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Perienns K riaaee 2

TOXAECTBEHHBIE ITPEOBPA30OBAHM S
AJITEFPAMYECKHX BbIPAKEHII

- [IOHATUE AJITEBPATYECKOYI'O BLIPASKEHMA.
TOXKIECTBO U TOKIECTBEHHOE
[IPEOBPA3OBAHUE

Anzebpauveckum euipasicenuem HA3HIBAETCA COBOKYNMHOCTB KOHEMHO-
ro KOJHYecTBa 4YHcell, 0603HadeHHHX OykBamu WM uudpaMu, coeqm-
HEHHBIX MEXRY coboif 3Haxamu anredpanueckux JeHCTBHMI M 3HaKamH
IOCIeNOBATEBHOCTH 3THX JeHCcTRHIH (ckobkamu).

Anrebpanyeckoe BhIpaXkeHHe, B KOTOPOM YKa3aHBl TONBKO JEHCTBHA
CHOXeHMA, BEIYHTAHHS, YMHOXEHUA H BO3BEIeHH B CTENEHL ¢ HATYPAJh-
HbIM TIOKA3aTENEM, HASHIBAIOT YenbiM PayUoHabHsm sbipascenuem. Eciu
KpOMe YKa3aHHBIX JeHCTBHI, BXOMUT AeliCTBHE AENEHMA, TO BEIPaXKEHHE
Ha3HIBAIOT 3pOOHO-PAYUORATLHBIM. '

Llensle parmonanbHele H ApoOHO-PALHOHANBHEIE BBIPAKCHKRS BMecTe
HABIBAIOTCH payuonarsibivi. ECIIA BXOOUT ellle H OeiicTBHe H3BNeUeHUA
KOpH#A, TO TAKO€ BEIPAJKSHHE HA3ZLIBAIOT UPPAYUGHIABIEIM,

Yucnoevim 3nauenuem anrebpanyeckoro BHIPaKeHHA NPH 3alaHHBIX
YHCJIOBHEIX 3HaU¢HMAX OYKB HA3RIBAIOT TOT PelylbTAT, KOTOPHIH nomy-
YHTCA TOC/IE 33MEeHBl GYKB MX YHCIOBSMH 3HAUEHHSMH M BHINOMHEHHS
YKa3aHHBIX B BRIpaKeHHH A¢HCTBHIL.

Obracmuro donycmumelx 3naguenuid (Of13) anrebpandeckoro BHpaxe-
HHS HA3HIBAKOT MHOKECTBO BCEX HOMYCTHMHX COBOKYNMHOCTEH 3HadeHkit
OYKB, BXOJAIIHX B 3TO BHIPaXKEHHE.

JleiicTBHA HAJl CTeMeHAMH

JAeHCTBHA Haj| CTENEHsIMH ITPOH3BOIATCH 110 HIDKECISTYIOLMM NPaBHIIAM:

a™-a" =a"™"; (2.1)



a™:a" =a™"; S (2.2)

(an)" =am" ; ' . - (23)
(@-8f =a"-b"; (2:4)
“faY a" o

[E] =@
Oanouien

Odnourenom Ha3BIBAETCS ANTeOPAHYECKOE BHIPAXKEHHE, B KOTOPOM
yucra H OYKBBI CBA3aHBI TOJIBKO IBYMA nencTanMH — YMHOXEHHEM H
BO3BEICHIEM B HATYPAJLHYK CTEHNeHb. - j

Muozounenom HaspIBaeTCA anrebpanyeckas CyMMa HECKOIBEKHX OJIHO-
4IIEHOB. T

OOHOWIEHBI, H3 KOTOPBIX COCTOMT MHOI'OYWIEH, HA3KIBAIOTCH €TI0 Yie-
Hami. QOOHOWIEH €CTh YACTHBIH ciy4ait MHOTOUNEHa.

DopMy’Ikl COKPANIEHHOTO YMHOXKEHHS

(@+bf =a?+2ab4+8%; | 26

(@—bf =a®-2ab+b*; @

(@+bY =a® +3a*b+3ab? 45>, (2.8)
(@-b) =a® -3a’b+3ab? —b*; (2.9)
(@-bYa+b)=a®-b*; ©(2.10)

a-b)a? +ab+b?)=a’ -b7; “2.11)
(a+b)a? ~ab+b?)=a® +b%; e

(a-b)a® +a?b+ab? +b*)=a* —b*; (2.13)
(a-b)a* +a’b+a’b? +ab® +b4)=a5 - (219
(a+b)a® —a’b+a?b? —ab® +b)=a® +b5; - (2.15)
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—b)a® +a'b+a’b? +a’b} +abb+at)=a® -BS;  (2.16)
(a—b a% +a’b+a'b? +a°0° +a2b4+ab5+b6) a’ -b7; . 17)
(a+b)a® —a’b+a’b? —a’b? +ab* —ab® +b%)=a” +b7; (2.18)
(@-b)a" +a"2b+a"b? +a" b +.. +b"-‘)=a —b", (2.19)
Toe n — awboe Leloe YHCHo;
(@+bfa™ —a"2b+a 6% —a" b +... 45" )= 2" +b", (2.20)
rae n=2k+1, k — HaTypamsHOe 4HCIIO; '

(@+b+cf =a® +b% +c* +2ab+2ac+2bc; (2.21)
(@+b—cf =a® +b* +¢* +2ab-2ac—2bc; (2.22)

(@+b+c+df =a> +b? +ct+d> +
+2ab+2ac+2ad +2be+2bd +2cd,; (2.23)
(@+b-c-df =a* +b* +c2 +d* + ' 524
+2ab-2ac—2ad —2bc-2bd +2cd,; (2.24)
afx —x, (x - x, )= ax? +bx+c', (2.25)

A€ X,, X,— KOPHH KBaJIpaTHOI'O TpeX4WIeHa ax® +bx+c.
QopMym,l (2.16) — (2.24) ocTaioTcs BepHBIMH, ECITH BMECTO ofHOWIe-
HOB 4, b, ¢, d IONCTaBHTE NMIOOLIE BRIpAKEHH.

Mpuorounen P,{x) orHOCHTENBHO NepemeHHOM X BHIA

P,(x)=ayx" +ax" +a,x" 2 +...+a, ,x+a,,
re ag, 4, &y, .. G, — AcHCTBHTENLHEIE YHCna U ay #0, Ha3bIBAETCA
MHOZOWIEHOM, PACNONONCERHBIM NO YOBLISQIOWUM cmenensm X, UIH MHO-
TOWICHOM, NPEICTABICHHBIM B KAHOHUHECKOM 8ude,

Yucna a,, a4,, 4, ... 4,, HAILIBAIOTCA €r0 KOMPpHHIMEHTAMH, OTHOWIEH

X" — €r0 cmapum WIeHOM, ) — C80D0OHbIM YeHOM, YACTIO B — cme-
nenblo MHGZOWREHa {1 — HATYPAIBHOE UHCIIO).
Kopusmu mMuorounena P,(x) Gynem Ha3mBaTe Takue 3HAYEHHS Tiepe-

MEHHOH X, IPH KOTOPHIX MHOrowten F, (x) npeppamaetcs s nyms.

Paspermirs MaorowieH P, (x) Ha MHOTOYAEH O, (x) {m < n) 3Ha9HT HalTH
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JIBa TAKHX MHOTOWTEHA S,_, (x) 1 Ry (x}, urobst P, (x)=Q,, (x)S, . (x)}+ R, (x)
"M cremens Muorownesa R, (x) 6buta menmime crenerm nemrens Q,, (x), Te.
k<m. Hpn 3TOM MHOTOWIEH S, _, (x) HA3LIBAIOT YACTHBLIM, & MHOTOWIEH
R, (x) — ocTatxom.
Jins mo6six iByx Muorounenos P,(x) u @, (x) (m<n u Q,,(x)#0)
BCETHa HalAeTCA, B TIPHTOM €IMHCTBEHHAS Mapa MHorownenos S, _, {x)

u R, (x), ymornerBopstomas ToxaecTBy

Pn (x)=Qm (x)gn—m (x)+.Rk (x) (k <M),
T.€. CCIIH OCIHTENE HE HYNIbF — MHOTQYIIEH, TO neiicrane JCIICHAA MHOT O-
YNCHOB BCCT A4 BBIIIOJIHHMO.

2y ta,

Teopema Beay. Ecrn Muoroustet P, (x)=aox" +a;x" +a,x""
Pa3fenuTh Ha JBYWIEH X ~d, TO B OCTATKE TMONYYHM 9McIo R, paBHoe
3HAYEHHAIC JAHHOTO MEOTOWIEHA IPH x = 4, T.e. R=P,(a).

CxeMa coKpallieRBoro fie/leHAs MHOTO'IeHa na asywien. [Ipn nene-
Huu muorownena P, (x)=a,x" +a, x"" +a, ,x"* +...+a,, pacnoino-

KEHHOTO M0 YOHIBAIOMIMM CTENIEHAM X, HA IBY'WIEH x —g IIPHMEHAeTcs
METOJl COKPAIEHHOTO AelleHUA, HaskBaeMbld cxemoii lopnepa.
HMeroT MecTo cienyromumue $GopMyNbl s HaX0KAeHU Koabduinen-

TOB YacTHOTO By, b,,..., b, | W ocraTka R:

b] =a +aa0,

b2 = az +ab1,

bn—l =an +abn-—2 L
R=a, +ab, .

TlpaxTuyeckn BrMHCHenve KoagduMerToB YacTHOTO O, (x) H oc-
tarka R mposoauTca no cienyoeii cxeMe (cxeMe I'opHepa).
; -1 -2
ITycts Tpebyercs pasneruTs MHorowreH P, (x)=a,x" +a, x" 7 +a,_,x"* +
+...+ayHa OBYWIEH x —a.
3navendea npy4iena, Ko3pduuuenTs MHOTOWIEHA (b, _, b, 5,..., b))

#1 OCTATOK 3allNIeM B CremyIomeit hopme:

6



n L] L) . a a4y

b"_i =a, bn—Z. =dq,,+ bn_3 =y a2+

by =a,+ab | R=ay+ab
+ab, +ab '

-2

Orcrofa 3alMCLIBaEM 9acTHOE
Qn—l (x)= bn_lx"_l +b"_2x"_2 +. ..+b]x+b0 )

ecmu R=0, u pesynsrar AeneHus

By (x):(5-0)= 0y s () + e mmn P, ()= () () R,

ecmn R#0.

Ilonarne xopus. Ocnosnble cBOHCTBA KOPHA

Anre6pandeckue BRIpAKESHHSA, COAEPIKAIIHE ONCPALIMIO H3BICICHMA
KOpHS, HA3BIBAKOTCH UPPAYUONATBHEIMU, .
KopHeM n-if cTerieHM U3 4HCNa ¢ Ha3HBAaeTCA Takoe Yuchao b, n-a cre-

HeHs KOTOpOTo pasta a (122 ). Obo3navaerce o, e a— NOAKOpPEH-

i
HOe BhIpaXeHHe (WIN YHCHO), n — ToKa3aTelh kopua (n22;ne N ).

ITo onpenenenmio Ya=b,ecmu b" =a, umm (’{/Er =a.

0
i

OcHOBHEIE CBOHCTBA KOPHS

EciM KOPHH paccMaTPHBATh B MHOMKECTBE NeHCTBHTENBLHEIX YHCE, TO:

) KOpeHb YETHO# CTENEHN U3 IIOIOKUTEILHOTO YKella HMEET IBa 3Hae-
HMsi, paBHBIE 10 aGCOMIOTHOH BeITHYHHE H NPOTHBONONOKHDIE ITO 3HAKY;

6) KOopeHB YeTHOH CTeneHH U3 OTPHUATENLHOrO YKCIAa B MHOMXKCCTBE
JIEHCTBATENEHBIX YHCEN He CYIIECTBYET;

B) KOPEHb HEYETHOM CTENEHH M3 MONOXHTEIBHOTO YACHA HMEET TONL-
KO OJHO AEHCTBHTEIBRHOE 3HAUCHNHE, KOTOPOE TOMOXKUTENBHO;

') KOpeHb HEYeTHOH CTENEHH M3 OTPHUATENBHOTO YHCIA HMEET TONb-
KO OIHO AeHCTBUTENIBHOE 3HAYEHHE, KOTOPOE OTPHIATENBHO;

J) KopeHs m0boli HaTypanbHOH CTeNeHH H3 Hyns paBeH HYIIIO.

HeiicTBHE, MOCPEICTBOM KOTOPOTO OTHICKMBAETCH KOPEHD n-if CTencHH
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H3 JaHHOI'0 YHCHA @, HA3BIBACTCA H3BJIICUCHHEM KOPHS n-it cTeneHn U3 YHC-

1a a, a pE3yAbTAT U3BJICUCHHI KOpHA B BHIC d(—i Ha3LIBAKOT pa()uxanom.

TakuM 00pa30M, MHOKECTBO AEHCTBUTEABHEIX YHCEN HE 3aMKHYTO OT-
HOCHTEIIFHO M3BIIEYECHHA KOPHA YeTHOH CTEIEHH, a Pe3yIbTaT 3TOro AeH-
cTBHS {KOpEHb) HE O/IO3HAYEH. .

3aMeTHM, 9TO MHOKECTBO AeHCTBMTCIBHBIX IUCen 3am(ﬂy'ro OTHOCH-
TEIBHO M3BACYSHHA KOPHA HeueTHOH CTENEHHM, a pe3y/lbTAT 3TOr0 ecii-
CTBHA OJHO3HAYEH.

AprdMeTnuecknii KopeHb i ero CBOHCTBa

Apugmemuieckim snauenuem koprs WIH apHGMETHIECKIM KOPHEM CTe-
nenn n (#22; n&€ N ) U3 NONOXKHTENLHOI'O YHCAA @ HA3BIBAETCA HOTOXH-
TeNbHOE 3Ha4YeHne KopHA. KopeHs H3 HyIA, paBHBI HyMio, Takxke Oyaer

Ha3bIBAThCA ApHMETHIECKHM KODHEM; T.€. Ya=b ects apubmeTHyec-

Ky XopeHs, rie a20,620 u b" =a.

MHoXecTBO HEOTPHHATENBHBIX HEHCTRUTENBHBIX YHCEH 3AMKHYTO OT-
HOCHTENLHO H3BIEYCHHA apH(MeTHUIECKOTO KOPHA, 4 PE3YIARTAT ITOTO
JeHcTBHA OXHO3HAYEH. JTO 3HAYUUT, YTO V1A MI0OOTO HEOTPHULATEILHOTO

YHCNA @ M HATYpalkHOTo ucna n (#>1) Bcerna maiigercs, u npu Tom

TONBKO OHO, TAKOE HEOTPHIIATENBROE YHCIIO b, uTo b" =a

IIpaBuia peficrenii HaX KOpHIAME

Jist moOBIX MeHCTBHTENBLHBIX YHCEN a, b M ¢ H HAaTYpalbHBIX n M k
HMEIOT MECTO CIeAYIOIIHE Npasuiaa AeHCTBHH HaX KOPHAMIL

2}!%.2"4. b _2,,%_ =_2"+i/ﬁb£' , . (2.26)
z"ﬂfabc =2n+‘]/;1—_2n+ b _2n%’ 2.27)

ZH% a _
Er e 1 {6=0), (2.28)

2n-t‘-y—
2n+\l/_ Sl (b:tO), _ (2.29




(z,.%)k ik - (230)
2n+ (2n+,y~y‘ ©(2.31)
2m+y2n+‘-\ll_ (ZM+1)(2'=+1J— . (232)

(2m+1X2n+ga— = 21'n+y2m-§\l/'{_I , (2 33)
%fa b - %e =%fabc (020,620,c20), (2.34)

Habe =2fld] - 24fle] 24d (abe20), (2.35)
20, ' ‘
b

2 .
zd%:zi.{{:%l. (%20,15#0]’ | @.37)
Wifa =2 (220), i (2.38)
wfy =2 (@20), (2.39)
(a)f =% @20), (2.40)
43 < baflalf* (@ — moSoe S wneno).  (2.41)

Bo mrioxecTBe JeHCTBHTENBHBIX MHCEN PACCMATPHBAIOTCA KOPHH HEUETHOMH
CTeTieHd H3 OOKIX JeHCTBUTEBHBIX . YHCET H KOPHH YeTHOM CTeNeHN W3 Heo-
TPHIATELHEIX YHCE, pHdeM OepyTes aprudMeTIHeCKHe 3HAUEHNA KOPHEH.

3amena IpoOHOIO BEIpAXEHHA, ¥ KOTOPOTO YHCITHTE b, HITY 3HAMEHATEND
(wm 062) MpPALMORATLHEL, TOXIECTBEHHO PRBHEIM €MY BBIDAXKEHHEM C pa-
LHOHAIBABIM YHCIHTENEM (3HAMCHATeNeM) HAIRBAETCH HCKIIOYEHHEM Up-
PALEOHATLHOCTH H3 MHCIMTENS (3HAMEHATENA) JpoGHOTO BEIPAKEHHS.

ITpu MCKMOMERMH MUPPALHOHATLHOCTH M3 YHCIIHTEN (3HAMEHATeNs)
ApOGHOTO BHIPAXEHMS YMCTATEN: H 3HAMEHATEL 3TOr'0 BHIPAKEHHSA YM-
AOXKAIOT Ha MHOXHTCIb, COMPAKCHHEIH ¢ yACTHTENeM (3HAMEHATEIEM).

CoOnpskeHHEIM MHOXHTENEM OTHOCHTENLHO HpPALAOHATIBHOTO BEHPAXKe-
HHS A Ha3BIBAIOT BCAKOE HE PABHOE TOXKASCTBCHHO HYJIIO BRIPAXEHHE B, KoTO-
POt B IIPOHBBEIEHIH C A He COIePNIT 3HAKA XOpHA, T.e. AB paIoHaIBHO.

*2"-— @=0, b>0) (2.36)
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. PaccMOTpHM OCHOBHBIC CIIY9al MCKJIOYEHHA HPPALHOHAIEHOCTH H3
. 3HaMeHaTenel OTPOGHBIX BeIpaxeHUH (aHalorHIHO BLITIONHSACTCA HCKITIO-
9eHHe HPPallHOHAABHOCTH H3 ‘IP[CJ'IPITCJ'IEPI)

A .
1. Apobu Buxa d—k ,THe n>k,a>0, A — HeKOTOpOE BEIpAXKEHHE; B
A a .

KayecTBe Mﬁoxcmensl, CONPAKEHHOI0 CO 3HAMEHATENIEM, MOXKHO B3ATH
%"_“" s iax Kax V;;W:a.
VMHOHB THCITHTENb ¥ 3HAMERATE! b ITOf Ipobu Ha W » MOIYYHM
A _ Al _AYa"* (@>0)

A
2. [Ipobu BHIa m.

Bmpaxcenna J;"'\/E H ‘JZ—'JE B3dHMHO CONPSXCHHBIEC, TAK KakK

(JE+JEXJE—JE)=0—IJ , HOATOMY

A Alfa-b) _ alfa—Vb)
J—+J_ Toidiats a_p  1pH az20,bz0,azb;

A _Ada_ab _
'J;+Jl_) %24 2% » ECIIH a>0,a=b;

A (a+fl (JE.*.JE) . E
Tods “WaAolardo)” acb  moma20b20asb.

3. Apobu suna

A A
" )
Yol Yo 1yab+¥p?
Bripaxenns Ya+3b u Yoo -Yab+¥b? , a 1axxe Ya-3b o

2y 3 3,2
a’* +¥ab+Vb B3dHMHO COTIPSAMKEHEI, TAK KaK HX NPOU3BeAcHUA (a+b)

u (a - b) pammonansust. [T03TOMY HCKIIOYHTE MPPAIMORATBHOCTS k3 3Ha-
MeHaTeneit ykazaHHBIX Apobeit MOXHO craeayonmm obpazoM:
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L AT AV
ThE a 1 b — molhie AelcTBHTENRHEE YHCTA, pHYeM a+b#0,
p _A[%/a_z+%3+3 bz) : G_+ﬁ+yb_j
%'%=(%/5-%(%/a_2+ifa—b+¥b—2) a=b
The a u b — mobrle neﬁc*rnmenmﬁle 4qHCHa, IpUYEM g# b .

A AaeB) AffaiB)
Ya-Yab +p? [%—W+W}%+'%) atb -

rae a U b — mobrie neicTBATENLHBIE YKCIA, TprdeM a+b %0,
ARa-¥b) ARla-33)
J_+\/_3+ b (\/_-P\/—-i—\/b—z}/_\/_ a=b

rae a 0 b — noGsle NeHCTBHTENBHEIE YHCTA, IpUYeM a# b .
A

‘ A
4. Ipobu Buga %‘% H %_-F-Q/E .

- Hns BhipameHUs % —% CONpKeHHBIR MHOXHUTENIb MOKHO OIIpele-
JHTEL W3 TOXIECTBA

(x—-yXx"_l +'x"_2y+...+xy"'2 +y"_l)=x'l -7

Ecma npusaTh X = %, y= b , TO TIONYYHM
(’{/E—'{/B)({aﬁ+ﬂa”'2b oo+ abm? +'\'fb"‘1j=a-
CaenoBaTenbHoO, ‘

{" o +M+...+W+'\'[F)
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.roe azb (az0,b20, ecnu n — deTHOE; @, b — moOGHIE AEHCTEUTEILHEIE

YHCHA, ECH # — HEYETHOE).

Hns BEIpaxeHns ta+ib COIPDKEHHBIR MHOXKHTENL MOXKHO onpee-
TUTE U3 TOXKIECTBA

(x +y)(x'?" —x"ysxCy)y )T )= x" ;-G-.(—l)"y" -.

Ecin npeAAThH x="'{3,y=%,1‘o

Wa +45 {Ja_—] ST E) L LTI (_UHQ]F): ar 1P

CaegoBaTeNbHO, .
L ﬂnlﬂzk—l _af kg ok _Zk{bzk-l]

2% 4+ 2%0p a-b
mpa a20,b20,a#b; '
) A(zk+y 2k ke pity 2k abzk-ll_2k+yb2k )

2kl 4 el = a+b_

rie a ¥ b — moOble nefiCTBATEbHbIE UicHa H a+b#0.

3

: A
5. Apobu BHOa m.
YMHOXHB 3HAMEHATETS HA o + b —Jc , TOnyIHM _
(JE+J3+JEXJE+J5—JE)=a+b—c+2J¢E.

VMHOMUE OCTEAHEe BEPAKCHAE Ha a+b—c— 2Jab , waiinem

((a+b—c)+2Ja_bX(a+b—-c)—2JE)= (c;:+!§v-c)2 —4ab.

TaxuM o6pasoM, MHOXHTEIEM, CONPAKERHBIM €O 3HAMEHATENeM NaH-

HOR Apobu, ApngeTcs (J; +Jb - )x (a +b~ c—2‘f£ ) . CnefiloBaTenmsHo,

A =A(J§+J£—J£Xa+b—c-2«/£)
Ja+Jb+Jc (a+b-cf —dab ’

re a20,b20,c20,(a+b-c)’ ~4ab0.
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ABUIOTHMHO HCKIIOYAI0T HPPAUHOHATBHOCTE H3 3HaMeHaTeneR npobeii

A A
| Ja+db—de * Ja—db—e:
Ecnu 3HaMeHATeNns ApOoGH — CyMMa HETHIpeX KBaAPATHEIX KOpPHEH

A ‘ _ .
~= TIpHYEM ab = ¢d , TO HCKTFOUNTE ALHOHATTLHOCTD
Jotdbideidd T PP

M3 3HAMEHATENA 3Toi Apofu MOXKHO TaK:
A ;AJ(JE+JEl—~(JE+'JE))= Ala+Vb-ve-Va)
ardorerdd (o sypf (Jeudaf ~ arbme=d 7

rae a20,620,c20,d20,a+b#c+d.

6. [podu BHOa 7 3/~ 37 -
Ale Va+¥b+ec

Hatigem conpsaxennslii co sSHaMeHATeNEM MHOXHTENE. s 3TOro Boc-
IIOTIL3yeMCH TOXIEeCTBOM

(x +'y+z)(x2 +y? +2° —xy—xz—_yz)=x3 +y) +2° —3xyz .
Ecnu npuaste x=3JE,y=3JI;,z=3J;, TO
(%/E#JE+2/E{%/;2—+3\fl:—2+§/c_2-—%/a_b—i/;c_-3\/5;]=a+b+c—33Jabc _
YMHOXKHB AOMYyYeHHOE BBIDAXEHHE HA

B= (a+b+¢:')2 +3(a+b+cNabe +9R (-:zbc)2 ;
TNORY4HM - '

 labtc—3¥abe ) B=(a+b+c) ~27abe .
Cnenosa'rcnbno,‘ o '

; A o 'ﬂﬁﬁ'gb? +-3‘/c_2.—%—%_”%}3 '
S :'%/E+%/E+%/E_“r SR (a+b+c)3 ~27abc o

opn Ya+¥b+¥c 0, (a+b+c) #27abe . -
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ITpeoGpasoranne CIoxHOIO
KBaJipaTHOro Kopas (paxnKasia)

BripaxeHHs BHOA 1} A++JB Ha3BIBAIOTCH CIOKHBIMM KBALPATHBIMH
KOpHAMH (paguKxanamu). s ux npeodpa30BaHua NOIE3YIoTCA HopMynoit
Jaz VB =JA+ ‘I‘; 5B iJA ‘; 5,

roe A>0,B>0 n A* - B>0;3Haku fepyrca THOO TONBXO BepXHHE, THOO
TONBLKO HIDKHEE. B IpaBHIBEHOCTH 2105 (OpMYIIE MOXKHO YOEIUTECH, BO3-
BeAsA o6¢ yacTu (GOpMYIB! B XBaApaT. 3Ta HopMyla YIPOIIAET CIIOXHLII

aImHKall, eclIn A% - B — TounbLt KBaapar.
P p

VIpOCTHTE BHIpaXkeHHA W BEIYUCIAHTE HX, €CITH JaHE 3HAYEHHA Napa-
MeTpon (2.158 — 2.284):

2.158. #(li2a+a2) (a2 —1)(a ~1): i:-ﬁ-“—?’.

Ya+1
Pewenue.
a+1:>0, a>-1,
O03: {a#-3, wmiaz-3,
azl azl. _
2
Yi-20+a*) (2 —1)(a—1):“—:’—23"—3=

a+l

Ty 7 Y W 22 Gk i

a*+2a-3  (a-1)(a+3)

='la—ll4\/(a+l)2 ) la=1{la+1) )
'(a—l)(a+3) (@-1)(a+3)

Ja+l

a+3
NJa+1
a+

3 npu 1 < a < = (c yueTom 03}

npu —1< a <1 (¢ yaerom OZ3),

14



Ja+l

a+
Omeem. —a+3 npn ~l<g<l; . npﬂ1<a<§o.
32 2
. aifp J_ V4 L plf
2.159. +b
wa* J_

Pewenue. '

- la>0,
ORA3: 1450,

32 5 2- e

o
{ a¥? W_)yz af (@ 1 p¥)=
{2
;

bs/z 2(8 ’E ]2

sﬂbvz a ) 1
5/4 bs/z 2 b3j4 J a|/4 + b1/4

1 AT A N
mb ab3"" J AP ab aP e ap

1
Omeem: pre

(2645 —6a5% +12ab3/a - sas*f”

2.160.
ab¥a - 4ab¥* + 422 J

Pewenue,
aPp¥é 22,

OfI3: {a#0,
b20.

15



(255 - 627 + 12ab3a ~8ab"*
ab¥a —4ab¥* + 40 b -
(02672 —6a*p%/* +124%% —8ab¥* |
a*Pb - dab¥* + 427
(abz"'; (263/4'__ 6a23BY2 £ 12436V _ 8) /3 ~
23pt2 (az,fab-l/z —4g3pl4 4 4) B

azjsbllz((asza ) 6a!/3b1j4&11/3b1f4 2) /3
2/351/2( V3pifa _ 2)1
[[(ausbw)? _p )__ 6a3p (a]/Sbl,M _ 2)]2/3
= ( V3pha _ 2)2
{L”’b""‘ 2)( WIpN2 o3PV 4 4) 6 a1/3b1/4( Y3pya _ ) /3 _
( V34 _ 2)2 -

((01/351/4 ) 2BRV2 23R4 L4 auabm)i B

( Vapya _ 2)2
) s )
(V¥4 _ 2}
.m ( (@357 _2)aopr* _2f )2/3 [ (a¥2pv4 o) ]2/3 @1/31,1/4 2)2
- (a‘”b‘/“ _ 2)2 - (amb‘“ _ 2)1 Q,vsbb"‘ 2)z

' Omsem: 1

— 2 —_—
2161, 23 +atle’ —aNa? 1 a>l a% 2
& +3a% - 4+(2 4N -1

16



Pewenue,

o' -3a*+4+la —aNa® —1 _a*a-2)-l’—a)el?-aNa?-1 _
a®+3a” - 4+(az—4)\/2 1 (a+2)+(a )+(a2 4}.F—
=Dl —4-la-2)s @ —aNa 1

T2l —arler )il -aNa 1

(a+1 2)2+(a —-4}/:1_: (a+1 (a 2)2 2)(:1+2}J:;rT
e 1)a+z)2+pzz aNa* -1 (a- 1)(a+2)2+(a 2 a+2Na? -1

_ (a+1)2-(a—2)2+(q—2)(a+2 a-1ag+1 _
Ja-17 -@+2F +@-2)a+ 2@ -Da+1)
_(a-—2 a+1(~/a_-t»-1(a—2)+(a+2)1/;——1)_(a——2 a+l
_(a+2)Ja—1(Ja+1(a—2)+(a+2)Ja-l)_(a+2)Ja—1‘

(a—2Na+1

(a+2)J¢T—?

a’+4

2 42 .
a[a_ J+4
2a

Peutenue.
O3: a#0.

a’ +4 _ a’+4 _ a’+4

2-aV J__ -84> +16 Ja4—8a2+16+16a2
a T ™ I 2
2a 4a* 4q

a+4 d+4 a4 _244_{rlemma<m

Omegem:

2162,

aJa‘+8a2+16 2iqa) a?+s) @ |necma>0.
4q* a 2a 2-{al

Omeem: _3 mpH ae (~o=;0); 2 mp ae (0; ).

17



. . _6 ,

(x + 3\/ 2ax* IZa +Y4q%x ] -1 "
-2 .

2.163. T (2a)

Pewenue.

x #12a,
O13: {x#0,

az0.

-1
(x+3’}.ax2 120+y4a2x) -1 "
) =
-7 ay

x+2V3 V353 -
_| 2a+ 22"3%12"""51"3 - 1
- V3 _ B3 - 213,13

—6 .
chrvs + sza'ﬁ') 1 e ' 6
232 V3 4 1) 1| | @At

xl/S pYE qus - 2V3 13 Tl VB _ a3 - PYERE

' -6
R i it s B
Q%3 3 (Xvs —2¥341) 23413

ey I I ]-6_[;:"%2”3‘:"3 1 T _

= T LV s 2‘/3a"3) BTPE 2B BB

S g 23 2 B 2

(534 25 g ) ( i ] _{zwam J 164"
16af

Omeaem:

x

18



5164, X +2X- 3+{x+1Nx* -

Xt -2x- 3+(x 1)Jx -9’

Pewenue.

o+ 2x~3+(x+1Vx2 - L ) —1)+(x+1Nx*
x—2x-3+(e-1INx2 -9 (x?-1)-2 x+1)+x 1)Jx _9
=(x+3)(x 1)+(x+1)-J(x 3)x+3) -
(x—3)(x+1)+(x—l)J(x—3Xx13)
_ Sxe3 (- Wx 3+ e+ INx=3) _ Jx33 'x+3
(x+lﬁ+(x I}JF) "3

(P8

x+

x—

2165, -6 +3N* -

+t6t3}J: 4

Omeem:

L

Pewenue,

rz—~t—.6—(:+3)\/t—2—_4_Q2—4)~(t+2)—(r+3)Jr2_-4=
I2+t—6—(t—3)’\ltz—4-(12—4)4-(1-—2)—((—3 124
_(t-—3)(1+2)—(t+3).,/(t-—2)(t+2)_Jz+2-((t—3 1+2 t+3)J_)_
C(+3)-2)-(-3)(- 2Xt+2)_Jt 2. ((t+3)~F2 €-3Ni+2)

__Ate2 Jir2(e+3N—2 - (-3N+2) iz \{:+2
Jr-2ee3Ni-2- (t Wi+2) -2

1+2

Omeem: - |-—.
-2

19



=1

2166 B Elepp- q+2——

b-241
b

Peuwenue.
OA3: b>0,b#1.

. _ 2 05 _ L
+b-|b—1|+2~—% b-1]+5 |z [+26-2 °

Jb-2+i /bz—zbn' SR

_Jp-1 (B2 +1)+2(b-1) _le-1 (b2+1)+2(b 1)

-y
b

A ‘/(1;—1)2 Ib -1b
. b RS
—(b D@2 +D)+2(b-1) _-(b-D(*+1-2) _b* -1
e, ecm0<h<l;
) ~(b-1b NP AR bt
B-DE +D+2Ab=1) (B-D{H* +1+2) | b*+3
= Sl , ecub>1. >
(b-1Wb (b-1Wb o
2 p)
Omeaem: b\/g npu be (0;1); b‘;_-:; npu be(l; oc).
m® +m*Y2 +am
2.167.
lm —1| 1
Pewenue.
om3: |m# 2.,
m#0,

m® +m*32 + Yam® _m5+§/—2_-m4+ 22 .m? _m:3(m2+§/—2”-m+%/2—2)_

!m3—1|—1 : |m3—1|—l [m3—1’—1

20



.m"‘(m2 +¥2 -.m+3 22 ) ;1;2(;;;2 +{[2?)
—(m?=1)-} B -m?
=—nz‘?-m—w, eci O#m<|
m3(m?‘+12-m+ 22J mz[mz-l-‘2‘m+%[2_2)
et —1-1 B m? =23

m“*(.mzf‘2-m+’\\41 ZZJ ' 4 s
= , ecni [Sm=Y2.

m
.
(n't—iﬁ_)_[mz+3 2-m+§/2_2) m-32

L

3 -
Omeem: - m2+yi-m+y2—2 HpH me(-—w;O)U(O;l);—T—B——
m-3Y2
npu me[l; IHWUE2; =),
2.168 o2l lx-3
R I NN -3
Peuwtenue.
3 =i,
oI3: x#3
Py | e 3| (.t—l)z(x2+x+l) e 3|
B ] I T o A==
-5t Ix=3 (x—l)z(x—3)
2
{5‘ +x+1 x-—3)_ 2, .
“(r2+x+l}$x—1_- x_}-—-——m—a-(,r +,.\+l), ecmd. Tex<3; '
=Sy, i
_.i_'}_-.'-_[}ijl=x2+x+|, ecntd x> 3.

x=~3

Omeem: —(x* +x+1) apk xe(—oo;DUA;3): x? +x+1 npu xe (3; ).

2}



2.169. (i/_+n§/_+n ]%/_ n +H2 m—mn.

mnl+n— n4m 1_p2

Pewsenue.
m=#=0,
n#0,
OH3: 3
m#n-,
n*#—m.
{_ ,[ 3, .23
—n +r"m-—mn
+n\/—+n — — > -
. mn +n -nm —-n ‘
A %
m” —n*+n’m —mn _
=(m%+nm%+n2} :
. m n 2
—+th——-nn
4 m
4 ] ) .
? K. ["’A*”'Z’”A)—(mnmﬂ _
=[mA+nm ]+n2]. 3 5 - : Z
m-+mnT —nr —MA
mn

=[m% +nm%+n2}m%(m +n2)~n(m+n?) _
m(m+n®)—n>(m+n?)
mn '

=(m%+nm%+nz}(m +n2)(m” —n) )

() m=n’)

mn
W 43
=(m% +nm%+nz]-(m ngmn=(m " )gmr‘:mn.
m—n m—n
Omeem: mn.
2190, a* +a%-2a ‘
ST a|a+2f—a2+4‘
Petuenue.
On3: a#-2.
a+a®-2a  a@-D+aa-1) _ ala+2)a-1)

e+~ +4  da+d-at+a  datd-(a-20a+2)

22



—a(a+2)—(a—-2)(a+2) (a+2)(a+a 2}
ala+2)a-1) afla+2)(a-1) a(a-1)

a(a+2)—(a—2)(a+2)"(a+2)(a—a+2)ﬂ % » SCTH @ > 2.

l ala+2)(a-1) la+2a-1) _ 2 coma<-2

Omegem: —% pH @€ (oo -2); (2 )HpPI ae{-2; o).

Xty  x-y
2am. Yx-dy ;”J;.J’—JE“‘_
' JE—J;+J§+J; 2/xy

X+y x-Yy

Peuwenue.

x>0,
Of3: <vy>0,
x#y.

xX+y

Giody Tiody y-fmex.
bl ey ok

x+y-

(x+y)('/;+f)~x PWE-45)
Wx-B)Wxey) - y=dmyex_
(J- J_) (x- y)+(J_+J_)(x+y) ZJx_

Ge+y)(x~y)

xdx +xfy +pVx # yfy = xfx +x y+yJ_ »y
(V-7 ¥ +47) =y _
xdx - xJ_ yJ_+y y+x1/_+x\[)-;+y\/_ y\/_ 2ny
Ce+y)(e-) |
2,]—( x+f) x+y)x=-y) y-yex_
) U ) dediasly) 2

23




_ 2y G lE ) y- S ex_xey
oy oz e H)be—fmey) W2

X+
Omeem: —22)-

Pemeuue.
ax(

Of3: Ja>—4,
azd,

Va2 -16) (a-4)

=(2_£_i) a—4 (@+4f | _8a-a-16 (a'4_a+4 )z
4 aflatd \f(a+4)(a 4y 4a a+d |a-4
="a2—80+16‘[a 4 a+4 ]_(a 4\)2 (a+4 a- 4} .

(_)[( - —(_P’—-]

" 4a a+4_la 41 4a {la-4 a+4d
’_(a—"f)2 [a 4+a+4) (a 4)2((a+4)2+(a 4)3

4a a+4 a-4 4a{a—4) {a+4)

_(a-aple? +16)_(4-a)(a®>+16) _ [-4<a<s,

= (a+4) .2a(a+4) Hpn{a#ﬂ

(0—4)2_(a+4_a 4} (a— 4)2((a+4)2 (a- 4)2) {a~4)6a

4a |a-4 a+4 4ala—4) (a+4) 4ala+4)
4a-16

| = Py upu a > 4.
~ Omeem: %'F)ﬁ) mpn  ae (-4;,0)U(0;4) u 4::;6 npu
ae (4 00).

24



2.173.

Pewenue.
m#0,
043 \m#-2,
[m=3
PackpbiBas MOLY/IH ¢ YyeToM OX3, paccMaTpHBacM TpH cnyqaﬂ
1) npu me (-0 ~2)U(-2;0)
im 3[ -mm-3) - m-3 1

an —-m— 6) ]m| (m2 —-m- 6) (m—3) (m+2) m+2;

2) npu me (0; 3)

m-|m-3 =m{m~3) —(m-3) L.
(m ~-m- 6) | m| (mz——m 6) G” 3)(’""‘2) +2°
3) ipu me (3; )

m-|m=3 mim - 3) 1
(mzwm—6) i (m 3)(m+2}n m+2

Omegem: mi_ 5 TpH me (o0 ~ 2)U (=2;0)UB3:); -

me (0;3).

m+2 PH

¥ -6xt +11x -6
(x3 —4x2 4 3x) -{x—2|

Pewenue,

2.174.

x#0,
x#£1,

on3s:
A x#2,

x#3.

25



0 ~6x2 +11x -6 (x N-2)x-1)  x-2 _
(2 -ax? +3x) Jx—2 *br-3)le-1)fx- T xx—7

x=2 ———npnxe( °°0)U(0 NUG2).

l
Omsem; —% Tpn x & (—o0; 0)U(0; DU (L 2); % npu x € (2; 3)U(3; ).
J 2¥x— l |
2.175. YX_
J.x 1-1

Pewenue.
O3: 1<x=2.

Vx—2daol Jx-1-2de-iel JWamif -2Vaoi+1 _

Jx<1-1  Jx-1-1 Jx-1-1
WET-af Wi
Jx-1-1 Yx-1-1
CWx-1-1
- =—lmprVx-1-1<0uml<x<2;
= \Ix—_- -1 P
Jx-1-1
Nx—I-1
Omeem: _1 npu xell; 2); ] Ipu xe (2; o).
2.17%. 4-la-2)
a+2a° -5a-6"
Pewenue.
a#2,
on3: {az-3
a#-1.

26



a’ —4-|a-2] _ (a—2)(a+2)—-|a-2| .

a

Y4248 -5a-6  (a-2)a+3)a+1)

(@-2)a+2)+(a-2) _ f{a-2)(@+2+1) _  a+3 - 1

@-2)@+3)a+1) @-2)a+3)a+l) @+3)a+l) a+tl

( | npu ae (~oo; ~3)U -3 -DU L 2}

@-2)a+2)-(@a-2) (@a-2)a+2-1) a1l 1

(@-2)a+3)a+1) (a )(a+3)(a+l) (a+3)a+1) a+3
npu a € (2; o)

1 ! '
Omeem: 4] M ae (—oo,—3)U(—3;—l)U(—1;2), —53 TpH

ae (2 ).

2.177.

2x—x-|x—1|+x-|x|+3

|x| + x2

Pewenue,

x#0,

O3 <x#1,

x#-1,

2x_——x-|x—1|+x~|xi+3 B

x| +x*
[2x+x(x-1)-x"+3 _ x+3
x+x{x )zx J; npnxe(—-oo 0),
~X+X x°—
_ 2x+x(x—l)+x2+3=2x +x+3 ;1)
x +x x +x
2x- xx—1)+x2+3 C3x41) 3
I oo
x+x? _ x(x+l) P xe[ )
x+3 i 2x+x+3 ' N
Omesem: _ TIpu xe (—oo 0); ==——"= npu xe(0;1); P
xe[l;oo).

27



a3—2d2+'5a+26
a*-522+17a-13
Pewe_nue.
ON3:a=l.
@242 +5a+26 _ (a® +2a%)—(4a’ +8a)+(13a+26) _
a>—5aZ+17a-13  (a°~a®)-(d4a® ~8a)+(13a~13)
_a*@+2)-4da(a+2)+13a+2) _(a+2)(a’-4a+13) a+2
T (a-D-4da-D+1¥a-1) (a-1)a®-4a+13) a-1
a+2
a-1
3.179. 20 +ad+4a’ va+2
22° -t +a-2
Peweriue.
on3: a#l
2a4+a3+4a2+a+2_(2a4+2a2)+(a3+a)+(2a2.+2)_
23 -al+a-2  (2a°~2aV)+(@*-a)+(a-2)
2d%a+Dva@ +1)+2a? +1) _(@*+1)(2at +a+2) _a?+1
T 202(a-D+a(a-D)+2a-1)  (a-1)2a +a+2) a-1’

at +1

a—
|x'—li+[x[+x-

3x2 —4x+1 )
Pewenue. '

2.178.

Omeem:

Ormsem.

2.180.

1
T T8
on3: |x 3

x#1,
’-x+l-x+x=_ x-—1 -
G-D@x-1)  (-DGx-1) 1-3x
-+ld+x |-x+lexex x+1 1}, (1
= = 0 — Ul =31
Il -axtl | -DGx-1  (x-DGx-1) € 3]U 3 }
x=l+x4x _ 3x-1 % b x€ (1;00)
-)3x-1) (-DBx-1) x-17 i

npu x€ (—e0); -
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Omeem:

1 x+1 . 1 1
- = TIpH x€ (—-no 0) (_x'_l)(3—x—1—) npu xe[ 3JU(§;I];
: .
iy xc—:(i;oo).

' 3.2a'il--2 at—1

-J.a 1 Ja+1
+ +2

a+1 Ja 1

Pewenue.
O3: a>1.

2.181.

V2a+24a* -1 %/a 1+2va? ~1+a+1

-
a-1 va+l, (a=i] + (Ja+1)2+2‘/6+1)(a 1)
[ Va1 ] [ Jer ot

3J(Ja 1)2+2Ja 1)(a+1)+1/0+ly J—TX
3Jﬂ./ae_ﬁ«/a—:l

a* -1

§
a* -1

YWasivari)

6 2
=+ya -1.

Omeem: §f5% _1.

(ab(x +y° )+ xy(a 4 b2 )) ((ax +byf - f-labxy)l

218 ab(x y ) +xy(a —bz)

Pewenue. . o
oa3: m!’J(x2 -y )+ xy(zx2 -wb% );e 0, abx _";' (a .-bz lyx4 aby? #0,
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) W () I

X2 #

Zab
_—(a —bz}yiy\/a"-—2c12.bz+b4+4azb2 _
B 2ab B
__—(az—b2 iy\/a4+2a2b2+b4
B 2ab
b’ f @ bz)yi(a +6p
2ab 2ab
e
B 2ab ’
ay
(—a2+b2-—(az+b2)b)_—2a2y_ ay x;t—?’
A 2ab  2ab _bq,'re x#ﬂ
JEdsnl@ptly 2%y by e
2 2ab 2b @ ab#0.

(ab(x2 +? )+ xy(a2 +b? ))((ax + by)2 - 4abxy) _
ab(xz —yz) + xy(a2 - bz) B
_ (.:z.bx2 + (qz +b? )yx +aby? )(a2x2 +2abxy+b*y? - 4abxy) _
abx? +( 2 bz) yx —aby?

(abx iz +b2)yx+aby )(ax byf *)

abx* +( bz) yx —aby?

Pa3snoxUM YHCIHTENb abx® +(a -H!)zlwc+abyZ Kax KBaJpaTHBhIi
TPEXWIEH OTHOCHTEILHO X :

__—(az+b2)yt\/(a2+bzlyz-4a2b2y2 )
B 2ab B

(a +b2)yiy\/a +24°0* +b% - 4azl!>2
2ab ‘
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—(a2 +bzlyiy\/a4 ~2a°B% + b4 _

2ab :
(@ 402 £ pyla? -7} (a 2l -p2)
2ab 2ab ’

( -b’—a +b2)y 202y=_ﬂ

C MM Xy =

2ab 2ab b’
x,_=( a’-b* +a* bzly=-—2bzy= by;
2ab 2ab a
TOrHa

abx? +(a2 +bzlyx+aby2 =al{x*%1x—%)= (abx+azyXabx‘—'b2y)

Amnanoruuno npeoOpa3syeM 3HaMenatens. Toraa seipaxkense (¥) npu-
MET BHI

@bx+a y)(abx+b2y ax— by)2 lex+b2y ax-— by)2

(abx+a y) (abx b ) b(ax by)
=b(ax+by3(ax by)___ 2,2 _p2,2

Omeem: a*x* —b2y?.

x-'|x—3|+x2 -9
_ 2x°-3xt-9x
Pewenue.

2.183.

O43: 22 =3x2—9x %0, x(2x2 —3x—9)¢ 0, 2x(x+%}x—3)# 0,

x#0,
wm Jc:t—?1
2!

x#3.

3t



xolx~3+x"-9 xx- P+x"-9
2% ~3xt —9x . (2x —3x— 9)
(x(x-3)+x2-9 -x+3x+¢x?-9  3(x-3) 3

x2x? -3x-9) - 2x[x+%}x;3) T x@x+3)(x-3) xQx+3)

={npuXxe [—oo; —%)U[—%;U)U(O; 3),

v 2_ 2 _ 4y
x(x—3)+x 9 2x*-3x-9 =lnpnxe(3;oo)

x(ZZx2 —3x—9) - Jc(Z'x2 —3x{9) X -

oo V(3 Ve L
meem: 6 13) CCllH X €| —o = U --2~,0 U;3); 5 oo
xe(3e0).

2-|a+'5|—a+35-
2184, 0 a4
3a” +10a—25

Pewenie.
a# -5,
. 5
ON3: {ax 3

az0.

25
2|a+3-a+"" g.las5-a? 425

10075 aBa’ +10a-25) |
(~2a(a+5)-a*+25 _-Ba? +10a-25) 1 pac
aBa® +10a-25)  dPa’+10a-25) a @

2a(a+5)—a2+25 a® +10a+25 (a+5F a+35
a3a® +10a-25) ala+5)Ba—5) ala+5)Ba=5) alBa-5)

t | npnae(—;S;O)U[o;g)u[g;w]

32




a+5

Omeem: —-1—, ecmi a€f{—eo;—5);, ——,
a ‘ a(3a-5)

ae(—s;O}U( o;g)u[g;m}
x? —1+[x+1|

%] (x - 2)

Pewenue.

CClIR

1.185.

xz0,

- ON13: {x #2,

x2—1+|x+1|_
Ix- (x~2)

x2—1~(x+1)=x2'~x-2=(x—2)(x+1)___x+1
-x(x-2) —-x(x-2) -x(x-2)  «x
IP-1GH) - xPex xxHD) _ xe+l
—x(x—2} —x(x=2) —-x(x-2) 2-x
x2—1+(x+1)_ x2+x _x{x+1)  x+1 ) )
D) D) x2) xz P *€ (GQUEZ )

npH x € (—oo;—1);

npu xe {-1;0)

Omeem: —X—H, ecd xe (—; —1); x+1, ecid x€ [-1; 0); x+l
x 2-x x

-2’

econ x€ (0; 2)U(2; ).

2186 2o t4pi+10p+12 p*-3p% +8p
pP-pt+2p+l6  pt4l2pt6

Peenue.

Qn3: p#-2

PasnoxuM Ha MHOKUTEIH YUCKTENE epBoit gpobi:

PP Hap? +10p+12=(p2 +2p2)+ 2p2 +4p) +(6p +12) = p2(p+2) +
+2p(p+2)+6(p+2)=(p+2)(p*> +2p+6).

2 Cxawasm M. H., mu. 1 33



AHaJIOI_‘H‘-IHO JUIA 3HAMEHATCIIH HaXO,ZlHM,“{TO
3 2 2
P -p +2p+16=(p+2)(p —3p+8) Torza

p +4p +10p+12 p —3p +8p _ (p+2)(p? +2p+6)
P-p 42416 pP42p+6  (pr2)p?- 3p+s)'

(2 =3p+8)_ p

P +2p+6

Omeem: Pp.
142474 -a* &V -
2.187. I-a+4a”* ~4a%? (l/4 1)2

Peiuenue.

azl,
az(,

a#liJ—Z_.

142a¥4 _g¥2 = gM_2o (am 20:;4_1) aft
1‘“*4“3/4‘4“V2+("4 Fof- 1)+4(a3"‘—a2"‘) e 1)z

Oo13:

_ —(az‘“‘ —24" ——l) a’t -
T 1) 41) a2 21) (a”“ —1)1
a4 gy 2 _2
= + =
Rl L
_ a2 g _1 ¥t -
- (al“'4 -1)(((1"!4 +1)(612/4 +1)—-4a2/4) ( 14 1)z
_ S M gty _5
= (am _1)(a3/f +a? Lo 11-4 am) (aw '_1)2
o ~2al"4—1 a2

[ SR N A

34



a?t 2% -1 a¥

= (a1/4 - 1)((a3/4 - az/4)_ (202/4 _ gl )_ (a1/4 _1)) ( I/4 1)2

a2/4 _2a1f4 -1 1/4 -2
= + =
(6 ~1fa (¥ ~1)-2a¥4{@¥* —1)- ¥ -1)) (¥ -1
a¥* -24" 1 al* -2 1 + a’ -2
= + = =
(@ 1) @ -1) (@@ 20 1) @ —1f @ -1f @ -f
C1+a -2 a1 11

@] @A) @1 Ya-1

1
Omeem: ',g—;‘__l-

Vax+4+x7!

2.188. j—x—m

Pewienue.
Oo3: D<x#1.

m J:x:: 4x* +4x+1
J_‘Zx —-x= 1! \/—l(x 1(2x+ll J—lx 1x2x+1]

_ (2x+1) N 2x+1 1
“x-|(x.-lx2x+1]“x(2x+1)-|x-1| x-lx—1

1
—_ 0- .
x(x-l) npn xe( ,1),

(1__ )npuxe( 1; o0).

1
Omeem: — ,echt xe(();l-; 3
xX—-x ‘ x° -

35



219, =l
rl—r¥l— Irl
Pewenue.

Of3: rel.

—(r-1}=r) _r’-r

P ortltr Ptr

=t ] =D _-C=br
r2—r+1—|r|— r2-r+I—r— (r-1)? C1-
(r=-Yr _(r-Dr_
[rz—r;+1—r B (r-1? Cr-1

mpu r€ (—;0);

opu re [(;1);
P

py r € (1;00).

2
re—r

Omgem: —7——» ecimn +&(—=,0); ——, ecnm re[G; 1), ——,
r +1 1-r r—1

re(l;e0).

62+ (z —2)2 -8 z-21 73 -2:242:-4
Pewenue.
OA3: z#12.

z-2 '+(z+4)2—12_ 1 | 22+2:2 42244
6z+(z-2)2 3-8 z2-2 | P -2:242;-4

2.190. [ z-2 +(Z+4) 12_ 1 J_z +22z°+2z+4

_ z-2 . 22 +8z+16-12 1) zHz+2)+2(z+2)
6z+z2 ~4z+4 (z-2)(z2+2z+4) z-2]

B 22+ 2z-2)

_ z—2 + .22+82+47 _ 1 _(z+2)(z2+2)_
2242244 (z-2)(z%+2z+44) -2 (z-2)(z2+2)
{z 2)2+z +8z+4-72 22— 4 z+2 2242244

(z-2)(z% +22+4) z-2 (z-2_)(z2+2z+4)

z-2 1

X = .
z+2‘ z+2

Omeem: )
meem 242

36



2.191. ﬁ£—24‘v|9+4\f§ +%[a_2—%.
Jﬁ+2-§/9—4\/§ +a

Pewenue.
O03: a#-1.

JJE—Z-V9+4J§+%/¢1_2-%=JJg—Z-.‘{/5+4J§+4+§/a_2—i/;=
JV5+2-49-445 +a JB+2 Y5-4f5+4+a
=JJ§—2'4\/(J§+2)Z+{/¢z—2-§f5=\}i«/§.—zi(\/§+2i+%—2—%=
JJ§+2-%/(J§—2)Z+a J(J§+2)(J§—2)+a

v (Jg)z—f e Vs =1+§fa—2—%=3 az—3\/5+1=
Wof-22ea T R

Va—z—%ﬂ _ 1 .

@/EH)(%/;Z——%H] VYa+1

=

Omsem: #
Co1+¥e

a+l

2.192. i )
AV3-2 Y5428+~ +a
a
Pewienue. '
az0
O3: ’
A {at—-l.
a+l _ (a+1)a =
2#\/5_‘/5.%/57.}.2\/64.1.}.“ 2a¥1/§—\/5-§[3+2\/-6_+2+1+az
- a
(a+1)a

- 2Bz W3] +26 + (2] +1402 )

37



(a+1)

203\1\/— JJ_+J_)2+1+a ,
(a+1)a (a+1)a
2a\/\/_ V2. J\/—+J—+l+a 2af\/_ J— J_+J_)+1+a
= {a+1)a° _ (a+1)a _ (a+1)a

2a\/(,/_)2 (\[—)ZH_,_  2dB3-2+1+a> a+2a+l
(a+1):1

(a+1)2 a+1

a
Omegem: —.
a+l

W3 +247-43 + Pxlc-+27)-9x-27
Vx-2-y2-3- {14443

2.193.

Pewenue.
xz0,

3:
oA {x #9.

VB 24743 + Ydx(x+27)-9x-27 _
Vx-2-y2-\3 §7+443

_ V2443 44343+ 9xr27x 27 _

' Vx-2-2-43 Y4443 +3

_ Jh_ﬁ-‘{[zz-z.zJL[Ji)’ +%/(J;_3)" _
J;—Z—\/z—-—ﬁ--‘{fzhz-z\/h(ﬁ)z

2+ Bl Bf + x5

Vax ~ Z—Jﬁ 5J(2+J—)z
JB_J—\[Z—JSh/_ 3 (2+J_)(2 J_)+J_ 3
A2 BB ZJ(ZJ_(2+J")

38




=m+\/¥ﬂ3_m+&_3_]+& s 52
J;_z“‘jzz‘(\ﬁ):*‘/;'z“‘/“*3_~/§—2 1 Jx-3

Omaem: JVx-2
meem. J;_.3

Y5 -3 -§fs+2415 -Ya
24 e e e T

Pewenue.
Of3: a=2.

Ws-v3 §s42d5-Va  _

%fﬁﬁwﬁ.éjs_z,/ﬁ#z@ﬂ;

W Beafaes-Ya
Y25 +243 §5-2453+3 - 272 +¥a?
Y2v5+283 Y5 hf —Vpa i

= %/JE—JE.%/J5+J§—2[E_ B
%[2J§+2J§'%IJ§“J§—2§.[2_¢1—+{{“_2

= %/(Jg—ﬁI\/g-f-ﬁ)_zf )

'“3‘[2(J§+J§)(‘[§_J§)*2%+3\[; |

= W—% - m_%—

:&[(Jg)z-(ﬁ)z]—2ﬁ+ﬁ 26-3)- 242 + s
V2-Ya -3 .

Ve Bl B

Omeem:

m-

39



‘-a?-2a-1 a*+2d°-a-2

a
2.195, :
. 3 2
a —2a°+1 1+i+_4?
a a
Pewenue.
1+
a# ‘E,
2
Of3: {a=0,
a#l,

a#-2.

a'-a*-2a-1 a*+2d’-a-2 _

@-2a"+1 4.4
a a2

% —a-1)® +a+1} a*(a+2)-{a+2) _

a2 ea1) | @ +4a+ds

-’ -a-1) o tdard
_a’+a+l (a+2)(a’—1}1z _a*+a+l (a—l)(az+a‘+ﬂz2 _
T oa-1 (a+2)2 T a-1 Ca+2
_a'+a+l a+2 _a+2

a-1 (a—l)(c12+a+l)a2“a2(“*l)2.

a+2

az(a—l)z'

x2 —11+x2 |x—1|

Omeem:

2.196. l

2x-1 x-1’
Pewenue, '
y x:ﬁ:t—‘-@'
Oon3: 2’
x#l.



Packprias moaynu ¢ ywerom OJI3, paccmaTpusaeM Tph cayyas:

xe(—eo-1),
1 2 _ 2 _ 2 )
)RV g +.x 1=2;c l+l=1+l=2;
2x? -1 x=1 2x% -}
xe _.|-___‘/_5_ U _.‘/_Eﬂ U ﬁ'l
T2 272 2"’
2)4 : . .
—(2=D+x* x-1 I 1+2x%  2x°
= +1i= = ,
2xt -1 x=1 252 20l =1 2x% -1
x€(l;00),
3 2 2 _ 2
)ﬂﬁiii_u 1 Ei_.l—]:]-—]:()
2x% 1 xrl 2x? 1

X .
Omeem: 2, ecnn x€ {—oo;—1);—————, ecnu
22

[ 1; __J__)U[—£ -J;] (J_ };O,CCJIH xe (l;ee).

2 272 2

: f 2
2.197- 21)+2 b -4 .

b2 —4+bh+2
Petenue.
O3 hz2.

Japeadb? a4 Jb+2,/(b+2)(b 2+b _

Vb —4+b+2 Vo2 —4+b42

242 Jor0-ve-2

Jb? —4+b+2

J{,/b+2+\/5—2)2 _ Wbr2eyhta 1
,(b+2)(b-—2)+\/(;+2)2 \/b+2-{a\/b-2+\’b+2) Ji)+2l

Omeem:

h+2

4t



b2 -3b-(b-1INb -4 +2 [b42
62+3b—(b+1}./b2—4+2“/_—;b>2'
Pewenue.
B -3-(b-INb -4+2 [b+
b +3h- b+l)Jb2—4+2 J—
2 -3+2)- - 1NBE-20p+2) b+ B
TP a2\ o-20pr2) Vo2
_b-2)p-1)-(-1NE-2)b+2)
T+ 2+ )-B+INE-2)p+2)
_(b-1V6-2.[fb-2- Jb+2).\{b+2 h(l;-ilﬂfb,-—z'e\fu_z):
(b+iNb+2-(Br2-4B-2) Y6-2  (b+1){Vo-2-VB+2)

2.198.

ST J—i/—

Pewenue.

m#n,
013: {m=0,

nz0,

2.199. [ Ym® + o’ 2 + }WﬁLJ_)

[Jm_z,/m—mr Radt=s HW*‘F ")
(vl ) WA 4 3
0o W) o)

42



1

1

U o

U+l | Ym+n Um+in | Um+¥n
W 23/_(J_+Jj+ +J—+\/— 1 _
 Ymain %#‘Jr—:_
R V“ L lfm-nlimein) 1
T Ym+¥n Im+Tn Ym+th Sm+n
ffﬁﬁiivwvwﬂvf
Ym+ YmSn §m +$n
Omeem: §m - J_ |
\/_ Y 34_1/2 ‘/_"‘J’ 3
2200[ J__3%(—-—] T -3
Pewenue.
om: x20,'
'{%/;;e:t‘{/_

-1/2

J— 12,3 4
=2 ﬂ

s

[

(J‘ ,r)(a/‘z 43y 435 |
-y

W+ o) - +3 )
e+ ily

43

Y +y
x+J_

7
el 5] |
-3x- 3\/“} X

7



(:m:m;m x4y | (4 - -0 )
(7 -2y 7 | (435 )-

e el -35)_ellx-yp)_
(k-] U-3h)- o]~ et

J_@/—:/if) ﬂ_npﬂﬂ— ‘/;<0-

J;J_f;l_i/_)=~/;npu1/;—§/;>0. |

Omeem: 4, ecm ¥x —3fy >0; _4% , ecn ¥x -3y <0.

2201. J:?£+pf'P+ qum-

Pewenue.

p>0,
Oﬂ3: s J; # %:

J; 3q>0
’J_ +p§[— +8 32) _
+pJ_
p+“P3q2

JJ_
Jf R

44



JJE(JE—%)[J? W) L
] - _
Nl Jolo )

= N e ) ) i

e
R e+ ) ] e
R G v

Omeem: J;+{E
Vm+4\/m—4 -{Jm—ﬁi- +2 _ m—4dm—4

2.202. :
Ym-aJm—-4 Yym-4-2 2
Petuenue.
o3 {m =4, .
m=#8.

Um+adm—4 YVm—-4+2 m-4Jm—4 _
Ym—adm—4 YJm-4 -2 2
Ym-ds4dm_a+4 Ym-2+2 m-a/m=d _
Um-t-ddm-d+ams-2 2

J(Jm 4+2)1(Jm 4+2) m-4-a/m—d+4_
Yl -2} (fm--2) 2
_3(J—4+2)’ (m of (Jm—l4+2)(Jm 4- 2)Z
Ym=a-2) 2 2l/m-4-2)

45



= (m=2 +2)ym 3 —2)'= ((m)l _22) m-4-4 _m-38

2 2 2 2

m-8 -
Omeem: ———.

JJZ s e

Y +1P —(x-1)°

2.2

Peuwenue.
O3: x > 1.

Yo+ 1f — -1y

JJ—J;T_ TE:; [x+l+m-i-x-l)

- r)[m A o7 )

[T T (s gemem )

JerDGD
(Vx+1- r*)[,/:)u,/——jxﬂ)(x 1+(J—T]
(e -Va1)
X o _J (fxri-vx—1] T
Vx+t=afx-1 el ](J; J‘_)Z -1 -1
, .
Omeem:
4x2 -1

46



2.204, \12+J§-J2+J2+J§ -J2+J2+J2+J§ -Jz-\lzh}zh{i.

Pewenue.

J2+—J=Jz+m Jz;J2+\/2+_J— Jz- Ny
J2+—J_\}2+ 2+43 - J[2+J2+WI J2+ 2+J_)

=243 242443 2+J_ J22 [2+m] =
=W-J2+J2—+T-J4—-2—~m=

J;-.J—_J2+m J2— 2+J—-—
\/2+_J—J(2+m1 J2+J—) V2+344-2-3=
25 A2 =+ 3) b B)= 2 - (BF = a3
=J1=1.

Omeem: 1.

: | bx+4+i ( 2 b)
2,205, bx il

2b+(b? —4h-2bx>  (b+2x)? 8bx | 2

Pewenue.

(b # 0,
x #0,

0oAa3: <x¢2,
2

47



bx
(B+2x)* -8bx | 2

b+ 44— (ax? -7 )2
bx + b

2+{p? ~aJx~26x7

[ b2x? +4bx+4 4x? —p? .
' bx + b : _Ifc_
—(be2 —(b2 —4);\:—2b) b2 +4bx+(2x) —8bx | 2

(bx+2)° 4x2 -p?
bx b ] bx

+ —
YA b2—4bx+(2x)2‘ 2

( (bxb+2)2 (2x—bl(2x+b) §
N TE ) s |2

\

bx+2 2x+b Ybx  (x+2px  (2x+bMhx
= | - -+ (R~ + =
| @x-bkx (x-bp ) 2 20x-bkx 20x-bp
_bx+2  Qx+bp -bx-2+42x"+bx _ x’-1
2(2x—b) 20x-b)" 202x-b) 2x-b

x—l

Omeem.

