
MHTeMHTHKii* nacpeapacH, TouJKem j.ioKrpoTcxiiHKa aJioKi HHCTHry™| 
«CXnnA mtififmhthKa» Ka^eapacH waMoaJiapnra, ra\pnp âth i.a i mhh us1 
ab3<viapn, AOUeHTJiap E. M. XycaHfioeB, P. >K. Hcomob, A |K  Qmohob 
Hi, P. Xyppa mobjiapra y3 MHHHaTAopMHJinrnmi 6hji/ihpajlii hh yjiap 
HHHr fioMHHiiaT Mex,HaT.,'iapnnn 3bTnpoc}3 3THIUHH y3HHHHr flyp'in Ae® 
f ln ; ia ;u i . |

/ l a p c j i h k  K a M M H ^ H K Jia p a a H  x o j ih  3 M ac , a J iC a r r a .  Y h H H u a a a  Ta- 
K O M H JiJia iU T H p H iiira  K a p a T H A ra H  TaH KH A H H  c()HKp Ba  M y io X a a a J ia p H M  
c n ilK H iiH JiA a n  S H JiA H p ra H  x a M K a c S  y p r o K J ia p r a  M ya ju iH i}) M A H H A a n  
J/3HHHHr H A H K . x ypM aT H H H  B a  Ta LLia K K y  pHHH SH JIA H p aA H .

M  yaAAucf?
I-  6 o 6

M H 3H M H  AJ1TEBPA BA AHAJ1HTMK TEOMETPHH 
3J1EMEHTJ1APM

l - § .  M kkhhM M  B a  yMHHHH T a p T H S jIH  A e T e p M H H a H T J ia p . 
AeTepMHHaHTjiapHH x,HCo6jiaw. AeTepMHHaHTjiapHHHr acocnfi 

xoccajiapn. FOkoph TapTH6jiH AeTepMHHaHTjiap.

1.1.1. T y p r r a  co H A aH  H 6 op aT

a i\ a l2
&2\ 2̂2

K B a A p a T  >K3AB3A U K K U H H U  T d p T u 6 A U  K B d d p d T  M d T p U l^ d  A e H H Jia A H .
H k k h h h h  t s p t h S j i h  K B a A p a T  M a T p n u a ra  m oc Ke jiyBM H  u k k u h h u  

r a p r u d A u  d e r e p M U H a m  A e 6  K y ftH A a rH  6 e j \ m  Ba  T e H rjiH K  6 h j is h  
HHH KA 3H yBM H  COHT3 3H TH JI3AH  :

a u a l2

d o  I Cloo
=  a ua22"

IIIyHra yxuiaui yuiSy

a \I a \2 a l3

a 2\ a 22 a 23 

a 3\ a 32 a 33

—  Q l la 22a 3 3 + a i2a 23a 31 +  a 2ia 32a i

—  ^31 022^1 3—  d 2 \ d \ 2 d 3 3 —  d 3 2 d 2 3d  I I

Mi|>o;ia y'iUHHu Tapru6Au derepMUHdHT acAhjisah. By HcjjoAara MycSaT 
Hlliopa fiHJiaH KHp3AHT3H X3p 6np Kyil3HTM3, X3MA3 M3HC})HH 
HliiopaJlH KynaiiTMSJiap KynaftTyBMHJiapHHH 3Aox,HAa-3Aox,HA3 riyHK- 
THp MH3H KJiap epAaMHAa TyTaLUTHpHS, yWHHMH TapTHdAH AeTepMH- 
nanTJiapHH \nco6jiaui yqyH xothpaAa ocoh C3KA3H3AHraH «yq6yp- 
HaKAap KOHAacH»ra 3ra 6yA3MH3 (1-maKJi).
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< y v >
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ilo-ropMHiianT mk 3JieMeHXHHHHr M ik Munopu fle6, luv fleropMH- 
uaHT/taii 6y ajieMeHT xypraH Kaxop Ba ycTyHHH yqHpHm Haxnwaoma 
XOtHji 6yjiran /texepMHHaHxra aftxmiaflH.

/ItXt'pMHHaHT Uit 3JieMeHTHHHHr 3JTre6paHK TyjI/lHpyBHHCH

A ‘t =  i - \ ) i+kM ik 
MynocaSax 6hjish aHHK,JiaHaw.

1.1.2. ZlexepMHHaHXJiapHHHr acocnn xoccajiapH-

c y 3 t r ; v ° « r s p™ a s M " r <|,-,a “ ,jia caTpj,ap m  ^

y - 2  3 a ™  Z T Tae"„Tr S ^ T "  ^  >™ 6^ “ - 

6 } &  " apa" “  “ ™ pra »™

aeT r 3 ° P6“ r " “ " ~  
a » i  ™ M ^ , r r 0P—

K ^ L y B ^ H ^ H F ^ H C ^ n S ^  £aT° PH™ Hr ^aP 6hP 3^eMeHTH HKKH

S S S ^ g ^ n S S

a ll  ̂12 I b I a |3 ~ -
a 2l <222~(~'^2 a 23 

a3l a32+^3 a33

a. a 12 a 13 b\ a |3
=: a2l a22 a23 + a2\ b2 <̂23

a3i a32 a33 a3\ b3 a33.

6

K) a rii p ;uvrepMHHaHXHHHr 6npop Kaxopn 3JieMeHxjiapHra na- 
lui.i.iKvi KiiTopiiHur moc 3JieMeHXJiapHHH 6npop y3rapMac coHra 
k Vim(1thpHfl KyiiiHJica, AexepMHHaHXHHHr khhmbxh y3rapMafiAH. Maca- 
i . i i i

a  M a l2 a \3 a ,  i a ,  2 «13

a 22 a 23 = a 2i a 22 a 23

«;SI a 32 a 33 a 3\~\~^a W a 32J r ^ a X2 a 33 4 "  -̂a l3

1. 1.•• ( « X « )  X3 c o H /ia H  H6 o p 3 T y u i6 y

a,, a l2- . a

a2\ a22- . a

a 3i a32 • . a

. a«i an2- . a

iHiijtfiHJi n- tclptu6au  Keadpar MaTpui{a nefiHJiajui. YHHHr n- Tapru6Au 
< h 'i ( ‘ p M U H a H T u  n e 6  n y n n j i a r n  6 e ^ rn  B3  x c h t j ih k  6 H JiaH  s h h m s h v b h h  
I'onra aftxHJisAH:

a,, a i2 • • «|n

A = a21 a22 • • a2n

a„i an 2 ■ ann

— a uA u-\-al2A X2-\- ... -f-alnA,„.

■ 1.1.2 63HAA3 Ke/ixHpHJiraH xoccsjisphhht x,aMMacH HCxajiraH 
xapxHSjiH AexepMHH3Hxra xernuiJiHAHp. HxraepHH xapxH6jiH AexepMH- 
iianxnH XHCo6jiauiHHHr hkkhxs ycy/iHHH Ke./rrHpaMH3:

1. /JerepMUHaHT TapTuduuu nacaurupuui ycyAu — AexepMHH3HT 
finpop K3X0PH 3JieMeHXJI3pHHHHr 6HTX3CHfl3H 60UIK3JI3pHHH OJIAHH- 
;um Honra aHJiaHxnpHS ojih6, my Kaxop SyHH^a eiiHiu ycyjiH. 

1-MHCOJI.

A =

3 — 1 12 8 3 —  1 12 8
- 5 3 -3 4 -2 3 4 0 2 1

1 1 3 — 7 4 0 15 1
— 9 2 8 -1 5 - 3 0 32 1

( 1 ) '

4 2 1 4 2 1
15 1 0 134 - 0 13 0 -
32 1 — 7 30— 3 — 7 30 0
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MU 
« (
II I
I I I 
III' 
fll

M
Cl
V

o n,vronununm'Hu uhOudvuk KupuHuuiea neATupuui ycyjiu ;io- 

pHJia/w nil y«ifiy|)M iiKCHM OH uiaKJira KeJiTHpHJiaAH, MacaJiaH

A =

a \ 1 a  12 ■ • a,„
0 a2 2 • • a 2n

0 0 . ■ ann

PaBiuaHKH yqSypqaK uiamiHAarH AeTePMHHaHTHHHr KHHMaTH 6ow 
A H a ro H a J iJ ia p H  S JieM e H T Jiap H  K y n a f l tM a c H r a  x eH r.

A =  aw -CL22- - CLnn-

2 -  M H C  O JI-

1 2 3 4 1 2 3 4

0 2 5 9 0 - 2 5 9

A  =
0 0 3 7 0 0 3 7

- 2 —  4 - 6  0 0 0 0 8

1 . 2 - 3 - 8  =  48

1 - d a p cx o n a  TontuupuFU

1. Ymhhmh t3Pth6jih AeTepMHHaHTJiapHH y<i6ypnaK KOHAaCHAaw 
4> oiiAa JiaH H 6  x n c o S j ia H r :

3 - 2  1 2 - 1  3 2 0  5

- 2  1 3 ; 6 ) - 2  3 2 ; b ) 1 3 16

2 0 — 2 0 2 5 0 — 1 io

Jia

a)
2 0 -

> K : a )  — 12 ; 6 )  0 ; b) 8 7 .

2 . AeTepMHHaim iapHH TaPTH6HHH nacaHTHpHiu ycyjiHAau 4)OHA a- 

h h 6  x ,H C o 6 Jia H r:

2 - 1 1 0 2 4 - 1 2

1 - 2  3
0 1 2 - 1

; b )
—  1 2 3 I

a) —  2 1 — 5 ; 6 )
3 - 1 2 3 2 5 1 4

3 2 7
3 1 6 1 1 2 0 3

>K: a) — 2; 6 ) 0; b ) 16. 
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3. /Ic'Ti'pMHHaHTJiapHH yH SypnaK  m aKJiHra KejnHpnS XHeoSjiaHr:

2 3 - 3 4 1 - 2 5 9

2 1 - 1 2
; 6 )

1 - 1 7 4

6 2 1 0 1 3 3 4

2 3 0 - 5 1 2 3 4

a)

> K : a )  4 8 ; 6 )  20 .

4 . /Je T e p M H  Ha HTJiapHH o jia h h  coAAaJiauiTHpH6, KefiH H  x ,H C o 6 jia H r:

a)
x2-\-a2
y2+ a 2
z2-\-a2

ax
ay
az

6)

1 2  0 0 0
3 2 3 0  0

0 4 3 4 0

0 0 5 4 5

0 0  0 6 5

; b )

1 1 1 1
a b c d
a2 b2 c2 d2
a3 b3 c3 d3

1 2 3 —  2 0 - 5 3 2

2 - 1  0 1
> K :3 2 . 2.

5 0 4 3

3 4 1 2 2 3 1 0

2 —  1 2 0 3 4 0 1

3 .

—  4 - 3 5 —  2 1 2 3 0

5 2 3 4
>K: 120 . 4 .

0 1 2 3

1 8 1 —  6 3 0 1 2

5 —  2 3 8 2 3 0 1

>K: a) a(x  — y) (y — z) (z — x); 6) 6 4 0 ; 
b) (b — a) (c — a) (d — a) (c — b) (d — b) (d — c).

l-MycraKfUA uui

.HeTepMHHaHTjiapHH XHeoSjiaHr:

> K :2 4 .

> K :192

2- §. Hkkh Ba yw HOMai>jiyMjiH hh3h m h  TeHrjiaMajiap cncTeMacH. 
KpaMep K,OHAacH. Taycc ycyjiH

1.2.1. Hkkh HOMa^JiyMjiH HKKHTa hh3hkjih TeHrjiaMajiap cncTeMacn 

J  a nx x +  a x̂ c2= b h 
\a 2lx l +  a 22x2= b 2

HHHr 6oUI AeTepMHHaHTH A
a \ i  a \ 2  

a 21 a22

9
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a ra  Ba y K p a M e p  k o h a h c h  fiyftH-ia K y ftH A a rH  c fco p M y jia jiap  (Sh jih ii 

x ,H C o 6 jia iiaA H :

A , A .X\ x2
x , =  —7—, x 2 A ’

6 y  e p A a

A ,.  =
b i ^ 12 

b 2 Ol22
A & =

I a „  6 ,

I «21 b 2

a K a J i J iH  6H TTacHA r a p  A =  0 Ba uiy 6HJiaH f in p r a  Av  A*, JiapAaH
H O Jira  T e H r 6 y j iM a c a ,  CHCTeMa eH H M ra  a r a  a M a c .

A r a p  A =  A ^ =A ^= 0  Syjica, y  x,ojiAa 6 e p H Jira H  CHCTeMa neKCH3
K y n  eH H M ra  a r a  S y j ia A H .

1.2 .2 . Y h  H O M a 'b JiyM JiH  y w a  m h 3h k j i h  T e H r j ia M a j ia p  c n c T e M a c n

Q I !■X 1 -|- CL 1 qX. 2 +  a  13*3 =  b 1,

a 2 i * i  +  a 22* 2+  a 23x 3z= b 2,

a 3lX l~\- a 32X 2_l_ a 33X 3= b 3,

HHHr 6 oiU  ACTepM HHaHTH

A  =

a , i  a ,2 iz 13

a 2] ^22 f l 23

a 3i a 32 a 33

S y j i r a H A a  a ro H a  eH H M ra  a r a  6 y j iH 6 , 6 y  eHHM K p a M e p  c {)o p M y jia jia p H  
S n j ia H  x ,H C o 6 jiaH aA n :

6 y H A a

K , =
xi

X 2 =
A x

-  —  X
~  A ’

=
A x3
A ’

b 1 a \2 f l 13 a ,  1 b i a  a

> II b 2 a 22 a 23 , A , 2 = a 21 b 2 a 23

b-i a 32 a 33 a 3i b 3 a 33

A , a 21 a 22
a 31 °3 2  
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A m p  A  0  B a  A x , A ^ , A ^  A eT e p M H H aH T Jia p A a H  a K a ju iH  6 H r ra c H  
iiiu iAUM  ( | in p M H  6 y j i c a ,  y  x o jiA a  S e p H Jir a H  CHCTeMa eH H M ra  a ra  
rtV JiM n fl/m iia  6 y  CHCTeMa S u p e a A u x d a  d y A M a e a n  c u c r e M a  A e 6 
ih m ju i/u i K a M H A a  6 h t t 3  eH H M ra  a r a  S y j i r a H  CHCTeMa 6 u p e a A iiK d a e u  
c m  re  m u  40 6  a T a ^ a A H .

I m 11 e o ji.  Hh3hkjih TeHrjiaM ajiap CHCTeMacHHH eHHHr:

'» x t —  2x 2-\-x3= — 4 ;

■ 2>X\-\-2x 2— ^ 3= 8 ,

2 x , 3 x 2-\-2x3=  — 6.

I , 'i h in. /JeTepMHHaHTJiapHH TonaMH3:

1 —  2 1 1 - 2 1

A  — 3 2 —  1 = 0 8 —  4 _ 8  — 4
=  4

2 - 3 2 0 1 0
1 0

/J,eTepM H H aH T  A  =  4 ^ = 0  S y j i r a H H  y n y H  CHCTeMa n ro H a  eH H M ra  a r a  Ba  
K p a M e p  4> opM yjiacHHH  K y J i J i a S ,  yHH  T o n aM H 3 :

—  4 - 2  1

0  0
4 0= 4 -

1 0
2  1

2

1 1 —  4 1

1 0 2 0
2 0  - 4== —  4 --

0
2  0

2 2 0

1 —  2 —  4 1 11

A ,3 = 3 2 8 _ 0 8  2 0 = 8 2 0
0

2 - 3 - 6 0 1 2
1 2

*1
_

A =  1, * 2  =
2

~ K ~ =  2 , x 3 = 3 = - 1

1-2.3. n  Ta hoMaT>JiyM  j ih  n  Ta h h 3 h k j ih  T e H r j ia M a j ia p  CHCTeMaCHHH 
n  H HH r K aT T a  ( n > 4 )  K H ftM a T jia p H A a  K p a M e p  k o h a 3 ch  6 h j i3 h  e n n u i 

P  HeHT3 lOKOpH T 3 PT H 0 JIH  A H T ep M H H 3 H T JI3 p H H  XH C O S jiaU IH H  T 3 JI3 0  
aT a  a h  . I l l y  c a o a S j iH ,  S y H A a ft  CHCTeM a Jia p H H  e n n u iA a  T a y c c  y c y j iH A a H  
(p o H A a jia H H U j M a K c a A r a  MyBO(J)HK- B y  y c y j iH H H r  m o x h h th  u iyH A a H  
H u o p aT K H , y H A a  H O M a t j iy M Jia p  KeTM a-KeT  ftyK O T H jm g , CHCTeMa yH g yp -  
H3KCHM0H u ia K J i r a  K e JiT H p H JiaA H . Arap CHCTeMa yn fiyp q aK C H M O H  
u i3 K J ir a  K e j ic s ,  y  h to h s  eH H M ra  a r a  S y j ia A H  B 3  yH H H r H O M a iw iyM jiap H  
o x H p rn  T e H r j ia M a A a H  6 o u u ia 6  t o h h S  6 o P h j i3 a h .  (C H C T e M a  t o k c h s  K ? n  
eH H M ra  a r a  6 y j ic a ,  H O M a- w iyM Jiap  K eTM a-KeT  f t y K o r a j i r a n ,  y  T p aneu H H -  
ch m o h  u ia K J i r a  K e J ia A H .)
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TTTT.

2- m h o o j i . .Vinfiy

X|-f~x2-f-5x3+ 2 x 4=  1, 

x \-j-x2-\-3x3-\-4x4=  — 3,

2x, +  3x2+  11 x 3 5x4 =  2,

2x | -j- x2+ 3x3 -j- 2x4 =  —  3

MH3HMH TeHrjiaM ajiap CHOTeMacHHH T aycc  ycyjiH  6m iaH eMHHr.
Et m h in. Hkkhhmh, ymhhmh, TypTHHMH TeHrjiaMaJiapziaH x\ JiapHH 

flyK0TaMH3. ByHHHr ynyH 6hphhmh TeHrjiaMaHH KeTMa-KeT — 1, — 2, 
—  2 ra KynaHTHpaMH3 Ba moc paBHLUAa hkkhhmh, yMHHMH, TypTHHMH 
TeHrjiaM ajiap SHJiaH KymaMH3. HaTH>Kaj],a y iu 6 y  CHCTeMara ara 
6yjiaMH3:

X i +  x 2+ 5 x 3-|-2x 4=  1,

2x 3— 2x4= 4 ,

X 2~h X 3+  x 4= 0  
—  x 2—  7x3— 2x4=  —  5,

eKH

Xi~\-x2-\-5x3-\-2xi =  1, 

x 2+  x 3-f- x4= 0 , 

x 2—|— 7 x 3-\- 2x4^= 5, 

x 3 x 4==2.

Y mhhmh TeHrjiaM aaaH h kkh h m h  TeHrjiaMaHH aftHpaMH3:

x t -|-x2-f- 5x 3-\- 2x4=  1,

X2/+ X 3 +  X 4= 0 ,
6x3+  x 4= 5 ,

*3 —  X 4= 2 ,

cyH rpa TypTHHMH TeHrjiaMaHH —  6 ra  KynaftrapHS, yMHHMH TeHrjiaM ara 
Kyu icaK , ynSypMaKJiH CHCTeMa xochji 6yjiaflH :

x j —(- x 2-\- Sx 3~\~ 2x 4 =  1,

*2 +  X 3 +  *4 = 0 ,
x 3—  x 4= 2 ,

7x 4= — 7.

liyiuum,
X4 =  —  1, 
xz =  2 - f -  X4 =  1 ,
X 2 =  —  X3 — X4 =  0,
X l =  1 —  X 2 — 5X 3 — 2X 4 = -2.

11 ly H/iaft k h j ih 6,

Xl =  2, X2 =  0, X 3 = l ,  X 4=  — 

2- dapcxona Tonuiupuru  

1. Hh3hkjih TeHrjiaM ajiap CHCTeMajiapHHH eMHHr:

1.

a)
|2 x ,

(3 x , 6)
-)-x2=  3,

+  2x 2= 4 ;

x , — 2x 2= 0 ,  

3x | -)- x 2= 0,
r )

(  3x, —  x 2= 2 ,  ( 

(6X , — 2x2=  1; {

* E :

2x | -)-x2=  1,

= 2;1, (4 x  j -j- 2x2= 

1 — x 2= 2 ,

-(- 5x 2= 9.

>K; a ) x i 2, X 2 =  1; 6 ) CHCTeMaHkHr eMHMJiapn h vk ' b) x, 
HXTHepHH, X 2 =  1 2xi; r )  xi = 0 ,  X 2 =  0; a )  x, =  l,  x2 =  1 * 

z. whshkjih TeHrjiaMajiap CHCTeMajiapHHH eHHHr:

X \ +  -%2— 7 ^ 3 = 0 ,  

X j 6 x 2 -)- x 3 =  0 , 

5-V I X y -- X 3 = 0 j

5 X [ X y -- X =  0 ,

a )  x i +  2x 2+ 3 x 3= 1 4 , 6)

4x, -|-3x 2-)-2x 3=  16;

3x| +  4 x 2—  x 3= 8 ,  

b) 2 x : +  x2+  x 3= 2 ,

3x, x 2-f-2x3= 0 .

>K: a ) * i  =  l,  X2 =  2, x3 =  3; 6 ) x i= 0 ,  x2 =  0, x3 =  0'
B) X| =  l,  x2= l ,  x3=  —  1.

3. TeHrjiaMajiap CHCTeMacHHH T aycc  ycyjiH  6h ji3h eMHHr:

a )

x,-j-2x2-j- x3 — 8, 
x 2+ 3 x 3- f x4=  15, 

4x, -f x3-j~ x4=  11, 
x i~h x2+  5x4 =  23;

6)

xi —f- x 2 3x 3-)-2x 4= 6 ,

X, — 2x2— x 4= — 6,
x2~l~ x 3+ 3 x 4=  16, 

2x, — 3x2-j-2x3 = 6

^K. a ) x\ —  1, * 2  =  2, X 3 =  3, *4  =  4; 
6) Jti =  8, X2 =  6, X3 =  4, X4 =  2.
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I. UmiiMii i i ' i n p  tiim'MaJiapmiH KpaMep KOHAacn 6pn'ia
*'IH II I" Itil l< ‘K111111H1111

II )

* t;ii 13,

:h-, + 2xv f 3xa-3, c>) 
2* 11 <1*'̂  I  m  10;

3 jc | —  x 2+ 2 x 3—  5, 

x  | -(- 2 x 2— 4 X 3=  17, 

2 x , +  3 x 2+ 5 x 3=  7.

2, IV n i'J ia M a Jia p  cwcTeMacHHH eMHHr:

'2 x ,  x . j 3 x 3 = 0 ,  

3x , +  x 2—  2x 3= 0 ,  

5x , 4- x 2— 3x 3= 0 .

6)

3 x , +  2 x 2— x 3—  6 , 

2 x , —  x 2+ x 3= 0 , 

x , — 4 x 2+ 3 x 3= 6 .

>K: a )  x i = 0 ,  X 2 =  0, X3 =  0; 6 ) x i =  —  1, X 2 — —  1, X 3 — I.

3. H h 3 h k a h  T eH r jiaM a jiap  cncTeM acHHH T a y c c  y c y jiH  SH JiaH  eMHHr 
Ba TeKUIHpHHr:

b )

x , +  2x 2— x 3= 5 ,

2x , +  x 2— 4x 3= 9 ,

5X| — 2x 2+ 4 x 3= 4 ;

’ x , +  2 x 2— x 3+ 2 x 4= 4 ,  

2x , +  3 x 2+ 4 x 3— x 4= 8 ,  

—  5x, +  x 2— 3 x 3=  — 7, 

*2 +  x 3— 7 x 4=  —  5;

2x ! +  a:2 +  X 3 =  1,

6 ) 3x , +  5x 2— x 3=  - 

x  j —(~t x 2-|- 3 x 3= 3;

1,

r )

2x, —{— x3~l~x4=9,
3x 2 2x3 -[- 3x4 =  12,

2X| -j- x2 x3-f- x4=  1, 
5x|-f-2x2— 3x 4= — 3.

>K: a )  x i = 2 ,  X 2 = l ,  X 3 =  — 1;
6 )  x i = 0 ,  X 2 =  0, X 3 =  1;
b ) x i  =  1, X 2 = l ,  X 3 = l ,  X 4 = l ;
r )  x i =  1, X 2 =  2, X 3 =  3, X4 =  4.
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•1*|, MmpHUUJiap. MaTpwuajiap ycTHfla aiwajuiap.
M U T p H U a H H H r paHTH .

; Mm ihm h leiiuiaMajiap CHCTeMacHHH TeKuinpHiu

“ M I L  ( 'iM U IH p iiii ii i m ra caTp  Ba n  Ta KaTopA aH  H SopaT  T yrpH  
m Xn yAHaMAu Marput^a AefiHAaAH. By

A  =

a l l  a !2 

a 21 a 22

a ml am2

f l i .

a 2n

am,

Mjl|(MHHin/iii i'JHJiaAH.
A m p  " i  '  1 6 y j ic a , c a r p  Ma.Tpuula ,  n  =  1 S y j ic a  y c r y n  M arpu t^a , m  =  n 

f ly jii 11, M U id p a r  M arput^a  x och ji 6 y j\ a w -  K B a A p a T  A  M aTp nua yMyH u iy  
M MT|iH iuiiiH iir 3 JieM eHTJiapHAaH  T y3H JiraH  n - T a p T n 6 jin  AeTepMHHaHTHH 
K licoA jlnm  MyMKHH. B y  AeTepMHHaHT det/4 eKH \A\ opKaJiH  SeA rnA aH a- 
/in:

a,, a l2- .a

ItII a21a 22- . a

an 1an 2- . a

A r a p  deL4  =  0 6 y j ic a , y  xoAAa A  M aTp nua M a x cy c , det 4̂ =5̂ 0  S y j ic a ,  
M ax cycM ac  AeHHAaAH.

B o lh  A H aroH aA H A a T yp raH  3AeMeHTAapH S n p ra ,  KO JiraH  3AeMeHTAa- 
pn HOJira TeHr 6 y jira H  K BaA paT  M aTpnua 6 u p a u k  M arpu i^a  ne6  a r a j i a m  
Ba E  6 njiaH  Se jirn jia H a A H :

1 0  0  . . .  O '

0  1 0  . . .  0

. 0  0  0 . . .  1

P a B u ia H K H , d e t £ = l .
A r a p  yA M a M Jia p n  6 n p  x h a  m X n  S y A r a H  h k k h  M a T p n u a  h h h t  S ap M a  

m oc S A eM eH TJia p H  y 3a p o  T e H r 6 y A c a ,  6 y  M a T p n u a A a p  T ern  A e fiH A a A H .
1.3.2. B n p  x h a  m X «  yAMaMAH A  Ba  B  M aTp nua h h h t  u u Fu n d u cu  A eS  

y u ia  yjiM aM Jin  u iyH A aft C  =  A - \- B  M a T p n u a ra  afiTHAaAHKH, yHHHr x ap  
6 np  3AeMenTn A  B a  B  M aTp nuaA apH H H r moc SAeMeHTAapH h h fh h ah ch -  
AaH n So p a T  6 y jiaA H .

m X n  yAM aM Jin A  M a T p n u a  h h h t  X c o m a  K yn a u T M acu  A e S , y u ia  
y A M a M A a rn  B  —  X - A  M a T p n u a r a  a fiT H A a A H K H , 6 y  M a T p n u a  S A eM eH TA ap H  
A  M a T p n u a  3JieM eH TJiap H H H  X r a  K y n a n T n p n u iA a H  x o c h a  S y A a A H .
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tit \  It yji'iaMJiH A MaTpHuanHHr k'Xn yjmaMJin B Marpuniwa 
hifiniUTMacu Ae6, m Xn  yjina mjih uiyHAaft C= A -B  MaTpnuara 
iiitriuia/iHKH, yHHHr Qj 3JieMeHTH A MaTpHuaHHHr i- caTpn sjieMemviapn- 
iiH B  MaTpHuaHHHr /-ycTynnAarn moc ajieMeHTjiapnra KynaHTMa.;uil)n
HH PHHAHCHTa T e H r, H tH H

Cij =  a.i\b)j+ a-abu +  ... -\-a.ikbkj.

Arap AB = BA S y j i c a ,  y  x o jiA a  A Ba  B  M a T p n u a J ia p  ijpnu 
a A M a u iu H ad u a an  eKH K O M M yra ru e  M arpu t^aA ap  AeHHJiaAH.

1 - m h c o j i . Y u i6 y

A 1 ■ 2 — r

Cd II - 1  3
. 4 - 5  .

M a T p n u a Jia p H H H r  AB  B a  BA K y n a n T M a jia p n H H  T o n n H r. 
E m h ui. AB M a T p n u a  2X2 y jm a M r a  a r a  S y j ia A H :

AB =
-4

( 3-2 +  1 ( — 1) +  ( — 2) -4 3 • (- 
( 2-2+ ( — 4) - ( — 1) H-5-4 2 • (-

=  f “ 3 28 -

r 2 - r
- 1  3 =

. 4 - 5  .
1) +  1 -3+ ( — 2) • ( — 5) 
!) +  ( — 4) >3 +  5• ( — 5)

10) .
39

BA MaTpnua 3 X3  yjmaMra ara SyjiaAH:
2 - 1 )  ,

BA =

'2-3 + ( -  I)  -2 
( — 1)-3 +  3-2 

. 4 - 3 + ( — 5) - 2

4 J J t 2 - 4 5 '
2-1 +  ( — 1) • ( — 4) 2-( — 2) +  ( — 1 ) .5 '
( 1) • 1 + 3 ( — 4) ( — 1) - ( — 2) +3-5 =
4-1 +  ( — 5) ( — 4) 4 - (— 2) +  ( — 5)-5 ,

4 6 - 9  
=  3 -1 3  17 .

.2 24 — 33.

AB=^BA fiyjiraiijinni ca6a6jin A B a  B  M a T p n u a J ia p  K O M M yTaTH B 3 M ac.
1.3.3. Arap KiiaApax MaTpnua MaxcycMac Syjica, y x,0JiAa 

A A ~ l —A~'A — I: TCiirJiHKiiH KanoaTJia HTnpyB^n jiroHa A ~ l MaTpnua 
MaB>KyA SyjiaAH aa y A MaTpwuara recKapu Marpui^a AeHHJiaAH. 
A MaTpnuaHHi-ir A 1 roCKapn MaTpnuacH KyftnAari-ma annKJiaHaAn:
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U y  p p A a  Aik A M a T p n u a  A eT ep M H H aH T n  am S JieM eH T H H H H r a j i r e 6 p a n K  
i y jiA u p y B M n c n .

2- m h c o j i . BepnjiraH

A =
f l
3
4

2 — 1 
0 2 

-2 5

M a T p n u a ra  T e c K a p n  M a T p n u a H n  T o n H H r.
E m h u i .  M a T p n u a H n H r  A eTepM H H aH TH H H  x ,H co6 jiaH M H 3 :

det/1 =
1 2 - 1  
3 0 2 
4 - 2  5

=  1 -4-2-7 — 1 • ( — 6) =  — 4 ^ 0

A e M a K ,  A M a T p n u a  M a x c y c M a c  M a T p n u a  3 K a h. 3hah Aik a j i r e S p a n K  
T y jIA H p y B H H Jia p H H  XH C 0 6 jiaH M H 3 I

A u =
0 2 2 — 1 — —8; Aai —

2 -11II(NII

0— 2 5 - 2  5 2
= 4 ;

3 2 1 — 1 1 — 1
A 12— — 4 5 — — 7; A 22— 4 5

II CD CO

II 1

3 2
-5;

^13 —
3 0
4 — 2

6; A 23 —
1 2 
4 — 2

1 2
3 0

= - 6  .

TecKapn M a T p n u a h h  T y3 aM H 3 :

A~' =
' 4 — 8- - 4 ' ' — 1 2 — 1
— 7 9 - 5 = 7/4 -9/4 5/4

. - 6 10 — 6 . . 3/2 -5/2 3/2 .

AA ' = A ~ lA = E  3K3 HH HH TeKUIHpHUI MyMKHH.
1.3.4. n Ta HOMatJiyMJiH n Ta mhshkjih TeHrjiaMajiap OHCTeMacH



’a„x,  | a .jXy f ..

anx \J r a>l,ix2-\- •• +  a2nx„ =  b2t

. an\X 1 + flrt2*2 +  • & nnX  b n

IIH M JIT |)HH a K yp H H H llJA a

k;i6h (;3hiu MyMKHH, 6yHAa

A =

AX = B

a  ii a  12 • •

« 2 I f l 22 • •

. a nl an2 . .
' x ,  ’ ' b

x 2 b
, B  =

. X n . . b

a,n
a2n

X  =

Arap A MaxcycMac MaTpnua, h t >h h  det/4^=0 Syjica, y xojiAa 6y 
CHCTeMaHHHr MaTpnua uiaKjiHflarn cmhmh yuiSy KypHHHUira ara
6yjia/iH:

A~ 'B .

1.3.5. A MaTpHuaHHHr pamu ae6, yHHHr Ho/i^aH cbapKJiH mmhoiwihdh- 
..h im -Karra rap™6„ra aSr^aAH Ba y rang {A) K a V to ,™  " a S „
p u l Z PZ T L S Z M n  aA’taa‘T^ ' 'm '!‘<‘ MMenTop a^Mumru-

a) (|)aKaT HOJiJiapAaH HfiopaT caTpHH (ycTyHHH) yHHpmu- 
6 HKKHTa CaTpHHHT (yCTyHHHHr) ypHHJiapHHH aJIMaiUTHpHUi; 
n) Onp carp (ycTyH)hhht 6apna aJieMemviapHHH 6npop KvriaH- 

llmmn- Ky lli"'m'1 Ph6> 6°ujKa caTp (ycTyH)HHHr MOC aneMeHTJiapnraK,yuiHUI, r
I)  carp (ycTyn)HHHr 6apna aJieMemviapHHH HOJuaH (bapKJiH 6hd 

xhji coiira Kjhia hth pn iu. "
nr 3jlc^lei ITal) a^auiTHpHiujiap MaTpnua paHTHHH y3rapTHpMafiAH 
lily  caoaojiH, a/ieMem-ap ajiMaumipHmjiapAaH cj)OHAajiaHH6, Ma-rpnua- 
hh Awaroiiaji aneMOHTJiapHAaH TauiKapH 6apqa ajieMemviapH HOJira 
TeHr oyjia;mraii KypHimuira KejiTH pH m MyMKHH. By xojira MaTpnua 
6^aAHAHar0IUi,,i;UllH HCWra T6Hr 6yjlMaraH 3JIeMeHTJiapH coHHra TeHr

18

.1 m h c o j i  M<i i puna paHTHHH T o n H H r:

0 2 — 4
— 1 — 4 5

3 1 7
0 5 -10
2 3 0

I', m h in Ma rpHua ycra^a ajieMem-ap ajiMauuTHpHiujiapHH 6a>Kapa-
MlM

' 0 2 — 4 1 4 — 5 '
- 1 - 4  5 2 3 0

3 1 7 3 1 7
0 5 - 1 0 0 2 - 4

. 2  3 0 . 0 5 -10 .
1 4 — 5 1 4 - 5 1 0 3 '1 0 0
0 - 5 10 0 1 - 2 0 1 — 2 0 1 0
0 -11 22 /-S.' 0 1 — 2 0 0 0 0 0 0
0 1 — 2 0 1 - 2 0 0 0 0 0 0

.0 1 — 2 .0 1 - 2  , .0 0 0 . .0 0 0 .

X,ochji KHJiHHraH MaTpHuaHHHr paHrn 2 ra TeHr, AeMaK, SepHJiraH 
A MaTpHuaHHHr paHrn xaM 2 ra TeHr SyjiaAH:

1.3.6. K p o H e K e p  —  K a n e j i j in  T e o p e M a C H .  n Ta HOMaT.- 
jiyM jm  m Ta hh3hkjih TeHrjiaM ajiap cncTeMacH

f l | l * l  +  a 12*2 +  •• + a lnx „= b l,
0’2lx l~ \~ a 22x 2~\~ “ I- ® 2 n X n :===1 b  2?

■ a mlX l +  a m^ 2  + .. +  amnxn= b m

CnprajiHKAa SyjiHiUH ywyH
rang >4 = rangB 

SyjiHUiH 3apyp Ba eTapjiHAHp. By epaa

a w a 12 • • CL\n

A =
a 2 1 a 22 • • ■ a 2n

, ® m \ a m2 ■ • ■ O  mn

19



CHCTeMciiiHur acocHH MarpHuacH,
a 11 a |2 . . . a ln b { 

a21 a22 . . .  a2n b2

.® m \  @ m2 ■ ■ ■ & mn & m

C H C T eM aH H iir KenrafiTHpHAraH M a T p n u a c H . Arap rang A  =  n  (Jyjica, 
y xo/iA a  C H C T eM aH H iir AeTepM H H aH TH  h q a a 3 h  (})apK,JiH  6 y m 6 ,  y m o n a  
e n u M e a  ara S y A a A H ;  arap rang A < C n  Syjica, y x o A A a  c h c tc m s  
(n  —  rang/4) T a  H x r a e p H H  n a p a M e T p ra  S o f a h k  S y A r a H  neKCUd K y n  
cliHMra a ra  SyjiaAH.

Arap SapMs bt 030A xaAJiap Honra TeHr SyA ca , y  xoAAa TeHrjiaM ajiap 
CHCTeMacH 6up okuhcau AeHHJiaAH. ByHAaft TeHr^aMajiap cncrcMacHAa 
xap A ohm ra n g ^  =  ra n g S , m y caSaSA H  6hp w hhcah  CHCTeMa 
SnprajiHKAa SyAaAH. Bnp >khhcah TeHrjiaM ajiap CHCTeMacmm x i= 0 ,  
X2 —  0, x„ =  0 KHHMaTAap KaHoaTJiaHTHpaAH, JieKHH A  MarpHnanHHr 
panrH H0Mai>JiyMJiap cohh n AaH khmhk SyAraHAa yHHHr ACTcpMH nah jh  
no/ira TeHr SyAHS, CHCTeMa HOJiMac eHHMra ara  SyAaAH.

4- m h c o j i : YrnSy

4xi+ 3x2 —3x3— X4 =  4,
3 x i— X 2 +  3 .X3 —  2 x4=  1,
3xi +  X2 —  X 4 =  0,
5X| +4X2 — 2X3 +  X4 =  3

MH3HK.J1H TeHrjiaMajiap cncTeMacH SnprajiHKAajiHrHHH atiHManr.
E 4 h m. BepHAraH CHCTeMa hhht A acocHH Ba B  KenrafiTHpHAraH 

MaTpH UaAapHHH Ty33MH3:

'4 3 — 3 — 1 4 3 - 3 - 1  4 '

A = 3 - 1  3 - 2
= 3 - 1  3 - 2  1

3 1 0 — 1 3 1 0 - 1  0
5 4 - 2  1 5 4 — 2 1 3

Carpjiap ycTHAa TerHiujiH ajieMeHTap ajiM3iiiTHpHUiA3pHH SaJKapnS, 6y 
METpw najia pun nr psh thhh  TonaMH3:

'4 3 - 3  - 1 4 1 2 - 3 0 4

B =■= 3 - 1 3 - 2 1 0 - 2  3 -1  1
3 1 0 — 1 0 3 1 0 --1 0
•r) 4 - 2 1 3 . .2 3 - 2 2 3 .

1 2 -3 0 4 1 0 0 — 1 5
0 - 2 3 — 1 1 0 - 1  4 2 - 5
0 - 5 9 — 1 -12 0 - 5  9 — 1 -  12
0 - 1 4 2 - 5 .0 - 2  3 — 1 1

1 0 0 — 1 5 1 0  0 — 1 5
{) 1 — 4 - -2 5 0 1 — 4 — 2 5
0 5 - 9 1 12 0 0 11 11 — 13

. 0 2 - 3 1 --1 -0 0 5 5 -11

' 1 0 0 — 1 5 1 0  0 0 42/11
0 1 0 2 3/1 0 1 0 0 29/11
0 0 11 11 13 0 0 11 11 -  13

. 0 0 0 0 56/11 0 0 0 0 -56/11 ,

1 0 0 0 0
0 1 0 0 0
0 0 11 1 0

. 0 0 0 0 -56/11

UJyHASH khahS, rangfi =  4, rangy4 =  3, h^hh rangB rang/1. 
,il,0MaK, CHCTeM3 6npr3AHKAa aMac.

5- m h c o a . ymSy
3x j Ax 2 — x3 =  0, 
x 1 — 3x2 5x3=0,

4 X |+  x 2+ 4 x 3= 0

6«p >khhcjih CHCTeMaHH eMHHr.
E M H UI. A MaTpHUaHHHT paHTHHH XHCo6AaHMH3:

'3 4 — 1 ' 1 - 3  5' 1 - 3  5
A = 1 - 3  5 3 4 - 1 0 13— 16

. 4 1 4 . . 4 1 4 . .4 1 4 .
-3
13
13

5
-16
-16

-3
13
0

5
-16
0

1 - 3  5 
0 13-16

rmig/4 =  2 < 3  (3 —  HOMatAyMAap co h h ), MyHKH

1 - 3A =
0 13

=  13 =£ 0.

/l,O M a K , CH CTeM a H O AM ac e M H M Jiap rs a r a  b s  C H C TeM S H H H r A e T e p M H - 
n a iiT H

3 4 - I ,
36 +  80 — 1 — 12 — 15 — 16 =  80 — 80 =  0

1
5
4
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fiyjiraim eafiafSjin yjiap mckch3 Kyii/mp. CncreiviaHHHr ,a,acTjia6KH hkkh 
TOHIVIM MnCHIJll CUJMH3:

J3x l +  4x2 — x3=0,
( x  j 3̂ 2 “f-6x3= 0 .

I>y chctomm;ui x,\ jih ^a/wiapHH yHr TOMOHra yTKa3aMH3:

|'3x| +  4 x 2=  x 3

Xy 3x 2- i)Xq

By CHCTCMaHH KpaMep KOHAacH/iaH (})OHflaJiaHH6 eMaMH3:

I 3 4
. 1 - 3
x3 4 

—  5x 3 — 3 
3 X i

A = 

Ax, =

Ax2 = l 3

- 5x-t

= —9 —4= — 13,

=  3x3 +  20x3=  17x3, 

=  — 15x3— x3=  — 16x3.

l 7xo 16jc,
* 2= x3=13/ S y jiC H H  ( t  -  HXTHe-lllyiuaft kh/ih6, x , =  -

1 13 ’ 13

P h h  M y ra H O C H S jiH K  K 03(})(J)HUHeHTH). y  x o jw a  x\ =  —  I 7t;  X 2 = 1 6 / ;  
x.i— 13<. t ra H XTH epH H  K H H M a T Jia p H H  6 e p H 6 , MeKCH3 Kyn cm hMJia p h h  
XOCHJI KHJI3MH3.

3- d a p c x o n a  T o n u iu p u ru

Arap
2 1 -1 

k0 1 — 4 
Gyjica, 3/1 + ‘28 hh xnco6jiaHr.

' 2 5 — 3

A = , B  = 2 1 0 
3 2 2

>K: 3/1 +  25 =
- 6  7

Ma

2. YinfSy

Tpmuuiap OcpHJiran. AB  Ba ZL4 Jia p H H  ToriH H r.

'1 0 2 '2 7 1 -

II 0 — 1 3 Ba B = 3 2 - 4
.4 0 5 , .1 — 3 5.

’ 4 1 11 ' 6 — 7 30
>K: AB = 0 — 1 19 ; BA = -13 - 2 — 8

.13 13 29 , 21 3 18 ,

,1 ,V nifty
3 I 2 

A =  - 1 0  2 
. 1  2 1 

iM iu m t ii't  itapH  A ' M a T p n u a H H  T o n H H r.

f — 4 
3 

-2

2
■8

1

4 Anil
4 — 1 2 0

— 1 1 1 1
1 3 2 — 1
0 4 3 0

A =

0V.'u,a, A hhht paHTHHH ajieMeHTap a^MaLUTHpHLUjiap epAaMHAa TonHHr.
>K: rang/1 =  3.

5. TeHrjiaMajiap cncTeMacHHHHr SHpraJiHKXia 6yjiHW-6yjiMacjiHrH- 
1111 TeKUIHpHHr. Arap CHCTeMa 6HprajiHKAa 6yjica, yHH MaTpnua ycyjiH 
OiuiaH eMHHr:

'4x + 2 y — z =  —9, 
a) ■ x +  2z =  5,

. x — 3y +  z =  5;
'2x — 3y+  2 =  2,

6) 3x+ y — 3z =  1,
,5x — 2 y — 2z =  4.

>K: a) x=  — 1, 6) CHCTeMa SnprajiHKua 3Mac.
y = - 1.
z =  3;

6. Bnp >khhcjih CHCTeMa hh eMHHr:

x, +  2x2+ 3x3=0,
2x | — 3x2+ 4X3=0,
3x 1 x2 +• 7X3 =  0.

>K: xi =  17/; X2 =  2t; x3=  — 7t( — 00 <  t<  +  00 ).
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3- Mijcra^uA uiu

1. Arap

' 1 4 7 - 2  1 -1
A = 2 5 - 8 , B = 1 0 2

.- 3  6 9 . . 4 - 1 0 .
(5yjica, (/I+ 3 5 )2 hh TOnHHT.

>K:

2. Arap

A =

96 12 8 
-18 54 —{

51 85 111

'2 1 - 1 1
2 - 1  1
1 0 1 J

'a, A ra TecKapn A 1 MaTpnua hh TonnHr Ba 4̂̂ 4 —1 = yl '/ != £ ' 
'■jKaHHra hluohh xochji kh jihh t.

>K: ^ - ‘=  —
- 1  0 

3 - 4  
1 - 4

3. TeHrjiaMajiap CHCTeMacHHHHr SnprajiHKAa 6yjiHUi-6yjiMacjiHrH- 
IIH TO KU iHpH Hr. Arap y 6HprajiHK.ua ^yjica, yHH MaTpnua ycyjin 6njiaH 
o * i h iip: J J

3* — y+  2 = 12, 
x +  2y +  4z =  6, 

,5x +  y-\-2z =  2> .
>K: x =  0, y =  — 7, 2 =  5.

4. Bnp >KH HCJ1H CH CTeM aH H H T HOJIMaC eMHMJiapH 60D-H VKJIHrHHH 
a i iH K J ia i ir ,  a r a p  6op Syjica, yjiapHH T o n H H r:

x \ ' h x 2 ~ \ - x 3= 0 ,

2x 1 — 3^2+ 4xg= 0, 
4x 1 I IX2+  10x3=0.

>K: x\ =  — 71; x2 =  2t\ x3 =  5t. 

1- na3opar uuiu

1. Oji/ihii 6npop Karop ajieMeHTjiapHHHHr 6HTTacHAaH SouiKacHHH 

6njlaHPXHCo6j|iainHPH6’ ;ieTopMHHaHTHH Ta PTH6HH„ nacaHTHpHUi ycyjiH
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1. 1.

1.3.

1.5.

1.7.

1.9.

2 3 — 1 0 0 3 2 ___ \
4 — 1 - 3 3

1.2. — 2 4 - 3 - 1
3 4 2 2 1 3 - 2 0
1 2 0 4 3 — 1 4 2

0 4 2 1 1 3 - 2  0
1 0 3 2

1.4. — 3 1 — 4 --2
3 — 3 — 1 4 0 6 4 —8

- 2 2 4 3 — 2 4 - 3  --1

1 — 4 0 3 — 4 3 2 3
— 4 3 2 3

1.6. 1 - 2 3 i
— 2 3 — 1 4 3 4 0 - 3

3 2 5 0 0 — 1 — 2 5

1 — 4 0 q — 4 2 3 0
— 4 3 2 - 3

1.8. — 1 - 3 4 — 2
- 2 3 — 1 4 2 4 — 1 2

3 2 5 0 0 - 5 2 1

2 - 1 0 r 4 2 0 - 3
— 1

4
- 3

2
2 

— 1 3
4 — 1 

- 2
3
4

2
3

4
1

3 0 — 4 II 0 5 -1 2

0 — 1 1 - 4 1 2 - 1 4

1.11. 2 5 0 6
1.12. — 2 1 3 - 5

1 — 1 2 — 1 3 7 5 1
4 2 1 0 5 3 - 1 2

3 0 1 - 3 5 - 8 — 4 7
13. 1 7 1 3

1.14. 0 - 5 4 1
2 — 1 0 2 2 — 1 - 3 - 2

- 2 3 7 1 1 5 - 5 - 1
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1.15.

2 2 0 5 1 — 2 4 — 3
4 1 1 — 1

1.16. — 4 1 — 1 2
2 — 3 4 — 3 0 5 - 3 ...4
1 2 3 - 5 - 3 2 2 ...1

1.17.

1.19.

1.21.

1.23.

1 7 - 1 0 8 5 — 1 1
2 6 2 — 1 5 3 1 1
1 - 3  4 0 1.18.

0 4 — 7 - 6
4 5 1 3 3 2 — 1 0

1 4 - 4 2 2 -1 --4 4
3 1 2 1

1.20. - 9 3 2 - 7
— 4 — 3 4 2 — 1 0 4 5

1 - 5  3 0 6 4 7 4

3 - 1 0  3 — 1 3 - 1 2
5 1 4 — 7 — 2 1 1 31.22.
5 -- 1 0  2 1 6 5 4
1 --8 5 3 4 3 0 “  3

3 — 7 2 8 4 - 1 _  |
- 8 3 4 - 2 3 1 5 2

3 0 5 - ; 3 1.24.
1 3 ■7 1

2 4 1 — 5 5 - 1 6 0

1.25.

