA(% —Cos Aj + (HTOSAj(l —2cos A)
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2

v 22
28. x #0 bo’lgani uchun x* + y* >0 bo’ladi. Bundan (2 xy)z - +( - y2)2 =1
(x"+57) (x +y )

ekanligini topamiz. Oxirgi tenglikda har bir qo’shiluvchi [-1;1] oraliqqa tegishli

ekanligidan
2
(2xy)2 -2 (xz_ 2) 2
————=sin"«a va >=Ccos «
(x2 + yz) (x2 +y°
deb belgilash kiritish mumkin. Bundan
2
4( xy xt - y2
cos’arsin’ a = ( ( )) 4 , (x2+y2)2:_L216,
22\ 2,2\ sin’ 2«
(¥ +7) (x* +57)
X'+’ >4
29. a= g, b= 4?)/, c= 372 deb belgilash kiritsak, u holda masalaning sharti

quyidagicha ko’rinishga ega bo’ladi: 7xy+3yz+5xz <15

O’rta arifmetik va o’rta geometrik miqgdorlar haqidagi Koshi tengsizligini

yugqoridagi tengsizlikka qo’llab 15> 7xy +3yz + 5xz > 15:x"* "’z yoki
6.5_4

x"y z" <1 (*) tengsizlikni topamiz.

Endi (*) dan foydalansak:

1 23 3 5 2 1 1 1
P(a,bc)=—+=+=-="4—+"=—+ +—+—+..+—+
a b ¢ x 2y z 2x 2x 2y 2y
6 ma 5 ma
s T
z 2z 2\ xyz 2

W | —

30. Koshi-Bunyakovskiy-Shvarts tengsizligini qo’llasak,
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az bz Cz (a—b)2+(b—c)2+(a—c)2_

— 2 A N2
1 [(a by, (b-cF , (a—0) ](Hbﬂ)z
a+b+c a b B
;(‘a—b\ﬂb_d‘ﬂc_d‘)z:
a+b+c
1 . 5 4(a—b)2
:m@max{a,b,c}—2m1n{a,b,c}) zm

31. Umumiylikni chegaralamasdan a,<a,<..<q, ,<0<a,<a, <...<a, deb

olamiz va a, =-b, (k=1,2,...,i—1), b, >0 deb belgilaymiz, u holda

— 4 1
a,<a,<..<a,vabz=2b2>.2b, b+b+..+b  =a +a, +..+a, bo’lad

i i+l —

na,a, =—nb,a, ekanligidan Zaf < nb,a, ko’rsatish yetarli.
i=1

nba, = {?161” +ba, +..+ba, |+|ba, +ba, +..+ba, |=

Vo Vo
(i-1) —ma (n+1—i) —ma

=b(a,+a,+..+a,)+a,(b+b+..+b)2b(a,+a, +..+a,)+

+a,(b+b,+...+b_)=b(b+b,+..+b_)+a,(a +a, +..+a,)>

n_

n
>bl b +..+b +al+al +..+al=) al.
i=1

32. Tengsizlikni

n—1 n—1 n-—1
+ +...+

et ——=<n-1
n—1+x, n-1+x, n—1+x,
shaklda yozib, undan
o B
n—1+x, n-1+x n—1+x
tengsizlikni xosil kilamiz. y, = L(*)belgilash kiritsak, u holda
n—1+x,
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S=y+y,+..+y, 21 tengsizlikni isbotlash yetarli. O’rta arifmetik va o’rta

geometrik miqdorlar o’rtasidagi munosabatga ko’ra,

S =y, 2 (n—1)uy 2220
M

tengsizliklar o’rinli. Bu tengsizliklarning mos kismlarini kupaytirib
S=y)S=»)..(S=y)z(n-1)"y»,..v,;

(n-1y

tengsizlikni va (*) ko’ra x, = L yoki

(n=1)"yy,..y, = (1= y)(1=y,)..(1-y,) bulardan
S=-y)S-y)...S=y)=z(1-y)d-»,)...Ad = y,) (**) munosabatni xosil

kilamiz. Agar 0 <§ <1 bo’lsa, S—y, <l-y, yoki JJ(S-y,)<]J(l1-y,).Bu

i=1 i=1

(**) ga ziddir. Demak S >1 ekan.

33. Masalaning shartidan ‘x‘ =\2-y" -2z va yz<1 ekanligini ko’rish mumkin.
Koshi-Bunyakovskiy-Shvarts tengsizliginidan quyidagi usulda foydalanib,

x+y+z—xyz:x(1—yz)+y+zs‘x‘-‘l—yz‘+‘y+z‘:

=m‘l—yz‘+‘y+z‘ﬁ\/((2—)/2—22)+(y+z)2)((1—yz)2+1):

:\/(2+2yz)(2—2yz+y222)

munosabatni hosil qilamiz. Endi (1 + yz)(2 —2yz+y’z°) <2 ekanligini ko’rsatish
yetarli. Bu tengsizlikning chap tomonidagi gavslarni ochib ixchamlash natijasida
Y’z <y*z*yoki yz<1 ni xosil qilamiz, bundan esa x+ y+z—xyz <2 tengsizlik

isbotlandi.
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=c deb belgilash kiritsak, u holda

1
4. —
x\/z y\/_

O(a,b,c)=2a’ +6b> +12¢” ifodaning eng katta qiymatini topsak masala yechiladi.

a,b,c musbat sonlar quyidagi shartlarni ganoatlantiradi:

max{a,b,} <c£% (1)
N2 + a3 = 246ac (2)
N2 + b5 = 2410b¢ 3)
(2) dan
V2, f Boofe=2s %212:la2(%+%j22a2,
a a c 6 a c
Bundan

2 2
a2+02:2a2+cz—azﬁla2(%+%j+cz 1_a_2 glaz(%+%)+l l_a_2 —
6 a c c 6 a c 2 c

Xuddi shunday (1) va (3) dan b* +¢* < % ekanligini topamiz.