Yoo <x8y -y 31‘———8x +xy y - J1+ +[ ]
2.206. :
Vx® (x +\jx p? _ x+y
Pewe.-me.
x#0,
On3: ¢y =0,
x # ty

43



8x° 6 ;
3\}x9—x(’y3 —y23in—8x3+xy3J 3——1—; #I+Z+[l]

X x

3B (x 2y) e : X+
3
i si -y i_y JE%;L)"'XWJ}’ ;—yf'
FEEaR)
+ XY+
3x i}' y__ x ’x ~y _nyJx -y +y2‘/x_
X+y _ ‘/_(xz(xz 2y )+y)
Ry =3Jx3——y3(x2—-2xy+y2)_ Xty _
sz2+xy+_y'2 Vet 22224 54) P wxyey?
‘ x? 352
=3\}x3—y3(x—y)2_ X+y _ |
(-F ey
=§/(x-y)(x2+xy+y2) '("Z—yz)(x—y)=
: chz—yz)zr%lx2+xy+y2
z3-./x—y(x—y)=3‘/x-y(x~y)=3,[x-—.y
-yt -yx+y) x+y
; .

X

x=y
Omeem: .
xX+y
2.207. b “3x42)—v2,_(%2 +3x42 " _1+("'4 -5x7 +4)” .

- 12 3x

(.\'2 —3x+2) +(J¢:-2-4.-3Jc+2)_1/2

Pewetiue.

x < =2,

xz0,
O/13: 1:x > 2,

49



(2 —3x2] " {2y axe]” "-5x2+4ﬁ=

(xz 3x+2)—v +(t +3x+2TV

T Y L V) g (L VP ) R s PR A
(x2 3x+2)'v +(x2+3x+2)_,

(4 5x +4)‘ﬂ —2(1: +3x+2)_v &4—5x2+4)n=

3x (xg_hﬂ)—v +(x2+3x+2)_v 3x
Jx +3x+2 \l'x -5x%+4 -
3x
Jx —3x+2 Jx +3x+2

2 1 1 }_ It -sxfra

- NENTE Jx2—3x+2+JT3x+2 3x
2 xlasxrzedx? a2 i osx? +4 _
J_+3x+2 J(xz 3x+2 (x2+3x+2) _ 3x
2 Jx +3x+2 +Jx -3x+2 Jx ~5x? +4

T E ez Vxt-5x2+4 3x
2 Vx'-sx+4 +v'x"—5x+4 =

_Jx2+3x+2-Jx1+3x+2+\’x1-3x+2 3%

=yxt-5xt 44— 2 +—]—- =ax* —5xt 4 x
Jx2+3x+2[\/x2+3x+2+1[x2-3x+2) 3x

2(\&2+3x+2—\/x2—3x+2) 1
+— |=
¥ +3x+2(Jx2+3x'+2 +Jx2—3x+2IJP+3x+2 —Jx2-3x+2] 3x

x| =

2[\,x2+3x+2—J22~3x+2) |
=vxt-5x? 44| - - 4o
Jx2+3x+2-((\[x2+3x+2) -[sz-3x+2] } *

50



Z{Jx2+3x+f‘z Jx2~3x+2]
o e =

Jx +3x+2(x2+3x+2-x +3x - 2) 3x
1

i’x2+3x+2-\jx2 -3x+2]
+— |=

6::\[):2 +3x+2 3x

I Rl b L e T i];

3x\[x +3x4+2 3x

=Jx4—5x2+4—

=Vxt-5xt+4.) -

- [x4_5x;+4_-sz-'3x+2—Jx2+3x+2+Jx2+3x+2 _

3xe2+3x+2
Nxtsxted IxP-3x42
B 3xe2+3x+2 B
W -3 +2) (Paaes2) P ez
) 3xdx? +3v+2 B

_ J(xz—jx.+2 Cxt-3x+2

Ix Ix

x2=3x+2

Omeem.
3x

(57 445 | ~tomesn

2.208.

10Jm - 34n
4

dm-n Jn+2dm
Pewenue.
n#4m,
ona3: m>0,'
n>0. '
[( +1/_)2 (f J_)z) 16m+4n) lOJ— SJ_
4m-n J—+2J_

51



(J_+21/_+J_ i+ 28mn —fu ] - (16m-+4n) 10Vm~3n _
4m—n . J_+2J_

_Whmn] - 6m+an) L 10Jm -3 _ 16J ~(t6m+an)
dm—n J_+2J— - dm~n :

J0m-3Jn _~altm-amn+n) 10J_ W _

J_+2J_ dm-—n Wmadn

“‘4((2‘/;)1‘2'2 ""'_‘*(‘/;)z) 10vm —3n _

- b | -} o dmadn
bV —nf  10Jm -3 _-apdm )

(24— f)(zr+4‘] Wmidn  2Sm+edn

10J_ Wn _ -8/m+aVn+10Jm-3Vn _ 2m+in _
ZJ—+J_ 2m +n 2J;+J;

Omeem: 1,

05 0.5 .
2.209 x-9 X" +3 _xg,s
T x+3x 49 '_x"s ~27 ’

queuue.
OO3: 0<x =9

[ x=9 +3]°5_x0,5 x=9 s )
x+3x1/2-.+9 x" -27 (J_)z+3J_+9 (J‘)’ 3

Jx) -3¢ Wx) -3
A T

J( ) IS )
(J_);+3J—+9 Vx+3

52



—Jl/x-3f ~x = -3-Ax =

={_&+3_-‘E=3"2‘E npu x € [0; 9}
Vx ~3-Jx =-3 upu xe (9; )

Omeem: 3-2./x,ecmn x € [0; 9); -3, e x € (©9; o).

Vo)
4\ Ja
q 2

2.210 :
1 111
ZJ—[—G-F J ”I—E[J’;—Jﬂ:]
Pewenue.
a>0,
om: {7
o] 2%(“%T—1

) 1+2a+a ’1+2a+a ~4a
q 4a

_2J1+2a+a2 _‘1_1—'0 2J1+2a+a —4a~1—
4a 23:1 4a 2Ja

5 [1-2a+d? 41 af 14
da = ‘/;

—2J1 ~2a+a’ 1-a 1/1 a)z l‘a—ll_al—l_:g
4a 2\/_ ZJH Ja  24a

33




=

i -d Wa - 2)l-d _
2[1-a[-(-a}) Ja 2[l-d-(-a) 2-[1-d~(1-a)
2Ja

2-a)-(t-a) 1-a
1 ~20-a)  _ -2(-a)
~2(-a)-(-a) -3(-a)

{ 0-a) _2-a)_, nae 1)

%,ec;mae {1;00)

2
Omeem: 3, ecmm ae (0; 1); 3-com a € (5; o).
Y2

2. (zl)[[i}z(l] -3] .

Peuienue,

o3 z=0.

(1Y i Rt V2
=(22-z+1): z+—} —4-(2—{»—] +4+2[z+—] -3}
' L z z Z

1/2

(zl)[(lJz(l]l] .

54



_ 2 -z+1 _ 22 -z +1 _ 7
= = == _
[z+l—IIz+l+l] (Zz"z+1)'(zz+z+ﬂ z'+z+l
z z 3 )
z
2
Omegem: z .
z% +z+1
7 . 2 2 F
2212, (4 752 +1)7 |52+ L | Crafxed] w77} 22 Y2
x? x 5
Pewenue.

2 2
- 1
(x" —7x? +1) 2 -[{x2 +———J —l4-[x+lJ +77 =
x? x
. . )
2 2 .
=_—I—T‘ (x+l] -2 —14{x+lJ +77 1=
Gt - (L% x

/ 4 2 . 2
SN (51 s v !
():4 ~x? +1) L X x

]
—
i
-~
- —
+
-~
ke ~
”~ N,
=
+
H It
e’
-+
|
—
—~B
E2]
.l.
|-
A
[%]
+
oo
=
N’

=1
=
+
—_
—
e
—~
o |-
"-—/u
\D
\——-’N
'--.l
X,
+
—
~—
—_—
—
k
+
e &
\O
i

55



- (x +2x7 +1 9]25
(* - 72 +1T

x4 2xt F1-9x7 J

e 1x+4f x*

1 x4l 1 1
4__ ———— 2 =—:‘—=—————T=5.
Tl orelf x (42
5
Omeem: 5.
2
2
1+[x —1]
2x :
2213, —  — .
N
: x
Pewenue.
- 0a3: x = 0.
2 _
x —2x +1 ax* +x* —2x? +1
2x - 4x* -
+1) 1 x +1 x?+1

X

xt+2x% +1 +1
U 4x? U 4x* le

241 xt+1 *x2+ 2|x|
x x x

x 1
" =T ECH X € (—oa,O);

x 1 .
E;—E,gmuxe(ﬁ, )

56



1

Omeem: —E,OCJIH xe (e 0); —,

I

ecmn x € (0; o).

2
. 2
2.214. 44
2_4 2
J[ ]
2x
Petuenue.
OH3: x % 0.
x2+4 _ x*+4 _ x*+4 _
2 4 _o 2 2, 4_g 2 B
o324 xJ4+x Ex’ +16 leGx +x'~8x’ 416
Ix 4x 4x
x*+4 2+ x2+4 _2 |x|

4x*

_xx =-2, ecmu x € (oo 0);
P

2x =2,ecmu x € (0 e),

xe +8x2 416 J'z +4E (E +4!

2|

Omeem: _),ecmn xe (oo 0) 2, ecmit xe (0; ).

' 2
2.215. | z-3)(z+3)" - C+3f”  |3°m 2
Ve -9)e-3) | €+
Peuienue.
z#0,
O3:9z>-3,
z#3,

57



1 z 1
(z-3)z+3)"- ' z+3)3’2 §~ﬁ—2z
{ ' \{(Z ~9) (z— 3)] E+3)"

z-3 (:/:-1-3)3 '62_133_9_ z-3 (z+3Y N
z+3 ‘[ ~3P(+3) |- 1 z+3 -\[(2_3)2

z+3

—?-6:+9) 1 [z -3 z+3] ~(-3F+3)

18z “z43 | z+3 ]z 3’ 18z
Packprisasg Moayns ¢ yuetom O/13, momyuaeM ABa ciydas:

ze (30U .(0 3) . |
1){ z=3, 2+3) =(- 3Fe+3)_ (- 3)2+(z+3)2 —(z=3F(z+3) _

743 23 182 +3)z-3) 18z
22 +9)e- Q2+9)( )_2 +9)G- 2),
18z ] 9z

z€ (3;00),

2) [ z-3 z+3) (=3 (+3) (-3 - (z+3)2 z=3F(z+3) _
z+3 z-B) 18z I ) [P 18z
_122{z-3) 2(z-3) .

Too18z 0 3

- 3 )
Omeem: MM ecm  ze (~30)U(0;3); M , €CIH

9z ’ 3

ze(3;w). _
' Jm+2 Jm-—2
+
2216, Ym-2 Vm+2
m+2_Jm—2
m+2

m-=2
Pewenue.

m>2,
on: m< -2,

58



3
+

m+2 m=2 \(’""’2 m-2 \l
m— 2 m+2 _ m+2 AYm-

S

2
m+2_~ m-=2 Jm+2 “‘/m—Z Jm+2+\/m—2
m-2 m+2 m-2 m+2 m—2 m+2

[ m+2 m- 2) m+2 L m-2

m-— 2 m+2 m=
— 2 ﬂt% m=2
( _—_m—Z} -[ —m+2J m-2 m+2
e+ 2P +2(m+2)m-2)+m—2F
_ (m—2)(m+2) _(m+2+m-2f 4m* _m
_(m+2)2—(m-2)2 | : dm+4m 8m 2
(m-2)(m+2). | '
m
quem.' ?

2.217.

b—lfﬁ N Ia3b _3’a3b _ ’a3b2 _ﬂb_z_ -[ 3{13 . _ ab
(a? - 5% = ab)- Ya°*

) 2a® ~ab - b? ﬂ.‘b

Peuwienue.

b0,
ab >0,
Ol3:5azb,

b
a#*——.
2

R L L Ao [ T R
(2¢12--b2 ab)g/aglf ( z"ab_"‘bz a—b)_
?/_'-G\lagff Yatp? -§a%85 i/b_4 34’ ab )

G




_ a'%p’ —{ap'? ) 3a> - ab(2a +b) _ ﬂas’b" (a~b)

—(a—b)(zaw)i/a"’bj‘ (@-0)2a+0)  (y_pya+b{a®st

3% -2a%b-ab® 1. (a—b)2a+b) _ a-b N
T (@-b)2a+h) 2a+b 33-2a%b-ab? (2a° —20%b)+(a® ~ab®)
_ a-b _ a-b- _ .

T 2a2(a-by+al@® -bY) 2a (a—b)+a(a-b)a+h)
a—b 1 1

) (a=b)(2a* + a(a +b)) T 3al+ab aGatt)’

Omeem: a—(:”;'-l-_b)

2.218. Vx+2v2%—4 +yx—-242x—4.
Pemeu_ue.

On3:x22.

Vx+2d2x 4 +yx-2y2x~4 =
=,/;T-2+2J_27:?2)+2+J?-2—2Jﬂ§+2 =

=22 +202(-2) +(V2) +(x-2)2 -220x-2) + (V2 )?
S e P S W T e SR e B
_{m+ﬁ—m+ﬁ=zﬁnpn J3—2 ~2<0 mm 2<x <4;

Jr—2+2+dx-2-2=24x-2 npu vx -2 V220 mm x24.
Omeem: 2«/5, eciu xe [2:4); 24/x~2, ecim x€ {4;00),

] 4 )
2.219.[ o a5 +2 ]_aé+8a%+5_.aé

_ : .
a+8 A _2ahea] 1-a leah

Pewenue.

on3: {a # -8,

a#tl,

60



[9 a3 4+2 ] 2 1843 5 a" i

a+8 22414 1-a%> 1+a
9 a 342 a+8)
= 73 +
@ +2) (¥ —2d# 44) @ -2a"+4 ) (1+4")
' S—az"3 32 (alf3+2)2 01/3(a+8) 5-a*?
+ +
1+a” (1/3+2)(2f3 2a’/3+4)(1 a‘/3)(1+a1/3) +a?
_(3—-a1/3 M3+a1/3+2) (a+8) 5-q% _
- a+8 ( 1/3)( 1/3)+1+ /3
l—a l+a a
L—}-am}:w 5_a 5aP 4P L5 g 543 .5
I+ 1eal 1+a” 1+
s+,
1+47 '
Omeem. 5.

V2a+2Va® - b2 —Ja-b |
2.220. .
J20—2'u'a2—b2 +va-b .

Pewenue.
Ol3:a22 5.

Voa+ a8 -Ja=b _Ja+b+2Ja+b)a=b)+a~b-va—b _
Jza Wa® - +Ja- Ja+b—2,/(a+b5a_b§+a-b+m

\K!a+b+\la b)z ~Na—b Jarb+a-b- Ja-b _
\/(J&Hb Ja- b)z+\,a b |‘/;— \/_|+J_

_ Ja+b B
|Ja+b-Ja—b +a—b

61



Ja+b Ja+
H,fa+b <,fa

—Ja+b+Ja~b+Ja-b " Wa-b- f+ P
mud<-b=<a;

ath ~Nath -lnpvh/a_:l_:>«/_

Ja+b Ja-b+a-b Ja-+-b

Hm 0<h<a.

Jat+b .
Omeem: lupn 0sb<a,a=0, n0<-b<a,
e P 2;a—b—4a+b P
J1+J1 —x? (,/(1+x)3-\}(1 x)3J

2.221.
2+\/l x?

Pewenue,

on3: -1sx<l.

\h+\/1—x2 ~(\/(l+x)3 —J(l—x)a)

2+\/1—x2 i

_ Vi+¥1=x2 - (Nrx - T+ x+ T D) (=) +1-x) _

2 +41-x2
\h+\ll—x2 -(Jl+x—-J1-x{2+\'i-x2]
) 24v1-22 )

=yl+vV1-x2 (Wtx =l1-x)=

I
=J;+x+2 121 +1 x.(m_m—)=

62



Y
=J(J1+x+-‘h x) W5 -V -

1+x +41- x(aﬁ+—x—\/1—_)—l+x 21+x_2_x=x‘/5

S W2 22
Omeem: x,/2_. .

2-n  m-1 2 m-1 2 2-n 4, -
2212 +4- | n*- +m-. ;m=J400,n=\/§
i A | m-2 n—1 m=-2 ‘
Pewenue. -

2-n+4_m—-l f2.m= 1 . 2-n)_

n-1 m-2) n- 1 m-2
_; Q-m(m-2)+4m-1){n-1) nz(m—1)(m—2)+m2(2—n)(n—-1-) _
- (n=1)(m-2) ‘ (n=1)(m~2)

- 3mn—2(m+n) {m-n}(3mn—2{(m+n)) :
(n-D(m-2)  (@-D(m-2)

Smn-2min)  (-hm-2) 1 1 _
T (n=1)(m-2) (m-n)(3mn-2m+n)) m-n ~ Y4005
11 45
J_ f 2V5-5 55
V5

Omeem: ——.
5

1 1
+
Ja+2Ja~2—1 Ja—ZJa~2—l
2.223. .
1 _J 1
Ja+24a—2—1 a~2Ja-2-1

Pewenue.

a>2,

63



N 1
+
a+2Ja-2-1 Ja_—zJa._z..l _

1 1
a+2Ja~2f1 Ja—zJa_z_.l

I 1
+
ﬂJ:ﬂ2+2Ja—2+1 Ja—2—2Ja—2+l=

1 1
\[a—2-+2\/a—2+1 JaaZ—zJa-2+1
1

| — [
=J&G?3T+2J3f5+1+V@Gt3f_24;:5;1=

[ I "J 1
VWa2f +2da=z+1 V{a=2] -2da-2+1

J(\_fr}u)z J(J‘)’ =
V=7 V)

1 1 Ja-2-1+Ja-2+1
Ja—2+1+ Jo—2-1 (JaT2+l)-J_— ]
I T a2 -Aa—2-1
Ja-2+1 Wa_2-1 S aas o
Va=2-1[+/a=2+1
|Ja-2—q—Ja—2-1=
2+1+J_+1 2 L npuva—2-1<0

—Ja 2+1-+a-2-1 —ZJa Ja—2

J& 2-1- Ja 2-1 uz

unn2<a<3;

s +1 2 a-2nupuva—2-1>0

MIH a > 3.



1
Omeem: ~ ﬁ ,ECNH a e (2; 3); —Ja—2.ecmn ae (3; w).

1
+ |x - 2[.
2.224. x? +4x +4
Petuenue.
0,[132 x# -2

+h—ﬂ —tx -2 =

1
Vx? +4x+4 1’x+ lx 2

e+ 2jx-2] 1ﬂx+2& 2) lﬂx—4
[x+2] |x+2] x+2] ~

[14x? -4 x?-3 3.
—(x+2) —(x+2) x+2
2
=<l—(x _4)= X mpu-2<x<2;
x+2 x+2

2_ 2 ow
1+x 4___x 3npnx22.
x+2 x+2

opH x < -2;

\

Omeem: —— | ecnn x € (= 00; - 2); E:—)i ectn xe (-2;2);
x+2’ T x+27 T

2 —
x -3 ,ecnn x & [2 eo).
x +2
L1 N2
x=-3 N x-5
2 _ 1+43x 1+5x
2228, | X 6x+1+ (x——S)(x—'3)
{1+5x)(1+3x)
Peuienue.
1
X #~—=,
o3: ?
X #E ——
5

3 Cranasw M. M, ko, 1 65



12
x-3 x-35

2 _Bx 4l —LE3X 1+5x | -
X=5hx-3

1
TR s

4 - _1 1/2
( (x-3){i+5x)~ (x - 5)(1 +3x)
{t+3x){t+5x) _
{1+5x)0+3x)+(x-5)x-3) -
(1+5x)0+3x)

=|x* —6x+1+

\ BN

( (o34 55)- (x~5)(1+3x)]'1 ]"2 )

=| x> -6x+1+

(4 5x)0+3x)+ (- 5)(x - 3)
W2

{2 Sh e - : 2
=(x?-6x+1+ 2x2+2 ] = x> —6x+1+ 2ix” +1 =

’

i

L |
x2—-6x+1+(%)1] < -6x+148) =2 -6x+9)"=
\

\
JG=3F =|x-3=

1N 11 1
—x+3-3—x,ecnﬂxe(—oa,—§)U(-—§, S)U(_5’3)

x—3, ecmn xe [3; oa)

1 1 1 1
Omeem: —{x —3), e X € [" ”:-;}U (-?—EJU (— E; 3];

X - 3,6CIH X & [3; oo).

)

2.226 (—-L—(Hl—+—1~J+-——3—[—1-+l]}_uz
T e3P \x? 9) (x43f |x 3
Pewenue.

fx 20,
Oﬂa;{x#—-l

. 66



e e

Loxe9 2 xe3)
(x+3)1 9x? (x+3)3 3x

_{_x*+9 2 —i/2= X’ +9+6x -1/2_
L 9x%(x + 3)2 3x(x+ 3)2 | ox?(x+3)
_1/2. “VZ
(x+3)2 1 2
“(ovbry () =7 =3h-

_ —3x, ecmm x € (—o0; — 3)U (- 3; 0}
B 3_x,ecmf1xe(0;oo}

~Omeem: —3x,ecld x € (— o0; — 3)U (— 3 0); 3x,€eclH x € (0; oo).

2a+2va® -9
$ 2227, )
N2a-2va% -9

Pewienue.
O3:4 2 3.

V2ar2la =9 _Jar3+2fara-3)+a-3 _
\/Za—z\!az_ Ja+3—2 a+3 a-3)+a-3
\/(\/0+3+\/a 3)2 Va+3+4a-3
JVars-vams) Yar3Ve-3o

_(Ja+3+Ja 3 Wat3+am 3) (\/ﬂ+3+“/"‘3)2 -
(\/a+3 Ja- 3)(\/a+3+\/a 3 (JZIT)Z (J_)Z_

a+3+2,ﬁa+3)(a 3)+a-3 2a+2Ja - a+Ja -~

ag+3—-a+3

a+Val -9

3

Omesem:

67



2.228. J[y2+'%~J —8'[y+3] +48.
y y

Pewenue,
04d3:y = 0.

R s (RO
L e 3
LSRR O
ek SR NS

Omeem: |Y—— | -
b

x443 . x—ﬁ
2. L

Pewernue.

i i cm(f il
reyx+B Ax—dx-a [ x+Jx+fIf JHJJ
N (K_Jg[&-h[ﬁ] xvx - xdx+43 +43x - J3(x J_
[r Jx- .rIrH& ] (<] - [ )
x+x\fx J?E \!3(\5 J—
(/T - ( }

; x=2,

68



'= x¥x —xyfx+43 +J3;—\!3(x+ﬁ) N

. x—x—ﬁ
+xJJ_c+x‘Ix—J§—J§—J3(x—J§) -
L x—x+43

=xJ;—xe+ 3+J§—J3(x+\/§) +x x+xe—J§—J?E—J3(;—J§)_
-3 f3 _ B
=X x+xe+J_§——J3_§+J3£r+J§) +x x+x\’x—1/§—J3_x—‘}3ix—J§j=

V3

={xm+\j3(x+\!‘3—') 1+(x\!:—3—-\f3(x—\6) 1-2J3_x )
=m(x+£)+\/%f(r—‘/\§/§)—z~/§;

J(xhﬁr +\!(7c—\/§)3 —ZEz
3

_ J(Hﬁfjg\l(x—ﬁ]’ i

—2fx =

(o e oo )
J3

=[m}im).3-zﬁ=(m+m]z 3-22=

243424243 3242 =6 3242 =32 - 22 =2,

Omaem: 2.

69



vx— 2\/- \‘x+2\/_
0 [ Cand2ts ¥ rand2 8

Pewenue.

Vx—- 242 \Ix+2\[_ Jx 2\(- \/x+21f_

\/x —4x2+8 Jx +axy2+8 \/(x 2J—)2 Ji_z‘/_)?
I 1 Jreal2-Jr-2a
\/x 22 Jx+2-\/_ J7 QJ_ +2J_)

_Axe2a—fx-2V2 S22 -\3-22 vy A e
Jx -8 Jo-8

=J(£+2J5~J3—2J5)2 _

34242 -2B+243) B-242) 3243 = Jo- 2055 =
=J6-2=+4=2.

Omeem: 2.
5 t+z 1-z \E
231, - y IE
1+1+z 1-J1-z 2
Petuenue.

l+z 1=z _ (1+z( J[TZ—L (1 z(l+ 1- z) _
1+v14z 1-41-z (1 1+2 )( ) (1 Jl_;) (1+J1—;)
=1—\ﬁ:+z—z\fl+—z 1+vl1-z -z zﬂ

1-1-z 1-1+z2

=1+z-\f1:( +z) 1- z+m(l z)

-z

:—1—-z+J]_:;~(1+z)—1+z—E-(l—z)=
_SrzQro)-imz--2)-2_Jl+af -y-2f -2 )

70



ey e BT i Gakitnd I

z 4

Vi+z-2 1—zZ+1—-z-(2+ 1"—22] 2
z

=m'(z+‘h_22} L 22 1_%.(2+g]_2=

; N V3
)
122 '
I U I W £
B 22 B3
2
Omsem: —
2 —
2.232 2
5 2
a‘ +3
{ 2a ]
Pewenue.
on: azl,
' a#liﬁ--
23 _ a* =3 _ 02—3 =
at+3 o Jﬁ@-ﬁ Ja4+6az+9-12a2
za‘ _3 402 402
- al-3 _ at -1 _a 2.3 Z(a “3) Ia‘
\1“4_"6‘_13;';9_ a’ -3 R i ‘az-—:_il
, Aa* 2a 2a

71



I 2
M =~2a, ecni @ < —3;

at-3 B

~2la* -3

Ee=i
2!a2—3h
)
Mzm,e&nﬂd:\-ﬁ. '

L a“ -3
Omeem. —2g,€CIM g ¢ (—oo; —J—B-)U_(O; wﬁ), 2a, ecu
a e‘ (—\E; O)U (JE, oo).

'=2a,ecmx—ﬁ<a<0;
=1
=—2a,ecnn0<a<\/§;

1
2.233 “'1_Jm' daz1 ~{i-a?)
R 11 .(a—l}Ja+1-—(a+l)Ja—I '
a+1 a-1- . _
Pewenue. '
OA3:a > 1.
1 - | |
e S s S Y
V1 fa-1Wat+l-fa+1Va-1
Jm a-1 " "
© 1= Jla-1)a+1}
. a—1 : . \/m —(1—a2)=
Ya-1-Va+1 " [GTYar1)-Wa-1-va+1)
a—1)la+1 _
_1-y@-D@+) Ja-Da+) Je-Da+)-Wa-i-va+1)
Ja-1 Ja-1-Ja+1 Ya+l

~(-a?)= (- JEa+1) Ja—1Xa+1)-(-a?)=
=(1_-~/ 2.1 lch2—1—1+a2 =Va —1-a? +1-14a% =a? _1.
Omeem: g% .-1.

72



1+1+x 1++41-x J3
2.234, + ; -E-

s X =
x+1 x-1
Pewenue.
1+ 1+ x 1+Jl_; x+xJ1+x 1- Jl+x+x+x\’l x+1+41- X _
x+1 x-1 . x% -1
x-{1- x),/m+(1+xm
x2-1

1__]J_ ,+_._}‘/:

=(_4)_[J3—_2—J§.J4+2J§+2+J§_J4_2J§J=
, 2 2 2 2
=43+l ANE 1] ~G+ VN1 =

=d3+2-P3+23-34243-2/3-3=43-2.

Omgem: _72-4./3.

(x+1)_1‘/2 s a® +1
2.235. (x—l)'l"z -'-(x+l)' vz’ 2a
Pewenue.
ON3:0 < a # 1.
1 i
N L - i
(x—ul)_lﬁ—(x+1)—i‘f2 1 1 Jx+l-ax-1

Va-1 Jx+l Gorxel
1 x-lfxel o x-1
\/x+I Jx+l Vx-1 \/x+l JYx-1
F (Jm+\/_1) Jx 1 (Jx+1+\/x 1)
(Jx+l Vx - 1)(\Ec+1+\/x 1) (\I'x+1)2 (Jx l)z
a1t rm) - Jxo1 el a1}

x+1-x+1 2

73



> ‘

| Jaz —zia+l[‘/az+zia+l +Ja2 —2ia+l]
= 5 = ,

J -1¢ Ja:z+1)2 J( a-1f la=Y{ a+1 |a ]|
) 2a 2a 2a JE J2_a J_

2

a-1-la+l+ja-1

=[ 1](;0+[ ) _Ja=1: (a+1)+(a—1)2=
4a

—(a (a+l)+(a 1)2 l—a e 0<x<l;
- 4a 2a ’

(a- (a+1)+. -1} _a- lecm{x>l.

4a

o 8 0: 1); = 0 ).
meem‘. 2a , CCIIH 4 € 2 L,ECIH d € [ ]

2—
2236, Y2 1 %[J_+—]

z;—l—z m

Pewenue.
OO3:m > 0.

o ) )
Vi -1-z (\/z -1- ZI\[Z——I"'Z] [zz—ljz—zz. ]

[ :
_——-———Z 14297 -1 (z_ +szz 1- 1) 1-22—zfz2=1=
)

22 -1-7?

1 ()} 1 Y STt
Gl G CEE
N )




' 1 m+]z_m+1_ m+12_1=
| m | 2dm Y\ 2Jm

1 242m+] m+l |m? +2m+1_ B
4dm QJ_ -
__4m—m2—2m—1_m+1_Jm +2m+1-4m
4m 2\/; 4m a
=—(m2—2m+1) m+l |m —2m+1 (m 1)2 m+1 ’
4m 2Im am  2m J—
-1 mal |-y (m 1y (m+) P _
4m 2J_ QJ_ 4m 4m
—(m—1) —(m+1)|m-1
4dm a

—(m- 1)2 (m+1)(m - l)

—(m=1F +m*-1_m-1

,ecrmm—1< 0,

aml<m<l,

-m
,ecmum=1.

4m dm 2m
—(m- 1)2 {m+1)(m - 1 (m— 1)2 ( )
4m 4m
m-1 l-m
Omeem: oy STH 1 € (; 1)' —2—— camu m e [I; o).
afx+1 a’ +1
2.237. — = :
x+1 a _]
Peernue.
fa #1,
OA3:14 5 0.
1 & 1
3{)‘_"'14.3{3‘;_2 S S S
x-1 x+1 x-1 Sx+l
x-1

75



2
x+1 Jx+1 x+1 x4l s x+1_1
x—l x-1
Jx+l X+l %/x_ﬂ
x-1 x-1 x-1
a’+1 a’+1
+1 -1
x+1 J a’-1 a’-1
= —-—--——1_ =y =14 =
x+t [{la*+1 a®+1
3 -1 3 +1
a -1 a -1
a +l1+a’ -1 @ +1-a° +1
=l a’-1 —1 a’ -1 = gﬁi_l. _g._=
a +1-a’+1 a+1+d® -1 2 24’
a’-1 a’-1
—{a-1) 1-a
=i ecmEO<a<];
JE Ja§

_| _|_
‘/— ———ec:ma>]

Ja©

l-a Toa-1
1) T~ 1; o).
Omeem J; ,ECAH a € (0, ]), JE ,ECH a € (, )

(52} -

x2 b x=2x+2
Pewenue.

on3: x = 0.

(58] 55

X x—+2x+2

2.238.

_ 2+ 22x +2-2x _
(x2+x-fﬂ+2x)—(x\/§+‘/ﬂ\/2_x+2‘/2_x) +(x+\/2_x}2)

76




N x+42x+2 : _
ﬂx(x+\/'2;+2)—«/2_x(x+\/2_£+2)+(x+\f2_x+2) )
_ x+V2x+2 _ 1
—()(+s[2_x-f2)(/v—\/5;+l) x-~2x+1

1

Omeem: B 2x+l.
s 4 /2
2.239 J§+2 —iﬁf . J§—2 —3]2128 .
B /TS ) -3k
Pewenue.
o Be2 g N2V g 6 +46 Y v
2432 3 23 41304 13—3+1~7{_
Ly_s_Fl‘z?ETIlﬁ 1%{23 24, 1\2/—)
8 _ 1256 1
12(53 | 1254 ‘2{— ‘4_

)= 3~ %)

9!]
YJ‘/_Z 3’3/12 J L

o (2

o 24_132—3)2=1455.m_1)=m%_1)

X V2.0 ‘3" ;
Torma 3= EJT‘%?—‘]‘}_ 2.

Omesem: _ ‘l/f_

77



J(g 243 3J_Jf
2.240. -2 _

3+ 5108

Peutenue.

5 ﬂf WFJ

-2 Vi-32
3+m ) 344274
6 s+g/33 52 B
Fﬁ-ﬁlzﬁ 6‘3/3_;2/;/9_22 52 o
¢3¢ 485022 )
\f s
Ky o
FE )
§f3° 433 2% )4 (436 27 — 4
[,
%/3_3[%_%%/2_2} )
ﬁ/?(%ls_ﬁ-ﬁl?]ﬁ/z_l 35 —* 6
s
W(633+q2_2)

78



J(ﬁ_@wﬂj
9/_3—(‘ 34-"’22]
JV( 3 Q/—IJ3_3+§/_IJ3—3+§/2_ZJ
G
J?T’( 3+§/2_2J

NEE)F] ()
(K 3+%/_)

Omeem: 1.

i

pi 2 2 —1/3
4-2x+x° 6x°+8+12x x“+2x+4
2.241 (x+2)

4-2x 4—--x? T 2x+4
" Pewenue.
O03: x # £2. 7
2 2 3 -1/3
4-2x+x° 6x°+8+12x x°+2x+4
+ 7 (x+2)=
4-2x 4-x 2x+4

_ _x2—2x+4m6_x2+12x+8__x2+2x+4 —w-(x+2)— :
2Ax-2)  (x-2)x+2)  2(x+2) B

[(x2 —2x+4)(c+2)+2(6x> +12x+8)+ [ +2x+4)(x 2)]

20x~2)x+2)

>;(x+2)=_[2(x3+6x2+12x+.8)J_3_(x+2)2_[(i+_2)3_]—v3x

2(x-2)(x+2) ~2)(x+2)

_13
x(x+2)=~(%-—':_~22i} (x+2)=—3

79

x—2 '(x+2)=

(x+2)2



(x ?.X:H—Z)3 mz_{ “,4 e

(x-i-2)2
Omeem: 3f4..57.
N 8 , -1 +3| z%-3z+2
2.242. z+2 2+8 |z -27.2—-42-]-8'
Pewernue.
z 212,
Of3: z# 1
\f(z+2)2—87.+(z—1)2+3. 223242 _
z+2 2+8 | 22-222-4z+8

z+2 +(z+2)(z2—22+4) (+2)-2f

:[ (z-2)2+ 1 ].(24-2)(2-2):[]2—2]4_ 1 ]_(z+2)(z-2)=
z+2

z+2 z+2 z—1 z4+2 z—-1

={422+4z+4—82 22 -2z41+3 ] (z-2)(z- 1)_

‘|2—2|+1.(z+2)(z Qz’ 2|+1)

z+2 z-1 -1
Cz+241)(-2)_ (= +3)(z 2) 225746
z-1 z-1 -z’

= ecmt ze (= o0y~ 2)U(-2; 1)U L; 2)

e-2+1)-2)_ -1)E-2)

=z—2,eCAIHzZE (Z;eo)
z-1 z=-1

2 -5 6 .
Omeem: -z—l-i, ecmn ze (e —2)U(-2; DUG; 2); 2-2,
-z

ecmit z € (2 o).

80



2243, [x4+5z3+15x—9+%] x —4x+53x -12

%0+ 354

X
Pewenue.
_ x#32,
O3 {x#0,
' x#-3.

5

(x4+5x3+15x 9. 9} P -dxe3t-12
1
X X

x® +3x4

x (x +3) s

[x +5x3 +15x - 9 ],x(x2—4)+3(x2—4)_
= +— | =
x X

_x 44 5x3 +15x - 9+9(x +3) (x —4)(x+3)
x*+3) X

=( x? 3)(x +3)+5x(x +3)+9(x +3) (x 2)(x+2)(x+3)=
4(x +3) B

_(x+3)(x+2) (7 +3) % _x
2 +3) (xr-2)(x+2)(x+3) x-2

Omegem:

. x—2

2240, 2@~V -bO+D+abo-a+2) (|, a®+bvab)
- a+b—~ab b ~q*
Pewenue. '

ON3: a#b, a#b+2,

a(a=2)-b{b+2)+Jab(b- a+2)[ s, a2+b2+abJ=

a+b—ab b -a’
_a?-2a-b*~2b-ab (a—b- 2 {,_, atrabtd?)_
atbh-— J_ a’-p

81



(2=}~ (a+26)~Vabla—b-2)
- a+b-Jab

al+ab+ b ]

q1-2-
[ (@-b)la® +ab+5?)
_la-bYa+b)-2a+b)-Vabla-b-2) (| 2 \_
a+b—JE [ a—b]

{a+bfa—b-2)-Vabla-b-2) a-b-2 _
- at+b- \[_ " a-b
_(e-b-2a+b-Jab) a-b __ _,

a+b-ab a-b- 2 '

Omesem:. g-—b.

(er2) " 4 (e 2y T+ (er2y G2y ]
((x 4 2)—1/2 +(c— 2')4)’2 )—1 B ((x + 2)_1,12 —(x- 2)_1f2 )»1 :
Pewenue.

O03: x > 2. .

) R ) ) A ) e P S

((x £27 7 4 (- 2) P2 T' - ((x +27"2 ~(x - 2)—112)'1

2.245.

=l -1
1 1 1 1
+ + -
- Vx+2 Jx—z] x+2 Jx—2] -
1, 1 ,"_ 1 1 3
Jx+2 J Jx+2 X - 2

\/—+~/;€+—]_1 { x-2- J¢:+2J_1
= vx* -4
2+J:] [ﬁ— x+2]
x> -4

= V-4

Jx -2 +dx+2 Jx 2- Jx+2

,_ Vxt -4 Jx2 -4

i—2+dx+2 Jx—2-Jx+2

8



x2—4‘( L + L l
Vx-2+4dx+2 Jx-2-4Jx+2 )
r——x2_4{ 1 _ 1 J_

Vx-2+Jx+2 Jx-2-Vx+2
Jx_—2_—\/x+2+«/x—2+\/x+2 2Jx-2
___yx_—5+\/x+2) (Jx—Z—Jx+2)= (\/Jc——IZ)z—(\/xh’Z)z _
Vx—2-Jx+2-Jx-2-Jx+2 —2x+2
(Vr2+var2) (Wx2-var2) Woa)f-Wxraf
_ \/;——2_ x—2

_HJx-f-Z T
x=2

Omeem: ———
x+2

xSl ) i ey )
BT )

2.246.

Pewienue. |

oI x 20,
A3: y20.

(5 - oyl ~4ly )y o+ y+ o) _
"x+%/_{4x—‘~‘f_)z+“xy]
(AP [ )
J—+‘{/_)(J_ 245y +4f* + 4y ] |
) (V;H/;X?*/x_z—"xy-*-WJ

83



() 57 7).
- @;J)(J‘z z/wf )
(A2 A YA )
oy
(A A A )= B -
Y N )

Omeem: \/;T —Jy_3 .

abl’/3_%/b—2_a+1 +3ab-[l+b_us]
-Vl - o) e

Pewenue.

2.247.

a# ¥,
azl
03 ’
A b # -1

b z0

abz/a__%/b_z-aﬂ 1 -
. a/a_b.[-s—— b 1’3]=
&—%{({/EH)Z—%J(I’W“Y W

N a%/_z—'s\[_z—ﬂ+ =
- Q/_)(Jju«/a_bﬂ Jl]({/_ﬂ)hl_ (_ _1—]

2/— 3
Jb—z(a 1)-(a-1) Yab Yab

o

a
o

el e o) W

84



(a-D|¥? - Yo +1)b -1
¥+ = ——-—‘ D00 35+ Ya =

) —(a—l)(%/EH) ~@b+1)
=-Yp+1+¥6+¥a =1+ ¥a.

Omeem: 1+3a.

2.248. ‘“H‘/_J 5+f J3+\)5+ V5443 JS:\}5+ Js+43.
Peutenue.

”IHJ— J4+\/5+J_ \/3:\/5+\}5+J_ \/3— 5+ 5+J__
= “1‘1/;’_9‘5 A4 +5+43 -J;Z —USM/SJMET =

= ‘”‘1/;_9‘5 445443 QJ;J5+J§ =JI%J§ -‘/472—[\/5#3]2
_Y11+43 A3 _
75 -\/16—5—J_— 5 A11-43 =

‘[(11+J_)(11 53) J112—(J_) s 18 _
V59 J59 . 59 '
Omsem V2. |
‘{“ ®x - %F)2+(§/'+f)2 Ax+42- %/E)(i/§+42+§5£)
: 224 4 .
2x 2-{2x°
Pewenue.
x>0,
OA3: {x;tZ.

85



4~( %F)Z (x+\/_)2 (x-ﬁ[_ JE;)@_+'U—+J2_;)

32 Vrx-#2x 1-4h
F %/— 24 2x+§/—2 8\/_+7J£+\/—
2 Vit 0

(47 T A )
T Ay (W T
L (T R (R

J’ V427 T T o
P AR (A (EWI‘“” 3

el [elt]
AR )

e )

2 Gl ) ()
A [ )V |V 47
i 82‘”-%_2[%/?—@]

= ~(‘if; + ‘\‘/5)
Omgem: — (ﬂ; + ;'E) .

_8x

{7 )

3a+1—2\\/a2 +2a

12
2
2.250. [2(“1)*2 £ +2"} ~(V2a+1-Va)' Nar2.

Petuenue.
oa3: 4 = 0.

86



{2(a+1)+2w/a2 +2a ]1/2 __(m_.\/;)—l Jara=

3a+1-2va? +2a

_[2a+2+2Va*+2a  Ja+2 Ja+2+2 aa+2)+a

—J3a+1_2\/2a2+a “ati-da 2a_+1-2Ja(2a+1);a
_Navz _ |Wax2+da)  Jax3 __Jarzeda
JZHH—J;. (m_\l;)z V2a+1-va J2a+1-VJa
__Na+2  Jar2+Ja-Varz _ Ja o
J2a+l—-./5 J2&+1—JE _J2a+1-‘/z.

Ja
V2ari-va

2.251. W+ ty) +Rx -4 ;(%;” xy +4ly )i - Yoy +“J;)_
x-‘/—ﬂ #xTy—y .

Omeem:

Pewerue.
x>0,
Oon3: iy =0,
S lx oy

e} M55} (o WA 45)

| x—Jxy fey-y
=§/;c?+2§/x_y+"y2+§/;—2§/5+§/y_2_

: %/x_ﬁ_e%/x4y4 | )

()
o 13607 -4 |

87




_Am)
(ﬁ Q)
R
[F %/_ZW_[J—Z Vo [V 4 + J—)
()
] W)

y

4
Omeem: 2 5"
x

Ja? ~bavde a—b+dc - ,ﬂ;dﬁ

2.252. =48 b=12.
‘ J£_2 +£__€_
b a ab
Peyenue.
Q03 ¢ 2 0.

ya?-b++e - Ja Vo+e - Ja+v‘!;+\/g=-

a b ¢
__2 +_..__
\,b a ~ab

88



N[ o)

Ja4 “2a%p+b% -¢
ab

g N —b+ve a? (b +ic ) _

‘/(az —b) ¢
ab

\,a —b+c \/a —b-c - J(a ~b+ec)(@-b-c) s
J(a —b—o)(a? —b+ve) (@ —b—ve) (@l —b+ye)

ab JE
= 1/4,8- 1,2 = ,/ 576 =24.

Omaem: 2,4,

: 4
2.253. (4x—1)-[§(\/§x——_1 +4x)7 - (8x-1 —4x)“) ! /

Pewenue.

1 )
O3 xz2—, x#—.
A 8 4

[y : b
(4x_1)-(8ix'( 8x—1+4x)" —(/8x—1 —4x)'1) : -

1 1 )
=l 1)\/ (JSx 1+4x J8x—l—4x)— ;

! JBx—1—4x—+8x-1-4x

\[sx(JSx T+4x)(V8x—1-4x)

-(4x—)

89



" IHW‘%’ ¥ A==
=(4x-1) ’m:@.x—l)- (_4;“1__1)?(4"'1)'@:

4x -1 {1 1
————==l,eiM x| —;—
_ax-1 | -(x-1) 8°4]

|4x—ll_ 4x-1 (1 )
=lLeemxe E;co

4x-1
. 11 P
Omeem: _],ecMM X€ |—, — |, |,€CIH X € | —; oo
8 4 4

2,254, [ x+2y ~ (x -2y):8y? ]_{ y‘z- ~ 1 J

8302 + 2xp+2p2) X =2xy+2y’ || 4x7 -8y 4xtyt 48yt

x=%, y=§/5.

Pewenue.

x+2y _ (x-2y):8y + y2 o 1 _
80 +2xp+2y?) X —2uy+2y7 | (43P -8y7 dxyP gyt

_ x+2y N x—2y s
8y3(x2 +2xy+2y_2) 8y3(x2 -2xy+2y2)

1 1 4.
[4},2(,3 —2y?)  ap(x?+2)? )]_
(x+2y (x +2y? —2xy) (x 2y (x +2y7 +2xy)

By(x +2y +2xy) (x +2y° -2xy)
3

x? +2y —x? +2y _ 8y

* ‘4}:2(x2 —2y2) (xz +2y2)— 8y3((x2 +2yz)2 - (2xy)2)+




. 4y IR NS S
4yz((xz)2_(2yz)2)-x4+4y4 xt -4yt

_ x? -4yt 1 x* +4y* _ 2x* 2&-‘/6)4

NV ) S R T
__26 12 12,
C T 36-16-2 36-32 4

Omeem: 3.
2.255.

2(a+(a+1)24} (a+2)+...+2a)+ 6(a'/20:b"'2lz((auz B2 Y by }1.
a’+3a+2 - a-8)"(a+2)
Pewenue,

az0, '
oA3: <& =0,
a#b
BripaxeHne a+(a+1)+ (a+2‘)+...+2a ABIIACTCA CYMMOM S',, YAEHOB

aprdMeTHYECKOH TTPOTPeccHH, Y KOTopoH MepBelil WIeH «; = a, PasHOCTE

d=a+l-a=1, ni um a, =2a, KOTAYECTBO WIEHOB
a, —a 2a-a _
n= p) +1= ; +1 = a+1, [Iprmerss GopMyTTy cyMMBI WieHoB
. a +a, a+2 '
apugMeTHYIECKOi ITPOTPecCHH, HailieM S, = 3 n= —7--—-(a+]) =

_ 3a_(a +1)

. [logeraene 310 3HAYEHHE & n B YUIOBHE, NNOTYHHM

3ala+1) ' :
2'_2_*_+M (o2 -V Ya—by ) =

a’ +3u+2 (a-—b)o’ﬁ(a+2)'
__daler)  effardb) 1
@+2)ert) {a_f (a+2) Va-v)if(a-0)"

91




__3 + 6(‘/;*'1/5) VS\J(a—b)2 _

a+2 tf(a_pY (a+2) Ya-
_3a . (‘/—J“/_)(\/; JE) -
at? %j—_-_ (@+2) SJa bY

§|

3a 6la~b) _ 3a 6 _3a+6_
a2’ (a+2)- J_— at2 av2 at2
Omeem: 3.

@;+J¢-I;:+x+x\/;)z(1_‘/;f B JXJ;)W |
e -2) | ("x“'+4JE +4x)—1/2

2.256.

Pewente,

x>0,
043: {a > 0,
x# 1.

(\/E+ ax+x+x\/;)2(1_\];)2 (x‘/—i?.
bt 2} o radaran) "

1 R T ) A P

(H%‘z] 4/1; (x+4\/_+4x] e
RS ) | 0 R

_’_‘i_:g;_zﬂ, [ﬂ—\/;:—-kﬁ]_w
O | R R
_ (x-17 J <

(JE+2x)2
= (I*x)z(‘/‘:”)z'x%_\/;-i/a_*(\/;+2x)=

(x—l)2 J;

92



(«/--+x)Z xYa- xw[_ (-\/_+2x)
—xy_ g«/_+x)z \/_— f+2xJ
=x¥a- +2JE x+xt—a- 2\/5 -x )= )=x3-%.

Omeem: x*. ch_z

2.257. ((a-sﬁfa_s +o¥fa? IJE +3¥a+3%a° T +3%a° J_l.

Pewernue.
O'[[B: a>0.

l\/__+9'%/_ ]
‘\2/_+3‘\2/~+3‘\’/_

1%/‘1_(14(1__ 13{1—_‘_9]
‘%/a_‘*(*%/35+3+3‘3/5)

(e 1)

-1

+31%/a_5 =

+3%/_ =

ot 3% 43
ot ('3){* 3a? +9)+3‘3/—— (1%/— +3‘%{E+J
i ot +3%a+3

13/;2— +3Fa+3

: 1
1%/:“(‘%/:“-3‘%/;+9+3'3§+9'3/?+9‘%]J

93




l%[c?ﬁ%/a_“+3‘\2/;§+6'ﬁ+9‘% +9] )
) W 4390 +3 )

A (a3 )T +3 3 _j
T | A

i

1 1
() W

1

Omeem: J_+3‘/_.
2255, Wa+ V5 -Yab b +Ya +Yar) Was¥of +ffa Yo
Yo'b b - Wa-dbp
Pewenue.
a 20,
OHa3: b >0,
a ¥ b,

§la+ 4o -Yab 4o +Ya +Yab) Wa+4/6) +fa Y5} _

Yo' b (Va -vb) b4
(W+sbz—%](8az+yb7+%]
i Ya'n? -Yp? :
\/_+2J_b+§./_2 %/_— 2f+W_[P+sb2)'(%)z_
(J_“ ‘{/_)T %/_(W-%/EE) |

94



_(2§[a—2+2§[;)%_2= Yol +o¥a2? +4b* Y202
B2 R (eR oy R

2(%/:1—2+2§{b_2]§[b3 %/;I+ azbz._l_s A .
’(ﬁ/a—m/;z)(v;-%/b—zf%—z[v;qvb—z)(m 7 )|

o 1 N AR 1
'W—W_%/IJ_?(W—W} 2 2?/_4 o

Omeem: —=

2J_

: 1
4823+2422+182 _4822442%18.—; 15{3_ i
2.259. 2:-3 . 2243 V27 6z |

Pewenue.

O3: z;ti—;-, z#0.

. -1
48z3+24zz+18z_#822—2422+18z L 1y
2z-3 2243 2V27 6z .

-1
=#2z(422+12z+9)__#22(422—12z+9)___1_3’422—9 _
2z-3 2z+3 2 54z :

=§122(22+3)2 _of220z-3F  [T54

2z-3 2z+43 ~ Vaz? -9

_:{/22(22+3)2 _%/;(22—3)? _ 2354z

= B T ey O

95



_ Y222+ 37 Y2222 3) - 2454z _
- Y2z-3)2z+3) B
_Y2:(22+3-2243-6)_ V2:.0

= =0.
Yaz2-9 Yaz2-9
Omeem: 0.

| \(f” ](p - pe*)-2a\p
2.260. 1. re r-a .

P g 2pgq @
-4 p—q)
p-q p+q pl-g*

Pem_efme.
On3: p>q>0.

4 4 2
ptg 29 | ' p?)-2447
J{ﬁ_pzqz e 2

[

P-q9 pP+q9 p-g¢

4,4 252
_ \/Ef(p:fgz)"‘pzfqz ] P(Pz ~¢*)-24p _

e
N RO

4, 4+2p2q2)p(p2— 2 2 2
JKL qu(PZ—qZ) S :Jq 2l i,

P +pg-pg+q’ —2pg 2pq+q° )
bri—g) 7Y \Ew)(p ARl

2 2 :
LAY R -2pq+q (p f;)2

\/Gipqi(i)z-qj'(p q) §+Z (p JP'HI

96



2 2
Omeem: 9

Jr
2261 3J 2% .J(x+1 —x [31-2
T Vo +18x+9x2 x 2xfx
Peuenue,
Of13: 0<x<1.
# 2x?2 J(x+}R/1 x 31!1 ~x?
9+18x+9x? 2x X

J 4x* (1+x)3(1 x) ’
81(l+2x+x )2

=6J74x (1+x)3(1 -x) (1 xl J36x (1+x) (1 x)2

810+ x)' x* P 24x° 1+ x)

=
Omsem: J; eemn x e (0; 1],

33 _
2.262. 42_‘/‘1— — oa= 7,/5, b = J0,008.
(2+%) —&/g+23/5)
Pewenye.
= 4-Ya? _
brdab) -fa+2¥bf  4+a¥ab+ Va2 -Vo? - a¥fab - s

4 Cxaunasm M. M., xu 1 : 97



] 1
“1-3o008 1-02 08

Omsem:é.
4
4 2
xTHxS+xNf242
2.263. -x2.
. x2~x1/5+2
Pewenue. . ‘
x4+x2+x«/5+2 J— x4+x2+xﬁ+2~x3wﬁ+2x2—2xwf2-
7 —-X = 3 =
X -—x\[2—+2 ¥ —x24+2

© -2 3% - V2x 42 (22 25+ 262 +1) R
xz—x\[i+2 _ P -xd2+42 .

Omeem: x%+1.

3, c.2 )

+5x°+3x-6
2264, T T
x +x°-5x+3
Pewenue.

3 x#l,
OA3: x#-3.

X +5x2+3x-9 (P +2x2 -3x)+(3x* +6x-9) _
2 +x?-5x+3 (x?' +2x2 —3x)—(x2 +2x-3)

Cx(2+2x-+3(x2+2x-3)  (x2+2x-3)x+3) _x+3
(2 +2x-3)-(x2 +2x-3) (2 +2x-x-1)  x=1

x+3
x-1

Omeem:

98



2265 Wa-b+¥6 Wa-v5 -5

2
1+ ?- ——4\/E-—J:b_—
a a a
‘Pewenue.

«O03: p=0.
Wa—6+95 . \ﬁ/‘ V-9 _|Wa- JEJ)(I - ) _

R A

Vo= +45) Wa-vo-45) _JWa Vo +45) Va Vb -45) _
Ja+2J_b+b avJab —b Ja—zJEEw—JE

J_ J‘j J_ 1,21 =11,
Mﬁffr

Omegem: 1,1.

O

a

mq}ﬁ— b+a
Pewenue.
(2] -2 (e

a

Ja- b+J_\f a- b+J_

J 2 b db+1
I+ —+—-

a g° a

;oa=121

s oa =225

2.266.

) Ja—b+\/a_-\{£—\/b+\/5 'JIE;F‘\,b+JH—
99



Jaz +2ab+b* ~dab-a

e e e

Ja2—2ab+b2—a ’(a—b)’—a
az a2

e GRS e e

el

_ _1
a

V- +4a) b-b-va) alla=bF -a

Omeem: .

9

Xty —xyl 1 -(xy'z + y-s/z)
2.267. 4 :
2x? -—y3"2 —xy+ 2.1:}:1"'2

Pewenue.

y>0,
Ol3: (y # 2x,

% -x

# x 1fx 1
ny ~xy” +— (xy +y'3"2 ¥y 4] J}?

2x* - —xy+2xy (2x2+2x‘[_)-(xy-_i-\/;?)-

’4x —4xy+y? x+J_ \j?.x y)2 x+\/—
4y? y y2 l2x-y’

2x(x+J;) —y(x+\/;) (x+ )2x y) 2)’3(2)‘-)’)=

100




—(2x-y) 1
; = - opue y > 2x;
_ 27 x-y)

B 2x - 1
A mpr 0 < y < 2x,

2y° @x-y) 2y’

1 1
Omeem: —npn0<y<2x ————-npny:-2x
2y? 2y
xtx =$12x 43443 {B+4i).
e s T
Pewenue,

O3: x 2 0.

x+&—m+3+~/§_(‘[§+'412x)=
Jx +43-Y2x
_ Uxt +3x2 4% + 330 +V?’T—(V3T+412x)=
V2 4357 _4ax
(Vyc_z—412x+ﬂ3—2J+[Vx_4+434) \ T
_ 4T
T (12x+ 3 )
Y- 12x+‘§/3_2 Jx_+‘1/§'- _[412“%—2J=
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par npu p—q = —7, €cli¥ JUCKPHMHHAHT PaBEH HYJIIO, T.€.
b—a=-17, —a=-
. {b a==T, _, 4=1655b=1585.
144> —4.16{a+b)=0, |b+a=324,
Omeem: a = 1655; b = 1585.
2.288. I1poBepHTSh, UTO YHCTIO x = 3\/4 + ,/% - i/@ -- 4 ABIAETCA KOp-

HeM ypaBHeHMa x° +12x-8 = 0.
Pewenue.

Tycrs x = Y4+480 - V80 -4 = ¥Y4+/80 +34— 80 .

noﬂcraBHB 3TO 3HAYCHHE X B YPAaBHCHHC, HOHYqHM
(%/4+J§6'+%/4- 80 }+12(J4+J_+3J4 ) 8=0,
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(mfw[%hﬁﬁ]z-{h—@ +3Y4.+4/30 x |
x(%/4—\/%)2+(%/4—@)3+12[%/4+\/% +%/4—J%J-8=0,
4+80+3{4+ 50 (4—,[@].(%/“\/% +%/4—Jé6)+,4—\/%+
+12(§/4+J8_0+%/4—JE]~8=0, |
4+J@+3zﬁ6_—so.[i/4+,/s‘0+z/4_43—o]+4-,/§a+
+12({/4+J% +i/4—J%)-8 =0,
4+J@—12(14+J§6'+¥4—J§6J+4~J8_0+

+12(il4+«./% +¥4—J%)~8 = 0,
0=0

2.289. MHorouneHd % _16 MPeECTABHTE B BHIE NPOH3BEICHUA MHO-

rOwWIeHOB BTOPOi CTeNenH,
Pewenue.

xP_16= (x4 —4)(x4 +4)= (x"' —2)(7:2 + 2)(1“ +4x? +4—4x2);
=(x2-2)(x2+2)[(x2 +2f -—4x2]=(x2 —2)(x2+2)((x2 +2)2—(2x)2]=
- @:2 ——2)(,\'2 + 2)():2 + 2—2x)()c2 +2+ 2x)= (xz —2)(3.:2 +2)(x2 —2x+2}x

x(x2+2x+2)
Omesem: (x2 —2)(x2 +2)(x‘2 —2x+2)()¢2 +2x+2)
2.290. Mcknouus u ¥ v H3 PaBEeHCTB u-v=a, ,2_yl=p,

4 —v® = ¢, HallTH COOTHOLICHAE MEXKAY a, b U C.

Pewenue. _
u—-v=a, u—-v=a, (l)
W —vt=b, {{u-v)u+v)=b, @)
B-vi=c, |-vutvf-w)=c. (3)
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Hoacrasus u~v=g uz3 (1) B (2), moayunm a(u+v)=b , OTKyHAa

u+y= L (2%). Cnoxus (1) ¢ (2¥), s3amamem
a

H—v=a
+
2
a“+b
< u+v..—_2 , OTKyda u = 4).
a . a
b
=a+—
a

Boiuta (1) u3 (2%), GyneM uMeTn

b
S utv=—
a

u—-v=g ,0TKyAa V=

2u=2-—a
a

(5).

a’+b b-a’ _ at -p?

YmuOoXUB (4) Ha (5), momydyum uv =
’ 2a 2a 4a2

6). MMoacraBus 3HaYeHHd y—v =a u3 (1), ¥tV =— u3 (2*) u
a

at —p? b a'-b? _
uy = — = u3 (6) 8 (3), nafigem a4 —+——— |=¢, mm
4q2 a? 4aq-
bZ a4 _bZ
ST = U 452 4at —b? = dac, WM 3b2 +a = dac

Omeem: 3p? 44* = 4ac.

IIpoBepHTh CpaBelIMBOCTL pasencTs (2.291 — 2.304):

2.291. Yo+ 80 +39- V50 = 3.

Pewenue.
Boapenem obe gacTh paBcHeTBa B Kv0. ITonyunm
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9+480+9 80 +3}0+ /80 (9-J8_0)-(%/9+J%+%/9—J%]=

(1). Tak KaK M0 YCIOBHIO \/9+J_0 +J9 J80 = 3, To paeencrso (1)

npHOGpeTeT BHA 18+ 33/81-80 -3 = 27, 18+3:1-3 = 27, 27 = 27.

2292, 8+ 210+ 245 - Js 2410+ 25 =+/20-445.

Pewenue.
Bo3geneM obe yacTi 33laHHOTO PABEHCTBA B KBaapat. Ilomyunm

8+2M—2J(8+2MIS~2M]+8—

~2410+2V5 =20-445, 16-2y64-4(10+2J5) =20-445,
16— 2464 —40—8Y5 =20—4v5, 16-2y24-845 =20-4,5,
a5 -4=2024-8J5, 2J5-2=24-8/5.

BOS‘BBI[H nocnegHee paBeHCTBO B KBalpar, MOIYYHM

24-85=24-85.

3 Y40 oc_ 5.
2.293. [2/6_4_%/2_5 T J_] ks +5)+ 45 = V2.

Pewenue.

3 {40
[T*vz- Tl T] (5 45) 5=
Y64? + Y5825 + Y25° ] %(W—Uﬁﬂs—f]

10-3252

i (ﬁa-ﬂﬁ)[@+m+@)+(v§+v§)(il§-m+*52] Vs o5
L 3(16+4%/5_’+5%E] 2%!5(4-2%/5_#/?] ofi| 1,

e I e R £ -ov
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3(16+4%f57+5%/') 2({4 235+»/_]

_ 3 .; 85 =
739 13 -#5 T+
16+ R + S+ 8554102605 1 m 245 o
13 &5 +45 BB
_2- 35 +§ 0+J7_2 B+4285+35 24245 J_(J_’r‘f):ﬁ
Y8 +45 ¥2+45 2 2445 '
2.294. J6m+2\i9m2—n2 —\/6m—2v'9m2—n2 =243m-n.
Peutenue '
{6m+ 2d9m? — n® z0,
oJ13; {6m-2 Im? —n? 20, {m>0’
Im-n20, n<3m.
Im+nz0,

N6m+239m® —1 —J6m-2om’ —n? =
=J3m+n+2,)i3m+n5‘3m-ni+3m—n—
—J3m+n—.2m+3m—n=
=J(J3m+n+~/3m—n)z —J(J3m+n—\/3m—n)2 -

=3m+n+3Im~n —,J3m+n —_J3m-n’ =

B PBm+n+Sm-n+m+n-3m~n=23m+n oan<(,
V3m+n +\/3m—n—\/3m+n +¥3m-n=23m—nanan=>o.

Yuuteieas OA3, nomydaeM 243m—n =2 3m-n -

Omeem: BEpHO I BCEX NE [0; Sm], m=>0.
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2.295. VB —V2+1 =L
B+ Wz -1y -Jz-1 2

Pewenue.
Y& -z +1 1
I]yc'n, a= - ,b=—.
J2/§+\N5—1—Ji/§-wi-1 V2

Takkak a>0, b>0,TO a’=p* & a=5b. Umeem
&= s - 'J 2+1
‘U—+J -1- 2J[43+J IJ" W2 ) +¥5- J_

= J_112+ - \/_\12+ ___J_.\N_+ _I
28 -2/ VB -2 +1 2[%_\/245-,/5“] 2[%—Jﬁ+1] 2
o L)l gl

\[5 = 2' 'J_ - J— H 33JaHEOC panencrno cnpa-

2 2
BEATIHBO.

Ja+2\/— Jﬂ 2\/_ \[T
2.296. (\_[ﬁ.ﬂyl +(J_l 1)_1!3 1.

Petuenue.

Of3: 1<a%2.
Ya+2da-1 Ja wWa-1 Ya- t+2da—1+1
Vag)” a1t

YVa-1+1
+%/ﬂ"1_21‘/ﬁ+1 =3J(J£:+1)2 Wa-1+14+

IWa-1-1

AT Weoi-1=VaT+1+Vasi-1=24a=1.
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2.297. 26 +1543 - (2 f)=

Pewenue, -

26+ 153 -2 - 3)=326+15V3 Y0 -3) =
=J26+15J_-J8—12J§+1,8—3J-—J26+15~/_-3\/26—1545=

=%/(26+15J§)(26-1545):{/262-(156)2=J3676-67 =
=3=1. -

2.298. “i“j_‘/- Jo-af5 =52
+

Pewenue.