8 — 1 - 1 5 2 1 8 7 ̂
-M

I| 1
3

10 
— 2

3
- 5 1.26. 1

6
3
0

1
5

0
- 3

3 2 1 0 4 - 1 - 4 3

3 1 0 4 6 9 4 1
3 2 2 — 2

1.28. 3 4 — 3 —  1
— 7 2 7 0 — 1 — 1 10 7
- 5  3 1 — 6 5 2 0 3
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n 4 2 1 4 - 3 2 — 4
2 5 —4 3 1.30. 0 5 3 2
0 - 2 5 3 - 3 2 6 1
i) 3 - 7 2 13 3 — 2 0

2* Mhhimh TeHrjiaMajiap CHCTeMacHHH KpaMep (bopMyjiajiapHiiaH 
eMHHr:

l.l.

2.3.

2.5.

2.7.

f 2xl-\-3x2-\-4x3=9, 
4x2-|- 1 lx3=  1, 

(7x, 5̂ 2 -— — 1.

3x j 5x2 “j- 3x3=46, 
xI-j-2x2-j- x3=8, 
x, — 7x2— 2x3=5.

X, — 4x2— 2x3=0, 
3x,— 5x2— 6*3=21, 
,3xj-|- x2~\~ x3 =  — 4.

3x,-f- x2— 2x3=6, 
5x,— 3x2-|—2X3=  — 4,
4x, — 2x,— 3x, -2.

&

2.11.

2.13.

5x! +  6x2— 2x3=  12, 
2x, +  5x2— 3x3=9, 
4x,— 3x2+ 2x3=  — 15.

2x, 3x2 -j— x3 =  11, 
x, +  2x2— X3=  — 6, 
x , — 4x2— 2x3= 3.

3x, -f- x2— 2x3=6,
2x, = 0,

2.2.
2x|— x2-j- 5X3= 27, 
5x, -j~ 2x 2+  13xg =  70, 
3x, —x3=  —2.

2.4.

2.6.

2.8.

4x j | x2 3x3— — 1 , 
8x | -)- 3x2 — 6x3=  — 1,
. X ! — x2- X3=  - 1.

4x | 3x2-f X3= 43, 
X | +  x2 x3= 3,

2x, x2 =̂= 13.

3x j —)— x2+2x3=  11, 
2x, +  2x2 — 3x3=9, 
x j 5x2— 8x3= 23.

( 2 . y

2.12.

2x i~\- 3x2-{- 4x^= 15, 
* 1+  ^2+5x3=16, 

3x| 2x2 ( -̂3= 1.

'2x, — 5x2 =  19,
3xj -j- 5x2— x^= — 10, 
x 1 4x2“f-2x3= 16.

2.14.
4x j — 3x2~f~5x3= 19.

2^! — 3jc2 — 2x 3=  16,
3x 1 -J- 4x2 — 5x3 =  — 10, 
2xx — 3x3=4.
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2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

O * - '

2.29.

2x| +  4x2-—x3=  1,
3x, +  5x2 — 2x3 =  3, 
x | — 2x2 =  — 7.

x , +  3x 2—  x 3= — 2, 

2x,— x2-|-4x3=7,
x i — 3x3=11.

2x | x2+ 5x3 =  — 4, 
*i h x2+4x3=9,

2x , +  3x 2— x3=  14.

x\ +  4x2— 3x3=  — 13, 
2X| + x2 x3—0,
4x, +  2x2+ 5 *3=3.

xi i x2 x3= — 6,' 
6x, X2-)- 3x 3=  —2, 
5x j -j- 2x2-f- 5x3= 3.

X\— x2+ 2x3=3, 
3x,-f-4x2— x3= — 5, 
2x j +  3x2— 5x3= 6.

3x,— 3x2+  x3=  — 10, 
2x , +  5x 2— 4x 3=5, 
x , +  2x 2— x 3=3.

’ 3x j +  5x 2— x3 =  — 20,
X| —- x2 =2, 

4x -̂\~x3 =  — 2.

2.16.

2.18.

2.20.

2.22.

.....\
2.24. *

x | — 4x2 -(— 3x 3 =  11,
x j —|- x2 

3x, +  4x2— 2x3
x,= -3,

10.

5x j — 2x2 —j— 3x3 =  — 7, 
- 5 , 
38.

J

2x, +  x2— x3=  
3x, +  5x2— x3=

x j — 3x2 
4x, -)-3x3= 
5xi +  2x2— 4x3=

2x,— x2+4x3= 
X\+ x2— 4x3 = 
x, +  4x2— x3=

5x | — 4x 2+  x3= 
X , x 2~\~ X 3 =  

2" ° "

10,
■7,

2x, +  4x2— ̂ 3 3Xo =

= 38.

= 7,

14.

= 23, 
= 1,
15.

13,

2.26.

2.28.

2.30.

x, — 3x2+  x3=  —'5, 
2x,+ x2— 3x3=24, 
4x,— x2 =18. 

’3x| +  5x2— x3= I ,  
2x, +  x2~\~ x3=== “ "3, 
x, +  4x2— 3x;j=2.

’6x ,+  x2+  x3=]f>.
x2 3x3=  14,

3x, -f- 3x 2— 4x 3=31.

3. ,1 Marpmui fiopnjiraH. A 1 TecKapn MaTpwuanH Toiinnr 
AA~ '= A  'A — I: -jKfiiiHhh TeKUJnpHHr:  ̂ j
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3.3.

3.5.

3.7.

0

i 2 - n
1 - 2  3 
4 1 —4
1 - 3  5 1
2 4 0 
.3 - 3  - 1
0 1 — 3
1 - 5  4
2 3 2 

- 5  7 - 4
8 0 — 1 
4 - 5  0 
4 - 2  1 

— 3 4 1 
, 1 - 1 1

3.2.

3.4.

3.6.

3.8.

3.10.

3 - 3 4 '
3.11. — 1 - 5 — 7 3.12.

0 — 1 5 .

1 —  1 8 '
3.13. 1 - 5 5 3.14.

- 2 3 10

5 -1 3
3.15. 4 - 2  0 3.16.

.2 - 4 5

5 6 4
3.17. 2 0 —3 3.18.

.1 3 1
4 1 2'

3.19. 3 1 2 3.20.

.4 2 5
2 1 5

3.21. 1 3 1 3.22.

.1 4 8

3 2 
7 3 
1 2
- 2

4
.- 3
1
2 - 
1
-1  
— 1 

0
1 
1
4

3 
7 
2

— 1 
0 .
2

3 3 '
5 1 •
4 0
1 3 

-2 - 5  
4 3

8 1 
5 5 

- 1  3 J
1 '
7 .
1 .

4 
- 2  

3t
4 '
3 . 

— 7 0 2
1

2
9

- 3
-1

8
- 3

3
1

- 2  
— 2
3
2

,6
'4
1

.3
1
2

A

- 3
1
4

O'
1 .
7.

1
3 

-1  
-1 3 
0 1 
2 2
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Lkdfc.

8 7 3
3.23. 1 1 0

2 3 1
4 1 7

3.25. 9 -1 1
.6 -1 10

\ 1 2 1
3.27 M 6 3 1

. ' ,2 1 0.
0 3 2

3.29. 4 9 4
1 7 3 .

3.24.

3.26.

3.28.

- 2  3 
1 2 

11 5
1 1
0 -1

u
1
1

- 3

.2
3
4 
2

0
3
7 .

-1
1

2

- 6
5

4. BepHJiraH /I MaTpnua paHTHHH TonHHr:

' 1 4 - 3
4.1. 2 5 1

.17 - 10 20
' 1 --3 - 4

4.3. 5 --8 - 2
- 2  --1 -1 0

’5 - 5 10 12
4.5. 3 1 7 11

1 7 4 30 ,
7 5 3 6

4.7. 2 -1 — 1 4
1 8 6 - 6
1 3 -1 2 2

4.9. 2 5 --8 - 5 6
■1 4 5 ~1 0

'3 5 — 1 2 ‘i
4.11. 2 4 — 1 3 2

.1 3 — I 4 0 .

61

1 1
8 3

4.2.
2 1 

- 3  0 1 
5 1 - 3

2 3

4.4.

4.6.

4.8.

4 2 1 
2 0 3

13 1 
1
3

l — l 
f 5 0 
3 2

14 1

2
2

— 4 
3

-2
6

2

■3 1
2 

-6 
-2

0 - 2

30

4,(5.

117.

;» 4 
2 - i  

7 - 6

5 - 3  
2 - 3

1 1 
1
2 -

14 -

2
3
4

1
2

-3

1 - 3  
3 1 
1 - 5

2
-1
3

1
2
4

4.14.

4.16.

4.18.

4 
- 1

5

3 - 
5 

14 
2 
3

1 2 0 
2 1 -1  

- 1 1  1
-2
2

2
4

1

0 3 -  
- 3  1 1
— 1 

2
4
3

' 2 6 3 3 - 2 1 — 4 1 ' - 2 1 3 0 '
3.30. 4 7 1 1  4.19. 2 - 3 - 2 1 2 4.20. 4 3 - 5 2

\ . - 3 - 8  - 2  . .4 - 1 4 - 9 0. 1 2 - 1 1

4.21.

4.23.

4.25.

4.29.

- 6
2
1

3

1
5

-3

3 
2 
1
4 

(1 
3

- 3  
- 2  

1 
4 

— 1
2 
5 

-1  
2

6 2 
■5 - 7  
2 4

— 1
1
2
3
1
2
0

11 <
0 7 

2 3
1 0 
0 1

3

4.22.

2 
0 

— 2

0 '
3

-2  .
-10

4 
- 2

4
1

-6

4.26.

4.28.

4.30.

4 
2 
3

f3
1
2

3 
1 
2
5 
1 
2 
2
4 
3

3 
— 1 

1

-2
4
1

1 
2 

— 1 
1

— 1 
0 
0 

- 2

- 1  
- 3  
— 2 
- 1  
- 5  

4

- 2  
4 

- 6
2 3 
4 5
3 4
4 2 
2 - 6

1 1 4
3 4 1
3 - 2  - 5
0 1 — 2

5. Bup ikHHCJiH TeHrjiaMajiap CHCTeMacHHH eMHHr:

5.1.

}
3x, +  4x2+  2x3=0,
X |—  -C2-|- 4X3 =  0,

5x, +  2x2+  10x3=0.
5.2.

2X,— 3x 2+  x3=0,

xl~\~ X2~̂~
3x 1 — 2x2~\~ 2x $̂=- 0.
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tlU M .lflt,

’3X| + 2 x,,~- 2 x,— x2-f-3x3=0,
5.3. 2 aY‘- 3x3^0 , 5.4. x, +  2 x2 — 5x3=0,

x 1 *(~ 3x;> ™  4 x3— 0 . 3x, -f- x2 — 2x3=0.
3x | *“ 2 x2 *j~' x3=  0 , 3x, +  4x2+ 2  ^3= 0,

5.5. Ox, 14x2-f- 15x3= 0, 5.6. X i— x2 +  4x3=0,
x, -f-2 x2— 3 x3= 0. 5x j -|- 2x2+  10x3=0.

2x, — 3x2+  x3= 0, 3x|-f-2x2— X3= 0,
5.7. xi *H x2~h X3= 0, 5.8. 2 X| x2+3x3 =  0 ,

3x | 2x2+ 2X3=0. / x j [ 3x2 4X3= 0.
2 x, x2-|—3X3= 0, 3X| 2x2-f- x3= 0 ,

5.9. x, +  2 x2 — 5x3=0, 0 m ) 4X| +  3x2— 5x3=0,
3x, +  x2 — 2 x3 =  0 . x,-|-5x2— 6 x3= 0 .

2 X| -f- 2 x2— 3x3= 0, 3x 1 — 3x2 -j- 2x3= 0,
5.11. 4X| — 2 x2 — 9x3 =  0 , 5.12. 4x | -)- 3x2 — 5x3= 0,

x, 2x2+ 7x3=0. x, +  5x2— 6 x3= 0 .
5x j 2x2 -j- 3 X3= 0, -3x,+ x2 — x3=0,

5.13. 2x | -)- 3x2— 4x3=0, 5.14. 5x [ | 3x2 X3= 0,
3x | 5x2 -{- 7 x3=0. 4X| +  2x2— x3= 0.

x , — 2x2— 2x3= 0, 2xi x2 5x3=0,
5.15. x | -f- 3x 2— 5x 3=0, 5.16. 5x, -)- 3x2 x 3 =  0,

2x j x2— 7x3=0. 4X| +  2x 2— x3 =  0.
2x, x2+ 4x3=0, 4x, — 3x2 — 2x3 =  0,

5.17. 2x | +  3x2— 5x3 =  0, 5.18. 2X| x 2-|-2x 3 =  0,
4X|-)-2x2— x3= 0. x ,— x2 — 2x 3=0.
2x, — 3x2— 3x3=0, 7x, x 2+ 2 x 3=0,

5.19. 2x , +  5x 2— x3= 0 , 5.20. x j -(- 3x 2— 4x 3=0,
2x,+  x2— 2x,=  0. 3x j — 2x2+ 3x3= 0.

x| — 3x2— 2x3= 0 , x, +  5x 2— 4x 3=0,
5.21. 3x (—)— x2-j-4x3=0, 5.22. 3x, x2-f-2x3=0,

5X | —  X2-|- X;|=0. Xj 3x 2+ 3 x 3= 0.
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i i.i.i i.Lk.f i i

5.2:1.

5.25.

5.27.

5.29.

.<1 |' 2x2 — 5x3 = 0, 
*Y—3x2+ x3=0, 

2x,— x2 —4x3=0.

* l + * 2  +  * 3 = 0 ,

3Xi— x2 — 5x3 =  0,
X j X2 3x3 === 0.

x | — 3 jc 2 —|— 7x3=0, 
3x|-|-4x2— x3=0, 
2xi +  7x2— 8x3 =  0.

4x,— x2-f-5x3=0, 
2x ,-|-3x2 — x3=0, 
X| — 2x2+3x3=0.

I5.243

5.26.

5.28.

5.30.

X\—̂  x2-(— 6X3 =  0, 
x 1-|-3 x 2+ 2x 3= 0, 
x ,+  x2+ 4x3=0. 

3x [ -j- 2x2 4x3 =  0, 
x, 4x2+ 8x3 =  0, 

2x, x2+ 6x3 =  0.

2x,+ x2+ 7x3=0, 
2xj 3x2 6x3 == 0,
2x, X 2 + * 3= 0 .

3x,-|-5x2—2x3 = 0, 
x\ %2 4x3=0, 
x,-)-3x2+ x3=0.

1- HaMynaeuu %uco6 roniuuput^Aapu
1. BepHJiraH aeTepMHHaHTHH yq ycyji SnjiaH x ,H C o6 jiaH r.
a) yHH i- caip ajieMeHTjiapH SyftHHa eftH6;
6) yHH /'- ycTyH 3JieMeHTJiapH SyftHHa eftH6;
b) ojiflHH /- ycTyHflarn 6HTTaaaH 6ouiK,a ajieMeHTJiapHH Hcuira 

aftjiaHTHpHd, c y H r p a  uiy y c T y H  3 Jie M eH T Jiap H  SyftHHa eftH6.

2 -1  3 0 3 — 2 1 4

1.1 . - 5 3 1 --2 . 1.2 . 0 5 --3 2
— 3 - 2  0 4 — 4 0 3 -1

1 5 - 4 2 6 3 --2 0
i =  2, j =  4. t' =  4 1 =  3.

6 - 3  1 2 - 3 5 6 7
— 1 0 4 5 0 — 2 1 31.3. . 1.4.2 7 3 4 4 - 3 1 0

0 — 5 — 1 3 2 1 0 - 3
< =  3, / =  3. /= 1, i= 2 .

- 3 1 4 5 4 — 1 3 2

1.5. 0 2 -1 3 • 1.6 . - 5 5 - -3 0
4 - 2  7 0 2 1 4 7

- 5 0 3 2 0 — 2 6 3
i =  3, / =  2. i =  2. / =  3.
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1.7. 3 - 2
1 - 2

i =  4, / =  1.

1.8. - 6

5 - 3  

£ =  2, / =  2.

1.9.

3 - 3

- 2
6 - 2  

t = l ,  / =  3.

7/
1.10.

- 3

= 4, / =  4.

1.11.
1 - 4

1 - 1
3 - 6

i =  4, / =  2.

1.12. 4 - 3

1, / =  4.

1.13.

3 - 1

i =  1, j =  1.

1.14.

1.15.

£'=3, / =  4.

1.16.

0 -  2

i =  2, /=  1.

1.17.

3 - 2
i =  3, / =  1.

1.18. - 5
- 2 — 3

i =  2, j =  2.

34
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U l

2
1
5

-2

5 1 
2 6 
3 — 4 

-2 -1  
=  2, / =  3.

0
4

1.20.

6
3
1
0

10
2
0
3

1.22

6
-2
2

-5

-4
3
5

-1

3
0
5

3 0
4 - 5  

-3 1
8 2

i =  4, / =  4.

1 3 — 2 
0 - 1  - 1  
3 4 — 3 
2 — 3 7

f= l ,  /=  2. i = 3, / =  3.

2 - 3  1 4 1 --2 0 4

1
1 - 1  0 6

1.24. 3 1 2 - 1
0 4 — 4 3 4 2 1 3
2 - 5  3 0 2 - 1 - 2 0

i =  4, =  2. t =  I3, / =  4.

5 0 1 — 1 3 — 4 2

1,25. 1 1 - 3 2
1.26. - 2 2 0 - 1

3 — 3 4 5 0 4 1 - 2
2 4 0 3 3 — 1 2 4

i =  3, j =  2. /=1 . 7 =  4.

- 6 1 5 3 4 3 — 2 1

f l  1.27. 2 1
4

- 3 5
1.28. — 3 1 1 - 5

0 1 - 2 8 4 3 0
3 — 4 5 1 2 - 3 5 6

1.20.

/ =  4, / =  3.

8 - 7  6 1 
3 5 - 1  4 
0 3 2 — 3 

-1 0 3 — 2 
i =  l, / =  3.

1.30.

3
4 

— 1
5

i=2, j =  4.

5 - 5  
3 - 4  
2 3 

-1 2 -  

* =  4, /=1.
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2. A Ba B  MaTpnuaJiap 6 e p n .n ra n .
a )  AB  B a  BA K y u a f iT M a jia p H H  T o n H H r; 6 )  A~ ' h h  T o n H H r Ba  

AA l = A  1A = E  9 K a n m in  T e K iu H p H H r:

2.1. A =

2.2. A =

2.3. A =

2.4. A =

2.5. A =

2.6. A =

2.7. A =

2.8. i4 =

2.9. A =

2.10. A =

2 19 30 
0 - 5  -12
0 5

0 1
— 4 4 
- 2  1

1
— 2 
— 1

4 
1

— 4

0 
0 
2

- 3  3 
- 6  13 
— 4 8 
- 5  7' 
- 4  9 

0 5 .

5 6 - 3  
1 0 1 
1 2 - 1  J

4 - 5  2 )
5 — 7 3
6 —9 4 

2 — 1 2 ' 
5 - 3  3

— 1 0 — 2 .
7 — 12 6 

10 -19 10 
12 —24 13 J

3 - 1  0 
- 4 - 1  0 

4 - 8  - 2  
I - 3  4) 
4 — 7 8 
6 - 7  7

B  =

B =

B =

B =

B =

B--

B =

B-

B--

B -

'4 3 
6 7

5'
1

.9 1 
' - 1

8.
3 - 2

— 4 1 2
. 3 — 4 4
' 1 — 1 -1
— 1 - 7

. 8 1 - 1
'9  3 
2 0

5
3

.0 1 1

' 0 2 0
— 2 3 2

. 4 — 1 5
- 3 0 1 '

0 2 1
. 0 - 1 3 ,

'7 0 
0 4

4
9

.3 1 0
f °  1 — 6

3 0 7
.1 1 — 1 .

' 3 -1 5 ■
1 2 4

.3 2 — 1 .

'4 3 1
3 2 1

.1 — 2 1 .

0 7 4 ' 4 3 2
a,ii. a - 0 1 0 B = - 2 1 — 1

1 13 0 3 1 1 ■
0 1 — 1 ' •1 - 2 - 1  '

1.12. 1 0 , B = 3 1 2
2 1 . *1 2 2
—2 1 O' 4 3 8'

1,13, /1r= 0 3 L1 B  = 6 9 1
1 — 1 1 . 2 1 8

5 2 1 ' — 1 8 -2
II.H. /1 = U 1 0 — 4 J 2

,0 3 1 . 3 - 8 5

0 -2 3 1 3 4
ll.lfi. /1 = 1 0 y B = 2 -5

. 1 1 0 1-3 1

1 0 2 4 5 — 3 '
11.16. A = 0 1 — 1 , 1 --1 — 1

.2 1 4 .7 0 4 .

-1 2 1 ' 3 0 5 '
B.I7. A = 2 0 1 fi = 1 1 1

\ 1 ‘3 — 1 . .0 3 -6.
1 - 1 1 '2 --1 — 5 '

a.in. /i = -2 1 0 B = 7 1 4
0 3 4 .6 4 — 7 .

r l -1 O' ' 1 2 2
1.19./I = 0 3 1 B = 0 --3 1

.5 2 1 . .2 0 3
1 -1 2 3 1 0 '

g,ao. yi = 0 0 5 \£ = 1 -2 -1
.2 1 -3 . 0 3 2 .

1 3 -1 '5 -1 3 '
8.21. A ^ 2 0 1 B = 1 -2 0

-1 2 1 . .0 7 1
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0 3 -1 5 ' 3 1 0
2.24. A = 5 2 5 . B = 1 - 2 — 1

.1 - 1 6 0 3 2
' 0 1 2 ' 1 _ 3 4

2.25. A = 3 - 1 — 1 , 5 = 2 1 - 5
1 2 0 - - 3 5

' 11 3 - 1 '4 5 - 3
2.26. A = -1 2 1 , B = 1 --1 - 1

4 0 1 7 0 4 ,
1 — 3‘ 1 - 4 3 5'

2.27. A = 1 0 2 B = 6 7 1
4 2 -1 . 9 1 8 .

0 3 4 r — 1 5 - 3
| 2.28. A = — 2 1 0 , B = 1 — 1 - 1

2 - 1 1 7 ti 0
5 2 — 13 r _ 1 _ ]
0 3 8 , B = -1  4 7
1 - 1 -7 . 8 1 - 1
2 1 0 ■9 3 5
7 - 2 3 B = 2 0 3
5 0 1 . .0 1 - 1 .
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H, ftp p H Jii an r e H r ^ a M a j ia p  CHCTeM ac h h h h t  S n p r a J iH K a a  3K a h j ih t h h h  
l i ’ K lUMpm ii, ;u ;ip  GHpraJiHKAa 6 yjica , yjiapHH: a) KpaMep KOHAacHflaH 

iiiiCi, 0 ) MaTpnua ycyjiH , b) T aycc  ycyjiH  6miaH e^HHr:

a.i. a)

a. a. a)

a.4. a)

a.S. a)

JI.7. a)

3.8. a)

a.». a)

«i jc | —|— 2 at 2 —|— X 3— 5,

1 —|— 3-̂ 2 —I—
2x,+ x2+3x3=11;

' 4xx — 3x2+2x3=9, 
2 x ,- |- 5 x 2— 3 x 3 = 4 ,  

5 x ! +  6 x 2+ 2 x 3=  18;

2x, - Xq X 3 = 4,
3x 1 ~ 4 x  2— 2x3 —  11,

3x j —  2x2 -j— 4x 3=== 11;

X [+  x2— x3= l ,
8 x, +  3x2— 6 X3= 2 ,

—  4 x ,—  x 2+ 3 x 3= — 3;

7X[ — 5x 2=31,
4x, +  1 lx3=  — 43,
2x, +  3x2+ 4x3=  — 20;

x, —  2 x 2+ 3 x 3= 6 ,

2x | -|- 3x2— 4x3= 20,
3x, — 2x2— 5x3=6;

*1+*2+3x 3=  — 1,
2x, — x2+ 2x3=  — 4,
4x ] — jc2 —f— 4x3 =  2;

3x 1 4x2+ 2X3= 8,
2x j — x2 3x3 — 1,
X i +  5x2+  x 3=  7;

xx — 4x2— 2x3=  — 7, 
3x,+ x2 x3=5,

— 3x 1 -|- 5x2+ 6x3= 7  ;

6)

6)

6)

6)

x 1 -f- 2x2 — x3= 6, 
2x 1 -j- 3x2 -j- 6 X 3 =  11, 

3x, “ j~ Bx 2~\~ 4 X 3^  8 .

x \~\~ X 2—  x 3= 7 , 
2x[ +  8x2 +  5x3=  15, 
3x[ +  9x2+ 4x3=  10.

4x! +  6x2+ 3x3=  17, 
2x [ -)- 6x2“t- 5x3=  12, 
3x! +  6x2+ 4x3=9.

2x,— x2+3x3=3, 
x 1 3x2— 2x3= 2, 

}xj +  2x2+  x3= 8.

5X|— x2+ 3x 3=2,
6) — x, +  3x2 2 X3== 1,

4x! +  2x2+  x3=7.

x 1 — 9x2+ 2x3= 5,
6) x 1 3x2— 8 x3=  3,

x , — 3x2— 2x3=8.

3x, — 3x2— x3= — 5,
6) 3x, +  5x2+ 4x3=  17,

4x, — 2x2+ 3x 3=8.

’3x,+ x2— x3 =  4,
6) x, — 2x2+ 2x3=  1,

4x,— x2+  x3=3.

3x 1-j- 2x2— x3=4,
6) x, — 3x2+ 2x3=  1,

7x, +  x3= 6.
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*1 +  2*2+4*3=31, 3*, +  2*2+* 3= 4,
3.10. a) 5*,+ * 2+ 2* 3= 20, 6) * 1- 3 * 2- * s= l,

3*|— * 2+  *3=0; 4X|_ X2=6

* i +  5*2+  * a = — 2,
3.11. a) 2*, — 4* 2— 3* 3= 0, 6)

3*|+  4*2+2* 3=3;

2*| 3*2+2*3=  — 6,
3.12. a) 5*i+  8*2— * 3=0, 6)

*i +  2*2+  3*3=6;

*i 3*2+ 4* 3=2,
2* i+  *2 5*3=3,
3*| — 2* 2— * 3= 8.

4* i +  5*2— 3*3=5,
2* 1— *2 +  *3=3,
3*1+  2* 2— * 3=7.

3.13. a)

3.14. a)

3.15. a)

3.16. a)

3.17. a)

3.18. a)

*1 — 4*2— 2*3=0, 3*i —|— 5* 2—|— * 3= 2 ,
3*i — 5*2— 6* 3= 7 , 6 ) 5* j — 3*2+3*3=4,
3*i+ * 2+  * 3= 6; 4*i+  *2+2*3=8.

2*i * 2+  5* 3= 10, *i *2 *3= 4,
5*,+  2*2— 13*3=21, 6) *i +  3* 2— 7* 3= 3,
3*j *2+  5* 3= 12 ; *i 5*2+ 5*3= 7.

2* i+  *2 5* 3=  — 1 , 2*j * 2— 5*3=3,
*1+ *2 *3== —2, 6) 4*i +  3*2+ *3= 5,

4*i 3*2+ *3=13; 3*|+ * 2— 2*3=7.

2*, +  3*2+4*3=  — 10, 4* j +  3*2+ 2*3=2,
4*1+11*3= — 29, 6) 2 *i+  2*2 * 3= 3 ,
7*i 5*2= 7; 2*|+  * 2+ 3* 3= 5.

2*i-j-7*2 * 3= 10, 6*| +  4*2— 7*3 = 3,
3*i 5*2+ 3*3=  — 14, 6) 7 *i+  *2 3*3=2,
*1 + 2*2+ *3= — 1; *i 3*2+4*3= 7.

4*1+ * 2— 3*3= — 6, 3*,— *2— *3=  — 3
8*1 +  3* 2— 6* 3=  — 15, 6) 2*| +  3*2— 2*3=4,
* i+  *2 x3=  — 4; *i 4*2+ *3=8.
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1,10. II)

L A M .

It.III. a)

ll.li'A a)

,1.23. a)

&IM. a)

5,85. n)

I i l 6. a)

1.87. a)

=  - 2 ,
2*2— 5*3= — 14, 2*1+ *2 5*3 —

11 -- 2* 2+3*3=0, 6) 3*| — 2*2+ 3* 3=  —
211 -J™ 3* 2 4*3 =  — 10; 3 *i— * 2+ 2* 3=4.

5*i +  6* 2— 2* 3=  — 9, '4*1— * 2— 5*3=4,
2*i +  5*2— 3*3= — 1 , 6) 3*j 2*2— *3 — 5,
4* i — 3* 2 —|— 2*3= — 15; * ,+  *2— 4*3=8.

’2*1+ * 2— *3 =  9, 4* i — 3*2+2* 3=2,
2*i — 3*2=0, 6) 3*i — 2*2— *3=3,

5*, — 4*2— 2*3=9; * 1— * 2—1— 3*3= 5.

'3 * ,+  2* 2— 2*3=3, ’3*, — 5*2+2* 3= 2 ,
* ,+  *2— *3=0, 6) *1 +  3*2 — 4*3=5,

4*i+  *2 — 5*3=1; 2*1— * 2— *3 =  9.

*i +  4*2— 3* 3= — 2, '4 * ,+  * 2— 2*3=3,
2*i+  5* 2+  * 3=  — 1, 6) 2*, — 3*2— 4*3=2,
*1 +  7* 2— 10*3= — 5; 3*i *2 3* 3= 6.

3*, — 2*2+ *3=5, 2* i +  2*2+  *3=4,
2*i — 3* 2— 2* 3= 6, 6) *1 — 3*2+ *3=3,
4*i— *2+ 4*3=4; 3*i— * 2+ 2* 3=  5.

*1 * 2+2*3= — 3, 4*i +  2*2 +- *3=4,
3*1+ * 2+ 7* 3=  — 1 , 6) *1 — 3*2+* * 3=3,
*1 +  4* 2+3*3=7; 3x i +  5*2+ 2* 3= 8.

7*| +  5*2+ 3*3= — 1 , *1 +  2*2+ *3=5,
2* ,+  * 2— *3=4, 6) ■ * ,+  * 2— 3*3=4,
*, +  8* 2— 6* 3=  — 13; 2*  i +  3*2— 2*3 =  10.

*1 +  3*2— *3=6, *1+2*2— 3*3= —
2*i+  5*2— 8* 3= 3 , 6) 2*1+ *2+ *3=5,
*1 +  4* 2+  *3=11; *1— *2+4*3= 7.'
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3.28. a)

3.29. a)

3.30. a)

5* | —■ 3*2+ 2* 3— 23, 
3*iH~2x2— * 3=  4, 6)
* | — 6*2 H- 4*3 =  19;

’5*i +  7*2—3*3= — 12. 
3*i +  2* 2+3*3=5, 
* ,—* 2=  — 3;

* i “j- * 2 “J- 2* 3 =  5,
2*, — 3*2— *3=5, 6)
4*,— * 2— 5*3=— 9;

2* j 2*2 "I- 3*3=2, 
*, +  2*2— *3=3, 

3*, +  4*2+2* 3=0.

3*i +  3*2+  x3= 2,
2*, — 2*2 = 3,
*, +  5*2+2* 3— 4.

5* i +  7*2 “I- 10*3 4 > 
*, — 3*2+ 4*3=5, 

2*j +  5*2+ 3*3=8.

4. Bnp >khhcjih HH3HK.J1H TeHrjiaMajiap CHCTeMajiapHHH eMHHr:

4.1. a)

4.2. a)

4.3. a)

4.4. a)

4.5. a)

4.6. a)

*, — 2*2+3*3=0, 
2*,+  3*2—. *3=0,
*i +  4*2—2*3=0; 

*, — 4*2+3*3=0,
*1 *2 *3 = 0,

3*|+ 3*2—4*3=0;

’5*,— *2+ 5*3=0, 
2*, +  3*2— *3=0, 
3* i +  4*2— 3*3=0;

'3 * +  *2— 2 * 3 = 0 ,  

*1 +  2 * 2 +  * 3 = 0 ,  

4*i— * 2 —|— 3*3= 0 ̂

*, — 4*2+3 * 3 = 0 ,  

3 * ,  — 2 * 2—  * 3 = 0 ,  

4* i — 2*2+  x3=0;

' 5*| +  2*2— 3*3=0; 
4*| — * 2+ 2*3=0, 
* i + 3*2+  *3=0;

6)

6)

6)

6)

6)

6)

' 4 * i —  * 2 + 3 * 3 = 0 ,  

2* i +  3*2—5*3=0,
*  i —  2 * 2+ 4 * 3 = 0 .

3 *  i +  2 * 2 —  * 3 = 0 ,  

4 * i +  * 2— 2 * 3 = 0 ,  

*1— *2— *3 =  0.

2*,— * 2— 2*3=0, 
3*1 — 5*2+ *3=0, 
*1 — 4*2+3*3=0.

6*, — 2*2+ x3=0, 
4*i+  *2—3*3=0, 
*i — 3*2+4*3=0.

3*,+  5*2— *3=0, 
2*i — 3*2+3*3=0,
* i +  8*2— 4*3=0.

* i  +  2 * 2— 3 * 3 = 0 , '

5 * |  —  4 * 2 + 7 * 3 = 0 ,  

2 * i  — 3* 2+ 5 * 3 = 0 .
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i ? .  N)

4,1. «)

4 J «  » i)

4 .1 0 . n )

4 ,1 1 . a )

4 .1 8 . a )

4 .1 1 . it)

4 .1 4 . it )

4 , IB ,  h )

3*i +  2* 2= 0, 4*,— * 2+5*3=0,
4 *, *2+3*3=0, 6) ■2* i +  3*2— *3=0,

11 [ 3*2 *3=0; *, — 2*2+3*3=0.

3*i — 2*2— 3*3=0, *, +  3*2— 5*3== 0,
4*|+  * 2+2*3=0, 6 ) 2*,— * 2+  *3=0,
*i — 3*2+ *3=0; *, — 4*2+6*3=0.

2* i+  *2+3*3=0, *, — 2* 2— 2* 3= 0,
2* |— * 2— * 3= 0, 6) 3*, -f~ 4*2— 2*3=== 0,
3* i +  4*2 5*3=0; 2*, —|— * 2— 2* 3— 0.

’3 *i— 4*2+7*3=0, 2*, — 3*2+ 4 * 3= 0,

*i +  2*2+ *3=0, 6) *1— *2— *3=0.
2*|— *2+4*3=0; *, — 2*2+5*3=0.

2*  , +  2*2 * 3===0, 2*,— * 2+4*3=0,
3*| +  4*2+2*3=0, 6 ) *  1 *2— *3=0,

*, — 2* 2= 0; *, — 2*2+5*3=0.

3*, +  2*2— 3*3^ 0, 5*1 — 6* 2+ 4* 3= 0,
*, — 3*2+5*3=0, 6) *, + 2*2 2* 3= 0,

4* | +  5*2 3*3= 0, 3*1 — 2*2+ *3=0.

* , 2*2 5*3 ’===z 0, *1 — 7*2+3*3=0,

5*|+  * 2— 3*3=0, 6) *i +  2* 2— 2*3= 0,

3*, — 2*2+ 4*3= 0; 3*1 — 2* 2+  * 3==0.

5*, — 4*2+2*3=0, 5* i “I- 8*2 3*3=0,
3*2— 2*3=0, 6) 3*i — 4*2+ *3=0,

4*,+ *2 3*3=0, 4*,+ 2*2— *3=0.

6*, +  5*2 4*3=0, 3*,-—2*2+ *3=0,

* ,+  * 2 * 3===0, 6 ) 2*,+ *2 3*3=0,

3* | +  4*2— 3*3=0, *i — 3*2+4*3=0.



'3*! +  2*2— *3=0, '4 * ,+  5*2— *3=0,
4.16. a) 4*i +  3*2+4*3=0, 6) 2 *i— *2 —|— 3*3 == 0,

2*i * 2—{—3*3=0; 3*i +  2* 2+  * 3= 0.

' 2* i— * 2+ 3*3=0, '6* i+  2* 2— 3*3=0,
4.17. a) *i — 2* 2— 5*3=0, 6) 2* ,— * 2+ 2* 3= 0,

3 * i+  4*2— *3=0; 4*| +  3*2 — 5*3=0.

6* ,+  5*2— *3=0, '3 * i+  4*2— 3*3=0,
4.18. a) 3*|+  4*2+2*3=0, S) 2* i “ “ 3* 2“J- * 3= 0,

2* ,— * 2+ 3*3=0; *1 +  7*2— 4*3=0.

7*i +  2*2— *3=0, ’7*|— * 2+3*3=0,
4.19. a) 2* i— *2+3*3^=0, 6) 2*, — 3*2+ * 3= 0,

3*i — 4*2— 2*3=0; *i +  7*2— 4*3=0.

2* i+  5*2— 3*3=0, 6* i+  3*2— *3=0,
4.20. a) *i 3*2 2* 3= 0, 6) 2* j +  5*2+3*3=0,

*  i +  8* 2+ 3*3= 0; 2* ,— *2 — 2* 3= 0.

3* j +  2*2 ■+ 3*3 =  0, 3* | +  5*2+2* 3=0,
4.21. a) * i — 4*2+5*3=0, 6) * 1—  * 2  +  4 * 3=  0,

2* i — 2*2 "j- 4*3=0; *i +  3*2— 3*3=0.

'5xl — 7* 2+ 6* 3= 0, *i +  7*2— 8* 3= 0,
4.22. a) 3 * i + 4 * 2 +  * 3= 0, 6) ■3 * 1 — *2+ 2 * 3= 0 ,

2*i+  5*2— 4*3=0; *i — 4*2+5*3=0.

' 6* , — * 2+ 2 * 3 = 0 , *! +  3*2— 7*3=0,
4.23. a) * i  +  2 * 2+  * 3= 0, 6) 2 * i — *2~(—4*3=0,

3*, +  2 * 2— 3*3=0; 3*, +  2 * 2— 3*3=0.

* l+ 5 * 2— *3=0, *1 +  2 * 2 — 4*3=0,
4.24. a) 2 * i —3*2+3*3=0, 6) 2 *i+  9 * 2 — 2*3=0,

3* i — 8 * 2 “ j- 5 * 3 =0; * i  — 5*2+3*3=0.
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4.25. n)

4.26. a)

4.27. a)

4.28. a)

4.29. a)

4.an. a)

(k| — 7x2+ 2x3= 
3*,+ x2—4*3=
*i +  8*2 — 2* 3=

3*t— 2̂ c 2 —|— x3- 
2*, +  4*2— 5*3= 
*i +  6*2— 3x3=

2*i— *2+ 4*3= 
3*, +  2*2— 5*3 = 
* i+  x 2— 2x 3-

: 0 
= 0,
: 0

= 0, 6)

0, 
= 0, 
0

= 0, 
= 0,
0;

xj — 8jc2+ 7x3= 
4 * i+  3x2— 5*3- 
2 * i+  *2 +  3*3 =

:0, 
= 0, 
0;

=  0, 6)

2*, +  4*2— *3=0,
4*, — 3*2— 3a:3=0, 6) 
2x i +  5*2— 5*3=0;

* i 3*2 4*3— 0,
2*i +  3*2+7*3=0, 6)
* i +  2*2+ 5*3 =  0;

=  0, 6)

= 0, 6)

* i  +  2 * 2— 4 * 3 = 0 ,

2 * i  +  3*2+ * 3 = 0 ,  

3*,+  5 * 2 — 3 * 3 = 0 .

* ,  +  7*2  — 2 * 3 = 0 ,  

3* j 5*2 4*3— 0,
*1 —  6 * 2 —  * 3 = 0 .

*i — 8*2+7*3=0, 
2* i +  5*2 — 3*3=0,
3*, — 3*2+4*3=0.

*i — 8 * 2 + 7*3=0, 
2*,+  5*2— 3*3=0,
3* j — 3* 2 —|— 4*3== 0.

*1  +  5 * 2 +  * 3 = 0 ,  

2 * ,  — 3 * 2 — 4 * 3 = 0 ,  

* 1  —  8 * 2— 5 * 3 = 0 .

3* i + 2*2  +■ 3* 3= 0, 

*1  —  4 * 2 —  *3  =  0, 

2 * 1—  x 2 ~\~ * 3= 0 .

4- §. B e K T o p jia p  ycTH fla  h h 3h k j ih  a M a jij ia p .
B i im c .  E a 3 n c  S y f iim a  eHHiu. K o o p A H H aT a jiap  opKajiH  Sep H JiraH  

BeKTopjiap ycTHfla w h3h k j ih  aMajijiap
1.4.1. Boujh A HyKTaAa, QXHpn B  HyKTaAa SyjiraH ftyHajiTHpHJiraH 

MU'Mil ncKTop AeS aTajiaAH Ba y AB  eKH a KaSn SejirnjiaHaAH. a BeK- 
tOpHHiir yayiiJTHrH yHHHr Modynu AeS aTajiaAH Ba \a\ Ka6H SejirnjiaHa- 
AMi Oxiipn Soiuh SnjiaH ycTMa-ycT TymaAHraH BeKTop noAb-eeKrop 
4<lnHJHui.ii Ba 0 SnjiaH SejinuiaHaAH. ByHAaft BeKTop t 3hhh ftyHajwuira 
# ii *Mm\ yiiHHr MOAyJiH HOJira TeHr.

iV:iyiuinrH Snpra TeHr BeKTop 6 u p a u k  eeKrop AeHHJiaAH. a BeKTop- 
Mlilll nnpjiHK BeKTopH a0 KaSH SejirajiaHaAH.

B lip  r y r p H  MH3H K A 3 eKH n a p a ju ie j i  T y r p n  MH3H K J ia p A a  eTyBMH 
M K io p j i i ip  KOAAuneap eeKropAap AeftHJiaAH.

Arnp hkkh BeKTop y 3a p o  K O JiJiH H ea p , S H p  xhji f t y H a jir a H  Ba 
M iu iV JU ifip H  T e n r  S y j i c a ,  6 y  B e K T o p jia p  rem eeKropAap A eftH JiaA H .
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2 - iu a K J i 3 - m a m i

"0 a - Shpjihk BeKTop SyjmS, y a SHJiaH Shp xhji ftyHaJiraH.

Bnp TeKHCJiHKAa eKH napaJiJieJi TeKHCJiHKJiapAa eTyBHH BeKTopjiap- 
HH KOMtlAaHCtp BeKTOpJldp AeHHJiaAH.

1.4.2. BeKTopjiapHH KyuiHiu, aftHpHm Ba BeKTopHH coHra Kynaftra- 
pHiii_ aMajuiapHHH BeKTopjiap ycTHAa hu3u $au  auaAAap AeftHJiaAH.

a BeKTopHHHr X coHra Kyn.auTM.acu AeS, a BeKTopra KOJiJiHHeap, 
X,>0 Aa y 6HJiaH ftyHajiHiiiH 6np xhji, ^ < 0  Aa sea HyHajwuiH KapaMa- 
KapuiH xaMAa MOAyJiH |A,| • |a| ra TeHr SyjiraH Xa (eKH aX) BeKTopra 
aftTHJiaAH.  ̂

a
\a\

a Ba b BeKTopjiapHHHr uuFunducu AeS a Ba b BeKTopjiap SHJiaH 
KOMiuiaHap SyjiraH a +  b BeKTopra aHTHJiaAH. Hkkh BeKTopHHHr 
hhfhhahch napajiJieJiorpaMM (2- iuaKJi) eKH ynSyp^aK (3- uiaKJi) 
KO HAaJiapH  SyHH^a TonHJiaAH.

Bnp He-iTa BeKTopHH KyuiHUi y^SypHaK kohaschhh KeTMa-KeT 
KyJiJiaui SHJiaH aMajira ouiHpHJiaAH. HaTH>KaAa my BeKTopjiapra 
KypHJiraH chhhk MH3HKHH enyBMH BeKTop 6np He^Ta BeKTopjiapHHHr 
ftHFHHAHCH^yJiajIH (4- UiaKJi).

Hkkh a Ba b BeKTopHHHi'^auupMacu AeS, b BeKTopra KyuiHJiraHAa 
a BeKTopHH xochji KHJiyBMH a — b BeKTopra aftraJiaAH (5- uiaKJi).

a = O A  Ba b = O B  BeKTopjiapra KypHJiraH  napaJiJieJiorpaMMHHHr 
OC AHaroHaJiH U C  =  a-\-b ra, BA  AHaroHajiH 3ca BA =  a — b ra TeHr 
(6- uiaKJi). ____

1.4.3. a =  A B  BeKTopHHHr I yK SyftHHa touikua aTyenucu (komiio- 
HeHTH) AeS, my BeKTop Soiuh Ba oxhphhhht npoeKUHHJiapHHH 
SHpjiauiTHpyBMH ^ 4 ,  BeKTopra aHTHJiaAH (7-uiaKJi).

f dm  Aft Ht'KTopiiHHr I yKAarn npoeKi^uncu AeS, A {B { BeKTopHHHr
JfHMi/IMliiH I VK HyHajiHiiiH SHJiaH 6np xhji eKH 6np xhji SMacjiHrnra 

HXptifl, « | » ckh «— » Hiuopa SHJiaH cuiHHaAHraH TauiKHJi stybmhch- 
jlMlii y lyiumi lira aftraJiaAH.

np, A B  =  ±  \A\B{\ .■\ 1
: u itcKiopiiHHr I yKKa npoeKUHHCH ai AeS SeJinuiaHaAH, ht>hh :

np, a =  a,.

I IpiK'KHHHJiapHHHr acocHH xoccaJiapn: 
ti) up,a =  | a| coscp eKH at — \a\ coscp.

tty ii/hi i|i a BeKTop SHJiaH yK opacHAarii Syp^aK;
f>) up, (a +  b) = n p id  +  nptb eKH np, (a +  b) =  a, +  6,;
») up,Xa =  A.np,a eKH npiXa =  Xai.

1.4.4. a., a,2, a„ bcktopjiapHHHr mh3hkjih KOM,6uHau,URCu AeS

a =  Xia\ -\-X2a2 -\- ... -\-Xnan

ijlopMVJiti SHJiaH aHHKJiaHyBHH a BeKTopra aHTHJiaAH, SyHAa A,i, X2, ...,
1 ;iiihji coHJiap.

Aiap a 1, ..., an BeKTopjiap cncTeMacn yMyH KaMHAa SHTTacn HOAAaH 
(j)MpMH uiyHAaft A,i, Xn coHJiap MaB>KyA SyjinS, A,iai +  ...+
4 K„ii,i *0 mapT Sa^apHJica, y CHCTeMa hu3uk,au  6ofauk, cucreMa 

At*Hhjiiiah• Arag lOKopHAara tchtjihk (})aKaT Xi =  ... =  ̂ „ =  0 SyjiraHAa 
ypHii.'in Syjica, a i , ..., a„ BeKTopjiap CHCTeMacH hu3u$au  spkau  AeftHJiaAH.

HuKii'ra KOJiJiHHeap BeKTop xap aohm mh3h k /ih S o fjih ka h p . 
U ly iiiin iaok, yMTa KOMnjiaHap BeKTop xap aohm mh3hkjih  S o fjih k- 
$ b :h )a ;iih  HxraepHH TypT eKH yHAaH opthk  BeKTopjiap xap aohm 
MH3hk.mii S o fjih k . _ _

rt 111 >ih3hkjih SoFJiHKMac BeKTopjiap cncTeMacn e\, e2,...,en SepHJiraH 
arap HXTHepnft a BeKTopHH yjiapHHHr mh3hkjih kom6hh3Uhhch,

H’hHH
a =  X 1 £? 1 — ... +  Xn6n

HIMKjihah Ht})OAaJiaui MyMKHH Syjica, y xcuiAa SepHJiraH CHCTeMa 6a3uc 
AiflHJIlIJlH.

liy TcurjiHK a BeKTopHHHr gu ei,...,en Sa3HC SyftH^a euuAMacu 
AfflllJIIIAH.

toAa mh3hkjih Sofjihk SyjiMaraH xap KaHAaft ym a e\, e2, ez 
WKTop Sa3HC TauiKHJi KHJiaAH, uiy caSaSjiH (})a30AarH xap KaHAaft a 
m«Kr»p my Sa3HC SyftH^a eftnjiHUiH MyMKHH:

a =  X\e\ -\- X2C2 -f-̂ 3̂ 3-



A.i, X.2, A,,) coHJiap a  iieKTopiiHHr 6epnjiraH 6a3HCAara K o o p d u n a r a -  
A a p u  6y,nn6, fjyiu ian  e3HJiaAH:

a  =  {Xi, A.2, ta}-
Arap 6a3HCHHHr BeKTopjiapn y3apo nepneHAHKyjinp Ba 6hpjihk 

y3ynJiMKKa 3ra 6yjica , 6 y  6a3HC opronopM aAA am an 6a.3uc _n.eHH.nn6, 
y o p rA a p jie p  aiaJiyBM H i, j, k BeKTopjiap opKaJiH 6ejirnjiaHaAH.