Shunday qilib, O(a,b,c,) =2(a’ +c*) +6(b* +c*) + 4c” <%

1 118 1 1
Tenglik O(a,b,c bajariladiva a=—,b=—,c=—
el Cla.b0)= Q(IIIJ . NERN AN

qiymatlar (1)-(2)-(3) shartlarni qanoatlantiradi.

Bundan max P(x, y,z) =max Q(a,b,c) —ﬁ

15

35. a+b=x, b+c=y, c+a=t belgilash kiritsak yuqoridagi tengsizlik
quyidagi ko’rinishga keladi:

2(x+1)° N 2(y+1)° N 2(x+ y)°

2 2 2 2 2 238 (*)
(x+t—y) +2y° (y+t—x)"+2x" (x+y—1t) +2t

Ushbu 2(#* + p*) > (¢t + p)* tengsizlikdan foydalansak,
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4(x +1)° Hy+1) + A(x+y) <
Qx+t—y) +2y)+2y> QRy+t—x) +2x)+2x QR(x+y—1)>+25)+2

4(x+t)2 4(y+t)2 4(x+y)2 B
_(x+t)2+2y2 (y+t)2+2x2 (x+y)2+2t2_

T S S 4 S S SR S
- 2 2 2 - 2 2 2 -
RN AN T S, NS U S PR AN P S P
(x+1) (y+1) (x+y) X+t y +t X +y

4(x2+t2) 4(y2+t2) 4(x2+y2)
= + +

= =8.
x2+yz+t2 x2+y2+z‘2 x2+y2+t2

Bundan (*) isbotlandi.

36. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini
quyidagi usulda qo’llaymiz:
0,6 0,6 0,6
+

+
\/0,36(61 + ; +0,64) \/0,36(19 + 110,64 \/0,36(c + 140,64
C a

>1,2 11 + 11 + 11 =1,2
a+—+1 b+—+1 c+—+1
C a

Chunki
1 1 1 1 1 1
+ + = + + =
ab+b+1 bc+c+1 ac+a+1

a+l+1 b+l+1 c+l+l
C a

ac a 1 ac a 1
ac(ab+b+1) a(bc+c+1) ac+a+1 a+ac+1 l+ac+a ac+a+l
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37. Bu tengsizlikni shakl almashtirish natijasida

[z— yt! j+[x— z+1 J+(y— X+l jZO yoki
(x+1)y (y+1D)z (z+1)x

x+z+x+y+y+z
x+1 y+1 z+1

>3 (*)ga teng kuchli tengsizlikka olib kelamiz.

Koshi-Bunyakovskiy-Shvarts tengsizligiga ko’ra x+1< \/ (x+xp)(x+2)

x+1) . X+z x+1 .
( ) ki > munosabatni

munosabat o’rinli. Bundan x+z > >
x(1+y) x+1 x(1+y)

hosil gqilamiz. Demak

X+z x+y z+y x+1 I+y 1+z
+ + > + + >
x+1 y+1 z+1 x(I1+y) y(d+z) z(l+x)

>3, x+1 I+y 14z

= \/x(1+y)'y(1+z) 2(1+x) =3

38. Avval V¢ >0 uchun 3(¢* —t+1)’ >¢° +£ +1 (*) tengsizlik o’rinli ekanligini
ko’rsatamiz. (*) ni shakl almashtirib, quyidagi munosabatni hosil qilamiz:
(t—1)*(2¢> =t +2) > 0 bu tengsizlik V¢ >0 uchun o’rinli. Bundan

3(x* —x+1)30° =y + 1’327 —z+ 1)’ 2 (X + X+ DO+ Y+ D+ 2 1) ()
munosabatni hosil gqilamiz. Umumlashgan Koshi-Bunyakovskiy-Shvarts
tengsizligini qo’llasak,

X+ + DO+ Y + D+ 2 + D)= (Y2 + xpz +1) (F**)

(**) va (***) larni hadma-had ko’paytirib, isboti talab etilgan tengsizlikni hosil

qilamiz.

39. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini

qo’llaymiz:
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40. Koshi-Bunyakovskiy-Shvarts tengsizligini quyidagi usulda qo’llab,

\/x—1+\/y—1+\/z—1S\/x+y+z-\/x_l+y_1+z_1 =Jx+y+z

X y z

munosabatni hosil gilamiz.

41. Berilgan tengsizlikdan (@’ + b’ + &) a+b+¢)>9a’h’c’ =(a* +b* + c*)’
tengsizlikni hosil gilamiz. Bu tengsizlik esa Koshi - Bunyakovskiy tengsizligiga

ko’ra o’rinlidir.

42. O’rta arifmetik va o’rta geometrik miqdorlar o’rtasidagi munosabatni quyidagi
usulda qo’llaymiz:

.ttt 1 9 o1 1 13 801 1 13
(x+y+t)2 X’ y2 229 (x+y+z)2 x° y2 z? 2 2 2

4 9 8 1 4 3 8 3
238 IS | BT T3 -
ONx+y+2)xyz2 3\xyz 9\N(x+y+z)xyz 3\ xpz(x+y+2z)
28+/3

- 9\/xyz(x +y+2)

43. d, = ‘n - ak‘ belgilash kiritsak, u holda

2

Zn:dkzzzn:(n—ak) :n-n2—2niak +ia,§£n3—2n-n2+n3+1:1
k=1

k=1 k=1 k=1

munosabatni hosil bo’ladi. Bundan d, <1 yoki n—1<a, <n+1.
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44. Tengsizlikni ikkala qismini a + b+ ¢ ga bo’lib va

ye— 4y b € \elgilash kiritsak
a+b+c a+b+c a+b+c

a2 x2 ﬂZ y2 Z2 7/2
ax+ pBy+yz+2(af+PByr+ya)(xy+yz+zx) <—+—+—+—+"—+"—+
By +yz+2(afp+ By + yar)(xy+ y )2 St

+;/0:+aﬂ+,87/+xy+yz+Zx:%(a+ﬂ+7/)2+%(x+y+z)2=%+%:1.

45. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini

quyidagi usulda qo’llaymiz:

1 1 1 1 1 1 1 (1 1 1 2 1 8
—3+—2+—2+—3:(—3+—3)+— — 4 — 22 ?4‘— —_— = 2
a’ 3ab” 3ab b a b 3ab\a b ab’ 3ab\ab 3 (ab)*
,_ 04

3(a +b)’

46. x,,x,...x;€[0;1] ekanligidan tengsizlikning chap qismi quyidagi ifodadan
kichik yoki teng

3 3 3
X Xy X6

5 5 5 + 5 5 5 toot 5 5 5 =
X +x o tx,+4 ) +x+L+x] +4 X +x+.+x, +4

X+ X+t X, 3 .
T 5, LS 5 <<
X +x, +o.+x,+4 5

Ixtiyoriy ¢>0 uchun 3£ +2>5 < (t - 1)2 (3t3 +61° + 4t + 2) >(0 munosabat

o’rinli ekanligidan foydalansak (*) kelib chiqadi.

47. Tengsizlikni chap qismini S bilan belgilab, Koshi-Bunyakovskiy-Shvarts
tengsizligini quyidagi usulda qo’llab,
S- (a2 (1 + 2bc) +b*(1+2ac)+c*(1+ Zab)) >(a’> +b* +c*)* yoki

S> !
1+2abc(a+b+c)
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munosabatni hosil qilamiz. a” +b> +¢* > ./3abc(a+b +c) tengsizlikka ko’ra
q

S > I > ! _3

1+z3abc(a+b+c) 1+2(az+b2+cz)2 >
3 3

ekanligini hosil qilamiz.

48. Koshi-Bunyakovskiy-Shvarts tengsizligini quyidagi usulda qo’llab,

l(l_l) ? 2 2 x2 X2 x2 3 3
X 2| X A A St (1+2 +37+. 4+ (- 1))
2 2’3 (i—1)°

2 ., X, 2 :
2(x1+x2+x3+...+xH) éxu ’ >——0, 2<i<2001
X +x,+..+x z(z—l)

ekanligini topamiz. Bundan

el X, 11 1 1
Y : 22(—+—+...+—j=2(1— j>1,999.
Sx+x,+otx, (12 23 2000-2001 2001

49. Tengsizlikni (ﬁ—”“+1j+(9—"+b+1j+(5—b+c+1jz3 yoki
b c+b a b+a

b2+ac+cz+ab+a2+bc
b(c+b) cla+c) a(b+a)

>3 kurinishda yozamiz.Koshi-Bunyakovskiy-

Shvarts tengsizligini quyidagi usulda qo’llasak,
b2+ac+cz+ab+a2+bc>(b+c)a b(a+c) (d+b)
b(c+b) cla+c) ala+b) bla+c) cla+ b) a(b+c)

(b +c)a bla+c) cla+ b)
b(a +c) cla+b) alb+ c)

50. Avval tengsizlikni induktsiya metodi yordamida n=2*, k € N sonlar uchun
isbotlaymiz. n=2 da

IR T ) N

n+l oy, +1 ny, +1 (y1+1)(y2+1)(\/y1y2 +1)

n=2" da tengsizlik o’rinli bo’lsin deb faraz qilsak, u holda n =2"" da
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1 1 1 1 1 1
+ +...+ + + +....+ >
l+y, 1+, I+ y, I+y,, 1+y., 1+ y

k k k+1
S 2 N 2 S 2

1+m 1+2</yz’f+1yzk+2‘"yzk+l L+73 T VooV

munosabat o’rinli va tengsizlik n=2%, ke N, uchun isbotlandi. Endi tengsizlikni

neN uchun isbotlaymiz. Buning uchun m=2">n,keN, uchun tengsizlik

o’rinli deb faraz etsakva y ., =y ., =...=y, =4%y»,.», debolsak, uholda

1 1 1 m-—n S m

+ +...+ + =
n+l oy, +1 v, +1 1+</y1y2"'yn Q/Jﬁyz"-yn"'l

bo’ladi. Bundan yuqoridagi tengsizlik isbotlanadi.

51. x, =cos’ a;, % <q < % belgilash kiritsak, u holda tengsizlik

n

M(-cos’a) | Y (1-cos’a)

i=l1
ko’rinishga, yoki
12 + 12 +...+ 12 > .
I+ig’a, 1+1g°a, I+ig’a, 1+4tg’atg’a,. 1g°a,

ko’rinishga keladi. Agar tg°a, = y, deb belgilash kiritsak, y, >1 bo’ladi va

! ! ! > \/L ni isbotlash kerak bo’ladi.Bu tengsizlik

+ +... >
I+y, 1+y, I+y, 1+ 5y y,..p,

esa 50- masalada isbotlangan.

52. Tengsizlikni musbat x,,x,,...,x, sonlar uchun isbotlash yetarli. Koshi-

Bunyakovskiy-Shvarts tengsizligini quyidagi usulda qo’llab,
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X X
1+x7 1+x7+x]

X
n <
2 2 2
I+ x +x5 +..+x,

2 2 2
X X X
< |n = |+ —=—— | +..7+ — :
1+ x I+x +x; 1+x +...+x]

munosabatni hosil gilamiz. Bundan

2 2
X Xy

2
X

(1+x12)2

2 2N\2
1+x +x3)

ot . <1
(+x+x +..+x2)°

ekanligini ko’rsatsak, yuqoridagi tengsizlik isbotlanadi.