V214875 5 Al = ,/16+8J§+5_(——5_4J§+4=
4445

J———(4+J_ J— 4+1/_ J_ 5

7-443 4-43+3 b- f)z _b-f
Y26-1543 124341833 J(z N V3
=2-43.

2 500, 27 320+1243
1+J~ 2+J_ '

Pewenue.

3 3
23 Y (32041243 | 16 204143
1443 2443 1 1430349433 841203418433

16 2041243 16 _4b+33) 2 54383
10+6¥3  26+1543° 25+343)  26+1543° S+I3 2641543
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206+1543)=5+3v3){5+343} 5243003 225430¥3 + 77

52+ 3043 = 524+ 3043,
Yro u TpeHoBaNochk [0KA3ATh,

5 -26 -5+246 )49 - 2046} _,
27 -3J18 +3V12 -8

2.301,

Pewenue.

J5-2J6 - b+26 s - 20J_)
V27-3J18+3J12 -8

_B3-232+2.8+2432 +2)f9-206) _
¥93-3J9.243V4.3 V42

VB3] (B2l -20v6)_(B-V2N3+3 ] (s9-2046)

Wi-92+63-242 93 -112
M f)%+f))(3+f)@9 20J_)
943 1142
Lf 3f V2 )21(49J- 20418 +4942 — 20412 )
93 -114/2
_ 3-2)49v3 -20492 +49V3 - 204 3) _
9v3 —11V2
_ 493 -60v2+4942 -40v3 _ 9B-112 _
L 93I-12 T o3 11J_

2.302. 34542942 -3[45-292 = 242.

Pewenue.

Y45+2942 345292 = -
=Y27+272 +18+ 242 272702 +18-242 =

Y6+v2] Y6-42) =3442-3442242.
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11-6y2
2303, === =3-42.
Ya5-292

P@luen'”l'e.
11-6v2 _ 9-62+2  (3-42)) (3-42)% _
Yas-202 Yo7-27v2+13-242 Y3-v2) G-V

=3-4/2. .
2.304. J10p+2‘/25p2—q2 —pr—z\/zs;;z—qz =2y5p-q.

Petuenue.

10p+2y25p% 42 20,
OJ13: 1037—2\}251)2—q2 20, Wi {P>0,

25p2—q2 >0, -52¢g<5p.
Sp—q=20,

J10p+2m—‘/lﬁp—2m=
=J5p+q+2\/m+5p—q—
‘\/517+q—2m+5p—q=
= J(5pra+f5p=9 ~J(Sprg~5p—g) =

=sprq+sp-a-|\sp+q-5r—q|=

:{J5p+q+\/5p—q+\/5p+q—JSp—q =2/Sp+q mm g<0,
J5p+q+.‘/5p—q—‘/5p+q +J5p—q =2J5p-—q s pz0.

0<g<5p,

Yaursisas OJ13, umeem 2,/5p—g ans { 0
‘ p=0

Omeem: epHo ans seex ge [0;5p], p>0.
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2.305. IlpeobpazopanreM NeBOH 4ACTU IPOBEPHTH, YTO:

) Y7452 Y52 -7=2
6) \[3+J§+3\f10+6\/~ =3 +1

Pewenue.

2) Y74+5v2 -Ys\2-7=Y1+5V2 +¥7-5V2 =
=§/1+3J§+6/+2J5+§/1—3J‘2.+6—2f=
Yl 2v3) +l-22) =142V +1-202 =2

6) J3+J§+%}10+6J§ =J3+J§+3J1+3J§+9+3I -
=‘-[3+J§+\3/(1+J§)3 =3+ 34143 =323+ 1=

=3 +1f =341

TaxuM 00pa3om, copaBeAIMBOCTh PABEHCTB a) H 6) AokasaHa.

2.306. Yncmao 19 npencraBuMTh B BHAE pa3HocTH KyOoB HaTypaIbHBIX
yucel. [ToKa3aTh, YTC TaKOe NPEACTABICHHE €HHCTBEHHO.

Pewernue.

Mo ycnosuio x* - =19, rme x~y=n; x,y,ne N, nostomy

19=x%-)* =(x~yxx2 +xy+yz)=n-m, m=x"+xy+ . Tax Kkak
yzl, o x>2 ® ‘m>17, mostoMy n<3. Tak xak 19 — HeuerHoe, 1O
n #2 . Equncreentoe BOSMOKHOE 3HaMeHHe p=1, x=y+1.
G+1If+y(p+1)+1? =192 +y-6=0, y =2, y;=-3 — ke
NMOAXOOHT MO YCHOBHIO 3axaud. Ecnm Yy=2, 0 x=3 . H
x}—y?=27-8=19.
ENHHCTBEHHOCTD OYEBHAHA H3 BHHUETIPUBE/ICHHBIX PACCYRKIEHHH.
Omesem: 33 73 :
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1 1 1 i
2.307. MpeoGpasosats cymmy 75 + 23 + ﬁ"’ ot m K HauGonee

MpOCTOMY BHIY.
Peuwienue.
| _4, B 1 A(n+1)+Bn I An+A+Bn
n(n+l) n n+l n(n+l) n(n+1) T a@m+)  n(r+l)

1 (A+B)n+4
n(n+1)' n(n+1)
JBO 1A mo0pix n, nogroMyecnd n =0, toA=1; et n=—1, 10 —B =1, B=-1.

1 1 1

Tlonygunu 2 (n+1) L el Hanee,

1 1 1 1 1 1 1
e R e = l-= [+j =-= |+
-2 2.3 34 n{n+1) 2 2 3

» otkyna 1 =(4+ B)n + 4. D10 paseHCTBO Cuipases-

n+l
i 1 1 n
2.308. - Tloka3ath, u4TO E+E >0 .t 12 = el
Peenue. ' ' :
L 1 A, B _An+D+B(+2)

ez (tmtl) nt2 ntl . (at2)ntl)

- An+ A+ Bn+ 2B - (A+B)n+ A+2B

nt+3n+2 n?+3n+2
MHoro:IeHs! TOKAECTBEHHO PAaBHBI, ClH KO3hGHIHMEHTR! P COOTBET-
CTRYIOLIHX CTEIICHAX HEH3BECTHOTO paBHEL. (TCiona

{A+B=O, {A=—B, {A=—B, {A=—i,

» 0Tkyna (A+ B)n+ A+ 2B =1,

A+2B =1, |-B+2B=1, |[B=1, B=1

1 1 |
IMonyuunu — == + - Hanee,

nle3p+2  n+2 n+l
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l+i+—1—+ +——1———— —l+—1— + —l+~1- + —]'+l +...+
6 12 20 7 n243n+2 3 2 4 3 5 4] 7

1 1 1 1 n+2-2 »n
+| - +—|==- = =
n+2 n+l) 2 n+2 An+2) 2044

2.309. Joxasats, uto ecmu a +b=1, 10 - = .
A BP-1 -1 a**+3

Pewtenue,
¢ b _ad®-1)-b*-1)  a*-a-b'+b
o1 -1 (b 1)((1 1) AP -d b -1
ﬂL b*)-(a (2 -02) 4 07)- (=) _
@b -l +b3)+1 &b ~(a+b)a? —ab+b?) +1
_fe- b)(a+b)((a+b)2 2ab)-{a=b) _ {a- b)(((a+b)(a+b)2 2ab)-1)
a’b (a+b)((a+b] —3ab) +1 b (a+b)((a+b)2 3ab)+1

_la-b)1-2ab-1) (a—b)(=2ab) (b—a)-2ab _2b-a)
@b -1+3ab+l @' 43ab  gplp2p2e3)  a'B 43

2.310, Onpenenuts 4, B ¥ C Tak, yToDBI A8 BCeX JONYCTHMBIX 3HA-

. 2 +5 A B C
YelIHH X HMETIO MECTO paBCHCTBO 3 = + +
, x°=3x+2 x+2 (x—-l)z

Pewenue.
0'/:[3: {x:&—Z,
x#1.
245 Ale-1F +Blc+2)+Clx+2)(x-1)
x?=3x+2 (x+2)(x—l)2
_Ax? -24x+A+Bx+2B+Cx* +Cx-2C _
x-3x42
(A+C)x2+(—2A+B+C)x+A+2B 2
x Po3x42

arkya (A+Cl? +(—24+ B+Clx+ A+2B-2C=x"+5.
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MHEOTOWICHE TOXKAECTBEHHO paBlEl, eciH KoxhOHUHERTE! IPH COOT-
-BETCTRYIOUINX CTerieHsx x pasHbl OTcrioga

A+C =],
~24+B+C=0,=C=1-4 u
A+2B-2C=5.

o _— = -—3 B=—l :
{2A+B+1 4=0, { AB=l L 4-1B=2C=1-1=0.

A+2B-20-4)=5 |34+28B=17.

Omeem: A=1, B=2,C=0.
2.311. JokazaTh, uTo; a} cyMMa KyOOB TpeX IOCIeAOBATENIbHBIX Ha-

TYpANBHBIX UHCEN JeHTCA Ha 9; 6) uncno p’ — p nenuTcs Ha 5 OpH mo-
oM HATYDaTbHOM 3HAYEHHH - P B) YHCHO k3 4 §% Xeautcd Ha 3 mpu
ke N.

Pewenue.

Cpenm } NOCIENOBATENBHBIX HEJILIX YHCE OJHO BCerla JeHTCS Ha L .

a) Cpenn Tpex IocIes0BaTeNbHEIX HATYpadbHBIX YHCed p—1, 1, n+ 1
OO Beerna nenurcd ua 3. MMeeMm

-1P+r® +(n+1f =’ =3 +3n-14n* +1° + 30 +3n+1=
=3n* +6n=3n{n? +2)= 3nfn? ~143)= 300 - Dnfpr +1)+-9n = 3m+ 91,

m:3=3m:9 ucyMma genurcs Ha 9.

6) Cpenu 14TH 110CIe[0BATENBHEIX LENBIX YHCEN OJIHO BCETIa JeNNTCs
na 5. UmeeM

ps—p=(p4—1)p‘=(p2-])(p2+l)p=(p—l)p(p+l)(p2+1)= _

=(p-Dp(p+1)(p? ~4+5)=(p-2)(p-Vplp+1)(p+2)+5(p~Dp(p-+1)

l'IepBoe claraceMoe NCITCA Ha 5 Kax MpON3BEICHNE IATH nocnenona-
TCIBHBIX UENBIX YHCEI, & 3HAYMT, H CYMMa KpaTHa NaTH.

B) k% + 5k =klk? +5)<klk® —1+6)=(k - Delk +1)+ 6k .

HCpBOG cliaracMoe JEIIHTCA Ha 3 KakK npomaene}me Tpex mnocaeaona-

TeNbHBIX LENBIX YMCEN, 4 3HAYHT, X CYMMa KPaTHA TPEM.
Yro u TpeboBanock A0Ka3aTh.



Pemenus k riuaee 3

TOXIECTBEHHBIE ITPEOBPA30OBAHUSI
TPUT'OHOMETPUYECKUX BBIPAXKEHUI

OCHOBHGLIE @OPMVJIbL

CoorHomenny MeKAY TRHrOHOMETpHYECKUME QyHKHHAMH
OOHOT0 H TOTO Xe apl"yMEHTa .

sin® e+ cos” a=1: ' - 3.h
sino; )4
tgoe= , aFE—2n+l) neZ. 2
ga=—-, w*—Qn+i) ; (.2
cosa ‘
o ctge=——, ow%nn, neZ; (3.3)
sino
tgactga =1, _a#%n—, neZ; (3.4)
]+tg2a= 5 a¢£(2n+l), ne”Z . 3.5
cos“ o 2 ’
ltetg o=-——, a#mn, neZ (3.6)
$in”

{3mech ¥ B JanpHeiilleM 3anHchk #€ Z 03HavaeT, uTo n — moboe Neltoe
YHCTO0).

3HaveHUs TPArOHOMCETPHYCCKHX QYHKUHIH HEeKOTOPLIX YIAOB

A1 HeKOTOPRIX YIUIOB MOXHO 3afHGaTh TOYHEIE BRIPAKCHUA HX TPHIO-
HOMETPHYECKHX BeTuuuH {Tabi. 3.1).
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Tabaya 3.1

Aprymenr DyHKUHNA
(o, rpazychl,
paanansl) Sin pap o v
0° (0} 0 1 0 ©0 (ne
. ONpEneneH)
o X J3_ -1 NEPS
157 = = 2-43 2443
(12 ] 22 22 .

51 V104245
22 | V104245 51

._.
K
el
o|‘r‘l
—

V3

H
+
by

o]
-

Ll
&
>
—
IE]

Jio—2ds {541

36° (E \[;7; I
5 242 : 4 V5 +1 V10-25
(T 1 1
45 (Z 5 5 1 1
V5 41 \IS—JE V541 m
4

s
B

s
_—w
—
| =sl8
e

22 V10-2v5 | 541
60°[ 2 3 1 1
[3]_ 2 2 ‘5 3
. 5m V3 +1 V3-1 '
751 2L Bl _
(12} W2 22 2443 2-43
90° (E] 1 0 oo (ne 0
2 omnpelencH)
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3naxu QyBKUMi O YETBEPTIM

Tabruya 3.2
' Dynaxuns
Hersepm sinot coso tga ctgo
1 + + + +
I + - - -
HI ~ - + +
v - + - -

DOopMyIbl c10AKeHH W BLIMHTAHNE APryMeHTOB
TPUTOHOMETPUIECKHX yHKIuH

sin{ct +B) = sinctcos + cosasin ; (3.7
sin{t — )=smacos[i cosasinfy; - (38
cos(ot+B) cosocosP —sinasinf3 ; (3.9)
cos(q— ):cosacosﬁ+sin0r.sinﬁ; ' 310
tet+t T . :
tg(u.kﬁ):i%tg_o{tg;%’ %B)a'bﬁia'{-m! "EZ; (311)
tgo—t . ‘
tg(a_ﬁ)=ﬁ, OC,B,OE—B?EE*TW, neZ., (3.12)
ctgoctgB—1
tglao+})=—="—, o, PB,o+PB=mn, neZ-.
ctg(c+B) csarep ©PotP . (3.13)
ctgoctgp+1
ctglo—p)=SEEEBH o6 o B, nez (3.14)

ctgo—ctgp’

@opmyasl JBOHHBIX H TPOHHLIX APIYMEHTOB

sin20 =2sinccos o ; (3.15)

cos20. =cos® a—sin’ o =2cos” o ~1=1-2sin’ o (3.16)
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_ 2tgo 2T

_ ctg2 o-1

cglo = ————, a#%,ke ZazmmneZ.

Zetga
. . .3 .
sin30=3sino—4sin” o
cos 3 =4cos’ o—3cosat s

3
tg30t=£§a—t—2gg, a¢2(2n+1),neZ.
1-3tg” o 6" ’

Jetgo—clg’ a

'ctg 3o0=
1-3 ctg:l o

a#l;-,nez.

@opMY.IHl N0JOBHAHOTO APTYMEHTA

, a0 l-cose
ST —= ;
2 2

.20 l+coso
COs8™ — = ;
2 2

tgzm(E:l-_cosE, a¢n(2n+l),nEZ;
2 l+cosa

20 l+cosa

, #2mnn,ne Z;
2 1-cosa

ctg

o sin ot l-cosa
tg—= =
2 l+coso sino

, d¥EMmne Z;

o l+cosa sing
ctg—=— = . aEAMne Z .
2 sinat - l—cosa
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(3.18)

(3.19)
(3.20)

(3.21)

(3.22)

(3.23)
(3.24)
(3.25)
(3.26)
(3.27)

(3.28)



Popmyasl peoGpa3oBauus CYMMBI H PAZHOCTH
TPHroHOMeTpHHecknX GyHKUHI B npou3BeeHHe

B 2B

. . .o
sma+sm|3=2sm-—~i-——cos 5

B -8

. . o
sino—sinff =2cos——sin
2 2

B 0s 2B .
2

a+B
cosa+cosﬂ=2cos-2—cos— ;

. O+ Lo . o+p . P
cosa—cosﬁz-—Zsmazﬂsma I5=2s1n BsmB @,

2 2 27

cosO+sino = J_Z_cos(45° - (x) ;

cosa—sine = Zsin(45° -—a);

tga+th=—§m(a—+B) a,B¢g(2n—l),neZ;

cosacosP’ .
tgq-tgﬂ:w, o,B= E(Zn—l),neZ-
cosacosf L2 ’
ctga+cth=M, o,Bzmn neZ.
sinasin 2
ctga-—ctgﬁ:gn(ﬁ—_,a), afzmn, neZ.
sinasinf ’
cos(oz-—B) i
tga+etgf=—-—"—""-"=, az—+uk ke Z Pru,necZ.
cosasinf 2 , . i
cos{o+B) n '
tgo—cigh=————-=, azx—+nkkcZ,Bzm,neZ.
cosasinp 2 >
tga+ctgo=— . u;t»n—n—, ne 2 ;
sin 2o 2

tgo—ctga=—-2ctg2q, a;e—-znﬁ, ne Z
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(3.29)
(3.30)
(3.31)

(3.32)

(3.33)
(3.34)

. (3.35)

(3.36)
(337
(3.38)
(3.39)
(3.40)
(3.41)

(3.42)



}+cosa=20052%; . (3.43)

l—cosa=23in2%; (3.44)
C. . o
1+sina=2cos?| 45° - = |.
{ 2}, | (3.45)
o . o
1-sing =2sin?| 45 —= |.
$ in ( 2}, (3.46)
J+tgo = sm(45 +0L)=\/2_sm(45 +_a), a;ﬁE+11:n, ne Z : (3.47)
cos45° cosa cosQl 2 '
I—tgo= 51n(45 -(x) =\/§sm(45 ~oc)’ a¢£+1m, ne Z; (3.48)
c0s45° cosa coso 2
cos( -B) n ‘
l+tgotgf= o,#—+mn, neZ.
gaigh= cosoccosﬁ B 2 ; (3.49)
: cos{o+B) R
l-tgoatgp=—">—"-=, o.Bz—+mn, ceZ.
_g g cosocosf P 2 " ’ (.50
os—p)
tgactgBei= TP o B, Z .
ctgactgp sinaesinf’ oprm, neZ; G351
2a T
1~tg?a=2%  waZinn nez.
& cos” o 2 ; (3.52)
2 cos2o
l-ctgo=~—7>3—, a#mn, nez, (3.53)
simn- o

. sinlo + B Jsinlc — n -
tg? o—1g = ( 25) (2 B), o,Bx—-+mn, neZ,; (3.54)
cos” ccos” 2

ctgza—ctg2B=Sm(a-kﬁ)sm(ﬁha), w2, neZ, (355

sin” oesin’ P

tgzob—sinz.:;t:tg2 asin® a, (x¢§+ﬂ:n, nez.; (3.56)

ctg2 o—cos’ o = ctg2 acos’ £, he”Z. (3.57)
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®opmyanl npeobpasoBaHuA NpoH3BeIeHUR
TPUroHOMeTpHYecKHX (pyHKIMI B CyMMY

1

sinocsin[_i = E(COS(G—B)—COS({I"FB)); (3.58)

cosocosp= %(qos(a+B)+ cos{o—B)); #(3.59)

sin occos_[} = %(sin(a+[3)+ sin (oc—B))’; (3.60)
sinqsinfsiny =

= % (sinfoc+ B —y)+sin(B + y— o }+ sinfy+ o —B)-sinfo + B +v)); (3.61)
sinacosBeosy =
= %(sin(owﬁ— y)-sin(B+y— o)+ sinfy+ o B)+sin(o +B+7)); (3.62)
sino sinBco.'w= _
= % (— cos{o+ B —v)+ cos(®+ v — o)+ cosly + o - B)—coslor + B+ y)); (3.63)

cosocosfeosy =

= % (coslor + B—y)+ cosf+ v — o)+ cos{y+ o —_B)+ coslg+B+7)). (3.64)

DopMyaLl, BhIpakaolie TpHroHOMeTpAYeCKUe DyRKIINN
4epe3 TaHreHC MOJOBHHHOTO apryMeHTa

2tg— :
sina=——2—, aza(n+l) neZ; (3.65)
1+tg* =
l—tgZE C .
cosoL = 2 , ozn2n+l) neZ; (3.66)
20 ' ’
1+tg 5
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2tg—
tgo=—2—, oozl (2n+1), neZ;
l—tgzPE
2
1-tg? %
ctgo = (12’ oxmn, ned
2tg= ‘
)

@opmMyJbl IPHBEACHHSA

.1 . -
sm(a:tu]=cosot, sm(rcia):-ksmot,

sm[ 3 +a]— ~cosa, sin(2r+o)=+sineg

[5 ]z tsine, cos{nto)=—coso,
(% ] sine, cos(Znt a)=cosc;

]
t 2i Fctgo, ozmn, nelZ,

tg(nicx)=‘itgoc, a¢g(2n+l), ne 7,

tg{%nia]=¥ctga, o # mn, pieZ,

12rta)=*iga, oz %(2:1 +1) neZ;

ctg{giaj=$tga, aig(2n+l), ne Z,

ctglnta)=+ctga, o=mn, neZ,

ctg(%nia]=¢tga, oti-g(2"+1); neZ,

ctg(?.nioc):ictga, oz, nel.
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(3.67)

{3.68)

(3.69)

(3.70)

(3.71)

(3.72)



O6parHble TPHTOHOMETPHYECKHE PYHRKIMH

' sin{arcsinx)=»x, ~1<x<l;

sin (arccos x)= 1-x%, ~1gxs1;

sin (arctg x)= Jx_; -
1+x2
. 1
sin (arcctg x) = ;
: Vi+x?

cosarccos x)=x, —l1<x<|;
cos;(arcsinx)= 1-x%, —1<x<|;

cos (arctg x) =

cos (arcctg x) =

\/1+x2’

tefarctg x )= x;

tglarcctgx)= l, x#0;
X

glarcsinx)=

\/_ -l<x <]
\/_

tg(arccosx : , —1€x<0, 0<x <y

ctg(arcctg x ) =X,

ctg(arctgx)= w1~, x#0;
X .

—
I
=

ctg(arcsinx) =

=
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~1<x<0, 0<x<];

(3.73)

(3.74)

- (3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)
(3.81)

(3.82)

(3.83)

(3.84)
(3.85)

(3.86)

(3.87)



ctg (arccos x)= —l<x<l;

X
’ A
Vi-x~
>
arccosVl—x°, ecm 0<x<],

arcsinx =
—arccosy 1 - xz, ecal -l x <,
. X
arcsinx = arctg —=——o, —-1<x<l;
o)
1-x=
2
arctg ,ecan D<x <,
. p
arcsinx =
4
arctg -m,ecm =1 x <y
X
. 2
arcsinyi—x*, ecma 0L v <1,
arccosx =
T —arcsiny1—x*, ecim = 1< x <@,
arctg ,ecmn O0<x <1,
arccos x =
T+ arctg —eci — 1S v <0,

X

Arccos x = arcctg , —l<x<l;
i
v]l+x©
arctgy = aresin————=, —oo< x < oo]
Vi+ ¥2
1
arceos , ectn x =0,
el
1+ x=
arcigx = i
—arccos ecan x<0O;

v']+xz‘
0

14

{3.88)

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

(3.94)

{3.95)

{3.96)



1
arcetg—,ecnmm x > 0,

arctgx =

arcctg— —m, ecm x <

X

. 1
arcsin ,ecm x >0,

1+x
arcctgx = ]
T —arcsin ecmn x <0

X
arccos———,ecmm x =0

1-x?
arcctgx =
x .
—Aarccos ,ecnmu x <
1-x*%
1
arctg—,ecim x >0,
arcetgx = x

.
f+arctg—, ecnu x < 0;
X

. =
arcsmx+arocosx=§ -1<x<];

’

. .
arctgx+arcctgx=5, —o0 < X <o

ecmi xy < 0 wma x? +y2 <y

arcsin x+arcsin y =

141

arc:sin(x\fl—y2 +yvl-x2 )

1t—arcsin[x\fl—y:2 +y\h—x2 ],
t:(:‘j'mx>‘0,y>01rlxz+y2 >1

~n-arcsin[x1/1—y2 +yvl-x? ),

ecjmx<(),y~<_01fix2 +yi>;

(3.97)

(3.98)

(3.99)

(3.100).

(3.101)

(3.102)

(3.103)



' {arcsin[x\f} - _y2 - yyl-x? ),
€CITU xyZOmmx2 +y2 <1

- arcsin[x\fl —y —p1-x? ],

aresin x —arcsin y = (3.104)
ec.Trl/Ix‘;fO,y<0Hx2+y‘2 >l
-‘n:—ar(:sin()ﬁ’l—y2 N ),
\ecm&x‘<(},y>01&x2+y2 >1;
arccos[xy—' -x? —y2 }
ecm&'x+y20; -
AICCoS X +arccos y =+ _ (3.105)
' Zn—arccos[xy— —x* Jl-y? J,
ecir X +y<0; .
-arccos(xy+\/6-x2 E—yz ’),
ECTIH X 2 ),
ATCCOS X — arccos y = 4 (3.106)
arccos(xy— —x?Ji-y? ),
|ECTIH X < Y,
arctg Xty ,ecmn xy <1,
l-xy
X+y '
arctgx+arctgy-_-4‘Jt+arctg1 eemux>0uxy>l; (3.107)
-n+arctglx+y,ecnnx<0ny>l;

.
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arctg e
1+

,eCTH xy > —;

arctg x —arctgy ={ n+arctg;c+_y ,ecH x >0 xy<—1; (3.108)
xy .

—fc+arctglx_y,ecﬁnx‘<0uxy<—1;

+Xxy

Hokazats ToxaecTBa (3.186—3.239):

. 4 4 '
sin® ot4+cos” -1 2
3.186, g =2,
sin’ a+cos° -1 3

Pewenue.

sin® o +cos’ o -1 _

sin® o +cos® o -1

5 .
(smz o + cos? 0!',) —2sin’ qecos® o —1

(s.in2 o +cos? aXsin" o, —sin” o.cos? o +cos’ a) -1

1-2sin” ocos® a1  ~2sinfocos’a

3 ) 3
(sin2a+cm2a) —3sinacos’o—1 1-3sin” acos” -1

-2sinfacos’a 2 .

—3sin’ aicos’ o 3

ToxmecTBO JOKA3AHO.

3.187. 4cos E-—a sin E—Ot sm30:
6 3 / sina

Petuenue.

4o E-ajsi E——a} = 4(cosﬁcosa+ sinEsinoc]x
6 3 6 6

n
X (sm 3 cosQ — COS"—SHIG 4[—005& +—sin GJ X
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X ﬁcosa—-lsina =
2. 2
2 .
NE) 1. Y 3 5, 1.,
= ——Cose | —| —sino | (74 —cos @ ——sIN" ¢ |=
2 2 4 4

=3cos’ a-sin’ o= 3(1 —sin? a)— sin ot =

=3~ 3sin’ o —sin’ o = 3-4sin’ o =

) .

_ (3_45“] a)sma _ 3sino—4sin’ o sin3a
sina sino sinat

TokIECTBO JOKA3AHO.
3.188. sin™’ 20sin~'(60°~20)sin ' (60°+20:) = 4sin”' 6ar.
Pewenve.
sin™ 20tsin ' (60°—201)sin ! (60°+20¢) =
- 1
~ sin2asin{60°~20)sin{60°+2ct)

:[sinxsin = eos(x ~ 3) ~cos(x + y))] _

_ A _ 2
- sin 20t(cos 4o — c0s120°) B

sin Za[cos Ao+ ;)

2 ' _ .4 _
2sin 2ecos40. + sin 20

sin2o.cosdo + % sin2o

= [sinxcos y= % (sin(x - y)+sin(x + y))] -

4 4 .
=— - , =-— =4sin ' 60.
—sin2¢ +sinéa +sin2¢. SIn6o
ToxAeCTBO NOKA3ZAHO.
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cos 60l — cos T — cos 8ot + cos Sou —ctglsa
sin 60— sin 7o — sin 8o + sin 9o 2

Peirenne.

3.189.

cos 60 —cos 7o —cos 8o +cos Yo _

sin 6oL — sin 7ot — sin 8o + sin %o

_ {cos6ot +cos 9} (cos 7o+ cos Box) _

(sin 6o + sin 9¢r) — (sin 7o + sin 8ar)

+ [
ycosi—zfy;

x
=|cos x +cos ¥y = 2cos

. . . X+ x-
sin x +sin y = 2sin J _ﬁl}z

COs
2

150 3 o
2COSE COS‘BE — ZCOS—"-—SE COSE ZCOS— [COS"'-"— COS‘) .

- 2 2 2 2 2 2 2]
Zsin—13 c:osE -2 sin@ cosS  2sin 15 cos& —cos>
2 2 2 2 2 2 3
1500
vy
=T TS
sin——-
2
ToxaecTBO J0KA2aHO,

Sin2(31't—4&)+4C052(gn—23)—4

5= cte’* 200
cosz(g—4a]—4cosz(2a—§n]

3.190.

Pewenue.

sin’ (3r - 4o} + 4cos’ [—; T— 2(1) -4
2f 2 5
~—4a |-4 20— —
cos [2 a] cos [ o 2.n)
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2
. 2 3
(5111(31: _4(1)) +4(co{—2—‘rc “ZQD -4 sin’ 4o + 4sin® 20— 4 _
WD T sin® 4o -4sin? 2o

o)) o))

4sin® 20ccos” 200+ 4(1 —cos’ 20:) —-4
- 4sin® 2oucos” 20— 4sin’ 20

(l — cos’ 2(1)(:052 200+1-cos®20—1  cos® 20— cos* 20— cos? 20t _
~ sin® 200 —sin® 200 sin® 20

sin’ Za(l —sin? 20{) —sin? 2

_ 4
2 TE0S 20 ot

T _sin 200
ToxaecTso JOKA3aHO. _
(5 o 203 b4
—m+—f¢1+tg7t —ot——

o sedfee(leg))
o cos ™ tz[én—— —tg’ Ea_ln 8
ATy RV

Pewenue.
4 — | 1+tgf] ~o-—
sm(2n+ 2)( g [40& 2))
caf 53 « (3 7T Y
gt Sr—-= | =t -
cos 4(g[2“ 4) g[4a 2“}}
‘ ‘ 2
sm(éﬂﬁg) 14| - [———-a
2772 &
= 2 - =
: tg(—%n~EJ - - fn—}wa
2 2" 4 273
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gzt [o{320) |
et (e b))

cos’E
7 O o 4
05" —cos—-| 1+ ———
coszgcosE i+ect 2”31:5 - 4 2 s.inz—39
Rairar1Giairv e 4
B Lt 2 3o - 2 O 2_32
el 2 ol 2= cos co5
B YT Y 4 _
sinzg— sin® —
4
a sin? +cc>c~:;22
COSZZCOSE 4. o 4 o o a
sin? = cos® - COS— Sin’
_ 4 - 4 2 4 -
smz¥coszz coszéf—sinz% ﬁnz%cosz%—cmz%sinz%
2 30 .
sin® —sm -
4 4
L0 K o o
4sin® — cos cos— inZ  ens —
_ ( 4 4] 2 ey
.o o. o). 3o o 3 . o o,
4| sin— —cos—sin— | sin—cos— +cos— sin— 4sin—sino
4 4 4 4 4 4 4 2
inZ cos > 2ingc¢>soc
_sm—z—cosz_ 5 3 _j_sina 1
4sinot 8sina 8sina 8
TOXIECTBO IOKA3AHO.
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tg{% - %J(l — cos(% - a)] cos™t a—2cos2er

x O -1
tg{z 3)(1 +sin(4m +ot))cos™ o+ 2cos 2at

—
1 r_
+cos(2 aJ

-(1+sinoc)iil~+2c0520t
coso

' 1
cosoL ,
{1+sina)- —2cos20 2(‘*—80820.]
_ l+sing ( ) COsQL - 1-2cos2a - 2
cos:a '(1+Sin“)“‘1—+200620ﬂ 1+2c0s20 2(1 +cos2oc)
1+ sinee cosg, 2

n e E.+d—u.+5 —cos(£+a+a—£
_cos;—cosZoz_ 5 6 6 5 6

= [% (cos(x - y)—cos{x + y)) = sin xsin y;

148

T _ -
cosT +cos2o L co{E+a—a+£]+cm[E+a+a—Ej
3 207\ 6 6 6 6



)

ToxnecTBo A0KA3AHO.

T fa - Sr
2co{—6 - 2(!) —+/3 Slﬂ(“-‘ - 20(] t

3.193. .
005(2213 - 20&) + 2co{% + 20!) ‘E

Pewenue.
2cos(16c - 2(1) - Jis’in(%t— - 20.} ]
<:0s(2E - 20t) + ZC()S[E + 20(]
2 _ 6

2(cos%cpsza + sin% Sin.'ZOtJ - ﬁ cos2o.

| 6
! (cos(x — y)+cos(x + )) = c§sxcos J’] = c%‘(% + a)co{

sin2a + 2[(:032 cos2o — sin% sinZa]

2[?0052& + % sin20t] —J3cos2a

sin20L+ 2{? cos2o.— %sinZa)

_ J?_:éoSZa +sin 20— /3 cos 200 __sin2a _ tg2o
sin 26 + /3 c0s 20t — sin 200 J3cos2a 43 _
TosxaecTBO IOKA3aHO.
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3.194, tgo+cos ' a—1=

Pewenue.

1 Sino | sinot+ 1 — cosa
tgo+cos” o—-1= + -1= =
cosQl  COSOL cOosCl

25inZcos®+2. L79%%  5in®cos® +25in?
T 2 _T27 2
cos® & —sin? & cos* L _sin2 &

2 2 2 2

o 2.«

2sin— —.28in-—
_ 2 2y
COSE“—SIH* :J_E_ COSE“"Sma
2 2 2 2 2
2 sin% _ 2 sin-g— \5 sin%
ﬁc E_£ nZ sm—cosE cosZsinZ E—E]
2 2 2 2 4 2 4 2 4 2
ToXAeCTBO JOKAZAHO.
V2 cosa

3.195. l+ctgot+sin o=

Lo . (oY
2sin—sin| — ——
2 n(4 2)

- TTo hopmyitam cos” ; H%{

Pewenue.
sin(x— y) = sin xcos y - cos xsin y, mmeem:

osa+ 1 sm0t+cosa+1
sinot  sinol sinct

150

1+ctga+sm o=1+



1+ cosc

) 251n%cos%+2- > _ Zsin%co‘s%+2cosz%E )
.0 o .o o
2sin—cos— 2sin—cos—
2 2 2 2

af . o o .o o
2C0s—| sin—+ cos-— Sin— +cos—
: 2[ 2 2

25in9£-cosg— sinﬁOE
2 2 2
cosE + singJ(cos E_— sinE 2 (cos2 @_ sin? EJ
- 2 2 -2 2)_ 2 2
. o . o ) : .
sm%(cos 3 sm;] 2s1n% . i}(cos% - sm%]
- V2 cosa V2 cosa _
25in _JjZ_c SE.__“‘/:_ had ZSinE[sinEcosE—cosEsin—q—]
20 2 2 2 2 4 2 4 2
i
LAY
Isin—sinl = ——=
smzsm[4 2)
TOXKIECTBO NOKAZAHO.
(1+ sinot)ctg[E - E]
3.196 24 __gE.2
o 2si T—R—E)co _5£+E) 4 2
4 2 4 2
Pewenue.
. o T ) oo
1+ ctg| -~ — —(1+ tol — — —
(1+sinc) g(z 4] ) (1+sinac g(4 2]




i ~(1+sina) CO{g - %J _ )
pon{ oo 5+ 4 Jul T-%) {5 )in(3-%)

: T oo . .
—{l+sina) CO{Z_E] ) —(l+sina)(cos%cos%+sin%sm%] i

i F_& ) coSQL sinEu::osE—cosEsin—01
CSOS YT 4 2 42

-2
2

(1+sin (x)[cos < tsin EJ
27"

—E cos ol cosg- sin &
2 2 2

~(1+sin a)(cos% + sin(;)

coso c:osP£ - sing—
2 2

5 O N B AR ) o . o}
—| cos” —+2sin—cos-— +sin°“ — fj cos— +sin—
[ 2 2 2 2]{ 2 2]

( 2 O 5 O o .«
cOo§™ —— Sll'l — || COS— —SIn—
2 2]( 2 2)
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R
cc:)s.——smGt
2
ﬁ@cosg £ 91 sin3|Ec<)sE+c:0$EsinE 2
_|_2 2 2 2 _ 4 2 4 2| _
ﬁ_cmg_ﬁ_ nZ cos > cos> — sin "~ sin <
) 4 2 4

wof 1+%)
4 2

ToxmecTso OKA32HO.

ctg® (200-m)

—3cos? E1*c—2¢:>t =
23 2
1+tg”| —n-2a
2
(® . (r
= 4sin[ — —2¢t |sinf — + 2 |.
6 6

Pewenue.

3.197.

ctg’ (20—}

——#~3%2(§ﬂ—2aJ=
1+tg2(51t—2a)
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tg(m - 20!) . 2 _
= ( cgn a n 20 =Ltg—§a——3sm22a=
J 1+ctg” 20

1+ [tg(v:{ - 20!

cos® 20t cos’ 20
= sin®2a 3sin? 200 = sin® 2¢t _3sin? 200 =
14 998 20 sin® 200+ cos® 200
sin® 20 : sin? 200

=cos? 20~ 3sin? 20 = cos? 2(1—3(1 —cos? 2(1) =

=cos? 2o0—3+3cos 20 = dcos? 2003 =4[c052 211_3) =
=4{cos 2a—§}[0052a+§] =

= 4[003 20, — oS %J(cos‘ 20+ cos %J =

X+ X
=[cosx—cosy=—25m—zzsm——2—y,

cosx+cosy= 2§9s¥cos%] = 4[— ZSir(a + %]sin(a - %D X |
XZcos(a-t-—l%]co:{a—%] -4(251n[a+%]cos(a+%))x
X[Zsin(a—l—’;)cos[a—%n - -4sin[2a+%]sir{2a _.;E]=
- 4@:{%—2(1)@(% 2}1).

ToxaecTBO JOKA3AHO.

154



 Pewuenue.

4cos’ (0 — ) —4sin2(%n-%J+ 30052(21: —a]

4sin2(% +%—] - cosz[%n: —ocJ

i o 1 e
{ul55)) el

2 ' 2
4cos? o —dcos & + 3sinZ o 4(00829' —4cos? T+ {Sinzg)
_ 2 _ 2 2 2

3
dcos’ % —sin’a 4cos? & —(sinZ—oij
2 2

4[1—— 2sin® E] —4(1—sin2 E]+3-45in2 Ecos2 L
- 2 2 2 2

4cos® i —4sin’ EEc()'s2 «
2 2 2

4[1-4sin @ +4sin? ) 4+ 4sin® +125in2“(1—sin25j
2 B 2 2 2

4cos” [1 smza]
2 2

4—16sin E+165m 3 4+ 4sin’ 2+1zsin_2%_-125in“%

4cos® = a cos’ had
2
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.4
=4Sln_2 =tg4g.
2

o
4ecost =
2

ToxaecTBo AOKA3AHO.

3.199. 1-cos(2a~ i) +cos{da - 21t) = 4c052acos(% +aJco{% - a].

Pewernue.

1-cos(20 — 1) + cos{4ot — 21) = 1 ~ cos{n - 20} + cos{2n — 4ot} =

=14 cos 20 + cosdor = 1+ cos 200 + c0s2(20t) = 1+ cos20 + 2 cos” 20— 1=

= cos 200 + 2cos 201 = 2¢0s 20:(12 +C0S$ 2{1] = 2cos Za(cos% +cos 20!) =

= [cosx+ cosy= ZCOSx;yCOS x;y] = 40052acos(% +a}co{%— a].

Té;[(,uec:'rno JOKA3aHO.
3.;00. sin’ [—;’-n - a)(tg%c - l)ctg[a - % n:) sin~ G— n+ oc) =2, |
Pewenue,
sin’ (—;— T— aJ(tgza - l)ctg(a - gn] sin * (g T+ a] =
' 2 : -2
= [Sir{% w— ocn (tgza - 1)(— ctg(g T— oc]][siu[% n+ aD =
| T n -
= cos? a(tg"oc - l)(— ctg(4 - aJ][— sin[z + ocD =‘

, [sin*a n 1
=-cos’ oof ———1lpotgl ——o ||\ —————< =
cos’ o 4 . z(n )

sin“l —+ao
4
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cos? o'c(sin2 o —cos’ a)ctg(% - a] (coe;2 o —sin’ a)ctg(% - a)

cos” asin’ (1: + a] sin’ (E + a]
4 ' 4
cos2act r_ o
_ 4 _ cos 20 _
o T T 2| T
sin’| —+o tgl ——o|sin®| =+ o
(4 ] g(4 ) (4 J
cos20t - cos2¢t

I p =.<:052a .1+sin20t=2'
sl —2—~20cj I—COS(2+20L) 1+ sin 20 5

1+co{£—-2a]' 2
2

ToxnecTBo goKazaHo.
4
cos ([o—T 1
3.201. ( : ) = ——ctg’aL.
4 3 .4 3 2
cos |O——T |+sin |o+—m |1 _
2 2
Pewenue.
cos4(0c—1:) _
cos4(a—%n)+sin4(a+%n:)—l
. (cos(n—oz))4 O
B 3 ¢ 3 4 sin® o+ cos* o~ 1
cos —~m—o || +]sin —w+o | -1
2 2
_ cos* a ' cos’ o

- 2 . = — 3 2 2 —
($n2a+cosza) —2sinocosf a~1 1—2sin”acos o1
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cos* o 1 cos“a 1
= =g === =~ ctg oL
2sin” ocos” o 2 sin“a 2
ToKIecTBO IOKA3aHO.

3.202. tg[a - %ﬂi}l —sin2a) = cos2a.

Pewenue.

tg[a—%n)(l —sin2a) =—tg[£n—(x](l—sin2a) =

- Htg(i’_‘i__“ - oc](l ~sin20) = —tg(ﬂ: - G + an(l —sin20) =

] B SiI(ZJra}(l—sinZa)
=tg . +o |(1—sin20) =
(i o{re)

(sin: coso + cos% sina](l —sin2at)

cos‘Jt cosoL sin]rc sino
4 4

V2 V2 . .
[7005“ oy sme (1~ sin2a) 3/2—5 {cosor+sina}(1-sin2a) .

V2 V2 /)

%5 cosa~=sina 7(0050{—51110:)

(cosar + sina)(1 ~ sin2¢x)

coscl— sind

(cosot + sinofcos® o — 2sin 0Lcos O + sin® OE)

" coso—sing

. f 2
_ {oosa+ smu)(co.sa —sina)” _ (cosa+ sina)(coso — sinar) =
COSOL - sSIno
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2 2
= COS” Ol — SIN” &L = COS 20X,
ToxnecTso nokazaHo.

cosdatgo —sindot

2
= —tg° 2o,
3.203. cosdoctg2a + sindo &

Pewenue.
cosdasin2a 4
cosdotgZo—sinddt  cos2a Smac :
i 4a 2
cosdoctg2o +sindo, COSAEOS2A L o ae
sta .

sin 2¢t cosdor — cos 2o sinda

cos 20 _ sin2acosdoL— cos2asindo »
cos4a 0052(1 +sindasin20 cos2a.

sin2o

sin2ct

X - - = [sinxcos y — cos xsiny = sin{ x— y};
cosdoueos 2o+ sindo sin 2ol [ Y Y (x=7)

cos xcos y + sinxsiny = cos(x—_ DIE

Siﬂ(— 2(1) sin 206 sin? 2o
cos 20.cos 20 cos2 2o
ToxOecTBO J0KA3aHO.

3.204. ctg[ila-—%n]+cos {da - 3m) = ctg( a—i].

Pewenue.

—tg 200

ct ﬁ—gn +cos‘1(4a—31t)—~ Qctg 3%—4a}+ml——=
,g 2 ‘ - P Cos(311:—40c) '
— ol - 1 _ sinde 1 sindo+l sin2(2c) +1
TR osdo cosdo cosdo | cosdol cos2{2a)

2sinZotcos 20+ cos” 20 +sin® 200

2 .
cos® 20— sin® 2

(cos2a+ t:»in.’lot)2 __cos2o+sin2a _
{cos2a - sin2at)(cos 20 + sin 20) cos 2o —sin2o
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V2 '. 2 A2
cos200+sin20 —2—-(cqs2(x+sm2a) _ uiwcos20t+——2msm2a
V2

(sin2o — cos2a) B3 sin2o — % cos2at

sin2o - cos 2o

| &

T .| T . . T
cosz cos2o+ sz sn2o.  cos2a cosz + sin2¢esin-—

T . LT ) T 4
cosz sin2or— sz cos2et  sinZ20cos— — cos2osin—

= [coscosy +sinxsiny = cog{x— p); sinxcos y— cosxsiny = sin{x - y)] =

ToxaecTBO 10Ka3aHO.
3.205. sino +sinf +siny — sin{o + B) cos y —cos{ct + B}siny =
Ot-‘.ﬁsinﬁ-i-y sinT-Hx .
2 2 2
Pewenue., -

=4 sin

sine + sinf + siny — sin{o + B) cosy — cos(o+B)siny =
= (sinot+ sinf) + siny — {sin(ot + B)cosy +cos{e +B) siny) =

= Xty -y,
= | sinx+siny=2sin == > cosT ; sinxcos y+cos xsiny = sin(x+ y) | =

= 2sin—-—

a+B o-B
2 2

oa+f o-p
2 2

iny—sin{o+B+7y) =

= 2sin

COS

+ (sinﬁ,- —sin{o + B+ y)) =

= [sinx— siny= ZCOS—)E%"ZSinf—;—X} =

160



=2sin

a+p o —B+2ma+ﬁ+2ysin(_a+ﬁ)=
2 2 2 2

o+ B _zcosa+|3+275ina+|3=
2 ‘ 2 2

=2,Si'na +ﬁ[cosa—|3 -cosa+B+2Y) _
2 2 2

=2sin-——

[cosx cosy——Zmnx; sinxzy:l

a+p L oY _|3+‘7J L OB . B4y . y+a
2[51——25111[—2 -4sm25m25m2.

ToxnecTBO JOKa3aHO.

= 2sin——-—

- sin] do+

2206 2cos” 20+ 3sindo—1 _ 6
" 2sin® 200+ /3 sindo - 1 n( E)'

sl 40("‘3

Pewenue.

2cdszzu+\/§sin4a—1_[coszf=1+cosx_sin2£_l—cosx]__
2sin® 200+ /3 sindoc - 1 2 2 72 2

2(@} 3sindo—1 .
= = 1+ cosdou+ 3 sinde—1

2(1‘—";65E)+ 3sindo—-1  1-cosdo+v3sindo—1

[:isin4a+ lcostk)c
cosda + /3 sinda _ JV3sindo+cosda .2 2 -

qcos4a+\/§sin4a ~ J3sindo—cosda %Sinﬁloc—-%costla

I

3 i

sindo - —=- + cosda - 3 sin4acos% + cos4asin365

sindo.- —‘E—cosm % sin4acos%- c:os40ts_in—2£

6 Cxauasn M, ¥, xu. 1 161



)

= [smxcosyi cosxsiny = sm(x+ y n[
=

ToxnecTBo AOKA3AHO.

3.207. 3—4cos{4o — 3n) - cos(5m + 8cr) = 8cos* 201,

Pewenue.-

3—4cos(4o —3n) — cos(5m + 8at) = 3— 4 cos(3n - 4ar) - cos(5m + 8ox) =
= 3+4cosdo + cos8or = 3+4c0s2(20t) +cos24er) =

= 3+.4(2cosz 20— l)+ 2cos® 4ot~ 1 = 3+8cos? 20— 4 +2(cosda)” — 1=
= 8cos’ 2054—2(0052(2(1))2 - 2=8cos* 2at +27(27cosz 20— 1)2 -2=
= 8cos® 200 + 2(4(:054 20— 4cos” 200 + I)— 2=

=8cos” 200+ 8cos? 200 - 8cos® 200+ 2 -2 =8cos” 20r.

ToXEeCTBO JOKA3AHO.

1+ cos(2oc + 630°) + sin(Z(x +810")
3.208. - = Clga.
" 1—cos(20t— 630°) + sin{ 20t + 630°)
Pewenue. '

1+ cos{ 20 + 630°) + sin( 200+ 810°)
1--cos(2a ~ 630°) +sin{ 20 + 630°)

_ 1+c0s(630°+20r) +sin{810°+20)  1+sin2e:+cos20. _
~ 1-cos(630°—201) + sin{630°+2¢t) | 1+sin2o—cos2a

cos o+ sin® o + 2 sino coso: + cos? o — sin® o _
cos” o+ sin” o + 2 sih o cosa. — cos® o + sin” o

_ 2cos’ o+ 2sino.coso 2cosoc(cosa +sino) _ cosar
~ 2sin’o+ 2sinocosot 2 sm(x(sma +cosa) sina

= clga,

Toxecrso ,uoxa:sano
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i

3+ 4 cosdoc+ cos8o 4
e T =g 200
3.209. 3—-4cosda+ cos8a <8

Pewene.

3+4cosdot +cosSo 3 +4cos2(2er) + cos 2(4ar)
3—4cosdo +cosBa 3 -40082(2(1] + 8082(40(.)

3+4(2cos2 2a-1)+2cos2 do—1
T3 —4(2005” 200 ~1)+ 2c0s” 4t 1 -

_ 3+8cos” 200 -4 +2(cos2(2)) -1
3-8cos” 200+ 4+ 2(cos22ax))” -1

_ 8cos’ 20:+2(20:;0c~32 20— 1)2 -2 _

5 =
—8cos? 2q+ 2(20032 200— I) +6

_ Bcos® 200+ 8cos’ 200 -8cos? 2a +2-2
—8cos” 20 +8cos® 20— 8cos? 200+ 2+ 6

4
8cos”* 20 8cos” 201

= = 1 2
8cos? 20— 16cos® 20 +8 S(COS 200 —2co0s” 200 + 1)

_ cos'2a eos2a cos'2a cos’ 2a otg* 20,

- 2 P 27 a4 - :
(cos2 200— 1) (I —cos® Zoc) (sin2 Za) sin” 20t

ToXaecTBO AOKAZAHO.

3.210. 3+4Sir(4a+-;—n)+sin(8a +§n] = §sin* 20,

Pewenue.
, 3 . 5
3+4sm(4ot+—1r)+sm(8a+—n) =
2 2
(3 . {5
= 3+4sm(5n+4aj+sm[§n+8a) = 3—4cosda+ cos8o =
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= 3 4c0s2(20) +cos2(4or) = 3-4(1 ~2sin? :zm)#zcos2 do—1=
=3-4+8sin’20.+2(cosdo)’ —1= SSini 20c'-1-2(0052(2a))2 ~2=
= 8sin” 200+ 2(1- 2sin’ 20) ~2=

= 8sin’ 20+ 2(1 - 4sin? 20 + 4sin’* 20) -2 =

= 8sin’ 20+2—8sin” 200+ 8sin* 200- 2 = 8sin* 2a1.
ToxnecTso JOKA3AHO.
3211 cos™® - tgba = 3tglocos 2 a+ 1.

Pewenue.
Al . 2 3
1 sinfo.  1-sin®a 1_(5111 “)

cosba cosa  cosa costacost o

cos ™ o — tg60: =

.2 N A . .
(l—-sm a)(l+sm o +sin 0‘)__1+sm20t+s1n4a__
(1 —sin? Ot)cos4 o cos’

.2 ’ .3 .4
_ 1+ 3sin’ a—2sina+sin* o 3sin 0‘"‘(1_23“1 O+ sin “)

COS4 o C{)S‘4 o

2 2
.2 i 2 ) 2 .
“35111 oc+(1—sm a) _3s1n a+(cos on) _3smzoc+cos4(x_

(:OS4 o COS4 o COS‘1 o
3sinfa 1 - :
== ——+1=3ig’ucos T+ 1
Cos" Ol COs™ O

ToxnecTBo JOKA3aHO,

1-2sin* 20 1+tg2u

322 T Gnde | 1-tg2a
Pewenue,
1-2sin® 200 ~ cosdo,

l-sindo.  1-2sin20.cos2e
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cos2(2¢) _ cos’ 20-sin’ 200
cos? 2¢t — 2sin20ccos 20 + sin” 200 (cos 20, —sih 2a)2

_ {cos2a—sin2a)(cos20.+sin20)  cos2oi+sin2a 1+ tgla
(0032(1_. Sin.za)z COSQU — sin20t 1- tg20t '
ToXKIECTBO FOKA3AHO.

sin’(135°—at) — sin’(210°-@) - sin195° cos{165°~201)
3213 7 (2250} — cos?(210°—at) + sin Psin(75-200)
Pewenue.

sin’ (135°—a) — sin” (210°~cx) - sin195° cos{165°2at)
cos?(225%+ar) — cos? (210°—a) + sin1 °sin(75°~20)

_ sin’ (90°+{45°~a() ) - sin® (180°+(30°~cx}) —sin(180°+15°) cos(180°~(15°+2ax))
T cos? (270°-(45°—ax) ) - cos® {180°+{30°—0r) ) + sini 5P sin(90°—(15°+20r))

~ (sin(90°+(45°-a)))2 —(sin{180°+(30°a0)))” — sin(180°+157) cos{1 80°—{1 5°+20x))
" [cos(20°a5-0))” —{cos{180°H{30°—c0))]” +sin1 Ssin{90°(15°+201))

_ cos’ (45°-at) - sin”(30°—o) sin15° cos(15°+2ax) _
* sin® (45°-ar) —cos?(30°—at) + sinl P cos( 1 5°+2at)

_ 1-sin’(45°-0r) — 1+ cos”(30°—cx) — sinl §° cos(1 520t}
T sin?(45°-q) - cos*(30°—a) + sinl P cos(15°+20)

_ ~sin’(45°-a) +cos’ (30P—oc) - sin15° cos(1 5°+20r)
T sin?(45°—a) - cos? (30°P—ct) + sinl P cof 1 P+20)

— (sin? (45°-et) - cos?(30°-a1) + sin15° co15°+201))

sin’ (45°—ot) - cos’ (30°—c) + sin15° cos{15°+20t)
ToxaecTBO JOKA3AHO.
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3.214. % ﬁ—ct (——a]

Peweitue.
(\/ctgos +.\/tga)(\/ctg0: +,/@) _ (J@-&th_a)z -
(e - o e i) (g ()

' ctga+2+ L 2
_ clgo+2+ tgor ctga _ clgio+ 2etgo+1
= s =
clgor — tgo clgor— 1 ctgia—1
ctga
) coso
_ (ctgo+1) _ctgo+l ging | _ coso+sino
(ctga+1)(otga—1) octga—1 ©cOS®X ,  coso~sina
‘ sino
fcos_a + ——52— sing cdsE cosoL+ sin-z- sing.
éc‘osa—ﬁ—s;ina sin ™ cosot — cos—sinat |
2 2 4 4

= [cos Xcosy+sinxsiny= cos(x - y);

sin xcos y —cos x sin y = sin(x — y)]:

o)

ToXxIeCTRO TOKA3AHO.
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2cos(p - o) oo sin® (ot — B)

sinocsinfy ~ sin® asin’ B

3.215. ctg’a+ctg’B—

Pewenue.

2cos(|3—a)+2= cosza_{_coszB_ZCOS(a'—ﬁ)_l_zu

singsinf sinfo  sin’f  sinasinB - B
’ J

ctglo+ctg’p -

sin® Bcos” o + cos® Bsin’ o — 2cos{o.~ B)sinotsin + 2sin® ausin® B

sin’ ausin® B
= [cos(x— ¥} = cosxcosy + sinxsiny] =

_ sin” Boos” ot +cos® Psin” o — (2cosecosP + 2sinesinp) sinosin + 2sin® ousin® B

sin” cusin”

L sin® Beos” o +cos” Bsin® o — 2cos cccosPsin o sin— 2sin® aesin® B+ 2sin® asin® P _
2asin’ p

sin

(sin2 [ic:c;s2 o — coso cosf sina sinB)+ (cos2 Bsin2 o — cosa cosf sina sinB)

sin’ osin? B

sinp coso(sinpcoso — cosPsinat) +cosPsin o cosBsino — cosasin)

sin” ocsin® 3

sinBcosc(sinB cosor — cosPsinor) + cosPsina(sina cosP — cosasinB)

sin” ocsin” B

[sinxcosy - cosxsiny = sin{x— y)] =

__ sinBcosasin(B — o) + cosBsinasin(o—p)

sin® ocsin® B

_ —sinBeososin{o. — )+ cosPsinasin(c - B)

sin” qusin” B
_ sin{oe —B)(sincccosP — cosausinB)  sin{o— B)sin(a—B)
- sin’ orsin’ B ~ sin‘asin®p
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_ sin’(oc—B) '
" sin® ausin® B
ToXIECTBO IOKA3AHO.
3.216. sin20(2cosda + 1)ctg(30°-20)ctg(30°+20) =
= sinboctg2otgbor.
Pewenue,
sin2o(2 cosdo + 1)ctg(30°-2a)jctg(30°+2a) =
~\ cos(30°-20r) cos(30°+2a1)

= sin20f{2cos2(2 i)- =
sin2o(2c0s2(20) +1) sin{30°-2¢r) sin{30°+2ct)

= [cost =1-2sin’ x, cos(x * y) = cos xcos y F sin x sin y,
sin(x ty)= sinxcoSyicosxsiny] =
= sin20(2(1 - 2sin? 20/)+ 1) x

y (cos30°cos 26+ sin30° sin2x)(cos 30° cos 20— sin 30Psin2¢r)
(sin30°cos 20 — cos 30° sin20r)(sin 30° cos 2t + cos 30°sin2ar)

cos? 30°cos? 20; —sin? 30°sin® 2q; _
sin® 30°cos® 2a; — cos® 30°sin® 20

= sin2a(2—4sin2 200+ 1)-

Ecocs2 200 - l sin® 2ot

= sin2af3- 4sin’ 20r) 4 : S
l cos’ 201 - g sin’ 2
4 4

3cos’ 200 —sin” 20

= (3sin20 - dsin’ 20)- = s
cos” 2a—-3sin” 2a

= [35inx—4ﬁin3 x= sin3x]=

g2 ' a3
= sin6a.- 3 thZG _ sinéet- 3te2o ;g 20 1 -
1-3tg" 20 - 1-3tg*2a tg2a

i 3tg2o—tg 20 | 3tge-tg'x
= sin6octg20r - = = to3x|= <
& 1-3tg* 20 1-3tg’x g sin 6octg2otgba.

TOoXAecTBO TOKAZAHO.
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7. sm(n+a)sm(4 ﬂ:+oz) n[%nﬂx) = al—sin.’ia.

Pewenue.

sm(ma)sin(gma]sm@nm]:

=sin(n+a)sin(3n; n+a]sin(§1r+a]n_-
=gn(n+a)s;n[n+[§+angin[§n+a]=
ool

= [siuxsiny = %(cos(x— ¥} —cos(x+ y))] =

sing, 4
== -(cosg - cos(m +20L)]—

=Si_“°£.(%+cosza]= Siia.(l+20032a) S“;‘" (1+2(1-2sin’ o)) =

1+2~4sin* a) ﬂ-(3—4sin20t)=%(3sinu—4sin3ot)=

Sll]ﬂ ( :

= [?:sinx—4sin3 x=sin3x|= i in 3o,

ToxkaecTBO AOKa3aHO.
sinbo+ sin 7o + sin8o + sin9ot 15
3.218. =1lg—ao.
cos6oL+ cos 7o+ cos 8oL + cos Yo 2
Petuenue.

sin6o + sin70+sin8o +sin%al
cos60t + cos 7o + cos8ct + cos 9

_ (sin90c+ sin6o) + (sin8c +sin7e)
"~ (cos90.+ cosbar) + (cos8ar + cosTar)
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x—y

2

5

=[sinx+siny=25ini2ycos.x;yl; cosx+cosy=2cosx—;~}icos
. 150 3o 150 @ 2sinf15a(cos2+cong
B 2sm—cos—-+251n—2—cosi 2 5 2)
15 3o RECE 50 3o
2c08— cos< + 2cos——cos— 205 -—| COS— + Ccos—
2 2 2 2
. 150
sm—2 15,
= =tg—
150 2
cos—
2
ToXIecTBO NOKA3AHO.

T o fToa) o
o35t st
2 4 2 4/)°8 51 4 C°S4 gg _
n oo . a .«
I+ - =—y|-sin - ftg— — —tg—
sm( [2 4)] sm( T )g cos4+sm4tg8
in%
. O a Smg
sin— —Cos—-
4 4 cosE sinZ cos & — cos X sin >
_ 8 _ 4 8 8 _
- sine  cos—cos +sin > sin>
cos— +sinZ.— 8. 4 8 8
4 4 a
“%

170

]=



= [sinxcos y—cosxsiny= sin(x - y);

sin —
o
cosxcosy+sinxsiny:cos(x—y)]= i =tg‘8'-
' cos— .
ToxoecTBO NOKA3AHO.
1 200-2m) 4o+ 2m) — cos{ 6o~
3220, LTeZ02n) +coddat whic. Gty PYNPM
cos{2m — 20} + 2cos” (2o + 1) — 1
Petuenue. '

1+ cos(20 — 2r} +cos{40. + 2r) ~ cos(ba - )
cos(2m — 20t) + 2 cos” (20 + 1) — 1

_ 1+cos(2m - 2a) + cos(2m + 4or) — cos(n — 6o)

cos(2r —2at) + 2(cos(m + ,’:‘oc))2 -1

_ 1+ cos2a+cosdo+cosbor  1+cos2o +IC082(2(I)+COS3(2(1) _
2cos” 200+ cos20,— 1

cos20t+ 2 cos” 20t — 1

= [co§2x= 2cos® %~ l;cos3x= 4cos’ x— 3cosx]=

1+ cos200+ 2¢os 2a — 1+ 4cos® 20— 3cos2a N
2c0s” 200+ cos 2o — 1

_ 4cos® 200+ 2 cos” 20— 2cos20 B 2c032a(20052 204 cos2o - 1) _
2cos’ 20 +cos20 -1

2cos” 20, +cos2e — |-

=2cos20.
ToxaecTBO JOKA3AHO.

3.221. ctgo—tgo~2tg20— 4tg40t = 8ctgla.
Petuenue.

cosQt  sing
— oo — —4tgdoe = —— ———— —2tg2o—4igda =
ctgo — tgol — 2tg2al gdo s cosor g g

2 s 2
05" L—Sstnh™ O
_etass’a )00 gigtas
SO0 COSOL
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2((:032 o- sinzla)
= - —2tg20 ~4tgda =
2sinocoso :

_ 2cos2a
sin20t

~ 2tg20t — dtgdor = 2etglo — 21g20 - dighar =

cos2o  sin2a

sin2a  cosZo

= 2(ctg20 - tg20) - 4tg4a = 2[ )-— Atgdo =

B | _cos” 20— sin” 20, 2(0052 20,—sin® Za)

= —4tgdo =2 - —dtpdo =
sin20.cos 20 g 2sin2ocos 20 3
_4. c-os40t _ gtgdor = 4(0-034(1 N tg4a) - 4(c'os4a _ sinda ] _
sindot sin sindo.  cosda

20 2 2{cos® 4ot — sin’ 4ax |
_cos” 4o sin 40t=4' ( ):8-0058a=8ctg8a.

~ ' sindocosdo 2sindo cosdo sin8ut
ToxagecTBo JOKA3aHO.
3.222. ctgo - tgo - 2tg2a = detgdo.
Pewenue,
COSQL  sihot
toor — {eot — = —— 24020 =
clea—taa 2tg2q sine  coso

cos® or—sin’ o 2(cos2 o —sin® a)
=————-2tg20 = _
SInoLcoso 2s5inocose

_ 2cos20 tge= 2(09520& B tgza] _ 2(c.os20t _sin2o ) _
sin2 sin2ot  cos2o

=2tg20 =

sin2o n2c
. 2 .2
cos’ 20— sin’ 20t 2(005 200 —sin 2‘1) cosdo
=2-— =2- - =4.— = 4ctgdor.
sin2ocos 2o 2sin20 cos2a sindo
ToxnecTBo foxa3aHo,

3.223. 4cosacosgeos(a — @) — 2 cos” (ot - @) — c0s 2 = cos 2.
Pewienue.

4cosocospeos{o - ) — 2cos> (o — @) — cos 2 =
= 2cof{a — p)(2 cosarcosep — cos{o — )} - cos2¢ =

b
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= 2cos{ ~ @)(cose.cos @ — sincsing) — cos 2¢ =

= 2cos{a — ) cos(at + @) —cos 2 =
1

= [C"Smsy = (cos{x— )+ cos(x+ y))} -

=cos2@ +cos2a —-cos2p =cos 20,
ToxaecTBo JOKa3aHO.