Arap I, j, k moc paBHUiAa OX, OY, OZ yMapHjSyftH^a ftyHajiraH 
opiviap 6yjica, y *0JiAa HXTHepnft a  BeKTopHHHr I, j ,  k  6a3HCAarn 
eftHJiMacH KyHH^arHMa H(})OAajiaHaAH:

a  =  a xI-\-ayJ + a zk eKH a  =  {ax, a y, a z),
6 y H A a  a x, a y , a z —  a  B e K T o p H H H r K o o p A H H a T a J ia p n . a  B e K T o p  y 3 y H J in r H

|a| =  Aja2x+ a l +  a2z
OopMyjia 6yHHHa aHHKJiaHaAH.

a ftyHaJiHUiH yHHHr KoopAHHaTa yKJiapn 6HJiaH x,ochji khjitbh a, p, 
y  6 y p M a K Jia p H  6 n jia H  a H H K Jia H a A H .

a BeKTopHHHr ftyHaJiTHpyBHH KOCHHycjiapH

a*cosa =  =  — --...  ,

cosp =  = -- " .
A ja 2x +  4  +  a2z

a z a zcosy =  =  —  ■-....- ■\CL\ / 2 i 2 i 2^ ax + ay + az

cjjopMyAajiap 6HJiaH aHHKJiaHaAH Ba yjiap

cos2a + cos2p +  cos2y== 1

MyHoca6aT 6HJiaH 6orjiaHraH.
1.4.5. a =  axT-\-ay]-\-azk Ba b =  bJ-\-byj-\-bzk BeKTopjiap 6epHJiraH 

6yjiCHH. y  xojiAa

a  ±  b =  ( clx d r  b x) i -)- ( ciy +  b y) j  -|- ( a z +  b z) k,

Xa =  Kaxi -f- kayi +  A,azk.

Mi  (x\, y\, zi), 1/2, 22) HyKTajiap 6epHJiraH 6yjiCHH. Y x,0JiAa
M, M 2 BeKTopHHHr opTJiap 6yftHMa eftHjmacH

M\ M 2=  ( x 2— xt) i +  [ y2 — y x) /+  ( z 2— z x) k
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ttf|]MHMiluui r.vjinAH. Ml Ba M 2 HyKTajiap opacHAara Macoc{)a eKH 
flfl Afa itt'Kl opiiimr y3yHJiHrn ______________________  __

IM|M*2i =  V  (*2—* i)2+  (^2—y i)2+  (z2—zi)2
i 11liMv.11,1 finJiitii x,HCo6jiaHaAH.

MtMj Kv’CMaHH 6epHJiraH K HHc6aTAa 6yjiyBHH M HyKTaHHHr 
KtjKp/imiaraJiapH KyflHAarHua aHHKJiaHaAH:

x,-\-\x2 yi +  ty i
x =  — y=~TTT-> z-l+x l+X

X v v ‘‘iiii. arap k= l Syjica, M HyKTa M 1M 2 KecMaHHHr ypTacHAa eTaAH
tut v1" 1111' KOopAHHaTajiapn

x\ +x2 x =  — x— \ y
H\ +!/2 z = Z 1 + z2

Ba M 2 ;  - 3 ; 1} BeKTopjiap 6ePHJ,raH.

^ylliyi2 ^ â BeKTopHHHr KoopAHHaTa yKJiapHAara npoeKUHHJiapHHH;
Oj 2a — b BeKTopHHHr y3yHJinrHHH;
it 1 9,d — b BeKTopHHHr iiyHaJiTHpyBHH KocnHycjiapHHH.
1, „  „  a ) 2 5 - 5 = 1 2 .3 - 2 ;  2-2— ( — 3 ); 2 - ( - 5 ) - 1 |  =  |4; 7;

r,| 12'«—J l =  V i i + 7 !+ ( - 11) ’ =  ^16 +  4 9 + ^ 1 =  V186 .
4 _ _ _ 0 7It) rosa = cosp = V186

, cosy = V 186 •

4- dapcxona ron iuupuFu

1. In'pHJiraH a sa b BeKTopjiap 6yftH4a yjiapHHHr KyftHAarH 
MKIHK.JHI K0M6HHau,HHJiapHHH HcaHr:

N) 6) — b) 2a +  j^b; r) ~ a  — 3b.

2. ABC yu6ypHaKAa A6 =  m Ba AC== «^BeKTopjiapj6epHJiraH.^Yui-
, m+«. * - « .  d] ’hzZL- r) — fly m*KTopjiapHH ncaHr: a )  — ^— , o )  ̂ 2 ’ ’ 2

M ABC  vH6ypuaKAa AB  tom ohh P B a J V  HyKTajiap 6njiaH y w a je H r  
Hhi'miii fiyjiHHraH: \AP\ =  \PN\ =\NB\. A ra p  CA = a, CB = b 6yjica ,

Cp  Itl'KTOpilH TonHHr.
>K: f;/5= (2a +  fc)/3.



Kvfttn?rKKHTa a =  2’ 3> Ba * =  {2- -4 , 5} BeKTop SepHJiraH. 
■SnHHr B?KT0PJiaPHHHr Koop^HHaTa yMapHflarH npoeKiumjiapHHH

a ) 2a +  b; 6 ) a — 3b;  b ) 3a +  5b.

6) ,- 7'-.14- ~ 12>; B> I7’ - 14’ Ml-o. a \2, 3, 6} BeKTopHHHr HyHajiTHpyBHH KOCHiiycjiapHHH TonHHr.
M : cosa=— Cos|3=y, co sy= y .

®=J 2, ~ 3’ 83 b = {— \, 2, —2} BeKTopjiap xochji KHJiraH 
SypqaK SncceKTpHCcacH SyfiHqa HyHajiraH e 6hPjihk BeKTopHHHr 
KOOp̂ lHHaTajiapHHH TOIIHHr.

>K: e =  [--- L  _ ® _  _J*_  1
I  V 42 ’ V 4 2 ’ V 4 2 / ‘

MyCTaKfUA utu

rrar . i ' „ f ~ 83 ^=={—4, 1, — 1} BeKTopjia p ra KypHJiraH napajiJieJiorpaMM AHaroHajuiapH y3yHJiHKjiapHHH TonHHr 
>K: \a +  b\ =6; \a— b\ =14.
2. ,4(1, 2, 3) Ba B  (3, —4, 6) HyKTajiap SepHJiraH. AB  BeKTop 

y3yHJIHTHHH Ba HyHajIHUIHHH TOpHHT.

>K: \AB\ =7, cosoc=y, cos0 = — j ,  c o s y= —  .

3 a ={3, 4, — 12} BeKTopHHHr oPthhh  Tommr.

>K: a = f± ,- L , - J I  1
113 13’ 13 J'

4. /ISC yHSypnaKfla A5={2, 6, -4 } Ba J c = { 4, 2, -2 } BeKTop

jiap  SepHJiraH. C ym A aH  yTKasnjiraH MeAHaHa SHJiaH ycTMa-ycT tv u iv b ™  
CD BeKTop y3 yH JIH T H H H  TonHHr.

>K: \CD\ =  y iO  .

5-§. Cnajmp KynafiTMa. BeKTopHHHr y3yHjiHrn.
BeKTopjiap opacHAarn SypnaK

1.5.1. HKKHTa a  Ba b BeKTopHHHr ckoahp  K ynau rM acu  AeS, a-b  
KypHHHUiHAa SejirHJiaHys™ Ba my BeKTopjiap ysyHJWKJiapn KynaHTMa- 
chhhht yjiap opacHaarn SypwaK KocHHycn SnjiaH KynaHTMacnra TeHr 
SyjiraH coHra aHTHJiaAH:

a-b =  \a\ • \b\ • coscp.

CKaJinp KynafiTMahhht acocHH xoccaJiapn:
a) a - b ~ b - j i  (yj3HH  a jiM au iT H p H ix i K O H yH H );
6) a-{b +  c) ==ab +  ac (TaKCHMOT KOHyHH);
b ) (Xa)-b =  a(Xb) =X(a-b) (rypyxjiam KOHyHH);
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i) map d =(),eKH 6=0, eKH d±b  Syjica, a-b =  0 (HOJira TeHr 
ftV-'iM.'ii mi iH'KTopjiapHHHr opjoroHaJiJiHK mapra);

;i) d -d -\d r  eKH a2=\a\ i
r) d‘ f) =  \d\ ■ nplib=\b\npsa. „ „
1.5.2. KoopAHHaTa yK/iapn opTJiapHHHHr CKaJinp KynaHTMacH.

V- I, f = l ,  £2=1, i- j=  0, I-k =  0, j-k=  0. a = a xI+ a yJ+ a zk Ba 
H — l i ’j  {- b y j+ b z k  BeKTopjiap SepH JiraH  SyjicHH. Y  xojiAa:

a-b =  ax-bx +  a-yby +  azbz; 
a2= \a\2= a l+ a 2y+ a l

tl »a b BeKTopjiap opacHAarn cp Syp^aK yrnSy (JjopMyjia SyHH^a 
HinofwiaHaAH:

~a-~i) _ gA  + ayby +  azbz
COS(P =  IZ T T f l  ~  y  a2x + a2y + a2z • V  b2x + b2y + b2z '

ii mm 6  BeK T  op J ia p  h h h t  n e p n e H A H K y jia p J iH K  u ia p T H .
//./)’ =  0 eKH a xbx + a ,,b y  + a zbz =  0- ___ _
1.5.3. P Kyn *hcmhh I BeKTop HyHaAHiiiAa BC  Macoc})ara Kŷ H- 

.......... . Sa*apraH hui yuiSy (f)opMyjia SHJiaH xncoSjiaHaAH:

A =  f  • ~BC= \7\ • I~BC\ • coscp , 

fiyiinn (p —  KyMHin HyHaJiHuiH T B a  F  KyHHHHr Ta-bCHp 4H3hfh opacHAarn

° VI*M h  c o ji. Arap ja | =2, \b\ = 3 SyjmS, yjiap ysapo 60° jih SypnaK  
th iiik iiji 3Tca, 2d —  b Ba 2a +  3b BeKTopjiap hhh t CKaJinp KynaHTMacHHH
1'oiiniir.  ̂ _ - - - „ r r r ou

1', M h m. (2a — b) • (2a +  3b) =  2a-2a +  2a-J>b — bj2a b-3b — 
— Aii-d + 6a-b — 2 d-b — 3b-b =  Aa-a +  4a• b — 3b • b =  4|a\■ \ a\ +
\ 41d | • |£|cos60° — 3|6 | -\b\ = 4 -2 -2 +  4-2-3- y — 3-3-3 =  16 +

| 12 -27=1.

5- dapcxona ronu iupuFu

I. Arap \a\ =3, \ b\ = 4 SyjinS, a Ba b BeKTopjiap o p a c H A a rn  SypqaK 
ip r- Syjica, KyHHAarHJiapHH XHCoSjiaHr:

a) a-b; 6) a2; b) b2; r) (a +  b)2; a) (a b) ,
i*) (3d — 2b) • (a +  2b).

)K: a) — 6; 6) 9; b) 16; r) 13; a ) 37; e) —61.
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2. Ani|) ()A — u nn O B— b ucKTOpJiap y3apo (p =  60° jih SypiiaK 
\ooui | u | = 2 iia 161 =  4 Syjica, AOB ynSypMaKHHiir 
OM Miyi.uaUiii'H fnijiaii ()A tomohh opacnAarn 0 SypwaKHn TonHnr.

>K: cosO =  2„, 0«41 °.
V 7

3. a — {m, 3, 4} B a  b =  {4, m, —7} B e K T o p jia p  S e p H Jir a H . m h h h t  
K a i iA a i i  K n iiM aT H .ua  S y  B e K T o p jia p  n e p n e H A H K y jin p  S y j ia A H ?

>K: m =  4.
4. YnSypMaKHnHr yn jiapn  SepHJiraH :

A ( -  1, -2 , 4), B (  — 4, -2 , 0), C (3, -2 , 1).

y 'i6ypqaKHHHr B  ywAarn TauiKH SypnaKHH xncoSjiaHr.
^K'

5. Z7 {3, — 2, —,5} KyHHHHr KyftnjiHHi HyKTacn Tyrpn HH3HK 
SyfijiaS xapaKaT khjihS, Mi  (2, — 3, 5) xonaTAaH M 2(3, — 2, — 1) x,oJiaT- 
ra yTaAH. By Ky^nuiAa F  Kyq Sa>KapraH huihh XHeoSjiaHr.

>K-‘ A = 3l hiu 6npji.

5- MycratyiA uui 
1. T y p T 6 y p M a K H H H r  y ^ J ia p H  S e p H Jir a H :

A (1, —2, 2), B  (1, 4, 0 ), C (—4, 1, 1), D ( —5, —5, 3 ). Lily TypTSyp- 
4aKHHHr AC Ba BD  AHaroHajuiapH y3apo nepneHAHKyjinp SyjiH iiiHHn 
HCSOTJiaHT.

2- A ( 2, 3, —4), B  (3, 2, 5), C (1, — 1,2), D (3, 2, —4) H y K T a j ia p  

SepnjiraH. AB  BeKTopHHHr CD BeKTopAarn npoeKunncnHH XHeoSjiaHr.
>K: - 6
3. y>i6yp4aKHHHr yn jiapn  SepHJiraH:
A (1, 2, 1), B  (3, -1 , 7), C (7, 4, - 2 ). 
yHHHr HMKH SypnaKJiapHHn XHeoSjiaHr.

6- §. BeKTopjiapHHHr eeKTop Ba  ap a jiau i KynaiiTM ajiapH

1.6.1. a BeKTopHHHr b BeKTopra eexrop KynauTM acu  AeS c =  a X
X .b  K y p H jH U iA a  S e j ir n j ia H y B H H  Ba K y ftH A a rH  m a p T Jia p H H  K a H o a T jia H -  
r a p y B ™  c BeKTopra a f iT H Jia A H :

а) c^BeKTop a  Ba b BeKTopjiapra nepneHAHKyjinp;
б ) c BeKTop y^HAaH KapajiraHAa a  BeKTopAah b BeKTopra sh t 

KHCKa SypnjiHLu coaT mhjih ftyHajinuiHra TecKapn ftyHajiHuiAa
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KV K iT H JiaA H  (a, b, c BeKTopjiaphhht S y H A a ft  woftjiamyBHHH yHr yqjiHK 
m -ii iu ia A H ) ;

u) c  B e K T o p H H H r M O A yJin a B a  b B e K T o p jia p r a  K y p n J ir a H  n a p a J iJ ie -  
, ii( iip { im m h h h t  S K>3 H ra  T e H r, m>HH \c\ =  S  =  1 a||61sirup (tp — a Ba 
h iH 'K T o p jia p  o p a c H A a r n  S yp ^ ia K )^  (8 - u ia K J i) .

BeKTop KynaHTMaHHHr acocHH xoccajiapn.
a) a X b = — b X a ;
f>) ( X a ) X b  =  a X ( k b ) = ' k ( a X b ) - ,
it) aX{b-\-c)  =aXb-\-o.Xc\  _
i') Arap a =  0, eKH 6 =  0, eKH a\\b Syjica, y x,OJiAa f lX ^ = 0. Xycy-

1,6̂ 2. KoopAHHaTa yKJiapn opTJiapnHHHr BeKTop KynafiTMacn.

1x1= 0, Jx J=  0, fe X  k=0.
An,,. ?  x M J x M E x I #

a = a xi-\- Qyj +  a 
b =  bxi +  byj  +  bzk

y xojiAa

1 j k

ŷ ^2
bx by b z

Amp a Ba b BeKTopjiap KOJiJiHHeap Syjica, y x,0JiAa

=  =  —  
bx by bz ’

1.6.3. > K h c m  A H y K T a c n  r a  K p H J i r a H  F  K y q H H H r O  H y K T a r a  h h c -  

0m r a n  M  M O M eH TH (9 - uiaKJi)
m  =  w  x y

i | i i ip M y jia  S n J ia H  X H e o S jia H a A H .
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a X  b



10-m h c o j i .  a — 2l— 3j Ba  B=3i-\~4k B eK T o p jiap ra  K yp H JiraH  
n ap a ju ie jio rp aM M H H H r io3hhh TonHHr.

E h h ui. a Ba b BeKTopjiapra KypHjiran napajuiejiorpaMMHHHr 
c r V r f  BeKTopjiap BeKTop KynafiTMa ch hhht MOAyjinra TeHr: 
>->— X  b\. BeKTop KynaHTMaHH TonaMH3:

a X b  =
i j  k 
2 - 3  0 
3 0 4

— 12/-87+ 96

He Man, S =  A/ T r l2 p +  ( - 8 ) 2̂ 9 2=  V'44 +  64 +  8T'= 17 kb.
SH p jlH K .

1.6.4. a , J ) ,  c BeKTopjiap hhht apaAaut Kynati.rM.acu jie6 ( a x b )  
BeKTopHHHr c BeKTopra ck3jihP KynafiTMacHra aHTHJiaAH.

Apajiaui KynaHTMaHHHr xoccajiapn:
a )  (o^< b) •c =  a • (5  X  c ) .

By x occa^a h apajiaui KynaHTMaHH abc  KypHHHiu/ia SejirHJiam
M yM KHH  3K3H JIHTH  K e JIH 6  H H KaAH .

6 ) abc =  bca. =  cab, HtHH KynafiTHpHJiyBHH BeKTopjiap ypHHJiapH 
AOHpaBHH ajiMauiTHpHJiraHfla apajiaui KynafiTMa k h h m 3 th  y3rapMafiAH;

b ) a 5 c =  —  bac, a b c = — cBa, a b c = — dcB,

HTjHH KyuiHH  ̂HKKHTa BeKTOpJiapHHHT ypH H JiapH  a JIM aU IT H pH JiraH fla  
apajiaui KynaHTMa HUiopacHHH y3rapTHpsAH;

jr) arap bcktopjiap,ziah anajuiH SHrracH HOJib BeKTop eKH a 
b, c BeKTopjiap KOMnjiaHap Syjica, y xqjias abc =  0 SyjiaAH.

1.6.5. Arap

6yjica, y xojiAa

a =  axi +  ayj +  azk,
b =  bxi-\-byj-\-bzk,
c — cxi +  Cyj +  czk

abc =
ax ay az 
bxbybz 
C x C y C z

Arap abc BeKTop jiap  KO M njiaH ap  S y j ic a ,  y  xo jiAa

ax ay az
b x by b z
Cx ŷ ̂ z

=  0.
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1.6.6. A p a Jia iu  KynafiTMa KynafiTHpHJiyBHH BeKTopjiapra KygH JiraH  
ii/iitiiJiJiw ioiim ieA x a *M H ra  Hiuopa aHHKJinrHfla TeHr ht>hh V= ± abc.

M h c  oji. y^Jiapn A (1, 2, 0), B  (— 1, 2, 1 ); C (0; 3; 2) Ba D (1, 
(I. I )  i iy K T a J ia p a a  S y jir a H  nnpaM H AaHH H r x,3>k m h h h  x,HCOQjiaHr.

H >i h ui. FlHpaMHAaHHHr A y^HAaH HHKKaH KH ppajiapura  moc 
htviyiiMH Be(<TOPJ ia P HH TonaMH3:

AB =  { — 2; 0; 1), Z C  =  { - 1; - 5 ; 2}, A D = {0; - 2 ; 1}.
I liipaMHAaHHHr xa*MH uiy BeKTopjiapra KypHJiraH napaJiJieJionnneA 
v;i >kmh hhht -Jr KHCMHra TeHr Sy jiraH JiH rn  caSafijiH

— 2 0 1
— 1 - 5 2

0 — 2 1
=  —  . 4 =  —  K yS  6 h P j i h k .6 3

6- d a p cx o n a  ro n u iu p u F u

l . a  Ba  b B eK Top jiap  y3 3 p o  nepneH A H K yjinp  6 y jm 6 , | a | = 3  Ba 
\li\ ~_=4 S y j ic a ,  K y finA arH Jiap H H  x,HCo6A3Hr:

а) | (a +  b) X  (a —5) I; 6) I (3a — b) X  (a — 2b)\.
>K: a )  24; 6 ) 60.
2 a Ba  b B eK Top jiap  y 3 a g o  cp =  4 5 ° Jin  6 y P H3K T au iK H Ji k h jih 6 , 

|„*| ,J=\b\ = 5  S y j ic a ,  p =  d— 2b Ba  q =  3a +  2b B eK T o p jiap ra  K yp H JiraH  
y if> yp ii3K kw h hh  XH CoSjiaH r.

>K: 5 0 V 2  k b . 6 h p j i h k .

- 1 ,  2 ) ,  B  (1 , 2, - 1 ) ,  C (3,2, 1) HyKTajiap 6eP HJiraH.
(A tb faC  h h  x ,H C o6 jiaH r.

>K: {6, - 4 ,  - 6 } .
4. y 4J ia P H A(7, 3, 4 ) ,  6 (1 ,  0, 6 ) ,  C (4, 5, - 2 )  H yK ra jia p A a H  n So p a T  

yq fiypw aK  io3hhh XHCo6ji3Hr. s
) K :  24,5. k b . 6 h P j i h k . , —\

( f .  A (1 ,2 ,  - 1  ) , B  (0 , 1, 5 ) ,  C  ( - 1 , 2 ,  1 ) ,D  (2 , 1 ,3 )  HyKTajiap 6 h P
Tt'KM CJIHKAa eT aA H M H ?

(fh} K yH H A arH  BeKTopAap  KOM nAaHapMH:
n j  a  =  { —  1, 3, 2}, b =  {2, -3 , - 4 } ,  c =  {-3 , 12 6};
б) d= {3, - 2 ,  1}, b={2, 1, 2}, c= {3, - 1 ,  - 2 } ?
>K: a )  KO M njiaH ap ; 6 )  HOKOMnAaHap.

n :  a =  \3 , 4 , 0 } ,  b={0, - 4 ,  1}, c =  {0, 2, 5} BeK Top jiap  KaHAaH
V1 rJI H K Tau iKH Ji 3T3AH?

>K: Msn yqjiHK.
/f8. riH paM H A3H HH r yM JispH  Sep H JiraH :
"A  (2, 3, 1 ), B  (4 , 1, - 2 ) ,  C (6 , 3, 7 ) ,  D ( - 5 ,  - 4 ,  8 ) .

55



yMGyp'iaKHHHr D yMHA.au TyuiHpH Jirah SajiaHAJiHrn y3yHJiHTHHH 
TOIIHHr.

>K: 11 y3yn. 6np^.
6- MyCTdKfUJl Util

|a| =3, |6| =26, |a X  1̂ =72 Syjica, a-b hh XHCo6jiaHr.
X :  ±30.

(§J yHSypqaKHHHr yqjiapn SepHJiraH:
71 ( I,  - 1 , 2), B  (5, - 6 , 2), C (1, 3, - 1 ) .  

yHHHr B  yMHAaH AC TOMOHHra TyuiHpHjiraH SajiaHAJiHrHHHHr 
y3yHJlHTHHH x,Hco6jiaHr.

>K: 5 y3yH. 6npji.
& A  (4, 2, — 3) HyKTara KyiiHJiraH F  =  { 2, — 4, 5} KywHHHr B (  3, 2,

— IT  HyKTara HHc6aTaH KyM MOMeHTHHH ToriHHr.
M : ^  =  {- 4 , 3, 4}.
M^ynjiapH A (2, - 1 /  1), B  (5, 5, 4), C (3, 2, - 1 ) ,  D (4, 1, 

3) HyKTajiapAa SyjiraH rmpaMHAa X3>kmhhh x,HCo6jiaHr.
>K: 3 Ky6 6npji. (

2- H.a.3opaT utuu

1. ABCD  napa juiejiorpaMMAa P  Ba N HyKTajiap BC  Ba CD 
TOMOHJiapHHHr ypTaJiapHAHp. A P = a  Ba A N = b  3Kahjihth MaiwiyM 
6yjica, BeKTopjiapHH a Ba b BeKTopjiap opKajiH H(j)OAajiaHr:

1.1. AS, AD. 1.2. ~BP, U N  .
1.8. 1.4. AS, A C .

,,5‘ d£- 16’
L7' ^  ~DN,AC-
1.9. BN, NC. 1.10.~AB,~BD.
1.11. BP , BD. 1.12. U P ,T C  .
1.13. AD, BZ). 1.14. UN,~BD .
1-15. BN, BD. 1.16. SC, CD .
l- I7- TS,~BN. 1.18. DP, BD  .
1.19. SC, 34C. 1.20. B P , A S .
1.21. PD,^4C. 1.22. CD, C l .
1.23. AO, D M  1.24. PD , BC
1.25. BC, BD. 1.26. CB, D/V
1.27. 34£, W S. 1.28. U C ,U B  .
1.29. CD,'BP. 1.30. AD, STV.

\
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<i /)' (I KCKTopjiap 6epnjiraH. a) 3 BeKTopHHHr a, 6, c BeKTopjiap 
Mjinn.ni'('I’iiuiMi'icnhh, 6) aa  +  $b BeKTopHHHr yc + M  BeKTop HyHaJmuiH- 
UMIII lipiK’KHHMCHHH TOnHHT:

a.i. a -{3 , 2, -4 }, b =  {— 2, - 7  1}, 
c = { 6, 20, -3 }, rf =  { - l .  4, 3}; 
o =  4, p= — 3, v = — 2- 6 =  6-

2.2. a =  {14, 9, — 1},J>={5, 7, —2}, 
c =  { —3, 1, 3}, d =  {l, -4 , 6}, 
o =  5, p =  3, Y=  4, 6=  2.

2.3. a =  {l, -3 , 1}, |= {- 2 ,  -4 .3 },
c ={0, -2 , 3}, d =  {—8, -10, 13};
o = 6, P =  — 7, 7=  1, 6 = - 3 .

2.4. a= { —3, — 6j 7}, 5={1, 3, 1}, 
c =  {4, 5, 1}, d =  {7, 3, 8};
a =  — 3, p =  4, y =  5, 6= —6.

2.5. a =  {4, — 5, — 1J, b =  {— 2, 4, 1}, 
c =  {3, -1 , 2}, d = { 1, -11, -9}; 
a =  — 3; p =  5, Y =  1- 5 =  7-

2.6. a =  {2, 3, 4}, 5 = {-4 , 3, -1}. 
c={3, 1, 2}, d =  {4, 4, 9};
a =  5, P=  — 8, y=  2, 5 =  3.

2.7. d =  {4, -3 , 2}, 5={3, 2, - 7 } ,
c =  { — 2, 5, 1}, d =  {—4, 22, — 13};
a J _ 5; p = — 7, v = - 3 ,  6 =  2.

2.8. a =  { — 6, 4, 5), b =  {— 5, 3 — 1}, 
c =  {l, 2, 3}, d =  {3, - 9 , 2};
o =  2, p = — 6, y =  4, 8 =  5.

2.0. a = { — 4, 3, — 4}, 6 =  {3, — 5, 6}, 
c =  {7, 2, 1}, d =  { - 9, -16 , 12}; 
a =  6, p =  4, y =  2, §.= - 7 .

2.10. a =  {4, -7 , 4J, b =  {-3 , 2, 1}, 
c =  {9, 5, 3}, rf =  {10, 13, - 8}.
o =  7, P =  2, y = - 6, 8 = - 5 .

2.11. a =  {— 4, — 2, 7J, ?= { —3, 3, 4}, 
c:= { _ l ,  1, 2}, d =  {2, -14, 0}; 
a  =  3, P=  — 2, Y=  5, 5 =  3.

2.12. a =  { — 7, 4, -3}, 6={2, -5 , 1}, 
c =  {5, 3, 2}, d= {3, 12, 1};
o =  3, p = - l ,  Y— 5, 8 =  4.

2.13. a =  {6, -2 , lj, b = {- 2, 7, -5}, 
c*={3, 5, 4}, d =  {— 5, 26, 5};
a =  6, p =  2, Y=  —3, 8 =  7.
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2.14. a
c
a

2.15. a
c
a

2.16. a
c
a

2.17. a
c
a

2.18. a
c--
a

2.19. q =
c = 
a =

2.20. a  =

c = 
a  =

2.21. a =
c = 
a  =

2.22. a =

c =  
a =

2.23. a = 
c =  
a  =

2.24. a = 
c =  
a =

2.25. a =

a =
2.26. a =

c =  
a  =

2.27. a =
c =  
a =

= {- 3 , 4, 5}, b =  {5, 1, -2},
=  {7, 2, 1}, 3={10, 17, 15};
=  5, P=  —2, v =  3, 6 =  4.
={1. 7, 2}, b =  { - 3, 4, -5},
={1, 3, 6}, d =  { - 8, -10, -10}; 
=  4, p =  2, 7 =  3, 8= - 5 .
= {- 5 , -3 , - 1}, £={3, - 6, 2}, 
=  {-2 , 1, 3}, d =  {7, 22, 2};
=  2, p =  5, 7 =  — 3, 8 =  4.
=  {2, -4 , 5}, £ = {-3 , 1, - 8}, 
={4, 2, 3}, d =  {5, 15, -1},
=  1, p =  5, 7 = -3 , 6 =  2.
= {- 1 , -3 , 4}, b = {- 3, 2, 1}, 
={6, 1, -3}, d =  { - 3, -19, 14}; 
=  2, P =  — 1, 7 =  3, 6 =  4.
= {1, - 2, 5}, S = [ - 2, 4, 1},
= {3, 1, -'3}, d =  [U, 6, 5};
=  1, p =  3, 7 = — 4, 6= — 2.
={3, -4 , 2}, £ = {- 1 , 2, -3}, 
={5, 3, 1}, d =  { 11,-26, -9};
= -2 , (3 =  3, 7=  -3 , 8 =  6.
= {4, -5 , -3}, S= { — 2, 3, 1},
= {3, -1 , 2}, d =  {26, -23, -1}; 
= 2, p =  4, 7 =  -3 , 6 =  5.
= {-5 , -4 , 0}, £={4, -3 , -2}, 
={0, 2, -3}, rf={6, -14, -17}; 
= 5, p =  1, 7 = — 2, 8= — 3.
={4, -3 , 5}, b =  { - 2, 1, -3},
= {6, 1, 2}, <?={ — 6, 11, -12};
= 5, P =  2, 7 =  1, 8= — 4.
={-4, 3, 5}, S={2, 7, - 3},
={-3, 0, 1}, d = { - 7, 37, 4};
= - 2, p=  —4, 7 =  2, 6 =  3.
={-4, 0, 3}, S = {- 7 ,  - 2, - 4}, 
{3, 1, 2}, 3={0, 5, 22};
■2, p=  -5 , 7 =  -3 , 8 =  4.
{2, - 1, 0}, f= {- 5 ,  - 3, 4},
{1, - 1, 1}, d =  { - 3, - 2, - 3};
3, p = — 2, 7 =  —4, 6 =  5.
{3, -2 , —4}, S = { - 2, 5, 0},
{1, 3, 4}, d =  {7, 10, -12};

4, P =  — 6, 7 =  2, 6 =  5.
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i (.28. u~|- It, 3, — 1J, b =  )2, —3, — 5},
! 1, 1, 2}, d =  {— 1, -5 , — 15};

a 1, P = —3, 7= —2, 6 =  5.
2.2H. |4, 5, -3}, S= { — 3, 0, - 2}, 

r ~(2, -1 , 4}, d =  {3, 1, 7}; 
a - - 1 , P =  4, 7 =  3, 6= - 2 .

a {2, -1 , 3J, £ = {-3 , 5, 2}, 
r =  {5, 4, 1}, d =  {— 10, — 11, 11}; 
a =  6, p =  3, 7 = — 4, 8= — 5.

.1 A l iC D  nHpaMHiiaHHHr yn jiapn  SepHJiraH .
i i ) I liipaMHflaHHHr SepmiraH K,nppaJiapn opacHAarH Syp^aK 

Nih miivi'hiih TonHHr;
0) mipaMHAaHHHr SepHJiraH erw io3h hh  TonHHr;

:».I . A (6, -4 , 1), B  (6, 3, - 1 ) ,  C (2, 5, 7), D (- 4 , -2 , 3); 
a) AB  Ba AC, 6) DBC.

3.2. A (6, 4, - 7 ),  B  (5, 7, - 4 ) ,  C (- 5 , -4 , 2), D (4, 2, 3); 
a) SC  Ba BD; 6) ACD.

a.;}. A (- 2 , 8, 7), S  (6, -2 , - 3 ) ,  C (8, 2, - 3 ),  D (3, 5, 3); 
a) C4 Ba CD; 6) S4D.

3.4. 4 (4, 4, 3 ) ,S  (2, - 4 ,5 ), C ( — 1,3 —4 ),D  (4, -7 , - 9 ) ;  
a) Di4 Ba DB; 6) 4BC.

3.5. A (- 5 , -3 , 2), B  (4, -2 , - 4 ) ,  C (5, 7, 2), D (1, 3, 4); 
a) AB  Ba /4D; 6) CBD.

3.6. y4 (- 5 , 6, 4), B  (- 6 , 2, 4), C (9, -5 , 3), D (7, 2, - 8 ) ;  
a) BC  Ba B̂ 4; 6) D/1C.

3.7. A (1, -9 , 7), B  (3, -5 , 1), C (- 9 , 3, - 5 ) ,  D (2, 4, 7); 
a) CB Ba CD; 6) 4BD.

3.8. /I (4, -2 , 9), B  (3, 5, - 1 ) ,  C (5, 1, 7), D (- 6 , -3 , 5); 
a) Dt4 Ba DC; 6) 4BC.

3.9. A (4, 1, 2), B  (1, -5 ,4 ), C (9, -7 , - 6 ) ,D  (- 1 , -5 , - 2 ); 
a) AC Ba i4D; 6) BCD.

3.10. /4 (2, -5 , 1), B  (3, -6 , - 7 ) ,C  (- 9 , - 6 ,7 ) ,D  (7,2,5); 
a) BD  Ba BA; 6) CAD.

3.11. A (2, -5 , —3), B (9 ,7 ,3), C (8,7, 1 ),D  (- 2 , - 1 ,7 );  
a) CA Ba CB; 6) v4BD.

3.12. /4 ( -7,4, 3 ),6  (0, -4 ,8 ), C (- 3 , 1,5),D (- 5 , -6 , - 7 ); 
a) DB Ba DC; 6) ^BC.

3.13. /I (- 9 , 2, 6 ),B  (- 7 ,2 , 3), C (5, -6 , — 4),D  (4, - 4 ,5 ); 
a) AB  Ba >4C; 6) DBC.
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3' 14' \  ( ^ 3, ° ’ 4 )’ B  (8’ ~ 6> 5)- C (4- — 4- — 3). D (6, 3, 5 a) SC  Ba BD; 6) A CD. [
3‘15' 8’ 2)’ B  ( - 8 ’ 2’ 4 )’ C ~ 7’ 5>’ D (5- 4, - 6  a) C4 Ba CD; 6) BCD.

3'16' \  9 )’ B  (8, ~ 5’ ! )> C < ~7- 5> - 3 ), D (4,2 5a) ZM Ba DC; 6) BAC.
3.17. 4̂ (5, 1, 6), 5 (- 6 , 7, 5), C (2, 1 ,3 ),D (- 3 , -5 , - 4  

a) >4C Ba /ID; 6) BCD.
3.18. /I (1,2,3), B  (3, — 3, 2), C (7, - 5 ,4 ), D (- 3 , -7 , - 4  

a) BD  Ba 5,4; 6) C4D.
3.19. A (4, — 3, 1), B  (0, — 3, — 5), C ( — 3, — 2, 1) D (9 4 7 

a) CA Ba CB; 6) ABD.

3 ' 20 ' a ,  V i  (AV c  ' h C a 2 ' ~ 4 h 0  ^  ~ 5 ' 3 >

3' 2 ‘ - a / j l t V - ,  8 }  c J b 61 ' C  ^  - 4 . - 5 ,

3'22' A (^ 7,6, 1 l}> C (3’ ~ 2’ - 6).-0 (6, - 2 ,3 )a) SC  Ba BA; 6) ACD. ’

3' 23 ’ a ,  f t j D 3, 2>' C  <3' ~ 5 ' ~ 4 ) ' °  <8’ 5 ' ? »

3'24' %  (d a \ : S’ 2 ) ’ c  "■ - 5' 3hD) (3- 6 ' - 4)

3' 2 S - a ,  4)> C  ( ~ 5 ' 3 ' 0  <2 ' 4 ' 31

3'26' A C4, ~ 2,8), 6 (- 2 ,2 ,3 ), C (6,4, 1 ),D  (- 4 , -3 , - 5 ) 
a) BC  Ba BD; 6) ACD.

3.27. A (- 3 ,  2, 4), B  (- 2 , 5, 3), C (4, -2 , - 3 ) ,  D (1 4 2)
a) CA Ba CD; 6) S/4D.

3.28. /4 (- 4 , 4, 3) S  (4, -3 , - 2 ) ,  C (6, 4, - 1 ),  D (1, 3, 1)
a) DA Ba DS; 6) CAB

3' 29 - a , (y B ‘ ^ ^ ’ C « - 3 ' 5 - 2 > ^ ( ^ ' - 7 )

3'30' a) 3' ~ 2 )' C 2' "•  °  (5' 4’ 3)

2- H O M ynaeuu  %uco6 Tonm upur^Aapu

1 .a ,  b, c BeKTopjiap 6a3HC xochji khjihiuhhh TeKUIHpHHr. d 
BeKTopHHHr uiy 6a3HCflara eHHJiMacHHH TonHHr:

1.1. a =  {0, 3, 1}, 5 = { l ,  - 2 , 0}, c = {l,  0, 1}, d =  {2, 7, 5}.
1.2. a =  {— 1, 0, 1}, B={3, — 1,2}, c={0, 1,5},3={8, - 7 , -13}.
1.3. a={4, 0, 1}, b =  {3, 1, -1 }, c =  {0, - 2 , 1}, d =  {0, - 8 , 9}.

1.4. a =  {l, 2, -1}, b = { - 3, 0, 2}, c =  {l, 1, 4}, d =  (-\3, 2, 18}.
1.5. a = ( - l ,  1, 1}, b={3, 2, 0}, ?={1, -1,2}, 2={11, -1 , -4}.
1.6. a = {2, -1 , 0}, b = { 1, -1 , 2}, c =  {0, 3, 1}, 3 = {— 1, 7, 0}.
1.7. a =  {4, 2, 1}, b={ 1, 0, 1}, c =  {2, 1, 0}, d={3, 1, 3}.
1.8. a =  { — 3. 2, 5}, fe =  {l, — 1, 0}, c =  {2, 1, 0}, d = {—9, 3, 15}.
1.9. a — {1, 3, 0}, b =  {0, - 2 , 1}, c =  {l, 0, 1}, d =  {8, 9, 4}.
1.10. a =  {— 1, 1, 0}, b =  {3, 2, -1}, c =  {0, 5, 1}, d =  {5, 0, -3}.

; M l .  a =  {4, 1, 0}, 6 =  {3, -1 , 1}, c={0, 1, -2}, 3 = {1, -4 , 1}.
1.12. a =  {l, — 1, 2}, 6 =  {— 3, 2, 0}, c =  {l, 2, — 1}, d =  {8, 8, 7}.
1.13. a =  { - l ,  1, 1}, b = {3, 0, 2}, ?={1, 2, -1}, d =  {8, -5 , 7}.
1.14. a =  {2, 0, -1}, 6 =  {1, 2, -1}, c =  {0, 1, 3}, d =  {5, -4 , 5}.
1.15. a =  {4, 1, 2}, b={ 1, 1, 0}, c= {2, 0, 1}, d={3, 5, 0}.
1.16. a =  {2, 5, -3}, ? = {— 1, 0, 1}, c =  {l, 0, 2}, 3 = {— 3, -5 , 7}.
1.17. a =  {l, 0, 3}, b = {0, 1, -2}, c =  {l, 1, 0}, 5={7, -1 , 19}.
1.18. a = {0, — 1, 1}, £ = {— 1. 3, 2}, c =  {l, 0, 5}, 3 =  {5, -15, 0}.
1.19. a =  {l, 0, 4}, S={— 1, 1, 3}, c =  {l, -2 , 0}, 2 =  { —6, 2, 0}.
1.20. a =  {2, 1, -1}, 6 = {0, -3 , 2}, c =  {l, 1, 4}, 2 =  { —6, -14,

-9}-
1.21. a =  { 1, 0, 4}, £ = {— 1, 1. 3}, c =  {l, -2 , 0J, d =  {0, 7, 29}.
1.22. a =  {2, 1, — 1}, 6 =  {0, —3, 2}, c =  {l, 1, 4}, d =  {4, —9, — 14}.
1.23. a =  }2, 0, 3}, 6 ={1, 1, -1}, c =  {— 1, 2, 1}, 5 =  {— 11, 11, 

-14}.
1.24. a = { l , —2, 1}, £ = {— 1, 0, 2}, c =  { — 3, 1, 0}, d =  {16, — 19, 

10}.
1.25. a =  { 1,0, 2), b= {3, -3 , 4}, c =  {0, 1, 1}, d = {— 16, 13, -25}.
1.26. d= {3, 1, 0}, b =  { 1, 2, 2}, c =  {l, 0, -1}, d =  {6, 7, 9}.
1.27. a =  {l, 0, -1}, b={3, -1 , 2}, c =  {0, 1, 5}, 3 =  {— 11, 10, 1}.
1.28. a =  { 1, 0, 4}, b =  [- \ ,  3, 1}, c =  {l, 0, -2}, d = { -  1, 15, 33}.
1.29. a =  {l, 2, -1}, $ = {— 3, 0, 2}, c =  {l, - 1- 4}, 3 =  { — 7, 16, 

-25}.
1.30. a =  {l, -1 , 1 },?= {2 ,3 ,0 },?= {-1 , 1, 2}, d =  { 1, -4 , 10}.

2. A, B Ba C HyKTa Jiap hhht KoopAHHaTajiapH SepHJiraH.
i n) ci ua b BeKTopjiap opacHAara Syp^iaK KocHHycnHH;
I a J_)_p5 BeKTopHHHr a BeKTop HyHaJiHixiHAarH npoeKUHHCHHH
•; Toiihiii •'

2.1. A (9,_J_p, 1)^_S (7, 6 ^ 1 ) ^  (4, 0, - 4 ) ;  
d— 2AB — 3AC, b =  4BC + AC; a = l ,  P =  2 .

2.2. A (0,^2, l) ,_ f l. ( l,  2, OX, C (0^3, - 1 ) ;  
ci=3^1C +  3SC, b = 2AB +  5BC; a =  — 1, P = 2 .
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2.3. A (0j_4, 8)^6 X ~ 5’ 4- - 2)i-C ( _ 1 * 4’ 
d = A B - A A C , b =  3AC +  2 A B ;a = - 2 ,  p =  3.

2.4. A (3, 0, 1), B (- 2 , 3, 2), C (1, 1, - 2 ) ;
a =  3BC — AB, b =  6BC +  5AC; a =  2, p= — 3 .

2.5. A (4, 1, - 3 ^ 5  (5, 1, - 2 ) ,  C (- 1 , 3, 3); 
5 = 4 4 C -2 C B , 6 =  7,4B +  5BC; cc =  p =  3.

2.6. A (4 J^  1 ),JL (3 , !• 2)' C> (°> ~ 2);
a =  3BC — 4C4, lb = 6B/f— AC; a =  3, p =  2 .

2.7. 4 (- 3 , 4, ^ 5 )^ 5  (0, 1, - 2 ) ,  C (- 1 , 2, 3); 
a =  4AB — 3BC, b =  b C J~ 2 B 'A ; a =  -2 , p =  5 .

2.8. A (7!_5i  — 2)UjB.(6, 0 J ) ) ,  C (7, 2, 2); 
5 = 4 4 B - 3 B C , 6 =  2CB + 5/4C; a =  —4, p =  2 .

2.9. ,4 ( — 3j_ -7 , - 3 ) ,  B  ( — 1, —3. - 1 ),  C (2, 3, 
d= 2BC  — 5AB, b =  5AC— CB; ct =  —3, p = l .

2.10. A (2 ^ -1 ,_8i, B  (3,J^  7), C (2, 0, 7);
a =  AB — 3BC, b =  6CB — 2AC; a =  5, p =  6 .

2.11. A ( — 1̂  - 1 J J ) ,  B  ( 4 ^ - 1 , 2 ) ,  C (0, -1 , 1) 
a =  6BC +  2,4B, 6=24C — 5i4fl; a =  — 4, p =  3 .

2.12. A ( — 4, £ 2 ),  B  ( 3 J ,  0^_C (0, 3, - 4 );  
d=3AB-4AC,~b =  2BC +  5CA; a =  3, p= '— 6.

2.13. A 4 ) ,_ B J- 2 ,  U_5), C J .- 1 ,  3, 3);
a =  4A C -2BC , b = 2AC +  3AB; a — —5, p =  3 .

2.14. 4 (4!_2t 6),jB^(2, 2, 8), C (-^4, 2, 0);
a =  5AB — 7AC, b =  2BC + 3BA; a =  9, p=12 .

2-15- ^ (15^ — 1_21_0), B  (6, — 3, 0), C (9, — 6, 3); 
a= A C  — §BC, ~b =  AB-\-3BC; a = —7, p =  6.

2.16. A ( — 1̂  -5 , - 2 ) ,  B  (0, — 6, 4), C (- 1 , -8 , 
a =  3BC +  5AB, b =  5A C -3A B; a = —3, p =  4 .

2.17. A ( - J .  — 10  ̂—5), B J 1, —6, —3), C (0, 0, ' 
a =  2BC — 3AC, ~b =  4AB -\-3AC; a =  4, p= — 6 .

2.18. A (~3±3, JX ,  B  ( — 2̂  3, 6)^C (- 3 , 2, 6); 
d =  4AB +  AC, b =  2BC — 3BA; a = — 3, p =  8 .

2.19. A (2,_^2, - 8 )^ B  ( 5 ^ - 2 ^ 4 ) ,  C (1, -2 , - 
a =  5 A B-3 BC , b = 4CA + AB; a = - 4 ,  p = l .

2.20. A (l,_2i 4),_B^(— 4, j^ l ,  6)_JC (- 1 , 1, 2);
a =  3C A-2AB, b =  2BA + 4 C B ;a  =  3,$=  - 5 .

2.21. A ( U J ,  4_)i _ B J - 2 1_5, lh_C  (- 1 , 3, 3);
a =  AB +  AC, b =  2 BC -3 A B ; a =  3, p =  — 4 .

2.22. A (0 J^  —2l^ B  (3, U_2), CJ.4, 1, 1);
a =  2AC + 3BA,b = 3BC — 4AB; a = — 2, p = 6.
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2.23. A (6, -8 , 10}., B  (°>-^2, 4 V C  (2’9
a =  3AB +  QCB, b =  2A C -5A B ; a =  2, P - 8  .

2.24. A (0, 3 ^ 2 ),_^ (- 2 , -1 , (- 5 , 3>’ 
a==5BC — 2CA, b =  QAB +  4AC; a =  -2 , P-i> ■

2.25. A ( — U 4, 6), B^(0, ^ 5 ) ,  C j —
d=8AC — 4AB, b =  2BC — 6AB, a — 3, P

2.26. A ( 1 ^ 2 ,  3 J_ J i (4 ,  ^ 2, ^  C_ (° ’ “ 2: 4);a =  2>4C +  3^B, b =  3AB — 4BC; a — 2, p 1.
2.27. v4 ( — 1, 1, C ^ 7 3’ 2’

a =  4AB — 3BC, b =  4 C + 4 B ; a =  4, p = — 6.
2.28. A (1, 1, 4 ) ,_ B J  — 2- 3’ ? R _ f i  a =  2A C -3BC , b =  2 A B +  5CA; a = -2 , p - 6 .
2.29. ^ ( - J3 ^ - U j r 2 ) ,  - 1 ) .  C ^ 4_ 1 , 2 )’ a =  3BC — 4v4B, fc =  2v4C +  3BC; a — — 6,P  —4.

2.30. >4 (5, — 4i_3), B (2j j r l, 0 ) ,C  (3, -2 , 1);
b =  2A B-3C A ; a = - 5 ,p  =  3.

3 Arana 6 a B Jiap Ma-bJiyM 6yjica, c\ =  aia +  $\b Ba c2 =  a 2d +  fab
Itl'KTOpJiap^HHT KCWIJIHHeap 6yJlHLOH-6yJlMaCJlHrHHH TeKUIHpHHr.