2
Xk

2
Xk

< -
(1+x12 +x22+...+x,f) (A+x7+x0 + .+, )+ X7+ .+ X))

1 1

- 2 2 2
I+x +..+x, 1+x +

bo’lgani uchun

2
et X,

<1.

S

k=1

2 1
2 7| <I- 2 2
I+x +...+x; I+x +...+x

53.9(a’ + b’ + ) > (a+b+c) tengsizlikdan foydalanib,

i/l+6b+§/l+6c+i/l+6as 3 9(l+6b+l+6c+l+6a)=
a b c a b c

2

3 [T d=ab Ld-be ii—ac 3 ,4=3((ab) +(e) +(cay’)
=—=3 +3 +3 +3 =

%/5 abc c a b %/5 abc

2
\ 4_3(ab+bc+ca)
3 3 3

< =

NE) abc Jabc

munosabatni hosil qilamiz.Endi

3
labc

ko’rsatamiz: (abc)’ = (ab)(bc)(ca) < (

ab+bc+caj3 1

< L yoki a’b’c’ < = ekanligi
abc 27

3
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54. 1-bc =a(b + c) ekanligidan

3abex =3ai/b’c-c’b-x* <a(b’c+c’hb+x’)=ax’ +bc(1—bc) =
2 2
bc + (5 —bc) 1 1

:ax3+bc(z—ch+lchax3+—bc+ =ax’ +—bc+—
3 3 2 3 9

munosabatni hosil qilamiz. Xuddi shunday
3 1 1 3 1 1
3abcy <by’ +—ac+—, 3abcz<cz’ +—ab+—
3 9 3 9

tengsizliklar o’rinli.bu tengsizliklarni hadma-had qo’shib isboti talab etilgan

tengsizlikni hosil gilamiz.

55. Tengsizlikni ikkala qismiga umumiy maxraj tanlab,

o de S S yoki ny e )

o a ‘Sl+a n'Ta ‘Tl+a,
munosabatni hosil qilamiz. Umumiylikni chegaralamasdan a, > a, >...> a, deb

a(a +1) Sl+a ZZ‘;

olsak, oxirgi tengsizlik Chebishev tengsizligia ko’ra o’rinlidir.

56. a,+a, +....+a, , =k deb olamiz. U holda isboti talab etilgan tengsizlikka teng

kuchli bo’lgan

atk+a, k _a+k a+k

n+l1 n-1 n n
n’k(a, +a, +k)>n>—1)(a, +k)a,+k) < k(k+a,+a,)>aa,(n’ -1).

tengsizlikni hosil gilamiz. a, +a, >2/a,a, ekanligidan k >(n—1),/a,a,
tengsizlikni isbotlasak yuqoridagi tengsizlik isbotlandi.

, iy a, _a, _a a, :
a_ -a,,<a (i=1,2,..,n—1) tengsizlikka ko'ra - <L <-2<  <—rl yoki
a, a, a a

asa, <aa, <aa, ,<... munosabatni hosil gilamiz. Bundan,
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K=a+a,+..4+a, =(a,+a, )+(a,+a, ,)+..22\|aa, +
n—1
+2\a,a, , +..22\a,a, +2\/a,a, +...:2-T«/a0an =(n-1)ya,a,

ekanligi kelib chiqadi.

57. Umumiylikni chegaralamasdan a <b < ¢ deb olamiz. U holda o’rta arifmetik
va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini quyidagi usulda qo’llab,

a+b

8abc =8ab(1—a—b)<2(a+b)*(1—a—b) :2(a+b)[(a+b)(1—a—b)]S

tengsizlikni topamiz. (a —c)(x — %) +(b—-c)(y— %) > (0 munosabat o’rinli

a+b

ekanligidan ax+by +cz > > 8abc tengsizlikni to’g’riligini topamiz.

58.x ,,=1-x—x,—...—x, bo’lsin. U holda x ,, >0 va o’rta arifmetik va o’rta

n+l n+l

geometrik miqdorlar haqidagi Koshi tengsizligini quyidagi usulda qo’llasak

/xx "X . : :
l—x, =x+x,+..+x,, —x 2n, /=== (j=1,2,..., n+ 1) munosabatni olamiz.
X,
1

Bu tengsizliklarni hadma-had ko’paytirib,

n+l n+l xlxz xl 1 +
_ i b Rl /RS L —n" X — X —...—
ll_:ll(l x,.)ZlI_;Ilnn . =n""xx,..x, %, =n" xx,..x,(1-x,—x,—...—x,)
i

n+l

yoki (1-=x)(1=x,)..d=x)(x, +x, +...+x ) =n""xx,..x, (1 -x, —x,... — x,)

tengsizlikni hosil gilamiz.

59. Umumiylikni chegaralamasdan 0<a <b <c<1 deb olamiz. U holda
(1-a)(1-b6)=0 yoki a+b+c<a+b+1<2+ab<2(l+ab) ekanligini topamiz.
Bundan,

a b c a b c _a+b+c<2(ab+1)_

+ + < + + = 2
bc+1 ac+1 ab+1 ab+1 ab+1 ab+1 ab+1 ab+1

munosabatni hosil gilamiz.
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a+b

60. h(a-1)+a(c-1)>20=ab+ac>2b+a <= <a va

b+c

+C

dic-D)+cla-1)20=dc+ca>d+c< d

<c ekanligi rashan. Bundan
d+a

4(a+c)24(a+c):a+cza+b+d+c
(b+d) 4 b+c d+a

munosabat o’rinli ekanligi kelib chiqadi.

61. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini

a a1+t >2a\/t+1

b+c—ta :\/(a+at)(b+c—ta) Ca+b+c

topamiz. Xuddi shunday \/T L 2b\1+1 \/ ¢ 214
at+c—tb a+b+c Va+b-tc a+b+c

tengsizliklar o’rinli. Bu tengsizliklarni hadma-had qo’shib, isboti talab etilgan

quyidagi usulda qo’llab tengsizlikni

tengsizlikni hosil gilamiz.

62. (ab+1-c)’ +(bc+1—a)’ +(ac+1-b)* >0 ekanligidan, yuqoridagi
tengsizlikni o’rinli bo’lishi kelib chigadi.

! ==y, (1=1,2,...,2002) deb belgilash kiritsak, u holda y,+y,+...+y0:=1

63.
1+ x;

bo’ladi. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini

quyidagi usulda qo’llasak, 1-y, =y, +y, +...+ Vo0 — ; = 200 lzom/—y 122000
Vi

(i=1,2,...2002)

ekanligini topamiz va bu tengsizliklarni hadma-had ko’paytirib

00 ™ Y1Y2-+-Va002 2002 1=V 2002
[Ta-»)=]]2001200 = 2001 y,y, .. Yoops | [ 22001
i=1 i

i=1 =1V
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2002
yoki Hxl. >2001'"" tengsizlikni hosil qilamiz.

i=1

2 2 2
X z xX+z L e
64. Musbat x, y, z va v sonlar uchun — +—2> g tengsizlik o’rinli

y v y+v
ekanligidan foydalansak

2 2
1 N 1 1 S 1+1) N 1 S A+1+1) S
l+ab 1+bc l1+ac l1+ab+1+bc 14+ac 3+ab+bc+ca
> 0 _3
3+at+b*+c* 2

65. Tengsizlikni chap tomonini 7 bilan belgilab, o’rta arifmetik va o’rta geometrik

miqdorlar haqidagi Koshi tengsizligini qo’llasak, u holda

T:(ax+by+czjxac+y\/;+z ac | _
Jac  ac  ac a b c

<l [ ax_ X ac}+( by +y\/E}+( cz +z\/zj 2
"4 Vac  a Jac b Jac ¢

tengsizlik hosil bo’ladi. Ushbu tengsizliklar o’rinli ekanligidan

x[ a \/%] a+c [ b \/EJ a+c Z[ c \/Ej a+c

+ <Xx + < + < .
\ac

N N N N R A A

bu tengsizliklarni hadma-had qo’shib

N

1 (a+c)2

2
Sﬁz(g(x+y+z)j = dac (x+y+z)2

munosabatni hosil gilamiz.
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66. x>0, y>0 ! < l(l + l] tengsizlik o’rinli va bu tengsizlikni qo’llab,
x+y 4\x y

ab bc ac ab( 1 1 be( 1 1
+ + <— + +— + +
a+b+2c b+c+2a a+c+2b 4\a+c b+c 4\a+c b+a

+£( ! + ! j: ! (ab+bc)+ ! (ab+ac)+ ! (ac+bc)=
4\a+b b+c) 4(a+c) 4(b+c) 4(a+Db)

1
=—(a+b+
Jlatb+o)

munosabatni hosil gilamiz.

Xyt xty
>+

67. Musbat x, y sonlar uchun

(*) tengsizlik o’rinli. Chunki

2(x4 +y4)2(x+y)(x3 +y3) < xt +y4 2x3y+y3x = (x—y)z(x2 +xy+y2)20.
Endi (*)dan foydalansak,

+l:1

a*+b* b*+¢* ct+a a+b b+c a+c 1 1
N 3 st T a2 + + = -
ab(a”+b") bc(b”+c) acla+c’) 2ab 2bc 2ac a b c

munosabat hosil bo’ladi.

68. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini

32
qo’llab, a+b+c+d+ ! +...+ ! > 3636 abcd !
32abcd 32abcd 32abcd

32ma

munosabatni topamiz.

32 32
Endi 3639 abed ( ! j >18 < 239abed ! >l
32abcd 32abcd

32 36
=2 6abcd( ! j = 2 T2l (abcd ) < L4 tengsizlikni isbotlasak
32abcd 2'(abcd) 2

masala yechiladi. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi
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tengsizligini berilgan tenglikka qo’llab,

l=a’ +b° +c* +d° 24a’b’c*d’ =4\ abcd < abcd < % ekanligini topamiz.

69. Berilgan tengsizlikni chap qismidagi qavslarni ochib o’rta arifmetik va o’rta

geometrik miqdorlar haqidagi Koshi tengsizligini qo’llaymiz. U holda

(> +2)(+2)(Z° +2)=x" Y2 + 2y + Y+ )+ A + Y+ 2P)+8 =
=2(x* Y+ D)+200° 27 + D)+ 22X+ D+3(x + Y + 2+ XY 424X+ Y+ 27 >

>4(xy+ vz +2x) + 30y + yz+z20) + (X + Y +27) 42+ X7y =

=x" V2 + X"+ Y+ 27+ 2+ T(xy + yz + 2x)
2.2_2

ekanligini topamiz. Bundan x°y°z* + x>+ 1>+ 2" +2>2xp +2yz + 2zx (¥)
tengsizlikni isbotlasak masala yechiladi.

Lemma: Istalgan a, b, ¢ musbat sonlar uchun quyidagi
(a+b—c)b+c—a)a+c—b)<abc
tengsizlik o’rinli.

m+n

5

Isboti: Aytaylik a+b-c=m, b+c-a=n, a+c-b=k bo’lsin, bundan a=

b:m+n’ c:k+n
2

tengliklarni topamiz. U holda 8mnk < (m+n)(n+ k)(m+ k)

ekanligini ko’rsatish yetarli. Bu tengsizlikni ushbu: m+n>2<mn, n+k >2<nk ,
m+ k > 2</mk tengsizliklarni hadma-had ko’paytirish natijasida hosil gilamiz.