3.224. sin” ¢ — cos’ (01— @} + 2 coso: cosip cos{ct - @) = cos” a.
Pewenue. '

sin® ¢ — cos” (ot — ) + 2 coser cosp cos(oL — @) =

= sin’ ¢ — cos(c — ¢)(cos{e - ¢} - 2 cosarcosg) =

= [cos(xi y)= cosxcosy?sinxsiny] = .

= sin’ @ — cos(0.— @)(cosaL cosg + sinasing — 2 coso cos Q) =
= sin® ¢ — cos{a— @)(sinosing ~ cosarcosg) =

= sin” @ +cos(o — @)(coscccosp - sinasing) =

=sin’ @ + cos(c.— @) cos{o + ) =
= [cbs xcosy = %(cos(x—- y)+cos(x+ y))] =
= sin’ cp+-;—(c052(p+00520c) = sin® tp+—;j(1—25in2 @ +2005” ot — 1):

. 1 . . .
=sin’ o+ E(ZCOSZ o —2sin? cp) =sin* ¢ +cos’ o — sin? @ = cos” o
ToXNeCcTBO AOKAZAHO.

3.225. cos? @ +cos* {0 — @) —2cosocosp cos{o — ) = sin” a.
Pewenue.

cos’ 0+ cosz(a_ (p) - 2cosoccosq)cos(a __(p) =

= cos” @ + cos(ot _(p)(cos(a.h(p)—2cosucos(p)=
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= l:cosxcos y= %(cos(x— y)+cos(x+ y))] =

= cos” @+ cos{oe — @) (cos(ct - 9) ~ cos{x — ) — cos(or +¢)) =
= cos” ¢ —cos{ot — ) cos{ot + @) = cos” @ — %(cos2(p +cos2a) =
o2 1 2 -2 Y\

=co$ (p-E(Zcos ¢p—-1+1-2sin a)—

= cos? @ ~cos? @ +sin’ o = sin’ ¢t

ToxaecTBO AOKARAHO.
3.226. tg6p - tg4P —tg2B = tg6PrgaPtg2p.
Pewenue. :
_ sin2B sin2B
tg6B — tgdB — tg2p = (1g6P — tg4B) - te2B = cos6BcosaP  cos2p

1

. 1) cos2B—cos6BeosdB
- sm2B[ cos6f cos4p cosZBJ B -

sin2B cos6f cosdPcos2p

_ [cosxcos e 2 ooz )+ cosfcs y))] -

sin2[3[cos 2p- % (cos2B+ coslﬂﬁ)]
cos6fcos4fcos 2]3

sin2B(cos 28— % cos2P ~ %cosl[)[i)
cos6P cosdficos 2B

A U
5“12[3(5 cos2B - 5 cosl 0[3) B %sin 2B(cos 2p — cos10B) )
cos 6 cosdBcos2B cos6BcosdBcos2p

. X+
= [cosx—— cosy=-2 smx—zl

Gn ﬂ] ) %sinZB(— 2sin6Bsin(- 4p))
2 cos6BeosdBeos2p
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sin6P sindPsin2p
= = tg6ptedPtg2p.
cos6f cos4f cos2p e6Pedpie2p

ToxaecTso roka3zaHo.

—

SYCHow (e R
)

TN (B )

0{ A ] )
(2 420 [ 1-eof o ()
)
o e (5 30 1-onfame (3]

. T
4o tg| =
sinda: _ s 44”“]
ctg[% + 2&)(1 + sinder) 1+sinda
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1- cos(% +-4a)
sindor —~2 7

sia(£+4aJ sndo. Lt sinde

_ 2 _ cosdo = tgd

= _ = - = tgdat.
1+ sinda 1+ sinda

ToXIecTBO MOKA3aHO.

b 3
ctg ~+a | 1+coy —m+2a
4 2
3.228. 5
cos 200——T
o{ : ]

Pewenue.
ctg(5+a _l+cos(§1t+20cJ ctg(EHx I+cos[§n+2a)
4 12 B 4 2
ws(Zoc - gn) cos(%n - 2(1)

1+co{§n+2aj | :
2 x l1-cosx
tg5=—k~,x;tn+2nn,nez =

= ctg2or.

sinx

_ 1+ sin20 _ l4sin2a_ cos2a
- T 1+sin2a0 . ~ g¢in2a
1-coe{£+2a) e -sin2e sin2a
2 . cos20
— = Z.ginZo
sir{£+2u]
2

ToxnecTso noxaszaHo.

=ctg2a.

2sin? 4o -1

3.229, =-1
_ 2ctg(; + 4aJcos2(—54£ - 4(1)

176



Pewenue.
by (2 sin® 4ot — I)tg["t + 4a)
. 2sin”4a-1 - 4 _
29tg(% + 4a) cos’ [% - 40:) 2cos’ [—452 - 4a]

1- cosx]
sinx

,C08
2 2 2 2

(l—cos&x—l)-ﬁﬂ |

sir.[ﬁ+3a) _ cosBq. L sin8e |
2 _ cosBo  _ |

1+C05(%—80’.) 1+sin8q

ToXkAeCTBO JOKAZAHO.

. 2Xx l—cosx 2x l+cosx  x
=j}sin C —_—= ,t 5‘-=

sin20 — cos2o
3.230. tgdo—cos 4o =——————.
. sin2¢t + cos 20

Pewuenue.
" sindo. 1 sindot-1 _ sin2(2a)-1
tgdo—cosT A0 = oan T cosda | cosdo cos2(20r)

_ 2sin2oicos2o—1 ~{1-2sin20ccos2at) _
cos’ 2o —sin’ 200 - (sin2 20, —cos® 2(1)

_ sin® 20— 2sin20c0s 20t +c05% 20
- {sin20t — cos2ar)(sin2o + cos2at) -

_ (sin20— cos2a)’ _ sin2q —cos 20
B (sin2d —cos 2c)(sin2a + cos 2at) T sin2a+ cos200

ToxaecTBO A0KA3AHO.

3231 cos6a+sin6a=5i§5—~°si%
231, PR
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Peweitue.

cos® ot +sin® o = (Sinz 3)3 + (00’52 01)3 =

= (sin2 o + cos’ oc)(sin4 o —sin” occos? o +cos? a) =
= (sin4+ cos’ ) ~sin’ocos® o =

2

= (sin2 o +cos? oc) —2sin® otcos” o - sin’ occos” o =

2

= 1—3sin2(xcoszot=1—g-4sin2acos (x’——-l—%sinz?.(x:

: 1__2' 1—cosdar _ - 3—3cosdo _ 8~3+3cosda _ 5+ 3cosda
4 2 8 8 8 )

ToxaecTsBo HOKA3AHO,

3.232. cos® o—sin® o = cos2ar- 3+ COS}E.

Pewernue.

i . 2 . 2
cos® o —sin® o0 = (cos.4 0{) - (’sm4 oc)

= (cos4 o -sin? QL)(cos4 o +sin® a) =

= (cos2 o, —sin’ a)(cos"‘ o+ sin® (x) X

Il

2 L2 y2 .2 2
X (cos o +sin a) —2sin” oicos’ o

, L
= cos Za(] - 2sin” orcos’ oc) = cos 20 [1 - MJ

2
=C0520((1—15in2 20:]:(:082(1- 1-—~1~- l—coﬁg_ =
2 2 2
- - 4
=c0520t[1—1 cos40cJ= cos2u(4 41+cos o) . 3+0054a.
ToxmecTBo Dokasano.
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3.233. ctg(30°~a)ctg(150°-ajetg(270°+0r) = tg3or.

Pewuenue.

ctg(30°-a)etg(150°-ajetg( 270°+0r) =
= ctg(30°~ar)etg(180°~(30°+ax) Jotg(270°+0r) = -

= otg(30°-cx)(- ctg(30°+at))(~ tgee} = ctg(30°—ar)etg(30°+au)tgar =

_ cos(30°—0t) cos( 30°+at) —
= sn(30°—)sin30°r0) oo

= [cos(x‘ + y}=cosxcos y ¥ sinxsin y;

sin{x + y) = sin xcos y + cos x sin y] =

{cos30°cosor + sin30°sina){cos 30° cosar — sin30° sindc)
(sin30° cosex — cos 30° sinar)(sin30° coscx + cos 30°sina)

_ cos® 30°cos” o — sin” 30°sin’ &
sin® 30°cos” o — cos’ 30°sin” o

2 ) 2
[ﬁ} cos® o — [1] sin” o
2 2

= tg(x:
2
(1 2, (BY
: — | COS" O~ — | siIn" &L
2 2

Ecoszot—lsinzot
= 4 4 .tga

_ 3c0520t—siu20£_t _3-tg’a _

3
1coszﬁt—ésin2 o
4 4

COs

_dtga-tgla
1-3tg’a

ToxmecTro IOXa3aHO.

= tg3a.
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3.234. 4sin| 20~ % sin[E+2(x sin(E—Za = coséa.
2 6 6

Pewenue.

4sin(2a - 3EJ e;in(E + ZOtJ Sir{—E - 2(!) =
2 6 6
. (3 [T (T
=4 —sm(—rc—zcx} sm(-t-?_u}sm(w-—m):
2 6 6
= 4cos2a st IE+21:>c sir{-TE—Zocjz
: 6 6
L. 1 1 T
= smxsmy=5cos(x—y)—cos(x+y) = 40052a-5 cos40c—cos§ =
1
= 2c052a(cos4oc - 5) = 2cos20.cos4a — cos20 =

- |:cosxcosy = %(cos(x—- ¥)+cos{x+ y))] =

= COS20 + COs 60t ~ Cos 200 = COs 6.
ToxmecTBO NOKA3aHO.

1-2cos* o

3.235, - -
: 2tg(20t - ]sin2 [— + 2(1]
4 4

Peenue.

=1

1-2cos? 2¢ 1-1-cosdc

T T )

1+c0{40£-

—Cos 40{1 + cos(-’-}a - —E—JJ - cos4a(1 + Cos[g - 4(1D

=Si“(4“-%][1-cos[§+4a]] -sir(g_4a)[l_cm(g,+4a]]=
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_ cosdof1+sinda)
~ cosdo(l+sinda)
ToxaecTBo D0KA3AHO.

3.236. 16sin° o —20sin® o + Ssin o = sin 5o
Pewenue.

16sin® o — 20sin® o + Ssiner =

= 3sina— 10sin® o+ 8sin® o + 2sinct — 2sin’ ot ~ 8sin’ o + 8sin’ o0 =
= 3sino —10sin’ o+ 8sin® o +

+(2sina - 8sin? oc) + (— 25in® o+ 8sin’ a) =

3sino—10sin® o+ 8sin’ o + ZSina(l — 4sin’ a)— 2sin’® oc(l —4sin? a) =
= 3sino.— 10sin’ o + 8sin® ot + 2sina(l —4sin? u)(l —sin? a) =

= 3sina - 6sin’ o — 4sin’ o0+ 8sin’ o + 2sin0:(1 — 4sin’ Ot)cos2 o=

= (3sind — 6sin’ a)+ (—451113 a + 8sin’ a)+ _

+2sin 0:(1 - 4(1 —cos® Ut))cos2 o=

=33 a(l —2sin’ u)-4sin3 cx(l —2sin2_0t)+

+2sin q(l ~4 +4cos’ Ot)cos2 o=

= (1 —2sin? (x)(?: singe —..4sin3 oc)+ 2&110[(40082 o - 3)0052 o=

= (l —2sin? a)(3§inoc —4sin® a)+ 23inucosa(4c053 o- 3cosa) =

= [] - 2sin” o = cos2ax, 3sino — 4sin’ & = sin 30, 2sinctcose = sin2a,
4cos® o — 3c0s0t =CoS 3(1] = sin30tcos20 + cos3asin 200 =

= sin{ 300+ 200) = sinSo.
ToxnecTso JOKa3aHO,

181



3.237. tg(—g + 5)— oot = —

2 cose
Pemeuue.
{5+)
1—-cod —+0ot . )
_— 2 _tga=l+sm0t_sm0r.=
tg(z+5]~—tga= .D(TC ] COSOL  COSCE
sin| —+0o
2
_ l+sinot—sina 1
coso. cosa
ToxpecTBO JOKa3aHoO.
3.238. 1+ sir{{a + gDCOSQG +2sin3occos(3m o) sin{o — ) =
=25 2.
2
Pewenue.

1+siu(a(m325Dcos2a+2sin3acos(3n-a)sin(a—n)=
= 1+siu[12154;ajcos2a+25in3acos(31t—-oc)(— sin(n—a)):

= 1+sin(%n— +a)c052a ~ 2sin3otcos(3n — o) sin(m ~ o) =

= 1- cos 30rcos200— 2in 30 - cosol) sino =
= 1 cos 30t cos 20t + sin3o 2sinar cosor) =

=1-cos30cos 20+ sin3asin 200 = 1~ (cos 3acos 2o —sin 30t'sin‘20t) =

=1-cosSa =1—cosZ{%EJ=

=1-[1-2.@:12%}:1—1+2sinz%=2si112E

5
ToxnecTBo Toxa3aHo.
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3.239. (sino— sm[i)(smoc +sinf) = sin{o —

Petgenue.

)Sm(a +B).

(sinoe—sin)(sinc + sinp) = sin® o —sin® § = l—c;s2a - I"C;)SZB =
1 -1
=E(1—c0520t—1+0052ﬁ)=—5(c052(x—0052[5)=
[cosx cosy=-2sin—— X+ Ysin2—Y y:l
2 2
1 . . . .
=~ (- 2sin{o. + B)sin(a ~B)) = sin{oc+ B) sinfc. - B).
ToxnecTBO IOKa3aHO.
VupoctHTs BEpaxeHus (3.240—3.284.):
240, J[1-1g2 2 a2 L 11,
3.240 J[ g 2}[cg 5
Petuenue.
) 2 O
_ sin cos” —
J[l—tgzg)[ctgzg 1) 1- é-l =
cost X | sin? %
2
2
) cosz——sinzg.cos2 —sin 2 _ cosz%_sm'zg i
2 O 2 o .« ]
cos” — sin’ cos—sin—
2 2 2 2
2% 2% |2 cos® > —sin?
ST ‘ (COS 5 TS |5 coso_Jeosat .
B ObSESiﬂg ) ZcosgsinE ) .sina\_ Sina‘—ﬂctgal.
2 2 2 2

Omgem. 2‘Ctgoz|.
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COS2E . g0« oy < 135°.

3241, |55
ctgio—tg o
Pewenue. '
cos2a [cos2 o-sin“o _ [cos*o—sinfo
ctg’o -tz _V cos’ o sin’a " feosta-sinto
sin o cos’ o sin® otcos” o

(cos2 o —sin® oc)sin2 cicos’ o
cos* o —sin* o

(cos2 o —sin’ oc) sin® ocos? o

3 =

(cos o - sin® a J(cos® o + sin? (x)

sin® ocos? o ) 3 . 2
= J—5———— =vsin® acos” & = yf(sinoccosar)” = [sinacosel.
€05 o +sin” o '

YuutniBasg, uto 90° < o0 < 135°, uMeeM

. . 2sinocoso 1. . .
|sm0t_coso&| =—§INOCOSOL = — B a— = ~Esm2a = -0,5sin2c.

Omgem: —0,5sin 20

3.242. J(l—sina sin.ﬁ)2 —cos® cLcos” B.

Petuenue.

J (1-sincsin ﬁ)z —cos® oucos’ B =

= J(l - sim:)csinB)2 - (l —sin’ a)(l —sin’ [5) =

= y1-2sinosing + sin? cusin? B 1+ sin? B +sin® o — sin” oLsin? B =

= \/sin2 o.— 2sinasin +sin® f = y(sino - sinB)’ =|sinet — sinf|.

Omgem. [sino.~ sinf|.
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3.243. (cos8atgdo — sin8a){ cosBactgdo + sin8ar).
Pewenue.

(cosBatgdor - sin8ct){cosBoctgdar + sindar) =

(cosSa sinde . J[ cos8ot cosdo
2| ——————— —sin8t || —

cosdo

+sin8o | =
sin

_ sindocos 8o —cosdasin 8o cosBoicos4a + sin8ousindor
cosda sin4o

sm( 4a) cosda _ - sindacosda
cos4o.  sinda  sindocosda
Omsgem: _i,
3.244. sin® 200+ sin® B + cos{ 201 + B cos( 200 — ).
Peicenue. '

sin? 2at + sin® B + cos(2¢t + B) cos(2a — B) =

=1—cc2>s4oc 1- coszﬂ+cos(2a+ﬁ)cos(2a B)=

-_—%(l—cos4a+1—cos2|3)+cos(2a+|3)005(2f1—5)=

= _[ 00524(1 + COS;B ) +cos( 20 +B}cos( 200~ B) =

= [cosxcosy = %(cos(x- ¥) +C(;S(x+ y))] =

cosda  cos2P cosdo  cos2P
=— - +1+ + =1
2 2 2 2
Omegem: 1. :

sin(2a — 371) +2co{%‘n:+ Za] _
2c0s[%—20t)+ 3 cos(20 - 3n)

3.245,
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Pewenue.

sin(200—3m) + 2cos(—z-1t + 2(1)

2005(% - 20() ++/3cos(200 - 3n)

—sin{3m - 20t) + 2cos(1t + [% + ZaD —sin2o0t— 2cos(% + 20:}

2m[%-2a]+ 3cos(315-2a) 2005(365-2(1}—\/50032(1

sin2a+2cos{—§+2a}

= =[cos(xiy)=cosxcosy¥sinxsiny]=

J3cos2a - 2co{% —ZaJ

sin2o +2cos%éo52u - Zsin% sin2o

J3cos20-2 cos% cos2o—2 sin% sin2o

sin2cx+2-§'c0520t—2-%sin2a

V3 1

JﬁcosZa——Z'—z—cosZa—Z-EsinZa

sin2a + 3 cos20 — sin 20 Peos2a Setglen
. = 7 = _J3ctg?o
V3cos20 -3 cos 20 —sin2a - sin2g

Omeem: ——ﬁctha.

05201 ~ COs 60, + cos10o —cos 14
sin20 + sin6o+sin100t +sin14ge
Petuenue.

3.246

cos20 —cos6 + cos 100 — cosldo
sin2o + sin6o + sin 100 + sinl4a
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_ (cos100: +cos 201) ~ (cos 140+ cosbor)
" (sini0c +sin2a) +(sinl4a + sinbor)

X+ X —
—yCOS—“}'{;

=[cosx +cosy=2cos 5 5

sinx +sin y=2sin L eos XY | =
' 2 2
_ 2cosbecosda —2cos10acosdor  2cosdacosbo—cos1Oa)

~ 2sin6ocosdo+2sinl0ocosdor  2cosda(sinbo +sin100)

cos6a —cos 100 [ . Xty . x—y}
=2 = ]cosx—cosy=-2sin— *sin—- | =
sinbo + sinl 0o 2 2

_ —2sina sin{~ 20t) B

= = tg2ol.

2sin8ocos 2o

Omeem: 1820, . _ .
o320 Jsin? E E _E
3.247. [1 cg (2 s Z(xDSIn [2 + 2a)tg(4 s 20:) +cos(4ot 5 J
Peuenue.
_etg?| 2 n—20 | lsin2[ ® 3n- _T)

(l’ ctg (2 n 20()} sin ( 5 + 2ath(4 n 20{] + cos(m 5 ] =

3 e 2
=[1..[ctg(-n_za)] ][sm(zm]] y

2 J 2
th[n + (: - 201)} + cos[g - 40(] =
= (1 ~tg? 2:1) cos” 2atg[% - 20;) +sindo =

.2
=|1- sz 2o cos’ ZGLtg(E - 20:) +sindo =
cos” 20 4
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Do il
it 20.—sin” 20 -cos® Zatg(% - 2(1) +sindo =

cos” 20
cos4a[1 - CO{EZE - 4{1))

+sindo =

= (:oscicmctg(l“E - ZaJ +sinda =

~cosdo(l-sinda)
- cosdo
Omeem: 1.

+sinda = 1-sinda +sindor = 1.

4sin{r — 2x) sin’ [§n+ x] sin3xcosx+ 3sinxsin[x_— EJ
3.248. 2 . 5
l1+cos8x cos” dx

s
Pewenue.

4sin{m - ZZx)s.in2 [%ﬂ:+ x} sin3xcos x+ 3sinxsin(x— %)
' + - . =

1+cos8x cos® 4x
. 3 2 . |
4sin(r — 2x)(sin(5 T+ XD sin3xcos x - 3sin xsin(g - J
_ . + —
1+ 0052(4)6) c052 4x

_ 4sin2xcos® x.  sin3xcosx— 3sinxcosx _
1+ 2cos® 4x-1 cos dx

2sin2xcos” x N sin3xcosx— 3sinxcosx [cosz o= 1+cos2a
cos? dx cos” 4x 2

sin3e = 3sina — 4sin’ o sin2o = 2sinocoso; 1 - 2sin ot = cosZa]

_ sinz.x(l +coszx) .\ (Eisinx—4sin3 x)cosx— 3sinxcosx ~

cos® 4x cos’ dx
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sin2x+sin2xcos2x+ (3 -4 sin” x) sin xcosx— 3sin xcos x

N

cos’ 4x

sin2x+sin2xcos2x+ sinxcos 1{3 —4sin® x— 3)

cos® 4x

_ sin2x+sin2xcos2x~ 4sinxcos xsin® x _

cos” 4x

. . o : .2
_ sin2x+sin2xcos2x—2sin2xsin’ x _ 5102)5{1 +cos2x—2sin X)

2
cos” 4x cos® 4x

_ sin2x(0052x+ (1 ~ 2sin’ x)) B sin2x{cos2x + cos2x) _
B cos” 4x - cos” 4x B

_ 2sinxcos2x _ sindx

5 =— = sindxcos 2 4x.
cos“4x cos” 4x

Omeem: sindxcos

451:{4(1 - —J
3.249, 5
cig (2& -= n] (2(1 += ‘It)
-2 2

Peuwternye.

431{4(1——)
syI=
ctg (Za——n] (2a+ n]
2 2

. (m :
”45"‘[2“4“) _4cosda
2 y—l=— Ppenind b
3 5 tg* 2o —ctg 2o
ctg En—Zu —| g 5n+2a ' .
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—4cosdo 1= —4cosda

= -] = - 1 =
sin? 2o _ cos® 2a. sin® 200 — cos” 2a,
cos? 2a - sin® 2o sin® 20.c0s° 20t
- (4sin2 20.c08° 2&)00540. .

B (sin2 20— cos 20:)(sin2 20+ cos” 2a) ml=

_ —sin*4qcosda 1=
— (ce.s2 20, —sin® Za)

_ sin” 4orcosdot

—1=sin®4ot—1= -(1 - sin2‘4a) = —cos? 4ar.
cos 4ot

Omeem: —cos® 4at.

(1+1g20)° - 2tg%20

> sinda - L
1+tg” 20

3.250.

Pewenue.

{1+ tg2a)’ - 2tg* 20
| 1+1g220,

—sindo—1=

Ta M2 .
=1+2tg20:+tg22oc 2tg 2u_sina_1=
1+tg° 20

_142tg20— 2220

5 —sinda—1=
1+tg“20

ZZtg£
=|sinx= 2

1+tg2 2
} g 2

Xx#(2n+l)n,neZ -

_l+2ie-1g’20 2tga -
141220 1+tg%2a
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1+2tg2a tg 2a— 2tg2(x—l—tg 2(1

l+tg 220
sin? 20t sin® 2a
- 2
- 2tg” 20, =-2._€os %a - 2. 200522q S— “2sin% 2a.
1+1g>2 1450 20 cos” 20 +sin” 20
cos” 20t cos’ 201
Omeem: —2sin* 20,
sin(80°+4ax)
3251 4 sin(20°+or) sin( 70°—ar)
Pewenue.
sin(80°+4qt) _ sin2(40°420)
4sin{20°+0t)sin(70°—ar) ~ 4sin(20°+ar)sin70°~a)
= [sinxsin y= %(cos{x— y) —cos(x+ y))] =
_ 2sin(40°+20)cos(40°420x) _ sin{40°+20t)cos(40°+2at)
2(cos(2a - 50°)—cos 9(}°) cos(50°-2a) — -
_ sin{40°+20)cos{40°+20) _ sin(40°+2a)cos(40°+201) _ cos{d0°+201),

cos{90°-(40°+2ax))  sin(40°+ax)

Omeem: cos(40°+2at).

cos’{doc - 3n) ~ dcos’(2a—x) + 3

3.252

Pewenue.

cos’ (40— 3n)—dcos’ (20— m)+3

cos® (4o + 37) + 4 cos’ (200 + 1) - 1

_ (coq3n—400))’ —4{cos(n - 201))" + 3
(cos(3m + 4t))” + 4(cos(m+201))” ~ 1

191

" cos’(4a+3n)+4cos (200 +m) -1

_ cos’ 4o~ dcost 200+ 3

cos’ 4o +4dcos’ 2o -1



_ (cos2(20)’ ~4{1-sin 20)+3 _ (1-2sin’ )" 4+ dsin’ 2043 _

(cos2(2a))’ +4cos?20-1 (2008”20 1)2 +4cos” 20.~ 1

_1-4sin’ 20 +4sin? 20 -4 +4sin’200+3 _ 4sin’ 20

sin 200

- 4cos® 20, 4cos® 200 +1+4cos> 20— 1 - 4cos? 20, B cos* 20 -

=tg* 20,

Omsem: tg* 20,

ofo- )]

{1+ cos20)(1+ cosdar)

3.253.

Petuenue.

a1, g e ) s ot

(14 cos2a)(l+cosda)  (1+cos2a){1+cosdar)

_ sindorcos 20t __ sindocos2e
(1+cos20)(1+2c0s> 2 —1)  2(1+cos20r) cos? 201

_ 2sin2ocos20tcos20 | sin2a
2(I+cos205)cos 2o 1+cos2a

= tgot.

Omeem. tgo.

3.254. 4cos( —%)sin{z ] 4sm[§1t a].pos3[%n+a).

Pewenue.

4005(0! —Ejsilf(E +aJ—4sin(§n—aJcos3(§1t+a)=
2 2 2 2

pa i G R SE

= 4sinoicos’ o — dcosasin® o = 4 sinoncosot(cos2 o.—sin’ a) =
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= 2(2sina.cosorjcos2a. = 2sin2o.cos 200 = sindgr.
Omsem: sindo.

3.255. cos* 20— 6cos” 2asin® 200 +sin® 2a.
Pewenue.

cos* 20~ 6¢cos” 2asin® 200+ sin? 20 =
= cos® 200+ sin® 200 — 6sin? 2orcos? 200 =
2
= (cos2 20, +sin® 2(1) —25in? 20ccos’ 20— 6sin® 2aicos” 200 =
=1-8sin’ 2accos’ 200=1- 2(4 sin’ 2acos2"2a) =1-2sin® 40 = cos8ar.

Omeem. cos8or.

2 n
20— -1
g( 4]

3.256. 3 .
tg? (2oc ~1 n) +1

Pewenue.
l—cos(E—h)
2
- -1
1+ — =4
(Za—-—J—l tgz(;—hx]—l w{z ] )

gy
ut

-
Sk
H5

1-sindo
_lssindg ~ _1-sindu-l-sinda ~2sindo .
Tl-sinda T 1-sindo+ l+sinda 2
1+sm4a

Omeem. —sindao.,

7 CxaHasn M. H-.. xH, 1 193



o
N'IQ

RRIR
[]
=
o=

0L
Omeem: tg* 3

3.258. cos™ 40— tg”(3m + 4ot} - 2cos’ o — ﬁcé{;u - Za}

Pewenue.

cos'24a—tg2(3rt+4a)—2cosz(x—«f§ws(-§n—2a).—_

194



0082140 - (tg(3n +4a))” - 20052 a—-ﬁw{%n-m] =

= : —tg24a——200522a+\/§sin2a=
cos” 4o

2
= 2] ~mn24afzcosza+J§sin2a=
cos“ 4o cos” 4o

—sin® cos’ 4a
=l—s?—4—a——2cosza+\/§sin2a= 3
cos” 40 cos” 4o

-2cos? ot ++/3sin20=

=1-2cos? o+ +/3sin20 = —-(20082 a-1)+ Jsin2o =
_ ﬁsin2a——1—c052a =
=12 2

= /3 sin 200 —cos 2a

= CDSESiIIZU.—SinECOSZU. =
6 6

= 2(3i112a f.u:)sﬁTE - C0S20; sinE) = 2sin(2a - EJ.
6 6 6
Omeem. 2 sir{Zoc - %)
tg{én - 40;Jsin2 (£u+ 40(]
3.259. _\4 4 ‘

1-2cos” 4o
Pewenue. : ,
5 .25
tg(—i—n—ﬁlajsinz[%HM] lg(zn—-w)sm (Zn+4oc)_

x sinx
=|tg—= ,X#R+2nine Z;
2 l+4cosx

195



1+cos(—5-;——8a) cos8o _1+sin3u

=‘1+Si118{1 2 _ 1

~cos8a o

Omesem: -ul_

Pewuenue.

n4[a_2]+m4(a+2]~1
2 - 5
"Si]{éx—a) ‘ ; ) ’
2 . doos'

(o) feafizea][ 1 e

4cos’ oo N dcos’ o0

. 2 ] - = = : =‘
(0082(14-81112(!) "Zmnzuco-sz_a_]. 1‘251!1 oo o1 ..

4cos’ @ 2cos? :
= - 3 ) = 3 ="20tg o.
-2sinf acos’ o —sin’ o

Omeem; - 2ctg2 o
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)
" ol

Pewenue.

"(4“+ ) S—n”“‘J _ _cosdo _ _oos2(2a) _

I+cos(4a——) 1+ws(~——-4a] 1-sindot 131!12(200

_cos’ 20 —sin” 20 _ (cos20i~sin2ar){cos20: +sin2ar)
1-2sin2acos2¢t  cos® 20~ 2 sin2acos2a +sin® 20

(cosZa sin2a){(cos 20 + s1n2a) cos2a +sinda
(cos20— sin2a)’ " cos2a-sin2o

T .
__1+tg2a _ tgz+tg2a _

1-1g20 l—tg%tha

tgx +1, T
=[ta(x+y)=1—gjxﬁ,x,y,x+y¢*2-+mnez]=

n
=tgl —
g(4 +2a}
- \
Omegem: tg(i- + 2&)

3.262. (tg255°-tg555°K1g795°+1g195°)
Pewenue.
(tg255°~1g555°tg 795°+ tg195°) =

= (1g(270°-15°) - 1(540°+15°))(1g(810°~15°) + 1(180°+15°)) =
= {ctgl5°—tg15°)Yctgl 5°+ tg15°) = ctg? 15°— tg” 15° =
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-[ct 2£=I+Cosx,x¢21m,nez,

= 2 l-cosx
2 X _ l1-cosx
2 l+cosx

,x¢1t+21tk,nEZ:|=

BB

‘_1+00530°_1—~oos30°=1+_2" l"‘f“
1-cos30° 1+cos30° : NE) NEY

_2+ V3 2-43 -85
2-43 2+43 -
Omeem: SJE
1g615°—tg555°
" tg795°+1g735°
Pewenue.
(g615°-1g555 _ tg(630°-15) — tg(540°+1F)  ctglP-1g15°
1g795°+1g735  tg(810°-15°) + tg(720°+15°)  cigl P+tgl5°

3.263

1

e — (@] P _1-cos30°
_ gl ¢ _1—tg215° —'[t 217_1—‘30”')‘]._-1 1+ cos30°
= = 2 — - - — =
1 ‘gl 1+1g215 2 l+cosx +1 cos 30°
1gl5° : 1+ cos30°
1+c0s30°—1+c0s30° _ 2cos30° NE
= = =cos3P=-—,
1+ cos30P+1—cos30° 2 2
Omeem: -*3-'-

3.264.

Y. (3x In

= =2 x| = - fidad

co{2x+ 2)51:1( 5 x] cos(2x - 5m) cos(3x+ 2 J
' sin[—2 - x] cosdx+ siuxcos(-——»2 + 4x) ,
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Pewenue.

. cos{Zx-i- %Jsm(ézﬁ - 3xJ —cos(2x— 5u)cos[3x+ -3;) )
sin{% - x]'cos4x + sinxcos[%c + 4x)

cosg + ZxJSiD(— - 3x) cos{Sm — 2x)cos(-—31—t- + 3x) )
sm(%n— - chos4x+ sin xcos[? + 4XJ

—sin2x(~ cos3x) +cos2xsin3x  sin2xcos3x+cos2xsin3x _
h cosxcosd x—sin xsindx cosxcosdx—sinxsindx

=[sinacosp +cosasinp = sin{oc+ B
cos c.cos  — sin ausin § = cos(o +B)] =

- sinSx =t_g5x. '

cos5x
Omeem: tg5x.

3.265. sin{2x— m)cos(x— 3n)+ sin(2x-— 22&) co{ x+ EZEJ _
)

Pewenue.

sin(2x— wt)cos(x— 3m) + sir(zx—- %)co{:ﬁ 2=

= ~sin{rt— 2x)cos{ 3 — x) - si[{4n+[g - 2x))co{% + x) =

= —sin2x{~ cos x) — c0s 2x{~ sin x) = sin2xcos x+ cos 2xsin x =

= [sinacosp + cososinf = sin(oc+B)] = sin3x.

Omeem: sin3x.
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3.266. sin(x+2m) oo{Zx— -7-;—) +5i i;- - Jsin(Zx— %)

Petuenue.

st e ) e 5
- m(zﬂx)ca{zzﬁ -2x)+sin[% - )[- sm(% —zxj};

= sinx(~ sin2x} + (- cosx)(~ cos2x) = cos2xcos x— sin2xsinx = cos3x.

Omeem: cos3x.

3.267. J sin~? (a - —;n) +cos™? [a + ;n]

Petuenue.

sin'z(a - éﬂ:)+cos‘2(ot+ én) =
. 2 2

_ 1 . 1 _ J L1
(3 Pl (3 Y VYeos'o sin’a
-su{in—a) co{i:rwa) _
B ’sin2a+coszoc _ 1 R 2 _
sin” acos” o ﬂ (sincwoosar)”  [sineicosa]  2sinacosel

| §n22a| = lein" 2«:4.

Omeem: ?.|sirl'1 2(1\.
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Peuwernue.

‘ 1 (=
m—ch
sin'l(%—a]+sir(a—%] S“‘(lg"“]
3 3 3
cos“(oc+§n)+cas(a—§1t) ] 3—+cos(5n—a)
2 2 cos[-z—ﬂ:+a)

- cosat I
o 1-cos? asma \[sm asing =Jsm3a=

1 3
. _sina 1-sin’ a coso COS” BLCOS O cos™ O
singo;

=t = 10

Omsgem: 1goL.

3cos? (o +270°) — sin® (o — 270°)
3sin®(o - 90°) — cos? (ot + 90°)

Pewenue.

3.269.

3cos” (o +270°) — sin® (o — 270°)

3sin (o — 90°) - cos” (o + 90°)

_ 3{cos{ax -1»27'0"))2 -(- sin(270°—u))2 _ dsinfa-coda
3-sin(90°—a))’ - (cos(90°+0r))”  3cos’ u—sinox

2 [f{ sino + lcosa](ﬁ sino — %cosu] '

3.,
—Ssin G—ECOS o

2 2 2 2
3 1. B
ZCDS G—ZSHI o [—?cosa—%sina}(gcosa+%ﬂna]

(sinoccosn+cosasinnj sinou:osTc cosasinn)
— 6 6 6. 6

T .. N oo T
COSO( COS— - SinQLsin— | CosOLCOS— + SINQ sm-—)
6 .6 6 6

201



= [sin xCO8 y.icos.xsin y =sin(x * y),

cosxcos y tsin xsin y =cos(x ¥ y)]=

i sir(a+-§)sin{a—%} oo m)
e e B A
Omser tg(d+%)tg(a—%).

sin2ol + cos2al — cos6ot — sin 60t
sindo + 2sin” 20— 1 '

3.270.

Pewienue,
sin2ot 4+ cos20l — cosbot - sinbo
sindo + 2sin® 20— 1

_ (sin20: - sin6or) + (cos20— cos6er)

sin4a.—(1—25in2 Za)

=|sinx—siny= 2cosmsinﬂ;
: 2 2
COSX—COS Y = —2$in¥sinxz;~y; 1-2sin® x= cost]:

o 2cos 40:(— sin 201) + (—-ZSin 4a(- sin 2u))
- _ sindo - cosdoa

_ —2cosdasin2a +2sindasin2o _ 2sin2osindo - cosdar)

sindo — cosda sinda —cosda
. Omeem: 2sin20q.

3.271. J(l—thM)(ctgz 20.-1).

Pewenue.

3 3 1 sin” 2a | cos® 2at 11 _
\/(l-tg 2a)ctg 2:1—1): T oo 20 sinz?.a_ =

202

= 2sin2a.



2
_ |cos’ 20—sin’2a cos’ 200-sin*2a _ | cos’ 2a~sin’ 2a | _
? sin?20 sin2otcos20. )

cos” 2a
2(::052 20— sin” 20() cosda Y]
- [ 2sin 2otcos 20 ( sinda, ] (2etghor)” = 2ctgho] =
=2lctgda.

Omsem: 2jcigdar.

t a+,/ tgot
3272, JJ;:G ‘[:é& 0<(l<—1f1(1¢-4—.
Pewenue.
Jiga +Jog _ (e + ctm)(@+~/ctga)
Jigo - Jotgor  (Vigr - 1/ctgo:)(‘/_ )

1
2
(@hlctga) _lgo +2 +ctgo _ g tgo _

1

Vo] ] =

_ since +1
e a+2tg0t+1 (ga+])’  tgu+1 cos@ _
wha-1  (tga—1{tgo+1) tga-1 AN _y
COSQ
—Jzoosa+£sina
sma+cosa COSOZ+S]I]G. 2 2 =
2 V2

Slna COSG SinoL — CosoL J—'Slna__%msa
2 2

L T
coseLcos +sinorsin—
= = [cosxcosy+ sinxsiny = cos(x— y);

. k1Y ..
SINQLCOS— — COSOLSin—
4 4

203



sin xcos y —cosxsiny = sin{x— y)] = —:(-——n—]— = ctg(a - Z)

Omeem: ctg(a - E).
4

2 oos‘( —E)-l-sins( __3'_75)__3_ sinz(a+—EJ—co'sz(a+ﬂ) 2

3.273. 2 2 )73 2 7))

Pewenue.

| cos“[a = g) +sin® (a - %) - 2— [sin2 (a + g) — cos? [a + E;-DZ =
= [cos(% - aDE +(— sinf(%n —-an -

Lol )

= sin® ot + cos® o — %(cc:cs,2 o —sin® a)2 =

vy . . ' 3 2
= (sm2 @ +cos? mem4 o - sin” oecos® o+ cos? (x) -5 (cos2a)” =

1

. . 3
(sm4 o+cost ot)—sm2 oLcos? oc-—zcos2 2a.=

.3 2 . . 3
=(sm2a+_cosz a) ~2sin? accos? ot — sin’ ou::oszot-zcos2 20 =

2

=1-3sin? atcos u—gcosz 200 = 1—%(4sin2ucos2 a)-—%cosz 2o =

1 3.2 3 on . 3.3 2 _, 31
=1 i n Za—zcos 2a-l—z(mn 20 +cos h)_]_E_Z'
omeem: 1
meem. 4
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- sin” o N sin® B
324 Snfo—p) * sinp-0)

Pewenue. i

sin® ot . sin’ B __siwa s’
sinfo~B) * sinf-o) sinfo—p} sin(c-B)

1-cos2a  1-cos2f

3 2 _cos2B—cosda _

sin{o— ) 2sin(c ~ B)
- L Xty X=y _‘ZSiﬂ(a‘fﬁ)Sin('(d—B))-
...|:cosx—cosy——25m 5 __‘“T“_’, 3 ]— 2sin(txfﬁl-.f o =
=sin(ce +B).

Omegem: sin(a.+p).

3.275. "w,m:a)wmms)mmm
2sin¢t +sin 2 v .

Pewenue.

JZsina—-sianx _ [2sinoi—2sinocoso 2sincy(1~ cosar) -
2sina+sin2a ¥ 2sino+2sinacosar  § 2sino(1 + cosa)

l-cosaa |l—cosx »x o
=‘——w =|———=1tg -, x#n+2un,ne Z|= { LA
1+coso [1+cosx g 2 Y#ERF AN, R E ] '8 3

tg%,ecmi0<a<n;

——tg%,eqnun<a<2m

: o o
. — —-tg—.
Omeem: a) '8 X 6) —tg >
3.276. cos®(45°+o) — cos?(30°—o} +sin1 5 sin 75°-2ax).

Pewenue.
cos’ (45+a) — cos” (30°-o) + sin 1 F°sin( 75°-20x) =

- 205



3 x l+cosx . . - 1
=[cos = ,smxsmy-—:E(COS(x—_.V)—COS(x"’y))]:

_ 1+cos(90°+2c)  1+cos(60°—2a)
- 2 h 2

+ %(cos(za'— 6d°) - cos(90°+20t)) =
= 2 {1+ cox{90°+20) ~ 1 cos{60°-20) + cos{ 60°-2a) —cox{90°-2a) =

- -21" (cos{90°+20t) — cos{90°—20t)) = %(- sin2o—sin20) = —sin20.
Omgem: —sin20L.

3.277. sin’(135-2ar) ~ sin® (210°~20;) - sin195° cos( 165 —4cr).
FPewienue.

sin? (135°-201) - sin’(210°-20x) — sin 195 cos(165°—4et) =

= (sin{180°—(45°+201))) ~ (sin180°+(30°~20r)))” — sin180°+15) x
x cos(180°—(15°+4ar)} =

< sin®(45°+2a1) = sin (30°-2a) - (- sin15°)(~ cos(15°+4ct)) =

= sin? (45°+2ar) — sin? (30°-20x) — sin1 5° cos(1 P+dat) =

. ax  l-cosx 1. i
z[SlIl = ,smxcosy=E(Slﬂ(x—J’)"'Sm(x"'y))]:
_ 1-cos(90°+40)  1—cof{60°~4ar) 1

5 5 ~ - (sin(~ 4at) + sin(30°+4cr)) =

(1- cos(90°+4ex) - 1+ cos(60°—4cx) +sindo: - sin(30°+4§)) =

D=

= %(sinilu + cos(60°~4ax) + sindo: — sin{90°~(60°—4a))) =

= %(2 sinda + cos(60°—4a} — cos(60°—4a)) = sinda.

Omsem: sinda.

206



1+sino _\ll—sina

3.278. J - -
1—-sino l1+sino

» eCT: &) S0P < a0 < 180°;

6)270°< o < 360°.
Pewenue. i

2 2
J1+sinoc Jl-—sinoc (Jl+sina) —(‘/'I_Sinu)
i-sine Vitsino  f{1-sina)(i+sine)
_l+sino—l+sine _ 2sino _ 2sina _

Ji-sin’ & Jeosta  leosof

_ |~2tga, ecnu 90° < a <180°;
| 2tgo, ecnu 270° < o < 360°.

Omeem: a) -2tgc; 6) 2tgol.

3.279. (1 +cos 2 _231: }:tg n-o

4
Petuenue.
a-3n T—C o 3 T oo
sy | | Rt LA
[l+cos 3 )cg ) [+cos[2 2)}@[4 4)
It o
3n 1 I 2_5J
1+ws( EJ. -
( 2 2)) yx @ tg(ﬁ_z)
4 4 4 4
x 1- 1-sn> l—sin%.
—[tg—: cosx,x#n+2nn,nez]= = =
2 snx ' I-¢ r_o l—smE
- 2 2
Si.{z_g) cos%
o 2 2
=COs—.
2

o
Omsem: COSE'
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sin’ 4o +4sin* 200 — 4sin? 20 cos® 200
3.280. — —; -
4 —sin” 4ot~ 4sin” 200
Pewenue.
sin’ 4o + 4sin® 20— 4sin” 2acos® 200
4-sin? 40 - 4sin® 20

(s:inZ(Zoc))2 +4sin® 20— 4sin? 20ccos? 201

(4 4sin’ 4a)— (sin2(201))”

_ (2sin20ccos20)” +4sin® 200~ 4sin” 20008% 20
4{1-sin’ 20r)~ (2sin20cc0820r)”

_4sin® 20c08” 200+ 4sin® 20— 4sin® 20ccos? 200
4cos” 200~ 4sin® 200cos? 2a

_ 4sin* 20
4cos’ 2a(1 —sin? 2a)

= sin'2a  sin*2a

4
= =1tg" 2o
cos?20cos? 20 cost 2a

Omegem: tg* 20..

3.281. sin(% T +4a] —sin® (% T+ 20:J +cos’® G—n - 2aJ.

Pewenue.

iof 2 _an$( 2 (7 9 |
su_-(2 ‘+4a) sin (2n+2a]+cos (215 2(1)-—
6 6
. (5 . {5 7
—sm[E n+ 405)— (sm(i T+ MD + [COS(E nA— 2(1}] =

= cosdo —cos® 200 + sin® 200 = cosdo — (0056 20— sin® Za) =

=cosdo — (cos2 20— sin? 2a Y{cos* 20 +sin’ 2acos? 20 + sin? 2&) =

=cos4o. ——(:0540&((0054 20 +sin? 20t) +sin? 20.c08” Za) =
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2
= cosdot --cos4oz[(cos2 200 +8in? Za) ~2sin? 20cos” 20 + sin? 20.cos? Za) =
= cos4ot — cos4a(1 —sin® 20 cos® Za) =
1. '
= ¢cosdor — cos4oc(1— e 4sin® 20t cos? ZaJ =

1. ' :
=cos4u~cos4u(luzﬂn2 40&}= cos4a—cos4a+—}4—cos4usin2 4o =

cosdorsin® 4o = - cosdarsindatsinde = < (2sinda cosdo)sindr =

T -

= —sin8asindq.

. Omeem. %sinSa sindo,

sin8c + sin9a +sin10o + sinl 1o
cos3ot + cosSo + cos10ct + cost it

3.282.

x cos8o —cos9a —cosl 0o +coslla
sin8ot — sin9ot — sin10at +sinl 1ot
Peweniie.

sin8o; + sin9o + sin10o + sinl 1o posSa—cos9a—~cos10u+cosl‘loc_
" cos8o + cos9a + cosl0a +cosllor  sin8c—sin9c —sinl0o +sinl lot

_ (sinl1a+sin8c:) + (sinlOct + sin9cx)
"~ {cos1lo + cos8er) + (cos10ct + cos9ex)

y {cosl 1o + cosBat) - (cosi0o. +cosa)
(sint o + sin8c) — (sin10cc +sin%c)

= [cosx +cosy= 2cos£—;icos£—_w}-}~;

2

. . . X+ -
smx+smy=2smx2y u]

€os
2
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ZSin%coss—a +25in!—9-gcos-(-x—
2 2 2

— 2
Zcoswmség+2coslg—mc:osE "
2 2 2 2
So 3o 19a o
2c08-~—C0s — — 2C08 —— COS —
2 2 2 .
ZSiﬁl?Ecos?g-—Zsin&cosE
2 2 2 2
ZSinwi c:osﬁﬂ::osgE 2cosﬁ1ﬁ9£l—(cos&—-cosg)
_ 2 2 2 2 2 2 _
2 oslg—a(oosy+ EEJ 2 n@—[cosg— osg)
2 2 -2 2
. 19 19a
nm_. —
2 2 =1
Ba " Ba =
2 2
Omeem: 1.

3.283. cos(270°-20)ctg(30°-20)tg(240°-2a)(2cos 4x ~1).
Pewienue. .
cos(270°—20t)ctg(30°—20:)tg(240°-2ar)(2cosdor 1) =

= cos(270°—2et)cte(30°-201)1g( 270°-{30°+20x) 2 cos dox ~ 1) =
= —sin 20rctg(30°- 20 Jetg(30°+20 2 cosda — 1) =

_ sin2oucos(30°—20r) cog( 30°+2ar)( 2 cosda - 1)
- sin(30°—20:) sin(30°+2at)

= [cosxoos y= %(cos(x — y)+cos(x + y));

sinxsin y= %(cos(x - y)=cos(x + y)):l =
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sin 2ot - 217: (cosda +cos60°)(2cosdar ~1)

%(cosfia ~cos60°)

sin2a(cos4a + %)(200840: -1

1
da——
cos >

_ sin2of2cosdo+1)2c0sdo—1) _
=- = = —sin2o2cosdo+1) =

= [cost =1-2sin? x, 8in 3x = 3sin x ~4sin’ x]=
= —sin20(2(1— 2sin” 2a)+ 1) = —sin2a(2 - 4sin’ 20+ 1) =

= - sin 203~ 4sin’ Za) = ~(3sin20— 45in’ 2a) = —sin 6o

Omesem. —sin6o..

g(l —COSX 1+cos2x
3,284, tg| 2arct ; J .
sinx 1-cos2x

Pewienue.

to] 2arct 1~cosx ’1+cost_
8 sin x 1-cos2x

I—cosx
2tg[arctg sinx )

sSin X

211



I-cosx o 1=cosx

2tg[arctg - ] 2- .

- :mx -]ctgx1= _'i"m——z'l‘:tg’d=
1—tg2(arctg —.cosx) ' 1—[—',""5"]
sinx sinx
_ 21-cosx)-|ctgq sin? x _ 2(1—Qosx)'-|ctgydsinx _
- sinx sin? x—(l-cosx)2 B (I~—cos2 )—(l—cosx)2
2(1- cos x)-|etgxsin x _ 2A1-cosx)-|ctgxsinx

"~ (1—cosx)(1+c0sx)~ (1-cos x)’ (1—cosx)(1+cosx—1+cosx)

_ ctgysinx _ [-osxgx=—1,ecmuctgx <0,
"~ 2cosx = fote- tgx = ctgxtgx = 1, ecrm ctgx > 0.

Omsgem: 1, ecry ctgx>0; -1, ecnu 'ctgx< 0

Ilpec6pazosaTs B nponapenenne (3.285.—3.331):

3.285. sin6o—2+3cos? 3o +4/3.
Pewernue.

3 x_ l4cosx)
sin6a—-2\f§cos23a+ﬁ=[c°s 3775 ]‘

= sin 601 — J?Tcos 6o = 2(:12- sin 6o — —?cosﬁa} =

= 2(cos60° sin ot — Sin60° cos60x) = 2{sin 6ot cos60°— cos6exsin60°).=
=[sinxcosy - cosxsin y = sin(x - y)| = 2sin(60 - 60°).
Omsem: 2sin{ 60— 60°).
. 1 ; 2
—=sindo + [ -2 cos” 20.
3.286. NE)
Pewenue.

1 2n 1 2o N
‘Esm4a+1—2cos 2a-—sm4oc—(2cos 2_(1—1)—

V3
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|

1. 2{1. . 3 '
— sindo — cosdoL = —| —sindo — ——cosda | =
; A J

= %(COS 60° sindo. — sin 60°cosdqt) =
2,. .
= -E(s;nhms 60°—cosdasin60°) =

2
= [sinxcos y—cosxsiny = sin{x~ y)] = ﬁsmﬂa - 60°).

' 2 . '
Omeem: :ﬁ sin(4a ~ 60°).

3.287. 3_4cosda + cosBe - 8cos? 2ar.
Petuenuie.

3—4cosda+ cosBa — 8cos? 20 =

= COSszZCoszxml;coszle+me -
RT T
2
=3-4cos4a+2cos24a~1-3[_l+cgs4a) _

=2—4cos4a+200&24a~2(1+20034a+cosz 4a)=

=2 —4cosda + 2cos’ 40— 2 —dcosdor — 2c0s” 4ot = —8cosda.
Omeem: —8cosdaL. -
3.288. tgix—tglx—3tgx+3.

Peuienue.

tg’ x— tg?x— 3tgx+ 3= tg”x{tgx—1) - Ytgx— 1) = {tax— 1)(tg2x—- 3) =

o

_ [ sinx sin” x 3] Snx—cosx sin® x—3cos® x
cosx cosx cos® x
~ {sinx- cos x)(sinx—- 3 cosx)(sinx+ J3cos x)

0083 X
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_JE2 2 2 2 2

mz*{ﬂsinx— HJ;_—cosx} . 2{1 sinx— ﬂcosx] . Z[lsinx+-‘/2—§oos

]

COS?’ X

0033 X

44/2(sin xc0s45°- cos xsin45°){sin xcos 60°- cos xsin60°)(sin xcos 60°+cos xsin 60°) _

CDS3 x

= [sinoccosB +cososinf = sinfo iB)] =

_ 42 sinlx— 45°)sin(x— 60°)sin(x + 60°)

COS3 X

44/2 sin{x— 45°) sin x - 60°) sin{ x + 60°)
COS3 X

Omeem:

3.289. tgx—dtg’x+3.
Pewenie.

tg‘x—4tg2x+3= tg4x—ig2x— 3tg2x+3= -
=tg2x(tg2x—1)—3(tg2x-—l)= (tgzx-(l)(tgzx— 3):

.2 .2 . .
_[sm x_l){sm x_3]= sin® x—cos” x sin® x—3cos’ x _

2 2 -
cos™ Xx COs™ X cosz x 0082 X

~ {sin x~ cosx)(sinx+ cos x)(sinx— 3 cosx)(sinx+ 3 cosx) ~

COS4 X

2(2. 2 2(2. 2
= —smx—-—:;cosx = —2~—smx +_2—cosx

J21{ 2 V2
= 3 o
cOs” x
2 £sinx—£<::0s3c . £sinx-t~-‘/—§u::0sx
2 2 2 -2
X 3 =
cos” x
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_ 8(sinxcos45° —cos xsin45°)(sin xc0s 45° +cos x5in45°) N

0032 x

» (sinxcos 60° —cos xsin60° ){sin x cos 60° + cos xsin60°) _

0052 X

=[sinucosPtcosasinf=sin(axf)] =

_ 8sin(x—45")sin(x + 45" )sin(x —60")sin(x + 60°)

COS4 X

8sin(x - 45 )sm(x+45 }sin(x ~60° )sm(x+60 )

6054 X -

Omeem:

3.290. 6sin® 2c~1—cosdo
Pewentie.

6sin? 26, ~1 —cos 40, = 65in? 200~ 1 —(2cos? 20— 1) =
= 6sin’ 2a.— 2cos? 20 = 2(3sin’ 20— cos? 20) = |

=2 (J5 sin2a—cos Za)(ﬁ sin2a+cos2a) =

=22 ﬁ—sinZa——l-cos%c-. -2 -Jug—sin2a+—1-cos2tx =

2 2 2 2
=-8(cos 20.c0560° —sin 20t5in 60°) (cos 20.cos 60° +5sin20.sin60° ) =
=[cosx cos y T sinxsin y = cos(x F y)] =—8cos (20 + 60°) cos(20t—60°).

Omeem: —$cos(20.+60°)cos(20.~60°).

3.291. J1+sin-g-—Jl—-sin%, ecmn 0° < o< 180°.

Pewenue.

J1+sm—q——\/l sm~0—t= 1+sin2 21- —sin2| — | =
2 2 4

= J;+25ing—cosg ?Jl —2sir19£c4:)sE
4 4 4 4

Il
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=\[sinzg+zsing.mg+mz§_\[smz%_mn%m%mz% -
) 2
= Sing‘l'COSE — Sing_cos_J -
4 4 4
= sin%+cos- - sin%-—cos% = l:0°<%£45°:|=

. O (4] o o .o
= Sin— 4+ cos— + §in — —cos — = 2sin—,
4 4 4 4 4

.o
Omeem: 2811174-‘

3.292. 2co0s® 20+ 3cosdo— 3.
Pewenue.

2cos® 20+ 3cosde - 3= 2cos’ 2a+3(1;251n2 2(1)—— 3=
= 2cos” 20— 6sin” 200 = 2{cos” 20— 3sin? 20} =

= 2(0052(1 -3 sin2a)(cos2a + J§ sinZa) =

=2 2[—;— cos2a —?sinZa} 2{%005.2(1 +§sin2a] =

= 8(cos 20 cos 60°-sin 20t sin 60°)( cos 20t cos 60°+ sin 20 sin 60°) =

= [cosxcosy:t sinxsin y = cof{ xF y)] = 8cos(20 + 60°) cos( 20t - 60°).
Omeem: 8cos( 20+ 60°) cog 201 — 60°).

3.293. cos” o+ cos” B~ 2 cosorcos cos{o— B).

Pewenue. _
cos® a+cos’ B— 2cosacosBeos(a— ) =

_ l4cos2a  1+cos2B
2 2

—2cosacosBc<:)qa—B)=
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-1

5 (2-+(cos20 + cos2B)) - 2 cose.cosPcos(o - B) =

=l:cosx+cosy= 2008?003)‘;}’]=

=%(2+’2cos(a+[3)cos(a-B))—2cosaOOSBCOS(a—B)=
= 1+ cos{or + B) cos(ct ~ B) - 2 cosex cosBoos{or — B) =
= 1+cos{o: ~ B)(cos{c+ B) - 2cosorcosp) =

= [cosxcosy = %(cos(x— ¥)+cos{x+ y))il =

= 1+cos(ot - B)(cos(x +) - cos(er ~ B) - cos{x + B)) =
= [ +cos{a —B)(~ cos{o. - B)) = 1~ cos* (o - B) = sin* (o - B).
Omeem: sin’(c—B). /

sin{2c ~ B) ,_sinp

3.204.-

cosda  cos2o
Pewenue.
sin{20 - B) . sinf _ sin{20 —B)cos20 + sinBcosdor

cosdo cos2a cosdacos2o

- [smxcos y= & (sin(x—3) +sinc+ y))] -

_ 3 (=) sl )+ sl da) +sinp+ )

cosdocos2a
_ —sinP+sin{40.~ B) - sin(d4o —B) +sin(4c+B) sin{4oc+P)—sinp
- 2 cosdoucos 2ot © 2cosdocos2e
- [sinx_ iny= 2005"_'”’_31,1&} _ 20020+ B)sin20r _
2 2 2cosdercos2o
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_ cos 2o+
cos 4o

cos (Zd +B)
cosda

-tgla
Omgem.

-tgo

sin? (ot + B) —sin? o.—sin’ B
2

3.295.

sin? (c+B) —cos? o —cos® B'

Pewenue.
sin? (0+P) ~sin’ o —sin? f
2 a—cos?B

sin? {c+P)-cos

= M =

. 2x l-cosx _ ax 1+cosx]
=|sin® - =—""c08* == —— =
2 2 2

1-cos20. _1-cos2f

1—cos? (o +P) -

= 2 2___ -
|- cos? (G+B)_1+c;sza_ l+c;52[3

R 2~2cos? (0+B) -1 +cos2a—1+cos 2B N
2—2cos’ (a+P)—1-cos20.—1—cos2

—2cos? (a+B) +(cos 20+ cos 2P) _
—2cos? (o+B) - (cos2a+ cos 2[3)

4

cosx+cosy=2'cosx+ycosf::‘l =
‘ 2 - 2
_ —2cos® (a+)+Zcos(a+B)cos(a—B) _

—2c0s% (O + ) —2cos(a+p)cos(a-f)

—2cos (o +B)cos(a+P)—cos(a—fB)) _cos(o+f)—cos(a-P) _
—2cos (o +P)(cos (0 +B)+cos{a—P)) - cos (ot + ) +cos (ot —f) N

Xty . X~
[cosx—cosy=—2sm%smi—y;

2

i
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XY s XY
2

. COSX +Cos y=2cos cos 3 =
—2sinasinp

=——— = —tga-1gp.
2cosacosp gor-tgh

Omsem: —igo - tgP.
3.296. sin’(c—2p) - cos? &~ cos® 2B.

Pewenue.

2 2

I+cos20  1+4cosdf
2 2

\ x l+cosx
sin’ (ot ~ 2B) — cos” o — cos” 23=[cosZ—= ]:

=sin*{c.-2f) =
=sin’*(q - 2B) - -;—(2 +(cos20+ cos4p)) =

=[cosx+cosy=2cos%~£gosfg—y:|=

= sinz((x-—2|3)—%(2+2cos(oc+2|3)cos(a—2|3))=

= sin’ (o - 2B) — 1 - cos{ar + 2B}cos{o ~ 2B) =

= —-(l - sin’ (o - 2]3)) —cos{at + 2B)cos{o - 2B) =

=—cos’ (o~ 2B) - cos{or + 2B} co{0 - 2B) =

= —cos(a - 2)(cos(cx — 28) +cos{x + 2)) =

= —cos(a — 2B) - 2coscecos 2B = ~2cos o cos 2B cos{ar ~ 2B).
Omgem: 2 coso.cos 2 co{o — 2).

3.297. sin’(20— ) —sin® 26— sin’ B.

Pewenue.

. 2x l-cosx
sin2(2a—ﬁ)—sin22a—sin2[5=[szi': 2 :|
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1—cosdor  1—cos2B

\ =sin?(20 - B) - 5 5

=sin’*(2a—B -—%(2— (cosda+cos2B))=

= [cosx+ cosy = ZGOS%OOS%X] =

=sinz(Za—B)—-;—(2—2009(2a+|3)cos(2a—ﬁ))= |
= sin’ (200~ B) — 1 4 cos(20.+ B) cos( 20 - B) =

= —{1-sin’ (20— B)}+ cos(20. + B)cos(20—B) =

= —c0s? (200~ B) + cos2a + B} co 20— B) =

= -cos 20— B)(cos(20:-B) - cos20.+ B))

= [cmx— cosy=—2 sinig—Z sinx—;l:' =

= ~cos( 20— B)(- 2sin2asin(- B)) = ~2sin2csin cos( 20 ~ B).
Omeem: ~2sin2o sinfcos(20—f3).

+ -
3.298. 2+¢ 51c4 a][lﬂ:osa n]cos'l(g——ZnJ—%osz(%—GR}

Pewenue,

2+ctgl Sﬂ:a)(l-‘rcosa—;;-]cos'][%—21:)-40982[%— 31t) =
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T o ' P
CO{Z+Z) o '1 a
Wn 'a (14.51 2] a_4,. 22_
sinf — 4+ — cos—

: T I LR RO T NN
= [coe(x+ y)= éosxcosy—sinxsiny; sin(x+ y) = sinxcos p + cos xsin y;

2

sin2x = 2sinxcos x; cos2x = cos x—sin® x|=

[(:crsEc:osE—sinEsinE l;i—sing— “
4 4 4 45 2)

=2+ 4cos? 2 =
[sin-TEcoe?cE+cc:s—T—':—s.inE cosg— 2
: 4 4 4 4 2
[% E-——zsing« [1+smg)
2 4 2 4 2 50
=2 _ =
ﬂoos-o—[+--g-sing cos— 2
2 4 2 4 2
g( %-—sm%)(lﬂsmz)
=2+ doos? E =
Q cos +sinE)cosE 2
2 4 4 2
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o
2

cos® —sin® Ycos? & + 250 % cos - in? &
S L4 4 4 4 4 4

a . o
COS— -+ Sin— 1COSs—
( 4 4) 2

~dcos? =

o 3 o
=2+1-dcost = =3-4 2E=4(__ 2_)=
+ COS COs > 4 cos 5

2
Vi affi, « n af %, «
-—2——0063'- ——2—+OUSE = 4(0053—0085)(005-64-0055]:

= [icosx—cosy = —23in¥sin%y;

cosXx+cosy= 2cosx;yoosx;y]_—.

4{23“’(12 2 ‘{E‘ZDZ" B {55
e e
-t o5 3ol 55 5 )
o 455+ o 3%,
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sin8or
3299 2——r—————
i sin® 20— cos® 2a
Pewenue.
poSnla o,  sndde)
sin” 200—cos” 20 cos 2o--sin” 2¢x

2sind4ocosdo — 4 2sindocosda

=2+
(cos:Z 20— sin? 20:)(0052 200+ sin® Za) T cos® 200~sin® 20

2sindo.cosdor
cosdat

=2+ = 2+2sindo = 21 +sinder) =

= 2(ccrs2 20 + 2 cos2atsin 2(1 +sin® 2(1) = 2(cos2at + sin2a)” =

2( ,/_) ( 08200 +—— ‘[25 smzu] é(cos-cos2a+ smz 511120()2 =
= [cosxcosy +sinxsiny = cos(x~ y)] =
= 4{(:03(% - sz =.4cosz(% - 20:}

Ontgem: 40062 (2 - ZG.J. :

3.300. 2 - tgdoe—ctgdo.

Peutenue.
: sinda | cosdo sin® 4o+ cos? 4o
2 - tgda — ct| 4a=2—[ +—— )= —— =
g B cosdo  sindo sinda.cosdal
o 1 o 2 —o_ 2 _2_sin8a—1_
sindorcos 40 2sindocosda sin8ar. sin8a
sin8o.— sin~. X+
_ 2 _{sinx—siny=2cos—— L4 nJ =
=2 %= 2 2
sin8¢
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sin8a oo
4810(_“401—&10(5—4“]] -4Sln2[E__4a)
4 _ 4
sin8o - cinso

3.301. - tg20. + cos2a ~ sin2c.
T NE
ZtB[Z - ZaJ sin (Z T—~ ZaJ

Pewienue.