3.1. 5={4, -3 , 1}; b = {- 5, 0, 2}; a, =  -2 , p, =  5; a*=  -  5, P> =  2.
3.2. 5 = {- 3 , 0, 5}; b =  { - 7, 2, 4}; a, =  -2 , p, =  6; a 2=  -3 , p2-6 .
3.3. a =  {0, — 1, 2}; 6= {4,3,-l}; oi =  -3 , pi =  l; « 2-  2,. P2 ■
3.4. a =  {7, 1, - 3}; M B ,  0,5}; a. =  -9 , p. =  12; a 2= -4 , P2-3.
3.5. 5={8, 3, -1); 5={6, -1 , 2}; ai =  -5 , p. =  2; a 2=  -2 , p2-5 .
3.6. M 3 ,  -1 . 0}; b =  {9, 2, 4}; a i= - 3 ,  p.=4; a 2 = 4,
3.7. a =  {-2 , 1, 7}; b =  {3, 5, -9}; ai =  5, pi=3, a2-  1, P2_2 .
3.8. M 7 ,0 ,6 } ;£ = {- 2 ,- l ,5 } ;a i  =  4 ,P i- - 6 ;a 2 -  J 2 J 2  =
3.9. a = {—6, -7 , 3}; M 4 ,  -1 . 2}; a. =  -2 , P i—3; ow- 3, ^
3.10. a =  {— 1, 6, 4}; b =  {0, 7, 3}; a, =  -7 , p i-5 , 02-2, p2 ■
3.11. a={5, 3, 7}; b={4, -2 , 1}; ai =  l, P' — — 2; a2~  _ 3’ ^  ’

. 3.12. a =  {10, 7, 5}; ?={6, -1 ,3 }; ai =  l, P i - - 2 ,  02- 2, P2 •
3.13. M 3 ,  1, 4}; M -  1. 3, 8}; a, =6, p. =  -  10; o2=  - ^ P ^ - 5-
3.14. M 3 ,  4, 6), M — 2, 0, 5}; a, =4, p, =  3; a2 — 3, p2-
11.15. a =  {3, 4, 5}, M - 2 ,  9- ^  a ' =  4’ Pi =  - 1; “ 2“  p2~  _
S.Id. M l ,  - 7- 2}> M - l .  2, - 1}; ai =  1, Pi =  -3 ; 062-  2, p2 b.
8.17. a =  {4, -3 , 1}, M O ,  7, 3}; o, =  l, P. =  2; a2= - 2 ,  p2- 4  
S.IN. a =  {2, 5, -3), M - l ,  7, -2}; a, =  2, p, =  3; o2 =  3, p2- i .
3.19. a =  {l, -2 , 1}, b =  { 2, 3, 0}; «, =  5, p, =  3; a ,=  -2 . p2-5 .
3.20. a =  {3, 2, 7}, b = {-  1, 0, 5}; a, =  3, P1- - 6, a 2-  , h
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3.21. a (0, -2, (ij, b •—{2, 4, — 1}; a, =3, p,= — 6; a 2 =  l, p2 =  — 2
3.22. « (5, 0, 1} A - l- 2 , -3 , - 2}; a, =  -3 . p, =  - l ; a2 =  9, p2 =
3.23. -  1, 2 , 6 =  { -  1 , 4, 3}; a, =  I, p, =  -  2 ; a 2 =  -3 , p2 =  6.
3.24. a«= 0. -- 1, 3| 6 =  {5, -2 , 1}; a, =  1, p, =  - 2; a 2=  -2 , p2 =  4. 
3.2*. a =  {— 1, 1, 1], b =  { - 2, 4, 1}; a, =2, p,=4; a2= l,  p2 =  i 
3.26. a =  {7, 9, 5}, b =  (4, 5, 3}; a, =  -2 , p,=3; a2= l,  p2= - 2 .
o'oe' “ Z l  1 ~ 1; 2l l6 = <-3’ 2> l}:« i =  - l , P i = 8; a 2 =  3, p2 =  4.
?*2Q “ l  ’ 7  ’ o ’ 4’ ~ 2}: «> =  - ! .  P>=2; “ 2 =  3, p2 =  5.3.29. a —{5, 3, —2}, b =  { 1, 0, 1}; a, =  — 1, p,=3; a 2 =  2 p2= l
3.30. a = {- l ,  0, 3}, B= {3, -2 , 1}; a, =3, p, =  - l ;  a2 =  4, p2 =  2.

4. a, 5 Ba c BeKTopjiap KOMnjiaHap 6yjinm-6yjmacjiHrHHH aHHKJiaHr:
4.1. a=={9, 5, 8}, B= {4, 3, 3}, c =  {5, 3, 4}.
4.2. a =  {6, 11, 8}, b= {0, 1, 1}, c =  {2, 4, 3}.
4.3. a =  { ~ 4, -1 , 2}, 6 =  {-7 , -3 , 1}, c =  { - 6, -1 , 4}
4.4. a =  {4, 2, 4}, £ = {-5 , -4 , -5}, c =  {0, 1, 3}.
4.5. a =  { 1, 1, 1}, * =  {6, l, 8}, c =  {3, 0, 3}.
4.6. a =  {8, -3 , 1}, 6={3, 0, 1}, c =  {4, - 1, 1}.
4.7. a =  {2, 1, 2}, 5 = {— 1, -2 , -1}, c =  {4, 3, 6}.
4.8. a= {6, 2, 6}, £ = {— 9, ^4 , — 9}, c =  {l, 1, 4}.
4.9. a =  { - l ,  0, 3}, £= {6, 7, -4}, c =  {3, 3, -3}.
4.10. a = {- l ,4 ,  -2}, B = { - 1, 2, 0}, c =  {-5 , 10, -7}.
4.11. a =  {2, 2, 2}, £ = {-1 , 0, -1}, c =  { 1, 3, 2}.
4.12. a = { - l ,  1, 3], B= {4, 3, 2}, c =  {l, 2, 3}.
4.13. a = {l, 1, 1}, £ = {— 1, 1, — 1}, c =  {2, 5, 1}.
4.14. a =  {4, 3, 2}, 6={1, 2, 3}, c =  {-3 , -1 , -1}.
4.15. a =  { 1, 1, 1}, 6 = ji, —2, 1}, c =  {l, 3, 3}.
4.16. a =  {— 1, 2, 5}, B= {0, - 1, - 2}, c =  {— 1, 1, 3}.
4.17. a = {2, 2, 2}, 6 =  {1, -2 , 1}, c= { 1, 3, 4}.
4.18. a = { - l ,  0, 2}, 6 =  {4, 7, 6}, c= { 1, 3, 4}.
4.19. a =  {3, 2, 1}, § = {-7 , -3 , 1}, c =  {l, 2, 3}.
4.20. a =  {l, 2, 2}, 6 = {— 1, 0, —2}, c = {2, 7, 3}.
4.21. a =  {17, — 6, 2}, 6 =  {1, 0, 1}, c =  {6, —2, 1}.
4.22. a =  {2, 1, 2}, £ = { _ l ,  -2 , -1}, c =  {4, 3, 6}. '
4.23. a = {4, 2, 4}, B = {— 1, —2, — lj, c =  {4, 3, 7}.
4.24. a = {— 1, 0, 2}, 6 =  {5, 7, 4}, c={2, 3, 2).
4.25. a =  {4, 2, 4}, £ = {-1 , 0, -1}, c =  {4, 3, 5}.
4.26. a =  {3, 4, 2}, £= { — 3, —2, —2}, c =  {5, 10, 3}.
4.27. a —{4, 7, 6}, £={1, 3, 4}, c =  {—3, —4 —2}
4.28. a = { - 2, 3, 8], B = {~  1, 0, 1}, c =  [ - l ,  1, 3}.
4.29. a =  {2, 1, 2}, 5 =  { — 3, — 3, 3}, c =  {2, 2, 4}.
4.30. a =  { 1, l, l}, 6 =  {5, 2, 9}, c =  {2, 1, 4).
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( P M !  HH HI V'l.'Ki t>" '1. H, (>, I)  ftopujiraii.
M fiM rN tl K̂. hi m ini, ft) iinp;imn/iaiihiip / KHppacH Ba SepHJiraH 
if lt IH  9 1 y h 11 m KcciiM io:mim; ii) nn pa MH.ua hhht x,3>kmhhh

1, 1), D(0, 2, 1); 

, I), /)(2, 0, 1); 

, 0. I), />(— 3, 2, 1); 

r». 2 ) ,  / ) ( - l ,  10, 3 ) ;  

, 2, I), l){\, 2, - 1 ) ;

, I ).  />(  I .  3 , 0 ) ;

. 4 ) .  />{«). 3, I ) ;

, 0), />( -I, -1 , - 2 ) ;

■1, 1 , 2 ) ,  D ( 6, - 5 ,  - 3 ) ;  

(0,  - 6 ,  5 ) ,  D( —  3,  - 4 , 2 ) ;

0, M), /(( 1,1, (I), /,’(2, 
ft) I — A I ) ,  I i  h;i C.

, 9). « ( l .  2. 2). C( I, 
'CD, ft) /*/M, C im I) 

ft, 0), /i((». I, 2), C( 
*■)’ AGP, A) l~CH, A iui I) 
Avi, 1.1), m  a, o, id, c i 
«) AMOi A) I**Cl), A mi Ii.
4 { l ,  - a ,  7), in  i, o, 3), a  
«) AMG1 fl) Im BO , 4 IUI C.
“  * l ,  j l ) ,  A ( 5 ,  - i .  2 ) ,  c n  

imAc, n *»« i).
()* l ( t ,  o , «), r:ta.
|lr|p4i, G NM 11

i, ;i), f ;(2,llii;.. «... »,t iff, A m  I)
#( — I, ~ 3, ()), c  

'{ 9) f**Gb< A mi a
3,3,

}0 | ;0) ImAD, Ii mi C
■.I, «, - 4 ), /i(l, 0, I), 6’ (1,  2, 2), D (6, 3,  1) ;

I )  AGO, ft) I- H I) ,  A mi C.
•iltf. (4 (-4 , 2, r*) , li(H, 5, — 10), C(0, -3 , 2), D (6, 2, - 4 );

a) ABt)\ ft) / - / i c ,  n mi d.
1. 18.  <4(1,  2, - 4 ) ,  / i  (1,  3,  3 ) ,  C (  —  2, - 1 ,  7 ) ,  D (4,  2, 7 ) ;

«) AHC\ ft) I^ A l) ,  B Ba C. 
f t . M.  / I  ((>, - 3 ,  - ( > ) ,  B ( 2, - 3 ,  - 7 ) ,  C (2, 5, - 1 ) ,  D ( 4, 1, 2);

II) net)-, ft) l = AB, c Ba D.
. 1 . 1 5 .  A (7,  (i, - 1 0 ) ,  B ( - 3,  6, 3 ) ,  C ( - 3 ,  0,  - 6 ) ,  D (2, - 5 ,  - 1 ) ;  

h) ACD\ 6) l =  CB, A Ba D.
A (3,  — 6, —  1) ,  / ? ( —  9,  — 5, 1) ,  C ( 5 ,  3,  —  2 ) ,  D (  —  1, — 1 , 0 ) ;  

n)  A li i) ;  6) l =  CD, A Ba B.
J , I 7 .  A(\, 1, - 1 ) ,  B  (4,  2, 1) ,  C ( 0 ,  5,  2), D( 0, 2, 5 ) ;

n) ABC; 6) l =  BD, A Ba C.
I . I H .  A( —  7, 9,  - 1 0 ) ,  B ( - 6, 0,  5 ) ,  C ( l ,  2, 1) ,  D ( - 2, - 1 ,  2);

n) BCD; 6) l =  AC, B  Ba D.
».!»• A (6,  - 4 ,  1) ,  B (  — 4,  -8 , 4 ) ,  C ( l ,  7, - 1 ) ,  £ > ( - 4 ,  0,  - 2 );

a) ACD; 6) l =  AB, C Ba D.
A.K0. / I  ( —  1 , 2 ,  — 2) ,B (  —  3, - 6 ,  — 2 ) , C (2,  - 3 ,  - 5 ) , Z ) ( 5 , 4 ,  14) ;  

a) ABD; 6) l =  BC, A Ba D.
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“ ' ' . o ' l ' a r  ■ m*/' %  •'i» - », 3>, £>(o. 2, i );
■ .... . ”  rt) A aa H.

" ( ! .  2, 3), C( — 1, 2, 1), D (2 -1  2)- 
} l*» M l  B  na C. (

; °; ” l , t  ^  - 2. 2), co, 1, _ n  m 2 1 n -  
.1) AC/); ft) a  Ba C. [ ’ ’ } ’
A( 3, 5, 7), /i(7, 3, 6), C( — 2 1 4) £>n 3 

 ̂ *) A/if); 6) i^ A C , B s a D  ( ’ 3’ 2 )’

2 c c a  *  "•  * - ' •  ' • *  

c , i  «•
/1 (4, 5, 2), B ( 0, —2, —5), C( — 4 5 1) D ( — 7 4 cn

a) ACD; 6) /= C S, ^ Ba D *' ( ’ 4’ ~ 3);

f  * a  ^  * > - > •  *  - » «  

c<0’ '• - 2»’ ^  «>= 

W i )  f c f t H ) V 2 - a c ! J L ' b 21’ C (3 ’ “ ■ - 2 )' D <‘ - ■) =

J
' 7- §. TeKHCJiHKHHHr TeH rjiaM acH .

TeKHCjiHKHHHr yM yM HH TeHrjiaM acHHH  reK o iH pH iu  
1 yppn HHSHKHMHr TeHrjiaMacjH

„ „ 3 ™  " * " « ■

Ax + By +  Cz + D = 0. 

by'Teiir.;i,-JMa TeKMCJiHKHHiir yMyMuuremAaMam Jiemjiam  Bv en/ra /J

Koop/wnaTajiapHAHp. TeKHCJiHKHHHr $33043™ xoLara A R r  Jn E h !^  
U H em jiap H  Ba 030A>\aflHHHHr KH H M ST JiapH ra S o f j ih k  X y c y c a H , a ra p :

J ia p  A x  +  B y  +  C z  =  {) Qa TeKH C JIH K  K o o p A H H a ra -

h a p L L e i '  6 ^ ' Ca’ * * * "  V + ^ + ^ 0  Ba  Te M K O z y KHra 

riap a L ie j i  e y ^ / i n T '  y XOJ.nva Ax +  C z  + D =  0 Ba tc k h c j ih k  O y  yK H ra

B y+ C z  +  D =  0 Ba «  0 ,  yKHra
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ik.h opKa!iHD ^TaflHC ~ °  6^ Ca’ y  A x  +  B y  =  0 Ba TeKHCJIHK Oz

vkh opKa jiH °^ T aA H 0 &^JlCa’ y XCMfla Ax +  Cz =  0 Ba tck h c jih k  O y 

vkh opK^ ,iH °’v-raAH °  6 y jlc a ’ y  xa,,/la %  +  Cz=0 Ba tck h c jih k  Ox

h nop ah iffnavi ̂ ^ tciwT jw  th ra°na o f ^ K  “  T6KHCJ1HK °^ 2fiy^aAH; ' x y^^a nepneHAHKyjinp)

* oopaH H aTaji'ap t I k h c ™ ™  ra  n a p a S S  f h it o = “ °  33 T6KHCJTHK 0 x 2  rtyjia^H; napajijieji (era O y yKKa nepneHAHKyjinp)

s „ » a T S p : ■ „ > ™ ^ 0yce™ y s " m

tc k h m h k  O yz  TeracjjHK (S h ^ h  y c T M ^ y c r  ' ' = °  “

q  "  6ep“ ra"  »•

A(x x0) -j-B(y— y0) + C (z  — zQ) =0;

6) TeKHCjiHKHHHr KecM ajiapra HHc6aTaH TeHrjiaMacn

± + JL + ^ { 
a b c

KecMajiapH;' "  “  TeK" CMKH" " r “ x  “ P »  Jm a p w a „  KecaiH raH

»yKTiMKP^ B V ra™ M H if 'T C H M aM a ™ :! ( *! ' ,/J’ ’ ■l

X —  X) y  — y { z _ 2.]

x2— jti y2—y\ z2—z\ 
X3 — xt y3—yi Z3 — Z1

=  0.

1 tin .,a Mi,( M P"  ''W‘"  yCyJ,1"  a KaPa6 V“ " " r

8 fH L™ 5p y ™ aHBeKT0?ra *sVaZ0W S » a" S F„ ^ BZ  “ a s" =|/’ “ • ^
u ja K JiA a ra  T eH rjiaM a Jiap n  P  qH3HKHHHr K 3 h o h h k



M.HI. tfm(o, H|t [2 ,| „,i|, ,, __M o-l i' , ’ W, “ i “ ■ *J, pi == —6; oc2 = 
<>. I), 3, —2); ai =  —3, f t ---

}■ £  2 : f v y , - * - * •  * k
» ■ » » •  H r ' r  : 4- l|: “ T 2' |il=4: « » -
.'I.W . a 4 - , ' V , T : ' * ' “ *  * - ' •

■ 3), A —{3, —2, I}; a i=3, p ,==_1; a2 =
'I. «, /; »a c BeKTopjiap KOMnjiaHap 6yjmm-6yjiMacmnim 

•■ • «-{9, 5, 8}, £={4, 3, 3}, c =  {5, 3, 4}.
4.2. 11, 8}, S = { 0, 1, 1}, c =  |2, 4, 3)
4.J. f l * {« 4i _ , ^ 2}; ^= {_ 7> _ 3j lj( _ i
4.4. a *  4) 2, 4}, b == {— 5, -4 , -5(, c =  {0, 1, 3\.
4.0. — 1, 1 , 1), 6 =  {6, 1)8}( c =  {3, 0, 3}.
4.6. f l » { 8, - 3) 1}, 6 H 3 , o, 1}, c = {4, - I,  1}

a-{2, 1, 2}, 6 =  { — 1, - 2) - I I  c =  {4 3 61
4.8. a®={6, 2, 6}, £ = {-9 , - 4, -9}, c =  { l ’ l ’ 4}
4.0. a —J— 1, 0, 3}, b=J6, 7, - 4}, c =  {3, 3, - 3}

* | T 2̂ ’ b =  {— l, 2, 0}, c =  { — 5, 10 — 71 
1= 2, 2, 21. b =  \-  1 n _11 r „  a « ’ }‘

4’ T 2?’ * =  { - ! .  2, 0}, c =  {- 5 ,
4. I. « H 2 , 2 , 2 ) J  =  H i 0 , - ! } , ? = { , ,  3, 2 }.
4 12. « H _ 1 , J , 3 ) ,  6 =  {4, 3, 2}. ?=={!, 2, 3}.
4 1.}. !, j K * = { _ ! ,  i, _ l K c =  {2, 5, 1}
4- 4. a » 4, 3, 2}, b =  {\, 2, 3}, c =  { _ 3) _ i ,  I n  
4.15. 1; J U  {1> _ 2j ,  )•

- 1 . 2, 5}, 6={0, - 1, _ 2 I  c =  \-  I 1 3! 
4.17. ,,^(2. 2. 21 £=/. _ o n r. 7 *  * h 1 3}'

2 , 51, b= {0, - I ,  -21, c =  (-  
4- 7. * ,- {2, 2, 2), M l ,  - 2, 1}> ?=={1> 3 4}
4. 8. « « { - ! .  0. 2}, b — {4, 7, 6}, c =  {l, 3, 4 
4-19. «= {3, 2 , 1}, b =  {-7 , _ 3, 1}, c =  {l 2 3)
4.20. « - { ! ,  2, 2}, £ = { - 1, 0, 2}, c =  {2, 7, 3}.'
4.21. « ~ ( l 7, - 6, 2}, b =  {l, 0, 1}, c =  {6, - 2  1!.
4.22. a =  {2 , |, 2), £ = { _ i  _ 2  _ n  ^ _ r 4 3 g,
4.23. a „ H, 2, y = ; _ h _ 2; £= g' *  «
4.24. „= ,) | ,o, 2|, 4-= (5, 7. 4|, 3, 2j. '
4.25. , 2 , 4)f „  ^  0i _

4.26. a:»{;}, 4, 2, 6 = { - 3, - 2 , -21 c-15 10 3!
4.27. |4, 7 , 6|, iT= 1, 3 4|. j = ( - 3  V
4.28. « - ( _ 2, 3, 8|, 0i i ,
4-29. ? - |2, 2), f  , _ 3, _ 3.3  ? 4 ,  2, 4
4.30. a =  { _  J, |, |}| =  2> 9}j -={2> ^ 4}

1, p2= _ 2 .  
a2=9, p2 = 

-3 , p2 =  6.
2, p2 =  4. 

1, p2 =  l. 
p2= — 2.
= 3, p2 =  4. 
= 3, p2 =  5. 

p2= l.
= 4, p2 =  2.
aHHKJiaHr:

5. nnpaMHAaHHur yMjiapw ,4, 6, C, D SepHJiraH.
a) KypcaTHJiraH eK io 3 h h h ; 6) nHpaMH/iaHHHr I KHppacn Ba S e p H Jir a H

H KKH Ta yHH il,aH  yT yBH H  KeCHM I03HHH; B )  n H p aM H A aH H H T  X,a>KMHHH
XHCoSjiaHr:

5.1. >1(1, 0, - 3 ),  f l ( - l ,  1, 0), C (2, -1 , 1), D(0, 2, 1); 
a) ABC\ 6) l =  AD, B  Ba C.

5.2. 4(0, 1, 2), 6(1, -2 , 2), C (— 1, 2, 1), D (2, 0, 1); 
a) BCD; 6) l =  BA, C Ba D.

5.3. A (- 4 ,  -5 , 0), 6(6, -1 , 2), C( 1, 0, 1), D( — 3, 2, 1); 
a )  ACD; 6) l =  CB, A Ba  D.

5.4. A (2, -1 , 1), 6 ( —3, 0, - 6 ),  C (- 5 , 3, - 2 ),  D ( — 1, 10, 3); 
a )  ABD; 6) l= CD , A B a  6.

5.5. A(\, -3 , 7), 6 ( — 1, 0, 3), C (—4, -2 , 1), D (4, 2, - 1 ) ;  
a )  ABC; 6) l =  BD, A Ba  C.

5.6. i4 (—4, 1, 3), 6(5, -1 , 2), C(2, 1, - 4 ) ,  D { 1, -3 , 0); 
a) BCD; 6) l =  AC, B  Ba D.

5.7. 4̂(5, 3, - 4 ),  6(1, 0, 3), C (2, — 1, 4), D (0, 3, 1); 
a) ACD; 6) l =  AB, C Ba D.

5.8. A (3, 7, - 4 ) ,  6 ( — 4, 1, 3), C( 2, 3, 0), D ( - l ,  -1 , -2)- 
a) ABD; 6) l =  BC , /I Ba D.

5.9. y4(—8, 2, - 5 ),  6 ( — 1, -3 , 0), C ( - 4, 1, 2), D(6, -5 , - 3 ) ;  
a) ABC; 6) l= CD , A Ba 6.

5.10. A (7, -8 , -10 ), 6 (- 3 ,  3, - 1 ),  C(0, -6 , 5), £>(-3, - 4 ,2 );
a) BCD; 6) l =  AD, B  Ba C.

•5.11. A (~ 3 ,  6, - 4 ),  6(1, 0, - 1 ) ,  C (l, 2, 2), D (6, 3, 1);
a) ACD; 6) l =  BD, A Ba C.

5.12. A ( — 4, 2, — 5), 6(8, 5, — 10), C(0, —3, 2), D (6, 2, —4);
a) ABD; 6) l =  AC, B  Ba D.

5.13. A (l,  2, - 4 ) ,  6(1, 3, 3), C ( - 2, -1 , 7), D(4, 2, 7);
a) /46C; 6) l =  AD, B  Ba C.

5.14. A (6, -3 , - 6 ) ,  6(2, -3 , - 7 ) ,  C(2, 5, - 1 ) ,  D( 4, 1, 2);
a) 6CZ); 6) /=^6, C Ba D.

5.15. 71(7, 6, -10 ), 6 ( — 3, 6, 3), C (- 3 , 0, - 6 ) ,  D (2, -5 , - 1 );
a) ACD; 6) l =  CB, A Ba D.

5.16. A (3, 6, 1), 6 ( — 9, -5 , 1), C(5, 3, - 2 ),  D ( -  1, -  1, 0);
a) ABD; 6) l =  CD, A Ba 6.

5.17. 4(1, 1, - 1 ),  6(4, 2, 1), C(0, 5, 2), D(0, 2, 5);
a) 46C; 6) l =  BD, A Ba C.

5.18. A ( - 7, 9, -10), 6 ( — 6, 0, 5), C (l, 2, 1), D ( - 2, -1 , 2)-
a )  6CZ); 6 )  / =  4C, 6 B a  Z).

5.19. ,4(6, -4 , 1), 6 ( —4, -8 , 4), C (l, 7, - 1 ),  D(-^4, 0, - 2 );
a) ACD; 6) l= A B , C Ba D.

5.20. A ( -  1,2, —2), 6 ( — 3 ,— 6, - 2 ),C (2 , -3 , — 5), Z>(5, 4, 14);
a) ABD; 6) l =  BC, A Ba D.
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. . ......... ........ ...... ......ii>i 1 1

x Xq y y  ̂ z Zq ^
1 =  m ~ ~  p ’

6) Typpn HH3HKHHHT napaMeTpHK TeHTJiaMaJiapH

X =  X q—(“  I t ,

• y  =  y (jJ r mt, 

z =  z 0+ p t ,

S y H f la  t — n a p a M e T p ;
b ) S e p H A ra H  h k k h  M \(x \ , y\, Z i)  B a  M i ( x 2, y~2, 2 2 ) H y K T a A a H  y T yB H H  

T y p p H  mh3h k  T e H r j ia M a c n :

x —xx y y 1 z zj 
x2 xj y2 y 1 z2 zi

r )  4>a3 0 A a r H  T y p p H  n H 3H K H H B r yM yM H H  T e H r jis M a A a p n :  

| A lx-\-Bly +  C xz-\- D\ =  0 ,

6yHAa
<V

By Typ p H  MH3HKHHHT f ty H a j i r a p y B n H  BeK TopH  s yuiSy

s =  rii X «2 =
i j k 

A, B, C, 
A 2 B 2 C2

OopMyjia SyftHHa aHHKJiaHaAH.
1.7.4. Ax-\-By-\-Cz-\-D = 0 B a  z — 0 T e K H C JiH K Jia p H H H r K e c n m n in  

MH3HPH Oxy T eKH C JIH K A a  eTyBH H

Ax + By +  C = 0

Typpn MH3HKA3H nSopaT SyjiaAH. By  TeHrjiaMa TeKHCJiHKAarn Tyrpu. 
nuau^Hum  yM yMud Tem jm M acu  AeftHAaAH. BepHJiraH TyppH HH3HKKa 
nepneHAHKyjinp SyA rsH  n =  {A, B }  BeKTop TyppH mh3hkhhht uopMaA  
eeKTopu AeftHJi3AH. TeKHCAHKAsra Typpn 4H3HKHHHr TeHrAaMaAapn:

3) S e p H J ir a n  M0(x0, y0) H yK T aA a H  yTybm h B a  S e p H A ra H  n = {A, B) 
n o p M a jl B e K T o p ra  s r a  T yp p H  h h 3 h k  T e H r j ia M a c n

A (x — xo) -|-B {y  — yo) =0;

6 ) T y p p H  HH3HKHHHP KaHOHHK TeH T JiaM aC H

x—Xq y —y0
I m '

tlyiiAa s ={/, m) — TyppH mh3hkhhhp ftyHaATnpyBnn BeKTopn, Mo(xo, 
i/i,) — Typpn 4H3HKAa eTyBMH SepHAraH HyKTa;

b ) TyppH  HH3HKHHHT S y p n a K  K03(j3(})HU,HeHTAH TeHTA3M aCH

y =  kx-\-b,

f iy i iA a  b — Typ p H  4 h 3 h k h h h t  Oy y K A a H  K e c a A H ra H  K e cM a cH , k T yp p n  
'1113HKHHHT S y p M 3 K  K O SC ^ H U H e H T H : k  =  t g a  ( o  T yp p H  MH3HK 6H A aH  
Ox y k h h h t  M y c S a T  fty H a JiH iiiH  o p a c H A s rn  S y p n a K ) ;

r) Mo(xo, yo) H yK T a A a H  y T y B n n  B a  k S y p n a K  K o a tjj^ H n n e H T Jin  Typ p H
l|H3HKHHHr TeHTJI3MaCH

y  —  yo =  k(x —  X o ) ; 

a )  T yp p H  4H3HKHHHT K e C M a A 3 p ra  HHC6aT3H  TeHTJI3M 3CH

fiyiiAa a  Ba b —  Typpn hhshkhhht KoopAHHaT3A3p yKAapHAaH
KecaAHraH KecMacn;

c ) SepHAraH hkkh M\(x\, y\) Ba M 2(x2, yi) HyKTaAaH yTyBnn Typpn
' i i i .’i h k  T e H rA a M a c H

x—x{ y —yx 
x2 — x] y2 — y

M hco j i :  M 0( — 2; 1; — 1) HyKTaAaH yTyBMn s =  { 1; — 1; 2} BeK- 
lo p l il II3paJIAeJl T y p p H  4H3H K TeH T A aM aC H H H  TO nHH T.

I:! ii h lu . s BeKTop Typpn nH3HKKa nsp3AAeA SyAraHH ynyH y Typpn 
MicdiKiiHHr ftyHa.i rnpyBnn BeKTopH SyAaAH. l i l y  caSaSA H , Typpn

x — Xq y yQ % 0̂ 
MH.'tiiKiiHHr KaHOHHK TeHrAaMaAapH -----= — -— =  ra acocaH,Ht il t-
iM.'iaiiaeTraH Typpn 4H3HK TeHrAaMaJiapn

x -f- 2 y — 1 z 1
- 1

nvpiiiinu iAa SyjiaAH.



iH m iiin in i

kipcxonu m m upuru

mm iiuir'" ' " "  ll' IUK,IHK 1 M£ichhh Ty3HHr Ba TerauijiH uiskahh 

n) A/n(7, fi) iiyK,ra;ian yTyBHH Ba Oxz KoopAHHaTajiap
U’Mli ,/lllfnrjl TeKHCJiHK; H

f'J (K  vk isa Ain ( — 3, 1, — 2) HyKTa opKajiH yTyBHH tckhcjihk; 
i>) ax' VKKa napajuieji \aMAa hkkh M .(4 0 — 2) Ba Mot5 l 7\ 

iivivT.-i'i.,iii yvynwH rekhcjihk; '  n  ’ ’ ’
i )  M ii(2 , I ,  — I )  HyKTaAaH yTyBHH Ba Hopiwaji bcktoph n =  f 1 __2

.t( oyjnaii tckhcjihk; h ’ ’
;1) Mo(3, 4, — 5) HyKTaAaH yTyBHH xaMAa a =  {3, 1, — 1) Ba £=| 1 

J ,  I) BeKTopjiapra napaju ie ji Sy jiraH . 1 ’
>K: a) «y-f3 = 0; 6) x + 3y =  0; b) gy — z — 2 =  0; r) x — 2y +  3z +  

■M«=0; a) JC + 4y +  7z+16 =  0.
2. M ( — 1, 2, 1), N(2, 3, — 2) Ba P (3, 4, 2) HyKTajiapAaH yTyBHH 

(1‘KHC.nnK TenrjiaMacHHH TonHHr.
)K: 7x— 15j/ +  2z +  7 = 0.

3* M q(7, 5, 1) HyKTaAaH yTyBHH Ba KoopAHHaTajiap yKJiapHAaH 
TCMir KCCMajiap a>KpaTyBHH tck h c jih k  TeHrjiaMacHHH tv3 h h t 

>K: x +  y +  z — 3 =  0.
4. ft>a30Aa yMyMHH TeHrjiaMaJiapH

f x y-\- 2z —)— 4 =  0, |
|3;c +  j/ — 5z —8 =  0 J

CH Jian fiepHAraH  TyFpn  h h 3h k h h h t  k 3 h o h h k  t c h t a s m s c h h h  e3HHr 
--- x— i _y - ^ __ z

"•') ~  i i ~ ~ . r>K:

5. Afo(2, 0, — 3) HyKTaAaH yTyBHH Ba KyHHAarn uiapTHH ksho- 
auia hth pyBMH TyppH mh3hk TeHPAaMacHHH Ty3HHr: a) s =  {2, 3,

4} BeKTopra napaAAeA; 6) M | (— 3, 1, 4) HyKTaAaH yTyBHH.
>K: a) *~.?. =  1L= 1±±. 6) ± = ^ = ± - 1 + 1

’  2 3 — 4 ’ — 5 1 —  7 •

6. BepHJiraH TeHrAaMaJiapH SyfiHna T yrp n  hhshkhhht maKjiHHH  
HH3HHT, yHHHT k SypHaK K03(})(|)HUHeHTHHH Ba K00pAHH3T3A3p 
yMapnAan KecaAHraH a Ba b KecMajiapHHH TonHHr:

a) 2x —  y-f-3  =  0;
b) 3x +  8(/+16 =  0;

6) 5x +  2i/ — 8 =  0; 
r) 3x— y =  0.

>K-‘ a )  k =  2; a-. 

b) k =  - 4 ;  a ~  —

| ; 6  =  3 ; 6 ) k = ~ f ,  a = | ; b =  4;
16

b = — 2; r) k =  3; a =  6 =0.
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i 4-i i i-i. =-» f f-frfrrtHffrfr j- j t Hi

7. KyffiHAarn  TyrpH  HH3HKAap TeHrAaM aAapHHH  Ty3HHr:
• a )  M 0 (3, — 1) HyKTaAaH  yTyBHH Ba  opA H HaTajiap  yK H ra  napaA A eA ;
6) M 0 (3, — 1) HyKTaAaH  yTyBHH Ba  a S c u n c c a j ia p  yK H ra  n sp sA A eA ; 
b-) M 0 (3, — 1) H yKTaA aH  yTyBHH Ba  a =  {3, — 2} BeKTopra 

napaA A eA ;
r) M 0 (3, — 1) H yKTaA aH  yTyBHH Ba  b = {  1, — 4} BeKTopra nepneH- 

AHKyAflp.
>K: a) x — 3; 6) y =  — 1; b) 2* +  3j/-3 =  0; r )  x - 4 y - 7  = Q.

7- Mycrat^uA uui

1. HKKHTa M, (3, — 1, 2) Ba M 2 (4, — 2, — 1) HyKTa SepHJiraH. M, 
HyKTaAaH yTyBHH Ba M ,M 2 BeKTopra nepneHAHKyjiHp tckhcjihk 
TCHTAaMaCHHH Ty3HHT.

>K: x — y — 3z+'2 =  0,

2. M i (3, — 1, 2), M 2 (4, — 1, — 1) Ba M 3 (2, 0, 2) HyKTajiapAaH
yTyBHH TeKHCAHK TeHTJiaMaCHHH Ty3HHT.

>K: 3x +  3y +  z — 8 =  0.

3. YH^ypHaKHHHr yHAapH SepHJiraH: M  (3, 6, — 7), Af ( — 5, 2, 3) Ba 
P  (4, — 7, — 2). P  yHHAaH yTKa3HAraH MeAHaHaHHHr napaMeTpHK
TeHTAaM3CHHH Ty3HHT.

>K:
'x =  5/ +  4, 
y =  — \\t — 7, 

z=  — 2.

4. Y u iS y
x — 2i/-)-3z — 4 =  0, 
3x-\-2y — 5z — 4 =  0

TeHrAaMaAap Shabh SepHAraH TyrpH hh3hkhhht KaHOHHK TeHrAaMa- 
JiapHHH Ty3HHT.

. x 2 y -J- 1 z

5. 2x +  2y  — 5 =  0 TyrpH hh3hkhhht a6cu.HCca.iap yKHHHHr Myc6aT
HyH3AHUIH 6HA3H T3UIKHA KHAT3H SypHaTHHH TOIIHIH .

>K: 135°.
6. YnSypnaK TOMOHAapHHHHr ypT3A3pn 6epHAT3H: Mi (2,1), M 2(5,3), 

AI3(3, — 4). Yn6ypH3K TOMOHAapH TeHrAai^aAapHHH Ty3HHr.
>K: 7x — 2y — 12 =  0, 5x +  y - 2 8  =  0, 2 x - 3 y- 1 8 = 0 .
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7. YM6ypqaKHHHr yqjiapn SepHJiraH: M 1 (2, 1), M 2( — 1, — I) Ba 
M 3(3, 2). yqSypwaKHHur SajiaanjiHKjiapH TenrjiaMajiapHHH Ty3HHr.

>K: 4x-\-3y— 11=0, x +  t/ +  2 =  0, 3* +  2«/-13 =  0.

8- §. TeKHC JiHK Jiap  B a  T yFp n  HH3HK,jiapHHHi y 3 a p o  w o ftjiau iyBM . 
TeKw cjiH K jiap  opacH fla rw  6 yp q aK . T yp p n  HH3HK,Jiap o p acH fla rn  6yp*iaK . 

HyKTaAaH Tyfph HH3HKKaia Ba TeKHCJiHKKa^a SyjiraH Macotjia

1.8.1. TeKHC.TOKJiap Aix +  B iy +  Ciz + Di = 0 Ba A 2x + B 2y +
+  C2Z +  £>2 =  0 TeHrjiaMajiap Shjish SepHJiraH SyjiCHH. Yjiap opa-
chasth cp SypqaK KyftHAarH OopMyjia acocHfla x,HCoSjianaAH:

nl -n2 A lA2 +  B lB2- j -C ,C 2coscp =— — ^
\nx\-\n2\ ^A ] + B\+C]. ^ A l + B i^ '4 '

SepHJiraH tckhcjihkjisp-SyHAa ni={Ai, 61 , Ci} Ba n2 =  {A2, B 2, C3}
H HH r HopMaji BeKTopjiapn.

а )  Arap TeKHCJiHKJiap nepneHAHKyjinp Syjica, y  xcvma n\-n2— 0 £kh 
4̂î 42 +  fiiB2 +  CiC2 =  0.

б) Arap TeKHCJiHKJiap napajuieji Syjica, y xojiAa

i i
Ar,

l i
So i i

D„2 u2 2̂ lj2
b) Arap TeKHCJiHKJiap ycTMa-ycT Tyuica, y xojiAa

i i  
A  n

i i  
B n

i i
D„

r )  Mo(xo, y0, zo) HyKTaAaH Ax +  By + Cz +  D =  0 TCKHCJiHKKaMa 
Sy jiraH  d Macocj)a:

d =
IA x0 -f- By0 +  Czg -f- D  |

-\Ja 2+ b 2+ c 2

(J)opMyjia SyftHHa x,HCoSjiaHaAH.
1.8.2. Typpn MH3HKJiap

*1 _  y — y 1 _  z — Z\ 
~  ~  Pi

Ba
‘ 1

y —y2
p2

KaHOHHK TeHrjiaMajiap Sh jish  SepHJiraH SyjiCHH. By TyppH MH3HKJiap 
opacHAarH <p SypqaK KyftHAarH (|)opMyjiaAaH TonHJiaAH:

COS(p =
/r /2 +  m r m2 +  p | ./;2
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a) A/ap TyppH 4H3HKJiap nepneHAHKyjinp Syjica, y xojias 
s i-52=0 eKH l\l2-f~tn\tn2 p\p2 ===0.

I, m, p,
6) Arap TyppH HH3HKJiap napajuieji Syjica, y xojiAa -~L= —  = —  .

l2 m2 p2

b) Arap TyppH MH3HKjiap ycTMa-ycr Tyuica, y x,ojias l\ _ m\ _ P \  ^
I2 ^2 P2

uiy SHJiaH Supra

x2 Xj _  y2— y\ _  z2 — * 1

/, ~  m , ~  p ,

r) Arap TyppH HH3HKJiap Kecuuica, y x,0JiAa 
x2—x, y2 — y, Z2 — Z,

m, p,
‘2 m2 P2 

A) Arap T y p p n  ra3H K Jiap  aftKaui Syjica, y  xojiAa

/o
= 0.

2 x\ y2 y 1 z2 zi
/, m, p,
2̂ W2 P2

^0.

M i(x i, i/i, zi) HyKTaAaH I m p  
Sy jiraH  Macoc})a KyftHAarH (})opMyjia Syftuua ^ hcoS jibHaAH:

TyppH 4H3HKK3M3

d-- Isx AJjAIqI
\T\

SyHA3 Mo(xo, yo, zo) HyKTS uiy Typpn MH3UKKa TeruuiJiH Ba s =  {l, m, 
P } yHHHr ftyH3JlTHpyBMH BeKTO pH .

H kkh aftKaui

y—y\
m. P1

B a
y —y2

'ryppH HH3HKJiap o p acH A arn  3Hr KHCKa 
3HHKJiaH3AH:

I -s2|

i 2 p2
M3coc})a KyftH A arH H s

I Sj x s21 ’

6ynAa Mi (xi, y\, zi) bs M 2 ( x 2, y2, z2) HyKTajigp moc psbhuias Sy Typpn 
'iH3HKJi3pr3 TeruuiJiH, si={/i, m i, p 1} bs s2 =  {/2, m 2, p 2) Jiap aca 
yjiapHHHr ftyHajirapyBHH BeKTopjispH.

M h c o j i .  x  — 2y +  2z — 8 = 0 B3 x-j-z — 6 =  0 tckhcjihkjisp opscH- 
/Uii'H Syp^aKHH TonHHr.



U >111 ill. U khii u 'Kikvihh op.iciuuil h CypMaK (})opMyjTacHra Kypa: 

A|/1.. I- n!II) ■ C,Ci ^  M + j- 2 )-0 + 2-1 =
1 m '|,m V '1  ̂ 1 "1 • f.'f • \Ia* + 4 + cI VT+4 +  4 ■ V l +  1 2

1 >>111.111 I|. COS ^ ™ 4 5 °  KeJIHS MHKaAH.

~xo y-yo1,8.3. Ax \-By +  Cz +  D =  0 t c k h c j ih k  S h ju ih
I m

TyrpH MH3HK opacHAarH (p Syp^aK  y m S y  (JjopMyjia 'Sy ftH ia

l"l-lsl V^2 + S2 + C2. V/2 + m2 + p5 ’
f)yn;Ui n — {A, B, C }— TeKHcyiHKHHHr HopMaji BeKTopH, s =  {l, m, p) — 
TyrpH MH3HK.HHHT HyHajlTHpyBHH BeKTOpH.

a) Arap tckhcjihk SHJiaH TyrpH hh3hk  nepneHAHKyjinp Syjica, n Ba
A 8 Cs BeKTopjiap KOJiJiHHeap eKH —= ——— SyjiaAH.

S )_A rap  tckhcjihk 6HJiaH Tyrpn''hh3hk  napajuieji Syjica, y x,ojifla 
n na s BeKTopjiap nepneHAHKyjiap eKH Al-\- Bm-\- C p ^  O SyjiaAH.

h) Arap TeKHCJiHK SHJiaH TyrpH hh3hk ycTMa-ycT Tymca, y x,0JiAa 
Al-\-Btn~\~Cp =  Q, my SHJiaH Supra Axo +  Bxo +  Czo +  D ^O  Sy.iaaH. 

r) Arap TeKHCJiHK SHJiaH TyrpH hh3hk Kecnuica, y x,0JiAa
Al-\-Bm-\-Cp=/=0.

1.8.4. TeKHCJiHKAarH TyrpH MH3HKJiap
Aix-\-B\y —|- Ci =  0 Ba A 2X-\-B2y C2^=0

Tenrjiaiviajiap SnjiaH SepHJiraH SyjiCHH. Yjiap opacHAarn cp SypnaK 
ymSy 4>'>pMyjia SyftH^a x,HCoSjiaHaAH:

tii • n2 A lA2-\-BlB2
coscp =

\n{ \-\n,\ ^ J A 2 +  B2 . ^ A 2 +  B2 '

SyHAa ti\ =  {A\, Bi}, ri2 =  {A2, 62} — moc paBHiiiAa SepHJiraH TyrpH 
4H3HKJI3 pHH HI" HOpMajI BeKTOpjiapH.

a) Arap 6y TyFpH 4H3HKJiap y3apo nepneHAHKyjiap Syjica, 
y  x,oJiAa

A 1 -A2~\-B\ - 62 =  0.
6) Arap 6y TyrpH MH3HKJiap napajuieji Syjica, y xojiAa

A\/A2 =  B\/B2-
b ) Arap 6y T y rp H  MH3HKJiap y c T M a - y cT  T y m c a ,  y x,ojiAa

A\ B l C,
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TeKHCJiHKiiarH Tyrpn 4H3HKJiap
y =  k\x-\-bi B a  y =  k,2X-\-b2

T e H r j ia M a j ia p  S H Jia H  SepHJiraH  Sy jiC H H . Y j ia p  o p a c H A a rn  <p S y p ^ a K  
y u iS y  < |)opM yjia S y n n q a  x ,H co S jia H a A H :

h _h
tgq> =

B y  Tyrpn HH3HKJiapHHHr nepneHAHKyjisipjiHK m a p ™  k\-k2 =  —  1 
AaH nSopaT, napaju ieju iHK m a p ™  aca k\ =  k2 SyjiaAH .

Mo(xo, yo) HyKTa/iaH Ax-\-By-j-C =  0 TyFpH HHSHKKa'ia SyjiraH 
d Maco<J>a ymSy

\Axa-\-By0-\-C\
d = ---- .■=■■■ —

V-42 + S2
(JjopMyjia Syftnna ^HCoSjiaHaAH.

8- du;' xona TonuiupuFU

1. KoopAHHaTajiap SouiHAaH jhyBMH 2x — y-\-3z — 1=0 Ba 
x +  2y +  2 =  0 TeKHCJiHKJiapra nepneHAHKyjmp tckhcjihk TeHrjiaMacHHH 
Ty3HHF.

>K: 7x — y — 5z =  0.
2. P ( — 1, 1, — 2) HyKTaAaH M i( l ,  — 1, 1), M 2( — 2, 1, 3) Ba 

M 3(4, — 5, *—2) HyKTajiap opKajiH yTyBiH TeKHCJiHKKa^a SyjiraH d 
Macoc|)aHH xncoSjiaHr.

)K. d =  4 y3yH. Supji.
3. YmSy

(  x — y — Az — 5 =  0, ( x — 6y — 6z +  2 =  0,
\ 2jc -)- f/ — 2 z — 4 =  0 \2x-\-2y-\-9z— 1=0

TyrpH ^H3HKJiap opacHAara cp Syp^aK KocHHycHHH XHCoSjiaHr.
4

>K: cos(p= ±  -gj- ■
4. TyrpH mh3hk SHJiaH TeKHCJiHKHHHr y3apo x,oJiaTHHH aHHKJiaHr, 

yjiap KecnmraH x,0Jiaa, KecHmnm HyKTacH KoopAHHaTaJiapHHH TonHHr:

a) 1 ± L = JL z1 = ^  3x_ 3y + 2z-5  =  0,

6) x +  2y- 4 z + \ = 0 ,

b ) 3x — y-\-2z — 5 =  0.

>K: a) napajuieji; 6) Tyrpn mh3hk TeKHCJiHKAa eTa^H; b ) M(2, 3, 1)
75



nyK'raAa KCH‘nma;ut-
5. Mi (5, 4, 6) Bci M 2 ( — 2, — 17, — 8) HyKTaJiapAaH yTyBHH Tyrpw 

'imuiKKa imcGaTaii P(2,  — 5, 7) HyKTara chmmctphk Q HyKTa hh 
TOIIHIir.

>K: Q (4, - 1 , - 3 ).
6. y>i(5ypMaKHHHr A ( — 10, — 13) Ba 6 ( — 2, 3) y^Jiapn 6epnjiraH. 

Y i i h h i- C y q « A a H  AB  TO M O Hra y T K a 3 H Jira H  M e A n a H a c n ra  B y n n A a H  
ryniHpHJiran nepneHAHKyjinp y3yHJinrHHn ^nco6jiaHr.

>K: 4 y3yH, 6npji.

8- Mycrai^uA uiu

1. M i(l,  — 1, 2) Ba M 2 (3, 1, 1) HyKTajiapAaH yryBMH x — 2y +  
-(-32 +  5 =  0 TeKHCJiHKKa nepneHAHKyjinp tckhcjihk TeHrjiaMacnHH 
Ty3HHr.

>K: 4x — y — 2z — 9 =  0.
2. Yui6y TyppH 4H3HKJiapHHHr nepneHAHKyjinpjiHrHHH ncSoTJiaHr: 

x — 2t-\-\, .
y =  3t — 2, Ba p *  +  * - ^  +  2 - 0 . 
z —  6 ,+  1 y  — 52 +  4 =  0.

3. YuiSy

2x — 3y +  6z — 14 =  0 Ba 4x — 6y+  12z +  21 =0

T e K H C JiH K Jiap  o p a c H A a rH  d M acocfjaH n  x n c o f ij ia H r .
>K,: d =  3,5 y3yHJiHK Shpjihth.
4. yuiSy

x +  2 y z — 1 x — 3 y — 1 z — 7 —i— = —^ = ---- Ba — —
I 4 2

T y rp n  4H3HKJiap I HHHr KaHAaft KHHMaTHAa KecH inaAH ?
>K: 1 =  3.
5. yui6y

x +  7 y +  4 2 +  3 x 21 t/ +  5 2 -  - - bd  
3 4 — 2 6 — 4 — 1

Tyrpn 4H3HKJiap opacHAarn 3Hr KHCKa Maco(})aHH x,nco6jiaHr.

>K: 13 y3yHAHK SnpjinrH.
n x — 2 u — 3 2 + 1  >. >. i i6. —~—=-2-j— = —~— TyppH iH3HKAaH yTyBHH Ba x +  4 y —

—  3z +  7 =  0 T e K H  C A H K K a  n e p n e H A H K y j i n p  t c k h c j i h k  T e H r j i a M a c n H H  
T y3 H H r.

>K: l lx — 17y— 19z+10 =  0.
76

_ (5x — 3y +  2z — 5 =  0, „
7. < Tyrpn HH3HKHHHr 4x — 3y +  7z — 7 =  0 Te- 

[2x — y  — z — 1 = 0
KHC JIH KAa eTHUIHHH H C SoT JiaH T .

8. ,4(5, — 1) H yK T a  T O M O H Jiap n A aH  6npn 4x — 3y — 7 =  0 T yp p n  
HH’iH K A a  eT yBH H  K B a A p a T H H H r yH H A n p . I l l y  K B a A p a T H H H r K O Jira H  
iO M O H JiapH  T e H r j ia M a j ia p n H H  Ty3 H H r.

>K: H KKH Ta K B a A p a T  M a c a j ia  u iap T H H H  K a H o a T Jig H T n p a A H :

а) 3x-\-4y— 11=0, 4x — 3y-23  =  0, 3x +  4t/ — 27 =  0;
б) 3x +  4 y— 11=0, 4x — 3y — 23 =  0, 3x +  4y +  5 =  0.