(a+b—c)b+c—a)a+c—b)<abc = 3abc+a’ +b’ +¢’ >
3 3 3

> ab(a +b) + be(b + ¢) + calc + a) = 2(ab)? + 2(bc)? + 2(ca)?.

Oxirgi tengsizlik istalgan a, b, c musbat sonlar uchun o’rinli ekanligidan,

2 2 2
quyidagicha a =x*, b= y?*, ¢ = z3 belgilash olamiz. Bundan

2
3(xyz)® +x* +y* +2° > 2xy + 2yz + 2zx tengsizlikni hosil gilamiz. Bu yerdan

2
quyidagi 2xy +2yz+2zx < x>+ Y  + 27 +3(xpz)} < xP 4+ P + 20+ (xpz) + 2

munosabatni, ya’ni (*) to’g’ri ekanligini topamiz.
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70. Berilgan tengsizlikni chap qismini S bilan belgilab, quyidagi usulda Koshi-
Bunyakovskiy-Shvarts tengsizligini qo’llaymiz:

B ) e B e

Bizga ma’lumki (al.2 +x° )2 > (al.2 + x2)2 - af >0 (i=1, 2, ..., n). Bundan

n 1 .
Z(a2+x) _Z[[a P-4 J—[a2+x2+a.jJ.Berllgan shartdan

a., >a, +1 yekanligini topamiz. Bundan a’, —a,, +x* > a’ +a. +x* va

n

Z”: 1 < 1 N Z 1 B 1 < 1 N

= (al.2+x2—ai) (a12+x2—a1) pasy (al.2+x2+al.) a+x’+a, a +x°—a
% 1 1 1
+ — - <
;(af+x2+ai) Z[[a +x° —aj (al.2+x2+aijJ 2a +2x* - 2a,
: 1 AT
yoki § < munosabatni hosil gilamiz.

2a} —2a,+2x°

71. Quyidagi tenglikni garaymiz (x +y+ 2)2 =9 yoki

9—x>—y* -z : : .
Xy+yz+zx = Zy . Bundan o’rta arifmetik va o’rta geometrik

miqdorlar haqidagi Koshi tengsizligini qo’llab,

32 4,2 2
xy+yz+zx:3x2x +3y2y +3222 < x+\/;+\/;

munosabatni hosil gilamiz.

72. a va b sonlar musbat va butun ekanligidan, a2 £ b yoki 2a” # b* bulardan

(a\/z —b)(a\/z +b)‘ >l ‘a\/i—bHa\/E +b‘ >1 munosabatni

\2a2 —b2‘21<:>
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hosil gilamiz. 0 < a2 +b<2a+2b= 2(a+b) ekanligidan

‘a\/_ b‘ ! munosabat kelib chiqadi.
aN2 +b Z(a +b)

73. Awvaliga \[(a+c)’ +(b+d)’ <\a® +b +\c* +d> (*) tengsizlikni

isbotlaymiz: tengsizlikning ikkala qismini kvadratga oshirib,

\/(a2 +5°)(c* +d*) 2 ac+bd yoki (ad —bc)’ 20 munosabatni hosil gilamiz.

Endi

Z‘ad—bc‘
\/(a+c)2 +(b+a’)2

tengsizlikni isbotlaymiz: (**)ning ikkala qismiga umumiy mahraj tanlab va (*)dan

*k

Ja2 +b* 4 +d> S\/(a+c)2+(b+d)2 +

2
foydalanib, (\/a2 +b? +c +d2) <(a+c) +(b+d) +2|ad - be| (***)

munosabatni hosil gilamiz. Bundan

\/(a2 +b2)(02 +d2) Sac+bd+‘ad—bc‘ Rt 2(ac+bd)‘ad—bc‘20

munosabatni hosil gilamiz. Demak, (***) isbotlandi. Bulardan esa isboti talab

etilgan tengsizliklar kelib chigadi.

74. Tengsizlikni ikkala qismini v abc ga bo’lib,
—+—+ \/— —+ \/L + 1 >1+ ! + 1 + ! tengsizlikni hosil gilamiz
ab ¢ be “ac ~Jab .

1 1_1 1
Endi, ,|—+— >—+—— (*) ekanligini ko’rsatamiz: (*)ni ikkala qismini
be a a +Jbe ©) 8 © 1

kvadratga oshirib,
-2
1+12L+L+L<:>l>l+ 2 l i@(ﬁ-%) >

1
_ 2 —<:>_
bc a a abc bc a \/E b c \/_

munosabatni hosil gilamiz. Xuddi shunday:
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1 1 1 1 1 1 1 1
J——> N B +=
ac b \/E b Nab ¢ ab ¢

munosabatlar o’rinli. Bu tengsizliklarni hadma-had qo’shib, isboti talab etilgan

tengsizlikni hosil gilamiz.

75. a+b—-c=x, b+c—a=y,c+a—b=z deb belgilash kiritsak, u holda

a=2 ; - , b= al ; 4 ,C= 24 ;— - tengliklarni topamiz va bu tengliklarni yuqoridagi
tengsizlikka qo’yib, \/x er Z. \/X ; - \/y ; Z> Jx + \/; ++/z munosabatni hosil

qilamiz. Va,b >0 sonlar uchun

(*) tengsizlik o’rinli. (*) dan

\/E+\/3< a+b
2 B 2

foydalansak

e fpae il el el ey e,

2 2 2

76. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini
quyidagi usulda qo’llaymiz:
20a’b+bc+ca)+32(@b+a’b+b)+(bc+bc+c)+(cCa+ca+a)>
>3a’h+3b°c+3c’a

Bundan yuqoridagi tengsizlik isbotlandi.

77. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini

qo’llab,
£1+ﬁj(l+éj(l+£j:(g+ﬁ+ﬁ + é+é+é HE+ S 8 -
b c a b ¢ a a ¢ b a b c
b a c a+b+c a+b+c
>3 +3 +3 —-1=3 —122| 1+ ———
Jabe  ilabe  abe abc ( Jabc J

tengsizlikni hosil gilamiz.
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78. Tengsizlikni chap qismini S bilan belgilab va Koshi-Bunyakovskiy-Shvarts

tengsizligini quyidagi usulda qo’llaymiz:
S((al2 +a22)+(a22 +a§)+...+(a,f +a12)) > (al2 +a; +...+a§)2 bundan

24 a? 2 ta,+..ta)
4 +a+.-ta, (a +a, %) _ L tengsizlik hosil bo’ladi.
2 2n 2n

Sz

79.a=>,b=2,c=Z deb belgilash kiritsak, u holda yuqoridagi tengsizlik
y z X

quyidagi (x—y+z)(y—z+x)(z—x+ y)<xyz ko’rinishga keladi. Bu tengsizlik

69-misolda lemma sifatida isbotlangan.

80. Avvaliga quyidagi lemmani isbotlaymiz:

7 7 3 3
x + x° + .
: Y =2 Y munosabat o’rinli.
X +y X+y

Lemma. Musbat x, y sonlar uchun
Lemmaning isboti: Haqigatdan ham
(x7 +y7)(x+y)—(x3 +y3)(x5 +y5) :(x7y—x5y3)+(y7x—y5x3) =

:xsy(xz _yz)_ysx(xz _yz):(xz _yz)(xsy_ysx):xy(xz —yz)z(x2+y2)20
tenglik x = y bo’lganda bajariladi.

Lemmadan foydalansak,

a +b b+ J+d _ a+b b+ C+ad’

s st 5 st s 572 + + =
a+b b+ c+a a+b b+c c+a
:(a2—ab+b2)+(b2—bc+cz)+(c2—ac+a2):2(a2+b2+cz)—(ab+bc+ca)

munosabat hosil bo’ladi.

Endi 2(a2 +b*+¢? ) — (ab + bc + ca) > — ekanligini ko’rsatamiz. Haqigatdan

1
3

2
ham 2(a2+b2+cz)—(ab+bc+ca)2a2+b2+c2Z@z%.
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81. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligini
quyidagi usulda qo’llaymiz:

2 I x+y x+y 1 1 x y 1
x+y+ + = + + + +o =t —2>
x+y 2xy 4 4 x+y x+y 2 2 2xy

27</x+y.x+y. | I x y 1 7

4 4 x+y'x+y 2 2 EZE

X

82. Avvaliga quyidagi f(x)=

o X e [0;1] funktsiyani hossalarini o’rganamiz.
+ X

Ko’rinib turibdiki, ushbu funktsiya ko’rsatilgan oraligda gavariq funktsiyadir. U

holda qavariq funktsiyalar uchun ushbu g(x)+ g(y)+ g(z)<3g (%j Iensen

tensizligidan foydalanib,

- & 2c 1Zf(a)+f(b)+f(c)s3f(a+b+cJ:3ij:2

+ + - -
a+1 b*+1 I+ 3 10

munosabatni hosil qilamiz.

83. Umumiylikni chegaralamasdan a>b>c>d va a° >b”>>c> >d’* deymiz. U

holda Chebishev tengsizligini qo’llab, quyidagi
(a2 +b*+c’ +d2):(a+b+c+d)(a2 +b*+c’ +d2)£4(a3 +b+c +d3) yoki
6(a3 +b+c+ d3) > %(az +b 4+ + dz) (*) munosabatni hosil gilamiz.

Endi Koshi-Bunyakovskiy-Shvarts tengsizligini quyidagi usulda qo’llasak,
(az +b*+c° +d2)(1+1+1+1)2(a+b+c+d)2 yoki %(a2 +b*+c° +d2)2%
(**) munosabat hosil bo’ladi. (*) va (**) larni hadma-had qo’shish natijasida

yuqoridagi isboti talab etilgan tengsizlik kelib chiqadi.
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> 1 ekanligini etiborga olsak,
2n—1 2n

! > l + l +...+ L munosabat o’rinlidir. Endi

l-i-...-i-
5 2n—-1 2 4 2n

84. Istalgan natural » uchun

1 1
—+—+
2 3
l+l+...+l>l+l+...+L yokil> l+l+...+L lekanligidan
2 2 2 2 4 2n 2 \2 2n)n

n

foydalansak, U holda

1 1 1 1 1 1 1 1 1\l (1 1 1
I+—+..+ =—+—+—+..+ >l —+—+.+— |—F|t—+.+—|=
3 2n-1 2 2 3 2n-1 \2 4 2n)n \2 4 2n
_n+1 1 L

» e
bo’ladi.

85. Berilgan tengsizlikda quyidagicha shakl almashtirish bajaramiz.

1+a° —(1-b%) <az+b2

< yoki ab<+1+a> —\1-b* . Bu yerda
Jl+a* —\1-1 ab

a=tga,b=sinff a,fc (O;%) belgilash olsak, u holda

tgasin ff < —cos f yoki cos( ﬁ) <1 bo’ladi.

cosa

86. Yugoridagi berilgan shartlarga ko’ra quyidagi tengliklarni yozamiz:
2-2-x,=2-2-x,—-3x
2-3-x,=2-3-x,-3x,

2-n-x,=2-n-x_,-3x_,

va bu tengsizliklarni hadma-had qo’shib,
n—1 n—1 n—1 n

3le. =2-2-x +2le. -2-n-x, :1+2in —2-n-x, yoki nx, :1—2)@. >0
i1 i=2 i=1 i=1

munosabatni hosil gilamiz.
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87. O’rta arifmetik va o’rta geometrik miqdorlar haqidagi Koshi tengsizligi va

X€E (O;%) uchun sinx(sin 2x — 1) <a yoki sinx <, /thx tengsizliklarni o’rinli

. . ) sinx, +sinx, +...+sinx
smxl-smxz-...-smxnﬁ( ! 2 n] <

\JIgx, +4Jtgx, +...+ tgxn] -2—3 <
n

n

ekanligini etiborga olib, <

N3

\/tgxl +1igx, +...+1gx, jn 27% <y
” <

munosabatni hosil qilamiz.