2 —
2cos” 20 31 o0+ o520t —sinda =
Ztg(% - 2(1] Sinz(z T —2(1)

: X sinx
= 2cosz2x—1=cos4x;t X ,
[ - 3 " T+cosx

, 1-
X # T+ 21n, neZ,ng%: cosxj|

2
E - . cosdo ; _ tgza + o520 - sinn <
sin[.{:-_4a] lwcos(_n_w)

2 2

2-— — . : _
— -4

1+o0s[2 a)
- costa — tg200 + cos2a — sin2o; =
cosda )
- -(1+sin4da)
1 +sinda :
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=1 +cos2o.—sin2a = | 1 - sinZa +(06320t—sin2a)—
=1-tg2a +cos2 — sin2a = cos2a =

= ﬁ@—%@+ (cos20—sin20t) =(cos 20, — sza)(coslm + 1)

_ {cos20r—sin2u){1 +cos2a)
B cos2a -

%{%cesh——?sinm 1+cos? o —sin? u)

cos2a

ZJE(Sin%COSZG - cos% sin2a)oosz o

cos2ot

22 sin(rz- - 20:) cos®a,

= [sinxcos y—cosxsiny = sin{x— )] =

. cos2o
R 2
2J§ sm{z - 205) cos“ ot
o - . .
meem cos 20
ctg2a +tQ2a
3.302. 1+ tedot2a +gdotg2a
Pewenue.
cose _sin2a cos” 200+ sin? 20

ctg2a +tg2a _ sinZo _cosla _ sin2o.cos 20, -
1+tgdotg2e 14 sindosin2e  cosdo.cos2o +sindasin2o;
cosdorcos 2o cosda.cos2o

_ cos’20+sin’ 20, cosdoicosa _
sin20l coso cosdotcos2¢l + sindasin 200
_ cosda
sin2o{cos4o cos 20t + sinda sin 201)

8 Crauasw M. M., . 1 225



cosdo - 2con40 _
sinZocos20 2sin2orcos2a

= [cosxcosy+sinxsiny=cos(x- )]=

_ 2cosda
sind

Omeem: 2ctgdd.,

3.303. 1-sin” o~ sin’ B + 2sino:sinf cos(o — B).

Peuenue. : '

1—-sin® & - sin® B+ 2sinasinBcos{o — B) =

_l1-cos2a  1-cos2B

2 2

= 2ctgdo.

=1

+2sinasinfeos{a —B) = -
= %(cosZa+coszﬁ)+ZsinusinBCOS(0t—l3) =

= [cosx+ cosy= 2COSx—;ZCOSx—-2-J-{:| =

[y

2cos(cr + B)cos{a —B) + 2sinosinBoos(o — B) =
= cos{— B){cos{o + B) + 2sinasinf )=
= [sinxsiny: —;—(cos(x— y)—cos{x+ y))] =

— cox{a- B)(cos(a'-i-\ B)+ 2.2 {cos{a—) ~cosfor + B))J -

= coda—B)(cos{or+ B) + cos{or—) - cos{a +B)) =
= cos{o - B) cos{ - B) = cos? (o — B).

Omigem: cos’(ou-B).

3304, 1+ cos(la. - —23—15) + sin(Zu + % n) - ctg(g + 2&1).

Pewerne.

1+ cos(20t'— %TC) +sin[20t + %n) —.c:tg(—zTE + 205) =
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3 3 n
=1+cos| — -2 {+sin| ~n+2a [—ctg| - +20 =
cos(z a] sm(zn _ ] cg[ > a]

= 1-sin20¢—cos 20t + tg20 =(1 +tg20) - (cos 20 + sin2ct) =

- (1+ mﬂ)_(cosza+sinza) _ S22 (e sinder) =
200 cos2o
: 1 (cos 20 + sin2ar)(1- cos 20z}

= —_— 1 = =

(cos2a0 + ngoc)(cos S ] ——

2 (2 V2 2 i 2
7_5(70%2& +—2—sm2u}(1—cos o + Sin u)
cos2ot

Ji(ooslj—coda + sinz— sinZ(x)- 2sin’ @

cos20,

22 %—M)sinza

= [cosxcosy+sinxsiny = cog{ x— y)} =

242 sin? occm(% - 2{:)

cos2o ' 4

3.305. 40062[2a—§n]+cos(2a—n)+ six{—;-n:—&z}

Pewuenue.

40062[2()1-§1t]+008(20'.—ﬂ)+ sit{gn—&x) =

- 4cos[[%ﬂ:—2oc))2 +cos(1|:—.2a)+siu(§1c—6aj =

= 4sin® 2 - cos 20t + cos6o = 2(1 - cosdar) +(cos 6o — cos 2ar) =

Omeem.

= 2(] — cos” 20 +sin® 2a) +(cos 60— cos 2a) =
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=4sin22a+(cos&x—c0_52u) =

= [cosx— cosy= —JZI sin% sin%—x] = 4sin® 200~ 2sindo si.nia =
= 2sin20(2sin20. - sindar) = 2sin20(2sin 20 ~ 2sin 20 cos2r) =

= 4sin® 20(1- cos2c) = 4sin’ 2(1(1 - (:.o.s2 o +5in’ a) =

— 4sin? 20 2sin’ 0= 8sin? 2ausin’ o

Omeem: 8sin® 20.sin’ o,

J1+sina +J1=sinc.
= J1+sino — /I~ sina

Pewuenye,
H3 ycnopud nMeeM

 ecnzt a) 0°< o < 90°; 6) 90P< ox < 180°.

(J1+sina ++ —sina)(JH sino + Jl-—si'n‘a) _
(J1+sina -J1- sinoc)(Jl +sing + JI—si_ntx) -

_ (fivsino +VTsina)

(Jl + sina)z - (Jl i a-)z

~ 1+sina+2,/(l+sin‘a)(l—sino_t) +1—siﬁa _

1+sina—1+sina

- 1+v1-sin’ o ;l%chszu ='l+|cpsd|
sina sina sinat
Otcrona:

‘ 1+|cosa| _ 1+cosar _ 1

aj npu °< o < 50° umeem =clg—;
) up sino sing ¢ o o 2
‘ . g ‘
‘ 2
1+|cosa| 1-cosot o
6 90°< o< 180° " = . =1g—;
) IpH HMeeM since sing:, SZ

Omaem: a) c1g='; 6) 185
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‘ 4tg20(l - 1220
3.307. 2sin?20 + 3 sindo — ( g )

5
sin Sa(l +tg? 2a)
Pewenue. '

atg20f1 - 12220
25in? 20+ 43 sindo — (- )

sin 80:(1 + tg22a)

2
. 2[ ]
2
= 2sin? 20 + 3 sindor — 220 cos” 20 _

1+1g? in’ 2¢: |
+1g o {1+51n22a]sin2_(4a)
cos” 20
: x
.2x l-cosx 2tg§ .
=|sn _2—= 2 » i x=Slnx o
. l+tgz-2—

2 . 2‘ Ty
2
= 1~ cosda ++/3sinda ~ 75 s_m22 ' ' -
w&.dn%wosm
sin 2a

= 1-—cos4a+ﬁsm4oc——————=ﬁs1n4a cos4a—
cosdo

B . .
=2 —sindo ——-cosda | = 2| s r_ - T
( 5 sin > cOs Z(sm4acos 6 cosdosin 6)

=Isinxcosy - cosxsin p= sin{x— y)].'=‘. 25in[4oz - %)

Omeem: 2 sit(4a —%J
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3.308. cos’(o - 2f) —cos® (a - g) —cos* (2B~ ).

- Pewenue.

cmz(““zﬁ)‘0052(“"%]—0052(2[3—1:) -
=cos’(c —2[5)‘0552[% —a] —cos*(n—2B) = [cész g = _H—c_zosx] -

_ l+cos(20-4B) 1+ costn -2a) 1+cos(2n-4p)
B 2 - 2 - 2

= %(cos(Za—4B)-oos(n—2a)—cos(2n—4ﬁ)—1)=

= %(005(2(1 ~4B) + cos20 — cos4p - 1) =

= [cosx+cosy= ZCOSE%Zoosx;zy; mfs'jlx‘= 2cos® x— 1] =

= %(2 cos( 20 — 2) cos 2B — 2cos’ 2[3) = cosZ[i(cos(Za -2B)- coszﬁ) =

. ' . X+Y . X-

= [COSX —cosy=-2 Sm% Smx—z—‘z] = cosZﬁ(— 2sinasin{o - 2B)) =
= 2sinocsin{2 - o) cos 2. |

Omsgem: 2sinosin(2B — ) cos2P.

3.309. 1—cos(n — 8} —cos(r + 4ar).

Pewenue.
1-cos(x - 8at) — cos(m + 4at) = 1+ cosBou +cosdor =

=1+cos2(4cr) +cosder = 1+2cos” 4ot -1 +cosda = 2cos” ot +cosdo =

= 2cos4a(cos4a + %] = 2cos4a(cos4a + cos-%c] -
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= [cosx-l-oosy: Zcmi;;!_cosf;_y]

= 2cosdar- 2c0€{2a+ EJCO{Z&— E) =
6 6

=4cos 4(1(:03[2(! + EJGOS[Z - EJ.
. 6 6

Omeem,; 4cosdo 00{2(1 + :] ws{Za - %)

3.310. cos20 —sindo — cos60L.
Pewenue.

cos 20— sindot — cos 60t = (cos20 — cos6o) — sinda =

Xty . x— :
= [cosx—cosy= -2 smTy smTy:I = —25in40f.sin(— 2&)— sindo =

= 2sindasin2a - sindol = 25in4oc[si112d - %J =
= 2sindo(sin 2o — sin 30°) =
+y . xmy] 3

= l:sinx— siny = 2cos Y sin
2 2

= 2sin4oc- 2cos{o +15°)sin(o ~15°) =
= 4sindo sin(o — 15°) cos{a +15°).
Omeem: 4sindasin{o—15°)cos(a + 15°).

3311, sin?’(g+oz]+cos3(—§-+a)-cos(a—%nJ+sin[—;—n+d}

Pewenue.

ISR R I
(s Zvo)) + enf Zva)) oo 2 2ne)
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=cos® o, —sin® 0 +sina —cos oL =

=(coso ~ sinoc)(cos2 o +sinacosor + sin’ oc) ~(cosa—sinar) =
= (coso— sincc)(cos2 o +sinercose +sin’ o - l) =

= (cosa — sinct){1+ sina cosex — 1) = (coso — sinat) sinacos o =

2 [Ji V2 . ']_Zsinacosu=

=—| —cos0———Sind
Al cosa—— ~sin 5
= —2[cos"'c cosa—sin= sina] sin2a =
204 4 -

= [cosxcosy—sinxsiny = cos{x+ )]: gw{%+ajsin2{x.

Omeem: g sin2a cm(% + a}

3.312. 2cos? 200+ +/3sinda— 1.
Pewenue. ‘

' 2x_ 1+cosx|_
200522a+\/§sin4a.—1=[°05 E_ 7 ]“
=1+cosda++/3 sindot—1=

=cos4a+J§sin4a =2(-%cos4a+§sin4a] = .

= Z[COSE;- + sm% sin4a) = [cosxoosy+ sinxsiny = cos(x—~ y)] =

kL
= 200&‘ ——4o |

3 ]
Omeem: 20({%—4(1).
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sin[%‘u—m)+2§m2(2a—§u)—l |
3313. 1+sin(2a+g)—sin(4a——g—)+sit{6a—%n)
.{91; 2u)+25m (za-inj
PR PR P O o
] sin{41c+(a£—2a)]+2sin (gn—2a]—l ]
1+sin(-§+2(1)—l—sin(g~4aj—si:{-;—ﬁ—6a)
B e ) s i)
| 1+§in(12‘~+2a)+sin(12‘——4a)-sin(%n—w)

_ cos2a-cos(Sm—-4a) cos2a + cosda _
" 1+cos200+ Cosdou+Cos600 1+ C0os200+ CosAa+COS6

= cos20 + cosda = [cos2x— 2cos x—1;
{1+ cosdar) + (cos 6o + cos2a) ’
mx+@y=2mx+ycwx_y]= cos2a + cosdat -
2 2 1+ 2cos? 200 — 1 + 2 cosdoLcos 20
cos2a + cosda _ cos2e+cosda 1

~ 2008 20+ 2cosdacos2o | 2c0s20(cos 2o +cosder) 2¢os2a
. . . _
2cos20.
cos20t - sin4a — cosba
cos20, + sin4ot — cos 600

Omeem.

3.314.
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Pewenue.

cos20.— sindal — cos6or _ (cos2a — cos6or) —sindct _
cos20+sindo —cosbor  (€os2a — cos6ot) + sindo,

[cos e 260 XY g XY ~ 2sindorsin{ - 20t) - sindot
=|cosx— = -2sin si = : =
¥ 2 %727 Zosindosin{~ 20) + sindox
2sindof sin2: _1
_ 2sindasin2o - sindo, 2/ _sin2o-sin30° _
2sindocsin2o+sindo o 4a[sin2oc+%) sin2et + sin30°
= sinx-—siny=2cosﬂsinf——y;
2 2

sinx+siny=25inx;ycoszc;—y]=

_2eosfotiSYsinats) | o
~ 2sin{o+15%)cos(o—15°) tg(o—15°)ctg(a +15°).

Omeem: tg{o—15%)ctg(or+15°).

3.315. cos20+sindo — cos 6.
Pewenue.

cos 201 +sindot — cos6a = {08200 — cos6ot) + sindax =

x+y

=[cosx—-dosy-.—— —2sin sinﬂ] = — 2sindorsin{— 20:) + sinder =

2

= 2sindotsin 20 + sindo = 25in4a(si112a + %) =

= 2sin4oysin 2 + sin 30°) = [sinx+ siny= Zsinx—;zcos%—y] =
=2sindor- 2sin(o +15°)cos(a - 15°) = 4sindasinfe +15°)cos(or—15%)

Omeem: 4sindasin(o+15°) cos{a —15°).
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3.316. sin’ [—45-11: - 2(1) —sin? ((—5; T+ 2a].

Pewernue.

sinz‘[én—Za)—sinz(En+2a)= Sin2£=1—cosx =
4 4 2 2
_l—cos(%—%}nl—cos(ézﬁ+4a)
B 2 2

1 5t 5n
= E(COS(E + 4&) - cos[? - 40tD =

%(— sindot —sindo) = —sindo.

Omsem: —sinda.,

cos"(a+§1t)—~co{-§n—a
2 2
3.317. .
sin'i((x+§1t)+ si({éﬂ:-a
2 2

Peiuenue.

oo of) cfres) ki)

1 .
) 4 ———+sing
=(—sma) +sind "Gy _
T
(—cosa)” +cosa  _ 1, cosa
o
cn2
—1+sin“a .3
Y —(l—sm a)cosa
___sina  _ _
—1+cos’ o —(l—cosza)sina
cosa
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COS GCOSG COS o
sm asina Slﬂ o

= ctgsot.

Omeem: ctg’a.
3tg? (o +3n) -1

3318, —g—("%.

1- 3tg2 [o'. + Eﬂi)

Pewenue.

' 2
3tg (a+31r.) 1 3(tg(3“+0t) -1 3gla-t 3tgor, 1_

T 1-3otg’a ;3
13tg a+n {g[ 1t+a) 12 _l—t—g—:;

1 .
(i foe e e

tgo-3 3( tgla— 1] (}——tga)

1 T
— — + tgor it L
=(J§ g“]( +8°‘)8°€ (tg6 tgaItg +tgujtga_

1 1

R | 1+—t (1 g— tgaIng t )

[ Jsg“)[ fg“) 5

T .

tg— —tga tg— +tgo

=tg ot 6 =
1+t —ta 1 t——ta
568 SGS

=tg(x+y) X,y,x+y#;—+mnez;

tex+tgy
1-tgxtgy

gx—tgy

Fve— =tg(x—-y) x »x- y¢2+1r.n,ne.21_
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T i 2
=tg ——a jtg — tg-cr.
g{e )g(s“’)g“
n - T 2
(9] tgl ——oftg —+a tgha.
meem g[6 )g[(s ()‘.th

3.319. sin2a+ cos20 - cos 60 — sin6oe.
Pewenue, _
§in 20 + €05 20t ~ Cos 60t — sin6ot = (sin 20t — sin6ec) + {cos 2a1 — cosbar) =

xX-y.

2 3

. . ' +y .
=[smx—s1ny=2tsosx2 ysln

€os X —cOos y= —2sin sin

2
= 2cosda sin{— 20t} — 2sindorsin{- 20) =
= =2cos4osin2¢ + 2sin4orsin 20 =

X+y . x—y _-
2

= 2sin2o(sindar - cos4oc) =2sin2a- ——j—f[gsinm - gcos«xJ =

= 242 sin2a(sindo. cos45°— cosdasindS®) = |
= [sin XCOS Y —COS xsin y=sin{x— y)]'= 242 sin2a sin(4or - 45")..
Omsem: 242 sin2asin{do: — 45°). |

1-2sin® (m o AT
3.320. 5 T —tgol +51 5"'0 - (I——2' ,
2tg(—1:+a)cos2(z+a) : _ -

4

Pewenue.

1-2sin’o .

e [ AT
—tgo +siy —+ o |- o—-— =
5 2f ® '{2 ) 2)
2tg{z1t+a)cos (Zﬂxj

1-2sin* o

o)
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=[1—25in2x =cos2x, tg% = i jmx . X #1!+21tn; neZ,
. cosx _
5 x l4cosx
o8 = = | =
2 2
= 3 cos 20: ~ tgo + cosol - sinot =
sin(~1t+20c)
2 1t :
—75 Y -(1+cos(5+2a))
1+ms(5n+'2a)
cos2a sing; .
= e —-cosa-i-cosu—sxna:
2B (1-sin2a)

1-sin2a

sina : cose — sing, .
= (1 —-———]-I- (cosa—sina} = —————— + (coso — sina) =
cosat cosat

1) _ {cosa ~ sinax)(1+cosar)

=(coso— sina)( p—

%[{2— cosOL— g sina}(l +cos? (—;— —sin® %)

COSOL

HY . . 2 QL
2 - o— — b2 =
J—(C(E4COS sm4sm ) COS 5 _

CosQL

19 LT 2 O
22| cos—cosa ~ sin—sino —
J_(C 4 sm4sm )COS >

, T ! 2 O
242 —+ -
N, cos(4 a)cos )

Cos0.

COsQt

- [cosxcosy— sinxsin y = cos{x+ y)] =
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2\/5 cos[E + a} cos®
. 4 .
Omeem.
cosSOL

3.321. cos? [g T+ a] —sin® [%5 T+ a).

Pewenue.

COS2(§R+(I)—Sin2[ETt+d] =
* 13 g

[ 2 x_l+cosx . ax 1- cosx:|
=i cos = =

y =T

1+c0{_~+2a) 1- co{%+2a]

;[ T” co{—+20tD=

- oo 2o (3-20] -
felieli)-
ool 32 -eof 5420 -

MI-—-*

MI»—A

= [cosx—cosy= —Zdnx;yﬁnx—;l] = l(—2sin%sin(— 2(1)) =

T 2.
=sin—sin2o = —sin 20,
sm4sm D

Omeem: —22— sin2a.
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2( 9
4 _ ) ' -
1+cos[£+2a] sl E+o¢) tg(én—a
2 4 4
=[cos2£=1+cosx-t X _ sinx ]=
2° 2 B2 T Trcosx

gﬂ (R
_1+00{7—2(1] “Sll‘{z'—a]-. 1

- sz sh{%ﬂx) sin{%~2a)

1+c E-—2{1
2
R -
1+ 4n+[—-2a LA
- w{ (2 )] 5111(4 ] 1- sm2u
1-sin2o .[{‘ﬂ: J —cos2o
51 ‘Z'l'(l

& ’
_ l+sin2a '{4”“) j—sin2ol
T 1-sin2a r{ ) cos20

240




= [sin(x T y) = sin xcos y £cos x sin y] =

' T .
_ l+sin2o s‘nz"“““"’szs“‘“ 1—sin2a

" 1-sin2a,

n T . 2 o—sin?
mnzcosa+coszmna ("05 O—sin 0‘)

V2 V2 |
_lasindg Ty SF%THsna 1-sing _
l-sin2a 2 V2 . (coso—sina){cosoc+sing)
= cose+ = —sina
_ 1+sin2¢ (coso —sina}{1-sin20x)

" 1-sin2o  (coso +sinat)(cosa —sina)(cosor + sinot)

_J4sin20  1-sin2o l4sin2o
1-sin2a (cosa+sina)2 1-sin 200

1-sin2c¢

cos? o+ 2sin ccos o + sin’ o

_l+sin2o 1-sin2a _ (1+sin20)° -(1-sin2a)’
T i-sin2a 1+sin20  (1-sin2)(i+sin2e)

1+2sm2a+sm 20~ 1+ 25in20; - sin? 2{1 4sin2¢
1—sin® 20 cos® 200

3.323. sinasin’(o - 270°)(1 +1g? a)+ cosaucos® (o + 270°)(1 + ctgza).
Peweniie.

sincysin’ (o —270°) (1 + tgza)+ cosoLcos” (o + 270°)(1 + ctgza) =
=sin oc(sin(z_/’l0°—a)) (1 + tgza) +cosofcos(270°+0r))” (1 + ctgzot) =

= sinacos’ a(l + tgza) +cosasin’ a(l +ctg? o:) =
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) 3 sin’ o 3 cos” o
=sinocos o 1+ 5 |+ cosasin” o 1+ 3 =
sin” o

cos” o 1

sincrcos’ ot(cos2 o + sin’ a) cosoisin? cxz(sin2 o, +cos? OL)
= 3 -+ T3 =
cos” O sin” o

V2. - 2

. 2 '
=SIn0 + COSQ = —=| ——SINOL + —COSCL | =
Ji( 2 J

2
= J2(sin45°cosa + cosdS sinar) =
= [sinxcosy+ cosxsiny = sin{x+ y)] = J2sin{45+0).

Omgem: 2 sin{45+a).

3.324. sin20+ cos4ol - sin6a.
Pewerue.

sin20 +cosdo — sin6o = (sin200 — sinber}+ cosdar =

. . X+y . x—
= {Slﬂx- siny = ZCOS“EXSIHTy] = 2cos4asin{— 20) + cosdo =

=-2cosdasin 2o + cosdo, = —20064(1[&112(1 - —;-) =

- 2Zcosdofsin2o —sin30°) = - 2cosdo- 2cos{a+ 15°)sinf{o - 15°) =
= 4cosda sinf 1 5°~o) cos 1 5°+ax).
Omsem: 4cosdousin(15—a)cos(15°+a).

3.325. cos’ 20.—- 3sin’ 2.
Pewenue.

cos? 20— 3sin” 200 = [cosz x _ltoosx, gppx l-cosx]
. 2 2 2 2

_ 1+cosda 31~ cosdar)
2 2

=~1+2cosda = 2(005405—1] =

XS]

242



= 2cosda — cos60°) = [cosx— cosy = —Zsin%—}isinx; J’] -

= 2(~ 26in(20 + 30°)sin(20t ~ 30°)) = 4sin{30°+2at) sin{30°—20x).
Omsem: 4sin(30°+20)sin(30°-2cx).

3.326. Cosz%—sinz m

2
Pewuenue. |
2ha . oma 3x l4cosx . 2 x l-cosx
—_—— —_——= 08 — = 5 _— =
COs 5 sin 5 [ 3 > > > ]
o Licosna  1-cosms --l—(cosna+cosma)— '
2 22 -
=l:cosx+cosy= 2c¢sﬂcosx_—_x}= l-lcos (M+n)a.cos(m—n)a _
=Cos (it n)a cos (m—n)a )
2 2
(m+n)a  (m-n)a
Omeem. cos cos
-2 2
T 4 3
3.327. 1+ tg[m - 5] +c08 (Za s r:}
Peuenue. ‘
. T -1 3 T 1
I+tg 200~ = |+cos™!| 204 S |= 1-tg — 20t [+ —p —< =
2 N
-7 cos| —m4+ 20
2
=1-ctg2a+— 1 _ 1_0(.352cx+ ‘ 1 _ Slu2aTc052a+l _
sin2ot sin20,  sin2o sin 2o

_ 2sinocoso —cos’ o +sino+1 _ 2sinocoso+2sin’ o
2sinoicosa 2sinocosa
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2 (QCOSO( + -‘—/_2'8111&}

_ 2sinofcoso+sinar) _ coso+sina _ V2 2
2sino.coso cosat cosqL

\E(sin% cosoL+ cos%;E sinu)

CosQl

=J§si:{%+a)

cosQx

Jisiu(%+a]
cosa. )
3 11
co{a+5n)+2cos(€n—a]
3.328. .
2sin(£+a]+\/§sin[§n—~u]
3 2
lPeweuue.

11 3 T
os{a+ n]+2ca{zn a] cos(in+a)+2co{2n—(g+a))_
2511{3+a)+«/_sm(2ﬂ: a] 2sin(%+‘a)+\/§sir{%u—a] '
_ sina+2ws(~’é~+a)

= = [oos(x+ ¥y} =cos xcos y —sin xsin y;
2510( ) Y3 cosa

= [sinxcos y+ cosxsiny = sin(x+ y)]=

Omeem.

sin(x+ y) = sinxcos y+ cosxsiny| =

) 4 LT,
sino +Zoosgcosot —Zsmgsma

K T B
2s1n—3—cosoc + 2cos—3—sma - chosa
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_ sinoc++/3coso—sind J_cosa
\/5 CosTL+sino—+/3 cosu sino.

Omeem: J§ctga .

3.329. cos’ G n- ZaJ —cos’ [g n+ 2&),

Peluenue.

0082(21: 2&] (in+2u)
S 51
1 - 1 — +4a
_ +cos[2 4{1)— +cos(2 )_

-—J_3ctga

2 2
1 st  (5r 1 , .
=— — =40 |—cos| —+4a [ = (s = .
2(oo{F-s0)-o{3 ) 7 (finda+ sinda) = sinda
Omeem. sindo. '
o
)
o+
. w{ 4]
3.330, sinol—| —————2 | .
COSOL —Sslna
Pewenue, _
. 2
T
inot—| ——2 [ =fcosd{x+ ¥)=cosxcosy—sinxsinyf= .
S s~ sina [os( ») Y y]
x . .=} V2 2
COSQLCOS— — SinoLsin— —~cosa—-_Tsmo'.
=Sina—_ 4 4 = Sintt — 2

cosOL—sinot oSO — Sing
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2

' —2(cosa—sinoc) o 2
=sing— =singt—| —

coso—sina

. 1 . .
=sma—5=sma—sm—=

=[sinx-siny= ZCos%Zsin%] = Zcos{%+%)sin{%—%}

Omeem: 2si o_r cos(g+—n—).
2 12 2 12

3.331. tg210°+ctg210°+tg220°+ctg220°.
Pewienue.

tg210°+ctg210°+g220°4+ctg220°=
= 1g(180°+30°) + ctg(180°+30°) + t(180°+40°) + ctg(180°+40°) =

sin30° + cos3° + sindQ®  cos40° _
cos30°  sin30°  cosd40°  sind0°
_ | S SR 2 2 _

sin30°cos30°  sind0°cos40° 2sin30Pcos30°  2sind0Pcosd40®

= tg30°+ctg30°+1gd0°+ctgd(°=

2 2 Lo, 1 ]_2(51n80°+sin60°)_
T sinb(°  sin80° \sin60°  sin80°)  sin60°sin80°

=l:sinx+siny= 25inx+ycosx_y}= 2'2_Sin70°°0510° -
-2 2 sin60° sin80°
_ 4sin70°cos10° _ 8sin70°cos10° _ 8sin70°

gsm(90°—10°)- \ECOSIOO - ‘\[g

8 .
Omeem: 7—551“700-
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Hokasats cipaBeUTHBOCTS paBeHcTB (3.332—3.354):
1332 $in24° cos6°-sin6°sin66”
T 5in21° c0s39°- 50 39° cos 21°

Pewenue.
sin24° cos6°—sin6°sin66°  sin24°cos6°-sin6° sin(90°—24°)
sin21°cos 39°-sin39°cos21° sin21°cos39°—sin39°cos21°
5in24° cos6°—c0s24°sin 6°

=[sinxcosy —cos xsiny = sin(x— y)] = sin2I° cos 39°— cos21°sin39°

_ sinl8 _ sinl§
" sin(~18°) —sinlg&
PaBeHCTBO CIpaBeqINBO.
3333, SD20°c0s10°+00s160°cos100° _ |
sin21° cos9°+c0s159° cos 99°
Pewuenue.
§in20° cos 10°+ cos 160° cos 100° _
sin21°cos9°+cos159°c0s99°
_ sin20°cos10°+cos(180°=20°) cos(90°+10°)
" sin21°cos9°+cos(180°-21°)cos(90°49°)

_ sin20°cos10°+cos20°sinl0° _ sin30°
sin21°cos9P+cos21%sin%® - sin30°
PaBeHCTBO CIpaBeUIMBO.
c0863° cos3°—cos87° cos27°
: =—tg24°.
33U, ST cosTr-cosdTeaslE
Pewenue. :
c0s63° cos 3°—cos87°cos27°

¢0s132°cos 72°—-cos42°cos 1 8° _

_ c0563° cos(90°—87°) — cos87° cos{90P—63°)

"~ cos(90°+42°) cos(90°-18°) — cos42°cos18°

= [sinxcosy—cosx sin y = sin(x — y}

cosxcosy+sinxsiny=cos(x*J’)]= |
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_ sin87°cos6P—cos87°sin63° _ sin24°

= = = ~(g24°.
—§in42°sin1 8°-cos42°cos18° —cos24° 24
Papencrso cnpasefmuBo.
3335 c0s64° cos4°~cos86°cos26°
7T cosTI° cos4 1%~ cos49°cos 19°
Pewenue.
c0864° cos4°~cos86°cos26°
c0s71° cos41°— cos49° cos19°
_ cos(90°-26°)cos 4°- cos(90°—4°) cas 26°
" co8{90°-19°) cos41°-cos19°cos{90°—41°)
= [sinxoosy-—cosxsiny: sin(x—y)]:
_ sin26°cos4°—sin4°cos26° _ sin22°
sinl9°cos4i°—cos19°sin41° - s5in22°
PasencTBo ciipaBeiNHEO.
3336, €0566° cos6°+cos84° cos24° _
T cos6F cos+cos8F cos25
Pewenue.
cos66° cos6°+cos84°cos24°
c0s63° cos 5+ cos85° cos 25
_ c0s66°cos6°+c0s{90°—6°)cos(90°-66°)
"~ €0865° c0s5°+00s{90°—5%) cos(90°-65°)
— [cosixcos+ sinasiny = cosx—3)] = c0866°¢086°+5in66°sin6° _
= ¥ r= Y= Cos65° cos S+ sin65° sin "
_ Cos60° =1
cos60°
PaBencTBO CIpaBeTHBO.

3,337, sin 70Psin? 50°sin® 1o°=.313_'

Pewenue.

sin? 70°sin? 50°sin? 10°= ((sin70°5in50°)sin10°)" =
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- [sinxsin y= oo ) —eoslx+ y))] -
- (-;- (cos 20°~ cosll(_!")sinlO"]z =

1 1. o) 1 40\
=z((c0920°+—2—)3m10 ) =I—6~((2c0320 +1)sm10 ) =

%(2 sin10°cos 20°+sinl 0°)

—

= [sinxcos y= %(sin(x ~y)+ sin(a‘; + y))] =

A , ,
(an(w 10°) + sm30°+sm10°) ( sin10°+ ; +sm10°]

PaBeHCTRO CiipapelTHRBO.
3.338, a) sinl5= J_4 J_

:6) coslP=

V6+42 -
T

Peiuenue.

2) smlS"-—Js 15° = ‘/1 —cos30° \! ]’2 3 _

(2_'[5)' J4 ~23 J3 2J—+1 (Jg"l)z _J§‘_1_
4-2 1 8 22

_B-)2 K-
2.2 4

PaBeHCTBO cClipaBe/UTHBO.
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43

+= D4
22 =J 4
/2+J— J1+2J' 3+2J'+1 (f“) _341_
4.2 Y

‘/_”)‘[— J_+J_
T o224

PapeHCTBO cipaBeIuBO.

541 J5-1

3.339, a) cos36°—-— 6) sin 18°-———

6) 00515°-Jcos 15° = 1+COS3OO =

Pewenue.

a) cos36°= sin 54° ¢ cos2(18°) = sin3(18°).

OTcroaa nonygaem:

1-2sin® 18°= 3sin18°—4sin’ 18°&

& 4sin’ 18°25in? 18°-35in18°+1 = 0 &

= (sin18°-1)(4 sin® 18°+2sin1 8°—1) =0 4sin’ 18°+2sin18°-1=0.

Pemnas 5To ypaBHEHHE KaK KBanpa'rHoe oTHOCHTemsHO sinl8°, uMeem:

~1- f

1) sinl8°= <0,3, r.x. 18°€(0°; 90°} u sin18°> 0;

2) sinl8°=

! ' 5-1Y
— , Torjga cos36°= 1—2sin’ 18°= 1_2[_4_) =

6-2V5 _2/5+2 _5+1
8 8 4
PaBeHCTBO cipaBeANIMBO.

=1-

6) Sin36°=cos54° &> 2sin18° cos 18°= 4cos’ 18°~3cos18° ¢
& 25in18°= 4cos? 18°-3, 25in18°= 4{1-sin” 18°) -3
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e 4sin? 18°426n1 8= | & dsin? 18°+2sin18+ L =

2 .
. 1 5 :
25inl8°+— | === inl&8+—=-—-— sini¥=
( n 2) i) 2sinl8 +3 > ,sinl8

2)

Bl

-1-45
4

v

1
4

1_ 45

,;

V5

ZSin18°+% =5 sin18°=—‘/%——l.

PaseHCTBO cpaBeANHBO.
3.340, ctgl0°ctg50° ctg70°=ctg30°,
Pewenue.

ctgl0®ctg50°ctg707=

cos10°cos50°cos70°
sinl0Psin S0P sin 70°

= [cosxcosy = %(GOS(X— y+cos(x+ y)}

sinsny = e x- ) o+ )| =

oole°-~—21~(cosZO°+cosl20°) -

sin10°-%(cos20°-—oosl.20°)

1
°°51°°(°°“2°°*5J _ cos10°(2c0s20°-1)

sin10°(c0620°+ %J sin10°(2cos20°+1)

2c0810°Pc0520°—cos10° _
25in10°co0s20°+sin1(®

c0s10°+cos30°—cos10P _
sinl0°+s5in30°-sin10°

[sin_x cosy= %(sin(x — y)+sin{x+ y))] =

cos30°
sin30°

= ctg30°.

PaBeHCcTEO cripaBeaINBO.

3.341.

$in20°5in40° sin60° sin80° _
sinl(°sin30°sin50°sin70°
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Pewienue.

(sin20°sin40°)(sin60°sin80%) . 4, . )
(Sin10°sin30°)(sin50°sim70°) | = 5 (cos(x=)-cos{x+ )| =
_ {cos20°—cos60°)(cos 20°—cos 140°)
"~ (c0820°-cos 40°)(cos20°—cos 120°)

) m——

i {cos 20°—cos40°)(00520°+,-;—}

_ (2c0s20°-1){cos 20°+cos40°) |
,._ (00520°'—cos40°)(2c0520°+1) -

_ 2c08? 20°+2cos20° cos40P~cos20°~cos40°
2cos® 20°+ cos 20°~2 cos40° cos 20°~ cos40°

= [cosxcos y= %(cos(x— ¥) +_cos(x+ y))] =

_ 2cos? 20°+c0s20°+ cos60°~cos 20°-cos40°
2¢os” 20°+ cos 20°~cos 60°~ cos 20°— cos 40P

2cos? 20°+% —c0s2(20°)  2cos’ 20°+% 20082 20°41

=3

_I'xJI'—-leth

" 2c0s? 20%%- cos2(20°) 2008 20°-—%- 2cos” 20°
PaBeHcTBO CpaBel/IMBO. _ ; -
3.342. sinl0°sin30°sin50°sin70°= TIE"

Pewtenue.

(sin10° sin30°)(sin50°sin 70°) =

=[sinxsin y =2 {oox{x- y) ~cosx+ y))}=
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_=%(c0520°—c0s40°)- (cos20°— cos1207) =

[ S Y

1 e
=2 (cos 20°-cos40°)(cos 200+ %J = %(cos20°—cos40°)(2cos 20°+1) =

51(2 cos? 20°+cos20P-2cos40° cos 20°—cosd(F) =

[cosxcosy=%{cos(x4y)+cos(x+y))}= |

= —;— (2 cos? 20°+ cos 20°— cos 20°— cos 60°- cos40°) =

= %[Zcosz 20°—% —cos2(20°)J = é(2cosz 200-% —2c0s? 2‘0°+1J = 1—16-

PasenicTBo cipaBennuBo.

3.343. Sin20° sin40P sin60° sin80° = '1?6
Pewenue,

(sin20°sin40°)(sin60° sin80°) =

= [sinxﬁny: —;—(cos(x— ) —cos(x+ y))] =3

= —;—(00820°—c0560°) : %(cos20°—cosl40°) =

- %(cos20°— %J(cos 2°- cos(180°-40°)) -

- é(z 00820°-1)(c0520°+ cos 40°) =
- %(2%@;2 20°+ 2006 20° o5 40°— 008 20~ c0s40° | =

= cosxcosy = 7 (cas(x— y) + cos{x+ ) | =
o3 ]
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= %(20032 20°+c0s20°+cos 60°—cos 20°— cos40°) =

—%[Zcos 20°+—-0052(20°)]—%(2oos 20°+—1——2cos 20°+1] 3

16
PaBeHcTBO ClipaseqaMBoO.
3.344, sm%t- - smi% = %
Pewenue.
sin o~ Sln——— = [sme 3sinx—4sin x]
= SSlnﬁ —~4sin —1% - smE = 25111% —4sin’ = 11'(:)

n
= 2sin sin’ +cos ——Zsm2
ol )

= 2sin%qos%g =2sinl18°cos36°=x

5+l c,\E——l
4 H

Hcmonb3ya paseHcTBa cos36°= sinl8°=

(cM. npuMepEI

Ne3.339 a) u 6)), nmeeM x = 2-‘—/-———1[-;—1_%
PaBeHcTRO CIpaBeIUTHBO.

3.345, cos%+oos£’-t-+cosﬂf+cos6—“——'

=1
5 5 572

Pewenue. -

2r 41 6n
cos X S +COS——+COS—+C

5 %=
= Cos36°+c0572°+cosl44°+c05216° =

= c08 36°+cos(90°-18°) + cos(180°-36°) + cos(270°-54°) =
= €08 36°+sin18°-cos 36°~sin54° = sin18°—5in 54°=sin18°-sin 3(18%) =

= [sin3x =3sinx—4sin” x] =
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=5in18°~3sin18°+4sin’ 18°=45in’18°-2sin18°=
= 2sin13°(2sin2 18°-1)=—2sin18°(1-2sin2 18°)= —2sin18°cos36°=

541 msi:xlfi":—--‘/g_1
4 4

=|cos36°=

(cm. Ne3.339 ) u 6))} =

IRl SR LRI
- 4 4 2
Pasencrso cnpakemmso

3.346. ctg60°+tg60°+ctg50°+tg§0° \/§ oos20°
Pewenue. . .
cos60° + sin60° . cos S0° . sinS0°
sin60° cogb0° sinS0°  cosSO°

ctg60°+tgb0°+ctg50°+1g50°=

_ cos” 60°+sin” 60° _ cos” 50°sin” 50° _

sin60°cos60° sin 50°cos50°
_ 1 + 1 _ 2 + 2 B
sin60°cos60°  sin50°cosS50°  2sin60°cos60°  2sin50°cos50°
2 2 2(sin]00°+sin120°) _

= + = -
sini20°  sin100° sin120°sin100°

=[sinx+siny=25inx;ycosx;y]=

i _ 4sin{90° 10°
4sinl10°cos10° sin{90°+20°) cos 4cos20° 8 os20°.

T Snl20Psn(90°+107) | sinl2Peosloe V3 43
. : 2
PagencTro cripaBeansso.
dn 2n w
3.347. 800s-—cos——-cos— =1
9 9
Peuenue.
. scos%”cosz—;‘_ cosg = 8c0s80°cosd0° cos 20°=

255



_ 8c0880°c0s40°c0s20°5in20°

4¢0380°cos40°(2 cos20°sin 20°)

sin20° sin20°
_ 4cosB0°cos40°sind0° _ 2cos80°(2¢os40°5in40°)  2c0s80°5in80°
- sin20° - sin20° T sin20°
_sinl60° sin(180°-20°) _sin20°
sin20° sin20°  sin20°
PaBeHCTBO ClIpaBelIIMBO.

3.348. tg9°+tgl5*— tg27°—ctg27°+ctg9°+ctg15° 8.

Pewenue.

189°+tg] g2 7°—ctg2 T+ ctg9 +ctgl 5=
= (tg9°+ctg9°) + (181 5°+ctgl 5°) — (tg27°+ctg27°) =

sin9° sinl 5

sin27°

- [0059"

_ sin® 9°+cos’ 9°

cos9°) ( coslS"J [ 00527")
+ + + - + =
sin9° cosl5®  sinl5° c0s27®  sin27°

sin? 15°+cos” 15° _ sin® 27°+cos? 27° _

sin9° cos9° sin15°cos15° sin27°cos27°
S 1 _ 1 _

sin9°cos9°  sinlScosls®  sin27°cos27°

25in9°cos9®  2sinl5°cosl5®  2sin27°cos27° -
_2 2 2 2 W22
T sinl8  sin30° sin54° sinlg 1 sin3(189)

2

= Snlg sm3(18° [sm3x 3sinx—4sin x]
2 4 2 IS R 2 _
sin18° 3sini8°—4sin’18° sinl8° 3s5in18°—4(sin18°)’

= [sin18°=

-1 (cM. Ne 3.339 6))} =
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= 2 +4- 2 =
B 45

4 64
_ 8 4o - 128 _ 8 128
V5-1 48(J§-1)-4(8J§—16) N Fev

8(v/5+1)-8{v5-1

=J§8—1 v4- f8+1 1 l 1( )+4=8'
PasencTro cripaBeNHBO.

sfa=3m)e3+5)
. 3.349. 54 2 =1
1+cos(a-—§1c]

Pewenue.

o ipfseg) ol

I+cos(a—§nj l+cos(§n:—u)
2 2

[t x_1-cosx

2 sinx
1+sino
o
= COSQL__ 1
1+sino
PapeHCTBO CIIpaBeiIMBO.

3;350 ¢os 70°+8 cos20° cos 40° cos80°=
Pewenue.
cos70°+8 cos20° cos40° cos80° =

9 Cxagane M. W, ka1 257

,x;f-n+21tn,nez]=

2cos’ 35°.



i

8cos 20° cos 40° cos 80° -sin20°

=c0s2(35°}+
sin20° _
= cos2(35°) 4 H(2sin20" €0 20" cos 40° c0s 80" _
5in20°
=2cos? 35"-~l+4s"14‘0 cos 40" cos80”
sin 20°
=2c0s235° ~1+ 2(2sin40" cos 40° ) cos B0 -
sin20° _
0 25in80° ° . . R
=2c05235 -1+_sn.1_0_,0(:s__8(,},,_____2cos235 _l+51n160 -
. Sin20 ) sin20°
=2cos? 35° —1+M =2c0s2 35° <1+ sin20 -
sin20 sin20°

=2co0s? 35"~ 1+1=2cos? 35"
PaBercTso clipapeanuBo.

3.351. 1—cos —3—1:—3()! —sinziotﬂ:os2 ioc=2\/5cos-3—asin -SE-rE.
2 2 2 2 2 4

Pewenue.
1-cos 11:—3{1 ~sin? —%a+c052§~a =
2 2 2

2

=]+ sin30—sin :i‘-‘-d-(‘r()sz ég— =sin 30+ 2 cos2 .'3?{1 =

=sin2 éﬁ +2cos2?ﬁ=2sin1%cos3—q+200szig
2 2 -2 2

3af |, 3o k1o 3¢ 2
=2 cos—| sin—+Ccos— [=2co5—-
2 2 o2 2 :]2
=2J32-cos§-0-[ sinB—OCcos—:E+cos-B—{]i.s;inE =
2 2 4 2 4

=Tsin xcos y +cos xsin y =sin (x + y)] =2J5cos-?-sin(3—;-'+%}

Pasencreo CIIpaBEUIHBO,
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co{Za—-E)+sin(3n—-4a)-co{§n+ 60:)
2 2
= cos 20

3.352. 4sin(5m ~ 3ot) cos{o ~ 211

Pewenue.

m{za-g];sin(sn-m)—cos(gmsﬂ ]

" 4sin{5r — 3ar) cos(ow — 2m)

cos(% - 201) +sin(3n —4a)— cos(%n + 60()
4sin5m — 3otjcos(21t - o)

_ sin2o0.+sinda+sin6or  (sin2o +sindo) + sin2(3at)
- 4 sin3acosct B 4sin30coso

o . _
=[smx+smy=231nf~i—ycosx L4

: sin2x = 2sinxcos x] =

_ 2sin3accosa +2sin3cicos3a
45in30cos o

2sin3ocoso+cos30)  cosex +cos 3o

4sin 3o coso oSO
= [cosx+ cosy= 2cosmcosx——l] = M = cos 20,
2 2 2cosa
PaBeHcTBO CIpaBEdIMEO.
3
3.353. Ga10° coslo®
Pewenue.

l<:(>s1()"—1/-2_§—sinl()"}

1 V3 coslP—/3sinl0> 2[2

sinl0° cosl0°  sinlC°cosl(® sin10° cos10°

_ 2-2(sin30°cos10°-cos30°5in10°)
h 2sin10°cos10°
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= [sinxcosy—-cosxsiny = sin(x_ y); 2sin xcos y = sian] =

- 4sin20° _ 4
sin20°
PaBeHCTBO cripaBeIIHBO.

© 3.354. cos36°-sinl18°=sin30°,
Pewenue.

o5 36°—sinl8°=

=[cos36°=. ‘[5-4” sinigo Y371 (em. Ne 3,339 ) ﬂ6))}=

4

=._.‘/_§Ll_i§,:.l_=£_l_51n309
4 4 4

PapencTBo cipasemmBo.

Briuncnute: (3.355—3.367):

3.355 sin® &+ cos 2 4 sin® 2% 4 cos? L&
" _8 8 8 3

Pewenue.

.aX I . 45m n
sin® = +cos* = +sin* = LML

8 8 8 8
= (sin2 E)z +(cos2 iﬁ—]z +(si1:12 —SEJZ +(a::cns2 115]2 =
3 8 ) 8 - 8
\2 1 1, 2
(1_00535 rr1+cc:s—3‘{E l—cosén-w - 1+cosl~TE
- + 4 | . 4
2 2 2 2
I
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2 2
T T
= += 1+cos| 2n——
1 cos(n 4) cos( 4} 2

+ +
2 .2

2 2 2 2

1—@— l—cos-?E 1+cos£ 1+c<)sE
4 + 4 np 4 T 4
2 2 2 2

2 2

z Y x Y V2 V2

1-cos— i~cos— 1-— 1+—
Y S N | S Y, —

2 2 2 2

2 2
_of2242) (2442 44242 a44f3i2 123
4 4 8 8 g8 2
3
Omeem:E- |
3.356. sin20°cos50°sin60° cos10°,
Pewenue,

sin20° cos 50°sin60° cos 10°= {sin20°cos10°)(sin60°cos 50°) =

= {ﬁnxcmy = %(sin(x— y)+sin{x+ y))] =

= %(sin10°+sin30°)- —21-(sin10°+sinl 10°) =
b 1 . .

= z(smlﬁ% 5] : (sm10°+s1n(90°+20°)) =

< L 096in10°4+1)(sin1 07+ cos 20°) =
3
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(25in” 10°+25in10°c0s 20°+sin10°+ cos 20°) =

OO 00|

(25in? 10°+sin(~ 10°) + sin30°+ sin10°+1 - 2sin” 10F) =

=é(zsin210°-sin10°+%+sin10°+1—'2sin210°)=%-§=1—36.
Omeent: -ig
3.357 cos%cms§1r£
£l . S 5'
Pewenue.
it 6n Sn—2x  Sm4m 2n)0{ n}
eos— = = n—-—— n+—|=
085 o8 5 5 w{ 5 )¢ 5
——003315 —cosg) oos—zfcosﬁ [ZCOSZE-—l)cosE—
- 5 5 55 5 5

= 2cos’ —E-cos—’; = 2((:0536")3 —¢os36°=

. 3
=[°°5360:“J'§_4ﬂ(cn4. Ne3.3392) )]= z(‘E“J 541

4 4

A

Omaem. s

c0s68° cos8°—cos82°cos22°
cos53 cos2FP-cosb7°cos3T7
Pewenue.

3.358.

cos68° cos8°—cos82°c0s22° _
co553°cos 23— cos 67° cos37°

_ c0868°cos8°—cos(90°—8°) cos(90°-68°)
~ c0s53°c0523°— cos(90°—23°) cos(90°-53°)

__cos68°cos8>-sin68°sin8°
c0s53°¢cos23°~5in53°sin23°

= [cosxoosy—— sinxsiny = cos{x+ y]] =
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_ cos76° -1
cos76°
Omgem: 1. '
c0s570° cos 10°+ cos80° cos20°
c0s69° cos9°+cos81°cos21°
Pewenue.
cos 70° cos 10°+-cos R0 cos 20° _
c0s69° cos9°+cos81°¢cos21°

_ cos(90°—20°) cos 10°4+cos(90°~10°) cos 20°
"~ cos(90°-21°)cos 9>+ cos(90°-9°)cos 21°

3.359.

- 8sin20° cos10%+cos20°sin10°

sin2)° co§9°+c0521° sin9°
_ sin30°

sin30°,
Omeem: 1.
c0567°cos 7°~cos83° cos 23

—1 2,

3.360. cos128° cos68°— cos38° cos22° glod
Pewenue.

€0s67°cos 7°—cos83° cos 23° o

-~ tgl6d°=
c0s128° cos68°—cos 38° cos22°

67° cos{ 90°-83°) - c0s83° cos(90°—67° |

_ 005 67° cos( )~ cos83° cos(90°-67 )—fg(180°—16°)=
cos(90°+38°} cas{90°-22°) - cos 38° c0s 22°

_ sin8%c0s67°-cos8 P sin67°

—5in38°sin22°~cos 38°cos22°

_ sin83cos67°-c0s83°sin67°
—{cos38°c0s 22°+5in 38° sin 22°)

= [sinxcos y+ cosxsiny = sin(x+ y)| =

I

+1g16°=

+1tgl6°=

=[sinxobsy—003xsiny'== sin(x — y);
cosxcos y+sin xsin y = cos(x - )] =

sinl6°
—coslé®
Omeem:. 0.

+1gl6° = —tgl 6°+1gl6°= 0.
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5in22° cos8°+cos 1 58° cos98°
sin23°cos 7°+cosl 57° cos97°
Pewenue.

5in22°¢cos8°+cos158°cos98° _
sin23°cos 7%+ cos157°c0s97°

_ sin22°cos8°+cos(180°-22°) cos( 90°+8°) a
"~ 5in23°cos 7+ cos(180°-23°) cos(90°4+7%)

3.361.

_ sin22°cos8°+c0s22°sin8°
sin23°cos 7°+cos23°sin 7° |
=[smxcosy+cosxsiny=S‘m(x_,‘,y)]z S%n30° -1
sin30°
Omeem:1. :
6sino— 7cosol+ 1 o
> 4 —=4
3.362. gsina+ oosa~1° SO B3
Pewenue. .
X 'zx
6sino~—7coso +1 o 2tg _ _l—tg 21
Ssina+9cosa—1= smx-_l Zx,cosx-_l ox |
+ - + =
. tg 5 te
12tg—oi T(I—thE)
2 _ 2 +1
o o o @ 50
l+tg* 1+tg2 = I2tg - =T+ Tig> = +1+1tg =
_ tg > tg 5 _ g3 g o+l 3
x —ig? 2 16tg % +9-01g? L1z &
16tg—2— _9(1 g 2]—1_ 85 g3 £
14+ 2 & 1+t22
g 5 g )
bRt o
e HZthd Ao +0te -3 64424-3 85
~ 10tg? +16tg +8 ~5tg? +8tg(;+4 -80+32+4 44

o
TaK KakK th =4,
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5
Omee -—ZZ-

Peruerue.

el o5 5kt
{57

A5 ol

ottt
=[tg(x+y)=-i%xﬁggyy-,x,y,x+y¢-g~+1m,ne2;

_ tex—tgy

tgx-y)= 1+tgxtgy

n
,xg}’,x—-}’$-2—+1m,neZi|=

3 1 3 1
_a_ 3t _ 1, %
E 377 T
1+2 1-=
4 4
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50
Omeem: -—7—-

3.364. singf—E H coﬁOH'B ecnu sing +sinf = —72;

2 2’ 65
27 5§
o+ =—"; Imu-Z<p<o,
cosoL+ Cosp &5 21t<0(< H 3 B
Pewenue.
U3 yenonns mMeeM:

sino; + sinf = ZSma ﬁ 0s 2= B 22t

B 2 B 6:527
(I+ o —
+ 2 =——
coso.+cosPp=2cos——— 2 cos—— 2 &5
B 21 . a+p . 2 0t+P
2sin 7 _EE sm———-z 52__.;,8111 5 =ig
at+f  a-B 27" o+ 9 20+B 81’
O padll LS el il =TF
5 cos 2 T O3 s 3
a2 atB
1-eos" == 49 M oo+B_ 8
coszd‘i"ﬂ 81" o+f 81 2 130
2 .
a+p 9 2 OL+P ,o+p 81
= COS = M =1- ——
2 Y130 3 ST 130
i 2(1+B_ .._8.1_ ﬁ sin————cH- =+—7—
R R T ST T L R T

Hcnoneays yeloBHe 3aiaud, ONMPeIeanM, B KAKOH 4eTBEPTH HAXOMHTCA

o+ .
yron > - UmeemM:
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o+p

Taxum 06pa3oM, yron JAEKHT B TPEThEH UeTREPTH SAHHHHROTO

2
Kkpyra. Orciona sina+B-— 7 cosaﬂ?'-— 2
' 2 J130° 2 Ji30
. o+P 7 o+B 9
Omeem: sin =— H COS =- .
2 V130 2 J130
3.365. cosa;ﬁ,‘ ecli sina+sinﬁ=—%%; tgila;;ﬁ:g, %T;<(_I<3ﬂ7
“—g<ﬁ<0.
Pewenue.
. - . a+p  o-P 27
=7 ——— T ——
sinq +sinf} = 2sin <os 5 &
. o+P L2 0+f
g OB 7 Ty 1. M T
29 O0tB 9 oo+h 8]
2 2
. o+p
ST 49 a+B 7
—f = =35in =
1-gn? B 81 2 130.
2
. ' +
TaKKaK—;Tt<U.<3TtH—*123<ﬁ<0,T0R<Q;B<§§E,T.e.yron(_12ﬁ

., . O+
HAXOMMTCH B TPEThEH YeTBePTH eAMHMYHOrO KPYTa M sin 3 B <0

+B 7 i4 a-f 27

= =~ co8 =—-==
2 V130 J130 2 65

a—B=27J130=27J130-J130= 27-130 27
2 14-65  14-65-4130  14-65-4130 74130
oc—-[iq'= 27

7130

. O
Orclopa sin

= CO8

Omeem: cos
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- 3.366. sin® o — cos’ o, e0MH sinot —coso = .
Pewenue.

sin® o0~ cos o = (sinot - ccrsoc)(sin2 o +5in0.cos o + cos a-) =
2

. 1-
=[sina—cosa=n]=n(l+sinacosa)=[ﬂﬂama= ; ]=

=n[1+ 1—n2]= u(2+1-n2)= n(3—n2')= 3,1_”3‘
2 2 2 2

3n—n’

Omeem:

2sin20 — 3cos20

3367: Gsinaa’+ Scosza” M 847>
. Pewenue.
2tg£ l—tng
2sin20—-3c0s20 | sinx=-——2—: cosx= 2|
4sin200 + 5cos 20 ' 1+tg2§ 1+tg2g
4ge 3-3tg’a

_l+tg?o I+tg’a  dtga-3+3g’a
Btgor . 5- Stgoc 8tgo+ 5-5tgla
1+tg’a  1+tg’a

4.-3-3+3.9 9
t = = e e
[tgo =3] 83+5-59 4

il

9
Omeem. R

3Haf, 4T0 A, B, C — BHYTPEHHHE YRl HEKOTOPOTO TPEYTOISHHKA, f0-
Ka3aTh CNPaBeANHBOCTE paBeHcTs (3.368—3.374):
C

3.368. sinAdA+sinB+sinC= 4cos—‘2£cos~g-cos~2—.

268



Petyenue.

A+B A-B

cOos +sinC=

(sin A+sinB)+sinC = 2sin

A+B A

. -B |
= 2sin-=2=cos S+ sin{180°~( 4+ B)) =

A+B _A-B
2 COs

=25iﬂA+BcosA—B+25ip A+B‘:OSA+B=
2 2 T2 2

. A+B(_ _A-B_ __A+BY__ _180°-C . A B
= 2sin 5 [cos 3 + cos 5 )-231:1 -2cos§-cos§-

=2sin

+sin{ A+ B) =

) C A B
= 431{90"—5}035&)55 = 4cos—§cos—§-cosi§ = 4cos-§cos§cos—§

PaseHcTBO cipaBeIKBO.

3.369 sinA+sinB+sinC=ct fctg‘—';
36). GnA+snB_snC P2 Eg

Pewenue.

sind+sinB+sinC [smA+smB+smC 4cm~4cm§cm£
sindA+sinB-sinC

22 2

A+B A—B:}
cos—— =

(cm. Ne 3.368), sinA+sinB=2sin

dfc:c)sﬁcoslsicoe;£
- 2 2 2
A+B A-B
cos
2 2

—sinC

2sin

4cos ficos Ecos E
2 2 2

4 - E _ sin(180°—(4 + B))

25ir1A+B

COS:
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B _C
4 08— C0oS—COS—
_ 2 2 2 -
2sinA+BcosA-B—-sm(A+B)
4c0s——cos£cos£
- 2 2 2 -
. A+B A-B . A+B A+B
2sin cos———2sin COS——
2 2 2 2
B C
4co8—Cos—Ccos—
22 -
2SinA+B( A-B  A+B
2 2 2
A B C A B
2C0o5—COsS—COs— OB OB
B 2 3 2 _ 2cos2cos c052
. A+ B A-B A+ B 180°-C A .
sin 2 [ 7 3 J ) 2 nEsm—i
A B C A B

A B
=ctg—ctg—.
g e

PaBeHCTBO CrIpaBeAnHBo.

3.370. sin2A+s5in2B+s5in2C =4sin AsinBsin C.
Pewtenue,

‘ . . . X+ x—
(sin2 A+sin2 B)+sin2C= [smx+ siny = 25111——2—),605—72]

= 2sin{ 4+ B)cos{ A- B) +sin2C =
= 2sin( A+ B)cos( A~ B) +sin2(180°~{ 4+ B)}=

= 2sin( 4+ B)cos( A~ B} +sin(360°-2( 4 + B)) =
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= 2sin( A+ B)cos( A- B)-sin2( A+ B) =
= 2sin{ A+ B)cos{ 4- B} - 2sin( A+ B)cos( 4+ B) =
=2sin{A+ B){cos( A~ B)—cos{ A+ B))= 2sinC- 2sin dsin B=
= 4sin Asin BsinC.
PaBeHCTBO CIIPRBEAITHRO.

sinC '
—_———— tghb.
cos dcosB ted+1gh
Pewenue. '

sinC sin(180°~( 4+ B)) _sif{A+B)
cos Acos B cosAcosB  cosAcosB

3.371.

_sinAcos B+cos4sinB _ sindcosB  cos4sinB _sind  sinB _
cos Acos B cos AcosB  cosAcosB cosdA cosB
= tgd + tgB.

PapeHCTBO CpaBenINB0.

3.372. sin3A+sin3B+sin3C= —4cos§ Acosg Bcos% c.

Pewienue.

sin34+sin3B+sin3C = [sinx+ siny=2 sini‘%i coslx;—y:l

.n3A+3B 34-358

=2si 3 cOs 3 +sin3C=
. 34+3B 34-3B
=2 + sin{ 540P-Y A+ B)) =~
Sin——>-—cos— 't 34+ B))
Z2sin 2438 0034238 | in(34438) =
2 . 2
. 34438 34-3B . 344+3B 34+3B
=2sin cos +2sin cOs =
2 2 2 2
. 3A+BB( 34-3B 3A+33]
= 2sin cos +Cos =
2 U 2 2

. YA+ B)[ 34-3B 34+ 3BJ
=2sin cOoS +cos =
2 2
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K80 5 o5 Acos 3B 4sin(270°~§§)cos§f 32

= . oos—= 05— =
2sin 5 2cos 5 cos 5 5 € 5
3C 34 3B 3 3 3
=—4cos— cos—-C0s— = —4cos= 4 Bcos—C.
cos > cos > cos > cos2 0052 os2
PapencTro CripaBeAMBO.

'3.373. sindA+sindB+sindC = —4sin2 Asin2 Bsin2C.
Pewenue.

sin4A+sindB+sin4C= [sinx+ siny= Zﬂn%z cos%-)—)] =

= 2sin(24+2B)cos(2A4~2B) +sindC =

= 25in{24+ 2 B)coy(2 A- 2B) +sin4(180°~( 4+ B)) =

< 2sin(2 A+2B)cos(2 A— 2.B) +sin(720°—4( A+ B)) =
=2sin{2 A+ 2B)cos{2 A— 2 B) —sin4{ 4+ B) =

=2sin(2 A+2B)cos(2 A-2B) - 2sin{2 A+ 2 B)cos{2A+ 2 B) =
=2sin(2 A+ 2B){cos(2 A~ 2B) - cos{2 A+ 2.B))=

= 2sin2( A+ B){cos(24~2B) - cos(2 A+ 2B)) =

[cosx-rcosy 2sin—= 2y y2 :l 2sm2(180°-—C) 2sin24sin2B=

= 4sin(360°——2C) sin2 Asin2 B = —4sin2 Asin2 Bsin2 C.
PaBencteo cr{panemmno ‘

c C 4
1 BBl leidat
3.374. g tg B 82+82 g2

PeWeHue.

A B B C.  C, A A B B C
tga-tg—+tg—2—tg§—+tg5tg—i-—tg—z—tg2+[ tg?,) _2_.=

—g£g£+

A2 (tggﬂ A]t8180°—(A+B)=

2 2 2
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2 °2
=1 .étg.g.p(t —B-+'tg-£)ct A+ B, tgx+tgy=w =
by By T8y T ST C08 X008

A+ B A+ B cod A+ B
:tgétg_ai.f. ¥ 2 .cos 2 =t ét -.B.i+—-—-—-——-2 2 —l
252 A B AvBT BT A BT
2772 2 053 9%3

A
St - =g digB i1 dBoy
272 cos_{‘—oos— cc:fsfcos—lzz g2 g2 g2Eg2'

PasencTBO CipaBeaAHBoO.

nl—

3.375. Haiitu tgg-, €CIIH H3BeCTHO, YTO Sinx+cosx=

Pewenue.

Iycrs sinx+cosx = l

5

2 1—tg2%

Tak kak sino= 2a;cosoc= ; ,o0#(2n+ljn, ne Z, o
2= T+1g? =
1+tg 7 .g 2
287 1-tg?> L . x

2 4 2=—&r3tg2——5tg——2=0,omyna,pemasa'm

2 2 X 3 2 2 T
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YpaBHEHWE KaK KBAJPATHOE OTHOCHTENEHO tg

2

X

=2.
2

x x 1
ctg—=2 g—=—=.
Omgem tg2 HITH g2 3

.o O

o 1-2sin” —

3.376. 3naa, uro tg— =m, HalTH -
: 2 1+sina

Pewenue.