. . . ----u u u iitit, iii i 11 i 1111 i

v

3- Ha3opar uiuu

I. ABC  ynSypnaK yqjiapHHHHr KoopAHHaTajiapn SepHJiraH. \
а) C y^AaH yTKa3HJiraH MeAHaHa TeHrjiaMacnHH Ty3HHr Ba yHHHr

V lyluinrHHH TonnHr;
б) A yqAaH yTKa3HjiraH SajiaHAJiHK TeHrjiaMacnHH Ty3HHr Ba uiy 

OaJianAJiHK y3yHJTHrHHn TonnHr;
ii) B  SypqaK SncceKTpHcacH TeHrjiaMacnHH Ty3HHr Ba yHHHr 

viyiuiHrnHH TonnHr.

1.1. A (4, 1), 6(0, - 2 ) ,  C ( — 5, 10).
1.2. A ( — 7, 3), 6(5, — 2), C(8, 2).
1.3. A (5, - 1 ) ,  6(1, - 4 ) ,  C( — 4, 8).
(.4. A ( — 14, 6), B (  — 2, 1), C ( l,  5).
1.5. A (6, 0), 6(2, - 3 ) ,  C ( — 3, 9).
I A( — 9, 2), 6(3, - 3 ) ,  C(6, 1).
1.7. A(7, — 4), 6(3, — 7), C( — 2, 5).
1.8. A ( —8, 4), 6(4, — 1), C (7, 3).
1.0. A(3, — 3), 6 (  — 1, — 6), C (—6, 6).
1.10. >4 ( —6, 5), 6(6, 0), C (9, 4).
1.11. A (4, 11), 6 ( — 1, - 1 ) ,  C (7, 5).
1.12. A (3, 13), 6 ( — 2, 1), C (6, 7).
1.13. A (7, 11), 6(2, - 1 ) ,  C(10, 5).
1.14. A (6, 13), 6(1, 1), C (9, 7).
1.15. A (4, 14), 6 ( — 1, 2), C (7, 8).
U B . A (6, 10), 6(1, - 2 ) ,  C (9, 4).
1.17. A (4, 13), 6 ( — 1, 1), C (7, 7).
I.IK. A (6, 11), 6(1, - 1 ) ,  C (9, 5).
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1.19. A (4, 10), B (  .1, - 2 ),  C (7, 4).
1.20. /1((), 14), 6(1, 2), C(9, 8).
1.21. /1(-10, - 1 ),  B ( - 6, - 4 ),  C (6, 1).
1.22. A (18, 8), 6(12, 0), C(0, 5).
1.23. A ( —6, - 3 ),  B (  — 2, - 6 ),  C(10, - 1 ).
1.24. A (14, 10), 6(8, 2), C ( - 4, 7).
1.25. /I ( — 2, - 1 ) ,  6(2, - 4 ),  C (14, 1).
1.26. A (8, 7), 6(2, - 1 ),  C (-10 , 4).
1.27. A (l,  0), 6(5, - 3 ),  C(17, 2).
1.28. A (20, 2), 6(14, - 6 ) ,  C(26, - 1 ).
1.29. A ( - l ,  7), 6(3, 4), C( 15, 9).
1.30. A (7, 6), 6(1, 2), C( — 11, 3).

2. M, N, P, Q H yK T a jia p h h h t  KoopA H H aTaJiapn  Sep H JiraH .
а) N, P, Q H yK T a JiapA aH  yTyBHH TeKHCJiHKKa nepneHAHKyjinp 

S y jir a H  Ba M  H yKTaA aH  yTyBMH Tyrpn h h s h k h h h t  TeH rjiaM acnHH  
Ty3HHr;

б) M  HyKTaAaH N, P, Q HyKTajiap opKajin yTyBHn TeKHCJiHKKa - 
Ma S y j ir a H  MacocjjaHH TonHHr:

2.1. Af(1, 7, 5), N (2, 3, 5), P ( - l ,  12, - 4 ) ,  Q(4, 6, 4).

2.2. M (2, - 4 ,  3), N (3, 1, 4), P ( 6, 2, - 3 ),  Q (2, -2 , 3).
2.3. M ( 1, 1, 1), N (2, 2, 5), P (3, 2, 2), Q(2, 0, 3).

2.4. M(5, 3, —2), N(2, 4, 4), /*(1, 3, 5), Q(2, .0, 2).

2.5. M (5, 2, 6), N(0, 1, - 4 ) ,  P ( l ,  8, 3), Q(4, 2, 1).

2.6. M(6, 3, 4), N(2, 5, 1), P ( 4, -1 , 2), Q (l, 1, 1).

2.7. Af(l, 1, 3), iV(4, 1, 6), P(2, 2, 1), Q(5, 2, 3).

2.8. M(4, 1, 6), N (l, 1, 3), P(5, 2, 3), Q(2, 2, 1).

2.9. Af(2, 2, 1), W(5, 2, 3), P ( l ,  1, 3), Q(4, 1, 6). '
2.10. M (5, 2, 3), N (2, 2, 1), P (4, 1, 5), Q (l, 1, 3).
2.11. M (7, 3, 0), N (2, 4, 7), P(5, 4, 7), Q(6, 6, 2).

2.12. M (7, 9, 6), yV(4, 5, 7), />(9, 4, 4), Q (7, 5, 3).

2.13. Af(l, 2, 6), /V(4, 2, 0), P (4, 6, 6), Q (6, 1, 1).
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2.14. /W(5, 8, 2), /V(3, 5, 10), Z3(3, 8, 4), Q (5, 5, 4).

2.15. M(3, 9, 8), N (4, 6, 3), P(4, 1, 5), Q(0, 7, 1).

2.16. M  (6, 9, 2), N (5, 7, 8), P ( - 3, 7, 1), Q(9, 5, 5).

2.17. M (3, 6, 7), A/(4, 9, 3), P (7, 6, 3), Q(2, 4, 3).

2.18. M(6, 4, 8), y V ( l ,  9, 9), P (5, 8, 3), Q(3, 5, 4).

2.19. M  (8, 5, 8>, /V(l, 7, 3), P (  6, 9, 1), Q(3, 3, 9).

2.20. M(0, 4, - 1 ), N ( — 1, 1, 6), P (  — 1, 6, 1), Q (3, 1, 4).

2.21. M ( 1, 3, - 1 ), A/(0, 0, 6), P(0, 0, 0), Q(4, 0, 4).

2.22. M (4, -1 , 3), N ( — 3, 1, 1), P (  2, 3, - 4 ), ^ ( - 1 ,  - 3 , 4).

2.23. M  (3, -1 , 4), ^ (- 2 ,  4, 5), P(2, 3, - / ) ,  Q(0, 0, 0).
2.24. M  (5, 2, 4), iV(3, 2, — 4), P {  2, —5, 3), Q(2, 4, — 1).

2.25. M(3, 4, —2), jV( — 6, 2, — 3), P {  — G. 2, — 3), Q(2, 2, 4).

2.26. 7W( — 1, 3, 1), 7V( — 4, 1, — 4), P(0, — 5, 0), Q(0, 0, —2).

2.27. M (6, 3, - 3 ) ,  ^(2, 3, 5), P(3, -2 , 6), Q (2, 2, - 5 ).

2.28. Af(0, — 1,2), /V(5, — 2, — 1), P(3, 3, 4), Q(3, — 1, —2).
2.29. M(3, 3, 4), N (3, -1 , - 2 ),  P(5, -2 , - 1 ),  Q(0, -1 , 2).

2.30. M (2, -5 , 3), N(5, 2, 4), P (- 5 ,  6, - 1 ),  Q(3, 2, - 4 ).

3. Bepn jiraH  A HyKTa Ba SepHJiraH

x—a __ y — b __ z — c
I m p

ryrpH mh3h k  opKajin yTyBHH t c k h c jih k  TeHrjiaMacnHH TyaHHr:

3.1. A (3, - 2 ,  1),

3.2. A (4, 5, —2),

3.3. A { — 3, 1, 2),

3.4. A ( — 1, 2, 1),

3.5. A (2, 1, 2),

x+3 y—2 2 —1
- 3  ~  i 4 '

x + 1 y — 5 2

3 — 2 ’

x — 4 y 2+ 1
2 — 4 —  3

x+2 y 2—5
4 ^  2

x + 7  y — 5 2 + 2
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i.i;i

1

ii t:

3.6. A ( — 2 ,3 ,1 ),

3.7. A ( — 4, -1 , 2)

3.8. 4 ( —3, 0, 2),

3.9. 4 (1 ,2 , 3),

3.10. 4 (  1, -1 , - 2 )

3.11. 4 ( — 3, 2, 4),

3.12. A (4, -3 , 1),

3.13. 4(4, 5, 1),

3.14. 4(4, 2, —2),

3.15. 4(0, 2, 1),

3.16. 4(5, -1 , 2),

3.17. 4(4, 2, - 1 ),

3.18. 4 ( — 1, 4, 5),

3.19. 4 ( — 4, — 1, 2),

3.20. 4(2, 5, — 1),

3.21. 4(5, 0, 4),

3.22. 4 (- 4 , 5, 3),

3.23. 4(3, 0, 2),

3.24. 4 (- 5 , 3, - 4 ),

X y - i 2 + 5
2 -3 4 '

X— 5 _  0 + 2 z —
1 3

X y — 6 2 + 4
5 2 -3 '

x +  7 y 6 2 +  6
3 2 - 2  '

* _  0 - -5 2 + 1
-4 2 5

x — 3 0 + 1 2
2 4 -3  '

x — 5 0 + 5 2
3 — 4 5 '

x — 1 0 + 2 2 — 2
1 2 ~ -3  '
x +  4 _  i/ ~ 2 2 + 1

2 2 3 '
x + 2 y - 1 2

2 — l 3 ■
x — 3 y+ 1 2

2 5 — 4 '

x — 3 0-4 2 + 1
-5 2 3 '

X y —2 2 + 1
-3 3 4 '

X —■1 0 + 3 2
6 4 -3 '

x + 3 y — 5 2
2 4 - 1  '

x y-- 2  2-- 1
-3 2 1 '

x — 4 0 +  5 2 — 2
1 3 2 '

x +  2 y'— 1 2 - 2
4 -3 5 '

x  — 3 y+3 2
2 6 -3 '

3.25. 4(4 3 1)  ̂ — y+ l — z + 2
4 3 - l  '

3.26. 4 ( — 4, 1, — 3), -*+3= y ~ 5 z~ 2
— 3 2 3

3.27. 4(2, 3, 0) -£±1— _  z~ ‘
7 -3  2 2

3.28. 4 (- 5 , 2, - 1 )
’ 3 4 ~  -3

3.29 .4 (6 ,2 ,0 ),; 6 l ~  - 3 •

3.30. 4 ( — 6, 3, 2) ± = l l^ L —l ±_5
. 4  2 -3 •

5- HaMynaeuu %uco6 ronmupu^Aapu

I. 46C y H S y p q a K H H H r  y < m a p n  6 e p « J i r a H .
I \ v i i H / i a r H J i a p H H  TonHHr: a )  AB t o m o h  T e H r j i a M a c u H n ;

6) C yMHAaH AB  TOMOHra Tym Hpm irah SajiaHAJiHK TeHrviaMa- 
i mm;

ii) 4 y^HAaH BC  TOMOHra Tym HpHjiraH MeAHaHa TeHrjiaMacH-
mi,

i ) «6» Ba «b» SaHAJiapAa Tonm iraH SajiaHAJiHK 6njian MeAHaHa- 
n ii i i r  K e e n LuraH HyKTacHHH;

'0 C HyKTaAaH yTyBHH AB  .TOMOHra napajiAeji TyFpH mh3hk 
ii'iii'jiaMacHHH;

o) C HyKTaAaH AB  Typpn MH3HKKaqa SyjiraH Maco^aHH.

1.1. A (4, .- 5 ),  6 (6, 9), C( — 4, - 1).
1.2. A (l, - 3 ),  B  ( - ,5, 4), C( — 2, 10).
1.3. >1(1, 8), 6 (- 5 , - 4 ),  C ( - l , - 3 )
1.4. >1(0, 4), B  (5, --3), C( — 6, - 2).
1.5. 4(6, - 4 ) ,  6 (- -8, 3), C( — 2, - 7 )
1.6. 4(2, 3), 6 (- 4 , - 7 ) ,  C (2, 0)
1.7. 4 ( —■4, - 8 ),  5 (4, 1), C(0, 7)
1.8. A (4, - 2 ) ,  6 (7, 0), C (- 3 , 1)
1.9. A (4, 1), 5 (- 2 , 8), C( 1, - 5 ),
1.10. 4(4, 0), B  (1, --3), C (5, 2).
1.11. 4(7, 10), B  (1, 3), C (4, - 2 ).
1.12. >1(8, 6), B  (1, 3) T 1 OO

1.13. 4(11 , - 3 ) ,  B  (- 1 1 OO o 1).
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1.14. A (5, 9), B (4, - 1), c (0, 1)
1.15. A (7, 3), B (1, 7), C (--2, 1)
1.16. A (1. 6), B (6, 1), C (--3, - 2).
1.17. A (2, 6), B (6, — 6), C (2, - 4).
1.18. A (10, 1), B  (3, 7), C ( -3 , 4).
1.19. A (8, 3), B (2 8), C (--4, 4)
1.20. A (7, 7), B ( - -7, 5), C (- 3 , - 3 ).
1.21. A (3, - 3 ), B (4, 3), C (- 6 , I ) -
1.22. A (6, 2), B ( - -6, 8), C (2, - 4).
1.23. A (7, 5), B ( - -4, 0), C (2, - 5).
1.24. A (8, - 1 ). B (2, 6), C (- 4 , 4).
1.25. A ( - 5, 0), B (2, - 6 ), C (8, - 3 ).
1.26. A (1. - 4 ), B (- 1 , 10) , c ( --9, 6).
1.27. A ( - 3, 7), B (- 1 , 3), c (2, - 4 ).
1.28. A (10, 4), B  ( -4 , 6), C (- 1 , 3).
1.29. A (2, - 6 ), B (3, 11), C (- 1 , 3). .
1.30. A (- 5, 5), B (4, —7), c ( - 2, — 7)

2. ABCD  ntipaM HAaHHHr yq jiap H  Sep H JiraH . KyH H A arH Jiap H H  to- 
nH H r:

a) ABC  TeKHCJIHK TeHrjiaMacnHH;
6 )  AB  K H p p a  TeHrjia-M acHH H ;
b) D y^HAaH yTyBHH ABC  yKKa nepneHAHKyjinp Tyrpn hh3hk 

TeHrjiaMacnHH;
r) C yMHAaH yryBHH AB  KHppara napajuieji TyppH mh3hk 

TeHrjiaMacnHH;
A) D yMHAaH yryBHH AB KHppara nepneHAHKyjinp tckh c jih k  

TeHrjiaMacnHH;
e) AD Knppa S n j ia H  ABC  eK opacHAara SypnaK cnHycHHH;
>k) ABC  Ba ABD  eKJiap  opacHAarn 6yp4aK KocHHycHHH;
3) D y^ A a H  ABC  e K K a ^ a  S y j i r a H  M aco (})aH H .

2.1. A (7, 3, 5), B  (5, 3, 2), C (10, 2, 4), D (7, -2 , 1).
2.2. A (- 8 , -6 , - 3 ),  B  (4, 2, 1), C (0, 5, 2), D (0, 2, 5).
2.3. A (7. - 3, 14), B  (- 6 , 0, 5), C (1, 2, 1), D (- 2 , -1 , 2).
2.4. A (5, 5, -6 ,), B  (- 4 , -8 , 4), C (1, 7, - 1 ), D (-4 , 0, -2 )
2.5. A (7, - -8, - 1 ),  B  (- 3 , -6 , - 2 ), C (2, -3 , - 5 ),

D (5, 4, 14).
2.6. A (16, --8, -13 ), B  (6, 2, 5), C (- 3 , 0, 3), D (0, 2, 1).
2.7. A (7, 3, - 5 ) ,  B  (1, 2, 3), C (- 1 , 2, 1), D (2, -1 , 2).
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8, 3, 2), B  (4, -2 , 2), C (3, 1, - 1 ) ,  D (2, 1, 1).
8) _ 4> — 5), B  (7, 3, 6), C (- 2 , 1, 4), D (1, 3, 2).
6> _ 7> — 3), B  (1, 2, 3), C (1, 3, 2), D (2, 1, 1).
_12, 7, — 1), B  (0, —2, — 5), C ( — 4, 5, 1),
-7 , 4,’- 3 ).
_ 5> _ 6, 1), B  (- 2 , 1, 2), C (0, -1 , 4), D (- 3 , 2, - 1 ). 
-1 ,0 , —7), B  (4, -5 , 3), C ( —2, 1, - 9 ) ,D  (1, -1, -3 ). 
2, 4, - 2 ),  B  (- 1 , 1, 2), C (3, 0, - 2 ),  D (1, — 1, 1).
4> _ i ,  2), B  (- 1 , 1, 0), C (2, -1 , 1), D (0, 2, 1).
16, -9 , — 5), B  (1, —2,2), C (- 1 ,2 , 1),£> (2,0, 1). 
- 9 , -2 ,3 ) ,  B  (6 ,- 1 , - 2 ),  C (1,0, \ ) ,D  (- 3 ,2 , 1).
-10, 7, - 6), B  (- 3 , 0, - 6), C (- 5 , 3, - 2 ),
-1 , 10, 3).
5, 3, - 2 ), B  (- 1 , 0, 3), C (- 4 , -2 , - 1 ), D (4, 2, -1 ).
-5 , 4, - 3 ) , B  (5, - 1 ,2 ), C (2, 1, -4),Z> (1, -3 , 0).
0, 3, 4), B  (1, 0, 3), C (2, -1 , 4), D (0, 3, 1).
-16, 20, -21 ), B  (- 4 , 1, 3), C (2, 3, 0),
- 1 , - 1, - 2 ).
2, - 1 , 1 ), B  (3, 7, - 2 ) ,  C (3, 6, - 3 ) ,  D (- 7 , 5, 1).
8, — 10, 2), B  ( —3, 3, — 1), C (0, - 6, 5 ) ,D  { -3, -4, 2). 
7> 2, - 3 ),  B  (4, 1, 1), C (2, 1, 2), D (2, -1 , 1).
5, -4 , 5), B  (1, 0, - 1 ) ,  C (1, 2, 2), D (6, 3, 1).
8) i, -12 ), S  (8,5, -10 ), C (0, - 3 ,2 ), D (6,2, - 4 ).
8, 1, 10), B  (- 1 , -2 , —5), C (- 2 , - 1 ,7 ) ,D  (4,2,7).
8) i, _ 3), B  (2, -3 , - 7 ) ,  C (- 2 , 5, 3), D (4,1, 2). 
-7 , - 8, 10), B  (- 3 , 6, 3), C (- 3 , 0, - 6),
2, -5 , - 1 ).

I i  I 'y i 'p H  MH3HKHHHT KaHO H HK T e H T Jia M a Jia p H H H  e3HHT:

3.1.

8.3.

3.5.

3.7.

f2x +  3 y-2 z  +  6 =  0, 
\3x + 3y +  z — 1 =  0,

f3x +  4y +  3 z + l= 0 , 
l6 x - 5 y  +  3z + 8 =  0,

j  x — 3 y -(- z -(- 2 =  0, 
}5x +  3y +  2 z-4  =  0,

| x -j- 3y +  2z+ 14 =  0, 
lr»jc +  3«/ + 2z-4 =  0,

3.2.
x — 3 y —|— z —|— 3 — 0, 
2x — 3y — 2z +  6 =  0.

(2x — 4y — 2z +  4 =  0, 
\6x +  by — 4z +  4 =  0.

(x +  5y — z + l l = 0 ,  
(8x — 5 y — 3z — 1=0.

3.6.

3.8.
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— y-\-2z— 1 =0, 
x +  y + z+  11 =0-



3.9.

3.11.

3.13.

3.15.

j  x +  5y +  2z — 5 =  0, 
\lx ~~ 5y +  z +  6 =  0,

l ‘2x — 5y — z +  5 =  0, 
\x +  5y-2z + 3 =  0,

f 6x — 7y — z — 2 =  0, 
\ x-{-7y — z +  8 =  0,

Jx  +  7y —4z— 5 =  0,
[2x — 7t/ +  2z_|_8 =  0,

3.19.

3.23.

3.25.

3.27.

3.29.

3.17. |
\x — y +  z — 2 =  0, 
6x + y — 4z + 8 =  0,

(x — 2y — z + 4 =  t), 
[6x +  2y +  3z +  4 =  0,

(x — y — z — 2 =  0, 
3.21. y(x +  3y +  2z — 6 =  0,

15 x +  y — 3z +  4 =  0, 
[5x— 3 y — z +  8 =  0,

j  3x +  4 y — 2z + 1 = 0, 
\x — 4 y — 2z +  3 =  0,

( x +  5y +  2z + 11 =  0, 
\3x — y — 2z + 7 =  0,

( 3 x + y — z — 6 =  0, 
[2x — 3 y +  z — 8 = 0,

3.10.
f x +  y — 2z — 2 = 0, 
(6x — y — 4z — 3 =  0.

3.12. \ x ~ y  +  z +  2 - ^  
\7x-\-y-\-z — 5 = 0.

3.14. I
t
2x — y — 3z — 2 = 0, 
3x — y — 2z — 1=0.

(2x — y +  z +  6 =  0, 
3.16. \ y

(3x +  y +  2z — 4 =  0.

3.18.

3.20.

3.22.

3.24.

|4x +  y +  z + 2 — 0,
\2x — y — 3z +  4 =  0. 

2x — y — 3z — 8 =  0,
2x — 5y +  2z — 4 =  0.

(x — 2y +  z +  4 =  0, 
{2x +  2y +  z —4 =  0.

x — y +  2z +  2 =  0, 
x — 3 y — z +  4 =  0.

3.26. p * - 4^ +  3z +  4- 0’ 
(x +  4y +  z — 6 =  0.

3 28 [2x — 4y-\-3z-\- 4 =  0, 
\x-\-4y-\-z — 6 =  0.

3.30.
( 3 x —y +  2z — 4 = 0, 
[2A: +  3y — 2z +  6 =  0.

4. B e p H Jir a H  
c h h h  ToriHHr:

TyppH MH3HK

4.1. x — 3 y + 2 z — 5
0 3 10 ’

4.2. x-\- 1 
1

0 + 3 __
0

z —2 
- 2  ’

4.3. X — 1 0 - 2 z — 3
2 -3 1 ’

x + 2 y — 2z +  25 =  0. 

2x — 7y — 3z — 21 =0. 

5x — 2 y — z — 13 = 0.
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4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.

4.20.

4.21. 

-1.2 2 .

x +  2 0 — 1 _ z — 2
— 2 4 3 ’

x +  5 0 - 3  _ z — 1
3 1 6 ’

x +  1 y z+1
3 o - 2 ’

x — 8 0 +  2 z — 3
0 - 1 1 ’

x + 8 y - 2 _ z — 1
7 i — 1 ’

x — 1 0 +  3 z — 5
2 5 — 1 ’

x +  5 0 — 1 z — 3
0 —  1 1 ’

x + 5 0 - 8 z — 1
12 - 5 8 ’

x + 4 0 - 2  .. z — 5
— 1 0 - 2  ’

x +  3 0 + 1  . z — 3
2 3 2 ’

x — 3 0 +  5 _ z
3 2 1 ’

x — 1 0 - *  _ z +  3
5 3 2 ’

x — 4 0-4 z — 3
2 5 -1 ’

x — 4 0-2 z —2
3 — 1 2 ’

x +  2 0-2 z + 3
3 -5 1 ’

x + 3 0-1 z + 2
2 1 — 1 ’

x — 1 0+ 1 z— 1
—  1 0 1 ’

x + 2 0-1 z — 1
3 —  1 2 ’

x + 3 0 - 2 z + 2
0 0 1

4x —y +  3z + 6 = 0.

5x — 2y + 3z — 3 =  0.

5x —2y + 3z — 3 = 0.

4x +  9y +  5z =  0.

6x — y — 4z — 3 =  0.

5x — 7y — 3z +  11 = 0- 

3x +  7y + z + H = 0 . 

3x — 2y — z — 6 =  0.

4x — 5y +  2z +  24 =  0. 

7x + 4y+ 3z — 16 =  0. 

3x +  4y — 5z +  20 =  0. 

7x —3y + 2z —28 =  0. 

4x + y —7z — 19 = 0. 

5x — 3y +  z — 36 =  0. 

4x — y +  5z +  3 =  0. 

x — 2y —z + 2 =  0.

4x +  2y — 3z + 8 =  0. 

x —2y —4z +  ll= 0 . 

5x +  3y-2z +  7 =  0.
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4.23. * M  _  
l

u 1 _  
1

i ’\ 2 
— I

4.24. x- 4 
I ‘ —

V 2 
0

z— 1 
2

4.25. x + l y - 3 z — 2
4 — l 1

4.26. J:— l y~\- 3 *+1
5 — 4 3

4.27. x — 2 y + 4 2— 1
2 4 — 1

4.28. x-\- 3 y z— 1
2 0 1

4.29. x — 2 y - 3 2 — 5
0 — l i

4.30. x — 3 y + 2 2+1
-2 2 -3

3x — y + 22+ 23 =  0. 

4x —2 y-j-z — 19 =  0. 

3x — 2y +  2 — 8 == 0. 

5x +  2y + z — 15 =  0. 

7x +  3«/ +  z — 25 =  0. 

4x —y +  2z =  0.

5x—y — 3z +  10 =  0. 

x +  3y — 52 — 21=0.

9- §. Sjijmnc, rMnepSona Ba napa6ojiaHHHr 
KaHOHHK TeHrjiaMa.>iapH

1.9.1. S a a u h c  jxe6 TeKHCJiHKAaru u iyHAaft H yK T a jia p  T yn jiaM H ra  
aflTH Jia^HKH, 6 y  H yK T a jia p  HHHr x,ap Sn p u A aH  u iy  t c k h c jih k h m h t  
dpoKycAap Ae6 aT a jiyBU H  h k k h  H yK T acH rau a  S y j ir a H  Maco({>ajiap 
HHFHHAHCH jfe rapM aC  MHKAOpAHp.

O o K yc jia p H  Ox yK A a  Koop A H H aT ajiap  So u iH ra  HHc6aTaH  c h m m c t p h k  
eTyBHH 3 JiJiHncHHHr (10-u ia K Ji)  k s h o h m k  T eH rjiaM acn  y u iS y  Kypu- 
HHLura a ra :

2 2 X . U t ,
a > b -a o

B yH A a  a Ba b a jum ncH H H r KaTTa Ba  k h h h k  h p h m  yK Jiap H  y3yH JiH K JiapH . 
O o K y c j ia p  o p acH fla rn  M aco(})aHH 2c A ecaK , c2 =  a2 — b2 M yH o caSaT  
yp H H JIH . 3 j IJ IH n C H H H r SKCUeHTpHCHTeTH  f le6

c V a — b ^  ,8 =  — =  —----- <  la a

ra aHTHJiaAH.
SjuiHncHHHr M(x, y ) HyKTacHAaH (JjoKycjiapHrana SyjiraH Maco(})a- 

Jiap ( r  i Ba r2 SnjiaH SejirajiaHaAH) yHHHr (poKaA paduycAapu
AeHHJiaAH.

TeHrjiaMajiapn
, a , ° 2 _ ix -\— ^  H--- , a> b ,

e c
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n an  H S o p a T  H KKH Ta T y r p n  h h 3 h k  S JiJ iH n c H H H r dupeKTpucciAapu  
u'HHJiaAH Ba yjiap yiu6y xoccara ara:

-=e.

Arap a<ib 6yjica, y xojiAa ajuiHncHHHr (})0KycjiapH Oy yKAa eTaAH 
(II- uiaKJi), 2b yHHHr KaTTa yKH, aKcueHTpHCHTera aca e =  y  6yjia-
in, SyHAa c2 =  b2 — a2. ,H,HpeKTpHcaJiapH TeHTJiaMaJiapn:

, 6  . b2
y ==: dz — =  H---- .e c

Amp a =  b Syjica, sjuiHnc paAHycH a, MapKa3H KoopAHHaTajiap SouiHAa 
fiVJiraH x2 + y2 =  a2 aftjiaHaAaH HSopaT SyjiaAH.

1.9.2. runepdoAa AeS TeKHCJiHKAarn uiyHAaft HyKTajiap TynjiaM Hra 
<i ii i HJiaAHKH, 6y  HyKTa JiapHH Hr x,ap SwpHAaH uiy TeKHCJiHKHHHr 
tl>t>i<ycAap Ae6 aTajiyBHH hkkh HyKTacHrana Sy jiraH  Macoc})ajiap 
m iltpM ajiaphhhht aScoJiioT KHftMaTJiapH ysrap M ac  MHKAopAnp.

OoKycjiapH Ox yKAa KoopAHHaTajiap SouiHra HucSaTaH CHMMeTpuK 
MtJiAa eTyBMH runepSoJiaHHHr k3hohhk TeHrjiaMacn ,

2______2 Ji_____ J/__ |
a2 b2 ,

KypHiimura ara. ByHAa a —  runepSoJiaHHHF, xaKHKHft npuM yKH 
y tyiijihth; b — MaBX,yM hphm yKH y3yHJiHrH. Arap"’ (J)OKycjiap opacHAara 
Mfii'oc|)aHH 2c AecaK, b2 =  c2 — a2 SyjiaAH.

l'miep6ojia 9Kcu<eHTpucuTeTU AeS v ' V

e =
^a2 + b2 l

ii ;mTHJiaAH.
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rnnop(5(wianHMr (poKaji paduycAapu  AeS, yhhhp M (x , u) HyKTacHAan
6yJlran Maco$aJiapHra (n  Ba r2 SHJiaH SeArHJianaAH) 

dFl I ’
Fn iiepScw iaH H H r OupeKrpucaAapu  A eS , T em v isM aA apH

‘2
X  —  —  =8

a
c

Aaw wSopaT Sy jiraH  Ba KyHHAsrn x occa jiap ra  a ra  HKKHTa t v fd h  
■iH3HKKa aHTHJiaAH:

—  =  —  —  e

rHnep6ojia TenrjiaMaAapH y =  ±  ± x AaH H(5opaT HKKHTa aCHMn_ 
TOTara ara.

Ba ™ " eP6<Ma Tm e T 0 M m M

x2 — y2 =  a2
a™ " " TOTaMP» ™ ™ « a c  Sca j,=  ± ,  aa„

A ra p  rHnepfioAaHHHr acHMrreoTajiapH Oy yKAa k o o p a h h s tsa sd  
Sou iH ra HHcSaxaH chmmctphk eTca, y  j^H H rT eH rjiaM acH

eKH

KypHHHUIHH OJiaAH. iH nepSo jISH H H r SKCUeHTpHCHTeTH e = — , ah-
b '

peKTpHcaJiapn y — b b — , acHMriTOTaAapH y = ± - ^ x  SyjiaAH .

12- u ia K J i 13- uiaKJi

4 - 4 = 1 Ba 4 - — =a2 62 a2 62 1 rnnepSoJia- 

eunepSoAdAap  AeHHJiaAHw ip  K,yiuMa 
112- uiaKA) .

1.9.3. 0oKyc A e6  aTa jiyBM H  S e p H Jira H  hY k- 
111 A a  h Ba  dupeKTpuca A e S  a T a a yb m h  Se- 
pmiraH T y r p n  4H3HKA3 h r e H r  y s o K JiH K A a  
r r y B H H  T e K H C JiH K A a rH H y K T a A a p  T y n A a  mh 
napaooAa  AeHHJiaAH.

y^H KoopAHHaTaAap SouiHAa eTyB^H 
CHMMerpHH y KH Ox yKAaH nSopaT SyA raH  
napaooAaHHHr KaHOHHK TeHrjiaMacn

y2 =  2px

« £ v r HUIra 3ra (13' maKJI)- ByHfla P >  o (napa6ojia nspsMeTpn) — 
(|)OKycAaH AHpeKxpHcaraia SyAraH Maco<j>a, /^HpeKTpHcaHKHr Tenrjia-
MaCH x- KypHHHiura ara.

Arap —  napa6onaHHHr M(x, y) HyKTaCHAaH naps6oji3 (boKycHraHa
d ~ my M (x > y) HyKTaAaH AHpeKTpncaraqa SyjiraH M,ico({)acH Syjica, y xojiAa yHHHr 3Kcu,eHTpHCHTeTH

« = i = ' -

Yhh KoopAHHaTaAap Souihas, chmmctphh yKH Oy SyAraH napaSoAs- 
iimhp KaHOHHK TenrjiaMacH ymSy Kyp„HHUira 3ra (14- iuaKJi):

x2 =  2py (p> 0 ).
Viihht ahpeKTpncach TeHrAaMacH aca- u =  S-

2'
M h c o j i .  O oKycjiapH  opacHAarH M aco^a 10 ra  B a M aB^yM h P h m  

VKh 3 ra TeHr SyAraH ninepSoAaHHHr k3hohhk TeHTAaMacHHH t Y3hht 
h h ui. MacajiaHHHr inapTHP3 Kyp a 6 =  3 Ba 2c=10, SyHASH

f ~ 5 Ba a = V c2~ b2 =  ij25 — 9=4 KejinS 4hk3ah. £ eM aK , H3AaHa- 
i'TI'MIl KaHOHHK TeHrA3M3

KypHIIHUIAS 6yA3AH. 
1.9.4. Y m Sy

X
l e f

y
9 =  1

(x — x o)2+ (y — y0) 2= a 2,
(x—x0) 2 (y—y0)2

=  1,
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(•* au>l* _  (//• yn)'2

a2 b2 ~  ’

( y — y o )2= 2p ( x — x 0) ,

( x  —  x ^ 2 =  2p ( y  —  y 0)

ro iirjiaM ajiap  moc paBHUiAa M apKasjiapn C(x0, y o )  HyKTaAa Sy jiraH  
UHjiaiia, a ju w nc, rnnepSojia  Ba ynn C (x o, y o )  HyK.Ta.ua ctvbm h  
napaoojiajiapHH aHHKJiaftAH.

9- d a p c x o n a  T o n u iu p u ru

1. 9x -f-25y  =225 ajuinnc 6'epHJiraH. YHHHr hphm yKJiapHHH 
cpOKycjiapH KoopAHHaTa JiapHHH, aKcueHTpHCHTera, AHpeKTpncajiapH 
TenrjiaMajiapHHH TonHHr Ba iu 3k jih h h  HH3HHT.

>K:a =  5, b =  3; F, (4, 0); f 2( - 4, 0); e =  0,8; x = ± ^ L .
4

2. I6x2 — % 2=144 rnnepSojia SepHJiraH. Yhhht hphm vkhhh 
(pOKyCJiapH KOOpAHHaTaJiapHHH, 3KCUeHTpHCHTeTHHH, AHpeKTDHCaCH Ba 
acHMtiTOTajiapn TeHrjiaMacnHH TonHHr. UiaKJiHHH HH3HHr. >K: a  =  3
b =  4, Fx{ 5, 0) Ba f 2( _ 5 ,  0); e =  4 ;  x=  , y = ± ± x.

o 2 J 5 3
6. y  =Qx n apaSo jia  SepHJiraH. Y h h h t  p napaMeTpHHH, a h p c k t p h - 

CaCH TeHTJiaMaCHHH TonHHr Ba UiaKJiHHH HH3HHT.

* : p  = 3. f ( | ; 0) ;  * = ~ j .

4. O oKycjiapH  aScuw cca yKHAa eTyBHH Ba KyftHAarH uiapTJiapHH  
KaHoaTjiaHTnpyBHH ajuiHncHHHr k3hohhk TeHrjiaMacnHH Ty3HHr:

a yHHHr k h h h k  yKH 24 ra , (})OKycjiap opacHAarH Macocpa 10 raa
T eH r;

6) AHpeKTpncajiapn opacHAarH Macoc})a 32 ra , aKcneHTpiicHTeTH 
U,o ra Tenr. r

5. 3jiJiHncHHHr (p O K y c Jia p n  opAHHaTajiap yKHAa eraS,
а) yHHHr khhhk yKH 16 ra, SKCueHTpHCHTera aca 0,6 ra TeHr
б) yHHHr tjjoKycjiapH opacHAarH Macocjja 6 ra Ba AHpeKTpncajiLpH

o p a C H A a rn  M a co tp a  16 y  r a  T e H r S y j i c a ,  yH H H r KaHO HHK T e H r jia M a c n -  

HH T y 3 H Hr.
6. rHnepSoJiaHHHr (f)OKycjiapH 36cuHCcajiap yKHAa cthS,

3 ) y iiH H r (Jjo K yc jisp n  opacH A arH  Maco(J)3 6 ra  B3 aKcueHTPHCH- toth 1,5 ra TeHr; F
6) yHHHr X3KHKHH HPHM yKH 5 ra TeHr, yqjiapn aca MapKa3ii 
(poKycH opacHAarH Maco^aHH TeHr HKKHra Syjica, yHHHr KaHOHHK 

TeHrjiaMacnHH Ty3HHr.
7. F H n e p S o J iS H H H r  cp o K yc jia p H  Oy y K H A a  e r a S ,

а) acHMnroTajiapH TeHrjiaMajiapn y=  zh—jr-x Ba yqjiapH opa- 
CHAarn Maco(})a 48 ra TeHr;

б )  (})O K yc jiap H  o p a c H A a rH  M acocpa  10 r a ,  a K cu eH T p H C H T e m
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ra TeHr CJyjica, yHHHr Kahohhk TeHrjiaMacHHH Ty3HHr.

8. riapySoJiaHHHr KaHOHHK TeHrjiaMacnHH Ty3HHr:
a) napsScx/isHHHr poKycH F (0, 4); 6) napaSojia Ox yKKa hhc- 

bciTaH CHMMeTpnK Ba v4 (9, 6) HyKTaAaH yTaAH.
9. 4H3HKJiap TeHrjiaMa JiapHHH coAAajiauiTHpHHr, yjiapHHHr Typn- 

iih aHHKJiaHr, napaMeTpjiapHHH TonHHr Ba uiaKJiHHH HH3HHr:

a) x2 +  y2- 4 x  +  6y +  4 =  0; )
6) 2x2 +  5y2 +  8x— W y — 17 =  0; I
b ) x2 — 6y— 12* +  36y — 48 =  0; 
r) *2 — 8x +  2y+18 =  0;
a) y — 4x -f- 4y 16 =  0.

9- Mycrat^uA urn

1. x2-\-4y2 =  4 ajuiHnc cpoKycjiapHAaH yryBMH Ba MapKa3H aji- 
JiHiicHHHr lOKopH yHHAa SyjiraH aftjiaHa TeHrjiaMacnHH Ty3HHr.

K :  x2+ ( y - l ) 2 =  4.
2. a) KaTTa yKH 6 ra TeHr, <J)OKycH aca F ( ^ J 5,0)  HyKTaAa SyjiraH 

wuinnc;
6) MaBxyM yKH 4 ra TeHr Ba (poKycH F (  — -y/l3, 0) HyKTaAa 

ftyjiraH ranepSojia;
b) AHpeKTpHcacH y = — 3 SyjiraH napaSoJiaHHHr Ka hohhk TeHr- 

.iiaM acH HH  Ty3HHr.

X :  a) 4 + 4 = l: T - 4 = I; b> * ‘ = [2«’
3. X,ap 6np HyKTacHAaH ,4(3, 2) HyKTarana SyjiraH Maco<})a 

//( 1, 0) HyKTarana SyjiraH Macoc})aAaH 3 MapTa opTHK SyjiraH 
'IH3HK TeHTJiaMaCHHH Ty3HHT.

* =  ( * + ! ) + ( * + j ) = l

10-§. Hkkhhhh TapTHSjIH cnpTjiapHHHr 
KaHOHHK TeHrjiaMajiapn

1.10.1. H k k h h h h  T a p r a S j iH  c n p T J ia p :

x2 . y2 z2
1— yq YKJiH ajijinncoHA;a b c

x2 i y2 z2 1 <---— ° HP najuiajiH rnnepSojiOHA;
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•* ' 4 - •/
aJ b2

x , if 
2 p T  2 q

h k k h  iiajijiajin rHiiep60Ji0HA;

(.P3JIJ1H [ith k  n ap a 6 0 J i0 HA 

Huiopajiapn 6np x h ji) ;2 2 Jv U
z = ‘2p-- 2q— rHnep6ojlHK napa60JT0HA

Hiuopajiapn 6np x h ji) ;
(P

Ba

B a

q j i a p h h h r

q jiapHHHr

J+ - J- ---  ̂=  0— KOHyc;

t y 11— 3JTJIHriTHK

---- ^ - =  1—  rn n e p 6 o JiH K  u h j i h h a p ;

c
L r ' .

y2 =  2px— napadcwiHK u h j i h h a P-

AftjiaHHLII C H p T Jiap H  a a C T Jia S K H  T y p T T a  HKKHHMH T a p T H S jiH  CHpTHHHr
xycycHH X,OJIHAHp

2x2+y2 -=1-a
x2+y2

■ aPuiam iui s j i j i h i i c o h a h ;

6np najuiajiH aftjiaHHiu rmiepSojioHAH;

— 2------ j =  —  1— hkkh n a ju ia j iH  a f t j ia H H iu  ra n e p S o jiO H A H ;

2 +  y2 =  2pz — aftjiaHHiu napadcwiOHAH.

10- dapcxona ronuiupuru

SHJiaH aHHKJiaHyBMH cnpTJiapHHHr1. BepHJiraH T e H r j ia M a j ia p  
IliaK JIH H H  4H3HHT.

a )  4x2- j - y2- j - 2z2 =  2;
6) 2x2 -+- 9y2 — 2z2 =  36;
b) 4x2-j-y2 — 8z2 =  — 16; 
r) 2y =  4x2-\-z2\
A) x2-j-4z2 =  4;
e) y2 — 42 =  0.
2. CnpT TypHHH aHHKJiaHr B a  yHHHr uiaKJiHHH HH3HHr:

a) 4x2 +  y2 — z2 — 24x — 4y +  2z +  3.5 =  0;
6) x2 +  y2 — z2 — 2x — 2y +  2z +  2=0;
b) x2 +  y2 — 6x +  6y — 4z +  18 =  0; 
r) x2 +  y2 — z2 — 2y +  2z =  0.
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10- MycraKfUA utu

K yH H A arH  CHpTJiap d n jiaH  w e rap a jiaH ra H  >KHCMJiapHHHr m aKJW H H  
■iH3HHr:

1. z =  x2 +  y2, x2-\-y2 = 4 Ba  z =  0;
2. z =  y2, x2-\-y2 =  9 Ba z =  0;
3. 22 =  4 - y  Ba x2-\-y2 =  4y.

4- na3opar uuiu

1. Mh3hk TeHrjiaMacHHH k3hohhk KypHHHiura KejiTHpnHr Ba yHHHr 
IliaKJIHHH 4H3HHT:

1.1. a) 4x2 +  2y2— 16x +  4y+10 =  0;
6) 5x2 — 6y2 +  30x-|- 12y +  9 =  0; 
b ) x2+10x — 4y +  33 =  0.

1.2. a) 3x -j-5y —|— 6jc — 20y-)-8 =  0; 
d) 4x —y —|— 16̂ c —|— 12 =  0 ̂
b ) y —j— 3 jc —f— 10// —j— 46 =  0.

1.3. a) x2 +  2y2 +  6x — 4y +  9 =  0;
6) jc2 — 4y2 — 2x+16y — 19 =  0. 
b ) x2 — 4x-\-2y — 2 =  0.

1.4. a) x2-\-4y2 16y+ 12 =  0;
6) 2x2— 3y2— 12x— 18t/— 15 =  0; 
b ) y -{- 8x -{- 1 Oy -f- 9 =  0.

1.5. a) 6x2 +  5y2— lOy — 25 =  0; 
d) 5x2 — 6y2 — 5x — 25 =  0; 
b ) x2 +  8x — 9y — 29 =  0.

1.6. a) 5x2 +  6y2 — 1 Ox — 25 =  0;
6) 6x2 — by2 +  1 Oy — 35 =  0; 
b ) y2— 16x— 6y +  25 =  0.

1.7. a) 2x2 +  3y2-12x+ 18y +  39 =  0;
6) x2 — 4y2— 16y— 20 =  0;
b ) x2 +  8x — 2y+14 =  0.

1.8. a) x2 +  4y2 — 2x— 16y+13 =  0; 
d) x2 — 2y2 +  6x +  4y +  5 =  0; 
b) y2 +  x- 4 y  +  2 =  0.
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1.9. a) 4x'’+ y2 + 1 6x +12 =  0;
6) 3x2 — by2 + 6x +  20y — 32 =  0;
b ) x2 + 6x +  5y — 6 =  0.

MO. a) 5x2 +  6y2 +  30x — 12y +  21=0;
6) 4x2 — 2y2 — 8x — 4y +  6 =  0;
b ) y2 — 2x +  6y+17 =  0.

M l .  a) 16x2 +  9y2 +  96x-18y +  9 =  0;
6) 16x2 — 9y2 — 160x — 36y +  220 =  0;
b ) x2 — 4x +  5 y + 14 =  0.

1.12. a) 4x2 +  5y2-24x + 70y+181=0;
6) 4a:2— 16y2 — 72x — 64y +196 = 0;
b ) y2 — 6x +  2y — 11=0.

1.13. a) 3x2 +  2y2 — 6x — 12y +  15 =  0;
6) 4x2 — 9y2 — 16x — 18y — 29 =  0;
b) x2 — 8x — 3t/ +  19 =  0.

1.14. a) 2x2 +  3y2 — 4x +  6y — 7 =  0;
6) 2x2 — y2-f-4x-j-4y — 10 =  0;

' b) y2 — 5x +  6y +  4 =  0.
1.15. a) 4x2 +  3y2 — 8x + 12y — 32 =  0;

6) 4x2 — 25y2 — 24x— lOOy — 164 = 0;
b ) x2 —6x +  5y — 6 =  0.

1.16. a) 6x2 +  by2 +  12x — 20y — 4 =  0;
6) 25x2 — 9y2— lOOx— 36y— 161=0;
b ) y2 — 3x — 2y +  7 =  0.

1.17. a) 5x2 + 3y2 +  20x +  24y + 53 =  0;
6) 5x2 — 8y2 +  30x + 16y — 3 =  0;
b ) x2 — 7y+ 12x +  50 =  0.

1-18. a) 3x2 +  4y2 — 12x — 16y +  16 =  0;
6) 8x2 — 9i)2 — 16x +  36y — 100 =  0;
b ) y2 — 4x +  4y +  8 =  0.

1.19. a) 4x2 +  5y2 +  24x +  10y +  21 =0;
6) 9x2 — by2 — 36x — 30y — 54 =  0;
b) x2 — 3y— 14x + 31=0.

1-.20. a) 16x2 +  9y2 — 64x— 18y — 71 = 0;
6) 9x2 — 4y2 +  18x +  24y — 63 =  0; '
b ) y2 +  2x— 6 y + ll= 0 .
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1.21. f

1.22.

1.23.

1.24. a

1.25. a
6
B

1.26. a
6
B

1.27. a
6
B

1.28. a
6
B

1.29. a
6
B

1.30. a
6
B

9x2 +  4y2 +  18x — 24y +  9 =  0;
16x2 — 9y2 — 64x +  18y —62 =  0; 
x2 +  4y +  1 Ox — 3 =  0.
9x2 — 5y2 — 18x + 30y +  36 =  0;
4x2 — 5y2 +  24x — 1 Oy + 11 =  0; 
y2 +  3x +  1 Oy +  28 =  0.

8x2 +  9y2— 16x — 36y — 28 =  0;
3x2 — 4 y2— 12x+ 16y — 16 =  0; 
x2 +  4y — 4x +  24 = 0.

5x2 +  8y2 +  30x — 16y+ 13 =  0;
6x2 — 5 y2 +  12x +  20y — 44 =  0; 
y2 +  5x+ 8y +  1 = 0.

25x2 +  9y2 — 1 OOx + 36y — 89 =  0; 
5x2 — 3 y2 +  20x — 24y — 43 =  0; 
x2 — 4y +  2x +  9 =  0.
4x2 +  9y2 — 24x + 36y +  36 = 0;

25y2 —32x+lOOy —484 =  0;16x2 ^ - 2
y +  6x — 8y +  22 =  0.

5x +  6 y2 +  20x — 12 y — 4 =  0;
9x2— 16y2 — 54x — 32y — 79 =  0; 
x2 — 4y — 6x+ l= 0 .
x2 +  4y2 — 4x — 8y +  4 =  0;
8x2 — 5y2 — 32x+ lOy— 13 =  0; 
y2 — 3x + 1 Oy +  16 =  0.

9x2+ 16y2 — 54x + 32y — 47 = 0;
5x2 — 6y2 +  20x+ 12y— 16 =  0; 
x2 +  3y +  1 Ox +  19 =  0.
16x2 +  25y2 — 32x — 1 OOy — 284 =  0; 
4x2 — 9y2 — 36x — 36y — 36 =  0; 
y2 +  5x+6y— 1 =0.

2. C h p t TypHHH aHHK-naHr:

2.1. x2 +  2 y2 +  4z2 =  4.
2.3. x2 —  2 y2 —  4z2 =  4.
2.5. 9x2 —  2 y +  z2=  18.
2.7. 4x2 +  2z2— y  =  0.

2.2. x2 +  4y2 =  4.
2.4. 4x2 —5z2 =  20.
2.6. y2 — 4x = 0.
2.8. 4x2 +  5y =  0.
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2 .9 .  3 y 2 —  2z2 + 3 *  —0. 2 . 1 0 .  6y z 0.
2.11. 6 x 2 +  y 2 +  3 z 2 =  18 . 2.12. x 2 +  4 z  =  0 .