88. Umumlashgan Koshi-Bunyakovskiy-Shvarts tengsizligini quyidagi usulda

6 6 6
qo’llab, (a_ + b + C—J(x +y+z)(1+1+1)> (a2 +b*+¢? )3 munosabatni hosil
x Yy oz

gilamiz. Bundan yuqoridagi isboti talab etilgan tangsizlik kelib chigadi.

89. Ushbu x’ +)° > xy(x + y) tengsizlikdan foydalanamiz:

1 1 1 1 1
<

3 3 + 3 3 + 3 3 - + +
a +b +abc b +c +abc ¢ +a +abc ab(a+b)+abc bc(b+c)+abe

1 1 (1 1 1) 1
+ = —t—t— |=—
ca(c+a)+abc a+b+c\ab bc ca) abc

90. I-usul: Ushbu 1+2+...+(n—-1)= n(nz— D tenglikdan va o’rta arifmetik va

o’rta geometrik miqgdorlar haqidagi Koshi tengsizligidan foydalanamiz:
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n(n—1)
2
=(x)+A+x)+A+1+x) + A+ +1++ 1+ x>

+X F X X X =xl+(1+x22)+(2+x§’)+...+((n—1)+x;’)=

n—1

> X, +2x, +3x; +...+nx,

X A x =0 (g~ D 1) e (g, — D+ 1) 20+ (14 2, — 1)

II-usul: Bernulli tengsizligidan quyidagi usulda foydalansak:

X, +x§+x§+...+x2+n(n_1) =x,+ (06 =D +1) + (g =D +1) +ot ((x, — D) +1)" +
+n(n_1) >x + (14206, = D)+(1+3(x, =) +...+ (1 +n(x, - 1)) + n(nz_l) -

=X, +2x, +3x; +...+nx,

munosabat hosil bo’ladi.

91. Bu tengsizlikni chap qismini S bilan belgilab, quyidagi usulda Koshi-
Bunyakovskiy-Shvarts tengsizligini qo’llaymiz:

S(az(b2 +1)+b2(c2 +1)+c2(a2 +1))2(a\/5+b\/3+c\/2)2
bundan,

(a a +b\/g+c\/z)2

SZZZ 2 2 2 2
ab +bc +ca +1

tengsizlikni va undan

S(a a+b\/3+c\/2) >(a a+b\/5+c\/2) :%(ax/;+b\/g+c\/z)2

a’b> +b’c* +cfa’ +1 (a2 42 +02)2

3

+1

munosabatni hosil gilamiz.

92. y, = i almashtirish olsak, u holda,
X
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&
Pt =1+ —.
Vi | Vi1
Vi1

Vi, 21, a, 21 ekanligidan [L - lj(ak -1)<0<=1+a, L <a, +L bundan
Vi1 Vi1 Vi1

a 1 Ca
¥, =1+ —-<a, + — munosabatni hosil qilamiz.
Vi Vi1

Zyk_Zak+Z Zak+—+z —A+Z—<A+Z—

k=1 k=1 Vi1 k=l Vo k=1 Vi k=1 Vi k=1 Vi

n 2
t= Z— deb belgilash kiritamiz, bundan Z Y, 2 —t t>0

k=1 Vi k=1

tengsizlikni hosil gilamiz.

nto ) S —A+N A +4n’ B 2n’

— <Yy <A+t S P+ At-n" 20t = =
t ; ‘ 2 A+~ A +4n’
2n* 2n? n*A
= > 4 +A2 2
n +n
A A+4L +A A+A+7
A A4y
2
93, b 12b%a pimki 2(a—2b) 20, —2¢ <BFC hunki
3a+b_ 49 b+2¢ 49

ac <18c+a
c+2a 49

had qo’shib, isbotlash kerak bo’lgan tengsizlikni hosil gilamiz.

2(2b-3c)’ >0, chunki 2(3c—a)” >0, bu tengsizliklarni hadma-

tenglik a =2b =3¢ bo’lganda bajariladi.

94. x’ —1, x’ —1 ifodalar ishorasi bir xil hamda x* >0 bo’lgani uchun

x3—1: (x9—1)(x3—1)>0

4 4
X X

1 1
xg—xs——+F=x5(x3—1)—
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95. Ravshanki, x—1+y—1+z—1:1 .
X y z

Koshi-Bunyakovskiy-Shvarts tengsizligiga ko’ra

«/)c+y+z\/x_l+y_1+z_1 Zx/x—1+\/y—1+\/z—1.
z

X y

96.

V= 1998 almashtirish kiritamiz.

x, +1998

Ravshanki, y, >0, i=12,..nva y,+y,+..+y, =1.

Demak, l—yl:Zyj.

J#

Koshi tengsizligiga ko’ra 1-y, 2 (n—-1),_, H Y, -

J#i

Bu tengsizliklarni barchasini ko’paytirsak,

[Ta=y)=@-0"]y yoki [ | L=) 5 (n=1)" tengsizlikni hosil qilamiz.
i=1 i=1 i1 yi
-y, X , ) ) ) o |
i 19198 bo’lgani uchun bundan xx,...x, 21998"(n —1)" tengsizlikni hosil
Vi
qilamiz.
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