. 20
1-2sin® = '
__4~____H2_,=[1_23in2x=c032x]= @a =

1+sino . I+sinc

¢

1+1g 2 1—tg2%

o« 3 O [+
2tg— I+tg” —+2tg—
32 g 2 82

1+

1+1g2 2
g3

(1 tg— J(1+tg—) 143%

= 5 =
Ml 1+tg—
14tg— 2
( gz) o2
1-m

- Hcmons3ays IHAUCHME tg— =m, nmeeM Z = ——
2 1+m
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1-m

Omsem: —.
1+m

1+cos2a
—_— ECII H3BCCTHO, UTO

3.377. HaiiTH 3HaUueHHe BRIPaKEHHS -
ctg— —tg—
2 2
sino. +coso = m.
Pewenue.
1+cos2a _l+cosza-—sin20t_ 2cos o _ 2cos’ o _
o o o . o0 a0 cosa
ctg——tg— cos—  sin— cos? = —gin’ = ———
2 2 2_ 2 2 2 . B
e o —— smEcos—z—
sin—  cos— sin—cos .
2 2 2 2
.o o
2cos” o - sin— cos—
2 2 .o o .
= = Cco§0l 2sin—COS— | = COSQLSINL.
COSOL 2 2
Bo3spena obe dactn PaBCHCTBA sin0t+cost=m p KBanpaT, NOIyIHM

m —1

sin’ o + 2 SiNOCOSOL + COs> & = m?, OTKYAA sinocoso =

2
m =1
Omeem:

3.378. H3BectHo, 9TC M =2 Haiitn ctgp.
siffo—B) ¢

Pewenue.
sinfa+B) p o Sinecosp+cosasing _ p
B sinocosp — cosasinf g

sinfo-B) ¢

IMocse geneHms YMCIKTETR K 3HAMEHATEIA NeBOI UACTH 3TOTO PABEHCTBA
Ha cososinf} # 0, umeem

tgo-ctgb+1 _ p.
tga-ctgb-1 ¢ qtgo-ctgB+ g= ptgo-ctgf - p
ptgo-ctgp - qga-ctgh = p+q; tgo-ctgh-(p~q)= p+q,

275



ptq _ptq

oTKyZa ctgp = (

= -ctga.
p-qge p-g
ptq _pvq
Omeem: ctgal,
(p-altgx p—gq

. ‘ .. . 5
3.379. 3nas, 9To sin oL+ cos = w1, HaliTH sin® ot + cos® .
Pewenue.

sin ot + cos® & = (sin? o + cos? asin® & — sin? acos® @ + cos® o) =
= (sin‘ o +cos? a)— sin® oecos® o =
2 2 ¥ a2 2 .2 3
= (sm o +cos u) —2sin“ olcos” o |~ sin® oleos” o =
3y, 3. 3, . 2
=1-—2(4sm2acosza)=1—Ism22a=1—E-(sm2u'.) =

=[sin2cx+25inoccosu+coszu=mz,sin2u= m —1]=

1_2(}"2 _.1)2 _ 4—3(m4 —2m* +1) _

4
_4=3m +6m* -3 1+6m* —3pd"
4 4 |
1+ 6m? = 3m"
Omeem: ———-4——-—

3.380. UssecrHo, uTo tgo = -*;’—. Haitry sin2c, cos20 u tg2er.

Pewenue. .
ITo dopmynam yHHBEPCANEHOM TPHTOHOMETPHYECKOMH TOACTAHOBKH HMEEM

y 2
sin2a = 282 ,oz(2n+ D cosZm:l_tgza,aat(Zn'ﬂ)n,
I+tg'a I+tga
2tgo n o
= yoE—~+—kk o#E— +nn Z,
B e gty ke zorytmnne
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Ilo ycnoemo tgo ==, mo3atoMy sin2o = g - = 2‘2qu
, A
z
q
7 S
¢ _g-p __ 9 _ 2pq
cos2a = 5= 2;tg2a T=7 3
1+2 g - +p 1-2 9 -r
+—2 2
q g
2_ 2 ‘ 3
Omc:em:sin20t='22109'2;0::(:(;2(:&:92 Pz;tg2a= 2qu
P tq q-+p q -p

3.381. Haiith cos 20, ecliH H3BECTHO, YTO 2ctg2a +Tetgoi+3=0 1 1Hc-

3n 7 n
Mo O yIOBNETBOPAET HEPRBEHCTBAM: 4) D) <o< —4’2 ; 0) 4 <o <2m.

Pewernue.
Pemmus ypasHeHue 2ctg2a + Tctgor + 3= 0 xaK KBaZpaTHOE OTHOCHTEINE-

-7+\49-24 —7+%5

HO ctge, umeeM (ctgor),, = 2 2

, OTKyOa ctgo=-~3,

tgo = 1 ctgoz—--1 tga=-2. B z’IE~<0t~<?-1£
g 3 HIH 5 g =2 cnydae a) 3 2’

tg%u—< tgo <tg%E,~M< tgo. < —1= tgo. =-2. Torama

I-g’o _1-4 3

cos2o = .
1+tg’a 144 5

B ciiyqae 6) -72:5<0t<2n, tg7—:—_<tga<tg21r,—~l<tga<0=> _

1
= tgal =—-3-- Torma
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cos2o =

1
1-tg?a "9 _8 4
t+tgla . 1 105
9

3 4
Omeem: a) —g; 6) 5

3.382. Haiiti sin2¢, ¢cnM W3BECTHO, YTO 2tg2a - 7tgd +3=0 nuucno

O YOOBIIETBOPACT HEPABEHCTBAM: 4) R < U < _I; 0) T << 5
Pewenue.
Peuus ypaBHenue 2tg o — 7tge + 3= 0 Kak KBaAPATHOE OTHOCHTEIEHO

_7+¥49-24 715
4 4

1
120, ONYYHM (tga) , tga= 5 ws tgo =3,

- 4 1
Bcaxyqaea)n<a<%, tgn<tga<tg—543,0<tga<1=, tga=-2—.Tor)1a

2.1
s1n2u=-—~—~v—2tga2 =—~——2-i.
I+tgla (1 5
4
Sn 3n 5 3n
Bcnyqae6)1~<0t< 5 tg%<tga<tg—~2~,1<tga<eo=>

= tgo =3. Torpa

, 2tgo 23 3
sin 20 = =T =
1+tg 1+ 5
Omeem: a) = ,6)
cos{ot + )
3.383. U3BecTHO, YTO ——¢ OS( B) =2 . Haittu tgp.
cofe—B) ¢

Pewenue.
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cos(at+B) IR cosocosP —sinasing _ p

cos(w—-fB) g  cosacosp+sinasiny g

Pa3nenns yucaUTeNs H 3HAMCHATENb JICBOH YACTH 3TOTO PaBEHCTBA Ha
cosocosP # 0, momywm

l—tga-tg[i__g
I+tga-tgf ¢
q-qtgo-tgB = p+ ptgo-tgh; ptgo-tgh+gtga-tgf=q-p
: o
_ __4-p _4q-p
ptyltgo-tgB=g-p=>tgh= = ctgat.
(p+a) (g+pteo g+p
Omeem: -7 ctgoL.
1—2ﬁn2(a—§n)+\/§us(2a+§n]
2 _ 2
3.384. loka3ath, 4TO BHpAKCHHE - -
sin(——-2a)

nn N
—_—

HE 3aBHCHT OT ¢, TAe oL # .
TS 2 12

Petuenue,

1—2sin2(a—in)+a/§cus(2a+§n]
2 2
siu(ﬁ-zaJ
6
(3 2 3
1-2 -siu[—n-—a] +J§co{—1t+2a)
T
in| = ~2
sm{ x a)
_1-2cos’ a++3sin2at _

wli-]
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_(2cosza-1)+ 3sin2a _cmza+ﬁ§nh
Ix T (=
sff-m) o]

—2{1(:052(1—%&112(1} —Z(Sin%cosm—cos% sin20£)

H

2

i) o)

—ZSin(% —2a]
S SR '}

(e
sm(g - 2oc]

Omsem. —2.
o
3.385. Jloka3aTs, 4TO tg +th+tg tgztggtg%, ecu
o+f+y=2n
Pewenue.
o« B sm( six+y) om__
tg-+tg- + XL YE- L neZ|=
(gz g2]+tg [tgx tgy = Cos X008 y 5 he ]
.o+ .y . a+f v ¥ ' B
gin——  sin~  si + COS—COS—
=v2+2=“2°°szs“"222=
co;EcosE cost cosgcosEcosl
22 2 2 2 2

) sinz'%j cos%‘+sin%cos%cos%

o B_Y
008 0085 €055

-——— -+ —_ — —

B ¥

o
CO5—CO$ -COS
2 2 2
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Yoot v cntone® P 2/.( Y o B

=\sm2cos +Sln‘20052€06 SlIlZCOS +00820082
a B ¥ B
006200520052 COS—COS—CO8

sin%(—c:os%cosg+si11g in? - ﬁJ

Lo By
+COS—Cos 2 inPsn?
5 5 S0 +cos—cos _ sin—sin-sin ]
) L O

C(::Szcoszct;)s2 _ C0s - cos 5 cos)

= tg 2 2 £ 4Tou Tpe6oBanoCs A0Ka3aTh
3.386. JOoKazaTe, YTO BRpaXeHHe

tg(Za - %J sm(ftoc + g) + 00{4(1 + g n] He 3aBHCHT OT Ct, €CIIH
o# %(411 +3).

Peweuue.
tg(2a~§)sin(4a+-’23)+cos(4a+§nJ=
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n .[n 5
= -—tg[z - 20!] sm(; + 4a] + cos[z T+ 40:) =

T
l_°°5[5+4“) . 1+sinda
————~2 7 .cosdo+sindal =l
sin(§+4a] cos

=—]1-sind4e +sindo = -1
Omegem. 1.

-cosdo + sinda =

1—cos4(a—§—nJ—sin4(a+§nJ

HE
sin® o+ cos® - 1

3.387. JloKas3aTs, 9TO BRIPAXEHHE

n
3aBHCHT OT O, ¢CITH O # ?

Pewenue.
1- cos‘(augn]—sin4(a+—3—n]
. 2 2
sin® o+ cos® -1

(ol (sl

(sin2 o +cos? ot-Xsin‘I o —sin” @ cos” o+ cos” a)~.l

1-sin o ~cos* a
2

sin* o —sin® acos? o +cos® o —1

1—(sin4 (_x-t-cos4 a)

(sin4 o.+cos* u)-— sin’ ocos” o —1

1—((sin2 o+ cos’ a)z — 2sin® accos® a)

. 2 . .
((smz (I+COSZ (1) —2sm2 (ICOSZ (l)—Slﬂz (ICOSZ a-1
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_i-1+2sinocos’ o 2sin’ocos’a 2

1-3sinfocos’—1 —3sinccos’e 3

Omegem. — 3

3.388. [lokasats, 9To BhIpaskerme sin{250°+0) cos{ 200°—0t) ~ cos 240°%
x cos(220°~201) He 3aBHCHT OT .

Pewenue.
sin(250°+c) cos(200°—cr) — cos240° cos(220°-2at) =

= sin(270°+(0: — 20°)) cos(180°—(ox - 20°)) -
—cos(270°~30°)cos(180°—{20 — 40°)) =

= —cos{a ~ 20°)(— cos{o. — 20°))— (~ sin30°)(- cos( 20t - 40°) ) =
= cosz(a—ZO")—%cosZ(a— 20°) = |
= cos* (o — 20°) - %(2(:052 (0-20°)- 1) =

= cos” {0 — 20°) - cos? (ot —-20°)+% = %
Hucno 3 HE 3aBUCHT OT O, uTO U TpeBOBAIOCH 10KA3ATE.
omem: L

meem: -

3.389. Jloxa3aTs, 9TO BHpakeHHe COS” o+ Cos” @ + cos” (01 + @) -

—2cos0.cos¢ cos(oc + (p) He 3aBHCHT HH OT O, HH OT .
Pewenue.

cos® o + cos® @+ cos? (a + @) — 2cosoccosg cos(o + @) =
=cos” ot +cos” @ + (cos(o+ q)))2 —2coscLcospoos(a + ) =

RY
=cos’ 0.+ cos’ @ +{cosocos - sinasing)” — 2cosorcosg x
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x{cosoucos g —sinasing) = cos” o + cos” @ + cos” oLcos” @ —
— 2sincccosasingcosg + sin® ausin® @ — 2cos” ocos® @ + 2sinarcosor X

2

xsingpcosg = cos® o+ cos? @ +sin® asin® ¢ — cos® awcos? @ =

= (03082 o- 0082

o.cos’ q)) +cos’ @+ sinz_()tsin_2 9=
= cos’ a(l ~cos? (p)+ cos® @ +sin® asin® @ =
= (cos"' asin® ¢ +sin® oesin? cp) +cos’ Q=

= sin? (p(cos2 o+ sin® ot)+c0s2 Q= sin? q:+0052 o=1

Yscno 1 He 3aBHCHT HH OT ¢!, HH OT ¢, 4T0 ¥ TpeboBaIoCcs JOKA3aTh.
Omaem. 1. '

3.390. Boisectrt GopMyiy cos(n + 1)t = 2cosarcosnor —cos(n— Lo, Ta€

n— moboe HBﬁCTBHTBJH:_HOC UHCIIO, M C €€ IOMOIBIC IPCACTABHTE cos30 n

cos 40 B BHIIe MHOTOWICHOR OT COSOL.
Pewenue. -

cos{n+ 1ot = cos(na + o) = [cos(x+ ¥) = cosxcos y— sinxsiny] =
= COSMOLCOSOL — SINACL SINOL = 2 COSHC COSOL — COSMHOLCOSKL — SinnoLsing =

= 2c0sno cosa — (cosneL cose + sinnorsinor) =

= 2c0s noucos o — cos(na — o) = 2cos notcos o —cos(n—1)o;
cos3a = cos(2 +1)o = 2cosocos 20— cosar =

= 2<:ost)t(2cos2 o —l)ucosa =4cos® & —2cos 0 — cos ot =
=4cos’ o — Jcosay

cosdoe = cos(3+ 1o = 2 cosorcos 3o — cos 200 =

= 2<:<)e@s()c(4cc:vs3 o - 3cosor.)— (2 cos? o — l) =

=8cos? o —6cos? o —2cos o +1= =8cos* a—8cos? o+ 1.

Omeem: cos 30 = dcos’ o — 3coso; cosdo = 8eos* o —8cos? o+ 1.
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cm_
3.391. Jfoxasats, uro 4si:{30°+%]sin(30°-2)= 2

Pewenue.

n(30°+2] ﬂ(30°—EJ l[sinxsiny=El(cos(x—y)-cos(x-a-y))]:
=2(cosa—cos60°)=2(cosu-%)=2cosa-—l=2(2cos 5—1) 1=

: (4cos2 . 3)(:039E
=dcos? 22 1=dcos? T -3= 2 2.
2 2 cos®
2
4005’ _ 30082 COS& |
= 2 2 _ 2 yrourpeSosanock noka3aTs.
cos% cosZ ' '

3.392. [lato, uro sino +sinf = 2sin(o0+8); o+P # 2nn {n € Z). Haitrn

o8
tgztgz

Pewenue.

Tlo ycaosmio sing: +sinf = 2sin(c +p)

a+hp a-B
2 T3
a+Baﬁa+B

= 4si
sim——- P )

Tak xak 0+ #2mn (ne Z), 10 sin%l}-;to.

Taxum obpazom

o35 = 2o e m( ] “”(2 g]
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B, % B

o cos%cos5+sxn551n§ =
=2cos EcosE —231n~ sin=- B
2 2 272

3sin—q£— sinﬁ = cosgc—crasE .
2 2 2 2

Pasnenun obe gacT 3TOTO PaBeHCTBA HA 3cm5cm5 # 0, nonyuum

a p 1
tg gl =2
858573

Omeem; §

3.393. [Toxa3ath, UTO €CIH p MOCTOAHHO, TO GYHKITHA

pcos’ o — cos 3o +psin3a+sin30£

- TRKKE ABIAETCH MOCTOAHHOM.
Ccoset sing

fla)=
Pewienue,
Hcnome3ysa dopmynst cos3x = 4cos® x—3cosx H sin3x = 3sinx—4sin’ x,

HMEEM

peos® d - (4cos3 a—3cos u)
+

fla)=

€CosQ

L zsin’ o+ 3sino—4sin’a _
sino

- peos® o.—4cos’ 0. +3cosa +
coso

psin® o —4sin® o +3sino .
©osing
cos oc( peos? a—4cos’ oo + 3)

= +
cos 0L

sinm(psin2 a—4sin® o+ 3)
+ 2 =
sing
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= pcos® o —4cos® o+ 3+ psin’ o — 4sin” o+ 3=
= (pcoaa2 o+ psin? a)—-(4cosz o +4sin? u)+ 6=
= cos2a+sin2a)—4(cos2a+sin2a)+ |
+6=p-4+6=p+2

Omeem: f(a)=p+2.

3.394, Jlana dpynxuns f(x) = cos* x+sin' x. Haitru f(ct), ecnu m3secr-

HO, UTO sin2o = -3—. .
Pewienue.
. . 2 .
f(x)=cos* x+sin* x= (c:os2 x+sin x) —2cos” xsin® x=

o 224 1 2 a2 Noq 12,
=1-~2cos” xsin“ x =1 2(4(:0s xsin x)-l 281:1 2x; \

S@)=1-Lsin?2021-L(sin20y? =1—l[Z]2 =
2] T2 23

Omeem: f (‘1) = %

1
3.395. [loxasats, uto ecny o+ =60° (0> 0, >0}, To tga-tgh < 3
Pewenue.

sinasinp < 1

1
tgo-tgp £ - &
g tgh 3  cosacosfp 3

%(cos(oc —B)-cos(at +B))

1
= =,
3

%(cos(a —B)+cos{o.+B))
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(cosfa—)-coda+B) _ 1
(coo—p)reoda+p) 3

 Tax kak .+ P =60°, To HEPaBEHCTBO IIMEET BHJL

%:—E—;—i < % & 4cos{o-P) <4, cos(a—ﬁ)_sl (co{—p)=0).

Ilocnennee HEpaBeHCTBO UCTHHHO. UTO 1 TpeGoBanock HOKA3ATE,



Pelnenus k rnape 4

INPOTPECCHH

OCHOBHBIE ITOHATHUA 1 ®OPMVYJIBI
Apndmernueckas nporpecénﬂ

Apupmemuyeckoil npozpeccueil HA3LIBAETCH MOCIGAOEATENBHOCTE, ¥ KO- -
TOPOii 3a/1al NEPBbI WIEH @), & KKILIH cIelyOnmi 9neH, HauHaA CO BTO-

POTO, PaBCH NPEABLLIYIIEMY Y/EHY, CIIOKEHHOMY C OHUM H TEM XKe YHCIOM d,
HAZBBAEMBIM PAZHOCMBIO NPOZPECCUi.

Ecnu 2agaHs1 nepsbiif uneH @) 1 pasHocTh apudMeTHYECKOl TPOrpeccuid,
TO H-i WieH aprpMeTHICCKOH NPOrpeccuy BRMUCIeTes 110 opMyse
ay=a +d(n-1). 4.1
Dopmyna (4.1) naswigaemen gopmynoti obujezo urena apupmemuvec-
kotl npozpeccuu.

CpolicTBa WieHOB apuMeTHUECKOIl TPOrpeccHH

1. Kawariit cpeanmii uner apudmMeTHuecKoil IpOrpeccut paBeH NoaycyM-
M€ PABHOOTCTOALIMX OT HEro ‘-]J'IéHOBI

o =a_k-..1.;;a_kffl,k=2,3...,n—l. _ (4.2)

2. B xoHe4yHOH apudMeTHYIeCKOI MPOTPeccuy CYMMB! UNEHOB, PABHOOT-
CTOALLMX OT e€ KOHLIOB, DaBHK Mek Ty COO0H H paRHEI CyMMe KpaiifiuX YlIcHOB:

ata,=ayta, =aptag gy = =2a+d(n-1). (4.3)

10 Cxanasu M. H., ki 1 289



CyMMa n nepBbIX WieHOB apudMeTHUECKOl NPOTPECCHH

Cymma n nepeblx WieHoE apuiMemuieckol npozpeccuu pasia

d] +a,
5, ==1"%n.
n 2 n
Yuureian (4.3), T€. 40 ay +a, = 2a, +d(n~1), bopmyny (4.4) moxHO
3AIHCATHL B BUAE

{4.4)

_2a+d(n-1)

S, 3

@.5)

FeoMeTpHYecKas MPOrpeccus

Teomempuneckol npozpeccueti HA3BIBAETCA NIOCNIEA0BATENEHOCTE, Y KOTO-
poii 3anaH NepBLli uneH by, 8 KA CASYIOINA WieH, HAYHHAA CO BTOPOTO,

PABEH IMPeABLIYHIEMY WIEHY, YMHOXEHHOMY HA OJHO M TO e NOCTOSHHOE
JUIR JaHHOH NOCIEAORATEILHOCTH HHCTIO g, HA3KBAEMOE SHAMEHAMEReM npo-
zpeccuy, S

Ecnu 3anaHst 1epBhIi YieH & M 3HAMEHATENE TeOMETPHUICCKOH [Iporpec-
CHH g TO n-H uneH reoMeTpHIESCKOH TIPOIPECCHH BRIMHCIIRETCA 110 (hopMyTie

by=bg" . (4.6)
(Dopmyna(4.6) HassiRaeTCA Popmynol obLiezo uneHa 2eaMempudeckot npo-
2Peccu.

CBolicTBa 4I€HOB reoMerpnyeckoii nporpeccun

1.KBajipat kaI0ro CpeIHEro WICHA [eOMETPHYECKOMR IPOTPECCHY paBeH
NPOU3BECACHHIO PABHOOTCTOAIIMX OT HETO YWIEHOR, T.c.

B =b_ibpery k=2,3.0,n-1. - (4.7)

2.B koMedHOH reoMeTpHYECKOH [IPOrpecCHH NPOH3BEACHHA YWISHOB, PaB-
HOOTCTOAILEX OT €€ KOKLOB, PABHBI MEFKITY coboii U paBHBI NPOH3BENSHMIO Kpai-
HHX WIEHOB! '

by -by=by by =by-by_y=..=by by 4y ==b-g". (48)
3.1Ipon3Beaeiye n NepBbIX LIEHOB TEOMETPHYECKDH IPOTPECCHH ¢ IION0-
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JKHTERLHBIMHA YICHAMH PABHO KOPHIC KBAAPATHOMY H3 n-# cTeneHH IpOU3BETIC-

HHS €€ KpaiHHX WICHOB;
P, =5, ). (49

1l=Afla

CymMMa 7 nepBLIX WICHOB reOMETPHYECKOH IIPOrpeccHH

B obmem cnygae

CyMMa 7 HEpBBIX WIEHOB TeOMETPHIESCKON MPOrPECCHE BHMHCIASTCA MO
dopmyne

-b ;
S, =b11_;q @=1} @.10)

Yaursigas (4.6), Te. 4T0 b, = bq" , bopmyiy (4.10) MOKHO PEACTABATD B

BHE
s _hl-a")

i @.11)

CyMMa 4neHoB GeckoHeYHOHi reoMeTpHUeCKOli MPOrpeccHn

Becroneqnntii 4Hc0B0MH pag, 00pasoBAHHbINA H3 WIEHOB MEOMETPHYECKDI Mpo-

rpeccuut by +b, +b; +...+b, +... npr |g| <1, exomures, 1 ero cymma S pasua

s=2

1-¢

Dopmyny (4.12) HasLIBAIOT TAKKE HOPMYION CyMMbL YREHO8 BecKoHe o
ybsisqiougeil 2eomempuieckoil NpOZPECCUy.

(4.12)

4.036. CyMMa Tpex NEPBLX WICHOB TeOMeTPHYECKDH NPOrpeccH pasua 21,

4 cyMma ux KBajpatos paBHa 189. Haliti nepenifi unex u 3namenarens 31oi

IIPOTPECCHH.
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Pewenue.
H3 ycnopua umMeem

{b, +b, +by =21, o b +hyg+bg’ =21,
(=4
bi +bZ+b7 =189, |b2 +b3q” +b2g* =189,
b1+g+4*)=21,
b (1+4> +q4)=189.

bl (q 4 + q 2 + l)
Honpenus BTOpOE YPAaBHCHHE CHCTEMbL HA LIEPBOEC —Hﬁ'q—-:l_ = 9, a

3aTEM IMCITUTENS TOH JpobK Ha IHAMEHATED, IOTYTHM bl(q'2 —q+l)= 9.

-CHCTeMA HMeeT BHJ
, . }
b q2+q+1 _21’=:>—,~,-—2~1—.-(q2—q+1)=9<::>2q2-5q+2=0,
hlg®-q+1)=9, " +g+l

1 :
OTKyZa 9) =5 =2.Torna b; =12 unu b, =3.

1

Omeem: 1) 12, '2* ;2)3,2.

4.037. Nokasatk, 4T0 J000#H WIeH apHOMeTUYECKOH IPOTPECCHE, HAYHHAN
CO RTOPOTO, €CTH CPEAHEE APAYMETHYECKOE MEXILY MHOOKIMH JBYMS LISHAMH,
PaBHOYAATIEHHBIMHA OT HETO.

Pewenue. .

Ilycts a, — moboii wieH apudMeTHIEcko IPOTrPEcCHH, TOTAa d), o s p
JiBa PABHOYZATICHHBIX OT HETO WIEHA.

Ilo dopmyne obuiero unena HaxoauM

A p =4y +d(k-p-1),
8y =ay +dlk+p-1).
CK1a1pIBas 3TH paBEHCTBA, IONYIHM
Uy +ag,, =20 +2d0k 1) = 2{a, +dk 1), a4_, +8;., =20y,

Ay p tay, P
_ 2 '
Yro 1 1pebopaoch JOKa3aTk,

OTKyAa @) =
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4,038. FI3BeCTHO, YTO B HEKOTOPYIO apH(METHYECKYIO IPOTPECCHK) BXONAT
WIEHH &y, U dy,, TAKHE, YTO &, / a4, = —1.HMeeTca nn wieH aToH nporpec-

cHH, paBHblil Hyno? EcIH 1a, To KakoB HOMEP TOro yieHa?
Pewuenue.

a
H3 ycmoprs =21 = 1. Orciona a3, =—a,, . Iycte a,, H g, — pasHo-
Qom '

CTOSIIHE OT 2; 'WIeHE], TOTA2, 110 CBOHCTBY 4IeHOB apHPMETHIECRolf IporpeccHH

ta, — —dym +dam
2 2

a 0
{cM. Ne4.037), ag = in =E=0 =- -=n+m

Omegem. Ha;n + m,

4.039. Tasm ase apudmeTudeckue nporpeccHi. Hepsniil u naThii wWieHs
HePBOM MPOrpeccHH PaBHB! COOTBETCTBEHHO 7 H—3. Y BTOPOI HporpeccHH nep-
Bhii “IeH paseH 0, a noceaHHH pased 7/2. HalT cyMMy WieHOB BTOPOMH po-
TPECCHH, €CIIM H3BECTHO, YTO TPETEH WIeHB! 00EHX nporpeccHii paBHEL MeXY
coboii.

Petuenue.

~J

Hayciopus g, =7, as =-5,b|=0,bn =5 .ay=b;.

]

Hanee as =a, +4d =7+4d =-5,44 =12, d = -3.
. 1
Wmeenm a; = by, a, +2d =b +2D, 7+2(-3)=0+2D, D=E'

N-1 N-1

' 1 7
Torma b, =b, +(N-1)D=0+{N-}} - =——, ——=— N=8§.
4 =9 ( ) ( )2 2 7 2
7
0+—
by +by+..tby = 20N -N=——2—2-8=l4. ,

Omeem: 14 ‘

4.040, TpH 9KCNAa COCTABIIAIOT FEOMETPHYECKYTO porpeccio. Ecnu ot Tpe-
TBETO OTHATE 4, TO YHCIIA COCTABAT ApH(QMETHIECKYI0 nporpeccuio. Ecm xe ot
BTOPOIO M TPETHETO WIEHOB NOIY4eEHOA apBMETHUECKOI NPOrpeccny OTHATD
10 1, To tHOBA IEAYUHTCA reoMeTpHYecKas Nporpecchs. HaliTy >1H yicna.

Pewienue.

Hycts by, byq, b1q* — nasHle YHCHR, TOTIA

b, bg, b g — wenn rEOMETPHHIECKOM POTPECCHI,
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by, b4, b,q* — 4 — uneHsl apHPMETHICCKOH IPOTPECCHH,

by, b,g—1,bg* — 5 — WICHEI TEOMETPHIECKOR IPOTPECCHH.

Hcenonesys ceoiicTBa wieHOB apubMeTHdeckoil nporpeccHH (oM. Ne 4.037)
2a;,=a,_,+a,,,; H CBOHCTBO YNEHOB reOMETPHYECKOH MpOrpeccHH

b =b_ by, k=2,3,..,n -1, nomysum

21’1‘1.:51 +hg® -4,
(blq - 1)2 =h (biqz “5)-

3 BrOporo ypaBets umeeM bl g? — 2b,g +1=blq* - 5b,, 2b1q¥551=1-,

1
2q__5 . IlopcTapsiasa 3TO 3HAYCHHE bl B IDEpBOE YpEaBHEHHE, [IOIYYHM

2q ].-l-q'2

-4 2— = = =3.
2q_5 2Q_5 ,OTKYﬂaﬂ 10q+21 O’OIjKynaql 7’ qs 3

1 4 7 "_49 ” ” ”
Torma b = =3 b2=,§, b;—-—g wm bl’'=1, by =3, by =9.
0 n: 1% a9
meem)gg,g,),,-

4.041. Haitrn 11enoe noloxurenbHoe HHCIO # B3 YPaBHEHHA

(3+6+9+..+3n-1)}+ (4+55+7+ + 8?”): 137.

Pewernue.
B nepshix crobxax HAXOOHTCA CYMMA WISHOB APH(METHIECKOH IPOTPecCHH.S),
-a 3n-3-3
mea; =3,d=3, 2 =3n-1 k— d L+1= 3 +1=n-1;m0

BTODHIX CKOOKAaX HAXOAHTCA CYMMa WICHOB apHBMETAYECKOH IPOrPECCHH, TIe
4

8§+ 3n

b=4,d=15, 8;3",m=a’";“1+1= 21’5 4+1=n+1.
Toraa MCXORHOE YPaBHEHHE IPAHHMAET Billl
4+8+3n
—:’,—t-%(n——ﬂ-(n—l)+—2—-2—-—-(n+l)=137@9n‘2+13n-532=0.
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% 76 '

Orciona 1y = -—5- =T, m = —? HE DONXOINT, TEK KAK 1 — Lenoe.
Omeem. 7.
4,042, HaiiTi cymMMy BCEX YeTHEIX TPeX3HAYHEIX FHCE, NEIRIHXca Ha 3.
Pewienue.
Ha ycnopus

a = 102,

a2, =996,

d=6.

md +1, nmeem n=2?£%iq-2—+1$150,

Hcnonesys dopmyny n =

= 202499 150 = 82350,

S

n

Omeem: 82350. '
4.043, Cymma GecKOHEYHOH reoMeTPHYECKOH Nporpecciy ¢O 3HAMEHATe-

aeM lq] < 1 pasna 4, a cymma kyGos ee unenob papHa 192, HaliTa neperiid wieH

M 3HAMEHATeNb BPOrpeccHH.

Pewenue,
H3 yenopus uMeem
by+by +b;+..=4, .
13 23 33 b]+b]q+b]q2 +...=4, .
bl +bz +b3 +...=192,<'—"> 3 3 3 1 6 =9
bl +b|q +b1q ..-=192,
Iq'<1.
b ——=4
bl(I+q+q2+".)=4’ l']."'q— 3
1,3 3.6 = 1 =3
si+a’+at+. =192, |3 L <10,
l-g
b, _ by _
l_q— i l_q—- E]
= b 192 =l o b
237 ? PR 2 =192,
(1-g1+q+4?) I-q 1+q+¢q
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| b =4{1-g),

& ) o4 b =
429 (+a4d? =48,
1 l+g+q? ’ 74

16(1 ) ———5 =48 2,2 .+2—0 oy a— =-2, ¢ =1
1+q+q q+5q =y KYQ ql_ L] z 2:

1t

4| = ~2 He OAXOMMT, TaKk kak |g| < 1. Torna b, = 4(1 + %) 6.

1

Omeem: 6, 2

4.044. HafTy YeThipe 9HC14, IEPBHIE TPH U3 KOTOPLIX COCTAB/MIIOT TeoMeT-
PHIECKYIO IPOIPECCHIO, A IOCIEAHHE TPH — apu(MeTHISCKYIO IPOTPECCHID.
Cymma xpaiimix uncen passa 21, acymma cpenuﬂx pasta 18.

Pewenue.

Iycts by, byq, b,q°, byq* + d — nannsie yncna.

H3 ycnoBas nmeem:

b,, bg, b;g* — wieHs! reoMeTpHIECKON IPOrpecchH,

by, big + d, big + 2d — anensr apudMeTHIECKON IPOTPECCHH,

b +bhg+2d=21,big+bg+d=18.

big’ =bq+d,
Tax kaK b, = b,g° = byg +2d, 70 aMeeM 10; +byg +2d =21, =
3 19 19 » T
bg+bg+d=18,

ITopcrasHe 310 3HaUEHHE d BO BTOPOE K TPETHE YPABRHEHHE, [TOAYIHM

b1+blq+2(bq —byg)=2 2,
2b1q + b!q = blq 18

o [hrangt b= 2, b:(2q2~q+1)=21,ﬁ
b]q+blq =18, b,(q+q2)=1s,
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21

b _.-_-.—-2—\1_-— ‘ bl - —
l'"zqz_q+ls b] , 21 1 - 2q _q+1>
alg+g?) T 7 -a+1 e =2
“'"—2—'——"=18’ q -13¢g+6=0, _3_
2g° ~g+1 92 =%
Orciona:
w_ 21
yo 20, bi=—g 3 =875
D3 g-2+1 7 wm 2) 255751
ql=2a 3
927 5-

Torma ¢, =2, d,=3-4-3.2=6,b/=3,b;=3-2=6, byj=3-4=12,
, 3 9 3 )
bi=6+12=18, 4=7, d2=18,75'53'18,75'§=—4,5, by=1875,

by=1125, by=6,75,b=225.

Omeem:1)3,6,12,18;2)18,75; 11,25, 6,75;2,25.

4,045, CyMma Tpex NepBHIX WIEHOB FeOMETPHUSCKOH IIPOTPECCHH paBHa 91.
Ecmu K 3THM wieHaM IpHJaBHTs COOTBETCTBERHC 25,27 H 1, To norywarcs tpu
umcna, oGpasyronmx apudMeTHIECKYIo Iporpeccuio. Halita cempMoii wier reo-
METPpHIECKOH POrPecCHH,

Pewenue,

M3 ycnosus umeem:

b, b,g, b;g* — WiEHb FEOMETPHHECKOH NPOTPECCHH,

b, +25,b,q + 27, b;q* — aneHs apudMeTHECKOl IPOrPECCHH, TOTA IITY-
HaeM

(b1q+27)-b, +25+qu +1,7 |b(g? ~2g +1)=28

= b =———9L— M=28

2 —
l+g+q>° 1+g+q° » 3¢° ~10g+3=0, oTkyxa

i gl
‘I_l— , 92 3

91 91

.
1+3+9 13 i

Torma by =
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91 819 819

b= = =22=63."
1431 94351 13
3
' . _ 1 63 7
Orcroma b =b’ g8 =7-3° =5103; b/ =b/95 =63 — = —— = -~
.7 LG 7 =019 3 729 31

7
Omeem: 5103 wiu 3

4.046. Tpn gucma 06pa3yioT reoMeTpHYECKYIO Iporpeccuio. Ecu sropoe
YHCIIO YBETIHYKTS Ha 2, TO POrPECCHS CTAHET APHMETHIECKOM, 2 €CITH IoCTe
3TOTO YBEJHIHTE OCIEAHEE SHCNO Ha 9, TO POTPECCHs CHOBA CTAHET FEOMET-
pudeckoit. Haftr omi uncna.

Pewienue. :

Ilycts by, b,, by — uneHn! reomeTpHyecKoit nporpeccun, by, b, + 2, b, —
uieHs! apHbMeTHYecKkoi nporpeccHy, by, by + 2, by + 9 — wIeHBI recMeTpH-
geckoii uporpeccau. Tornab,, b g + 2, b,¢° + 9 — WIeHK reoMeTPHYECKOH Ipo-
[pecCHH,

Hmeem:

2(b1q+2)=.b1+b1q2, 2b1q+4=b1 +b1q2,
2 5 S 1,2 2 2,2 =
(blq +2) = b.l '(blq + 9), bl q +4blq +4= bl q + 9b! 3

2 _ = 4g* -2¢+1
Sl 2=, 4 A ) s,
b(9—4g)=4. 9-49’ 9-4q
=g?+2g-8=0, oTkyna q, =-4, g, =2.
4 4 4 16 64
b= =— b, =—(~4)=—— =
Torna 1 9+16 25° 2 25( 25° 3 5 HIH
Y 4 ” ” . 1
b=y =4, bi=4-2=8,b=16.
0 -14816-2—4— _16 &4
meem:1)4,8,16,2) 75>~ 25 25 -

4.04°7, Hafitv Tpu 4utcna, 06pasyioliax reoMeTpHHecKyio NPOrpeccHio, eciy
H3BECTHO, 4YTO UX IPOM3BE/ICHIE PABHO 64, a MX cpesHee apHdMETHYECKOE paB-
HO 14/3, *
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Peiuenue.
H:3 yenoBus nmeeM:

by by by =064
h+by+bs 14
3 3 ‘
[oba-bg? =64, i) =64, {blq 4,
b +bg+bg? =14, |b(l+g+g*)=14, b(+q+q° )-14
) .
by 2 MY 1y o g0 omgm g~ 2.0y =L
g q 2
4 4
Torma b]—2 2, bz 2:2= 4b3-—24 Smmbl =7= R,
2
1 ; 1
b =8-=4,b=8-=2.
b 5 b3 3

Omeem: 1)248 2)84.2, :

4.048. Jokazats, uto M000H YIeH 3RAKONONOKHTENLHOH reoMeTpyUYec-
KOH IIPOTpeCcCHi, HAHHHAS CO BTOPOr0, paBeH CPEHEMY NPONOPIHOHANEHOMY
MEKAY [HObIMK WIEHAMH, PABHOYIATIEHHBIMH OT HEIO.

Pewenue.

k-p-1 4 k+p-i
Hmeem bk_pzb]g P ’bk-i-p‘:b]q AL

MepemHoxan 3TH paBeHCTBa, Monyunm bp_, -by, ), =b12q2“"1)

(big* ™ =byp by, oiyma big* ' = by, by, Te By = bip besp -

4.049. Haiitu cymmy ceMH NepBHIX HieHOB GeckoHeuHO# reoMerpuyec-

HIIH

KOl IIPOrpeccHH co 3HAMEHATENneM (q|<l, €CJIM €¢ BTOPOH wieH paBeH 4, a
OTHOLIEHHUE CYMMbL KBAAPATOB YACHOR K CYyMMe HACHOR pasHo 16/3.

Pewenuero.
U3 ycnoBusa uMeeM:
by =4,
2+b22+f‘)32+ 16 ha=4 16
by +by+bhy... a ) 3
+qg+ +...
<1 b(l+g+g
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Ul 1 bg=4 16{1"'9’)9:
i l-g7 16 i b 16 o 3 =
=—, =-—, 16(1+g)
1 3 1+q 3 bl= .
1-g 3
2
4q” +4q-3=0,
< 16(1+ Sq=-=,q =
1=6( q), n=-5:0=3
3.
16(1+i)
q1=-—2- He ONXOHT, T.. Jg| < 1. CnegoparensHo, bl=~——.§-__=3;
1Y
5 1-G)
_hl-g) U\ )
T 1_q B 1__}; - 3 -
o 2 ,
127
Omsem:*-é—'-

4.050. HaiiTit cymMy BCeX TPEX3HAYHEIX ﬁHCCH, AengmExcaHa 7.
Pewenue.
Hmeem:

4, =105, 994 — 105
a, =994,=>n='-——;———+1=128, S, =M 128 = 70336

d=7,

Omsem: 70336.
| 1Y 1y - 1Y
i 24| H{4+—| 27— .
4.051. Haiitn cymmy( 2) ( 4) __( o )
Pewenue.

2 2 2
(2+-!~] +(4+l) +...+(2"+l} =
2 4 2"
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“lavze L iefi6v2+ L a2 4241 1=
4 16 . 22n

=(4+16+...+22”)+(2+2+...+2)+(~1—+—1-+ e ]:
— .

416 7 g

n paz

=(4+42+43'+...+4")+2n+[—+—12~+ 13+ +-1—)=
42 4 4"
1 1 1 ( )
ara TS afa” —1) 4n_
474 4,8 44 - i S
1-4 -1 3 3.4"
4
(4" - 1fam +1)
= +2n.
347
4" ~1)(4"" #1
Omsem:-(—“—-%n—-—-)+2n.

4,052, JRane: ape OecKoHEUHEE MFEOMETPAYECKHE IIPOrPECCHH CO 3HaMeHa-

TeneM |g| <1, pasnHYAIOMHECT TONMLKO IHAKOM WX 3HaMeHarenell. MIx cymmsl

COOTBETCTBEHHO PaBHEL Sy H .S,. Halith cymmy GeckoHedHoi reomerpreckoi
HPOrPECCHH, COCTARNEHHOM M3 KBaXpaTeB YneHoR m106oit #3 AaHHOi Hporpec-
cHit. ' :

Peutenue.

b .
W3 ycniosus umeeM S, = 1—1— , 8, = b lg| < 1. Hanee,
-9

1+g’
b} +b7 +b% +..=b} +b7q* +blg* +....=bf(1+q2 +g* +)
Buipaxense B ckofxax — cyMMma yteHos DeckoHeqHO yOpIBatOMEH reoMeT-

PHYECKOH IIPOrPECCHN, Y KOTOPOH IIePBLINA YIEH PABCH eHHHIIE, 3 SHAMEHATEIb

pasex g2. Mo dopmyre cyMmes '-IJIeH(l)B reom%rpmegmﬁ {IPOIPECCHE HMEEM
b12(1+q2+q4+..)=b12 SI‘SZ'

1-g? 1-¢ l+g
Omeem: S, - §,.
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4.053, [Tycts ay, as, ... @, — OOCIEAOBATEIBHLIC MIEHHI IeOMETPHYECKOM
MPOrpecciH, 5, — CYMMZ €€ A IepPBEIX WIcHOB. JlokasaTk, 4To

S, =a1a,,(-—1~+-1—+...+-1—-].

a; day ap
Pewenue.
al(l“q")
W3 ycnosms §, = ————.
1-q

Nanee yumeem:

1 1 1 a1 11 1
alan _t 4, — :al'alq —+—t 5 +...+ el =

a, 4 a, a4 &9 ayqg g

2 _n~l ——

TR B

=qa I+~+—5+..+ =q . =
LA A SN -2
q
=a qn_"q"—l‘____q =g,q"" - q" -1 _al(q”—-l)__al(l——q")
1 qn q—-I 1 qn—i(q_l) q_] l_q 3

410 B TpeboBaIOCh A0KA3aTh.
4.054. Jloxa3ars, 94T0 eCi¥ YHCHa 4, b ¥ ¢ cOCTaBmAI0T apHDMETHIECKYIO

TIPOrPECCHIO, TO YHCAA a’ +ab+b?, a* +ac+ ub+be+ctn YKa34aH-
HOM NOPSIKE TAKKE COCTABILTIOT APHPMETHIECKYI) IPOTPECCHID,

Pewenue.

Hmeem b=g+d,c=a+2d,

Ipeanonomum, 4to a° +a{a + d) +(a +d)2, a® +ala+2d) +{a +2d) ,
(a+d)’ +(a+d)+{a+2d)+(a+2d)’ — anens apupmeruueckoii mpo-

IpecCHH.
Toraa moaywm

Z(az +afa+2d)+ (a+2d)2)= (a2 +a(a+d)+ (a+d)2)+

+((a+ dY’ +(a+d)a+2d) +(a+24)" )
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2(a2 +a’ +2ad +a* +4aa‘+4d2)=a2 +a’ +ad +a® +2ad +
+d? +a? +2ad +d? +a® +3ad +2d% +a® +4ad + 4d>,

6a® +12ad + 8d* = 6a” +12ad +8d°.

Jloka3aHHOE TOXKAECTBO NONTBEPKARET [IPEANOIOKCHHE.

4.055. ITeperiit uneH HexkoTopoil HecKkoHeYHOH reoMeTpHIECKOH nporpec-
cam co 3uamenarenen [g| < I pasen 1, a ee cymma S. M3 ksanpatos wiienos 3Toik
IPOTPECCHH COCTAaBIEHA HOBaA DecKOHEUHas IeOMETPHYECKAn [IPOIPECcCHA.
Haiitit ee cymMmmy.

Pewenue.

i
U3 ycnous mmeem b, = 1, |g| < 1. Cnegosatenso, o= S, 1-g= 5’
-4

1_8-1
s s
Torna b2 +b2 +b% +...=b} +biq” +biq* +..

- 1 1
C TR I LTS S R
1-¢ ) [S—-l]

—_ —

hy

s s?
T s?oste25-1 28-1
2
25-1
4.056. Haittyn nATHIH 9ieH BO3PACTAIOMIEH reOMETPUYECKOM IIpOrpeccHn,

3Has, 4TO e MePBhIi 9WIeH paBeH 7 — 3J5 nuro KaWKJBIH €€ WiIeH, HaHMHHAA CO
' BTOPOYO, PABEH PAZHOCTH ABYX COCEAHMX C HHM WIEHOB.
Peutenve.
Hmeem:

=7-345,
bz-'br“bls-:’blq blq _bl g=q¢*-1,¢* "]-1-0
lg|>1.
1-+5 ' 1445

He [IOIXOMKT, TaK KK Iqll <l; g, = 3

Omeem:

4=
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Orciona

bi=bg” = = i
s =94 16 16 2

(7-35)1+ JE)" (17-35)8(1+3V5) 49_4s -

Omgem:2. _

4.057. B apudmMerrdeckoii OporpeccHi CyMMa ¢e m NEPBIX WIEHOB PaBHa
CYMMe 7 TIEPRBIX WieHOB (m # n). JlokasaTh, 4TG B TOM CILy9ae CyMMa ee
HEPBLIX M + 1 UICHOB PABHA HYJIIO,

Pewenue,

Haycnosnuna,, a;, a3, ..., 8, Oy s 1, Oy 42 oo Qe TRE M#ER, S, =8,

2a] +(m_'1)d al +a,,
Sn= T mS=T
2a, +(m—1)d 2a, +(n-1)d
Torma > —-m= 3 ‘n,

2aym+m{m—-1)d =2an+n{n-1)d,
2aym—2an=n{n—-1)d — m{m—1)d,
2(m - n)a, =(-— (m2 -n2)+(m~n))d,
2(m - na, =(m—nX=m-n+Dd =

= 2a; =(-m-n+)d.

_ 2a, +(man-1Md (m+n)

Sm+n - 2 J =
_ (-m—n+1)i2+(m+n—1)¢1 ()=
_ (—m—n+1+m+n-—l)d (m+n)=0,

2

yTo # TPeGoBaNoCE A0KA3ATE.
4.058. N3gecrHo, uto L, M, N — cooTBeTCTBEHHO /-, m-i, n-# 9iIeHsI reo-

MeTpuyeckoli nporpeccuu. [Toxasats, yro L™ "M 'N'™ =1.
Pewenue, '

TyCT by, by, vy By ey By ey By oo — TICHEX reoMeTpUYeckoil porpeccHu U
nycteL = b, M=b,,uN= b, Toxaxem,ato 7" - b2 . pl™ =1, b, =b,g",

bp=bg™", b, =bg""
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Hmeem:

(bqu )m-n '(blqm_l)"_r '(blqn_l)l_m =

<o o) et ) glom i)

_bm—n+n—l+f—m _qIm—ln—m+n+mn~m1—n+l+n!—mn—l+m _
=¥ ; =
—_H0. 0 _

- bl_ g = ls

410 1 TpeboBanocs AOKa3aTh.
4.059. Usicnaa, b, ¢, oAHO H3 KOTOPHIX KPaTHO 7, COCTABIAIOT apidMeTHYEC-
KYIO IIPOTPECCHIo ¢ pa3HocTeio 7. ITokasaTs, uro 9Heio abe nemures Ha 294,
Petuene.
Iycts a = Tk, b, c — unens apudMernyeckoii uporpeccun, rae ke Z,
Tormab =Tk +7,c =Tk + 14w abe =7 k(k + 1)}k +2).
Cpeny TpeX nocIegoBaTeNbHEIX HensX qucen k, £ + 1,4 + 2 umeeTca uncno,
KOTOpOE JelmuTcd Ha 3, a cpelil JIBYX TI0CIER0BaTeNnbHbIX aucel &, k + 1 ogHo

Gyner vernsiM, cieposaTensHo #=k{k+1)(k+2) mennrea ma 6, Tak xax

294=7%.6,10 abc=T7'n KpatHo 294. Urou Tpeﬁonanoéb JIOKa3aTk.
4.060, IToka3sars, 910 414 BCAKOH apHMETHIECKOH IPOrpeccHH pH ToGoM

B BEIIOJIHAETCS PABEHCTRBO S, =S, + % 83, (§; — cymma k nepBriX 4IeHOB
MPOTPECcCHH ).

Pewenue.
2a; +d(n-1)
—_—n

2 ?

N 3y = 20 +d(3n-1)
3 2-3 2

s, +§83" _4g +d(4,n-2)_n _ 24 +d(2n~2)_2n -5,

Hwmeem S, =

1 _2a+dB3n-1).

.n’

2 2

10 ® TpeboBaNTOCH ROKA3ATS. '
4.061. Pemuts ypasHenue .
x-1 x-2 x-3 1 '
+ + .. t—=3
X X X X '

TAE X — LEeR0C MOINOKNTCIIbHOES YHCIO.
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Pewenue.
JoMHOx%ad obe YacTH ypaBHEHMS Ha X, HMEEM

(x-1)+(x-2)+{x~3)+...+1=3x. ‘
JieBast wacTh 3TOIO YPABHEHHS €CTb CYMMa WIEHOB apHAMETHIECKOH Ipo-
rpeccun, y kotopoli a; =x—1, d=-1, a, =1, -

a,+a,

=ﬂn—ﬁl +1=1—x+1

p, 1. +1=x-1 Takkak S, =

. n s
x-1+1 ) 2 .
TO ——2—-"(1'-1]=3I, X =7x’ x--=7(x;t0) .
Omegem:x=1. |
4.062. Yucro 180 npeacTaBHTE B BHIE CYMMEI YETRIPEX CNIaMACMEIX TaK, 4TO-
bl OHU COCTABIIH F€OMETPUHECKYIO IPOrPECCHIO, Y KOTOPOH TpeTHit wieH Gu1nl
651 Honpiie nepeoro Ha 36. '
Peucnue.
W3 ycnosus,
by +by +by +by =180, _ [b +big+big® +big® =180, o
b3 =bl +36, blqz =bl +36,

b1+g+q’ +43)=180,=>bl(‘13+‘-’2 ””)z 180

bi(e® -1)=36. e’ -1) 36
q*{q+1)+(q+1) (‘1+1)(f12+1)“ >+l _ _
(g+Dlg~1) ~ (g+D(g-1) =hgT T Thresl,

g,=3,q, =2

ToncTapnas sHagenne g, =3 BO BIOPOE YPABHEHHE STOH CHCTEMb, MOy~

UM b = ——— ===
: qz-—l g 2
Togua _
9 27 2 9 81 3 9 © 243
b=bg=>-3=""_ bl=bg‘==-9=— §i=bg’=2.27="Z
2 =019 2,31‘12 2,41‘1’2 5

Hoacrasmas 3HaveHTe gy = 2 BO BTOpOE YpaBHEHHE TOM CHCTEMBL, ITOIYIHM
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b,'——355—1=z3%—12 B =bg=122=24, B=hg?=12.4=48,
q —

by =bg’ =12-8=96.

) 2+2+% % 2) 12424448496,

2 2

4.063. [auel aBe reoMeTpHIECKHE MPOIPECCHH, COCTOANIME H3 OAMHAKO-
BOTO 4Hca WieHoB. Ilepebiil YieH 1 SHAMCHATENb TEPBOH [IPOTPECCHH PABHLI
cootBeTcTBeHHO 20 1 3/4, a nepBEIii WieH B 3HaMEHATEIs BTOPOH MpOrpecHi
PaBHEI COOTRETCTBEHHO 4 1 2/3, ECIy NepeMHEOXUTD YeHbI THX IPOTPECCHii ¢
QAHHAKOBBIMH HOMEpaMH, TO CyMMa BCCX TaKKRX nponaseaeﬂm‘fl COCTABHUT
158,75. Haifry usicro 4ieHOB 3TOH Nporpeccut.

Pewenue.

[lycts ay,a,,a3, .. 0 by, by, b, ... UNEHEL ABYX I€OMETPUIECKHX NIPOTPEC-

Omsem: 1

cHif, y koTOpRIX @ =20,q, =%—; b =4, q, =% woa by tashytahy+.. =

3 9 45
=15875. Haiinem as =aig) = 20-= =15 d3—ﬂ1q =20~ =— bZ =blq=
: 4 16 4
=228 242218 Tomag0.a415. 848 15, . =158.75
3 3 9 9 3 4 9
ums 80+40+20+...= % Jlesas 4acTh 3TOTO PABCHCTEA €CTh CYMMa YJie-

HOB FeOMETPHYECKOH POrpeccy, ¥ KoTopoit neperii uineH pased 80, a 3Hame-
1
HATEllh PaBeH o

Orcroma nMeem

n
8 I-H
2) | _635 1602" -1) _ 635 322" ~1) _127

1—1 ’4_’ 2" 4 » 2,,, 4 ]
3 _
12827 -1)=127-2"2" =27 n=7.
Omeem: 7.

4.064. Tpu uncna, U3 KOTOPLIX TPETHE paBHO 12, obpasyror reomerpHuec-
Ky1o nporpeccuo. Ecnu BMecto 12 B3aTe 9, TO TpH 9HCIa COCTABAT apmpme’m-
gecKyro nporpeccu:o. Haittu 5Tn yucna.
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Pewenue.
ycts by, by, 12 — wnens: reoMeTpUUecKOR IPOIPECCUH, & b, , 03,9 —une-
Hxl apHpMeTHHe cKol nporpeccuy,. Toraa

(9 - 24) G-4)__,
bg’=12,  {(9-2d)¢’ =12, (9-24)2
by +2d=9, ¢e3ib =9-2d, @1b1=9-2d, o
big=b +d, |(9-2d)(g-1)=d, |4= 9-d
9—2d,
dy =-9,
a2 d, =9, ib} =9-2(-9)=27,
(9-4) =12, [dl_ 9+9 2
9-2d 2= leg 18=§,
&b =9-2d, <i{b=9-2d, o} +
g=—=4 g=—"4 dy =3,
9-2d 9-2d" |9 g3,
\_\‘12 0_6

Bnepaomcnyqae b=27,b;, =bg=27" %—18 b3—l2 BO BTQPOM CITy-

qae b'=3, by=bjg=3-2=6, b'=12.

Omeem:1)27,18,12;2}3,6,12.

4,065. B KoReuHO# reoMeTpHYECKOil IPOrpECCHH AIBECTHEI €€ HEPBAIH LIEH
a, nocneHu wieH bu cymma S scex ee wrenos. HaliTa cyMMy KBaZpaToB Beex

YICHOB 3TOH IIPOrPECCHH.

Pewenue.

Ilycte by, by, bs, ... b, — “IeHE TeoMeTpHYIeCKOH POrpeccHy, Y KOTOPodH
b, =a,b,=5,8,=S. Torua

bl +b2 +b} + .. =b} +b7¢> +blg’ + ...=b{‘(1+q2 +gt+ . )=

in
=a¥(l+gl+gt+. )=a? 2 (1
a(lrg’+g*+. . )=a > {1
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Ha ycnosus umeem

n—1
ag”  =b, :
n = nﬁ]:é. i:.é. ‘ "z—{?-.
a(l—q?= q a’q a:q a‘f-
1-¢

_HO}ICT&BHB 3TO 3HAYCHHE qn BO BTOPOE YPAaBHCHHE CHCTEMBI, NOJIYIUM

a l-..b..q . . . . S_a
J___]a =S,a—bq=S—Sq,Sq—quS—a,(S—b)qu~a,q=S .

1-g b
Torza g" % i:; Moactasum ¢" S i:; 8 (1)
_bz(s-a)’- 2 bs-a)?
2 aE-0 ) (5= _aHS-b) -bHS-a)
| 8-a)’ | 8-a)? (§-b) ~(S~a)?
s-8° | (S-»’

_ (aS—ab-bS +ab)(aS—ab+bS ~ab) _ S(a-b)((a+b)§—2ab) _
(S—=b-S+a)(S-b+5—a) (a-5)(25—(a +bY)

_(a+b)S-2ab
28 —(a+b)

 (a+b)S-2ab 5

28 —(a+b)

4.066. B HexoTOpOj reomeTprMeckoii nporpeccuy, cogepKamei 2n nono-
AHTEbHAIX INEHOB, IPONIBEACHHE NIEPBOTO WISHA Ha 10CTeAHHIT pasHo 1004,
HaliTi cyMMY IECATHHHBIX JOTPHPMOB BCEX H/IEHOB MIPOTPECCHM.

"Pewenue.

Ilycrs by, by, by ..., b, —UICHBI F€OMETPHHECKOH TPOrPECCHH, KONH4ECTBO

Omeem

KOTOPBIX PaBHO 21, U b, - b, =1000. imeem y

X =lgh +1ghy +1ghy +..+lgb, =lg(b -by - b3..b,) =
=1g((by -by) (B2 -Byg) (b3 - Bpz)-..)

Tax xak by -b,, =byb,,rne k+m=p+gq, 10
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X =1g{b;b,)" =1g1000" =n1g1000=23n.

Omeem: 3n.
4,067. Cymma tpex uucen pasua 11/18, a cymma oBpaTHBIX HM HHCEN, CO-

CTABIAIOUIMX apHOMETHUECKYIO nporpeccmo paBHa 18. HaiiTh 311 4ncna.

Petuenue.

11 1
Haycnomameema,+a2+a3-—£ —+—+—=18, ne—l— i
18 a, ay as a; dy

1 "
— — 4neHn ApUGMETHYECKON IpOrpeccusy,
a;

Orciona

11
ay+a; +a, == 1t
RS T: & a +da, +a, =T,
1 1 1 18°
-a-l-+€+;:=18 & a,ay +aja; +aay =18aa,a05, &
2 1 1 2aiay =aya; a4,
e —

a; 4 @
1
Y 18,
o (ISa‘a,_—a,-»az)a3=aka2,=>18a,a,_ ~ay—a,=2a,—a,,

(2(2L -a, )a3 =ad,.

1

18a,a, =3a, a, =%

Jlanee 13 BTOpOr'o ypaBHeHHs CHCTEMBI TIOIYTHM
1 a; - a;

(Zal—— gy, =—,a; = 1.
6 6 124, -1

3aTeM, IOACTABHE @y, d; B ICPBOE YPABHEHHE CHCTEMEI, [IOCHIE YIPOILEHHI

BEN
o1, 1 ,_1 w1 1 1
Hmeem a1—'§',a2—‘6‘,a3—§ WIH ay = 3‘“2—3 a3=§.l‘10 YCIIOBHIO
1 1 1
TIONXOAT JHAYCHAA 4| = P et
Omae; -1—,—1~,-]-
96 3
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4,068, Pastocts apupMeTHyecKod IPOTpeccHH OIHAHA 0T HyaA. Yncra,
PaBHbIE IPOA3BEICHUAM MEPBOrO WICHA 3TOH NPOrPECCHH HA BTOPOH, BTOPOTO
4/IeHa Ha TpeTHii B TPETHEro HA 1IEPBEI B YKA3aHHOM [HOPAAKE COCTaBIAIOT reo-
MeTpHIecKy1o nporpeccio. HaliTu ee 3HaMeHaTEND.

Pewenue.
Ilycts a,, aj, 43, ... — WIEHH apubMeTHIECKOH POTPECCHE ¢ PASHOCTHIO
d # 0 1 a,a,, G0s, 03d; — 'WIEHE! FEOMETPHYECKOH IPOrPEceHH.
Tlo ycnosuro
@@y aza) _ 63 _a  a;+2d a,
2,2, ayas -t a 4, - a zal+d=q'

3amniem 5TH PABEHCTRA B CHCTEMY

a+2d  a a2
a a,+d’@ (a1a+d)(a1+2d)—al,ﬁ
a2y — L =q,
a1+d_q’ a] '+’d
at +3a,d +2d* =al, )
[—3 a, :?al="‘—d.
=4 3

a + d
s BTOpOro ypaBHeHHA CHCTEMEBI HMeeM

2
_gd
_2.___=q,q=4—2,
-=d+d

3

Omaem: 2.



Pemienns x raase 6

AJTEBPANMYECKHE YPABHEHU

OCHOBHBIE ©®OPMYJIbI
Jng mio6w1x a, b v ¢ BepHEI paBeHCTRA: '
(a+bY =a +2ab+b%;
(a.—"_'r)2 =a’ ~2ab+b;
a* ~b* =(a-b)fa+b);
(a+b) =a® +3a’b+3ab” +°;
(a-bf = a® —3ab+3ab? —b%;
&+ =(a+ba? ~ab+b?);
@ -0 =(a —1':an72 +ab+b2);

ax? +bx +c=alx —xlXx —xz),rne Xy, X, — KOPHH YpaBHEHHA

ax> +bx+c=0-

(6.1)
62

©3)
(64)

(63)

(6.6)
67

(63

PEHTEHHE YPABHEHMH C OTHHM HEX3BECTHLIM

Vpaaueﬁum C OOHUM HEUIGECHHBIM HA3hIBACTCH PaBEHCTBO

Al)=a k)

(69)

rae fi (x ) u g (x ) — HEKOTOpEIe 3a8aHBbie PYHKINE NepeMen O X Hay quc-

JIOBBIM MHOKECTBOM M.

Pewenuem (koprem} ypasnenun (6.9) ¢ oRHHM HEUIBECTHBIM HAIBLIBALTCH
TaKOe IHCIIEHHOS 3HAYEHHE HEHIBECTHOTO, BIATOS H3 MHOKECTHA YHCE], YKA3aH-
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HBIX B YCIIOBHY YpaBHEHKA, KOTopoe 00palliaeT NaHHOe ypanueane B TOXKIECTBO
(BepHOE PaBCHCTRO). :

PellnTs ypapHEHNE — 370 3HAUHT HANTH MHOKECTBO BCEX €50 peluenyii unp
I[I0KA3aTh, YTO PeIleHHH HET.

Obracmyio donycmumpix IHAUEHUN HEUIZBECMHO20 (0)13) ypapHeHnd (6.9),
HA3BIBACTCH MHOKECTBO BCEX SHAYEHHUH, B3THIX H3 YHCIOBOTO MHOXKECTBA, HAjl
KOTOPhIM 3aAAHO ypaBHeHHE, IIPH KOTOPHIX CYiecTBYIOT 00¢ QyHKums (JacTi

ypasuenns) f,(x) u g {x).
IIycts B pesynsTare npeobpazopatii ypasHeHHs {6.9) nonydeHo ypasHerue

o S b)=gx) T 610

Ecrw Boe peluenys ypasHeHna (6.9) apnsiores perenuamy ypasrerus (6.10),
To ypaBHeHHe (610) HazpIBaeTCA CIEACTBHEM YpaBHeHHA {6.9).

JiBa ypasHenus (6.9) 1 (6.10) c ollHEM H TeM ke HEH3BECTHRIM Ha3bIBAIOTCA
PABHOCHILHEIME (PKBHRATIEHTHEIME), €CNIH ypaBHeHHe (6.1 0) gpiseTca cleqcTen-

" eM ypasHeHns (6.9) H, Haobopo, ypashensue (6.9) saisercs CIIEACTBHEM ypaBHe-
a1 (6.10) 1 ecim 062 ypaBHeHuUA pelueHH He HMEHOT,

[lpu npeobpaszoBaHuAX ypasHeHHA 0fIaCTh €70 AOMYCTHMEBIX 3HAYEHHI MO-
HET H3IMEHATHCH, MONYMeHHOS YPABHEHMe B 00NIeM Cliyyac HepaBHOCWIBHO
naxHomy. Ecimu iipu Hekotopsix npeoGpasoBanusax OJ13 ypasHenns pacispser-
CH, TO NONYSEHHOE YPABHEHME MOYKET HMETh KOpHH, nocmoponnue I HAHHOTO
YPABHEHHA. -

Ecnu 0be wacTi 1aHHOr0 YpaBHEHHS BO3BECTH B OIIHY ¥ TV K€ CTEHEHD, TO BCe
ero xopHH GYAYT KOPHAMH [TQIYYSHHOTO YPABHEHHA, T.€. [IOMYUCHHOE YPaBHEHHE
Beerna fyget ClenCTBREM JAHHOTO, 06paTHOE YTBEPKICHHE He BCer/la HMeeT Me-
€TO. .