2.13. 4 x 2 +  y 2 —  3 z 2 =  12 . 2.14. 5z  — x  — 0 .

2.15. 5x2- y 2- 2 2 =  5. 2.16. 2z + 5y  =  °-
2.17. 3x 2 +  y 2 — 2z  =  0 . 2.18. 4x  + 3 z  — 12 .

2.19. 2y2 +  z  — 3x 2 =  0 . 2.20. 2y + 5 z  = 10 .

2.21. 9 x 2 +  3y 2 +  5z 2 =  4 5 . 2.22. 3z  — 4y  = 12 .

2.23. 6x 2 —  3y 2 +  z 2 =  6 . 2.24. x  —  4y  = 4 .

2.25. 4x2 — 9y2 — 2 z 2 =  18. 2.26. 3y  —  *  =3.
2.27. 3y 2 +  5 z 2 —  15x  =  0 . 2.28. 4y 2 - 5 z  = 2 0 .

2.29. 4 z 2 —  3x 2 —  12 y  =  0 . 2.30. 3z 2 —  4x  — 12 .

4- HaMynaeuu %uco6 roniuupuKfAapu

1. K ,y H H A a rH J ia p  M a u iy M :
A B  —  a rp H  MH3H K A a  eTyB H H  H y K T a j ia p ;

F  — cboKyc; u „ ,
a __ KaTTa apHM y K  (eKH x,aKHKHH hphm y K ) ,
Ij —  k h ih k  (eKH M aBx yM ) apHM yK',
o __ 3KCU,eHTpHCHTeT;
y =  ± k x  —  rHnepdana acHMiiTOTaJiapH TeHiviaMaJiapH,
£) —  3 r p n  MH3H K  A H p e K T p H C a C H ;

a r « H H " ar ; 0 5 r ™ n e p 6 o J. a » K H r ; b ) ™ a p a 6 a n a H » H r  KaHOHHK

T e H rjia M a c H H H  T y 3H H r: __ ____

1.1. a) a =  9, e =  -^-; 6) 6 =  7; F (  -  y  130, 0); b ) CHMMexpH* yKH

O y , A ( —  4 , 3 2 ) .  g __

1.2 .  6 =  3 , F { - V 5 5 * ° ) ; 6 )  a  =  8 ’ E =  ^ ; B) ’ '

>.3.4(5, i v r n . 8 * - 4- ^  <*> * = t - ' = J *r " ■

B) ( - 4 ,  f);<5>

M eTpHH y K H  O x , /4 ( — 6 , 10) .  —

1.5. a )  2 o = 1 8 ,  e =  - ip . 6 )  f c = T ; B > D ; ! ' - 5 '

a )  6  =  5, « =  ̂  « )  *  =  T ; 2 “ = 14’ B )  D ^ = - 3 '

1.7. a )  0  =  6 , « = ^ # ;  » )  » = > •  ^

O y ,  A {  —  4 , — 10 ) .  ^ /T 3 . x n - r  =  8
1.8. a )  6 =  4 , F (  —  3 , 0 ) ;  6 )  a  =  3 , e —  3 , B )
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1.9. a) A ( — 3 ^ 5 ,  4) Ba 6 (6 , — 2-^/5); 6) fe =  -jp e =  —

b) D :y =  — 16. __
1.10. a) e =  ̂ - , A ( - 4 ,  ^ - ) ;  6 ) A ( - 6, ^ )  Ba 6  ( - ^ - , 5 ) ,

b ) CHMMeTpHH yKH Ox, 4  ( — 3, 6).
1 .1 1 . a) 2 a =  12, e =  ^ - ;  6 )  fe =  y ,  2 c  =  4 y l 0 ;  b ) £>:y =  8.

1.12. a) 6 =  2, z =  Jj~\ 6) k=-j, 2a= 18; b) £ ) : x = - 5.

1.13. a) a =  9, e= ; 6) 6 =  4, f ( — 475, 0); b) CHMMeTpHH
yKH Oy, A ( — 3, 4). _

1.14. a) 6 =  2, F ( - 2^15, 0 ); 6) a =  5, 8 =  ^ ®  ; b) D : x = \ .

1.15. a ) 4 ( - 3 ,  y V T O )  Ba 6(-^-^ 5 , - 2 ) ;  6) * =  - !;  e = - ^ °  ;

b) Z ) :y = —

1.16. a) e =  ^ ;  4 (6 , - ^ ) ;  6) 4 ( - ^ - ,  4) Ba 6 (3 ,

— 8V10); CHMMeTpHH yKH Ox, 4 ( — 3, 8).
3

1.17. a ) 2a =  16, e =  ^ ;  6) fe=-|, 2c =  2V73; b) £>:y =  6.

1.18. a) 6 =  2, 8 =  ^ - ,  6) =  2 a =  12; b ) Z ?:x = --1 .

1.19. a) a =  4, e =  -^-; 6) 6 =  3, F (  — V 34, 0); b) chmmctphh

yKH Oy, /4( — 3, — 4). _
1.20. a) 6 =  6, F (V l3 ,  0 ); 6) a =  9, e =  ^ - ;  b) £>:x = 6.

1.21. a) a(4, — Ba 3); 6) £ =  | ,  e =  ̂ - ;
b) D : y =  — 6.

1.22. a) 8 =  ^ 1 1 , 4  ( — 3, -^-); 6) 4 (8 , - V ^  Ba 6(10, 4);
b) D : y =  — 8.

1.23. a) 2a =  6, e =  ̂ - ; 6) k =  ̂ -, 2c =  2 [̂4\\ b) CHMMeTpHH yKHj o
Ox, 4  ( — 2, 6). _

1.24. a) 6 =  5, z =  ̂ ~ -  ; 6) Jfe=-|-, 2a= 18; b) D : x = — 5.

1.25. a )a  =  8, e =  6) 6 =  5, — -\/89,0); b) chmmctphh yKH Oy,O
/!( — 2, 6).
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1.26. a) b - 2, F { — 4yj2, 0 );  6 ) a =  6, e = ^ ;  b ) D : x - 9.

1.27. a ) A (6, — \/5) Ba 2); 6) k = ^ ,e = ^ - ;

) 1.28. a )  ^ - 6’ ; 6) i4(1° ’ ’ (B^ ’ ~ 2);
b ) I ) :y =  9. _

1.29. a ) 2 a =  10, e =  ^ s  6 ) £ = y ,  2c =  4 V l7 ;  b ) c h m m c t ph h

yKH Ox, A (3, — 5).
1.30. a ) b =  1, 8 =  ^ - ;  6 ) / ? = y ,  2a=14; b) D :x = — ~ .

2. X a p  6np Af HyKTacn KyftHAarH mapTJiapHH KaHoaTJiaHrapa-  
AHraH MH3HKJI3pHHHT TeHTJI3MaCHHH Ty3HHT:

2.1. N HyKTa ,4 (0 , — 4 ) HyKTaAaH Ba t/ +  2 =  0 Typpn mh3h k a 3H 
6h p  x h ji y30KJiam raH .

2.2. N HyKTaAaH A ( —  1, 3) Ba 6(7,3) H yKTajiapraqa Sy jiraH

Maco(j)aJiap h h fh h a h c h  y3 rapM ac m h k a o p , x,aMAa C (6 , -^-) HyKTa H3-

jiaHaeTraH HH3HKK3 TerHUJJiH.
2.3. N HyKTaAaH .4 (8 , 0) HyKTaraMa S y jiraH  ' MaccxJja yHAaH  

x __2 =  0 TyrpH MH3HKKaMa 6 yjiraH  M3C0(})3AaH hkkh MapTa KaTTa.
2.4. N HyKTaAaH KoopAHHaTajiap Som Hrana Ba A  (0, — 4) HyKTa- 

rana Sy jiraH  MacocJ)aJiap KBaApaTJiapn h h fh h a h c h  16 ra  TeHr.
2.5. N HyKTa A ( — 4, 3) Ba 6(1, —2) H yKTaJiapAah 6np x h ji

y30KJia iuraH .
2.6. N HyKTa ,4 (0 , 2 ) HyKTara 6 (0 ,  6 ) HyKTara KaparaHAa

HKKH MapTa h k h h  TypaAH.
2.7. N HyKTa jc +  6 =  0 Typpn mh3h k  Ba KoopAHHaTajiap oouiHAaH

6np x h ji y30KJia iuraH .
2.8. N HyKTaAaH 71(0, 4 ) HyKTaraMa S y jiraH  Maco<pa yHAaH  

u — 36 =  0 Typpn MH3HKKaMa 6 yjiraH  M aco^aAaH  yn  MapTa khmhk.
2.9. N HyKTaAaH ,4 (0 , — 1) HyKTaraMa 6 yjiraH  Macoc})a yHAaH 

w +  9 =  0 TyppH MH3HKKaMa 6 yjiraH  MacocJ)aAaH yM MapTa opraK.
2.10. N HyKTa opAHHaTajiap yKHAaH Ba ,4(2, 0 ) HyKTaAaH 6np x h ji

y30KJiau iraH . .
2.11. N nyKTa ,4(5, — 1) Ba 6 (0 ,  4) HyKTajiapA3H Onp x h ji

y30KJiau iraH . .
2.12. N HyKTaAaH A (0 , 1) HyKTaraMa S y jiraH  Macoqia yHAaH 6 (0 ,  4 ) 

HyKTaraMa S y jiraH  Maco(f)aAaH h k k h  MapTa k h m h k .
2.13. N HyKTaAaH KoopAHHaTajiap 6ouiHraMa Ba A ( 5, 0 ) H yK Tara 

Ma Sy jiraH  Macoc()aJiap hhc63Th 2:1 ra  TeHr.
2.14. N  H yKTaA aH  v4 ( —  1, 1) H yKTaraM a S y j i r a H  uacofya yHAaH  

x  +  4 =  0 T y rp n  MH3HKKaMa 6 y jira H  M3co(j53AaH hk k h  M apTa khmhk.
2.15. N HyKTaAaH x— 1 = 0  Typpn MH3HKKaMa 6yjiraH  Maco(J)a 

yHAaH A (4, 1) HyKTaraMa S y jiraH  Maco(})aAaH h k k h  MapTa k h m h k .

2.16. N  HyKTaAaH ,4(2, 0) HyKTaraMa Ba 5x +  8 = 0  tvfph 
MH3HKKaMa oyjirsH Maco4>ajiap hhc63th 5:4 ra TeHr.

2.17. N HyKTa KoopAHHaTajiap 6ouiHAaH Ba jc +  4 = 0  tvpdh 
MH3HKA3H 6np xhji y30KJiauiraH.

2.18. HyKTaAaH A ( —  8, 1) HyKTarana SyjiraH Maco^a yHAaH
o i n TyFpH qH3HKKaMa SyjiraH M3Co<})aAaH hkkh MapTa KaTTa.
2.19. N HyKTa A (2, 2) HyKTaAaH Ba a6cu,Hccajiap yKHAaH 6np xhji 

ysoKJiaiuraH.
2.20. N HyKTaAaH A (3, 0) HyKTaraMa SyjiraH Maccx})a yHAaH 

opAHHarajiap yKHrana SyjiraH Maco(f>aAaH hkkh MapTa KaTTa.
2.21. N  HyKTaAaH KoopAHHaTajiap SouiHraMa Ba 3x+16 =  0 Typpn 

MH3HKKaMa SyjiraH M3Co<f)ajiap hhcSsth 3:5 ra TeHr.
2.22. N  HyKTaAaH A(\, 0) HyKTaraMa SyjirsH Maccx})a yHAaH 

" (  2, 0 )  H yKTarana 6 y jiraH  Macoc|)a,a,aH h k k h  MapTa k h m h k .
2:23. N  HyKTaAaH KoopAHHaTajiap SouiHraMa Ba A (0, 5) HyKTara

Ma Maco4»ajia’p HHc6ara 3:2 ra TeHr.
2.24. HyKTaAaH ,4(0, ^1) HyKTaraMa S yjiraH  Maccx})a yHAaH 

y  ®  Tyrpn  MHSHKKana dy jiraH  Macocf)aAaH hkkh MapTa khmhk.
2.25. N  HyKTa A (4, 2) HyKTaAaH Ba opAHHaTajiap yKHAaH 6np xhji 

y30KJiauiraH.
2.26. N" HyKTaAaH ,4(4, 0) HyKTaraMa SyjiraH Maco$a yHAaH 

* — 1=0 ryppn MH3HKKaMa 6yjir3H Maco(})aAaH hkkh MapTs KaTTa.
2.21. N  HyKTaA3H "A (I, 4) HyKTaraMa SyjiraH M3co4>3 yHAaH 

x-{~7 — 0 MH3HKKaMa S y jiraH  Maco(f)a,a,aH yM MapTa KaTTa
2.28. N  HyKTaAaH ,4(4, 0) Ba 6 (- 2 ,  2) HyKTajisp'rana SyjiraH 

Macocpajiap KBaApaTJiapn hhfhhahch 28 ra TeHr.
2.29. N HyKTaAaH ,4( — 1̂, 7) HyKTaraMa 6yjiraH Maco(})a yHAaH 

x 8 =  0 Typpn MH3HKKaMa SyjiraH MacocJiaAaH hkkh MapTa khmhk.
^  HyKTaAaH A (3, — 2) Ba 6(4, 6) HyKrsjisprsna Macod>3Ji3p 

HHC03TH 3:5 ra TeHr.

3. Cnpr ho m h h h  aHHKJiaHr Ba u is k j ih h h  mh3h h t :

32' a! ^ t ? 2  +  «Z2~ 20=0: 6) 9*2 +  4«/2 =  36.
a) 5x +  5y — 6z — 30 =  0; 6) 22 =  4X_ 3

3.3. a) ^  -  3y2 f2 ,? - 2 4  = (l, ol 2^ - 3 2! =  6.
3.4. a 5* + ,  -3 z  = 0; 6) S = 2„ +  4.
«  " ^  6) ix 2 + 3z! =\2.
3 7  8 + f e  + 32 =  ° i  3 ^  +  22* =  6.
3.7. a 6* +5#j - 1 0 |! -30  =  0; 6) 5 ^ - 4 2!=20.
. '  a| ^ - 2 9  +5z -10 =  0; 6) 4z! +  3jr=12.
3.9. 3 ) 3y + 5 2 — 5x =  0; 6) z2— 2u-i-3 =  Q

I n  : !  «) < * + # - < 0 - 0 .
a ) 3 x  +5</ — 42 =  0; g )  5 x 2 , 4 z 2 =  9f)

3 1S a ! T n ? ' K  +  4z ,T 72 =  0- 6 > 4 ^ - 3 / =  12.'3.13. a )  \0x 9y — 152 —90 =  0; 6)y2 =  2z.
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a, 14.  a

.1.15. a 
!J. 1 (i. a 
il. 17. a
8.18. a
3.19. a
3.20. a
3.21. a
3.22. a
3.23. a
3.24. a
3.25. a
3.26. a
3.27. a
3.28. a
3.29. a
3.30. a

) li,r? - :\ij 2x'-— 18 =  0;
) za +  27 =  0;
) —2i/ =  0;
) 2t/2 6z2 =  3x;
) 4x2— 12i/2 +  3z 2 — 24 =  0; 
) 2x2+ 4y2 — 5z2 =  0;
) 7x2-f2y24-6z2 —42 =  0;
) 2x2—3y2 — 5z2 -f- 30 =  0;
) x2 — 6y2 -)- 22 — 12 =  0;
) 3z2 -f- 9y2 — x =  0;
) y — 4z2 =  3x2;
) 8x2 — y2 — 2z2 — 32 =  0;
) 6x2-f*/2 +  6z2— 18 =  0;
) 3x2 -(- 12y2 +  4z2 — 48 =  0; 
) x2 — 7y2— 14z2 — 21 =0;
) 3x2 + y2 +  9z2 — 9 =  0;
) 4x2 4  9y2 -)- 36z2 =  72;

6) 3y2 — 4z2=  12. 
6) x2 —4z2=10. 
6) j/2= x  +  3. 
d) z2 =  x — 4.
6) 3x2 +  z2 =  30. 
6) 7x2 — 5y2 =  35. 
6) x2+4z2 =  4.
6) 3z2— 2x =  6.
6 ) 2x2 — 3z2 =  6 . 
6) 3x24 5 z 2=15. 
6). x2 — 4z2 =  4.
6) 2x2 +  3z2 =  6. 
6) 2x2 — 6y2=  12. 
6) 2j/2 + 3z = 6.
6) 4t/2 +  3z2=12. 
6) 3y9 — 2x2 =  6.
6) 2t/2 — 3x= 12.

!

2- 6 o 6

MATEMATHK AHAJIH3TA KHPHUi

l-§. SjieMeHrap c|)yHKUHHjiap

K u i t l i : . oAr« P *  M5IW?PHHHr 6hPoP D TynjiaMAaH OAHHraH *ap 6hP 
KHHMaTHra 6npop £  Tyo/iaMAaH OAHHraH y mhkaopHHHr 6hpa3h-6hp
f v Hl n HHMa™  M0C K**HJIi aH ° ^ ca- y y ftrapyBM ? mhkaopx y3rapyBMH MHKAOpHHHr (p yH K u ,u n cu  AeHHJiaAH.
u x mhkaop apioiH yarapyBHH eKH apeyMenr, u mhkaop aca Sofjihk 
yarapysMH eKH f y n ^ u f i  AeHHJiaAH. OyHKUHHHH SeArHAaui yqyH yuiSy 
e3yBAapAaH (|)OHAaAaHHJiaAH:

y =  f(x), y=y (x ) ,  £/ =  <p(x)
Ba k .

™  PyB4r HHr f(x) ^ yHKUHH Ma-bHora ara SyjiaAHraH KHHMaTJia
pH T yn j iaM H  (JjyHKUHHHHHf aHUfyiaHuui coqacu AeHHAaAH Ba D(f\

™ypS ™ T  X , 7 T m - , J= ,M
f ? ’r  \ ( / ) .  4 )yH K U H H H H H r x y c y c u u  I^UdM aTU  AeHHAaAH Ba m  eKH
/(Xo) KypHHHiUAa SeArnAaHaAH. lUyHAaft k h a h 6, ^

yo—f (xo) eKH =

OyHKUHHHHHr KaSyA KHAaAHraH KHHMaTAapH TyruiaMH yHHHr m e a D u iu  
coyacu AeHHJiaAH Ba £ (/) fiHAan OejirHAanaAH Y

^  HvT™ CJIHKH“ Hr y==f t y  MyHoca6aTHH KahoaTJia hthpy b4m
2 12 Aran TynjiaMH i/ =  /(x) (})yhkuhhhhht apa0ueu AeHHJiaAH.

„ AraP y =  f(x) JyHKUHH £>(/) coxaHH £(/) co*ara vaapo 6hd
y « * “  * ™ W

* — 'P(lZ)-

0 S « / l s a„ L i yHK^" ,, ■«“ »/>«
0 - / (x ) Ba x =  (p(f/) cfjyHKUHHAap ysapo Tecmpu (|)yHKUHHAapAHp.
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'TTTTTTTTt

ir: «|| t//) T('('Kil|)K (ftyHKUHWIIH, OAai'Aa, X  Ba y  JiapHHHr ypHHJiapHHH 
;u iM a iijTH |iH iii f iH J ia u - m ii iA a p r  KypH HH iiiAa e3HJiaAH.

y =  (f)(x).
.V 'tap o  TCCKapH  y = f ( x )  Ba  y =  ip(x) (J )yH K U H H Jia p H H H r rpa< j)H K JiapH  

f)KpKll‘IH 83 yMHHMH K00pAHH3T3 H0paKJI3pHHHHr 6HCCeKTpHC3CHT3 
IIKCfi.'Vrail CHMMeTpHK. y =  f (x)  ({ jyH K U H H H R H r 3HHKJI3HH11] COXaCH 
// ■■■ cp(x) Teckapw OyHKUHHHHHr KHHMaTJiapH coxacu SyjiaAH.

M™(p(x) (JjyHKUHHHHHr 3HHKJI3HHUI COX3CH D, KHHMaTjiap COXaCH
V 6yjiCHH, y =  f (u )  <j)yHKUHHHHHr aHHKJiaHHUi coxsch V  6yjiu6, y3r3pum 
COX3CH / 6yjICHH, y X0JIA3 y =  f((p (x )) 3HHKJiaHHUI C0X.3CH D  Ba y3rapHIU 
cox,acH / SyjiraH MypaKK30 (JiyHKUHH eKH / B3 <p <J>yHKUHHJi3pHHHr 
K0M ti03 im uncu  Aefiu JiaAH .

u y3rapyBHH opcuiuK, y s z a p ye n u  AeftHJiSAH. y = f ( x )  KypHHHiUHAarHs 
(})yHKU.HH OUIKOP (pyHKU,uR  AeHHA3AH. F  (x , y )  =  0 K yp u H H U iA am  
TeHrjiaM 3  xaM , yM yM 3H  3 ih r3 H A a  x  Ba  y  y3 rap yBM H Jiap  o p scH A sru  
(J)yHKUuoH3Ji 6 o fji3 h h u ih h  6ep3AH. B y  xojiAa T3"bpH(})r3 K y p s  y  y3ra- 
pyBMH X  HHHr OlUKOpMCLC ({jyHKUHHCH Sy jiaA H . M aC3J13H, x 2 +  y 2 =  4 
TeHrJI3M 3 y  HH X  HHHr 0UIK0pM3C (J)yHKUHHCH CH(})3THAa 3HHKJ13HAH. 
AHHKA3HHUI C0X3CH D ( f )  K00pAH H 3TaJiap  60UIHr3 HHCfiaTaH CHMMeTpHK 
6yjlT3H  f ( x )  (JjyHKUHH X  H HH r X3p K3HA3H X  ££>(/) KHHM3TH y i y H
/ (—x )= / (x ) (eKH / (— x) =  — /(x )) MyHoca6aT63>KapHjica,3«;i/0r (eKH 
TOK,) <|)yHKUHH AeHHJiaAH.

^Ky$T (JjyHKUHH rp a (})H rH  0pAHH3TJ13p y K H r a  HHC63TaH CHMMeTpHK, 
t o k  (J)yHKUH H  rp a (})H rH  a c a  K o o p A H H a T jia p  S o u iu r a  h h c 6 s t 3 h  c h m m c t -
pUKAHp.

Arap T > 0 y 3 ra p M a c  co h  M aB JK yA  6 y jiH 6 , xap S u p  x £ D ( f )  Ba 
( x + T )  £D (f )  Aa ,f(x-\-T) =  /(x) T eH rjiuK  6 a w a p H Jic a , f (x)  <J)yHKUHH 
daepuO. (pyrnmuH AeftHJiaAH.

AftrajiraH xoccara ara 6yjiraH T J ia p H H H r  s h t  k h h h th  T0 (pynKt^uR- 
num daepu AeftHJiaAH.

2 .1.3. K y ftH A arH  (})yHKUHHJiap a co cu u  sA eM en rap  (buH K tiuRA ap  
AeHHJiaAH.: * T ■ ^ ,

а )  y =  xa A a p a * a j iH  (JjyHKUHH, 6 y HAa a  £R; D ( f )  Ba E ( f )  J ia p  ct ra  
S o f j ih k ;

б )  y =  a x KypcaTKHMJiH (JjyHKUHH, SyH A a  a > 0  Ba a ^ l ;  D ( f )  =  R  Ba
E ( f )  =  (0 , +  ° o ) ;

B) y=\ogaX JiorapH(})MHK cj)yHKUHH, SyHAa a >  0, a^=l- D(f )  =  (0 
+  o o )  B a  £ ( / ) = / ? ;  ’ K ’

r) TpuroHOMeTpuK 4>yHKUHHJiap:
y =  sinx, D ( f ) = R  B a  £ ( / ) = [ _ l ,  1 ]; T0 =  2n;
y =  cosx, D ( f ) = R  Ba £ ( / )= [ - 1 ,  1]; T0 =  2n ;

y =  tgx, D ( f ) ? = { x ^ f + n k ,  k£Z)  Ba  E ( f )  = R ;  T0 =  n-, 

y  =  ctgx, D ( f )  = { x ^ n k ,  k 6Z\ Ba E ( f )  = R ; T0 =  n.

y  =  secx, D ( f ) = { x ^ ~ + n k ,  k E Z }  Ba

£ ( / )  =  ( — oo. —  1 ] U [ 1, + o o ) ;  To =  2n.
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y =  cosecx, D(f) = {x^ nk , k£Z] Ba 
£(/) =  ( -  oo, — 1]U[1, + o o ) ;  7’0 =  2ji.

a )  TecKapH TpnroHOMeTpHK (})yHKUHHJiap:

«/ =  arcsinx, £ )(/ )= [— 1, 1] Ba E (f )  =

y =  arccosx, D ( f ) = [ -  1, l] Ba E (f )  =[0, n]; 
y =  arctgx, D(f) = R  Ba E (f )  =  ^  -5. ;̂

i/ =  arcctgx, D (f )= R  Ba £(/) =  (0, n);

y =  arcsecx, D (/) =  ( — oo, -1]U [1 , +oo )  Ba E ( f )  =  Jo, K J

«/ =  arccosecx, ^ ( ^ ^ ( - c x , ,  -1]U [1 , + o o )  Ba E ( f ) =  [ ~ f , o ) u

u ( o . f ] .

3jieMeHTap (JjyHKUHH Ae6 acocHft ajieMeHTap (J)yHKUHHJiapAaH 
weKJiH coHAaru apH(j)MeTHK aM ajijiap  epAaMHAa Ty3HJiraH MypaKKaS  
(pyHKUHHJiapra aftrajiaAH.

1- dapcxona TontuupuFu 

1. KyftHAara (J)yHKUHHJiapHHHr aHHKJiaHHiu coxacHHH TonuHr:
a )  */=- _ i = ;  . 6 ) j/ =  a r c s i n ^ ^ ;

-3^ + 2 2

B) y =  V 25~^*2 +  lgsinx.

>K: { ^ ( 2’ + ° e ) ;  6) [0, 4];
9 K - ’ U ( — V 5  V3) u (V^, 2); r )  [ — 5, — Jt) u (0, n)
I. KyuHAarH_$yHKUHHJiapHHHr ysrapnui coxacHHH TonHHr: 
a ) </= V 16 — x2; 6 ) y =  3cosx— 1; b) y =  3~^ .
>K: a) [0,4]; 6) [ - 4 ,  2]; b ) (0; 1],

aHHKJiaKHyrftHAarH (})yHKUHHJIaP HHHr * y ^ T  eKH TOK OyHKUHH 3K3HHHH

a) «/=* sin 3x; 6) y =  x4 — x2-f-x; b) y =  lgcosx.
T0K: ' T0K ^aM 3Mac, >Ky(j)T xaM sm sc; b) >Kyd)T.

4. KyuuA3rH (})yHKUHHJi3pHHHr AaBpjispHHH TonHHr: 
a) y =  Sin5x; 6) y =  lgcos2x; b) y =  tg3x +  cos4x.

>K: 3) 6) it; b )

5. Myp3KK30 (J)yHKUHHJI3pHH 3C0CHH 3JieMeHT3p d)yHKUHHJI3DHHHr 
K0Mn03HUHHJI3pH Tap3HA3 H(J)0A3JI3Hr:

a) y =  V arct g V 3^2; 6) y = i n t g - ^ —
4x
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/- MycTa^uA uu/

1. O y H K U H f lJ ia p H H H r  a H H K Jia H H U J COX<t IpHHH T o n H H r:

a) i/ =  lgf(34jt — 9); 6) y  =
.2 - 6 *+  5

B) y =  l g ( - x 2- 4 x + 5 ) .
M : a )  ( I ’ ° ° ) i 6) ( - ° ° >  1) U (5, -t V b ) (- 5 , 1).
2. BepHJiraH <}>yHKUHHAapra moc KejiyBMH TecKapn (byHKUHHJiapHH 

TonnHr. BepHJiraH Ba TonnjiraH TecKapn (Jjyhkuhh rpa(J)HKjiapHHH 
MH3HHT •

а) y =  x2, arap 0;
б) y  =  / arap x < 1 '

{  x 2— 2, arap *> 1 ;
. fx, arap 0;

B) y = 1 2U  , arap *> 0 ;
r ) y =  -^Jl— x2, arap x£ [— 1, 0];

x, arap *< 1 , 
a) y =  x2, arap I 4,

2X, arap x > 4  .

3. KyHHflarn (J)yHKUHHJiapHHHr *y(J)T eKH tokahthhh aHHKJiaHr:

а) y = \ l ( l - x ) 2+ { j ( l + x ) 2 ;
б) ,  =

a) y — \n ( x + ^ J l + x 2) . 
r) y — 2x-\-2~x.
)K-' a) >Kyc{)T; 6) tok; b) tok; r) >Kycj)T.

2-§. SjieMeHTap (J>yHKUMHjiapnHHr rpa<|)MKjiapM

f(x)  JyHKUHH rpa(j)HrHHH HH3HUiAa xap xhji ycyjuiap KyJiJiaHHJia- 
Ah : HyKTajiap SyftHMa, rpa<J)HKJiap SHJiaH aMaJuiap 6a>KapHUi, rpa- 
(pHKJiapHH ajiMauiTHpHiu. f(x) JyHKUHH rpa(j)HrHAaH 4>OHAa’jiaHH6 
coAAa aJiMauiTHpHiiuiap epAaMHAa MypaKKaSpoK (})yHKUHHJiap rpa- 
CpHKJiapHHH XOCHJI KHJIHLU MyMKHH.

a) y =  f(x a) (})yhkuhhhhht rpa(})HrH y — f(x)  JyHKUHH rpadJHrn- 
AaH, oy rpa(J)HKHH Ox yK 6yftjia6 a > 0  Aa yHrra, a < 0 SyjiraH^a aca 
nanra a Shpjihk cypnui SHJiaH xocha khahh3ah.
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rno^  y + ^ ? 7 HK!lHH rPa<t>HrH y =  f ( x ) tjjyHKUHH rpacbnrHAaH 6v
rv n w iT r  YK yHJla6 b > 0  roKopnra, b< 0 Aa nacTra b 6hpjihk 
CypHIU OHJiaH XOCHJI KHJIHH3AH. H

m A y =  f ( kx ) ( k ^ 0 , k ^ l )  4>yHKUHHHHHr rp3(})HrH y =  f ( x )  d)YHKUHH 
rp a <})HrHAaH, yHHHr HyKTajiapH opAHHaTaj,ap„HH L i L  x S a
1*1 <1 Aa aScuHccajiapHHH MapTa ny3HUi 6ha3h, \k\>\  Aa aca
aScuHccaJiapHHH \k\ MapTa c h k h u i SHJiaH x o c h j i  KHJiHHaAH.

r> y — mf ( x )  (m=^= 0, m=£ 1) 4)Yhkuhh rpadwrn u =  f<x)  (bvHKrmw 
rps^HTHAaH, yHHHr HyKTSjiapn moc agcuHccajiapHHH caKAaran
XcuiAa opAHHarajiapHHH |m| <1 Aa MaPTa khchui, |m | > l  Aa 
3ca \m\ MapTa My3Hui opK3AH xocha khahh3Ah.
rDa*HKH7 ^ n 7 XL t yHKUH« rpa^HrH y = f W  4>yHKUHH rpacJjurHAaH, 6y

3la“ C" ” " e lP "K » “ »T«P«»

rDa*»?™ rpa<*>H™ U—I W  rpacjmrHMH, 6y
aH c" " " eTP1" < epAaMMa

* )  y — \f(x)  I JyHKUHH rpacjwrn Ox yKHHHr f ( x ) ^ 0 SvjiaAHraH
K r a7 S ?  * yHKm!i rpa4,HrH 6HJ,aH 6i,p ™  Oxa  ' (  )< 0  6yAaAHraH khcmha3 6y rpad)HKHH u =  f ( x ) (bvHKiinn

r p a , | ,H r " HH

u=  <9 r-UO\ S11X ■ 'by™ *™  rpacfjHTHAaH 4,0HAaAaHH6,./ n(2x +  2) (f>yHKUHH rpacj)HrHHH hh3hui KyHHAarn uiaKJi
fiAMauiTHpnuiAap opKajiH aM a^ra  ouiHpHjiaAH:■

y\ =  sin2xi, y2= — 2sin2x2,
J/= - 2 s in 2 ( x + l )  =  -2sin (2x +  2).

TeoMeTpHK HyKTah Ha3apAaH 6y 15- maKAAarn acauiAapra ojih6 
KOJiaAH.

1. 2ji opaAHKAa y =  s\nx CHHycoHAaHH MH33MH3.
2. CHHycoHA3Aa'6np HenT3 HyKTa 6eArHAaflMH3 B3 o pah hstsjisph- 

iih y3rapiHpMaH, aficuHccaAapHHH hkkh MapTa KaMaHTHpaMH3.-
x i =  Y x ’ y i = y ■ X o c h j i  6 y A r a H  H yK T a A a p H H  c h a a h k  m h3hk  6 h ji3 h

finpjiamTHpHS, i/i =  sin2xi (jjyHKUHHHHHr rpa(})HrHHH MH3aMH3.
.3. X.OCHA SyA raH  rpac})HKAarH HyKT3A3p aScuHccaAapHHH V3rap- 

thpMah, opAHHaTaAapHHH 2 MapTa opTTHpaMH3 Ba yAapHHHr HinopaAa- 
pmiH aAMauiTHpaMHs: y2= - 2 y i ,  x3 =  xi. X o ch a  6 yA ra H HyKTa- 
JmpilH CHAAHK HH3HK SHJiaH 6HpA3UITHpH6, W2= — 2sinjC2 (byHKUHH- 
lllllir rpa(J)HTHHH HH3aMH3.

4. OxHprn rpa4)HKHH aScunccaAap yKH 6yfiyma ( — 1) ra Ky4HpaMH3: 
x — X2  1, y =  y2- Xochji KHAHHraH HyKTaAapHH chaahk mh3hk 6HAaH 
nmwiauiTHpHC, y = -  2sin(2* +  2) ^hkuhh rpa^nrHHH MH33MH3 
(1 5 - m aK Ji).
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> i»hi

2- dapcxona TonuiupuFu 

OyHKUHHJiap rpat})HKjiapHHH mhshht'. 
1. y =  2sin ( 2 * - l ) .  g V ? ^ + 4 .
2. y =  — c tg |x-\- 1 1. »  v
3. y = l  +  l g ( *  +  2). 6. 0 = 1 - 31x1
4. y =  log211 — x |. 7. y — \x — 7x+12|.

2- mycTaK,UA uiu 

O yH K U H H Jiap  rpa^H K J iapH H H  h h 3h h t :

1. y =  |3x +  4 — x 2\. 4. y =  2c os—~ 11
2. y =  I log2(2x — 1)
3. y =  2 (x  1 )jl sin2x.5. y

6. y =  1— 2

3- §. Hkkh $yHKUHfi hhfhhahch, afinpiviacH,
KynafinviacH ea SyjiHHiwacHHHHr rpa(J)HKJiapH

A c o c h h  3JieMeHTap (})yHKUHHJiap xo cca jiapH A aH  (})0H AajiaH H 6 , 
yjiapHHHr rpac})HKjiapHHH SHJiraH x,cuiAa, KaTTa XHCoSjiaiu nuiJiapHHH 
SajKapMaft TypnS, SouiKa (J)yHKUHHJiapHHHr MypaKKa6 rpacJ)HKJiapHHH 
MH3HIUHH rpat})HKJiapHHHr KOMfiHHaUHHCHra (h h fh h a h c h , aHHpMaCH, 
KynaHTMacH Ba S y jiH H M acH ra ) KeJiTHpHUi MyMKHH.

2.3.1. UiyHAaft x,ojuiap SyjiaAHKH, y =  f ( x )  (|>yHKU,HH rpa(J)HrHHH 
rpa(})HKJiapH ocoHTHHa MH3HJiaflHraH y \ = f \ ( x )  Ba y 2 =  f 2 (x)  (jtyHKUHfiJiap 

h h f h h a h c h  uiaKJiHAa H(})OAaJiaui MyMKHH SyjiaAH. YHAa y =  f (x )  
(JjyHKUHH rpa({)H rHHH u h 3h u i  m o c  opAHHaTaJiapHH reoM eTpHK KyuiHLura  

KeJiTHpHJiaAH: y =  y\ -\-y2.
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16- u ia K Ji

UlyHH Ta"bKHAJiaHMH3KH, HKKH (})yHKUHH 3HHpMaCHHH HKKH (byHK- 
HHHHHHr TerHlUJIH HHFHHAHCHT3 KeJITHpHLU MyMKHH.

y = h  ( x ) - h ( x ) = f i ( x )  +  ( - f 2( x ) ) .

1- m h c  o  ji. Y u i6 y

y =  x  +  sinx

(|)yHKUHH rp3(})HrHHH HH3HHr.
E u h hi. y \ = x  Ba j/2 =  sinx A e6  o jihS , S h t t s  HH3MaHHHr y3HAa 

Ky LUHJiyBHH (})yHKUHHJiap rpa(j)HKJiapHHH 4H3aMH3 (nyHKTHp HH3HK- 
J iap ).

LUy (}>yHKUHHJiap rpa(J)HKJiapHHH KecaAHraH  6np K aTop  BepraKaJi 
ly rp n  HH3HKJiap yTKa3aMH3. IU yH AaH  kchhh 6 y  rpa(})HKjiapHHHr moc 
opAHHaTa JiapHHH reoM eTpHK K yu inS , H3JiaHaeTraH rpa<J)HKHHHr 6np 
KaTop HyKTa JiapHHH TonaMH3, 6 y  HyKTajiapHH y3JiyKCH3 arpn  mh3hk 
f)HJiaH 6HpjiaiuTHpH6, H3JiaHaeTraH rpa<j)HKHH HcaflMH3 (16- m aKJiAarn 
ryTau i u h 3 h k ). X o c h ji S y jiraH  rpac})HK, TaKpn6HH 6yjiaAH .

2.3.2. OpAHHaTa JiapHH reoM eTpHK KynaflTHpHiu aHMa k h h h h . Ammo, 
m yu ra  KapaM aft, a ra p  </i =  /i ( x )  Ba y2 =  f2 (x)  ( f )y h k u h h jiap  rpa(j)HKJiapH- 
1111 OJIAHHAaH HCaS OJlHHCa, HKKH (JjyHKUHHHHHT y =  f i  (x)  • f 2 (x)  
KynaHTMacHHH Tax,JiHJi k h jih u i KynHHHa ocoHJiauiaAH. Ta^JiHJi KHJiHUiAa 
//i Ba i/2 (})yHKUHHJiap 0, 1 Ba —  1 ra  TeHr 6yjiaA H raH  HyKTaJiap- 
ra aJioxHAa a'bTHSop 6epH iu KepaK.

2- m h c oji. y = x -  sinx (})yHKU,HH rpa(j)HrHHH hh3hht.
E m h u i .  BepHJiraH (JjyHKUHH HKKHTa t o k  (})yHKUHHHHHr KynaftTM acn 

i’HCj)aTHAa >Ky(j)T (JjyHKUHH SyjiHUiHHH naHKaHMH3 Ba u iy ca6a6 jiH  
raKJiHJiHH j c ^ O  Jiap ynyH  yTKa33MH3. y \ = x  Ba y 2 =  sim: rpa(})HKjiapHH 
(liyHKTHp MH3HKJiap) 6HTTa MH3MaAa MH33MH3 (17- UiaKJi).
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17- maKJi

t/2 =  s in x = 0  SyjiaAHraH HyKTaJiap,n,a y = y \  • y2 =  0 ra ara 6yjiaMH3. 
j/2 =  s in x=  1 SyjiajwraH HyKTaJiap^a y — y i -y2 =  x  ra ara 6yjiaMH3. 
y 2 =  s \ n x =  —  1 SyjiaAH raH  HyKTaJiap,a.a y =  y l . y 2=  — y i =  — x  

(y3= z — x  (J)yHKU,HH rpa(J)HrHHH MH33MH3) .
BHp KaTop uiyHAaft HyKTaJiapHH 6eJinuia6 Ba opaJiHK HyKTajiap 

yqyH \y\ =  |jcsinx| <C\x\ 3K3hhhh XHCo6ra ojih6, x ^ O  Jiap yMyH 
H3JiaHaeTraH rpacfwKKa (TyTaui mh3hk) ara 6yjiaMH3. x<cO aa 
SepHJiraH Oyhkuhh *yO T  (J)yHKUHH SyjiraHH ynyH rpa(J)HK Oy 
yKKa HHC6aTaH CHMMeTpHK aKCJiaHTHpHLU SHJiaH XOCHJI KHJIHHa^H 
(17- uiaKJi).

2.3.3 . H kkh OyHKUHHHHHr KynaiiTMacH xaKH^a aiiTHJiraH Myjio- 
xa3aJiapHHHr xaMMacn hkkh OyHKUHHHHHr

_  f i ( x)  

y ~  f2(x )

SyjiHHMacH yMyH xaM 6np XHJiaa TerniujiHAHp.
BHTTa MH3M3HHHr y3Hfla y , = f i ( x )  Ba y2 =  f2 (x)  OyHKUH^ap

rpa(J)HKJiapHHH mh3h6, yjiapHH tsxjihji khjihui fiyjiH SnJiaH y = ~y~

6yjiHHMa x  ra 6 ofjihk xoJifla KaHAaft y3rapnuiHHH TeKuiHpaMH3 Ba my 
ftyji 6hji3h H3JiaHaeTraH rpaOnKHHHr yMyMHH KypHHHUiHra ara 
6yjiaMH3. TaxJiHJi KHJinuma acocnft avrHSopHH y\ Ba y2 OyHKUHHjisp 
KHHMaTJiapH 0, 1 Ba — 1 ra TeHr SyjiaflHraH HyKTajiapra, y jiap  y3apo 
TeHr fiyjiaflHraH eKH HiiiopajiapH SnjiaH 0 aPK KHJiaAHraH HyKTa
jiap ra  KapaTHiu KepaK.
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3- M H C OJI. y =  ■■ OyHKUHH Tpa(J)HrHHH MH3HHT.

E m h u i .  O yH K U H H  t o k ,  my c a 6 a 6 jiH  x ^ O  Jiap yMyHTHHa TaxJiHJi 
KHJI3MH3.

y i = x  Ba y 2 =  x2— 1 A e 6  o jih 6 , 6 y  O y HKUH H jiapH H H r x ^ O  narn 
rpa(})H KJiapH H H  (n yH K TH p  MH3HK) MH33MH3.

3  c j i  a t  m a: a) x = 0  Aa yi =  0, uiy c a 6 a 6 jiH ,  — = 0  •
y2

6 )  S n p o p  x =  a  Aa y \ = y 2 6 y jiH 0 , y = — = 1  S y jin u iH  p a B iu aH ;
y2

b) 6npop x — b Aa y\ =  — yi 6ymi6, y = ~ =  —  i SyjiHiUH paB-
iuaH; 4,2

r )  x = l  Aa t/2 =  0, J/i =  l, uiy ca6a6jiH x =  \ T yrpH  m h3h k  BepTHKaji 
acHMnTOTaAHp.

u A ) x  oo Aa y->-0  M yc6aTJiHrHMa KcuiaAH, H'bHH a S c u u c c a jia p  
yKH ropH30HTaji acHMnTOTa SyjiHuiHHH K ypaM H 3. By O n KpjiapHH H r  
x,aMMacHHH 6H pjiau iTH pH 6 rpacJ)HKHHHr yMyMHH KypHHHUiHra (TyTaui 
’IH3HK) a ra  6yjiaM H 3.

y~~x2_ x OyHKUHHHHHr TOK aKaHJlHTH TyOaftjiH  x < 0  Aa rpaO H K

K oo p A H H a T a jia p  S o u iH ra  H H cfiaTaH  CHMMeTpHK aKCJiaHTHpHum aH 
H O opaT  S y jia A H  (1 8 -  u ia K J i).

3- dapcxona roniuupui-u 
OyHKUHHJiap rpaOHKjiapHHH MH3HHr:

1. y = x 3~\-2x2. 4. y =  x3cosx.
2 y =  2* + sinx r  ___ s in *

3. y =  sin2x +  2cosx. ' \ + x2 '
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3- Mycra^uA uui 

OyHKUHHJiap rpacf)HK.napHHH mh3hht:

1. = jc- (-arctgjc. 4. y =  x -cosx .

2. y = U e * + e ~ * ) .  5. y = A ^ ~ .
*  sinx

3. y — x + c o s x .

4-§. KeTMa'KeTjiHKHHHr jihmhth.
4>yHKllHSHHHr JIHMHTH

2.4.1. HaTypaji coHJiap TyiyiaMHAa auHKJianraii 4>Yhkuhh cohau 
KerMa-KeTAUK AeftHJiaAH Ba {xn\ KypHHHiura 6ejirH.JiaH.ajiH.

A ra p  uiyHAaft M  MycSar coh M asw yj; 6yjin6, xap  Kaima.fi 
HaTypaji coh n yqyH 

\X„\ < A f  

TeHrcH3JiHK ypHHJiH 6yjica , {xa} HeeapaAdHeaH KeTMa-K£TAUK AemMaMM- 
A ra p  xap KaHAaft HaTypaji coh n yMyH

Xn -f-1 %n

TeHrcH3JiHK 6a*apH Jiqa, {x„} ycyenu KeTMa-neTAUK AeftHJiaAH. 
A ra p  xap KaHAaft HaTypaji coh n ynyH

Xn-\~ 1 Xn

TeHrcH3JiHK 6a)KapHJica, {x „ } KaMatoenu KeTMa-KeTAUK AeftHJiaAH.
O aKaT ycyBMH eKH KaMaioBHH KeTMa-KeTJiHK mohotoh KerMa- 

KeTAUK AeHHJiaflH. 
A ra p  HCTajiraH e > 0  coh ynyH uiyHAaft jV =  /V(e) > 0  coh MaBwya, 

SyjicaKH, 6apqa n ^ N  Jiap yMyH

\xn — a\ < e

TeHrcH3JiHK 6a>KapHJica, y3rapM ac a coh {xn} KeTMa-KeTJiHKHHHr au m u tu  
AeftHJiaAH Ba 6y KyftHAaruMa e3HJiaAn:

lim x „ = a .

A r a p  {x n\ KeTMa-KeTJiHK jiHMHTra ara  S y j ica ,  y  H^uuAauiyeHu, aKC 
XOJiAa y30K,AauiyeHu KeTMa-tcerAUK AeHHJiaAH.

Xap KaHAaft MerapaJiaHraH Ba mohotoh KeTMa-KeTJiHK JiHMHTra ara.

1- MHCOJI. lim =  1 aKaHJIHTHHH HCdOT KHJIHHT Ba yv (e )  HH 
n-oo 2n + l  '  v ’

aHHKJiaHr.
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E m h ui. A ra p  hx thcPhh e > 0  yMyH uiyHAaft jV (e )  cohh MaBwyA 
GyjicaKH, 6apMa n ^ N ( e )  Jiap yMyH

I I I  ̂ 1 I
=  b r + r - 1 l < e

TeHrcH3JiHK 6a>KaPHAca, jihm hthhht Ta"bpHcJ)Hra Kypa KyftHJiraH 
Macajia xa ji 6yjiaAH. lOKopHAarn TeHrcn3JiHK KyftHAarura TeHr 
KyMjiH:

2
2 n + l

<  e ,

6yHA3H

2 .2n +  1 > —  eKH n
e 2e

■N<*\ = -
2e

TeHrcH3JiHKKa ara 6yjiaMH3. ,Z],eMaK, N = N ( e )  = Ui yHAaf t

k h j i h 6 ,  lim o”  T  r ~  1 •
„ _ « *  2n-\- 1

2.4.2. A ra p  xap KaHAaft e > 0  coh  ynyH  uiyHAaft S =  S ( e ) > 0  coh 
iviaBJKyA 6yJiH6, \x —  a | < 8 Aa |f ( x ) — b \ < e  TeHrcH3JiHK 6a>KapHJica, 
b cohh  f ( x )  4>yHKUHHHHHr x-^~a A a ra  jih m h th  AeftHJiaAH Ba SyHAaft 
C3HJiaAH: 

lim /^x) =  .
x-*-a

A ra p  HXTHepHH e > 0  yMyH uiyHAaft N  =  N ( s )  > 0  coh  MaB>KyA 6 Yjih6 , 
6apMa \x\ > N  Jiap yMyH | f ( x )  — b | < e  TeHrcu3JiHK 6a>KapHJica, b cohh 
f ( x )  (JjyHKUHHHHHT X—>-OO A3TH JIHMHTI  ̂AeftHJiaAH Ba 6yHAaft e3HJiaAH:

lim  f ( x ) = b .