Bcaxoe yenoe payuonansroe anZebpauseckoe ypasHenue n-ii cmeneni ¢
OOHUM HeU3BErMHbIM MOXET OBLITh 3alIMCAHO B BUIIE

a,x" va, x" P+ . +ax+a,=0 (a, #0) (6.11)

THe a,, a,_y, ..., dy — 33JaHHEIE YMcna (ko3 GHIHEHTH ypaBHeHH ), x —- He~
U3BECTHOE, # — HATYPATLHOE THCIIO.

Koadhumentel a, u a; HasbIBaIOTCA COOTBETCTBEHHO CIAPUILM Ko3¢hghu-
yuenmom 9 ce0600nbIM wienomM ypaBHenus (6.11).

VpasHeHHe NePBOi CTeNeHH ¢ OHHM HEH3BECTHLIM

-Henoe pannosanbroe amepanieckoe YpasteHUe (IepBOH CTEEHH HA3hI-
BAIOT TIPOCTO YpagHEHUEM NEPBOti CHieneHuy.
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JIxo60e yparHeHHE TIEPROI CTENEHH ¢ OHUM HEU3BECTHBIM MOXKeT ﬁm
UPHBEACHO K KaHOHHYECKOMY BUY

ax +b=0 (a#0) (6.12)
'Ypaexenne (6.12) apasercs 4aCTHRIM clyuaeM ypasrerua (6.11), eciu B no-
cnepHeM nonoxuth n =1, q, =l na, =5.

Vparnerne ax +b =0 (a # 0) B MHOMECTBE ACHCTBHTEALHAIX YHMCENT BCETa
HMeeT PellieH e, U IIPHTOM TONBKO OJHO: '

x=-=.

a

YpaBHe#He BTOpPOH CTeneHH € OJHHM HEH3BECTHLIM

I{enoe panuoHanbHoe anreGpauyeckoe ypaBHERHE BTOPOH CTENCHN Haskl-
BAETCR YPASHERUEM 6MOPOI CIENER, WIH K6a0pamusim ypasHeHuem,

Besakoe KBanpaTHOE ypaBHEHHE ¢ OTHUM HEH3BECTHBIM MOJXKHO IPHBECTH K
KaHOHHIECKOMY BUAY

ax? +bx +¢=0 (a#0)} (6.13)

‘Vpasnenne (6.13) AB14eTcA YACTHEIM CydaeM ypasHeHHS (6.11), ecmH B 110-
CIEAHEM IONOKATE n =2 , 4, =a , @y =b Hay =c.

Ksanparxoe ypasretne (6.13), 3anucasHoe B kaHoHHYECKOH GOpMeE, HasbI-
BRETCA HENOAHbIM, €CIIH XOTA OB OIMH U3 er0 Koatb(puuuem'on, KpOME CTApILEro
4, PABCH HYAO,

Ecnn sce koathduineHTr KBAAPaTHOTO YPaBHeHH A, 3AIHCAHHOTO B KAHOHH-
YEeCKOM BHZE, OTHYHE! OT HY/IA, TO OHO HA3BIBASTCA NOAHbIM.

TNonxoe kxBaRpATHOE YpaBHEHHE, CTapiuHil koa(hGUIHEHT KoTopoTo paseH 1
(a= 1), HasEIBaeTCA NpUsEdeHHbIM KBADPAMHbIM YPAeHeRUeM; OHO HMEET BH)

xz +px+q =0, (614)

®opmyasl KOpHeil NOAHOTO KBaJAPaTHOr0 YPABHEHHS

" Ecmu D = b? —4ac 2 0 (Quckpumunanm ypapreHud), To ypasuerue (6.13) B

MHOKECTBE ACACTBUTENLHLIX YHCET HMeeT ABA U TOJILKO JIBa AeMCTBHTEABHBIX
KODHS, KOTOPBIE OIPENEIMIOTCA HO GopMyiaM .
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_—b+\lbz~4éc

—b-b* —dac
:'.————’ x2 —
2a

- (6.15)

x|

Ecmu 5% ~4ac>0,T0 x| #X,, 3 ecnu b? —4ac=0,T0 X =X,. Eciu
5% -4ac<0,10 ypasHeHHe (6.13) nelicTBHTEABHBIX PENIEHYI HE HMEET.
B yacTHOM cyuae, koraa b ~— YeTHOE YMCIIO, T.€. b =2k , ypasHenue (6.13)

npuHHMaeT BuA ax > +2kx +¢ = 0, a opmyms (6.15) npeobpasyrotcs B caeny-

OIYHO.
-kt \flc2 —ac
Xy, = A EVE —ac (616)

a

Ecnu ypaBHeHHe OPHBEAEHHOE, T.e. AMEET BUAL X + fx + ¢ =}, TO A OI-
peneNeHns eTo KOpHEH NoNy HM

2 .
xp=-txfg. 6.17)

Paznoxenne KBaJPaTHOTO TpeXujJeHa HA MHOXHTEJIN

Bripaxenue ax” +bx +¢ TpH a # 0 Ha3LIBAETCA KEAOPAMHBIM mpexyae-
HOM.

Beipaxenue D = b? —4ac wasbiBaetcs SucKpuMunanmom xeadpamitozo
mpexuiend. .
Ecnu D 290, To xBagpaTHEIH TPEXUAEH pasNaraercs Ha MHOXHTEHH C Jek-
CTBUTENBHAIMA koG OHIIHeHTaMH:
ax? +bx +c=a(x —xlXx-xz), (6.18)

IAE X, H X, — KODHH KBAJIpaTHOIO TPeX<ieHa, ONpeleieMble Tio (opMynam
HaxOXKASHHA XOpHEH NOMHOIO KBaAPaTHOTO YpaBHEHMS.

BukBagpaTHbIE YpaBHEeHHS

Bukeadpamnvim ypasnenues HasbBAETCH UEN0e palINOHANEHOE anrebpaun-
YecKkoe ypapHeHNE YeTBEPToH CTeNeHH, KOTOPOE MOKET OBITH IPHBEIEHO K Ka-
HOHHYECKOMY BHIY '
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ax® +bx% +¢=0 (a=0). (6.19)

2
Jamenus x> Ha i, nomyunym gt -+ bt + ¢ =0, u3 KoTOpOrO HAXOOKMM
Ly

—b-Vb? —dac —b+vb? —4dc
= 2a = 2a '

Fom 4350 1 £,>0 (a>0,c>0,b>-4ac20,b<0 wm a<0,

¢<0,b% -4ac20,b>0), To GUKBaApaTHOE YpaBHEHHE MMEET YEThIpe
AeHCTBHTEILHEIX KOPHS

—b—Vb* —4ac ~b4+vb* ~4dac
xp =% Y x34 =% T Y

VYpapHeuusd, colepXKallueé B3aUMHO 00PATHEIC BRIDAXKEHHS

YpaBHEHHJl, COZCPWALLHE B3IAUMHEHOQ oﬁpamme BBIPAKCHHUA H HMCIOUIHE BHA

£i) , p folx) A
b
NP R i (6.20)
PEIIAOTCA € IOMOLIBIO TOJICTAHOBKH
filx) -
fx) (621)

fz(x

Tor,ua j , W OTHOCHTEARHO ¢ IONYYaeTCA YPaBHCHHE

=
at+b-2=c at® —ct+b=0 (£#0).

Teopema Buera

KopHu ypaBueRus a,x" +a, ;x "™ +...+ax +a, =0 (a, #0) ceroko-
HPOULEEHTAMHA CBA3AHE CICTYIONIHMHI COOTHOINEHUAMH:
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— -l
Xy¥Xg .o Fxy=—-—

a,

>

+ ot = A2
XXy TX Xy +...TX, X, =

n

a,
J351352"3 FX) XX g F ot g g XXy =

Harpumep, ans ypasHeryi uetsepToi crenenyt ax’ +bx + cx® +dx +e=0
(a # 0) Teopema Buera nMeeT BUA

[ b
X1 +12 +X3 +X4 =,
a
c
XXy +x1x3+Xx1Xxy4 +X2x3 +Xa2X4 +x3x4 =—,
a

d
X1 Xo2X3 +x1x2x4 +x1x3x4 +x2x3x4 ="";,

e-
X XpX3Xy =}
a

.

n% KyGuueckoro ypapHenua ax° +bx? +cx +d =0 (a #0):

b
X +x2 +x3 =
a
: c
x1x2-+x1x3 +xe3 =y
j a
d

xleX3 ="‘;',

IUtsl KBAJIPATHOTO YPABHEHNA ax” +bx +¢ =0 (a2 #0):
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X+, ==

L+

XXy =—.

=}

HppaunonaibHpie YpapHeHHA

HppayuonansneiM ypasrentiem Ha3pIBAeTCR amre0palecxoe ypaBHeHHE, eclli
X5 GBI OAMH I3 WICHOB KOTOPOTO HPPAlMOHANEH OTHOCHTENIBHO HEH3BECTHOID, TE,
310 eCTh YpaBHEHUE, COTCpaKalllee HeH3BECTHOE MO/ 3HAKOM PAJMKATIA.

OO61wHif METOA pellietya HPPALIHOHANBHLIX YPaBHEHHH 3210104 aeTCA B Clle-
IYIOIEM: CHAYATa H30IUPYETCH ONHH PajHKaN, 3aTeM of¢ 4acTH ypaBHCHHS
BO3BOAAT B CTCIEHE, [IOTOM CHOBA H3OIHPYIOT paaHkan ¥ T.0. [IpH Bo3reacHHM
obeMx yacTeil ypaBHEeH!S B OJHY M TY e CTENeHb N0Iy4aeTICa YPaPHEHHE, B
oDImeM cydae HePABHOCHIBHOE JaHHOMY; I0TOMY MPOBEPKA HAMACHHDBIX THa-
YEeHH HEH3IBECTHOTO O YCIOBHIO MCXOOHOTO ypaBHEHHA 00A3aTEARHA, T.€, AB-
JIAeTCA COCTABHOH 4acThi0 PEIIEHHA.

Eciu oc uacTy ypapHesns f; (x )= S {x) Bo3BECTH B YeTHYIO CTEEHE R, TO

KopraME noxydenxoro ypasuenua (f,(x))" = (f,(x))" Gynyr Bce kopuu ne-
xozHOr0 ypapHeuus f,{x )= f,{x) uypasnenns f,(x)=~f,{x).

IIpn nepexone oOT YpaBHEHHA f,(x)=f2(x) K YpaBHEHHIO

(1,6 =(f, ()" motepu xopreii He IPOH30IAET, HO MOTYT TIOABHTHCA 110~

CTOPOHHNE KOPDHH, 8 HMEHRO. KOPHH COIPAXKEHHOIO C HCXCAHBIM YpaBHEHWA
H&)=~1(x).

Ecmu 06e 4acTH ypapHEHHA f) (x) =f (x) BO3BECTH B HEYETHYIO CTENCHB X,

b
To nony4uM ypasuenne (f, (x ))k = (f2 x )Y , PABHOCHIILHOE HCXOIHOMY B MHO-

KECTBE ACHCTBHTENLHBIX YHCEL.

ITpH BO3BEACHUH B HEHETHYIO CTEleHb 00enxX vacTeil ypaBHeHHA, paccMaT-
PHBACMOTO B MHOMCCTBE Ile}“‘ICTBHTCJ]thIX YHCEL, UOCTOPOHHHE KOPHH HE [105B-
JIAIOTCA.

TIpycrynas x pelueHAlo HppaLOHANEHOTO YpapHe A, HenecoobpasHo npea-
BapHTEIBbHO onpenennTs 013, Tak KAK MOXET OKa3aThed, 4To 3T0 ypaaaeﬂne He
onpesenieHo B 001acTH AeiCTBUTENLHBIX YHCEL.
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Ipu peme‘nmi HAPPalHOHAIBHEIX YPaBHEHUH ClieayeT MMETh & BHLY, UTO He
npuaaanexaime K OJ13 sHayenns HEM3BECTHOTO BCEI7|a IOCTOPOHHME /T pe-
[IaeMOT0 YPaBHEHIA; HX MOXHO oTOpocHTE 63 MpoBepkH 1o yoaosrko, Haii-
JIeHHEIe 3HaTCHHA HEH3BECTHOIO H3 0ONIACTH AOIYCTHMEIX 00A3aTENBHO ClenyeT
LIPOBEPUTS [T0 YCIOBMIO YPABHEHHA, TAK KAK OHH TAIOKE MOL'YT OKa3aThCH IIGCTO-
POHHHMH.

CHCTEMBbI YPABHEHHI

Cucmemoii n ypaenenuii ¢ m HeuseecmubiMiy HA36IBAETCA /1 YPaBHEHHII, B
Ka#IOM N3 KOTOPhIX HeH3BecTHbic, 0D03HAYCHHBIE ORHOH U TOH e Gylcnoﬁ,
03HAYAIOT OAHY H TY K¢ HEHIBECTHYHO BEHIHHY.

Pewnennem cucmemui n ypasrenufi © m HeHSBECTHHIMY HA3HIBASTCSA BCAKAN
YNOpALQUEHHAS COBOKYIHOCTE H3 711 TAKHX YMCEL, KOTOpEIE, DyXyuH [ONCTaBAe-
Hl B CHCTEMY BMECTO HEHIBECTHEIX, 00PaAIoT KAKA0E YPARHEHUE CHCTEMEL B
TONAECTBO.

Pelunts CHCTEMY YpaBHERHH — 3HEYHT HaliTH MHOXKECTRO BCEX €€ PellicHHUiT
HJIH 110K233Th, 9TO OHA PEIUEHHI He HMEET.

Ecny cHeTeMa He HMEET DellIeHHE, TO ¢c Ha3BIBAIOT HeCOBMeCmHot WIH Hpo-
mueopeyucoti, B IPOTHBHOM CIY4a€ — COGMECHHOI,

ax+by=¢,

Cucrema MOXKeET MO0 HMETE €IMHCTBEHHOE PereHuUe, 1160

Gx+by=c,
uMeTh OeCKOHETHO MHOIO peieHui, 160 He HMeTs pentenuit. Ilpu rpadmuaec-
KOM cr1ocofe peUIeHHA KOKIOMY YPABHEHKIO JaHHON CHCTEMBI CTABHTCA B CO-
OTBeTCTBHE HEKOTOPaA pAMas Ha mockocTH XOY, TakuM obpazom, Raunoil
CHCTEME Ha IUIOCKOCTH COOTBETCTBYET apa NpAMBIX. J{Be IpAMEIC HA WIOCKOCTH
. MOTYT JIHDO IEPECEKaThCA B O,ElHOH To4Ke, 160 coBNazarh, mbo He HMETE 0-

LIAX TOYEK. _ :

IIpu nepeceueBHl NPAMBIX JAHHAA CACTEMA HMEET SMHCTBEHHOE pelne-
HHE; TIPH COBOANICHHH NPAMbIX AAHHAA CHCTEMA UMeeT GECKOHEMHO MHOTO pe-
menni; ecnu NpAMEIE HE UMEKOT HY 0RHON of0mel Touky, TO AaHHAS CUCTeMa
pelucHMil He HMeeT. ‘

Pewmre ypasaenns (6.136—6.182):

x+1x+2
+1 x2

6.136. =-2.
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Pewenue.
x#-],
on3: {?‘ £
Tlocne mpupeicHKA BCEX WICHOB YPABHEHINA K 00IeMY 3HAMEHATETIO, HMECM
(xz + IX}:— 2)+ (xz + 2)(x +1)+2(x+1)(x-2)
(x+1){x~2)

@M-—O@ 3 .2 ﬂpHx;t——lH'x;tZ
(x+l)(x—2) 2x + X +x—4—0 el
. N _
[TepennmeM 3T0 ypaBHEHHE B BHIE (Zx —2)+(x —1)+(x-l)-—0,
A= +x+ D+ (x=Dx+)+x-1=0e (x=1)(2x? +3x+4)=0, or- -

Kyoa x—1=0, win 2x2 +3x+4 ={; x; =1, Y kBaAPaTHOIO ypaBHeHus D < (),
Omeem:x=1.

x x+1 x+2 25
+ + =—.
x+1 x+2 x 6
Peiuenue.

6.137.

x#®-2,.
x#-],
x#=0.

043:

HprIBCIleM BCE 4JIEHL] YPaBHCHAA K OGHICM}’ 3HAMCHATCIIIO!

6x?(x +2) + 6x(x+ 1)% + 6x + 1){x+2)° ~25x{x + 1)(x +2)
‘ §x(x +1){x+2)

Tx? 4 21x? —4x - 24
6x{x+1)(x+2)

=0e Tx* +21x% —4x-24=0 npd x#0, x=-1,

x#E =2, 'HpOBepmﬁy&)KnaeMca,qTo x, =1, Takkak 7+21-4~24 = 0, Jemum

7x} +21x? —4x-24
x-1
CReRoBaTesHO, HCXOAHOC YPaBHERHEC MOHHO HpCJICTaBKTb B BHAC

JEBYH YACTh ypaBHeHUT Hax — 1; =T7x% +28x + 24,
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(x- 1722 +28x+24) =0,
Pemas ypasHennme 7x2 +28x+24=0, HaXOAuM eIle ABa KOPHA:
247 2J_

Xy =—2——7—."; X3 =2+ —

247

Omeem: x, =1, X34 =—-2i:——-—

6.138. (x> —6x) —2(x—3)" =51

Pewenue. _
Us ' ( 2 2 2 g _ 2 _
yemosms {x° — 6x) - Z(x —6x++ 9)-— §1=10. O6o3mauum x° —6x=y.
Umeem: y2-2{y+9)-81=0, y? -2y-99=0=> y; =-9; y, =11 Torna

[\ xz—6x=—9,(x—3)2=0,x3,2=3;2) S x?—6x=11, x*-6x—11=0,
X34 =3£420=3£245.

Omgem: %13 =3; x34=3% 245.

6.139. (x+1)° +(x-1)° =32x,
Pewenue.

Tac ax  a"+5" =(a+b)a"" - a""2b+c;"'3b2 ~a™ . 4b™Y),
(ot =1){(x+ 1) = (e 1) (- D (r 4 1P (2= 1) (m 4 )(x- 1) +
+'(x—1)4)=32x, 2((+ 1) +(x= )" =G+ D= 1) - (e - 1)+
(1) (x=1)7)- 320 =0; x4 )"+ (x-) (2 + P (x - )= (x4 1)x
x(x=1 +(x+ 1 (x=1) -16)=0=  x=0, wnu (x+1)* +(x-1)° -
~(x+ P x= Y- () (x~1) + (x4 )2 (x-1)" - 16=0.

Tax xax a4+b4=((a-—b]?'+2czb)2-2a2b2,TOHMCCM;

11 Cramamg M. H., xu, 1 321



((x+,1~x+1)f #2{x - 1))2 — 2+ )2 (x =1 —(x+ Dz~ 1)x
x((x-n)’ +‘(x-1)2)+(x+1)2(x-1)2 ~16=0, (4+2(x+1)(x- 1)) -
-(x+1)2(x-1)2-(x+1)(x-1)((x+1)2+(x-1)2);1e=o , {4420z +1)x

x(x—I D) = e+ ) (3 =1 (x4 Yx - Yf(x+1- x4 17} 2+ Yx- D) -

2 2
~16=0, mum (4+2(” - 1)} -(x* -1) -(x2-1)(4+2(x2-1))——16=0.
O6ozmamm  xZ—1=y. Hweem (4+2y) —)? —3(4+2y)-16=0,
16416y +4y% =37 —4yp—-232 —16=0, ' +12y=0, »(p+12)=0=
=y =0, y,=-12. Torma x? ~1=0, %3 =+, mm x? —1‘=—12, OTKyha
x?* = ~11< 0, He nOAXOAMT.

Omgem: x; =0, x3 ==1, %3 =L

2z 2t ~z+2
6.140, — -3 =
z8—z+1 zf~-z-2

Pewenue.

L

z#-1,

2
B Ry e, N XY
Ofi3:2 —2 0 {z £9.

HYCT5 22 Zz=y. Hmeem:
oyt o =)D y-2) o
y+l y-2 (y+l)(y—2)

Ay +4)

< (y+l)(y_2) =0’ OTKYAA ¥ =0, Y2 =—4, Torna 22 .—z:O’ z; =0’

z, =1, wnn 2% -z +4 = 0(D < 0) ¥ pewmennii ver.

Omeem: 2, =90, z, = 1.
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6.141 24 _ 15 =
T x4 2x-8 x24+2x-3

Pewenue,
x#—4,
w2 - ' #2,
ol3: x2+2x 8#0,@ x
x*+2x-320 x#-3,
x#1
ITycTe %2 +2x=3y.
24 15 {2y =31
Hveew ——-—~-2=0& ﬂ—-—)=0, oTkyaa y, =0,
y~8 y-3 (y-8)y-3)
31
Y2 =—-2—. Torna x? +_2x=0, x =0, x, =-2, HIK x2+2=§1, OTKyZda
L _=2£66
MET,
-2
Omeem. x; =0, x, =-2, X34 =—gz—@. :
6.142. x> —(a+b+c)x> +(ab+ac+bc)x—abc=0.

Pewenue.
Ilporepxoit ybexpaeMcs, 4To X; =a, TAK Kax a’~a’—a’b-dc+
+2%b+ a*c+ abe — abe = 0, HleNAM EBYIO 9aCTh YpaBHEHHA HA x — a:
x* - (a +b+ t:).vr2 + (ab +ac+bc)x —abc

xX—a
,)lam{oe YPABHEHHME MOXKHO NPECACTABHTE B BHIEC:

(x -a](x2 -{6+ c)x+bc) =0.

x* —(b+c)x+be.

Pemas ypassesue x° —{b+c)x +bc = 0, RaxonyM ABA €10 KOPHS:

2
brety(b+c)’ —4bc  bct b7 +2bctc? ~dbe
2 | 2 -

X23=
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brcivpl —dherd brotyf(b-c) _b+cx(b=c).
2 2 2 ’

b+c-b+c
Xy=—————=¢

byec+b—=c
y Xy = —————— =
2 2

Omgem: x|, =a, x, =¢, x3=b.

b.

6.143 '1—+ 1 = L
TR (xe2 90
Pewenue.
x#0,
O3: {x # =2,

U3  ycnosus (-I-T+( ! jz—-l—Q—Oﬁ x+2-x 2+ :
2y x x+2 9 x(x+2) ) - x(x+2)

10 2 2 10
—_— = - =.
9 O‘i'[x(ﬁz)J*x(Hz) 9

2 L 10 2
MycTe m:y. Hueem 9y2 +9y-10=0=> » =——9—, Vs =3—. Tor-

1A WIH 2 -E 2 —~£=>x-—3x =1; BTOpOE YpaBHEHHE
x(x+2). 3" x{x+2) 9 : > T2 75 FOROT IR

KOpHeii He uMeet, T.K. D < 0.

Omeem: x; =~3, x, =1.
2
6.144. (x? +2x) —(x+1)? =55,
Pewenue. |
2 2 (2 - 2
Hs ycnoBus uMeem (x +2x) —(x +2x+1)—55. Iyere x* +2x=y.
Ot 2 = = =
OCHTENLHO Y YPABHEHHE DPHHIMACTBHI y° — v —56=0= y, =~7, y, =8

'I‘or)mx2 +2x = =7 nuH x° +2x=8, x? +2x+7=0Hunu x> +2x~8= 0,
oTKyaa x; = -4, x, = 2, [lepsoe ypaBHe¢Hue pemeruii He umeet, T.K. D < 0.

Omeem: x; =—4,x, =2.
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6.145. (x+1)2(x+2)+(x—1)(x-2) =12,
Pewenue,
Hmeem:

(Jt:2+2x+l)(x+2)+(x2 -2x+1)(.x—2)—12=0@

o+t +2x? vdxrx+2+x° -2 -2l +4x+x-2-12=0,

2x3 +10x-12=0, X +5x-6=0.
HOCJICI!HBC YpaBHCHHE [IEPENHUICM B BHIC!

:Jc:'+5x—5---1=0,'(x3 "1)+5{x—-l)=0, (.7:—1)(:152 +x+1)+5(x—1)=0,

(x—l)(x2+x+6)=0, otsyma x—1=0,x =1, W x’+x+6=0,D<0n
KOpHEH HeT. ’
Omegem: x = 1.

(x - 1)(x - 2)(x - 3](x - 4)
618 )2 3)+4)
Pewenue,
x#-1,
= -2,
Of13: xe 3,
x# -4,

(x1)(x—2)(x-3)(x—4

)— =V
Mo yonoens (N e e ) a 3w d)

=1

(x+1)(x+4)(x+2)(_x+3) e
Pinteem (x— 1{x=4)(x— 2)(x = 3) ~ (x + x+ &)+ 2)(x +3) = 0 mpm x %1,
x# 2, x# -3, x %4 (¢ ~sx+4)(x? ~sx+6)—(x +5r+a)x +5r+6)=0,
(2 = 5x)" +10{x? = 52)4 24 - (7 4 55)" =10{x? +.53) =24 = 0>

o ~~20x(x2 +5) =0, oTkyna x; =0, x*+520.

Omsgem:x =0,
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8 —
6.147. (x+1)(x+z)+(x-1)(x+4)_1'

Pewenue.

x=xl,
OO3: {x=-2,

x#—4.
[TepenuineM ypasHeHHE B BHIE - 6 + 8 —-1=0 nobo

x243x+2 x2+3x—4
3HaUMM X% + 3X = y, TOrIa HMEeM:
6 .8 -0 y(y-16) =0, orxyna 1 =0, y; =16.
y+2 y-4 (y+2)(y-4)
-3+

Torma x% +3x =0 umm x2+3x=16;x1 =0,x;=-3,x34 =3_Tﬁ.

Omsem: x; =0,x; =-3, x34 =

6.148. {x-l]n(x%-%}::t.
X X

Pewenue.
O63: x=0.

~3£73
— .

' 1 2 1 .
TlepenuuieM ypasHenue BBue 3 x—— |+ 2 x“ +—— 2 {=0 ¥ noNoXHM
x x

x-i-:y_ Toraa nomyduM 2y2+3y=0, oTkysa y =0, y2=—%. 3Ha-

1 1 3

UHT, x — =0 WIH X —— = —==,

n x X 2
Pewrus 3TH ypasHEHus, HaXomuM ¥ 5 =11, x3 =-2, x4 =05.

Omsem: x5 =11, x3 =-2, x4 =0,5.
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x2+1 X

6.149. +——=-25
x o x"+1
Pewenue.
Ooa3: x=0.
‘ 2
x°+1 1 2
Iycts =y. Homyyaem y+—=-256y° +25r+1=0, orkyaa
y A
= 1 24 24
yw=-2,y.=-7. Torna ad =-2 uam > l=——. Orcrona
2 x x 2

x4+ 2x+1=0 mm 2x? +x+2=0 npu x #0. Pemas 3TH YpaBHEHMS, [0y~
q9uM Xy, =~1; Bropoe ypaBHeHMe KopHeit He HMeeT, T.K.D < 0.
Omegem: x 3 = -1

2

u
.150. +
6 2_yt 2-u

=2.

Pewenue.

u#l,
On13: u#iﬁ.

u2(2—u)+u(2—u2)—2(2—u2X2-u) _

(z—u’-‘)(z-u)

U3 ycnoeua wMMeem 0=

3_ a2
Lt LR L NS S W S Y |
(2—:42)(2—11)

IIpeacTaBuM ypaBHEHHE B BHIE (an3 - 2u2)'— (u2 - u)—(4u—4) =0,

2 (u—1)-uu—1)-4u-1)=0, (u-1)(2u* ~u-4)=0, Torma u-1=0,

+./33
=

HId 2u® —u—~4=0, OTKyAa uy = 1, ity 3 =

+4f33

4

Omsem: 1y = 1; tih 3 =

3z



6.151. x-m+x+m=x—-2m x+2m_6(m—l)
x-1 x+1 x-2
Pewenue,

x#iL.
Ofi3: x#=12.

x+2 5

(x—m)(x+1)+(x+m)(x-1) _
W3 ycnopus nmeem (x-— 1) (x+ 1) =
_ (x-—2m)(x+2)+(x+2m)(x—2) _ 6(.'71—1) -
(x-2)(x+2) 5

o 2x* -2m _ 2x* —8m . 6(m—1)
x? -1 x? -4 5

x*—m _x*-am 3m-1)
P T3 -
x*-1 x°-4 5

ﬁxz—m_x2—4m=_3(M*l)
-1 x*-4 5

@(xz—m xz—4)——(x2—4m)(x2—1)=_3(mf])ﬁ
=R _s
3mx? -3x* _ 3m-1)

x*-s5xr+4 S

<~

2 —— vy
o 3x*(m~1) +3(m 1)
xt—5x2+4 5

=0¢

xz(m—l) m-1 2

x 1
o + =0 (m-1) —2—+-|=0e
xt-sxt+4 5 ( )(x4—5x2+4 SJ

o (m—l)(sz +x! foz +4) cre {m— l)(x"' +4) _
5(;:4 -5x2 +4) x5kt 44

o {(m— 1)(3:4 +4) =0,

x*=5x?+420.
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DEcmum—12£0 unum=1, 10 x* +4 =0, KopHeH HeT.
2)Ecni m=-1=0umu m=1, T0 x€ R, Jf;til, x %2,
Omeaem:ecnu m=1, To x € R, kpoMe +1, +2; ecnu m # 1, 70 KopHeii HeT.

z+4 z~4 z+8 z-8
= + +6.

6.152. z-1 z+1 z~2 z42
~ Pewenue.
z# ],
OR3: {z#il.
Uz yenoeus nomyuaem:
(z+afz+)+(z-4)z=1) _(z+8)z+2)+(z-8)z-2)
(z - 1)(2 + 1) B (z - 2)(2 + 2]
22248 222432 22 +4 22416
5 =— +6& 5 =——+3e
z -1 z°—4 z¢-1 z*-4
2 z . 22 +4)z% - 4)- (2 +16)(z% -1
ﬁ22+4_zz+16:3@ ( ) ( )=3¢;
-1 -4 (zz—l)(zz—4)
1522 522 522
. =3 =1 ————+1=0&
z* =522 +4 2t -522+4 2t =522 4+ 4
522 +z% -522 +4 2t +4 -0
z4~-522+4 A LY

OTKyH4 z* +4 = 0 u pemenuit ner.
Omgem. KOpPHEH HeT.

6.153. (2x+a)’ —(2x—a)’ =2424°.

Pewerue.

a* - b° =(a-b)(a* +a*b+a’b? +ab® +b")=(a-b)((a4 +b*)+
+(a*h+ab?)+a%?) = (a—~b)(((a—b)2 +2ab) —2a%6" + abla? + 5% )+
+alb2)= (a —b)[((a -5y’ -i-Zab)2 - a2 +ab((a -b)? +2ab)].
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(2x+a —2x+a)[((2x+a --2Jc+'a)2 +2(2x+a)(2x—al))2 —(2Jc+a)2 X
><(2)c—c‘:)2 +(2x+a)(2x—a)((2x +a -2x+a)2 +2{2x'+ a](2x.- a)): 2424°
MK 2({ (4::2 +2(4x2 —az))2 —(4x2 ——az)z +(4:rc2 —112)(4412 +2(4x2 —az)) ]—
et =0 of ta?+2(s57 - - (137 - a7+ (857 - a7)x

x(aa? + 2{ax? — a2 )-1212* }:0.

Orciona
1) ecan g = 0, Tox — moboe yHCcnO;

2)ecmn a# 0, TO (4a2 +2(4x2 —az))2 —(45;2 —02)2 +(4x2 —az)x

><(4a2 +2(4x = a?))-1216* =o0.
Mycts dx? ~g? = y, TOII2 OTHOCHTENBHO ) YPABKEHHE HMEET BH:
2 S
(4:12 +2y) —y2 +y(4a2 +2y)— 121a* =0,
16a* +16a%y +4y? —y* +4a’y+2y* ~121a* = 0.
2 T S T 4
Orciona 5y° +20a“y ~105a" =0, y* +4a“y—2la" =0, orxyna
y2 =-2a* +V4a* +21a* =-24* +5a%; y; =-7a*, y, =3a*. Torna

3
1) 4x2 —g? =742, x* =—5a2, HET pelleHuii npA a # 0,

2) 4x* —a?® =342, x? =a2,~ OTKyaR X, = ta.

Omsem: ecna = 0, Tox — moboe 9ucio; ecn a # 0, To X, = La.

2 2
+2x+ +2x+
6.154. .1:2 2x+1 Jc2 2x+2 7.
X“+2x+2 x*+2x+3 6
Pewenue.

Mycrs x? +2x =1y, TOT4a OTHOCHTEBHO y YpABHEHHME TPHHUMAET BUJ

yil y+2 7 o Syl +ey+2) -Tp+2)p+3) o
y+2 y+3 6 6(y+2)(y+3)
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597 +13y .
(y+2)(_y+3) =0,57 +13p=0 npu y 2 -2 u y -3 Y(Sy+13)=0, o -

13
Kym y; =0, }’z=‘“§*- Torga x*+2x=0 um x(x+2)=0= x, =0,

2 13, )
X, =-2; X +2x=“?,5x +10x + 13 = 0, pewenuii Het, T.x. D < 0.

Omsem: x|, =0, x; ==2.

6.155. ax® —x* +a’x—a=0,
Pewienue,

FiMeem (ax4—-x3)+(a2x-a):0@x3(ax—1)+a(ax—1)=01:
1
@_(ax—l)(x3+a)=0. Torpa ax—1=0, orkyaa X =;‘, HIIH x3+a=0, oT-

KYla X, =Y—a =-3a npa a+0;x=0npua=0.

1 .
Omagem: x|=;,x2=— a npua=0;x=0npua=0.
_ 2 2 2 _
6.156. 20(" 2) —{ﬂj 48X =% oo,
x+1 x-1 x*—~1
Peuwienue.
Of3: x =1l

x°—4
PasnenuB ypaBHeHHE Ha 3 # 0, umeem

20(x 2) Jt2 1_5(-"'*'2)2 xz 1+48=01i>
x+)" x4 (x-1)7 X -
2
R o e




(x+2)(x+1) (x-2)(x-1)
(x+2)(x+1)
Ax=2)x-
Iiycte Ei+2;§i+l) ¥, tae y # 0. OTHOCHTEIEHO ¥ YPARRCHHE PHHHMA~
erBup 20y ——+48=0& 20y° +48y-5=10, orxy,nay,="5, Y= TS
y .
Torma
1)( )(x 1) @'Ix +9x + 14 = 0, pewenuii ner, tx. D < 0;
(x+2)x+D) |
(x 2)x- l) 1 2
2 9x% —33x+18 =0, oTxyma X3 =—, X4 =3.
Gr2)ar)) 10T T AR Ey
2 B
Omeem: X1 =, x, =3.

3
6.157. 2(x-1)* - 5(x~1)(x~a)+2(x —a)’ =0.
Pewenue.

2
Paspenus ypasuenne Ha (x —a) # 0, umeem

2
2(‘“1) -5(1'1]+2=0.
xX—a X—a
- x—1
yers

=7y.

OTHOCHTENEHO Yy YpaBHEHHe NMPHHHMAaET BHA 2y2 —5y+2=0,0Tkyna

1
ylxg.: y2=2'
. X— 1 x-1
Torna =—,x =2-a; ®IH =2,x,=2a-1
x-a 2 x—a

Eemu x—a=0,100-1=0 ux_=a=l._

Omeem: x; =2—~a; x, =2a-1,
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6158, Yo -Vx+1+Y74xr1 =4

Pewenue.
O03: x+120 wu x = -1.

Oyeth Jx+1= y20, OTHOCHTENIBHO ) ypaBHeHHe MPHHAMAET BHQ

39—y +3/7+ y = 4. Bosseas ofe 9acTn ypasHeHHa B Ky6, HOTyIHM

90—y +(0- 1T+ 3) + RO T+ +T+y =64

o R0y} (T+7) +R(9-y)7+)) =48

o Rfo- Y1+ 1)<y +Trr)=4s.
Tak xaK no ycioBs §[9;y -.|-3 T+y=4,T0

12(9-y)7+y) =48 & (9-y)T+) = 64,32 —2p+1=0,(y -1 =0,

otkyaa ¥z = 1.
Torna Jx+1= Lx=0.
Omeem:x=0,
6.159, Jx+2 ~¥3x+2=0.
Pewenue.

O03: x+220, x>2-2.

I/Iaycnonus; Vi+2 =33x+2 = (x+2)’ = (3x+2)%,

P +6x +12x+8=9x" +12x+4 @ -l +4=0e

o e+ -x+1)-Hx=1x+1) =0 (x+1)(x* -4x+4)=0,
(x+1)(x—2)2 =0, Orcromax +1=0, x; =-1, uan (x—‘2)2 =0, X33 =2.

TlpH moACTaHOBKE B HCXOAHOE YpaBHEHME yOexKaaeMEs, uTo x; =—] — Iocro-

POHHHIH KOPEHb.,
Omeem: x=2.
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6.160. '20:x+ 20;):::1/’6-.

Pewenue.

|20+x >0, |x(x+20)20,
&> {x(x-20) 20,

X
ON3: 20~x
——20, |x20,0<x<20.

X

Boapes 00 1aCTH YPABHEHHA B KBARPAT, HMeeM

2 - - a2 -
W+x (0+x)(220 x)+20 X g YAOO-xT  3x-20

X x "X X x

2 _ . >E)_
V400—-x =3x—20,rne 3x-2020, x 2 3

Hanee: 400-x% =9x% -120x+400 ¢ x{x-12)=0, orkyxa x, =0,

20
X, =12; ¥ =0< 73 HE MOOXOIHT.

Omgem. x=12.

6.161. (x—Dx{x+1)+x{x+1)(x+2) = 3x? +x+18xx - 16,

Pewenue.

ON3: x>0.
H3 ycnoBHs HMeeM:

x(x+1](x—l+x+2)=3x2+x+18x\/;—l6ﬁ

e +x)2x+ D=3 +x+18xfx - 16

=20 +3x 4 x=3x" +x+18xVx =166 x*~0xJx +8=0.

Iycts fx =y 2 0.

OTHOCHTEABHO y YPaBHEHue OpHHHMaer BHA y® —0y> + 8=, oTxyna
Y=,y =8=y=1y=2

HMomyawm Jx =1 wm x, =1; Jx =2, x, =4.

Omsem: x;=1; x, = 4.
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6.162. Y(ax—b)’ ~Y(b-ax)” = % (a - 0).

Pewenue.

0 3-x;¢=2
A3 x#

Ilepenuuiem ypaBHeHHe B BUIE

3 1 65
(ax-b) -t = 8 (ax~b) +7(—I;T__8-—‘0'
fo-a) ¢ @-b)

MMyets '{f(ax—bf =y #0. OTHOCHTEIIRHO y YPaBHEHHE OPHHMMAET BUA

y+——-%=0c::»8y2—65}+8=0, OTKyIa ¥, =é-,y2 =8‘Toma:
y .

V(ﬂx—b)3=%s V(ﬂx—b]3=8@ -ax—b:(é)g:[[éf]gfc%,

' 1
7

7 7 —+b o
a 128a a a
Omeom: 5, = L1128 _128+5 '
e T oga 2 a4
6163, S¥x2 + " Jx 229" =0,
Pewenue.
Of3: x> 0.
) 2 27 1 4 27 14,

H3 ycnoeps 5x15 +x3_°_ —22x15 = (¢ 5x30 4 x30 _22,30 =0&

14 1 14 1
¢=>x3°{5x+x2 —22]= 0.Toraa x*¢ =0, x, =0 mnu Sx+x2 -22=90,
1.

B -

Nycts  x2 =y20. OTHOCHTENBHO y ypaBHEHHE NPHHHMAET BHI
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5y2 +y—22 = 0, OTKYHA ¥ = -151, Y = 2, by =-1—51< ( se nogxoaut. Toraa

X

Mg |-

= 2, Xy =4, v
Om&’em.' xl = 0, xz =4

6.164. \/x+8+2Jx+7 +\/x+1--,/x+7 =4,

Pewenue.

Hycts Jx+7 =y20,x+7 =y2, x=y2 -7
OTHOCHTENLHO ¥ YPAaBHEHAE NPHHHAMAET BHI

Jy2+2y+1+Jy2—y—6=,4,J(y+1)2+Jy2—y—6=4,
p+i+yy-y-6=4.
Tax kak y20,T0 y+1+‘fy2-y-6=4,,}yz-y-6=3_y,me

3-y20, y<3.Bo3eena obe yacTH ypaBHeHHsa B KBaIpaT, MONYYHM

v —y—6=9~6y+y*, y=23. Toraa Vx+7=3,x+7=9,x=2

Omegem:x=2.
4.2 _ 2
6165, JIS x-x +Js Grtx 13
8—6x+x 18~7x—x 6
Pewenue,

3anuineM ypaBHEHHE B BHAE

x?+7x-18 x -6x+8 13
-— S =&
x° —6x+8 x*+7x-18 6

@J_(M-‘))(x-z)+‘/"(x~4)(x—2) 13

(x—4)(x-2) el

(x+9)(x-2) 6
<=> _x+9+ —1_4—2
V x4 y x+9 %’

x# 2
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x+9
- +9)(x—4) <0,
Om3:{" 7.4~ 0 o (et 9 =4) e xef(-9;2)u(2:4).
x#2, xX#£2,
x+9 t )
Myers - - =y, rae y> 0. QrHOCHIEIBHO ¥ ypaBHEHHE MPHHMMAET

3 2

_x+9_” x+9 36 _x+9_i _x+9__2
N aTa T3 M Ty Ty O SIS g w —TT =g

oTKyAa x, =0, x, =5,

-1 13 2 ; 2 _3
BHA y+——z=0@6y ~13y+6=0, orkyma ¥;i =73, Y2 =7- Torna
Y

Omsem. x; =0, x; = 5.

6.166. (x+4)(x+1)-3Vx® +5x+2 = 6.

Pewenue.

TlepennuweM ypapHeHMe B Bﬁne P +5x+4-Vxi+5x+2 = 645
o xtasx-2-3xt+5x+2= 0. Ilycte P +5x+2=y, me: yz0,
¥ +5x+2=y7, x+5x= y2 — 2. OTHOCHTEIILHO Y YPAaBHEHHE HMEET BHA
)’2 -3y—-4=0, ‘.)TKYIl-a Y ==1, y, =4; y; =~} < 0He noaXoaut.

Toraa Vx4 5x+2 =4, 2 +5x+2=16, x? +5x—14 =0, oTkyaa

Omeem: x; =7, X, -—2

6167 Vil +x+a+vxl+x+1=v2x2 +2x+9.
Pewenue.

N3 ycnosun sz +x+4+\/;2 +x+1 =\/2(x2 +x)+9.

Ilycte x* + x = y. OTHOCHTENBHO Y YPABHEHHE NPMHUMACT BHA

Jyra+dy+1=J2y+9.
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Bozgens 0be yacTH ypaBHeHHA B KBAAPAT, HOIYyUHM

y+4;f-2 {y+a4)(y+l)+y+i=2y+9e Jy+4)y+) =2

oy +5y+4=4,y* +5y=0,0txya y, =0, y, = ~5.
Toraa x% +x=0 wm x? +x =-5. Pemas KaX o€ M3 [T0NYyJYeHHEBIX ypaBHe-
Huid, HaxoauM x; = 0, x, = —1; BTOpOE ypaBHEHHE PEILICHHI He uMeeT, T.K. D < (.

Omeem: x; =0, x5, =—~1.

6.268. f3:2 _2x+15+3x7 — 2048 =7,
Perwenue.

HOycte 3x? -2x=y. OTHOCHTENBHO y YpaBHEHHE NPHHHMAET BHI

Jy+15+Jy+8 = 7. Bossens ofie uacTy ypasHEHHS B KBaAPAT, TOIYUHM

y+ 15+2,/(y+ 15 (y+8)+y+8=49 ,/(y+ 15)(y+8) =13-y, rae

13~y 20, y<13.Orciona (y+15)(y +8) = (13- )%, y=1.

Torna 3x” ~2x =1, 3x” — 2y~ [ = 0,0Tkyma ¥ =~ 3, X, = L
1 N
Omesem: X, =—"3“, xy =1
2x+1
6.169. Jx + - =2,
X+
Pewenue.
Oll3: x=0.
2x+1 2x+4-2x-1 3
HSyCJIOBPlﬂHMGcMJ—=2_ LluL N = Jx= .
x+2 x+2 . x+2
Bozpens ofe wacTy ypaBHeHHE B KBaIpaT, HMeeM x=—2—3——
x +4x+4

O +4xt +4x-9

3 =0, otkyna x> +4x% +4x-9=0 npu x = -2. .
Xt +4x+4

Hepennmén ypasHeHHE B BMIE (x3 - I)+ ('4'x2 -—4)+(4x -4)

i

0,

(- +x+ )+ a{x-(x+D+4(x-1) =0 (x=1)(x*+5x+9)=0.
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Orciona x—1=0 wid x? +5x +9 = 0. M3 nocneaHux asyx ypaBHeHH#H uMeeM
x; = |; BTOpOE YPABHEHHE PEILICHHUH HE MMEET, T.K. D < 0.
Omgem: x=1.

6.170. ——“”4; X4 i -16-6.

Petenue,

x+420, .
OA3: x—420,@x_4' '

Boapens ofie yactu YpaBHEHU B KBAIPAT, NOJIYIHM

442 J(x +4)x~4) +x-4 2
x+4+2y(x +4)(x-4) +x- =[x+ /xz_16) _12[x+4x2—16]+36,

4
2(x+ x* -16 ) 25[x+1.‘x -186 )+72 0.

ITycts x + vxi-16= y. OTHOCHTENBHO Y YPaBHEHHE NIPHHAMAET BHI

) 9
2y2—25y+72=0, OTKYaa V) ='2", yy =8

Torna

1) x+vx? —16=%@2\/x2 ~16=9-2x,me 9—2x =0, x <45

Ilocne Bo3BeleHHA YpapHEHNA B KBAAPAT HOMYIHM

2 ) 145
4x° —64=81-36x+4x", 36x=145 %= 36 =75 HE HOJXOMMT;

2) x+\/x2—16=8, Jx2—16=8—x,r,uc 8~x20, x<8 Ilocne Bo3Be-

JleHH# YpaBHEHHS B KBAJIpaT, IIOLYYHM x—16=64—16x+x° ,X=5

Omsem: x=5.

6171 Yx +¥x—16 =¥x-8.

Pewuenue.
[Tocne Bo3peienHa obeHX YacTed YpaBHEHHA B KyD HMeeM

x+3x2(x-16) - Rx(x - 16)* +x-16=x—8 &
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= 331fx(x—16)(§/;+ Vx— 16): B-x.
Tak kak no ycnopuso fx +3x—16 =3/x ~ 8, 1o umeen

- Rx{x-16)(x—8) =8-nx.

Orcrona
27x(x— 16)(x - 8) = (8~ x)’ & 27x(x ~ 16)(x - 8) +(x-8)’ = 0,

(x-8)(27x(x~16)+(x~8)°)=0, (x-8)(7x" ~112x+16)=0=> x-8=0,

+ ’
x =8 HJIH7x2—112x+16=0,0'1‘xy,aax2,3=w2—4. :
Omsem: x; =8, x;;=8% 12;/5 .
5 3
6.172. [x+\/x2flj -[x—-\/xz—lj =1

Pewenue.
OI3: x* =120 x e{—ooj-1]u;e0).

Hs3 ycnopus umeeM

R R Sy Py
(G | G Iy e
o r s (x+d7 1) =1 (xed 1) =1
Orcionaumeem x+Vx? =1 =1 o x+Vx2 —1 =1,

Torma VX2 —1=1-x wm Vx* —1=-1—x, Boanenﬂoﬁaypam{eﬂmaxna,u-
;

par, momysuym x> —1=1-2x+x? wu x> —I=1+2x+x%, x =1, X, =~1

Omeem: x; =1, x, =-1,
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6173, 2ysYx+1+4 —2¥x+1-1=20{x+1+5.

Pewenue.
o3 x+120, - xz-1, ¢'> 15
. Xxs——.
Wx+1-120 |2¥x+121, 16

Iycte Yr+1= y,Ine ¥ 2 0. OTHOCHTENEHO Y YPaBHEHHE IPHHHMAET BHJ

25y +4 = 2y — 1 = {20y + 5. Bospesin 06e 4acTH ypaBHERHA B KBAfpaT, 10-
AYIUM '

20y +16-4f(Sy+4)2y—1) +2y-1=20y+ 5
@ y+5=2(5y+4)2y-1) & y2+10y+25=4(10y2 +3y-4)e
2 4 __4 41
< 3%y" +2y—-41=0, orxy,uayl—-;é, ¥y =1 y1=—5<03enonxo-
TIHT: O’rcma4\1'x+1=1@x+l=l, x=0.

Omeem: x=0.

6.174, —— -2, /-”—1 =3,
z4+1 z

Perenue.

on3: z—:—1> 06> 26 (—s0;-1) U (0;0).

IIycte JE"E—_‘I =¥.rae ¥ > 0. OtHocurensHoy YpaBHeHNE NPHHEMAET BHA
;%—2y—3=0<::>2y3+3y2—1=0ﬁ2y3+2y2+y2—1=0@
<=>2y2(y+1)+(y—1)(y+1)=0<=>(y+1)(2y2+y-—1)=0,y+1=0, or-

‘ 1
Kyma y,=-1,nm 2y2+y—1=0, OTKYIa HaXO[HM Yo ==, y3:.—5;

¥i =¥z =—1< 0 senonxonyr.

T z+l___l@z+1__1_’ _ 4
oraa ‘f—'—z 2 '““—z g OTKYna z = 3

4
Omsem: 2= —-3-. .
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6175, Yx-1+3¥x-2-2x-3=0.
Pewenye.

M3 yenoBun fx ~ 1+ x -2 =3/2x -3, Boseenad oGe uacT B ky6, umeeM

x—1+3'{/(x—1)2(x-2)+3.{/(x—1)(x—2)2 +3-2=2x-36

& R{flx-)x-2{ -1 +flx-2))=0
Tax kax ¥x—1 +¥x—~2 = ¥2x -3, o ypasneunc NPHHAMAET BH

3f(x—1)(x—2)(2x—3) =0 & (x = ){x-2)(2x-3) =0,

W

oTkyaa x; =1, x, =2, X3 =5-

Omeem: x; =1, x; =2, X3 =5-

6.176. (J:THJE)S +(M+JZ)2 =2,
Petuenue.

x+120,

O113: {xEO <x20

Mycrs vx+1+ Vi = y,tue ¥ 2 0. OTHOCHTENEHO Y YpPAaBHEHHE IPUHHMA-
T BHA :

Py o220 - 14yl -1=06

& (=17 +y+1)+(r+1)y-1)=0

-1 +y+1+y+1)=0, (y-1y* +2y+2)=0.

INonyuexHRoe ypaBHEHHE PABHOCWIEHO [BYM ypaBHeHuaM: y—1=0 u

y2 +2y+2 =0, pemus KOTOpkIE, HaligeM y, = 1; BTOpoe ypaBHeHHE pelleHuil
He uMeeT, T.K.D <0,

Torma Va+l+vx=lox+1+2{(x+x+x=1, Jx+xr=-x, rae

. =0,
x £ 0. Orcropa w3 O/13 nomyqaem {x <0 S x=0.
X5

Omeem: x = 0.
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6.177. Yx+7-Jx+3=0

Pewenue.

ON3:x+320,x2-3.

H3 yemobus Y x +7 =« x + 3 1 Bo3Be/I% 0f€ HACTH B LLIECTYIO CTEeHD, IIOTY MM
(x+7) =(x+3 o +14x+49=x" +9x? +27x+ 27 &

& x° +8x% +13x =22 = 0. Iposepxoii yGexiaemes, 970 x, = 1, Tax kaK
1+8+13-22 =90. Jlenyto uacts ypaBHeHHs pazaenuM Ha x — |

x}+8x% +13x—22
x=1

=x?+9x+22.

Torna (x— 1){x? +9x+22)=0.

Orcrona x-1=0, x; =1, wm x24+9x+22=0, peneHuii veT, Tk.D <0,
Omeem: x=1.

(a—x)2+‘}(a-x)(b x) ++f{b—x)° 7
(b—x)

6.178, - .
Jla—x)? = Jla-xp—x) +f(p-x)* 3

Pewenue. '

oI3: (a-x)}{b-x)>0.

HEPCHPIILICM HCXOAHOE YDABHCHHME B CJICAYIOIICM BHE
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Pasnenus obe yactu NOCHEAHEro ypaBHERHS HA — 21}(,5_ x)2 # (0, MMeeM

-
o | 22X L5022 120
b-x b-x

‘ x
Ilyctn 5 =¥, raey> (). OTHOCHTENEHO y YpaBHEHHE NIPHHIMAET B
-X
2 ! a-x 1
2y° —5y+2=0,0TKyna HaxoMMM )| ==, ¥3 =2. Torma =— wm
2 b-x 2
=X _, 3 a-x _1 2=X _4
bt © 3mawuT, TS WM =9 OTKYAa HaXomuM
4a-5b 4b—-a
X = 5 1'2 =
3 3
) 4a—-b 4b—-a _ .
Omeem. x; = 3 Xy = ; €CIIH a = b, TO pelUeHuH HeT.
6.179. Jx|+[x-1|=1.
Pewrenue,

Hanecem Ha 4MCc0BYI0 OCE KOPHH MOJIYNI€H H PACCMOTPUM YpaBHEHHE Ha
[0JTy4eHHRIX TPeX NPOMexyTKax ocu. Hmeem Tpu cnyyas:

Decmu x<0, 0 —x—x+1=1, otkyna HaxoquMm x = 0; pelenuii Her,
[OCKOIBKY X = 0 HE MPHHAINIEKIT PACCMATPURAEMOMY TPOMEKYTKY;

2)ecnn 0< x <1, 10 ypagHeHue npHHUMaeT BHA X —Xx+1=1 wmi=1;
pewenneM 6yner x € [0;1); '

3ecmx2l, To nonydaeM x +x—~1=1, OTKyj:(ax= 1.

Omeem: xe{0; 1).
6.180. .(x2 + x+ D)+ (x% +2x +3)+{(x2 +3x+5) +...

(6% +20x +39) = 4500,
Pewenue.
Komuuectro cnaraemsix pasyo 20. 3andineM ypaBHEHHE B BHIE

2 X ) (203X 4 200) + (14 34+5+...439) = 4500 &

2052 + x(1 4243+ ..+ 20)+ (1+ 3+5+...+39) = 4500.

(x2+x
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{lo dopmyie CyMMyl YICHOB apuMeTHUECKO IPOTPECCHH HMEEM

200 + 2729 204 1532 20 4500 o 252 + 210~ 410 =0,
OTKyAa Xy =—7, X, =10,
41
Omgem: X, =—7, x, =10.

6181 Yx+a+¥xra+1+¥x+a+r2=0

Pewenue.

Iepenncas ypaBHeHHE BBHAE 3fx + g +3Yx+a+1 = -3 x+4+2 HBO3Be-
I 06e gacTH B Ky0, Tony4dum

x+a+3§ﬁx'+a)2(x+a+l)+3%f(7x+a)(x+a+l)2 +x+a+l==(x+a+2),

31/(x+a)(x+a+l)(§/x+a+3'Jx+a+1)=—(x+a+l).

Tak kak i x+a +3x+a+1=-Yx+a+2, 10 UMeem

~Yr+afxtat(xra+2) =—(x+a+l) e

@%ﬁx+a)(x+a+l)(x+a+2) =(x+a+) e

e (x+a)x+a+)x+ra+2)=(x+a+1) &
4:»(x+a+1)((x+a)(x+a+2)—(x+a+l)2)=04:1»
(x+a+1)(-1)=0, orxyna x =—(a+1}.

Omeem: x = ~(a+1).

6182 1’ +jx-1° =0,

Pewenue. ‘
Kax 1 B Ne 6.179, umMeem Tpu ciiydasn

x <0, x<0,
Do -1 =97 |2x° =327 +3x+ 8 =0,
nponepxoﬁ ybexaaemes, uto x; =~1,TaKk kak —2—-3-3+8=0. Hemm

20> —3x2 +3x+8 _

2x% —5x+8.
x+1 .

JIEBYIO YaCTh YpaBHEHUA Hax + 11
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YpaBHEHHE MOXKHO 3anHCaTh B Buae (X + 1)(2):2 —5x+ 8) = 0. B'ypaBreruu

2x? — 5x + 8 =0 D < 0 u xopHeii Her.

{OSx-(l, ' {OSx<],

&
P e(x=1 =97 |3x> - 3x-8=0.
J1/105 : .
X, = — Hg BIOPOM NIPOMEKYTKE PEUICHHI HET, OTOMY 4TO HH
_3-4/105 _ 3+4105 .
X = ——g———, HH X, = ——Tm- He HpHHAAJERAT [0, 1),

xz1, _ x21,
I =1 =99 12 — 3% + 3 —10=0.

ITpoepxoil yoexaaemed, uto x| =2, Tak Kak 16— 12+ 6~10=0. Jdenum

2 =3+ 3x—10
x=2

=2x 4+ x+5.

JISBYI0 YaCTh YPABHEHHS HA X — 2

VpapHEHHE MOKHO TPENCTARNTE B BUNE (X — 2)(2x2 +x+ 5) =0, orxyna
KOpenb X, =2 [aHHOTO ypaBHeHHs Haliden noafopom. B ypasuenuu
2x? + x+5=0 D <0 uxopHeit ner.

Omgem: x) =-1, x4 =2.

Peinnuth cucTems! yparueHuii (6.183—6.243):

[o(x+1){y+1) =72,
6.183. {(x _ 1)(y _ 1) -

Pewenue.
iy(xy-i—x+y+l) =72,
H3 ycioBmun
lo-(=+y)=1
Xy =u,
Ilycte Xty=v OTHOCHTENBHO # H V¥ CHCTEMA IPHHUMAET BHA

ulu+v+1)=72, .
=3 v =u~ 1. [loncTaBu. 570 3HaYeHME V B NEPBOE Ypag-

|u=v=1
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wenne cucteMsl, momyyum u(u+u—1+1)=72, 247 =72, oTkyma u, =6,
uy =6 My =-7 v; =5
Toraa AaHHAS CHCTEMA PABHOCH/ILHA COBOKYTHOCTH IBYX CHCTEM:

{W , —6’

x+y=-~7 M

oIV [ 74473

A ‘ e
xy =6, @{x1=2, {x2=3, ’ 2\/; ¢ 2
x+y=3§ =3 (»=2 y3=——————7+2 ?3; =——_?+J7_3,

2 .

3

¥a

—7+J7'_3,_7+ﬁ?—)] (_7+J7'§.—7+Jﬁ)_

2x2—3xy+y2:3,
6.184. | - 2
x“+2xy-2y° =6

Peuienue,
Tak Kak jigBbl€ YacTH YpaBHEHHH ONHOPOAHEI OTHOCHTENEHO X H J, BBEAEM

3aMeHy Y = IX; cHCTeMa ypaBHeHHIl IIPHMET BHA

xH(2-3t+62)=3,
2(1+2e-212)=6.

Pasmenus meBrle M mpaBhle dacTH ypaBHenuit (x#0), nmosyuum

3
s IZZES

2-3t41° _1(”&11\5
1+2t-2¢* 2 2

1

],4t2—8t+3=0,o-rxyna h==
! 2 2 TR

1)t1=5-H3ypaBH€Hﬂﬂx (1+2t—2r )=6 HaxopuM x l+.1—5- =6,

x2 =4, OTKyﬂa X = 2, Xq =--2; TOr7A Y, = 1’ Yy = —'l;

3 9y - :
AR =E- Torna x2[1+3—5—)= 6, x2 = —12, pewenuit ner.

Omeem: (2; 1), (~2;-1).
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x*+2y% =17,
6185 2 5moa

Pewenue,
Tax Xax JieBhle 4acTH CHCTEME] OJHOPOIHEL, TO ZAeNaeM NOACTAHOBRY

P(1+20%)=17,

¥ = tx. Toraa CUCTEMA IPHMET BHL 5
X (1— 2t) =-3.

Pas/ie B neBRIE K IpaBLIe SacTH ypasHenu (x # 0), momyyaem

2 .
1+2t =—-1—Z[t=&l]¢$3t2—17t+10=0, tl-_-g,; =5
1-2¢ 3 2 372 T
-2 ' 2 _ 2f, 4%} 2
) 4 =3 W3 ypasuenua x (1-2¢) = -3 umeem x° 1—-3— =—3, x =9,
) .
X =3, 5p=-3n=73=2 J’z—g(—?’):’z’

5 .._—

BTTh I

V3 53
Omsem: (3;2),(-3;-2),| 37> "3~

\.._T,__/

ax+by+cz= k,'
6.186. a2x+b2y+c22 =k2,
a3x+b3y+c3z=k3, arbhbec,cta.

" Pewsenue.

Pemenne cucTeMsbl NONTY9aEM 110 TPABKHILY Kpamepa Brraucimm onpenenu-
TEIH CHCTCMBL

C
A=la® B Y=ab’? +a’b? +a’bPe-a’bie—a*be? - ab’?,
a ¥ &
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o

Az=lg® b kY|=k%ap? + B aPb+ kalb®

a® v oK

Pemennem cucteMel Oyner

Ac=[k2 B2 Y=k + kbt + kb e — kb e - kB3
[

—ka*b® - k*ab®

-—kb3cz,
ay=la® k? P|=klac® +KPatc+ kalc- kPaPc—ka®c® ~ kal?,
a

-k3a’b.

_Ax _ k2 + bt + kb e~ kb e~ kbt - kb

A ab2c3+a3bc +a’bic-a’bte-a*b —abic?’

k(k ~c)(k - b)
x= ;

ala~c)la-b)

_y k%ac? +k3a2c+ka3 2 kK aic-ka’c —kac?

A abi +a’bet +atbic-a*hie-albed —ab et
_kk~c)(k-a)
Y Hb-c\b-a)

_Az_k 3ab® +E20b+ ka’b —ka’b? —klab® - Ka%b

A ab’c® +a’bc? +azb3c a’b’c—a’be’ —ab’c?

Kk~ aYk —b)
Z=—.

c(c-aXc—b)

kk-c)k-b)  klk-c)k-a)  k{k~a¥k-b)

O Jx= Ly = ;2= .
T X a-c)a=b)' " Bb-clb-a) = clc-afc-b)
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(x+1)(y+1)=10,
(x -!~y)(xy + 1) =235

Peuwienue,

6.187, {

xy+x+y+1=10,

(x+y)(xy+1)=25 U BBCIEM

[Nepennurem cuctemy ypaBHeHHH B Buae {

x+y=u,

[IOACTAHOBKY { y=v

v+u=9,

OTHOCHTENEHO i ¥ ¥ CHCTEMA IIPHHUMAeT BHI
u( v+ 1) =25

Orciomav=9—u= u(9—u+1) =25 u® ~10u+25=0, {u-5)* = 0, or-
Kyga u=>5, v=4
x+‘y.=5, xl =4,{x2 =1,
=
xy=4 =L {y»=4
Omeem: (4; 1),(1,4).

Torna {

x—ay+az_z=a3

x—by+biz=b%,

3

6.188. ) ’
x—cy+ez=c, azbb#c,c#a.

Pewienue.

BriyTa u3 HEPBOrQ YpaBHCHHA CHCTEMBI BTOPOC, HMECCM
—(a-b)y+{a-b)a+b)z=(a-b)(a* +ab+b?) e
¢ﬁ-—y+(a+b)z=a2+ab+bi. M
AHAROHYHO, BRIMTA W3 NEPBOTo ypaa;leum TPETHE, MONYYUM
—(a=cly+(a-c)a+ciz=(a-c)a® +ac+c?) e

c#—y+(a+c)z=a2+ac+c2. 4}
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Briura u3 ypaeHernd (1) ypasnenue (2), umeeM

(a+b)z—(a+c)z=ab+b* —ac~c* S z=a+b+e

[Mogcrasus z = a+b+c Bypasresne (1), nonyuum y = ab+be+ ca. Toa-
cTaBuB z=d~+b+cH y=ab+bc+ ca B IEPBOE YPABHEHHE CHCTEMEI, HMEEM
x=abc.

Omeem: x:gbc, y:a’l)+bc+ca, z=a+b+c.

(x- y)(x'2 +y° ) =3,
(x+y)x*-»?)=0.

Peenue.

TlepenHuIeM CHCTEMY YpaRHEHKY B BUE

6.189.

X4t ~xly—yd =5,
% —wx;v2 +x2y--y3 =9,
CI0%HMB K BEIYKTAS IEPBOE ¥ BTOPOE YPABHEHHE, [IOTYYaeM

20" =2y* =14, {x3 -y =1, (x=3)((x-3)" +397)=7,
2_,.2 hnd =
2wt ~2y=—4  |~w(x-p)=-2 |gplx-y)=2

X~y=u, ‘ ) .
ycrs OTHOCHTENBHO U H V CHCTEMA YPABHEHHIH NDHIHMAET B
xy=w .

{u(u+3v)=7,:> L2

uy =2 u

u[u2+3-£)=7¢:>u3=1, u=lv=2
u

- x—y=1 {xl =12, {xz =-1,
orga OTKVHA ’ :
xy =2, T =k =2

Omsem: (2; 1), (-1; -2).
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w=a,
6.190. \yz=5, abc>0.
zZx =g,

Pewenue.

c
H3 TpeThero ypasHEHHA HAXOIHM Z = — H HOZCTABIACM BO BTOPOE YPARHEHHS

xy=a,
L Sob
X

c
Z=-,
X

X

b
M3 BT0DOID YPABHEHUA HAXOANM ¥ = —X U IOCTARIIAEM B FIEPBOE ypasHeHue:

ac x ac
X=_—, Y
b b
_b ab
D{y=—x, omxyaa{y= J—, nmm
c c
c
Z=—, _ be
x 234"
ac 1. ac
X = =y = e
b’ b’
2 {y="x S LL
) o> OTKyn2 }’ﬂ\ o
_ ¢
2—;‘, 7=
L . L a




4y=yi4x,
6.191. 2
y +x=6.

Pewenue.
H3 yenosus uMeeM

1_ .2
-y —x+y=0, x—ylx+y)—{x—y=0,
{2_ a{(z)(_)()@
yotx=6 yorx=6

@{(x—y)(x-l;y—l)=0,
y2 +x=6.

ITosryuenHad CHCTEMA PABHOCHIBHA COBOKYILHOCTH JBYX CHCTEM YpaB#leHHI:

x—-y=0, x+y—-1=0,
1)

y2+x=6|«mn2) ;v2+x=6; |
pelluB X, Haitaem .

V2 [ 1=V
x1:2, Xy = =3, *3= 2 N 2 ’
=% 1y, =3 1-421 1442}

W= 2 | Ya= ,

Omeem.‘(Z;Z),(—3§"3),[H-;/i;l—jﬁ]’[l_jﬁ;H—;fz—l}

4
+i:3,

6192, { ¥ty x-y
(x+y)2 +(x—y)2 =20.

Peruenue.
OnI3: x # ty.
x+y=u,
Iycts N yev rae u# 0 u v =0, OTHOCHTENBHO U M ¥ CHCTEMA IIPHHU-
. MAeT BHJL

4.4 =3, {4(11 +v) = 3uv, 4 ( )

u v = 3 . o= uv=_lutv),

2412 =20 (e+v)" —2uv =20. 3
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U3 proporo ypasnenus:

(u+v)2 —2-%(u+v)=20=:~3(u+v)2 —-8(u+v)-60=0,

orkyma (u+v), =—% i (u+v), =6; (wv), =-—199, (uv), =
( 10
M+-V="?, utv=26,
© 40 uv =28
uy=-—;
9
Orcroaa HaxonHM
~5-465 _-5+465
<“]=T, uZ_——S_s Uy =2, Uy =4,
~ 54465 -5-J65 =4 |v=2
vi=T——7; |V2 =
3 3
Torna
-5-465 5
x+y:“"""§——, _xl—"'g,
| osides | e
xx—y——‘——3 NJ’l— 3
-5+465 [ _ 5
x+y= 3 , xz——gy
P 4
sve T Jes
xoyETy 2=y

i
Omeem: T3 T3 P73 3 »(3;-D,(3; 1).

33
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x+yz=2,
6.193. {y+zx =2,
z+xy=2.
Peweriue.
M3 TpeTsero ypaBHeHNS CHCTEMBI HAXOAMM Z = 2 — XY H IIOJICTABAACM B IIEP-

BO€E ¥ BTOPOE yPaBHEHHE!

x+y(2—xy)=2, x+2y—xy2=2, x+2y—xy2=2, .
y+(2—xy)x=2,ﬁ y+2x-xty=2, y(l—xz)—j(2_2x)=0,<:>
z=2-xy z=2—-xy _ z=2-xp,

x+2y—xy2 =12,
=1 (1_— x)(y(l+x)-—2)=0,
z=2-xy. .

Bropoe ypaBHeHHE PaBHOCHIBHO IBYM YPaBHEHHAM: l—x=0 uiu

y( 1+ x) —2 =10. OrcioRa, AaHHAT CHCTEMA PABHOCHIBHE JIBYM CHCTEMAM YpaB-

HEHHHA
x+2y—xy2=2, x+2y—xy2=2,
1) §1-x=0, i 2) {¥(1+x)-2=0,

lz=2-xy z=2-xy.
1) M3 BTOpOTO YpaBHEHHSA CHCTEMBI |

' 2
1+2y-y* =2, y-2p+1=0, (y—l) =0,
x=l=ix=1 S yx=1, =ix=1, <
z=2-y z=2-y z=2~y

y=1’ yl:1:
(=1 x=1, x]=1,

z=2-y. |z =1
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2) 3anuineM CHCTEMY B BUIE

_ (x—-xyz)—~(2-—2y)=0, x(l—y)(l+y);2(l—y)=0,

TlepBoe ypaBHEHME NOCTE/HE R CHCTEMB PABHOCHITLHO [IBYM YPABHEHHAM:
1-y =0 wm x{1+y)=2. _
Taxam 06pasoM, CHCTEMa PaBHOCH/I5HA IBYM CHCTEMAM YpaBHEHHII:

l“y"—;O, : x(1+_};)=2: x2:1’ X3=—2’ x4=l,
=, HIH jyy=— = =—2, =

1+x Ity D)2 LT =l
z=2—xy z=2-xp. z=h |23=-2 |z,=1

Omaem: (1; 1; 1),(-2; =2; -2).

5 4 1
x? —xy+y2 —W=—g’
6.194. 7 "3 6
exy YVoxp S
Pewenue.
xz0,
OlI3: ¥ #0,
lxzy. ‘
1
ITycts — =u, — = v. OTHOCHTENBHOH 1 V CHCTEMA YPABHEHHH

- Yo

5u+4v=_l, 353—6
6‘=>v= .
15

MMeeT BUI
i Tu-3v=

ERV. SN
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1
Ha cucremnl gaxogum @ = E; Ve ——

6
Torma

~ (=1
L 1T -w=s Hx-y)=6
¥ -xy
£=.§ 5 x=—§yu
eiy 3 73V s 5 @ {¥73
Hx-y)=6 |¥x-y)=6 y[gy—y)ﬂ y=13.

Taium obpazoM, AaHHAA CHCTEMA PABHOCHABHE CHCTEMAM YPABHEHHIA:

5 5
= — — = =—5, X =5,
* 3y’mm x—3y,=>{x| {2_
y=-3 y=3 y=-3 =3
Omsem: (-5; ~3),(5; 3).
x? +y2—2x+3y—9=0,
6.195. 2 2
2x°+2y" +x-5y—-1=0.

Pewenue.

2x2 +2y% —4x+6y—18=0,

2x% +2y7 +x-5Sy—~1=0.

BbiuTs BTOpOE YPABHEHHE CHCTEMBI 3 NIEPBOTO, GyAeM HMETE:
—Sx+11y—17=0.

U3 ycnopus {

. 2
Orcmay=5x;;17,x2+(5x:—ll7j -2x+3-5x+17—9=0<::>
239 117

& 146x2 +93x-239 =0, otkyna x; =—o=, X, = L y; =0, y, =

X OTKYA3 X, 146 X3 Wi 146 Y2

239 117

] m—— 1 (1; ).

Omeem[ 146 146J( )
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x2+y? =34,
6.196. x+y+xy=23,
Pewenue.

(x+y)2-2xy=34,

(x+y)+xp =23 H, 0003HAYHB

Hepennmem cucremy ypénﬂeﬂnﬁ B BHZE {

{x+y us -2y 34,=)

’ Iony4yaeM
xy=v, .

v=23-u,
uty =23 .
u? —2(23—u) =34, u® + 2u—80 = 0, OTKy1A
w =—10, %, =8; vy =23-10=13, v, =23-8=15.

JlaHHAaA CHCTEMA PABHOCHIIBEHA COBOKYIIHOCTH ABYX CHCTEM YPaBHEHHH:
1

x+y=-10, x+y=8, [x=3,[x=5,
AIH =
xy=13 xy=15 n=5ly=3
Omeem: (3;5),(5;3).

x? +y4 =20,
6.197. 4
x -l~y2 =20.

Pewenue.

4+x2_y2=0’

U3 yenosus nmeem x? + p* = x* + yz, y4 -x
(2 =)+ - =) =0 (¢ - ) +x7 D =0,
paBHOCHIEHOE ABYM ypasrerna: y2 —x2 =0 wi y* +x> —1=0, y? =x?

win yl=l-x?=xf+x2 220 wm Xt +(1-x1)=20;x* + x2-20=0

1-4/77 .
HIH x4—x2—19=0’ OTKYHa x12=4’ x%:——s, xg: 2 s xi =_1.+2__@-.;
. 1++77
x% H x2 He noaxoaar. Torm x=I2umH x=% 2 ; ylz =4,
2 1=N77 3
Y2 =—T—’ OTKyaa y =12 (SHaHCHHC ¥y He NOAXOHHT).

Omeem: (2.2), (-2 ;-2),(2;-2), (-2; 2).
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1 ab+1

X+y+ = ,
6.198. x-y b
1 ab+1
x-y+ = .
x+y a
Peuenue.

Od3: x2xy,az20,b=0.
VMUOKKE HEPBOE ypaBHeHue CucTeMul Ba X—y# 0, a Bropoe.— Ha

x+y#0, umeem
+1

b

xz—-y2+1=a {x-»), a (x-y)
‘ ab+1 :H:E' ’

xl—y2+1= (x+y). (x+y)

-b AR -
y=2"2y, I3€ @t —b = xz_(“ b)2 x2+l=ab+1(x+a bx)
a+b {a+b) a a+b

= dabx’ —2(qb+1)(a+b)x+(a+b)2 =0, orxyna
(ab+ Na+b)+(ab+ 1 (a+b)* - 4abla+b)?
M2 = . dab =
(ab+1)a+b) J(a+5)*{(ab+1)" - 4ab)
- 4ab -
B (ab+l)(a+b)i(q+b)‘}(ab~—1)2 _(ab+D{a+b)t(a+b)ab-1)
B 4ab " 4ab -
(a+b)(ab+1x(ab-1))
a 4ab '
Torma
_{a+b)lab+1-ab+)) a+b  (a+b)ab+1+ab-1) a+b
ae 4ab " 2ab 2T 4ab_ T2
a-b a+b a-b a~-b at+b a-b
n= ’ = » Vo = =

Ta+b 2ab  2ab’ "’ a+b 2 2
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Omeem. ecnm ab+1= 0,10 y = i1/x2 +1, x — moboe; eciu ab+ 12 0, 10

_a+b __a—b_x _a+b _a=-b
206" T e T T 0TS

*1

x=1 y+3 =z-1
6199.¢< 2 T 3 T 4’
2x43y-5z4+19=0.

Pewenue.

IepenuineM cHeTeMY YpasHEHHA B BUIE

x—-1_y+3

2 3’ 3x-3=2y+6, 3x-2y=9,

y+3 z-1

_g_zT, e edy+12=32-3, & 4y—3z=-15 =

2x+3y—5z=-19 2x+3y—5z=—19 2x43y—5z=~19.

zu2x+3y+19
—
3x-2y=9, ' . [3x-2y=9,
2x+3y+19 = ‘ =
4y——3'——-~§-—=-15 1iy—6x=-18,
~18+ 63 _ -18+6 .
=—~—x::>3x—2'—*"~—x=9,x=3;mmay=0;z=5.

11
Omaem: (3; 0; 5).

6200 (x+y)" +2x=35-2y,
T -y) -2y =3-2x.

Pewenue.

IepenutieM cHcTeMy ypaBHEHHH B BUIE

x2+2JgJ+y2 +2x=35-2y,
x2=2xy+y? -2y =3-2x.
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Brrunras BTOPOE YPaBHCHHUE CHCTEMbL H3 IIEPBOTO, HMEEM

dxp+2x+2y=32-2y+2x, ¥ =_;“-
TT0/ICTABHB TO 3HAYCHHE X B [IEPBOE YPABHEHHE CHCTEMBI, Oy UM

) :
(S—_J’J,y] +2.§_“l=35_2y=>y4 ~20y* +64 =0,
¥ y

otkyna yy =-2, Yo =2, 3 =4, ya =4 x) =5, x; =3, x3=-3, x4 =1
Omsem: (-5; ~2), (3; 2), (=3, —4),(1; 4).

4 5 5
x+y-1 2x y+3+E:0,
y- - .
6.201. < 3 i 7
+ +—==0.
x+y—-1 2x—-y+3 5
Pewenue.

—=v,
2x=-y+3

OTHOCHTENLHO ¥ U V CHCTEMA IIpPHHUMAaeT BHJ

4u—-Sv=—-—, u=-—-}-, .
= 12
Ju+v=——, v=—.
10
Toraa

1 .1
x+y-1 27 |x+y=-1

1 1 2x—y=7, OTKyga x =2, y=-3
2x-y+3 10

Omeem: (2;-3).
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l+l+7=3,
x y z

1 1 1
6.202. {—+-—+ =3,
Xoyr =

1

— =1

1z

Peuenne.

x#0,
0113: y # 0,
z#0,
VMHOXas HEBYIO M IPABYIO YacTu KaX[IO0TO H3 yPABHEHHI CHCTEMSI Ha

xyz # 0, momyyum

yz+xz+xy=3xpz, yzt+xz+xy =3, Ay +x)+xy =3,
z+x+y=3xyz, & x+y+z=3, ¢>’z=3—{x+y), -

xyz=1 xz=1, xyz=1
3—(x+ )Xx+ )+ =3, 1
{fj,(g_(xﬁ.y))i M s e It ) Gl

! =3 (x+) ~6(x+y) +12(x+y)-8=0 npu x+y#3.

S B
3-(x+y)
[Tpencrabus nonyqeuﬂdc YPaBHEHME B BHE ((x + y) - 2)3 = (), oTKYna

x+y=2;Tormaz=1xy=1

x+y=2,
Orciona =y=Lx=1

=1,

Omeem: (1; 1; 1).
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x+y+z=0,
6.203. yex+ay+bz=0, , azb#ec
(x+b)2 -i-(y+.c)2 +(z+a)2 =a’+b%+ 2,
Pewenue. ‘
TlepenniieM ypasHeHye B BUAE
x+y+z=0,
ex+av+bz=0, =+
x?+2bx+b*+ y? 4 2cy+ P+ 22 +2az+a’ =at +b% +¢2

'x+y+z=0,
S {extay+bz=0, At
\(x+y+z)2 —2xy—2xz—2yz+2bx+2cy+2az=10

(x+y+2z=0, z=—{x+y),
S {cx+ay+bz =1, & sox+ap+bas=0, =
x+yz+xz—bx—cy—az=0 xy—bx—cy+{y+x-a)z=0

+ey—blx+y)=0
=>{cxcw(xy), -

xp—bx~cy~(y+x—a)x+y}=0

_c—bx
= ¥ b—a
(x—c+a)y-y* —(b+x-a)x=0.

E)

c=b
Moxzcraeue ¥ = b X 13 BTOPOTO YPaBHEHHA CHCTEMB! B TPEThE, MOIYTHM
—a

(x—c+a)(c—b) —(C—b)zle_xg_ ~a)x=0= x{x—-{a~b)}=
b—a " (b-a) rap=0=stete-t)=o

o

c—-
h-—-

orkyna x, =0, x;, =a-b; y; =0,z =0; }2 = {a-b)=b-c

]

1~

z,=—{a-b+b-c)=c-a. -
Omeem: (0; 0; 0), (a—b; b~ ¢; c~a).
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2
x+y+x—2 =17,
6.204. y

+ 2
bty Jz’)x =12.

¥y

Pewenue.
On3: y=0.
Y3 ycnoBus HMeem

(x+y)+(—x—j]=7, '

eon(2)ore

l'ch-n, }— =y,

u+v=7,

OTHOCHTEIBHO # H V CHCTEMA IPHHUMAET BH]I { 1
u-v=12,

=3, |u, =4,
vi=4; |V, =3

Taxum o6pasom, momyHaeM

OTKYAa Haxoium

x+y=3

x+y-—-4 7 x—-ﬂg_ x—4—J§.
%2 ’ﬁ{xﬁﬁ’ {xz=z, VTR A I

= n=-3% D=1 |y 4 ¥ 4
1=73% =] = =—F.
ST L LR T )

Omsem: (6; = 3),(2; 1), (6+23; ~2=243),(6-243; —=24243).
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3L

2 2o
7. .2 »
6.205. {* *7 zx *
Pyt —=22.
Pewenue.
x#0,
oI {, o,
x2+y2=u,
Mycrs { ¥ - Tora OTHOCHTEIBHO i M V CHCTEMA YPABHEHHI HMEET BHLI
=
2 tov=l,  |——+2v=1,
u— o lu-
u+i=22 u=22-——
v v

4 -
TloacTaBYR 3navenne U= 22— 13 BTODOTO ypaBHEesus B NEPBOE, HMeeM

34 +2v::1<=>21v2—'13v+2=0’
22-2-1

v

2 1
oTkyRa Vi =, V2 =75 4y =8, 4, =10,
' 2 2

x4y’ =8, x2+p? =10, x =—14 3 x, =14 Y
y 2 ~wmiy L= : :
* 7 x 3 =453 =4

{xa ] 3’ {x“ _ _3,
Y= 1.; yg ==L

- (— 144106 —4\/106} (14J106 44106
. 53 2 >

; (3 D, (=3~ 1)
Omee 3 53 53 l( LE )
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2 2

x+y+xy=7,
x“+y +xy=13

Pewenue.
(x+y)+xy=7,
Wz yenosus nonyyaem (x +y)2 —xy=13

utv=7,
ut —y=13.

xt+y=u
’ Toraa uMeem {

ITycrw {
Crnoxup ypaBHeHMA CHCTEMBI, IOMYIHM 1> — 7+ =13, u° u— 2.0 =0,

OTKYAR ¥) = =5, uy =4; Torma vi =12, vy =3,
JaHHaa cHCTEM2 PABHOCHIBHA IBYM CHCTEMAM YPaBHEHHI
X+ y=-5 x+y=4,=:}{x1=3, {x2=l,
HIn -
Omsem: (3; 1),(1; 3).

x+y+z=6,
6.207. 1x(y+2)=5,
Wx+z)=8.
Pewenue.
TepenHimeM CHCTEMY YPaBHERHIE B BHE
x'i‘y-l-z:ﬁ,
xy+xz=5: =>z=6—,x—y,
yx+yz=8.
.vcy+x(6-x-—y)=5,<:> ¥ —6x+5=0,
.Wf+y(6—x—y)=8 y2—6y+8=0, OTKYyIa X =35, %, =1
yl = 2: y2 =4.
Taxum ofGpazom,
x; =5, Xy =35, x; =1, x4=1’
y1=2’ y2=49 y3=2» J’4=4,

Zp=-L |z,=-3; (z3=6-1-2=3; |z,=6-1-4=1
Omeem: (5; 2;— 1),(5;4; -3, (1;2; 3),(1; 4; ).
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(x—y)(x2 —yz) = 3a3,
6:208. (x+y)(x2 +y2)= 154°.
Petuenue.

INepennimem cucTeMy ypaBHenHil B BHIE
x3-—xy2 —x2y+y3 =3as,
x? +Jg;2 +Jr2y+y3 =15q°.

CnoxuM 1 BRUTEM BTOPOE U NEPBOS YPaBHEHUA:

{2x3+2y3:18a3, {x"’+y3=9a3’ - (x+yl((x+y)2—3xy)=9a3,

2xy° +2x%y =124’ (x+y)=6a’ xy(x+y)=6a’.

Xt+y=u,
Ilycrs { OTHOCUTEIEHO 4 U V CHCTEMA YPaBHCHHH IIPHHAMAST BUA

2 3 3 ?
- 3y)= s 6 3
{u(u ;‘) 9a - V=L, u[uz _3.2@.,,,}: 9aJ’ u3 = 276!},
uv = 6a u . H ‘

6a° R x+y=3a, [x;=a, [x;=2a,
— —_—— =
H—3ﬂ, v= 3a 2a° = xyu—_za_z, ¥ :2(1; Y =a.

Omeem: (a; 2a), (2a; a).

6200, {577 21
T Xty eyt = -6,

Peuenue.

2 —
M3 yenosus umeem {(x * y)((x ) - 3xy) =19,

xy(x+y)=—6.

X+y=u,
Ilycts OTHOCHTENbHO 1 M ¥ CHCTEMa IPHHHUMAET BHI

xy=v. .

2
—3v)=19,
u(u 3v) ! Su =1, oxyrau=1 v=—6.

{uv=—-6,

{x-%-y:], {xl =-2, {x2 =3
=
Tlony4uaem Xy =6, y=3% |y,=-2
Omeem: (~2;3),(3;-2). '
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2

4, .4
+ =
6.210. {x y =17,
¥4yt =5,

Pewenue.
[Tepenmitiem crcTeMy ypaBHCHHH B BHIE

(x2 +y:')2 -2x?y? =17, 25-2x*y* =17, x’y? =4,
2, .2 1.2, 2 A
x4y =5 X" +y =5

xy =22,
¢:> (x+y)2—21y=5.

Hanyasi cHcTeMa paBHOCHIbHA méyM CHCTEMAaM ypaBHEHHH:
xy=—2, ) xy=2= = x1=2, x2=1’
i HIH
(x+y)2—2xy=5 (x+yf -2ay=5 n=L =2

{x3=-2’ {x4=1’ x5 =12, {x6="1, {x':':—z,{xs = -],
v3=8  pa=-2 lys=-5 =2 |yr=-% lm=-2

Omeem: (2, 1),(1;2), (- 2; 1), (1, -2, (2, - D, - 1;2), (- 2, - 1), (- [ -2).

_x_16
6.211. y 3
_r_9
i x 2
Pewienue,
x#0,
Oa3: y0.
BrIYHTAA U3 IEPROTO YPABHEHUSA CHCTEMBL BTOPOE, NOIYIHM
_£+Z:§_
vy x 6

2
[Iycte L Torza umeem 6% + 5t — 6 = 0, orkyna 4= —--3-, L = 3 Tor-
y : .

.Ilax -3mmx 2 X 3y.?f'“"zy
—_—i——— — = H =——%, =—Y,
y 2 y 3 ! 2 S
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" ) 3, 3 16
3 HEpBOrO yPaBHEHHSA CHCTEMBL UMEEM: _-Z_y' +-2— =—, HIM
2 23 - 2 2 2 16 2
y =79 (ver peweyuit), u ;y T3S 9=y, =-3, y, =3 Torma
X =-2,x%,=2
Omeem: (2; 3),(- 2, - 3).
i.‘__l_s = 2,
155
6.212. —+— =2,
woowi
i-i-i =2,
Wi uy
Peierue.
u#0,
ofI3: vz,
w0,
3 15 5

Hycry — =%, —=), — ==
uy vw wil

. OTHOCHTENBHO X, ¥ 1 Z CHCTEMA YPABHEHHEH NPHHUMACT BH/T

x+y=2,
ytz=2,=z=2~-x
z+x=2.

IToyncTaBKB 510 3HAYEHKE Z BO BTOpPOE YpaBHEHHE, IOIYIHM

+y=2, +y=12, 2y=12,
{x y @{x y Q{y

=x=],y=1.
y+2-x=2" |ly—x=0  |m=2_ " 7

Torpa z=2-1=1L

2=y
111\52 ’ uv =3,
TakumM ofipasom — =1, & dvw=15, =3 w=—,
: vw u
5 wu =3

13 Cranasu M. ¥, rku. 1 369



TIOACTABHE ITO 3HAYEHHE W BO BIOPOE YPAaBHEHNE, HMeeM

Ve—= v=3u
u

uv 3 uv:s, 5 . .
3.15° =u-3u=3, u" =1, onypa wy =—1, uw =1,
. Torna v; = =3, vi =3 w==5w, =5
Omeem: (- 1; - 3;~5),{1; 3; 5).

6
y —-65
6.213. { ¥yt 4yt =13

Pewenue.
Tlo popmymne cymmu Kyﬁos ooIy4aeM

{(x +y x—x?y?yy ) 65,@{(x2+y2)13=65,

4

X —xy +y =13 xd—x2y2+y4.—.13

x4—xy +y =13

2,2 2.2

x4y =5 x“+yp =5
= yz 2 1.2 2y

25-3x“y" =13 xy =4

CucreMa paBHOCP[ﬂbﬁa COBOKYIIHOCTH JIBYX CHCTEM.

2 _ o2 -
yo=5-xt y 5- x,:>
_1-2=1 x =4
x =2: 2‘2) =2,
. {1 {x: {X3 2
Nn=L =% =L
{x4 =“2, {xS = 1, {xﬁ ="’1,
ya=L |¥s=2; {ye=-2
x; =1, xg =—1,
.=_2' Y3 =2,

 Omsem: (2:1), (-2~1) (-1, 2D, (152, 1-2),
-2, 52

[x +y —5 . {x2+}’2= ]
(=1 2
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x+y+z=0,
6.214. 12x+3y+z=0,
(x+ 1) +(y+2)’ +(z+3)" =14,
Petuenue.
M3 nepBoro ypaBHEHHs CHCTEMbI HAXOJHM z = —x — y U [OACTABISEM BO
BTOPOE H TPETHE YPABHEHHUA: °
[(2x+3y-x-y=0,
=3
(:c+1)2 +(y+2)? +(-x-y+3)’ =14

x+2y=0, . _
< (;H-l)2 +(y+2) +(—x—y+3)2 =14.
Orcrona x = -2y, (—2y+1)2 +(y+2]2 +(2y-y+3) =14

¢y3,+y=0, otkyna ¥y =0, yo ==, x,=0,x, =2; 2, =0, z, = =1
Omgem:(0;0; 0),(2;-1,-1).
3 2
x” +3xy° =158,

§.215. {3;:2 y+y® =185,
Pewenue.
CIoXHM ¥ BRYTEM [1EPBOE H BTOPOE YPABHCHHUA!

430t 3yt =21, [(e4y) =27,

43 =3x2y-yP =343 (J\t--y)3 =343

ﬁ{x+y=—3,¢: {x=2,
x~y=17 =-5.
Omeem: (2; - 5).
x?+y-20=0,
6.216. {x+y2—20-—~0,
Peuenue,
x2+y=20,
x+y? =20,
(x=3)(x+¥)-(x-»)=0, (x=y)(x+y-1)=0.

W3 ycaosma { OTKY x2+y=x+y2, xz—yz—x+y=0,
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CrenosaTenbHO, JaHHAA CHCTEMA PABHOCHIbHA JBYM CHCTEMAM YPABHECHHI!

x~y=0 '
x+y-20=0

ud .
7T [ 1T
{x+y-—l=0, {x,——i {x2=4, 3= 5 X = 2. °
2 = ;
x+y -20=0 =5 |y =% 1-77 1+77
J’3=—2—; Y4"_"—2—-

Omsem.-(—s;_s),(4;4),(l+jﬁi I_Jﬁ], [l—ﬁ; 1+J'ﬁ}

2 2 2
4 2.2 4
+3% 4yt =01
6217, 3%, Y TV =
¥ +xy+y° =13

Peuwenue.
[TepemimeM cucTeMy ypaBHeHHI B BHIC

{(x‘ +y")+x2y'2 = 91,<=>{(x2 +y2)2 —x%yt=9j, -

x2+xy+y2==13' 2 +y’ =13-xy
vi 2.2 = : . =
13- - =91, xy=3, o lxp =3,
P (2 x,;z)_ x°y o 1 o 2o
x2 4yt =13-xy (x+») +xy |(x+y) =16

=3
o xy =2
{x +y=14
JlaHHAA CHCTEMA PABHOCHIIBHA [IBYM CHCTEMAM YPABHEHUH:
x‘y=3’ xy=3’ x1=l= {x2=3! x3=_1’ ).'4"_'—3,
Hin = .
x+y=-4 x+y=4 yl=3; J’2—1, y3=—3; y4=—]_
Omgem: (1;3),(3; 1), (- 1;-3),(~ 3;- 1).
x3 -i'y3 = 903,
6218. Y2 1 2 et

Petenue.
TlepenuieM cHeTeMy ypaBHEHHH B BHlE

| {(x+y)((x+y)2-3xy)=9a3,
zy(x +y) =6a’.
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X+y=u,
Iycte {JU" =y OTHOCHTENBHO X H V CHCTEMa IPHHIMAET BHI

2 3 3 3
—vl= 6
{u(u 3:) %a 'y 08 ’u(u2_3,§‘._‘:"__J-_-9a3=>u3=27a3,
uv="6a u u

3

(ery.nau=3a;v=§a—=2a
3a

:c+y=3a,@ x=a, |x3=12a,
Torna xy =20’ v =2a; |y, =a.

Omsem: (a; 2a), (2a; a).

2

x+y+z=3,

6.219 X+2y-z=2,
x+yz+zx =3

Pewenue, .
W3 nepBoro ypaBHeHHA CACTEMBI HAXOMHM 2 = 3 - x — y. Torja noayaum

x+2y-3+x+y=2,

x4 yB-r-y)t(-x-yh=3 = y= 232,
x+yz+zx=3.
X+ 5;2x[3—x-5“32")+[3—x— 5_32").1::3@.:2 —8x+7=0,

orkyaa x; =1, x, =7. Torna y, =1, y, ==-3% z; =, z, = -1
Omeem:(1; 1; 1),(7;-3; - 1).

3

X 4 xy =40,
6.220. { 7,
L +xy =10,
x.
Pewenue,
x#0,
on3: y#0.
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YMHOKVB TIEPROE YPaBHEHHE CHCTEMBI Ha ¥ # 0, a Bropoe Ha x # 0, momyuum
2
x? +xy? = 40y, x(xz-i-y )=4Oys
y exty=10x y(y2+x2)=10x.
Pasfienus nepBoe ypaBHeHHE CHCTEMBI Ha BTOPOE, [IOTYYHM
4
Z=2 x2-4y? omcymax, =-2y, x, =2y.
x

¥y
3

1) y_2_2y_y =10, y* =4, HeT pemennil.

3
2) ;’—y"'z)"y =10, y? = 4, otxyna y;; =*2. Toraa X, = 4.

Omeem: (4;2),(—4;-2).

_ x+y+z=2,
6.221. 2x+3y+zj 1, ,

x? +(y+2) +(z— 1) =9.
Peenue.

M3 nepBoro yparHeHHs CHCTEMB HAXOAHM Z =2 =X =y,

2x+3y+2-x—-y=1, - x+2y=-1,
x? +(y+2)2 +(2-x—y-1)2_ =9 |«? +(y+2)2 +(1—Jc—ﬂy)2 =9~

x=-1-2y, (-1-2) +(y+2)° +(1+142y-))* =96 62 +12y=0,

. oTkyAa y; =0, y, =—2;'_rorna x=-Lx;=3z2=32=1
Omegem: (- 1;0; 3),(3;,-2; 1).

'x+1 + ’x.—l-y =2,
xX+y x+1
6.222. T 5
sl 2y
y+2 x+1 ;

Pewenue.
x:l)o’
IxETY
om: {11
y+2
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Tlepenuuem cHCTEMY YPaBHEHHIT B BHAE

x+1 + 1 _2=70,
x+y x+1 ’
4 x+y
x+l 1 -15=0.
y+2 x+1 ‘
| y+2

1
YMHOMHEB NEPBOE ypaBHEHUE CHCTEMbBI HA #0, a Bropoe — Ha
x+y

x+1 £0
"'“"““'y+2 » IOJIYYHM

=1,
x+y x+y
Bropoe ypaBHEHHE CHCTEMB pELIIAEM KAK KBANAPATHOE YPABHCHHE OTHOCH-

'x+l 2
TENRHO { = [——: " =15t—-1=0.
42 t°=15t-1=0
"
OTC[O,T.{HI’1= f——1=2; = x+1 =——£;2 £+—I=—1—H8HMEE’I
y+2 y+2 2 y+2

pelueHHH.

2 2
[JXHJ _2Jx+1+1=0, [ x+1_1] —o
x+y x+y xt+y
2 A : 2 =
x+1 ~15 x+1_1=0 x+1 _15 x+1=1
y+2 y+2 _ y+2 y+2
x+1 x+1=1, orxyrax+1=x+y,y=1 '

x+1 =x+1=4, xrl=12 x=11

y+2 142
Omeem: (11; 1).

Torna
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6.223 {xz +2y+ \}xz +2y+1=1,

2x+y=2.
Pewenue.

OII3: x% +2y+120.
Tycts x% +2y+1=1, me 120; Toma x> +2y =12 —1&> 2 m141=1,
WIH 2 4+¢-2=(, OTKY#a ; =-2,#, =1; 1) =—2<0 ue noxxonur. Torma

2
+2y=0
Jx2+2y+1=1,x2+2y+1=1,x2+2y=0. HmeeMm {x 4 =
2x+y=2

y=2-2x, x*+2(2-2x) =0 x? —4x+4=0, (x—2)* =0, orkypax=2.
Tormay =-2.
Omeem: (2; —2).

+y+fy+z=3,
6.224. {Yy+z+Vz+x =35,
Vz+x+fx+y=4.

Pewenue.

x+yz0,
Of3: {y+z20,
z+x20.

CII0XHB BCE TPH YPABHEHHA CHCTEMBI, TONYTHM

2fxty+2fyrz+2fzex =12 Jx+y + Jy+z+/z4x =6

Briurs us DOTY4CHHOI0 YPaBHEHHA I00YEPEHO NIEPBOEC, BTOPOE M TPEThE
YPaBHCHHC CHCTEMb!, HMEEM

Vz+x =3, z+x=9,‘ x=3,

Jx+y=lLeixty=1l,a{y==2,
y4+z=12 y+z=4 z=6.

Omaem: (3;—~2; 6).
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4 af., —
6.225. {J;+J; 3,

x+y=17.

Petuenue.

%E:u =0,

Mycth OTHOCHTCJIBHO U ¥ V CHCTEMA NPUHHMACT B
fy=vzo.

u+v=3 Cfutv=3 :
b 2 -
W=7 ((u+v)2 —-Zuv) =177

= (9v— 2uv)2 —2u*v? =17 u*v? —18uv+32=0. Pemax nocliegnee
. YpasHEHHE KAK KBaJPATHOE OTHOCHTENBHO v, HailmeM wv =2 mnd uv =16.

u+v=3, {u+v=3,
HIH

TaxuM oOpazom, {
_ uy =2

tuv =16,

o m=l =2, x—l a‘/‘ 2,
INo reopeme Buera Hajinem
nw=2 v2=l

=1 {x-z = 16,
¥ =16, iy, =1L
Omsem:(1; 16),(16; 1).

fx+ +"y+—l- =242,
6.226.

x +1y+(y2+1)x 4xy.

oTKyAa {

-

Pewenue.
x>0,
H3 ycnosua umeeM _
o1, ol g5 Jorl (o) ol
y x = y xy x =
y+y+yixtx=dxy Xy+y+yiz+x=4dxy
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xy+x+xy +y +2 xy+1 xy+1
& “ Xy ’=> 1’

x y+x+xy +y=4xp.

=4 (y-1) =0, oryna xy=1.

Cop+1f _, _ by+1f
xy

Xy

Ioacrasup 310 3HAYCHHE Xy B IIEPBROC YpABHCHHE CHCTEMBI, IONYIHM

=l
x+x+y+y+2ﬁ=8, OTKyAa {x+

s x=1,
y=2.

Torna {
‘ y=1
Omeem: (1, 1).

'3-Ju+v+3\/v+w =3,
6227 {Wv+w+Ywru=1,

Yw+u+Yu+v =0

!
Peenue.
r
Yu+v=x,
Mycts {Yv+w=y,
Yw+u=z

x+y=3, x+y=3,
OTHOCHTENBHOX, ¥, Z CHCTEMA [IPHHUMAET BHA s ¥ +2z =1, & qy—x =1,

z+x =10 Z=-x.
Cnoxus 1 BEIMTA NEPBOE H BTOPOE ypaBHEHUn, HONy4HM x=1; y =2,

Yu+v=1, ut+v=1, u+v=1,
Tormaz =— 1. Orcrona 3\/v+w=2, S v+w=8,-&v+w=§, &
Yw+u=-1 wHu==1 |w==1-u
u+v=1, u+v=1,
Sy~ l-y=8, <v-u=9,

u=—4;, v=>5 w=3.
w=—l-u w=-l-un,

Omeem:(-4; 5;3).
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|
x y+yJ_—30

6.228.
xf+yJ_ 35.

Pewenue,

J;=u20,
Tlyems
: J;=v20.

OTHOCHTS/BHO 1 H ¥ CHCTEMA YpaBHEHHH IPHHUMAET BHA

u?v+viu =30, uv{u +v)=30,
& ==,
ud +v3 =35 (u+vX(u+v)2—3uv)=35 u+v

30
(u+v]((u+v)2 -3 u::?v]=35’ (u+v)’ =125, u+v=>5. Torma "V=—5'=6

5 uv =6, - [ty =2, |uy =3,
H CHC a
H Terayp BHEHH# ([PHHHMAET BHI wtv=5 v=3 |vp=2.
\/__2 J_——3 X, =4, x2=9:
ITomy4aem J_ 3. \/_ 2 = ¥, =9;

Omaem: (4; 9, (9, 4).

6.225. {x+J— 56=0,

Jx+y-56=0.

Pewenue.

'0113' x20,
“ly=zo0.

Briata BTOpPOC YPABHECHHC CHCTEMEI H3 [IEPBOro, NOIY4YHM

x+fy-Jx-y=0, (x-) (\/_ J_)

(J——J;)(J;+J;)—(J;—-J;)=O@ (JJ;—-J;)(J;+J;—I)=
oriyna Vx =y =0 wm Jx +Jy -1=0.

Torna fy = Vx um Vx =1- ).
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INoncrague 3HAYEHHE \/)_; =Jx B NEPBOE YPABHEHHE CHCTEMBL, MOy IHM
x+yJx =56 =0, Pemas 310 YPaBHEHHE KAK KBAJAPATHOE OTHOCHTENBHO /x ,
MOMYYHM J_ =-8, 'JJ_C =7; -J; =-8 He momxonut. Torpa x; = 49; ¥y =49.

Iloncrasue 3Ha§euue Jr=1- ¥ BO BTOPOE YpPABHEHHE CHCTEME], oIy~
YHM y— J; =56 =0. Pemas >ro ypaBHeHHE KaK kBaapafnoe OTHOCHTEILHO
\/;, HOILYYHM Jy_z =8 umm y; =64, JE =-7 He noﬁxonm. Toraa

Jx; =1-8=-7; \Jx, = -7 He nogxoaur.

Omeem: (49; 49).

13 3y — =
6.230. J._t+2y +Jx y+2=3
x+y=7.

Peenue.

Boisenn NEPBOC YPaBHEHHUE CHCTEMEL B Ryﬁ, NNOIYYHM

x+2y+3#(x+2y)2(x—y+2) +3#(J;+2y)(x—y+2)2 +x=y+

+2=27& 2x+7+3%/(x+2y)(x—y+2)(%/x+2y +3§jx—y+2)=25.

HCI‘IOJIBBYJ! YPaBHCHHA CHCTEMBI, [10J1Y4acM

T+9Y(x+2y)(x-p+2) =25 Yx+2)(x-y+2) =2

(x+2yXx—y+2)=8, =

o (x+2y)(x - y+2)=8. Umeem {2x+y=7

y=T-2x, (x+2(7-2x)x—T+2x+2)=8, 9x% ~57x+78 =0,

13 5
OTKyBa X} =2, X3 =?- Torpa y, =3, V2 =——.

3
Omeem: (2; 3), [-1—3, - E]
3° 3
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+y+2x+y+2=7,
6231, {VITY VY
3x+2y=23

Pemeuue.
x+y20,
on3: 2x+y+220.

Bos3peas nepBoe ypaBHEHHE CHCTEMBI B KBAJPaT, HONyZHM

x+y+2J(x+y.)(2x+y+2)+2x+y+2=49@

o 3x+2y+2J(x+y)(2x+y+2) =47

23+ 2\/(x +y)(2x+y+2) =47, J(x+y)(2x +y+2) =12.
Bossens B kBaapart, UMeeM (x+ y)(2x+ y +2) = 144. Cucrema ypam{emm

(x+y)2x+y+2)= 144,z>y 23-3x 3
3x+2y=23 2

" (x+23;3"](2x+23;3x+2)=144cpx'2+4x_45=o,

orkyna x, = =9, x, = 5. Torna y; =25, y, =4.
Omeem. (- 9; 25),(5; 4).

TN =

NMPHHHM2ET BU {

6232 Tox
5 =xry=fx-y.

Pewienue.

x+y20,

x-y20,
on3:

A x>0,
y>0

Pazpenus nepsoe ypapHeHHe HA BTOPOE, OMYYHM

e Gt o i

x 16x—JJr+y—Jx—y JE+y - Jx- y.
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@Sy x+y+1f -y

‘/__—? » AIIQCTIE YMHOXCHHMA YHCIIHTENA H 3HAMEHATE A

npa.non JacTH YPAaBHEHHSA HA BBIpAKCHHE, CONPAXECHHOE CO 3HAMCHATENIeM,

sy ety s y)(Jx+y+J—)
2x (Jx+y Jx y)(Jx+y+\/_)

ﬁS_y_x+y+2\fx2 -y +x—y - Ezi

—x=yfxi -3yt =

2x X+y—x+y 2x
4 4
4
=;.245~—y——5y +xt=x? y 1= 24—5———4y —0:: 25y =16x? y——

Takum o6pazoM, J—E'—S'I—Jx-i' x+Jx——x 4= J—x+J‘¢>
QJ‘—lorrKy.nax S;y=4.

Omeem: (5; 4).

. {J2x+y+1 —Jxty =1,

2x+2y=4.
Peutenue.
2x+y+1240,
J13:
x+y20.

Bo3Bend NepBoe ypaBHEHNE B KBALPAT, KMESM

x+y+1-2J(2x+y+ (x+y) +x+y=16

= 3x+2y—2‘l(2x+y+ 1)(x+y) ={0.
Tax xak 3x+2y = 4, To H3 BTOPOro YpaBHEHHS CHCTEMEI IONyUaeM

4—-2J(2x+y+l)(x+y) =0©J(2x+y+1)(x+y) =2,

Tocne Bo3peneHus B ksagpar mMeeM  (2x+y+1)(x+y)=4.
y= 4._23x = (2x+ 4_23x+1)(x+4_23xj=4® xz +2x—8=0, x‘ =""4,

x, =2. Torna y; =8, y, =-1,
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IIposepkoii yhexnaeMcs, 410 x| H Y, ABIAIOTCA TOCTOPOHHHMUH PELIEHHAMM.
Omsem. (2; - 1).

1 1
u 2 Yu+v 2‘2[;:1,5,

6.234.
uv = 64,
Pewenue.
1,1 45
Tepenuiuem crcteMy ypapnenui Beuae 18, 8,
) uv =64,

%=x>0,

Myctb {% =y >0. OTHOCHTENBHO X HY CHCTEMa IPUHHUMAET BUAL

Loy

x ) OTKy/la onyyaem npu xy # 0, {
6
{(xy)" =64,

Jlannas cucremMa paBHOCHABHA ABYM CHCTEMaM YpaBHEHHEL:

{x+y=1,5xy, x+y=15xy, {x1=1, x, =2,
HIIH =
xy=—2 W= (=1

x+y=15xy,
xpy =32,

v, =1L

Torza %=I’$ w =1, 'g—=2’=> Uy =64,
A q_=2 >

Omsem: (1; 64),(64; 1).

3’,2_".'_1. - 21’_.1._ =1,
6.235. x y+1 :

Jx+y+l+“/x—y+10 =5

Pewenue.
x#0,
y#-l,

On3: x+y+120, '
x—y+1020
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Hepermmem IIEPBOC YpABHEHHE CHCTCMAL B BHAES

+1 2 +1 +1
Jf_y - -1=0= ‘y _#y —~2=0. Pemas 310 ypas-
x ’ y+1
HEHHE KaK Ksanpamoe OTHOCHTENILHO 31, Pt HMEEM ‘} =-1, orkyaa

y+1
——==],y==x-1
3 ¥y WIH

+1 +1
AL ) mnay—FSy 8x - 1. U3 Broporo

YPABHCHHSA CHCTEMBI Vr—x-1+1+Jx+x+1410=5 e 2x+11=5,

' : 49
Vi+8x—14+1+/x—8x+1410 =5 O +J-Tx+11=5 x,=7, x, =’
41
xy =1 Torna y, =-8, ¥, =§', =1

49 4
Omeem: (7; — 8)’[64 8) ;7).

r+y +Jx -yt =
6.236. { “6\/_

Pewenue.

x>0,
-y* 20

Bospoaum nepeoe ypasHeHMe CHCTEME B KBAAPAT, TOTAA
x4yt +2\}x4 -yt +xt -yt =36ﬁ\}x4 —yt=18-x'

=x* =yt =324-36x2 +x*, yt -36x2 +324 =0
H3 proporo ypaBHEHHA CHCTEME! MMeEeM

x=810 436 §2‘9+324 =0, y}+324y ~12960=0,
y ¥ |

6410

e yx 0= y* =36, b2 =—J6,y2 = 6. Torna P =~6—=JE.

Omeem: (10, =6 ), (+/10; /6 ).

On3: {
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Jx+.fy =3,
6237 1 Jx a5+ Jy+3 =5.

Pewenue.

om: x2'0,
"y =o.

Vx=3-y,

TMepenuntem cucTeMy ypaBHEHHIA B BHIe { Jxi3 =
x+5=5- 1/ yv+3

=9-6 =9-
- X J;+y, o x=9-6y+y, N
x+5=25-10/y+3+y+3 x=23-10yy+3+y
= x=9-6Jy+y, 9-6/y+y=23-10Jy+3+y e 5/y+3=7+3fy =
= 25p+75=49+42.fy +9y, 8y+13=21y = 64y? — 233y + 169 =0,
169 121
otkyna y, =L, 2 =§- Torna x| =4, X, TR

Omeem: (4; 1), 1—21,1@ \
64 64

6.238. (xz T y?

Petuenue.

xz0,
on3: y#0

Bynem npeofpaioBLIBATE [IEPBOE YPABHEHME CUCTEMBI

2 2 2 2y 2 y2 . 2
xt=y -x"-y -2y : 2y

=16 =16= =16,
J( x2+y2 J ) [ 2 ZJ 2 2




x 1 . o
HIIH — = — H AaHHAA CHCTEMa YPABHEHHIT pABHOCHIBHA IBYM CHCTEMaM ypaB-

¥y

HEHMHH:
f_...;_ ;x.__;.’:{xl—-—l {xz ,
y M y = =
xy=2 xy=2 1 2: y2 2
Omeem: (— 1;—2),(1;2).
[2x +3y| =5,
.239.
R
Pewerue. .
Jlannag cHcTeMa paBHOCHIILHA YETEIPEM CHCTEMAM YpaBHeHHI:
3 X = >
2x+3y=-5, 1=
B — 4
D0ox-3y=-1 " | _ 2
n=—"7.
3
2x+3y=-5, Xy =-1,
2x-3y=1 Yo =-1;
3) 2x+3y =5, - x3=1
2x—3y=—1 y3—1,

3
2x+3y=5,ﬁ Ta=7
Y lax-3y=1 2

- 3

’

’f+2+1=3,
6.240. {\y  x 2

lx+y|=5.

Omeem: (_E. _ZJ, 1-1),(1; 1), (E; E]_
273 2’3

Pewenue,

x#0,
OI3:1, 40
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IpeobpasyeM nepBoe ypaBHEHHE CHCTEMBI

[x_-’ﬁxy_wigﬁ____wl(“ﬁ;ﬁlwl;_
xy 27 oo 2

TakuM 06pazoM IMOTYYMIH:

li/ﬂ_% J_z {‘/_2

kay=s  |rif=s =S

£y

s

Toayuaem apa cnyuas:
=4, =4,
{7 217
x+y=-5 x+y=35

- L x =_4, Xy =—]_, x3'_-l, Xy =4,
ITo Teopeme Buera nonyyaeM
n=-L n=-4 (=4 :

?

Omsem: (—4; - 1),(— 1;-4),(1; 4),(4; 1).

u-v 12
u—-v+ = s
6.241. : u+v u+v
w?+vi =41
Pewenue.
u—v
20,
OA3: qu+v
u+v#0.

JlaHHas cucTeMA PABHOCHIIBHA ABYM CHCTEMaM YpaBHeHHil:

u—v=0,

u+v>0,
1) u—v 12
u—-v+ = ,
u+v u-ty

2 2 _ 41

u +v° =41,
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~v=0,

u+v<Q, .
2) u-v 12
— - + = N
(u=v) u+v  —{u+v)

u? +vi =41;

1) ¥YMHOXKHB mepBO¢ YpaBHEHHE CHCTEME! YpaBHeHHH 1) Ha u+v >0,

f 2.2 _qa .
umeem u’ —vieyu?—vi —12=0= Jul-? =3, u'=v'=9 ugn

_ 2 _ .2 _
u? —v? = —4 (et pemennii). Torna cucreMa 1) HMeeT BUA “2 vz % =
u +v- =41
ut=25  [u=1S5,
<9, =
v-=16 - |v=14,
IMomyaunu:

u=-5 ﬁ:-—s, u=5 |u=S5,
v=—4; |v=4; |v=—4; |v=4.
T +v>0 SR
AKKaK y—yp =20 Hu+v>0, TO v =4 |v, =4,

2) YMHOXMB riepBoe YPaBHEHHE CHCTEMb! YpaBHERHI 2) Ha u + v < 0, HMeeM

vt -v? —12=0= Vut —vi =4, P —vt* =16

win Vu? — v2 = —3 (HeT pemeHHit).
c 5 w’ —v? =16,
MCTeMA 2) MMeeT BHA W vt =41

Orcrona, ¢ yuerom u—v<0 u u+v <0,

uy =—4285, 28,5,
vy ==125; u—Juj. '
Omeem. (5; - 4),(5; 9), (— J28,5; - \/12,5) , (—- J28.5; 1/11,5).
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' 3x=2y 2x
: : + =2,
6.242. J 2x J3x—2y
x* ~18=2y(4y-9).

- Pewenue.

3x-2y 50

om: 7

[Ipeobpazyem TlepBOE YPABHEHHE CHCTEMEI :
, :
‘Bx 2y 0o 3x-2y _2 3x—-2y+1=0,7
J3x 2y 2x . . 2x 7
’ {3 2 ’ 3x-2
3x—-2y X2 | 0= 22T 3x 2y
I'.HC 2x # (_)’ ( 2x 2x ' 2x - 19 xX= Zy

M3 BTOPOTO ypaBHEHHS CHCTEMEI MMEEM (Zy)2 -18=2){4y-9) &

3 .
S ¥ =3 x5 =3 x,=6

¢2y2——9y+9=0, oTKyaAa Y1 = 5

3
Omegem: (3; 7 }, (6; 3).

: 6243 5yx? =3y 88+ fx+ 6y =19,
T kT -3y -88 =142k + 6y.

Pewenue.

Myers \/xz —3y-88=u20,
Jx+6y=v=0.

OTHOCHTENBHO # M V CHUCTEMA YPABHEHHHA HMEET BHI

{5u+v=19, . 1+2v 5(1+21v

Vi

) =&}
3u=1+2v 3

=3

J+v=l9_=>v=4, u'=_1f2‘4

: i e o
Torna{ux _3y_88._3’@{x 3y-88 9’_=>x=16—6y,

6y =4 |x+6y=16
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2 N ‘ _53
(16—6y) -3y=97< 36y° —195y+159=0, otkyza y, =1 »; 12
21

Torna x; =10, x, =--—2-.

Omeem: (10; 1), (— —2~1; EJ
2712,
6.244. Peluth ypaBHeHHe
x(x+ 1)+ (x+ D(x+2)+(x+ 2)(x +3)+ (x + 3)x +4)+...

cH{x+8)(x+9)+(x+9fx+10)=1-2+2-3+..48-9+9-10.

Pewenue.
[epenuiiem YpaBHEHHE B BHAE

(x +x)# [ #3x+2)+ (x* +5x+6)+ (x* + 72 412}

o t{x® #1754 72)+ (x* + 195+ 90) = 2464120472490 6

e (s x)+ (x4 3) (32 4 5x) e (22 4 7 s 41724

+(x? +19x)=0'¢:> Mx+14x+3+x+5+x+ T+ +x+17+x+19)=0,

x{(x+x+. Ax}+(1+3+5+..+19)) =0, omyna x; =0, wm (x +x+..+x) +

1+19

+{1+3+454...+19)=0 10x+ 10=0, 10x+100=0, oTKyaa

xz =-10.
Omeem: x| =0, x, ==10.

6.245. Haiit k03¢ uiHeHTs: m 1 # KBAAPATHOTO TPEXWICHA X° + mx + 1,
€CIIM H3BECTHO, YTO €0 GCTATKH NPH AeTCHHH HA JIBYWICHL X —# U X — K PaB-
HEI COOTBETCTBEHHO M H A,

Pewenue. ‘

Pasaenus x* +mx+n Ha X —m, umeeM penleHne

x> +mx+n xX—m
“xlemx l x+2m.
2mx+n

" 2mx+2m?
2m2 +n

3%0



Taxum oGpasom, 2m* +n=m.

Pasnenus x° +mx+n Ha x—n, HONYY M

x +mx+n x—n
T —nx x+{m+n),
(m+n)x+n

_(m + n)x - n(m + n)

n+n(m+n)

Orciona nMeem n+n{m+n)=n.

Tomywsnu cuctemy ypassenuit

2m* +n=m, 2_ = .
{m n=m {Zm m+n 0’=>n=0mmn+m=0.

n+nlm+n)=n n{m+n)=0

TlosToOMy NaHHas CHCTEMA PRBHOCHIBHA IBYM CHCTEMaM YPaBHEHUH: -

{Zm2 -m+n=0, . {2m2-m+n=0,=’ {ml =9, m; =%, {’"3=1,' '

n=0 m+n=0 n =0; ny =0; ny=-1

I

Omeem. (0; 0),("2-; 0, (1;-1).

6.246. KsanpaTHoe ypasHEHHE ax? +bx + ¢ = 0 umeer apa kopa. Cocta-
BMTB HOBOE KBApATHOE YPABHEHHE, Y KOTOPOIC OMH M3 KOPHEH Ha eHHHMIY
MeHbie 0osBIlero KOpHS, a APYToif Ha eAMHHALYY OoNL1Ie MEHBIIETO KOPHS JAAH-
HOTO YPABHEHHA. |

—b+vb? -4ac ~b-Ab? —4ac

Pewenue.

Iyers x, = — BGOIBIHA XOpeHs, a X, = ———————— —
2a ... R
MenpmHi KOpeHs ypasHenns ax” +bx+c=0.
—b+ b ~dac —b— b —dac
Toraa y; = ————-1, y ¥ ——————+1 — XOpHH KB2J-

2a ) . 2a
paTHOTO YpaBHeHMs y2 +px+g=0.
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ITo reopeme Breta umeem

.—b+\lb2—4ac —b—b? —4ac b
Yi+Y, = -1+ +l=—,
2a 2a a ) o
[ =b+Vb* —dac —b—b? ~4ac e—~a+vb? ~4dac
»oyE -1} = 41| SRR
2a 2a a .
(b
P
/ 2 - ,/ LI
]q=fl+_b_‘_f£, oTKyaa uMeeM  y° +2y+£——a—+-——b—-3£c—=0¢:>
a . a a

ay? +by+(c-.—a+w}b2 —-4ac]=0.
Omesem: ay2 +by+(c-—a +Vb? —4acJ =0.

6.247. OnpenennTs, PH KAKHX 3HAYCHAAX 7 OJMH M3 KOpHEH ypaBHEHHA

23 -»(m2 —m-l—?)z—(3m2 -—3m-—6)=0 pases — 1. OTICKATS 82 OCTATBHEIX

KODHS YPaBHEHWs IPH YTHX 3HaCHUAX M.
Pewenue.

[Tycts zl=-i, TOTm (—1)3—(m2—m+7x—l)-.(3m2—3m—6)=0, .

m? —m—6=0, orkyaa m; =2, my =3. Ilpu m, =-2 1 my =3 ypasueHue

OpHMHHAMAET BUA z° — 13z — 12 =0, JleamM neByio 9acTs ypasHeHHs Ha z+ L

s .
—13z-12. S
T o712, 22 —2-12 =0, OTKYHA Zy =3, z; = 4.
z+1
Omeem: my=-2H m, =3;IpH 3THX 3HadeHHAX m Gyner z, =-1,
22 =—'3, Zq =4,
6.248. Iloxasark, 4To ecnH xoddduureHuTH a4, b ¥ ¢ ypaBHeHHA

ax +bx+ec=0 CBSA3AHL] YCIEOBUEM sz —9ac=0, TO OTHOLIEHHE KOpHEH

YpaBHEHMA PaBHO 2.
"Pewenue.
x
Myets —+=2.
Xy
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~ W3 Teopemb Buera nonyuaem:

.— b .
Xy tx, =—— b
X3 T X2 ’ b
a N
c : a -
A% Xy =—, =>xt=2x2, A 2 C
[/ Xy "Xy =— : xz—E;.
o, .
L X2 ‘ '

2

Taxum obpaszom —5 = i, 2b* =9ac, 26 ~9ac=0.
: 9a 2a .

Uto 1 Tpe6OBANOCE HOKA3ATS.

6.249. TTokasars, 470 ecnua ub — kopHH ypasaens x° + px+1=0, abu

¢ — KOpHH YpaBHEHHS x? +qx+2=.0, TO (b—-a)(b—c)=pq—6.

Pewenue. '
' a+b=-p,
Ilo Teopeme Brera nmeem ab=1,
' b+c=—gq,
bc=2.

Orclona, yMHOXAS MEPBOE YPaBHEHAE CHCTEMEI Ha TPETHE,
(a+B)(b+c) = pg, b +ab+be+ac= _jtaq,
b + ab+bc+ac—2ab—2be = pg—2ab-2bc,
b* —ab-bc+ac = pg—2ab—2bc, yuurubas ab=1, be=2,
b? —ab-be+ac=pg—2-1-2-2, b* —ab-bc+ac= pg—6,
(b-a)b~c)=pg-6. '

Yr1e 4 Tpe6oBanoch A0Ka3aTh.

6.250. IIpu Kaxnx 3HAYCHHEX d YPARHEHUA X tax+1=0ax’+x+a=0
. MMeIoT DL Kopers?
Pewenue.
Eci¥ PR KaKMX-TO & U.X JICBRIC 98CTH YPaBHEHHIT paBHEI 0, TO OHM paBHR 1
MeEXIy coboit: .

x? +ax+]1=0,
*+x+a=0
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BhIuuTaA BTOPOE YPABHEHHE CHCTEMSI 13 IEPBOTO, TONYIHM

ax—x+l1-a=0, (a-Dx—(a—-1)=0, (a—1)(x—-1)=0,orxyna:

lyecnmu g —1 =0, Tog = | HKaOKIOE ypaBHEHHE IPUMET BUJ a2 +a+1=0,
T.¢. OHO HE MMEET KOpHeii ;

2ecny a-1#0,Tox=1,otkyna l+a+1=0,1e.a =2,
Omeem: g=-2.

6.251. I1py KaKOM [OIOKHTENLHOM [ KOPHH YPaBHEHHS
sz ~4(p+3Ix+4=p?
NpPOTHROMNONMKHEL 110 3HaKy ? Haiitu 2TH KopHH.
Pewenue. 4
PaccmorpuM KBafpaTHoe ypaBHEHHE 5x% —4( p+3x+d-— p2 =0.

KopHH KBaApaTHOro ypasHEHHA NPOTHROMONCKHEI 110 3HAKY, KOF/1A BRINOJ-
HAETCA COBOKYIHOCTB CAEAYIOIMUX CHCTEM HEPABEHCTB:

16(p+3)2 -4-5(4-p1)>0, |(3p+4)*>0,

r>0, o p>0,
(p+3)>0, p>-3,
4-p* <0 p*>4;

16(p+3)2—4-54-p?)>0, {Bp+4)2>0,
>0,

0,
2) ={P”
4--p2<_0 . . p2>4,

oTkyaa p>2. PelllnM KBanpaTHOE YpaBHEHHE:

- 2(p~1-3)i‘/4(p+3)2 -5(4—~p2) B 2(p+3)i49p2 +24p+16
9= = =

5 s
=2(p+3):’c‘,9(p+4)2=2(p+3)i3(p+4)' -
5 _ 5 o
xl=2p+6—3p—4=-—p+2’x2=2p+6+3p+4=p+2'
s 5 5
| —p+2
Omgem: p>2;x = y Xy =p+2.
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6.252. Haiiryi koodduLmenTs: ypaHenus x? + px +¢ = 0 IIPH yCHOBHH, YTO

pa3HOCTE KopHeEH YpaBHEHHR paBHa 5, a pasHOCTH MX KyGoB paBHa 35.
Pewenue. :

W3 ycnopus umeeM
X =Xy =3, Xy—xy =35, ,
X —x; = 35 (xl —xz)((x, —xz) +3x]x2)-_- 35

- {x, —-x, =5, o {x, ~x; =5, J— {xl =2, {xl =3,
5(25+3xx,}=35" |x,x, =6, X, ==3 ' .
Io Teopeme BreTa nMeem;
D {P; =={x +x,)=1, 2) {Pz ==L
9 =X X =—0; g2 =~6.
Omsem: p, =1, g, =—6; p, =—1, g, =—6.
6.253. CocTaBHTL KBAIPATHOE YPABHEHHE C KOPHAMH (a +b) u (a- b)2 ,
ecn a u b — xopun ypastenns x> + px+4 =0
Pewenue.

CocraBiM KBapaTHoe ypasHeHue y> + Py + =0,

Tlo Teopeme Bueta M yCnoBHIO HMeeM

P=—’((a ~b) +(a +b)2)= —(az -2ab+b* +2* +2ab+b2),ﬁ
0=(a-b)? (a+b)

o p=-e +5?)=-2{(a+?)’ - 2ab),
Q=(a-b)-(a+b)’.

Jlnn HaxoxKaeHus 3HaveHuii a + b, a—b Hab eme pas Heonb3yeM TeopeMy
Buera:

- 2 2 2 2_ .2
{a+b_ p,ﬁ{(a+b) =p ,@{a +2ab+b” = p?,

&=
ab=g ab=gq ab=gq
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2 22 ‘ oy .
c}{a +2ab+ b =p ;:>a2_20b+bz=p2-4q,(a—b)2=P2"4‘1-

—4ab=-4q.
TaxnMm obpazoMm

HckoMoe ypaBHEHHE HMeeT BHA y2 - 2(p2 - 2q)y+ (pz - 4g)p2 =0,

Omsem: y* ~2(p* -2q)y+(p* —4q)p* = 0.
6.254. OGo3Haunm vepes oi B KopHu ypaBHenus 3x2 +7x+4=0. He
peluas AAHHOT O YPABHEHHA, COCTABHTS HOBOE KBAXPATHOE YPABHEHHE C YHCIIO-
o p
BBIMM K03 HLHEHTAMH, KOPHH KOTODOTO PARHE E:_l BT

Pewenue.

7
U+B = —5,
ITo reopeme Bueta nmeeM 4
o B = ‘3‘

Hyecrs y? + px+¢ =0 — HOBoe KBapaTHOe ypaeHerue. Ha ycnosus 1o

TEOPEME Brera ImoJayvacMm

__( a B J_" o —a+p’-B)_ o’ +p’~(a+B)
i USRS R W ) P N R S Y PSR
_> B ___

T B-1 -1 of — (x4 B)+1

_{o+B)’ —20B— (0 +B)

ofp—(o+B)+1 7
op ‘
4=
aff —(c+P)+1
7 4 23 2
Tak kak a+B==-~ u i =—, TOMONYyYHUM p=—-— g==.
B=-uof=- YHM p ==, 4=
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Hckomoe ypapHeHne HMeeT BU
23 2

2 2
- y+—=0=21y° -23y+6=0.
¥y | 21y 7 y Y

Omsem: 211 =23y +6=0.

. 6.255, TTokasats, 4TO Cpeay KOpHE# ypasHeHHA x* 457 +15x~9=0 ecn

TONBKQ OJHH TOROKUTENLHRIN H TONLKO OFHH OTpHLATENEHBIE KOpeHD (camMit
KODHH HAXOJUTh He 00s13aTeNbHo).

. Pewenue. .

[Tepennwiem ypassensue B BuAe . .
(x4 -9)+(5x3 +15x)= 0 (x2 -3)x? +3)+5x(;vc2 +3)=0,_ |
(Ju:2‘+3)(x2 +5x—3)‘—“0. ' o R

Orcrona x2 +5x—3=0 (x* +3#0).

Ksaapatuoe ypaBHeHHE gx? +bx + ¢ =0, ¥ KOTOPOro

a>0,
D>0,
5> 0,
c<0

nMeeT x, <0, x, > 0(x;, > x;).
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