A ra p  HXTHepnft M > 0 yMyH uiyHAaft 5 =  8 ( M ) > 0  MaBmyA 6yjiu6, 
\x — a\ < 8  Aa |/ (jc) | > M  TeHrcH3JiHK 6a>KapHJica, f ( x )  JyHKUHH x-*-a 
Aa neKCU3 Karra AeftHJiaAH Ba 6yHAaft e3HJiaAH:

lim / (;t) =  oo .
x-*a

A r a p  x -^ a  a  a x > a  S y j ica ,  y  xcuiAa x-+a -\ -0  f ie j irn , a r a p  x -^ a  Aa 
x < i a  S y j ica ,  y  xo j iA a  —  0 6e j iru  KyJiJiaHHJiaAH. f ( x )  (jjyHKUHH-
iiHHr a HyKTaAarn nan Ba yne AUMurAapu Ae6 moc paBHiUAa

/ (a  — 0) =  lim  f ( x )  .Ba f ( a  +  0) =  lim  f ( x )
x-*-a — 0 x̂ a-\- 0

coHJiapra aHTHJiaAH.
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f ( x )  (JjyHKUHHHHHr x-*~a flarH jihmhth MaB>KyA SyjwuiH yMyH 
f ( a  —  0 ) = / ( a  +  0 ) 6yjiHUiH 3apyp Ba eTapjiH. %

2.4.3. JlnMHTJiap xaKHAa KyftHAarH TeopeMaJiap ypHHJIH (jih- 
MHTra yTHiu KOHAaJiapn):

a ) Arap C y3 rapMac Syjica, 

l i m C = C .
jc-*-a

6)  A ra p  l im / ( x )  Ba lim (jp (x )  MaB>Kya, 6yjica,
x-*-a x-*-a

lim ( f ( x ) + c p ( x ) ) = l i m  f ( x )  - f l i m  cp(x) .
x - - a  x-*-a x-*-a

b ) A ra p  l im / (jc )  Ba lim <p(x) JiHMHTJiap MaBJKya Syjica, y  x,ojiAa
x-*-a x~*-a

lim f ( x )  -q>(x) = l i m  f ( x )  - l im  <p(x)
x-*-a x-*-a x-*-a

T6HIVIHK ypHHJIH,

r )  A ra p  l im / ( x )  Ba lim <p(x) : # 0  Syjica, y  x,0JiAa

lim
lim f ( x )
x-*-af ( x ) _____________

(p (x) lim <p(jc)

TeHTJIHK ypHHJIH.
A ra p  6y TeopeMajiapHHHr uiapTJiapn 6a*apH jiM aca , y xojiAa

OO 0 r\ « «  o
— , — , 0 - o o  KypHHHUiHAarH  aHU^MacAUKAap  naH AO  OyjiHu iH  MyMKHH.

By aHHKMacJiHKjiap 6aT>3H xo ju ia p A a  a jireSpaH K  ajiMauiTHpHiujiap 
e p A a M H A a  omhji3 A h . ;

2 - m h c o j i . J I h m h t h h  x,HCo6jiaHr:

lim 3" 2+ 5" - 1
n2 +  3

E m h u i . By  MHCOJiAa KacpHHHr c yp a T  Ba M a x p a * H  MeKCH3JiHKKa
OO „

HHTHJia4H, HTdHH KypHHHiHAaTH aHHKMaCJIHKKa 3raM H3.

KacpHHHr cypaT Ba Maxpa>KHHH n 2 ra SyjicaK:

3 + A - - L
lim  3 ^ ,± 5 n - l  =  H m _  »  „ »  =  3 =  3 _

n-*-oo n?-f-3 n-*- oo i j 3 1
' 2 tl

3 - m h c o j i .  J I h m h t h h  X H eo S jia H r :

E m h ui. ByHAa KypHHHUiAarH aHHKMacjiHKKa 3T3mh3.
OO

( n + 2 ) \ = ( n  +  l ) ' . (n  +  2)  Ba (n +  3 )! =  ( «  +  l ) ! ( n  +  3) (n +  2) ajwaui- 
THpHUiAapHH 6a>KapcaK:

<n +  2 )! + ( n + l ) _! j (*  + 1 ) ! ( » , ± 3 ) _  =  |im q .
(n +  3 ) ! J "  (i« +  l ) ! ( n  +  2 ) ( f »  +  3) n +  2

4- dapcxona Tonuiupuru

1. { x  } = {  3rt—} KeTMa-KeTAHK a =  3 JiHMHTra ara SKaHJiHTHHH hc- 
' " ’ ' n +  3

6ot khjihht Ba N (&) hh aHHKJiaHr.

2. KyftHAarH AHMHTJiapHH TOIIHHr:

а) lim (“ + 2>S+ ( " - 2.)3,  >K: 0 .
n-*-oo t i -\ -2 r i  —  1

i- 3/1 ---4/1-j- 8б) l im — -̂-----x —. >K: oo .
n-*-oo 4 ti -j- 5/i— 9

 ̂ *. n \ -f- (t i  2 ) !  'w r ■ 1

B) j i™  ( n - l ) ! + ( n  +  2 )r

l im  3 +  6 +  9 +  ...+  3n ^ . 3  

n + 4  2
()rt I <jti

A) lim -----—— p. >K: — 7.
’  2n — 7n~

e) lim -\jn( -y/n +  2 — -y/n — 3 ) .  >K: -y •

4-  MycraKfUA uiu

KyftHAarH JIHMHTJiapHH T o n H H r:

. ,. ( r t + 1 ) 3— (n +  1 )2
1. lim v ^  . . ?K: — oo .

,n -  oo ( t l —  1) — ( n +  1)

2. lim ----- 2 n\-----------3 . >K: 1
n-»-oo ( —f— 1 ) — (rt+ 1)

3 lim (.2n +  1>! +  (2" +  2>1 ^K; o
(2n +  3 ) ! — (2n +  2 )!

4 l im  (n  +  4 ) l - ( n  +  2 ) l  ^  ^

( «  +  3)!

nil ott

5. lim ----- j---- - .  )K : 3.3n — i I o« i ^

6. lim y « 3+ 8  ( y « 3+ 2  —  ^ n 3—  1 ) .  >K:
n-*-oo
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5- §. OyHKUHHHHHr J1HMHTHHH XHCoSjiaUI

Oy HKUHHHHHr j ih m h th h h  aMaJiAa XHCo6jiaui cviflHHrH n a p a rp a tjw a  
(5aen- KHJiHnraH TeopeM aJiap Ba 6ai>3H uiaKJi a jiM au iTH pH iu jiapra 
acoc jia iiaA H .

1 - M H C O J i .  J Ih m h th h  XHCoSjiaHr:

■. 3x — 2
l im -
jc-*-2 X2 +  1

E m h ui. x->-2 Aa KacpHHHr cypaTH 3 -2  —  2 =  4 ra , MaxpajKH aca 
22- ( -1 = 5  ra hhthji3Ah. .ZIeMaK,

3x — 2 4 
l*m — -----=  — .
x -* -2  X T  +  1 5

2- m h c o j i .  J I h m h t h h  X H C o 6 j ia H r :

,. x3—- x2— x + l
lim o o 
x —► 1 X  —}-  X  —  X  —  1

E h h ui. By MHCOJiAa KacpHHHr cypaTH xaM, Maxpa>KH xaM
. 0 x^ -l  a a HOJira hhthjiaah. — KypHHH uiAarn shhkmscjihkks araMH3.

KacpHHHr cypaT Ba Msxpa>KHHH KynaHTyBMHAapra a^p aT can :

l jm J - f - x + l  =  lim ^ - l ) - ( , - l )  =
x 1 X +  X —X— \ X-+1 X (x +  1) — (*+1 )

(x— 1) (x2— 1) .. x —l 0 „
=  hm '------1 ’ =  lim — —  =  — =  0 .

X-+1 (x+1) (a:2— 1) X̂ l x + l  2

3- m h c oji. JIhmhthh XHCoSjiaHr:

lim
x+2

E i h  m. oo — oo KypHHHUiAarH shhkmscjihkks araMH3. X,hco6- 
JI3HMH3!

4- m h c o Ji. J I h m h t h h  x n c o 6 j i 3 H r:

Hm V2+ - -  V1 .
jr—*-o x  -j- 2x

E q h ui. K y p H H H iiiA a r H  s h h k m s c j ih k k s  a r s M H 3 . K a c p H H H r  c y p a T H

Ba Maxpa>KHHH ( ^ j 2 - \ - x ^ J 2 )  H(j)OAara KynaHTHpcaK,

!i
V 2 + x — j j 2  _  , .m  ( -y/2 +  x — V 2  ) ( ^ 2  +  x  +  ^ 2  )

x-H-0 /  +  2x x ( x  +  2)  ( ^ 2  +  x  +  V 2 )

.. 2-j-x — 2 __ ij __________ _________ _
=  ' ™ x ( x + 2 ) ( V 2  +  x + a / 2 )  ~  x^ 0 x ( x  +  2 ) ( ^ 2  +  x  +  ^ 2 )

_  1 _  j / i
lim

£  (je +  2) ( V 2 +  *  +  V 2 )  2 -2 V 2

5- dapcxona ronwupuFu

.JlHMHTJiapHH XjHCo6jiaHr:

1 3iC4 +  4#8—l 'W '1. hm — 3----- =-----. /K- oo .
a?-*- oo 2# -J- 3a  -}- 5

2. lim  {  +  3 —  -\Jx2-$-4x-§-:$ 3K;: 2
2-*-c©

3. lim  if-r—̂--------------Y  ?K: — 1 -
X_1 V 1 - *  i - X 3 J

4. lim x3- 3*2-t i .  >K: - - L
x2- !  3

5. lim *3~ 3*2±- -  >K: | .
x-*\ x —  7x +  6

6. lim 1— ? K : ----^  •
V 8x—7 ~ 3

5- MycraKfUA utu

JlHMHTJiapHH XHCoSAaHr:

1. lim-
*2-—  6 * +  8

>K:
l

*-*-2 X 2 - - 8 *  +  12 ’ 2

2. lim-
*2- -7 *+1 0

>K:
3

x -+ 2 X 2 - - 8a: +  12 4

3. lim
X

>K: 3 .
*-►0 V 1 + x  — 1
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4 . l i m  V 1 + *  t * 2 ~  V 1 — x + ' x 22 ---- . >K: - 1  .
X *■ o JC — JC

5 . l i m  > K :  1

6.

*,3 jc® — 9 ' 148 '

------1------------------ V  ^C: 0 .
\ *  — 5x +  4  3 ( j t — 3x +  2 )  J

7. l im f-----!— ------------- !------\ >K-
x ^ 2 \ x ( x  —  2 ) 2 * 2 — 3*  +  2  /

oo .

6 -  § .  B h p h h h h  e a  h k k h h h h  a w o f i H 6  J iH M H T J ia p

KynrHHa jihmhtjisphh TonHiuzia KyftHAarH Ma-bJiyM (bopMVJia- 
JiapAaH (poHAaJiaHHJiaAH:

lim  — 6upun.Hu aoKOuu6 a u m u t ;
a->-0 a

lim  A  -j- — \ =  lim  (1 + a )  “ =  e—  ukkuhhu aowouu6 a u m u t .
*-*-<*> ' x / ct-*0
MHca/uiap ewrauaa KyHHflarii xeHrjiHKJispHH Ha3ap^a tvthui 

(poHAajiH:
1

lim  (1 -\-ka)  “ =  lim  (\ - j-— Y  =  ek ;
a - 0  jc-*-oo V X  )

Urn M ! + ^ -  =  l ;
jc-̂ 0 x

v eX~ l 1 lim ------- =  1 ;
x-*-0 x

l i m =  lna, ( a > 0) .
x-̂ -0 x

1- m h c o j i .  JIhmhthh x,HcoSji3Hr:

,. sin3x

x - * o  x

c  0 „
t, H H 111. — KypHHHUl/iarH aHHKMaCJIHKKa 3raMH3. BHpHHMH a>KOHH6 

JiHMHT^aH fj)oflii.ajiaHaMH3:

,. sin3x ,. 3-sin3x sin3jc „
l im ------- =  lim — ------- =  31im— -—  =  3 .

x -+ ( i  X  x _ ^0 o X  x_^_q O X

2- m h c oji. JIhmhthh x,HCo6jiaHr:

cosx
lim

„  j i  —  2 x  

T
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i- 0 „
b  m h ui. —  KypHHHUiAarH aHHKMacjiHKKa araMH3. y — x =  z 6eji- 

I'HJiaui KHPHTC3K, y  x,ojiAa x - + j -  fla z-+Q  SyjiaflH. X h co6j i3hmh3:

/ 71  ̂c o s  (— —  z )

lim -iS H - =  lim 2 _  lim— — —  =
Jl_ 2(JL_Z) 3-0 II —n +  2z 

z-*~o 2  2_^q  z  2

3- m h c oji. JIhmhthh x,HCo6jiaHr:

m r

E q h uj. KacpHHHr cyparaHH M axpaw nra Syjm fi, SyTyH khcm hhh  
awpaTHS anaMH3:

2 JC+ 1 _  ( 2 x  —  3 )  + 4  J 4

2 x  —  3  2 x  —  3  ^  2 x  —  3  '

UlyHAaH khjihS, x- + oo &a SepHJiraH Oyhkuhh acocn Snpra 
miTHJiyBMH, KypcaTKHHH aca HeKCH3JiHKKa HHTHJiyBMH Aapa*aHH 
nc{)OAaJiaHflH, hi.hh 1 “  KypHHHUiAarH aHHKMacjiHKKa araMH3. OyHKUHH- 
HH hkkhhmh 3*ohh6 JiHMHTflaH ({johasjishhiu MyMKHH SyjiaAHraH 
KhjihS y3raprap3MH3:

2*-3 -.4(4*— 1)
2x — 3

4 {4---)x
2x — 3

4
x —̂  oo Aa —-----r—»-0 SyjiraH H  caSaSjiH h k k h h h h  a>KOHH6 JiHMHTra2x—3

Kypa:

lim

lim
*-►+ oo

4 ( 4 - t )

ZX — A

X—1-00 2----
= 8 3K3HHHH XHCoSra OJIh6, y3HJl-KeCHJI

X

/ 2 J C + 1 V2;C+ !  Y X ' =  e8 3K3HHHH TOn3MH3.
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6- dapcxona ronuiupuru  

ilHMHTJiapnH x,HC06jiaH r:

1 . |i r n ± z £ ^  >K: 4 .  5 . lim  g3t: f2t >K: -L
*-sin5x 5 ^  3x • 3

o  1 * sin3jc ^1/ 3 4
z - lim  Sin27- ' * •  2  ’ 6. lim  ( 3 - 2 x )  >K:x- n̂

x+ r 2

3 lim d S r )  ’  ■ 7. I i m 4 = i ,  * :  | l„ 2*-*■<» \ ox - f -z  j  sin2x 2

4. lim  ln<‘ + 4* I  . >K: ,
, .n 3x 3

6 -  MycraKft iA uu i

1 1 • sin3jc 3
1. lim - . . X :  — .

x^o tg5jc 5

<-> i- 1— sin* w  1
2. lim -:-------rj-. )K :

i  ( f - ‘ ) 2 

3 J !=  ( S r f r  t -
4. lim ( 2 x + l )  (In (3 jc-f-1) — In(3jc — 2 ) ) .  >K: 2 .

7 - §. S kB H B a jieH T  qeKCH3 k h h h k  (J)yHKUHHJiap 
Ba yjiap epaaMHfla jiHMHTjiapHH x,Hco6jiauj

A rap  a  (x )  m  p (x )  x ^ x 0 xoJiaa MeKcn3 khhhk (J)yHKUH5iJiap 6ym 6,

X̂ XQ PM

Syjica , y x,a/iAa y jiap  dKeueaAenr AeftHJiaAH Ba x->-xo Aa a ( x ) ~ p ( x )

Ka6n 6e/irHJiaHaflH. M aca jiaH , lim  s l- - =  1, uiy caSaSjm  x-»-0  Aa
*-»() x

s in x ~  x.
IUyHra yxm aiu  x->-0 Aa KyfiHAarn vieKCH3 khmhk (jjyHKUHHJiap 

3KBHB3 JieHTAH P ■

X2
a r c s in x ~ x ,  1 — c o s x -----—, t g x ~ x ,

a r c tg x ~  x, e,x—  1 ~ x ,  ax— 1 ~ x ln a ,

In (1 + x )  ~ x ,  (1 + x ) m—  l ^ m i B a  x,. k .
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HKKHTa MeKCH3 khmhk ({)yHKUHHJiap HHcSaTHHHHr jihmhth y j i a p r a

JKBHBaJieHT HeKCH3 KHMHK (j )yHKUHHJiap HHC6aTHHHHT JIHMHTHT3 TeHr,
mi.hh arap  x->-xo fla o t ( x ) ~ a i ( x )  B3 | 3 (x )~ p i ( x )  6y jica , y  x,0JiAa

a(jc) 1- aiM  
hm - ~ r  =  lim  - j-7- r
X-*-Xq P (-*•) x~*-x0 ^

1- m h c o ji .  JIhmhthh x,HCo6jiaHr:

1 —  cos4jc
lim
*-►0 i i r S xtg*3x

E M H UI. Y u i6 y  1 — C O s 4 x ~ 8 x 2, t g 23 x ~ 9 x 2 3KBHBaJieHT HeKCH3
KHMHK (J)yHKUHHJI3pA3H (})0HA3Jia HC3K:

,. 1— cos4x Sx2 8lim ----- =----- =  11m — 5- =  —
x^o tg  3x x-*o 9x "

2- m h c o  ji. JIhmhthh *HCo6jiaHr:

3,- -2

*+0 716 +  5* —2

E q a rn . KacpHHHr cypaT Ba Maxpa>KHHH 2 ra 6yjiH6, cyHrpa yjiapHH 
WBHBaJieHT qeKCH3 khmhk (})yHKUHHJiap SnJiaH ajiMauiTHpaMH3:

3 ______  \ / l + ^ - X  - 1
lim =  nm T 4 = L — =

^16 +  5^ - 2  ~ 0 4\ H ^ x - l
V 16

( 1+T X) 3 -1  lim 1 " T '* -  8== l i m ---------------- j------ =  l im  - j ------- r —  •
, 5 \T  , ± .  — x

O + l e * )  _  4 16
*

7- dapcxona ronuiupuFU

KyHHAarH JlHMHTJiapHH 3KBHB3JieHT MeKCH3 KHHHK (J)yHKUHHJiapA3H 

(|)OHAaJiaHH6 XHCoSjiaHr:

osin2x 1
3 - 1  >K: ln3.1. lim

x -+ 2

s in4 (x — 2) 

x 2 - 3 x  +  2 '
>K : 4 . 4. lim

2. lim
x -+ 0

„3 x  1

♦ 7 -  mtg5x

3

' 5 '
5. lim

x— 0

3. lim
jc- v O

In ( 1 — 4x)  

sin8«

V 1 + 4x - 1 '
arcsin2x 2
r , — 3 x  | ' ' 31n2
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7- MyCTQKjUA UIU

lim
* ►() *

2xsliix 
cosx

t g ( » ( l + f ) )  

2- ! ‘S  m ; + t t

3. lim  >K:
x+n tg3x

4. 4. lim
x-*-n

5. lim

>K: f .
x~*-n

Z

5
3 '

6. lim
x-*-0

lncos2x 

lncos4x '
>K:

(3S! ■iy

4 '

>K:
21n23

2$x_q2x

sin7x — sin2x '
>K: | l n |

8- §. HeKCH3 KHMHK (})yHKL(H(IJiapHH TaKKOCJlaill

x-*-xo Aa a ( x )  Ba p (x )  MeKCH3 khmhk OyHKUHHJiap SyjiCHH. By 
(J)yHKUH5JJiapHH TaKKocjiaiu yMyH y jiap  HHcSaTHHHHr x->-xo n a n  
jihmhth XHCoSjiaHaAn:

Ct ( x }
a ) A ra p  lim  - i ^ = 0  6 yjica , y  xoAAa a ( x )  OyHKUHH 0 (x )  ra

HHcGaTaH tOKfOpu Tapm6AU neKCU3 kuhuk <pyHKU,un AeftHAaAH Ba 
a  =  o ( p )  K a 6 n  6e j irH J iaH aAH .

6 )  A r a p  l im  =  oo S y j i c a ,  y  x o a a s  a ( x )  OyHKUHH p ( x )  r ax-*-Xq P v*)
HHcdaTaH $yuu TapmdAU neKCU3 kuhuk cpynKU,UH AeftHAaAH. PaBix iaHKH 

6 y  x cw w a  l im  = 0  eKH p  =  o ( a ) .
X—*-ATq a \x)

b ) A r a p  lim  ^ ^ - ‘ = . 4 = ^ 0  Ba A mckjih coh S y j i c a ,  y  x o j iA a  a ( x )  Ba
X̂ *-Xq P W

P (x )  6 up xua Tapm6AU HeKCU3 kuhuk (pyuKi^ufiAap AeHHJiaAH.
X y c y c a H ,  arap A  =  1 6 y j i c a ,  y  xoAAa aKBHBaAeHT mckch3 khmhk 

(})yHKUH5iJiapra ara 6yAaMH3.
r) A ra p  a ( x ) k Ba p (x )  6np xhji TapTHSjIH mckch3 khmhk OyHKUHHAap 

6yAH6, £ > 0  6yAca, y xoAAa p (x )  MeKCH3 khmhk (JjyHKUHH a ( x )  ra 
HHcSaTaH fe-TapTHfira ara AeftHAaAH.

M h c o j i .  Aa y= -y/1 -(-xs in x— 1 MeKCH3 khmhk OyHKUHH- 
hhHr x  ra HHc6aTaH TapTHSHHH aHHKASHr.

E m h m. HHcSaTHHHr x -vO  Aarn ahmhthhh KapaftMH3 Ba k HHHr

6y ahm ht MaBJKyA Ba hojia3h (J)apKAH SyAaAHraH KHftMaTHHH aHHK- 
A3HMH3:

lim-—,
* - 0  X k

=  lim
x-*-0

=  lim -

y i + x s i n x  - 1  _  Jim (■\j 1 +  xsinx — 1) ( -\/1 +  xsinx +  1) __

X

1 xs i nx -

x̂ O

x-+o x1 ( y  1 +  xsinx  +  1) 

sinx

—  lim

=  lim

x • (-\/l -f-jcsinje + 1 ) '  

xsinx

x-fO xk 2 ( V 1 +  xsinx +  1) 

sinx

x-»-0 x ( y  1 +  xsinx + 1 )

- —  l im *  , MyHKn
-  x-<-0

lim -
x -> 0  x

1, lim  ( -J l- f-x s in x  + 1 )  = 2
x -* -0
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PaBUiaHKH k =  2 Aa l im x 2 * = 1 .  ZleMaK, l im - ^ - = - ^ .  UiyHAaft
*-0 x-*0 XT 2

Khah6, y  Ba x2 MeKCH3 khmhk MHKAOpJiapHHHr TapTH6n 6np xha. Uiy 
ca6a6jiH y  mhkaop x  MeKCH3 khmhk MHKAopra HHc6aTaH ukkuhhu 
rapm 6AU (k  =  2 ) MeKCH3 khmhk mhkaop SyjiaAH.

8- dapcxona ronmupuFu

1. x->~0 Aa a = x s i n 2x  Ba p = 2 x s in x  MeKCH3 khmhk <f>yHKUHHA3pHH 
raKKocAaHr. >K: a  =  o (p ) .

2. x->-0 Aa a =  x  l n ( l + x )  Ba p =  xs inx  MeKCH3 khmhk (JjyHKUHH- 
jiapHH TaKKOCAaHr. >K: a ~ p .

3 _
3. x—*-1 Aa a = l — x  Ba P = 1 —  -yx MeKCH3 khmhk O yH K ^H ^ap -

hhht 6np xhji Tapra6jiH 6yAHiuHra huiohm xocha khahhf. Byjiap 
SKBHBaAeHT 6yAaAHMH?

7xi0
4. x->-0 A3 MeKCH3 khmhk 6yAraH u =  — -----  HHHr x  ra HHc6aTaH

3̂+ l
TapTu6HHH aHHKAaHr. =  10.

8- MycraKfiA uui

1. x  =  0 A3 a = x 2sin2x  Ba p = x - t g x  mckch3 khmhk OyHKUHHAapHH 
laKKocjiaHr. a  =  o (P ).

2. x = 0  Aa a =  ax—  1 Ba p =  x  lna  MeKCH3 khmhk 4>yHKUHHAapHH 
raKKocAaHr. >K: a ~ p .

3. x^~y  aa a  =  secx — tg x  Ba p =  n — 2x (f)yHKUHHAap 6np xha

liipTHSAH MeKCH3 KHMHK SyAHIUHTa HUIOHM XOCHA KHJIHHT. YAap 
■»KBHB3AeHT 6yA3AHMH?

4. a )  y = ^ J  1 -|-Ar3 —  1 Ba 6) y —  1— cosx  MeKCH3 khmhk (})yHKUHH- 

Jlrl pHHHT X MeKCH3 KHMHKK3 HHC6aTHHHHT TapTHSHHH aHHKAaHT.
)K : a )  k =  3; 6 ) k =  2.

9- §. 4>yHKUHHHHHr y3JiyKCH3JIHTH.
OyHKUHHHHHr y3HJiHiu HyKTajiapH Ba yjiapHHHr Typjiapn. 

4>yHKII.HHHHHr HOJIH

2.9.1. Arap Xo Ba yHHHr aTpo(})HAa 3HHKAaHraH y =  f ( x )  OyHKUHfl uiy 
nyKTaAa mckjih AHMHTra ara 6yAH6, 6y ahmht OyHKUHHHHHr xo 
nyK’i’aAarH KHftMarara TeHr, HtHH

l im / (x )  = / ( x 0)

fiyjica, y xanAa 6y Oyhkuhh x 0 HyKTaAa y3AyKCU3 AeftHAaAH.
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iHfaUitStifcWilfcfclifci

OyiiKUHHHHiir y ;u iy kch3 jihph x,aKHAarH KyfiHAarH T3-bpHcJj roKopHAa- 
ih ra i»|)H<j)ra Tour KyuiHAHp.

Arap y — f ( x )  (J)yhkhhh xo HyKTaAa Ba yHHHr aTpotJjHaa 3HHKJiaHraH 
fiyjiHfj, apryMOHTHHur 4eKCH3 khmhk oprrapMacHra ({jyHKUHHHHHr 
Ml'KCH3 KHMHK OpTTHpMaCH MOC KeACa, HTjHH

lim Ay =  0
Ax^O

S^Jica, y  x o a a s  (JjyHKUHH xo H yKTaAa y3Ayncu3 AeftHJiaAH. B y  ep A a  

Ax =  x  — xo Ba Ay =  f ( x 0 +  Ax) — f ( x 0) —  m o c  paBH iiiA a apryM eH T  Ba 
JyHKUHH opTTHpMajiapn.

f ( x )  (})yHKUHHHHHr xo HyKTaAa y 3JiyKCH3 SyAHUJH ywyH y 3JiyKCH3- 
AHKHHHr KyfiHAarn uiapTJiapn 63JK3 Phahiuh 3apyp  Ba eTapjiHAHp:

a )  JyHKUHH xo HyKTa Ba yHHHr 3Tpo(}jHA3 aHHKJiaHraH;
6 ) ^yHKUHHHHHr x = x o  H yKTaAarH  Man Ba yH r JiHMHTJiapH TeHr: 

f ( x o - 0 ) = f ( x o  +  0 ) ;
b )  x = x o  H yK T aA ara  6np tom oh jih  a h m h ta 3 P f ( x o) ra  TeHr, ht>hh 

f (xo — 0 ) = f ( x o  +  0 ) = f ( x o ) .
2 .9 .2 . f ( x )  cjjyHKUHH xo HyKTaHHHr 3Tpo(|jHA3 aHHKJiaHraH, aMMO  

Sy  HyKTaHHHr y3HAa y3JiyKCH3JiHK m apTJiapH AaH  3 K 3 aah  S h t t s c h  
03>KapHAM 3C3, 6y  (JyHKUHH xo HyKT3Aa y3UAuutaa aea AeftHJiaAH.

A r a p  f ( x )  (JjyHKUHH ynyH neKAU 6np  tomohah f (xo  — 0) Ba 

/(xo +  0) AHMHTJiap MaB*yA Syjics Ba, uiy Shash 6npra,  f ( x o), 
f ( x 0 — 0 ), /(xo +  0) coHJiap y3apo TeHr SyAMsca, y xanfla xo HyKTa
1- Typ y3ujiuiu HyKfTacu AeftHJiaAH.

X y cy caH , a r a p  f ( x o — 0 ) = f ( x o +  O) ¥ * f ( x o) S y A ca , y  xcw A a  x 0 6apra-  
pa<p K'UAUHaduea.H y3u.Au.iu ny^racu  AeftHJi3AH.

A rs p  f ( x 0 — 0 ) eKH /(jto +  0 ) 6 up TOMOHJIH AHMHTA3pA3 H 3 K3AAH 
S h ttsch  oo ra TeHr SyAC3, jto HyKTS 2 - Typ ysuAum  ny^Tacu  AeftHJiaAH.

2.9 .3 . A r a p  JyHKUHH opajiHKHHHr xaM M 3 HyKT3CHA3 y3AyKCH3, 
S y jic a , y  u iy  opaJiHKAa y3AyKCU3 AeftHJiaAH. S jieM eurap (JjyHKUHH- 
AapH H H r x,aMMacH y3JiapHHHHr aHHKJiaHHUi co x3 A a p H A a  y3AyKCH3- 

AHP-
2.9 .4 . A r a p  f { x )  Ba cp(x) (jjyHKUHHJiap xo H yKTaAa y3JiyKCH3 o y jic a ,  

y  xo jiA a :

a )  f ( x ) ± q > ( x ) ;  6 ) f ( x ) -< p (x ) ;  b ) (cp(x0) ^ = 0 ) (JjyHKUHHAap xaM  

xo HyKTaAa y3AyKCH3 SyjiaAH Jiap .
A r a p  f ( x )  (JjyHKUHH [a, b] KecMaAa y 3JiyKCH3 S y A c s , y
a )  uiy K ecM aAa M erapaA aH raH ;
6 ) uiy KecM aAa 3Hr khh hk  Ba 3Hr KaTTa KH ftM aTAapra ap n u iaA H ;
b) SepHJiraH HKKHTa khhm sth opacHAarn 6apua KnftMaTJiapHH 

KaSyA KHAaAH, HTjHH arap  f ( a )  = A ,  / (P ) = B  ( a < a < P ^ 6 ) Ba A = £ B  
6yAC3 , y  x,ojia3 A  B3 B  op3CHA3 eTrsH C cohh x,ap KaHAafi 6yjiraHAa 
XaM x  hhht aKaAAH SHTTa x  — y ( a < Y < P )  khAmsth tohhasahkh , 
f (y )  = C  SyAaAH .

X ycy ca H ,  a r a p  / ( a )  Ba / ( p )  x a p  xh a  HiuopajiH S y A ca  (ht>hh 
/ ( a )  • / (P ) < 0  S y A c a ) ,  u iyHAaft x  =  y  ( a < 7 < p )  KHftMaT ToriHAaAHKH, 
y i iAa f  (y) = 0  SyAaAH. 

/ ( y ) =  0 SyAaAHraH x =  y  HyKTa (JjyHKUHHHHHr h o a u  AefiHAaAH. 
B y  arap  / ( a ) - / ( P )  < 0  SyAca, f ( x ) =  0 TeHrAaMa (a,  P ) o p a 

JiHKAa 3K3AAH SHTTa HAAH3T3 3r3 SyAHIUHHH SHAAHpSAH. 
B y  xoccsAaH  f ( x )  (jjyHKUHH hoahh h  y3 m u ra  oJirsH opaAHKHH 

ronHuiAa cf)OHAaJiaHHJiaAH. 

9- dapcxona TonmupuFu

1. y . =  y X■- cfiyKKUHHHHHr y3HAHUl HyKTaCHHH TOnHHT Ba y3HAHUI

rypHHH aHHKAaHr.

2. y =  a r c t g - ^ - y  (JjyHKUUHHHHr y3HAHlU HyKT3CHHH TOnHHT Ba

y3HAHUI TypHHH aHHKAaHr.
3. a HHHT KaHAafi KHHM3TA3PHA3

i?  — 9
3rap jĉ =3,

f ( x ) = i  x 3

1 a, a rap  x = 3

((jyHKUHH x  =  3 HyKTaAa y3AyKCH3 SyAaAH? OyHKUHH rpacJjurnHH
'1H3HHT.

4. Y iuSy

f w = { — r -  araP
I. x, arap x > 2

(|)y HKUHHHHHr y3HAHUI HyKTa A3pHHH TOnHHT Ba y3HAHIU TypHHH 
a IIHKA3HT. OyHKUHH rp3(jjHTHHH 1H3HHr.

5. x 5 —  3 x = l  TeHrAaMa [1; 2] KecM3A3 3K3a a h  SHTTa HAAH3ra ara
ilOHHra HUIOHM XOCHA KHAHHr.

9- MycTaKfUA uui
1. Yu iSy

f ( x )  =

2 ^ j x  , 3rsp 1, 

4 — 2x,  srap 1 < a :< 2 ,5 , 

2x  — 7, 3rap 2 , 5 ^ x <  +  oo

(|)y HKUHHHHHr y3HAHUI HyKT3A3pHHH TOnHHT Ba yAapHHHr TypHHH 
iillHMaHr. OyHKUHH rpa(JjHTHHH HH3HHT.

2. a HHHT K3HA30 KHfiM3TAapHA3

X-\-\ ,  3T3p 1,

3 —  ax2, a r a p  x > \
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(|)yiiKnmi y:)jiyKt'H3 Cym iAu?  O y h ku h h  ipa^m 'H U H  4H3hhi\
U. Y m f iy

1
9 *  —  1 

2* +1

(jjyuKUHHHHHr y3HJiHiu HyKTajiapH  TypHHH aHHKJiaHr.

4. f ( x )  = —^ —  OyHKUHHHHHr y3HJiHHi HyKTajiapHHH TonHHr Ba
AT +  X

yjiapH H Hr TypHHH aHH iyiaH r.
5. x - 2 x= l  TeHrjiaMa aK,ajuiH 6 H rra  1 ,naH KaTTa Sy jiM araH  M yc6aT 

HJiflH3ra 3ra SyjiHuiHHH KypcaTHHr.

5- Ha3opar uuiu.

1. JlHM HTJiapHH TonHHr:

1. 1. l im - j + 4 * ~ 6 . 1.2 . lim *4~ f + ‘ 
x -o o  2 x — 7x^ +  2 -• x  +  3 x 2 +  2 x 4

1.3. lim 2jf ~ 3x+ 1 . 1.4 . lim 3f + 2x~ 5 ,
x-i-oo x^ +  2x —  3 jc-*-oo x4 +  5jT+1

1.5. lim 2x4~ 3x2+x . 1.6. lim — ± 3~ ~ 4*2 . 
x-*- oo 4x -j- 3x — 5 jc—► oo 2jt — x +  4

1.7. lim 6x" ~ 2x+1  , 1.8. lim -3—  2x+ 4x* 
*-*■00 2x + j t  +  5 6 +  5x — 3X2

1.9 . lim ..5*3~ 3*2+ 4 110 . Ijm — -.
* -0 0  6x  +  x  — 5 x—oo x2 — x  + 3x 4

1.11. lim 14*2+3x . 1.12. lim -fe4 - 4 *2-1-5
*-00 7x + 2 x — 8 x—* 00 2x3 —  3x2 +1

1.13. lim — — 7 - l-<4. \im 3xl ~ 2x+3 .
x 00 3x -f- 4x — 2 a—>- 00 — 3jc -j- 2

1.15. lim -7--47 2x2+2 , 1.16. lim -3* 2~ 4* + 5  .
*-►00 X  — 3x -̂*-00 6x3 +  3 x —  7

1.17. lim - - 2f ~ x4. . 1.18. l im -8- ~ 7x\ 5 .
x-+oc 4 -\ -x  -\ - 5x x->-<io 2 +  x  — 4x

1.19. lim -3- 7~ 4/' + 3 , 1.20. lim 4^ ~ 3* ~ 1 ,
x->-oo X +  3 X — 6x  x-*-ao 3 x  + 5 x —  2

1.21 . lim - 8*8 -1  . 1.22. lim 5* 3~ 2jc2+ 3
*-►00 4x4 — 5x5 x-*-<x> 3 — 4 x— 10x3
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1.23. lim
2x + x  — 5 

4x3 — 7
1.24. lim ~x* ~ 3x2+ ]

1 + 3 x 2 - x ‘

1.25. lim

1.27. lim

9x3 - 4 x + 1  

3x3 +  2x2 — 5 '

8x4 — 4x2 +  3 

2x4+ 1

1.26. lim —  ~ 4x+ 2 
x-*- oo 5X2 +  3x —  8

1.28. lim
4x — 3x-f-2 

oo 5x3 +  4x2 — 3

1.29. lim
10x5 — 5x2 +  7 

1 — 2x — 5x5
1.30. lim

x 2 +  4x — 2 

6 — 2x — 3X2

2. KypcaTHJiraH JlHMHTJiapHH TonHHr:

2.1.

2.3.

2.5.

2.7.

2.9.

lim
x̂ *1

2 x — 7x +  4

lim
7x2 +  4x — 3 

*-►— l 5x2 +  4 x — 1 

j. x2— 12x +  20

*->-2

lim

■* +  jc —6

2x2 +  3x -|- 1

*■— l 3x + x  — 2

,. x2 — 5x +  6
lim — 5-------1----
x-*-2 2x^ — 9x +  10

2. 11. lim
x-*-4

2.13. lim

x2 +  x - -20
■4 x2 —  3x —  4 

3X2 —  x —  10 

*->-2 x2 — 3 x — 10 

„  , _  3x2 —  x  —  2
2.15. l im — 5--------- .

x-+i 4xr — x  —  3

2.17. lim
4x2 -{- 3x -I- 15

x-<— 3 2x + 5 x  — 3

2.19. Jim
4x + 7 x — 2

— 2 5x + 3 x — 14

2.21. lim
3x2 +  2x — 2

2.23. lim
x2 — 3x — 4

x - t - 4  40 +  2x —  3x

2.2.

2.4.

2.6.

2.8.

2.10.

2.12.

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.
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lim * ! = Z £ ± i .
*-*-3 x  — 27

l i m J ^ e x - 4 5

x-*-5 x r  —  2 x  —  15

i- 3.x2 —  7 x  —  6
l i m --------------- —
x -+z  6 —|— x  —  x

3x2 +  2x — 1
lim

lim
x->-4

lim

- l  4x2 +  3 x — 1 

x2 —  5x +  4

x2— 16

lim

2 + x  — x 2 

l x 3 — 3x2 — 2 

2x2 —  3x —  35

X-+5 x  — 3x — 10

lim . ■r ; -3x+2 , 
x~+2 3 X T— X — 10

x2 — 2x — 3
lim

-i

lim

x 3+ l  

12 +  x  —  x2

*-3 2x — 3x — 9

l im  -̂ + Sx+ 4 
x->- — 2 3 x  -\ ~ X — 14

lim
3x2 +  x  —  4 

- 1 x  +  3x +  2



a2- ® * — 27 „ OA .. x3— 27
2.29. hm — ;------------ . 2.30. hm —5----------- . y *

x -4— 3 3 j*T +  1 0 X  +  3  x~+3 3T  —  5 x  +  6

3. KypcaTHJiraH jiHMMTJiapm tothHr:

~2 1 ' 2x2- f3 x  —  9
3.1. lira -

X— 1 -y/x-f 8 —  ^10  — X
3.2.

3.3. hm
* - 4-3

y j x — 2  —  ^ 4 — x 3.4.
x2 +  2x— 15

3.5. hm
X—-----1

3x2 +  4 x + l 3.6.H1C1

>

1*iOO

3.7. hm
x—*— 5

V 3 x + 1 7  -  V 7 + x  

x2 +  4x-^-5
3.8.

3.9. lim
x~*— 2

IQ1*1

3.10.
- ^ 2  — x — ^ x  +  6

3.11.
.. 4 X 2 — 3x— 1 3.12.
X-*-1 s j  3 +  2x — -\/x +  4

3.13. hm
x—*—  1

V x  +  3 -  V5  +  3x 

4 a ^  +  3 x — 1
3.14.

3.15. hm
x-*-5

i j x  +  4 — V 2 x — 1 

x2 — 4x — 5
3.16.

C
O lim

X— 2

V 2 x + 1  -  V9  — 2x 

3x2 — 2x —  8

3.18.

3.19. hm
x—>-3

V 4 x - 3  — V2x +  3 

x2 — 2 x - 3
3.20.

3.21. lim -
x-i-9

x2— 10x+9 3.22.
V2x +  7 — -\/3x — 2

3.23. lim
X— 1

3 x 2 — 2 3.24.
V  7  +  2 x  — 3

3.25. hm
x-*-5

V  x  — 1 — -\j 3 x  —  11
3.26.

x 2 +  3 x  — 40

3.27. lim
- \ / x + 1 —  y s x — 5

3.28.
x 2 —  9

x-t— 3 y * + 10 — v 4—*

hm v ^ p - y ^ + i ,
jc—2 jt+Sjc—14 

, .  Zic2 —  7x  — 15

* -5  V - * + 4 — \ l 2x — \

2>? — x —21

, i m  V £ + 2 - V 6 - X  
x—2 AT — 3x +  2

,. Â  +  X—12
v c + i - 4 -

AT2 — 8jc +  i 5

l im  V-t +  20 V 12 x

x 2 +  3x —  4

.. V * -  2 — \/3x— 10
lim -*---------— *--------- .
x—4 AT — 16

. .  3â  +  4x  — 7

3.22. lim v/4+:U'— V l + f ,

JC3 — 8

-2 V 4jc+  1 -  V A: +  7

lim V 5+ V V2JC+ 9. 
x— 4 x  + 6 4

i : m  3 x 2 +  5 x  +  2

x—  1 V«4—3* — v®—■* 
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• i o n  i- 4jc1! 3a:— 103.29. lim . t =- 3.30. lim x 2  - \ - x  —  2

— 2  -\j3 — x — ^ j l — 2x Is

4. KypcaTHJiraH JiHMHTJiapHH TonHHr: 

I — c o s 6 x
4.1.

4.3. lim

t ►» 4 a:

c o s 5 x —  c o s x

x »-0 2X2

1 — COS X
4.5. lim

*-0 *-tg*

4.7. lim
5 x

0 s in x  +  s in 7 x

4.9. lim
X-.-0

4.11. lim

4.13. hm
x-y-0

t g 4 x

3 s in 3 x

s in 22 x —  s in 2x  

3 x 2

1 —  cos22x  

x - a r c  s in x

.  .  _  a r c  t g 2 x
4.15. h m — — •

x - o  t g S *

4.17. limn ( ~ ± ---------- ly - ) .0 \ sin2x tg2x /

4.19. lim (1 — x )  tg  -

4.21. lim
c o s x —  s in *

4.23. hm

1 t g x  

1 — c o s 4 x

x̂ O

4.25. lim

1 —,cos8x 

~^cosx — 1

c o s  X  —  c o s x
4.27. lim-

1 — c o s 3 x

4.29. lim
X—0

V  1 +  s in x  —  1 

1 —  c o s 2 x

4.2. lim c o s x  —  c o s  X

x—0 3 x

4.4. hm
x—0

s in 3 x  —  s in x  

4 x

4.6. lim tg2x~ sin2-t .
X— 0 X 2

4 .8 . lim ^ - cos2̂
x—>-0 x 2

4.10. lim — -c-sin3* .
x -*o  sin5x

4.12. lim cos4* —cos34*
X—0 4x2

4.14. lim 1 —  c o s 5 x

x ►O 3 x

4.16. hm -cos* - cos *
x^ o  x - s i n x

4.18. l im -^ sin*-.
x^0 X6

a r c  s in 5 x4.20. lim

4.22. lim —

x— 0 X — X

1 — c o s 5 x

^ 0  s in 3 x  +  s in x

4.24. hm

4.26. lim
x  • t g 3 x

4.28. lim

* -+0  COSX—  COS X

1 —  s in x

4.30. lim

it — 2x

x - t g 4 x

x-o arc tg3*

5. KypcaTHJiraH JiHMHTJiapHH TonHHr:

' 4x— 1 \3x+2
5 .1. iim ( - £ = ! ) '

x—►- 00 \ 4 x  +  3  /
5.2. lim (3 x  — 2)
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M .  _ lira ( 4 , - 3 )  | ,„ ( x + 2 ) _

~ l n ( j : —  i ) j .

5-9- lim (2x +  3) [ l n ( x + 2) ~
x  oo '

— Inx], .
3x

5-11. \ \ m ( 2 x ~ 3 ) ~ ^
X-+2

5.13. lim /2=3£.Y*+3 .
x—*~<x> 3 x  /

5 I5 - (2x - 7 )  [ l n ( 3 x + 4 )~

— In3x],
x

5-17. lim (4 — 3x) x2~'
X-+1

5.19. lim ( ± ± L \ tt+s 
x-»oo \2 — 5x J

5-21. lim (3 — jc) ( ln ( l  — x ) -
X—►— oo '

In (2 — x)  ].

5.23. lim (5a:— 4 ) * - ’
x->\

5.25. lim i
x-+oo  \ 3 x - f-4  /

5-27- J ™  (2x~~ 1) [In (1 ~ 3 x )  -  

- I n  (2 — 3*)].
3x

5-29. lim (4a:H-5)
X-*- — I

5.4. lim f J ^ z l ) 2x~ [
x-*-oo \ 5x -f- 2 /

5.6. lim (x  +  2) [In (2x +  3)
x—*~ +  oo '

— ln (2 x  — 1)].
x

5-8. lim (3  — 2 x )1~t .
X-+1

5.10. I i m 3 = i ' f - 5. 
x—► oo V - )-  2  /

5.12. lim (3 x + 5 )  [ ln (x  +  5 )-
X—*--J- oo '

— Inx],
2x

5.14. lim (2 — x )  l~x
X—*-1

5 ; 16. lim ( ^ = l \ 2x~\
x—► 00 \3jc-j-5 /

5.18. lim (3 x — 2) [In ( 2 x - l )
X-*- -j- 00 '

- l n ( 2 x + l ) ] .
3x

5.20. lim (2x +  3 )7+r .
x—*■— I

5.22. lim / 3 f± Z \ 4*+ 3 
x —*~ 00 V 3jt 5 )

5-24. lim (x  — 3) [In (2  — 3x) —
X—*- — 00 *

— ln (5  — 3x) ].
4x

5.26. lim (3 — S x )1*37'.

*~̂5~

5.28. lim ( ± ^ ) 3~ 2x. 
x—► 00 \ 5  2 x  J

5.30. lim (x  — 4) [ln (3  — 2x) —
X-*- — 00 /

— In (5 — 2x)].
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5- HdMyHaeuti %uco6 ronuiuput^Aapu

1. KypcaTmiraH JlHMHTJiapHH TonnHr:

1.1. lim (x 2— -\/x4+ x 2+ 1 ).
* ► (X)

1.2. lim ( ^ j x 2— 5x +  6 — x ).X~*--\- 00

1.3. lim ( -\/x2— 2x +  6 — -\/x2+ 2 x — 6 ).
x~*~ 00

1.4. lim ( ^ x 2— 2x +  3 — a/x2— x +  4 ).
x-*-oo

1.5. lim ( y x 4+ 3 x 2+ l  — x 2).X-*- 00

1.6. lim ( -\/x2+ x — 1 — a/x2— x  +  2 ).X-*~ 00

1.7. lim ( "\/x2+  1 — a /x 2+ x  ).
X-*-oo

1.8. lim x (  -\/x4+ 3  — a/x 4— 2 ).X-*- CO
1.9. lim -y/x +  2 ( -y/x+3 — -\Jx — 4 ).

1.10. lim ( x — -Jx ( x — 1 ).
x - + «

1.11. lim ( y  (x 4+ l )  (x 2— 1) — -v/x6— 1 ).X-*- OO

1.12. lim I (x 2+ l )  (x 2+ 2 ) — aV (x2— 1) (x 2— 2 ) ).
x-*- 00

1.13. lim ( y ^ + l )  (x 2+ 3 )  -  V x  (x 4+ 2 )  ).
x- koo

1.14. lim Y x 3+ 8  ( a/x3— 2 — a/x3— 1 ).
x-*-oo

1.15. lim ( -yjx (x  +  5) — x ).
x—> -+ 00

1.16. lim -y/x ( V x  +  2 — -Jx — 3 ).X-*- 00

1.17. lim ( -yj (x  +  2 ) 2 — -\/(x — 3 ) 2).
X-> OO

1.18. lim x (a / 5  +  8x 3 — 2x ).
00

9— 665^ 129



1.19. lim ( J x  (x  +  2 )  -  ' J x 2-—2 x  +  3 ) .
X *“ 00

1.20. lim ( ^jx ( x +  2)  -  J x * - 2 x  +  3 ) .
JC-*-00

1.21 . lim (x +  ^/4 — x 3).
x-*-oo

1.22 . lim ( a / * 5- 8 — x ^ l x ( x 2+ 5 ) ) .
X—+00

1.23. lim ( ~\/jc2— 3jc-{-2 — a:) .
00

1.24. lim ( V  ( j c 2 + 1) ( x 2— 4 ) — ^ x 4— 9 ) .r—krto *

1.25. lim ( x — -J x 3— 5 ).
X -* -  00

1.26. lim jc( y jx (x  — 2) —  a / * 2— 3 ) .
x-*-oo

1.27. lim jc ( ^/jc2+ 1 — '*^/jc2— 1 ).
x-^-oo

1.28. lim y F f T  ( -y jx -2  -  sJx +  2 ) .
X~*-oo

1.29. Hm (jc -yjx —  -̂ /x ( x +  1) (x  +  2 )  ).
x —*~ 00

1.30. lim ( j c -  - J ( x  —  2 ) ( x  +  3 ) ) .
JC—► +  OO

2. KypcaTHJiraH JiHMHTJiapHH TonHHr:

2.1. lim- y  . t i f — 5__. 2 .2. lim - * -  2
x-i-i jc + 2 jc  — jc — 2 x-)—  1 jc —  3-v- I

2.3. lim f + 2 * + 3  . ■ 2.4. lim x" ~ 3x+2
* — -1  X  +  3ac — 4 x - i— 2 j t  +  3 jc - f 2

2. 11. lim
X-+-2

2 x 3 —  jc2 —  4 x  —  4

3a:2 — ac- -10

2.13. lim x 4 - 3 x 2 +  2

* - - !  a:3 +  2a:2 —  3a: —  4

2.15. l im — 3-y'i ~--2-t + 1
4jt3 2jc2 —  jc -j- 1

2.17. lim a:3 + 3 jc 2 — 4

*— 2 2at +  3jc —  2

2.19. lim 9jt  —  3a: —  4a: —  2

X-*-\ 3 x  — 2 x  —  I

2.21. lim x 3 —  3 x 2 —  X  +  2

x—2 3ac —  4jc — 4

2.23. lim
3a:4 —  2a:2

l 4a: + 3 jc-

2.25. lim 8a:3 —  3a:2 —  5

x~*-l 4 x  —  3 x 2 —  1

2.27. lim
x d —  2 x —  1

x-*- — I x  -j- 2 x  -}“ 1

2.29. lim a:3 —  3a: —  2

l jc — 4a: — 5

2. 12. lim * l+2 x+ 12 . 
x- - 2  a: - )-3a: —  4

2.14. ijm-8*4- 6*2- * -
jc — 3 a: + 2

2.16. lim - ~ ~ 3x2+4 . 
x-<-2 3at —  jc —  10

2.18. lim 5a:3 —  3a:2 —  2 

x- l̂ 4x3 +  x2 — 5

2 .20. lim -fe-3~ 2x+ 3 , 
*-► — I 3a:4 —  x 1 —  2

2.22. lim
6a:3 —  5a:2

1 5x 3 +  2x 2 —  4 x  —  3
■■ 1/

2.24. lim — *3 +2 * 2
x —►— 2 4 x  - [ - 3 x — 10

2.26. lim-3jc4 —  x 2 —  2

x->-i 2jc — jc— 1

2.28. lim 2a: —  jc —  1 

Jt-V x3 +  2x2 — x — 2

2.30. lim -2-C+l
I x  —  x 2 -j- X  —  1

U. KypcaTHJiraH  JiHMHTJiapHH TonHHr:

i i n - ^ - . s  . 3-2-
* .4  VJC+ 12 —  V3jc+ 4 y  jc — 9

1.8. lim -  v'6 - !  - 3.4. l i m ^ g 5 - ^3 -------  • *->5 \]4-{-X— ^2x — 1
V 8 +  a;3

3/T_ 9  3.6. Ii V 27~ *

'• *  I1!1.1 ■"

................ ........ ........... ,8 .
* Ml 3 3.8. fim

-\Jx2 +  x 4 v '3 jc — 2

A id .  l in i  ^ x - — L  a  { A  I- V 6 +  a: —  y ' 1 0 - f  3a:
*4 \/1 2jc — 3

X - r - 2  s j 2 —- x  — 2
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3.11. lim ^ + x  '/8~ *
*► » jc2 +  2 v'jc

3.13. — .
*— 2 y 4  — 2 x - 2

3.15. Iim - ^ 27~ 3jc+* 2 ~ 3 .
*-►0 x2 — 3x

3.17. lim V9+2JC
*-8  ^ x  — 2

3.19. lim — = ^ 2 = L ____.
\ 2 x 2— 3 x + 5  — 2

3.21. i i m ± = y T+ ^
*-►4 y x  — 2

3.23. lim V 2* + i3  - y s + x
*-*■—5 y  4 — x  — 3

3.25. lim V 4* ~ 3 - V * + 6
jc-*-3 V  *  +  3 — V 3*— 3 

3.27. lim j / 9 + ^ ~  V Q ^
y i + X  — V I — X 

3.29. lim 3x2+ 4 x + i
jc—*-—i y  * + 3  — y 5+ 3x

4. KypcaTHJiraH JlHMHTJiapHH

4.1. . lim V - .
*->■00 \̂ 3x +  2x + l  J

4.2. lim ( V z w y -
*-<*> \3x + 2x — r  J

4.3. lim ( * ? + * * - *  r ~ 2.
*—°o \2x — 3x +  4 /

4.4. lim ( 'J 4 + 3 £ = L Y ’ + i.
x-+oo \4x — 2x +  9 )
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3.12. l i m - ^ ~ * ~ ^ i t £  
* — 0  y i - x - y i + x

3.14. l im  j l ~ x ~ ^ 2x+ 25
*--- 8 ^ x + 2

3.16. \im ^ 3x2~ 2x+4 ~ 2 . 
x—'o V  9 — x — 3

3.18. l im -  ^ 2*  +  3 - 3  
* - * 3  y 4 x - 3 - y x + 6

3 .2 0 . l im  J /2 +  -t  -  \/3 +  2x

1 x3 + x 2

3.22. ijm V 2-t + 9 ~  V 3jc+ 6
* - 3  x2 — 9

3 .2 4 .  l im  V 5 - * - y i = 3  
^ 4  y x — 2 — y 3 x — 1 0 '

3.26. l im  V 5 + * - V 6 + 2*  
*-► — 1 y s - x  — 3

3.28. l im  V 2* ~ ‘ ~ y ^ + 4
x—v5 3-f -f- 1 — 4

3.30. l im  _ V -y + 12 ~  V 4 ^  
x - - 4  y 5 - x - y i _ 2 x  •

TonHHr:

4.5. lira
x->oo \2jr —j- 3jc — 5 /

4.6. l i m / ^ ^ Y ^
\6x + 3 x — 5 /

4.7. l im  ( 4 = 4x+ 3 T 5.
X-t-ao \ x  +  3 x--4 /

4.8. lim ^ + 3 , - 2  y - .
jt-voo \ 5 x — 2x +  3 /

4.9. lim
* ► OO

4.10. lim
£-*00

4.11. lim
X  > 0 0

4.12. lim
X  OO

4.13. lim
*-►00

4.14. lim

/ * 2- 3 x + 6  \ ~ 3x 

\ x 2 +  4x — 5 /

/ 5 x 2 +  3 x - l  W  +  

\5x2 +  3x +  3 /

/  4x2 — x +  5 V ~ 2* 

\4x2— 2 x + 7  )

/  7x2 — 4x +  5 \  

\7 x2+ 8 x  — 5 /

i3^-7

A t2 + 4

4.15. lim
X-*- 00

4.16. lim
X -* -  00

4.(7 . lim
X~+ OO

4.18. lim
AT *00

4.19. lim

/  2x2 +  x  — 5 V  

\2x2— 3 x + 7  /

/ 7x2+  IOx — 6 V -  

\ 7 x2- 6 x + 1 6  )

/ 6x2 — 3x +  8 W ~ a 

\6x2 +  4 x— 9 /

/  3x2 — 3x + 1 W ~ ‘ 

\3x2 +  5 x— 6 /

/ 3x2 +  8x — 6 V - 3 ^  

\3x2 — 9x +  7 /

/  5x2 — 4x — 9 V  —^  

\5x2 +  6x — 8 )

/ 6x2 — 9x +  8 V - 4̂  

\6 x2 +  9x  — 4 /

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

4.30.

lim
X~-*- OO

lim

lim

lim

( 4 ^ ± ± ) ~ :
\x  + 3 x  — 8 /

/ x 2 — 4x +  5 V - 3 * 2 

\ x 2 +  5 ^ _ 4  J

/ x2 +  4 x — 4 \3- ^  

V *2 — 3x — 5 /

/ x2 +  9x - 6 V - 2̂  

\ x2 +  8x +  8 /

lim ( * £ =g5+8 
\6x2 +  2x — 7 /

/ 4x2 — 5x +  4 Y * +1 

\4x2 +  9x  +  3 /

/  7x2 — 8x — 9 Y ~ *  

at-^oo \7 x2+ 1 0 x  — 8 /

lira
x-»oo \3x  — 8x +  8 /

/ 7x2 +  3x —  8 \
\ 7 x 2 +  8x — 10 J

im (——y +  1 O'* 6 \
■*<» \5 a t — 16x +  8 /

lim

lim

7x2 +  3x - °  v ‘ “ 3*

K—ao \7X2 +  8X-

l im  ( ——9 + 1Q*  &
\5x  — 16x +  8

lirn  ( * * ± * * - 9  r ~ \  -
ir— 00 \ 6 x  — 4x — 3 /  O '"

R. KypcaTHJiraH JlHMHTJiapHH XHeoSjiaHr:

o3x o2* ,
8-I- „ „  . 5.2. lim ln( 1+ sin-y)

^ . , .0  sin3x +  2x

fl.8. Iim-i-+arcsinf !  
*+o 3l5x Ŝx

e2x- ex8.8 . lim-
*  -0 X  +  tgx3

8 .7 . |,-m .__sin3- r - s in x  

X ►() e3x — e ~ x

sin4x

5.4. |im -sin7(x+ Jt)
x-*-0 e3x— 1

5.6. lim—  ~ cos*
x- * 0  cos2x  —  cosx

5.8.
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|im 2sin2jt(x+ 1) 
x-*-0 In (1 -j-2x)



5.9.

5.11.

5.13.

5.15.

5.17.

5.19.

5.21.

5.23.

5.25.

5.27.

5.29.

lim . .•
t ,0 sin,k—lg2*

52 ,_ 25,
lim-
* *o s in * + s in *

7* _ 5~2*
11 m------——------- .
* -*•0  2 arcs in * — x 2

—►o 2tg *  — arc tg *

lim-
jc-*0

1 +*sin*—cos2*
sin2*

lim ln-( 1+2j:)
v-̂ o 2*— 1

. X— sin— 
2lim------ —

x~ + n  H  —  X

lim sin5* 
tg3* "

lim
x-*2 sin2n*

x~*4 sinitx 

In cos2*lim

5.10. lim
x-,+0 4arc tg4x

5.12. lim— ^
x-+o Jr

cosx

5.14. lim

e* —1 

arc sin2*

lo ln(e—*) — 1

5.16. lim—^ - ~ sin't
o * ( I  — cos2*)

5.18. lim— -----1 1
x~*o In (*-f-1)

5.20. l i m ^ ^ l
x-0 tg*

5.22. lim~ - 7n*
x-*i sin8n*

•5.24.
*-►1 tgjl*

5.26. lim—l - * 2

In cos4*

x-»i sinn*

5.28. lim-2^ 2 
x-1 In*

5.30. lim— tgx ^  6
ji cos2*

6. BepHJiraH (})yHKUHHHHHr y3HJiHUi HyKTaJiapHHH (aFao v jia o  
MaBJKy/i, 6 y jic a ) TonHHr. YHHHr MH3MacHHH hh3h h t .

6.1. / (x) =

6.2. f ( x ) _

«*»
3̂X

x-\-1,

arap x ^ O  Syjica, 

a-rap 0 < x < l  Syjica, 

arap x > l  Syjica.

cosx, 

1 — x, 

U 2,

arap x < 0  Syjica, 

arap 0 < x < 2  Syjica, 

arap x > 2  Syjica.
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6.3. f ( x )  =

6.4. /(x) =

6.5. / ( jc)  =

6.6. f ( x )  =

6.7. f ( x )  =

0.8. /(x )= <

6.1). f ( x )  =  

8.(0. f ( x )  =

« .M . f ( x )  =

B. 12. f ( x )  =

8.13. /-( x ) = '

x — 1, arap x ^ O  Syjica, 

x 2, arap 0 < x < 2  Syjica,

2x,  arap x ^ 2  6yjica.

x  — 3, arap x < 0  6yjica, 

x + 1 ,  arap 0 ^ x ^ 4  Syjica, 

3 +  -y/jc, arap x > 4  Syjica.

x 2+ l ,  
2x, 

x +  2, 
x  +  4, 

x 2+ 2 ,  

2x,

arap

arap

arap
arap

arap

arap

1 •

1 < x < 3  

x > 3 .  
x <  1 

1 < x < 3  

x > 3

6yjica,

Syjica,

Syjica.
Syjica,

Syjica,

Syjica.

1— x2, arap x < 0  Syjica,

1, arap 0 < x < 2  6yjica, 

x — 2, arap x > 2  6yjica.

x + 1 ,  arap x ^ O  6yjica,

( x + 1 ) 2, arap 0 < x ^ 2  6yjica,

4 — x, arap x > 2  Syjica.

x +  2, arap x <  — 1 Syjica,

x2+ l ,  arap — 1< x < 1 6yjica,

3 — x, arap x >  1 6yjica.

— x , arap x ^ O  Syjica,

— (x — l ) 2, arap 0 < x < 2  Syjica, 

x — 3, arap x > 2  Syjica.

— x,

x +  1, 

x — 3, 

x + 1 ,  

3 +  x,

2 ( * + l ) ,  

(AT+ I ) 3,

arap 

arap 

arap 

arap 

arap 

arap

arap x^C — 1 Syjica, 

arap — l < x < 0  Syjica, 

arap x ^ O  Syjica.

x < 0

0 < x ^ 2

x > 2

x < 0

0 < x < 4

x > 4
135

Syjica,

6yjica,

6yjica.

Syjica,

Syjica,

6yjica.



\l 1— x , arap x < 0  

0,

- 2 ,  

— x,

6.18. f ( x )  =

6.19. / (x ) =

V /

fiyjica,

6.14. f { x )  =  \ 0, arap 0 < x < 2  Gyjica,

arap x > 2  6 yjica. 

arap x ^ O  Syjica,

6.15. f ( x ) =  x3, arap 0 < x < 2  6 yjica,

x +  4, arap x > 2  Syjica. 

2 , arap x c  — l Syjica,

6.16. f ( x )  =  l — x, arap — 1 < x <  1 6 y;ica,

lnx, arap x >  1 Syjica.

— 1 , arap x < 0  Syjica,

6.17. f i x )  — cosx, arap Syjica,

. l — x, arap x > ji Syjica.

0 , arap xsgl — 1 6 yjica, 

x 2— 1 , arap — 1 < x < 2  Syjica, 

2 x, arap x > 2  6 yjica.

x  +  3, arap x ^ O  6 yjica,

— x 2+ 4 ,  arap 0 < x < 2  6 yjica, 

x  — 2 , arap x ^ 2  Syjica.

x — 1 , arap x ^ l  Syjica, 

x 2+ 2 , arap l < x < 2  Syjica,

— 2 x, arap x > 2  Syjica. 

x, arap x ^ l  Syjica, 

( x 2 ) 2, arap l < x < 3  6yjica,

. 6 — x, arap x ^ 3  Syjica.

' 3x +  4, arap x <  — 1 Syjica, 

x 2— 2 , arap — l < x < 2  Syjica, 

.x, arap x > 2  Syjica.

2  — x, arap x <  — 2  6yjica, 

x 3, arap — 2 < x < l  Syjica,

2 , arap x >  1 6yjica.

x — 1 , arap x < 0  Syjica, 

inx, arap 0 ^ x < j i  Syjica,

.3, arap x ^ ji Syjica.

6 .20 . f ( x )

6 .21 . f ( x )  =

6.22 . f ( x ) _

6.23. f ( x )

6.24. f ( x )
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6.25. f ( x )  =

6.26. f ( x )

6.27. f ( x )  =

6.28. f { x )  =

6.29. f ( x )  =

6.30. f ( x )  _

— x + 1, arap x <  — 1 6 yjica, 

x 2+ l ,  arap — l < x < 2  Syjica, 

2x, arap x > 2  6 yjica.

1, arap x ^ O  fiyjica,

2X, arap 0 < x ^ 2  6yjica, 

x  +  3, arap x > 2  Syjica. 

sinx, arap x < 0  Syjica, 

x, arap 0 < x ^ 2  Syjica,

0 , arap x > 2  6yjica.

cosx, arap 6yjica,

arap y < x < i t  6 yjica,°,

2 , arap x ^ n  6 y;ica.

— x, arap x < [0  6 yjica,

x 2+ l ,  arap 0 < x < 2  6 yjica,

x + 1, arap x ^ 2  6 yjica.

x  +  3, arap x < !0  6 yjica,

1, arap 0 < ; x ^ 2  6 yjica,

-2 , arap x > 2 Syjica.

7. OyHKUHHHHHr y3HJIH HI HyKTaJiapHHH TOnHHr. OyHKUHHHHHr 
yMHJiHui HyKTacn aTpotJw flarH  uiaKJiHHH hh3hht.

7.1. f ( x )  = 2 *~ 5 . 7.2. f i x ) = 7 5_Jt

7.3. f i x )  = 3 ^ . 7.4. f i x )  = 8 ^

7.5.
1

f i x )  = 4 7=r. 7.6. f i x )  = 6^

7.7. f i x )  = 5 ^ . 7.8.
4

f i x ) =  5 3- x

7.9.
2

f i x ) =  4T = r . 7,10.
2

/ ( x ) = 4 7 z r

7.11.
3

f i x )  = 9 T = r . 7.12.
1

/ (x ) = 6 t t f

2

7.13. f ( x )  = 7 ^ . 7.14.
2

f i x )  =  7*+5
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7.15. f ( x )  = 6 *  1 . 7.10. f ( x )  = 9 ' +2

7.17. f ( x ) = 5 ^ 7 . 7.18.
3

f { x )  = 6 * +l

7.19.
1

f ( x )  =  4*~5 . 7.20.
1

f ( x )  =  8 *+4

7.21.
2

f ( x )  = 3 ^ . 7.22.
3

f ( x )  =  5 X+4

7.23. f ( x ) =  5 ^ . 7.24.
4

f ( x )  = 5 ' +3 .

7.25.
1

f ( x ) = 6 ^ . 7.26. / ( * ) =  5 ^ .

7.27. f { : c ) = 4 ^ . 7.28.
2

f ( * ) = 3 ' +l .

7.29. f ( x ) =  6 ^ . 7.30.
3

f ( x )  = 4 X+2 .

3 -6  o 6

BMP S ftrAPyB M H  4>yHKUH5ICHHHHr 
AH4XDEPEHU.HAJ1 \MCOBM

I-§ . X,ocwjia. \ocHJiajiap waABajiH

3.1.1. y = f ( x )  (JjyHKUHHHHHr xo HyKTaflarw opTTHpMacn A y HHHr 
ypryMeHT opTTHpMacn Ax  ra HHcSaTHHHHr Ax  HO/ira HHTHJiraaaarH 
jihmhth MaB>Kya Syjica, 6y jihmht y = f ( x )  (J>yHKUHHHHHr xo HyKTaaarH 
XfOCUAacii nefmnajw-

XocHJiaHHHr SeJirHJiaHHUiH:

y' eKH f ' (x o )  eKH eKH . 
' dx dx

LLlyHAaH khjih6, TatpH^ra Kypa:

, I. A y .. f ( x 0 +  A x ) - f ( x 0)
f ' ( x 0) =  lim ---------—---------

Arap y =  f ( x )  (JjyHKUHH xo HyKTa.ua xocHJiara ara 6yjica, y xoJifla 
f ( x )  c})yHKUHH xo HyKTaAa ducpcpepeHi^uaAAaHyenu AeHHJiaAH, xocHJia- 
iih roiiHiu >KapaeHH du<p(pepeHt^uaAAaui fleflmiaflH.

3.1.2. TeoM eTpHK HyKTan H a3apflaH  y =  f ( x )  (jjyHKUHHHHHr xo HyK- 
rn;i.arH x,ocHJiacH yHHHr rpac})Hrnr;i M(xn,  f ( x o ) )  HyKTa.ua yTKa3HJiraH 
y PHHMaHHHT Ox  yKHHHHT MyCUUl HyH<j 1111H 6HJiaH XOCHJI KHJiraH 
Oyp'iarHHHHr TaHreHCHra TeHr (1 9 -uiaKJi).
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y ~ f { x )  vrpH MH3HKK,a Mo(xu,  yo) nyKTa;ia yTKa3HAran ypuHMa 
Ti'Hi'AaMacti ym6y KypHHHiura ara:

y  — yo =  f ' ( xo )  ( x  — xo) ,
f ly iw a  y o = f ( x n ) .

y = f ( x )  (J)yHKUHH rpa (})H rH ra ypHHHUi HyKTacu M 0(x 0, yo) aa 
yTKa3H;iraH hopm c iah uhz  re n e A a M a cu  yu iS y  KypHHHiura a ra :

y — y o =  —  ( x — xo) ,  a ra p  f ' ( x 0) ^ = 0  S y jica ,

x  =  x0, a ra p  f ' ( x 0) =  0 6 y jic a .

y  =  fi ( x )  Ba y = f 2 ( x )  arpu  M H3HMap Mo {xo, yo) HyKTaAa 
KecHUiCHH, o y  H yKTaaaru  y jia p  opacH Aaru  S yp qaK  A e 6 Mo ( x 0, y0) aa 
y jia p ra  yTKa3HJiraH ypu H M ajiap  opacH A aru  SypnaKKa aHTHJiaAH Ba 
y  KyftHAaru (j)opM yjiaA an  TonHJiaAH:

tg<p =  f'2 (xo) ~f ' i  (xo)
l~hf 2 (-*0) '̂ 1 (-*0)

3.1.3. x  spKAH y3rapyBMn, u =  u (x) Ba v =  v (x ) AH<|)(|)epeHUH- 
aAJiaHyBMH (JiyHKUHHJiap, C  —  y3rap\iac coh 6yjicHH, y xojiAa KyftHAaru 
AH(})(})epeHUHajiAaui KOHAaJiapH ypHHjiH:

1- C ' =  0. 5. ( C u ) '  =  C u

2. X  = 1 .  ' g  / «  V __  u'v  — v'u

3. (w-£; v ) ' =  u ' ±  O'. '  v2

4. ( u - v ) ' = u ' - v - \ - u - v 7 (— Y— Cv'
\ v j  v2 •

Syjica f y ^ o j i n a . ^ ^ ' U =  (p^ ’ H1>HH y ==f ( w ( x ) )  ~  MypaKKa6 (jjyHKUHH

y ' = f ' ( u ) -<p'(x).

9. Arap y — f  (x)  Ba x=<p (y ) yaapoTecKapu (JjyHKUHHjiap Syjica 
y x<MAa f ' { x )  = — !—

<p'(y)
3.1.4. Xocujiajiap *aABajiH:

1. ( u « ) '  =  a U « - ' . u '  ( c e€ /? )- 5. ( e “ ) '  =  eu - u ' .

2 ' 6 - ( u°Y =  v -uv- x.u'  +  u', .\nu-v

3. (— ] = ----- L .„/  7- (lo ga« ) ' =  —J— u> _
\ U )  u2

4. {au) '  =  au-\na-u'. 8 ‘

140

9. (s in a )' =  cosu-u ' .

10. ( c o s « ) '=  — s inu-u' .

H. (tg u ) ' =  — u'
COS u

12. ( c t g u ) '= -------. u'.
sin u

13. ( s e c u ) '= - ^ - . u '  =  tg «-s e c «-u '.
COS u

14. (cosecu ) ' = -----u' =  — ctgw-cosecu-u'.

15. ( a r c s in « ) '= — - -1- ■ u .
V i - « 2

16. (a rc co s «) ' = ------- . u
V l - u 2

17. (a r c tg « ) ' =  — X— . u .
1 +  «

18. (a r c c t g M ) '= ------- —^■•u.
l + u

19. (a rc s e c «)' = — .1 • u .
u V « 2 — 1

20. (arccosecu)' = 1

w «2- 1

21. ( s h « ) '=  ^ — ^ =  chu-u ' .

22. (chu ) ' =  (~ +f U) = s h u . u ' .

23. < « . » ) ' _

24 ( = j j —

I ' M h c o j i .  XocHJia Ta'bpuijjHAaH (J)0HAaAaHH6, y =  2 x + 1
x ~j“ 3

UHHHHHr X,OCHJiaCHHH TonHHr.
lii m h UI. X ra  A x  OpTTHpMa 6epH 6, Ay oprrupM aHH TonaMH3:

A u =  2(-t + A-y) ~ 1 _  2* — 1 _  
x -j- Ax -f- 3 x -(- 3

__ (2x +  2Ax— l) (x +  3) — (x +  A-r +  3) (2x— 1) ________  7Ax

(J)yHK-

{jc + A at +  3) (* +  3) (a: +  Aa: +  3) (x +  3)



A y nmir Ax  ra HHcOarw

A(/ __ _______ _____ 7 ____________

A x  ( jc +  A jc +  3 ) (x  +  3 )

Ax-*-0 Aa my HHcSaTHHHr ahmhthhh *Hco6AaftMH3:

I- A y r  7 7lim - r ~ =  lim
A*-*0 A*->-0 (X  +  & X + 3 )  (x  +  3 ) (jc +  3 ) 2

UiyHAaft khah6, xocm ia hhht TatpHCjjHra Kypa:

/2x—L)V  -J----
\ x +  3 )  (x +  3)2

2 - m h c o j i .  y —  \x\ (jjyH K U H H  x a p  K a H A a ft  x  A a  y3J iyK C H 3 . x = 0  A a  

6 y  <})yHKUHH A H ^ e p e H U H a J U ia H M a c J iH r H r a  h lu o h m  x o c h a  K H A H H r.

E h h i u .  x  —  0  H y K T a A a  a p r y M e H T r a  Ax  o p r r H p M a  6 e p a M H 3 , y  x,0A A a  

(jjyH K U H H  Ay o p T T H p M a  O JiaAH :

, -Ax , a rap  A x < 0  Syjica, 
A y =  I Ax|

I  

f  — 1,
I  1,

Ax,  arap A x > 0  6yAca;

arap A x < 0  6yjica, 

arap A x > 0  6yAca.

ZleMaK, jc =  0 HyKTaAa y = \ x \  ({jyHKUHH xocHAara ara aMac, HyHKH

HHCfiaTHHHT A*-»-0 A3TH JIHMHTH MaBJKyA 3M3C.

3 - m h c o j i .  y =  8 — x 2 Ba t/ = x 2 napaSoJiaAapHHHr KecHiiiHiii 
SypnaKAapHHH TonHHr.

E h h in. IlapaSoJiajiap TeHrjiaMa JiapHHH SnpraJiHKAa eMH6, yjiap
HHHr KecHUJHUi HyKTaAa pn A (2, 4 )  Ba B  ( — 2, 4 ) hh TonaMH3. Flapa6oA3- 
Aap TeHrjiaMa JiapHHH AH({)4)epeHUHaAAafiMH3: y '  — — 2x, y '  =  2x. By 
XocHAaAapHHHr A Ba B  HyKTaJiapAarn KHftMaTAapHHH x,Hco6AaftMH3 Ba 
arpH HH3HK. lap opacHAarn SypnaK (JjopMyjiacHAaH c})oftAaAaHH6 
TonaMH3:

, 4 + 4  8 , - 4 - 4  8
—  i —  ] g  i 5 B a  * 8 ^ 2—  1 —  16 15 ‘

ByHAaH: <pi =  a r c t g ^ — ^ ) Ba q>2= a r c  t g
_8_

15

3.1.5. y =  f { x )  (J)yHKU,HHHHHr AoaapiupMtiK Xfocujiacu Ae6, tuy 
CjjyHKUHHHHHT AOrapH^M HAaH OAHHTaH X,OCHAara aftTHAaAH, HtHH:

(In  y ) ' = £
f ' (x)

y fix)

OyiiKUHHHH oJiAHHAaH jiorapH({)MAaujAaH (fiofiAaAaHHUi 6at3aH 
yHHHr xocHAacHHH ToriHiiiHH ocoHAauiTHpaAH. <E>yHKUHHHH Aora-
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pm|)MJi!Uii »fi AH(})4)epeHUHaAAaiiiHH KeTMa-KeT KyAAain AosaputpMiiK 
iltitfHfiepeHUtUaAAaiu Ae6 aTaAaAH. 

4- M H C OA. OyHKUHH X0CHA3CHHH TOIIHHr:

V 2 l — X . 3 ox i ------- --sin^x-cosx.
3

l x 2 ■
1+ x '

H mHLU. By (JjyHKUHHHH AorapH(|)MAaHMH3:

lru/=-=- lnx +  In (1 —  x )  —  In (1 + x 2) + 3 1 n  s in x + 2 1 n  cos*.

TeHTAHKHHHr HKK3A3 KHCMHHH X SyHHHa AH(})(})epeHUHaAAaHMH3:

___ 2 J _ _ _ J _________2 x _
y ~  3 x  l — x  1 +Jt2
y '  2 1 1 2x . 3 2sinxJL---------------------------------- I— .—  C0SJC----------

OyiiAaH

r = 7  p ^ r + 3 c ts * — 2‘ g * ) -

/- dapcxona ronuiupuFu
4̂ 2_1

1. X,OCHAa Ta"bpH4>HAaH C|)0ftAaAaHH6, y =  — —  (JjyHKUHH X.OCH- 

JlilCHHH TonHHr.

W x
>K: y'--

( x 2+ l ) 2

2. y =  - Ĵx (J)yHKUHHHHHr x  — 0 HyKTaAa y3JiyKCH3 Ba AH(f)(})epeHUH- 

{iJiJiaHyBHH 6yAHin-6yAM3CAHrHHH aHHKAaHr.
3  

3. y =  ( x +  1) -[/<$ — x  arpn HH3HKK3 36cuHCcacH x o =  —  1 SyAraH 

HyKTaAa yTKa3HAraH ypHHMa Ba HopMaA TeHTAaMacHHH Ty3HHr. 

>K: y =  ■v'? ( x + 1 )  Ba i/ =  ^ t ( j c + 1 ) .  
V 4 

4. y = s i n x  Ba y —  cosx  arpn HH3HKAap KaHAaft fiypnaK ocTHAa 
KecHiuaAH? 

>K: a r c t g 2 ^ « 7 0 ° 3 0 ' .  
5. KyftHAarH (jjyHKUHHAapHHHr XOCHAaAapHHH AH(J)4>epeHllH3AA3 III 

KOHAaAapH Ba (J)opMyAaAapHHH KyAAaS TonHHr:

b) i/ =  sin4x +  cos4x; r ) y = ^ J l + c o s 2x ;

A )  e) y =  tg3x — 3tgx+ 3 x .
'  V  COSJC
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I - MyCTdKfUJl urn

I. y =  3rpw MH3HKK,a xq= 2  HyKTa^a yTKa3HJiraH ypHHMa Ba

HOpMajIHHHr TeHTJiaM3CHHH Ty3HHT. 

y = — J -+ 2  Ba y =  2x — 3.
2^__2

2- y =  Tx  +  7 4>yHKUHH XOCHJiaCHHH Ta"bpH(j)AaH <})OHAaJiaHH6 

TonHHr.
_29___

>K:
(4* +  7 )2

3. KyHH^arH (J)yHKUHHJiapHHHr xocHJiacHHH TonHHr:

* ) y = a + J L -
V ^  +  2 V  1 +  V*

b ) y  =  3xsin3x  +  3 co sx — cos3* ;  r )  y  =  t g 4-|— c t g 4-|-;

, / sinx \2 
'  y ~  V I +cosx J ’ e) y = c o s e c 2~ .

2- dapcxona rontuupuFu

KyftHflarH 4>yHKUHHJiapHHHr xocujiajiapHHH An<l>(l>epeHUHaJiJiam 
KOH^ajiapH Ba (j)opM yjiaJiapHAaH  (|)OHAajiaHH6 TonHHr:

1. a )  y = x 2sin2x; 6 ) y =  e4xtg2x ;

B) y =  ^/x3+ s i n 3x  ; r ) y = -\ J x 2+ l  -c tg 23x ;

A )  y =  3 -c o s ® 3* ;  g )  y  =  e ~  a r c s in V ^ _

2. a ) y =  (3x3 — c tg4* ) 3; 6 ) i/ =  In3(S/r— 2~ x2) ; 

b )  i/ =  ln tg V ^ ; r ) £/ =  <?-V ^ - 3̂ +3 .

fl) y  =  sh2x3; ,e ) y  =  arc tg -y / l- j-x 2 .

3. a ) y = (2 '3_ t g 42 * )3; 6) y =  * 3th3* ;

B) */ =  Ig ( *  — s in 2 x )y  r ) y = a r c c t g  1 

a ) y — (sin2x ) cos4j:; e ) y== ^ 2_j_ ^ctgiu

4. a ) y -  • „  6 ) ^

/ .
,K

1)5(JC 3)11 a/ ( * + 2 ) 2 • V ( *  +  3);
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2- MycTaKjuA utu 

KyftHAarn (J)yHKUH5iJiapHHHr xocHJiajiapHHH TonHHr:

I. a )  y =  x 2- cos32x; 6) y-
V f -|-sin jc

b) y = ( 3 sin2j:— cos3 jc )2;

2. a ) y = x 3■ e ĝz*',
b ) // =  ln a rc tg e _JC;

!). a ) y =  x - c t g 24x;

b) y = c o s ( x 4 —  t g 4* ) ;

\ jc 2r ) y =  e ■ c o s x .

6) y =  (sin33 x + c o s 32 x )2;
r )  t/=sin33 x-tg22x.

6) y = ( x 3 +  ctg32 * )2;
r ) y =  c o s 2 x - e ~ 2x.

4. a ) y =  In V * 4 +  l
V jc 4 + 1  + x 2

b) y =  x '

6 ) y =  ex-\j\— e2x—  

2* • ( x + 1)3

arcsine

r) y
( x - \ ) z ^ 2 x + \

2- §. K>K,opH Tapm SjiH  x,ocHJiajiap

3.2.1. y =  f ( x )  ({)yHKUHHHHHr UKKUHHU TOpTUdAU eKH UKKUHHU 
^ (H'UAacu ne6 yHHHr Shphhmh TapTuSjiH xocHJiacHAaH OjiHHraH 
>UX’HJiara, HtHH (y ' ) r ra aHTHJiaAH.

Hkkhhmh TapTH6jiH xocHJia KyftHAarHJiapHHHr 6npH SHJiaH 6e jira jia - 
i i iia h :

y\ I ' M .  J .

y =  f ( x )  (j)yHKUHHHHHr n-rapTudAU eKH n-x,ocuAacu Ae6 yHHHr 
(it —  1) ■ TapTH(5jiH xocHJiacHAaH OjiHHraH xocu jiara  aHTHJiaAH- n-  Tap- 
THfiJiH xocHJia yMyH yu i6y SejirHJiaiujiapAaH 6hph KyjiJiaHHJiaAH:

y w , r n,(x ) ,
dny
dxn

Bejiru jia iura K,ypa

y («) ( y in- " Y .

1- M H c O A. y =  lnX  (JjyHKUHHHHHT n- T3pTH6jIH XOCHJiaCHHH TonHHr.
E m h ui. n M apTa KeTM a-neT AH<})4>epeHUHajiJia6, KyHHAarnra ara 

0J>jiaMH3:

r<y > y 2 IV
y --

2-3
„4  »

\ «+ ly M  =  ( . 1 )'  (w _ 1} ;
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<1.2.2. x  jtorapyiiMHHHHr y cf)y hkuhhch ouiKopMac uiaKAAa F( x ,  
y)  i i c i iu u iM a  Gwjia h OepHJiraH 6 y jic a , y  ^cxn^a y'  ^ocm iaH H  TonrnLi 
y 'lyn  h ( x , y )  = 0  TeHrAHKHHHr HKKaAa khcmhhh jt SyifriHa AH(f)c{)epeHUH- 
uajuiG, cynrpa xoch ji SyAraH y '  ra HHcSaTaH hh3hkah TeHrjiaMaAaH 
XOCHJiaiiH ToriHUi KepaK. Hkkhhhh Ba yHAaH K)KopHpoK T3PTh6jih 
XOCHJiajiap xaM  my KaSH tou hasah .

2- m h c o j i. OuiKopMac xo ji^a

x 2+ y 2 =  64

TeH rjiaM a SHAaH SepHJiraH y (})yHKUHHHHHr y '  Ba y "  xocHJiajiapHHH  
TonHHr. r

E  h h ui. y y3rapyBH H  *  HHHr ĉ h k u h h c h  A e6 xn c o S A aS , SepHJiraH  

TeH rjiaM aHH H r HKKaJia k h c m h h h  x  SyftHHa AH<})(|)epeHUHaAAaftMH3:

2 x - j -2 y -y '  =  0. ByHAaH y =  — ^ . TonHJiraH Shphhhh y '  xocHJiaHH
y

HHa x  SyftHHa AH4>(})epeHUHajiJiaHMH3:

y " =  ( y ) '  =
y

3hah  y =  — — 3K3HHHH XHc'oSra ojihS,

HH XOCHJI KHJI3MH3.

U iyH A aft kh jih 6 , y " — y2 +  *? ■■ ■■ 64 
- * - ± —  eKH y = nyHKH uiapTra

Kypa x 2+ y 2 =  64.

3.2.3. Arap y (JjyHKUHHHHHr x  apryMeHTra SoFjiHKJinrH

f x = x ( t ) ,  

y = y ( t )

TeHrjiaMajiap-SujiaH napsMeTpnK ui3KjiAa SepHJiraH Syjica, y xoAAa

3- m  h c o j i. yuiSy

y } =  • -V 
xt \ xt } i

yt,xt - x ttyt

{
x  =  8cos /, 

t/ =  8sin/

napaMeTpHK TeH rjiaM a jiap  SujiaH  SepHJiraH <J)yHKUHHHHHr Sh ph h h h  Ba 
HKKHHHH TapTH S jIH  XOCHJI3JiapHHH TonH H r.
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|{ 'I h in. IOi<,opHAa KeJiTupHJirah (})0pMyjiaAaH (J)oftAaAaHH6, 
aylliiAiirHJiapiiH ocgh TonaMH3:

x ' t = —  8 sin/, y ' t =  8 cos/;
Vt 8cos/ , .

xi

‘ 8sinf 8 -sin3<

3- dapcxona TonuiupuFu

1, y =  \n(x-\- -\j\-\-x2 ) 4>yHKUHHHHHr Shphhhh  Ba hkkhhhh  TapTHS- 

AH XOCHAaCHHH TOIIHHr.

2. y  =  (J)yHKUHHHHHr n - TapTHSjIH X0CHJI3CHHH TOIIHHr.

it. KyftHAsrH TeHrjiaMsjiap SHJiaH ouiKopMac xoJiAa SepHAraH 
l|iy iiKUHHJiapHHHr Shphhhh bs hkkhhhh tsp th S ah  xocHAaAapHHH 
tniimir:

a ) y2 =  2px\ 6)  y =  x  +  arcigy.

4. FlapaMeTpHK t c h m s m s a s p  Sh ash  SepHAran i|>v h k u h h a sph h h t  
H K K111111H TapTHSjIH X0CHA3CHHH TOnHHr:

( x =  In (1 +  /2) , i x = a { t  —  sir 

1 y =  t2; U  =  a ( l - c <

-s in / ), 

■cost).

fi. YuiSy
5/

1 + t 2 ' 
512

HlpiiMGTpHK TeHrAaM aAap SuAah SepHAraH arpn HH3HKKa Afo(2, 4) 
HyKTfiAa yTK33HAraH ypHHMa Ba HopMaA TeHTAaMacHHH TonHHr.

3- MycraKfUA urn

x2
I. a )  y = — (21nx — 3 ) (J)yHKUHHHHHr h k k h h h h  TapraSAH xocH Aa-

#HHH roiiHHr. 
fi) YiuSy 

fx  =  arccos ^Jt,
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uapaMexpHK TeHrjiaMajiap 6HJiaH CepHJiraH c})yHKUHHHHHr hkkhhmh 
TapTHfijIH X0CHJI3CHHH TOnHHT.

b ) ex +  ey —  2xy— 1 = 0  TeH rjiaM a 6njiaH  ou iKopM ac xcxriAa OepHJiran 
y (J)VHKUHHHHHr HKKHHMH TapTHfijIH XOCHJiaCHHH TOnHHr.

2. a)  y = x 2sin (5x  — 3)  4>yHKUHHHHHr hkkhhmh TapTH6jiH xocHJiacn-
HH TOHHHr.

6 )  Y u ifiy

( x = l n t ,

y= 1

napaMeTpHK TeH rjiaM a jiap  SHJiaH SepHJiraH (J)yHKUHHHHHr h kkhh m h

TapTHfijIH X,OCHJiaCHHH TonHHr.

b) x  -\-y —  3xy =  0 TeHrjiaMa SnjiaH ouiKopMac xojiAa SepHJiraH
y 4>yHKUHHHHHr HKKHHMH TapTHSjiH XOCHJiaCHHH TonHHr.

3. a )  y —  ̂  In 2*  (})y  HKUHHHHHr HKKHHMH TapTHSjIH XOCHJiaCHHH

TonHHr.
6 ) Y u ifiy

( jc =  sh2/,

napaM eTpHK TeH rjiaM a jiap  SnjiaH  SepHJiraH (jjyHKUHHHHHr h kkhh m h  
TapTHSjIH XOCHJiaCHHH TonHHr,

b ) x — x y - j - y 4= l  TeHrjiaMa SnjiaH ouiKopMac xojiAa SepHJiraH 
(j)yHKUHHHHHr HKKHHMH TapTHSjiH XOCHJiaCHHH TOnHHr.

3- §. 4>yHKUHHHHHr AH(J)cj)epeHUHajiH

3.3.1 ,{y =  f ( x )  (j)yHKUHHHHHr AH({)(})epeHUHaJiH AeS, yHHHr opTTHpMa - 
chhhht apKjiH y3rapyBMH x  hhht opTTHpMacnra HHc6aTaH mh3hkjih 
GyjiraH Sorn KHc^MHra aHTHJiaAH^-

y =  f ( x )  (J)yHKUHHHHHr AH<})(J)epeHUHajiH dy 6HJiaH SejirujiaHSAH. 
4\_<I) yHKUHHHHHr AH(j)(j)epeHUHajiH yHHHr xocHJiacn SHJiaH apKJiH y3 ra - 

pyBMH opTTHpMacHHHHr KynaftTM acH ra TeUr: 

dy =  f '  ( x ) A x  eKH d y = y ' ■ Ax. 

PaBiuaHKH, dx =  Ax.  I l l y  ca6a6jiH 

dy =  f '  ( x ) d x  eKH d y = y'dx. ^ 

ilH(J)(})epeHUHaji reoMeTpuK JKHXaTAaH y =  f ( x )  (jjyHKUHH rpa^H rnra  
M ( x ,  y )  HyKTaaa yTKa3HJiraH ypHHMa opAHHaT3CHHHHr oprrupMacHra 
TeHr (20-iuaKJi).

OyHKUHHHHHr AHtJxjjepeHUHajiH dy yHHHr Ay  oprrupMacHAaH Ax  ra 
HHC6aTaH lOKOpH TapTHSjIH MeKCH3 KHMHK MHKAOpra <})apK KHJiaflH.
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20- uiaKJi

3.3.2. A rap  u =  u( x )  Ba v =  v ( x )  cj)yHKUHHJiap AH(f)<}>epeHUHajiJia- 
iiyiiMH S y jic a , y  xo n A a  AH({>(j>epeHUHajiHHHr TatpH^H Ba AH(|)<j)epeHUH- 
HJiJiaui KOHAajiapH^aH SeBocHTa AH(j)(|)epeHUHajiHHHr acocHH x o c c a jia -  
pHra a ra  SyjiaM H3:

1. d ( C ) =  0, dyHAa C  —  y3rapM ac .
2. d (C u )= C d u .
3. d ( u ± v )  = = d u ± d v .
4. d ( u - v )  =  udv -f- vdu.

5‘ ( l i )  ^  vdu~ udv, SyHAa v= £ 0 .

6. df ( u)  — f ' u(u)  ■u'dx =  f ' (u )d u yr
• ■ m h c o j i .  y =  tg*2x <J)yHKUHH AH<{)<j)epeHUHaJiHHH TonHHr.
E M H UI. OjIflHH 6epHJiraH (jjyHKUHH HHHT XOCHJiaCHHH TOnaMH3I

y ^ = 8 t g 32 x  • — \—  =  S t g ^ x s e c ^ x  .

cos 2x

.V xoJi^a d y = 8 tg32x • sec22xdx.
3.3.3. y = f ( x )  (})yHKUHHHHHr u k k u h h u  m p T iiS A U  du<p(pepeHU,ua,Au AeS 

flwpHHMH TapTHSjIH AH<j)(j)epeHUHajiAaH OjiHHraH AH(})(j)epeHUHajira 
HfltHjiaAH Ba

d2y =  d (dy )
Kh6 h 6ejirHJiaHaAH.

y =  f ( x )  (J)yHKUHHHHHr n- Tapru6AU du(p(pepeHU,uaAU AeS  (n  —  1 )-T a p -  

ThSjih A H ^ e p e H U H a jif la H  OjiHHraH AH<})(j)epeHUHajira aih-HJiaAH, H"bHH:

dny = d { d n~ ly ).

y =  f ( x )  c})yHKUHH SepHJiraH SyjiwS, SyHAa x  —  apKJiH y 3rapyBMH 
fl^Jica, y  xcwiAa yHHHr iokoph TapTHSjiH A«(J)cj)epeHUHajiJiapH yu i6y  
(fxipMyjiaJiap SyftHMa XHeoSjiaHaAH:

d2y = y " d x 2, d3y = y ' " d x \  ... , dny = y (n )d xn.
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2 m h c o j i .  y — x ( l n x —  1) 4>yiiKu,HHHHHr hkkhhhh TaprHGjiH AHtbcbe- 
IH'IIUHilJIHHH TOIIHHr.

h  >1 h iu. Bepnjiran f^yHKUHHUHur Shphhhh Ba hkkhhhh tsp thO jih  
XOCHJiajiapHHH TonaMH3:

y ' =  \nx—  1 + x  • —  =  lnx, u " = — .
x v X

ZleMaK, dy =  \nxdx, d2y = ^ ^ d x 2.

3.3.4. OyHKUHHHHHr dy A H ^ ep eH U H a J iH  yHHHr Ay  opTTHpMacH.uah 
A x  — dx  ra  HHc6aTaH K)KopH TapTHSjIH 4eKCH3 khhhk MHKAopra cbapK, 
KHJia^H, uiy caSafijiH A y x d y  #kh

f ( x  +  A x )  — f { x )  t t f ' ( x )  Ax,
6yHziaH

f ( x + A x )  « / ( x )  + f ' ( x ) A x

(JjopMyjiaj-a ara 6yjiaMH3, 6y <})opMyjia (JjyHKUHH KHHMaTjiapHHH 
Takph o h h  XHCoSjiaiujiapAa KyJiJiaHHJiaAH.

3- M H c OJI. arcsin  0,51 HHHr TaKpHfiHH KHHMaTHHH XHCofijiaHr. 
E h h u i .  </ =  arcs in x  (J)yHKUHHHH KapaftMH3: x = 0 ,5 ,  A x = 0 ,0 1  Ae6 

cwihG Ba arcsin  (x  +  Ax)  « a r c s i r i x  +  (a r c s in x ) 'A x  (bopMyjiaAaH cboftAa- 
JiaHHS TOn3MH3!

arcsin0,51 «  arcsin0,5 -------— 1 . 0,01 ==
V 1 — (0,5)2

==-§- +  0,011 »  0 ,534.

UiyHAaft khjih6, arcsinO,5 1 «0 ,5 3 4  p s a h s h .

4- dapcxona rontuupuFu

1. y =  2x3 +  5x2 (})yHKUHH SepHJiraH. yHHHr:
а )  OpTTHpMaCHHH TOnHHTJ
б )  OpTTHpMaCHHHHT 60UI KHCMHHH TOnHHr.

>K: a )  A y =  (6x2+ 1 0 x )A x +  (6x +  5) Ax2 +  2Ax3;
6) d y =  (6x +  lOx) Ax.

2. KyftHAarH (J)yHKUHHJiapHHHr Shphhhh TapTMfijiH AH<j)(})epeHUH- 
ajuiapHHH TonHHr:

a ) y = ^ l + x 2-, 6) y =  arcsin - ; b )  y  =  ln (x +  ^ 1  +  x 2) .
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3. KyftHAarH  cjjyHKUHajiapHHHr hkkhhhh TapTHfijiH AH(J)({)epeHUH- 
tt ji j i i*i |) ii hh TonHHr:

i i )  y =  e ~ * \  6 )  y = x { l n x — 1 );  b ) i/ =  a rc co sx .

4. KyHHflarH  (j)yHKUHHJiapHHHr yHHHHH ts p th S jih  AH^tJjepeHUH- 
ilJIJl;i|)HHH X,HCo6jI3Hr:

i i ) y =  cos22x; 6 )  y = ( 2 x - 3 ) 3; b ) y = ^ ~  .

11. KyftH AarH  <|)yHKUHHJi3pHHHr TaKpHSnft KHHMaTjiapHHH B ep ry ji-  
/tllll KCftHHTH HKKH XOH3CHT3H3 3HHKJIHKA3 XHCoSjISUn

;i) x = l , 0 3  aa  y = x 3 —  4x2 +  5x-+-3;
6) x  =  0,2 A3 y — -yj 1+ x  .

>K: a )  5,00; 6 ) 1,10.
4 .------

0. y  17 HHHT T3KpH0Hft KHHMaTHHH BepryjlA3H KeftHHTH HKKH

HtiiiacHrsHa aHHKJiHKAa xncoSjiaHr.
>K: 2,03.

4- Mycra^uA uiu

1. A rap
а ) y  =  x 3lnx; 6 ) y =  e ~ 3x- cos2x

ftyjica, dy, d 2y, d 3y  AHt})<})epeHUHaJiJiapHH XHCo6ji3Hr.
2. OyHKUHHJiapHHHr TaKpHSnft KHHMaTjiapHHH B epryjiAaH  KeftHH- 

n i hkkh xoH acH rana  3 h h k jih ka3  xh co6 ji3 H t:

<0 , - 0 . 1  m

б ) x = 0 ,9 8  A3 y =  -yjx2— 7 x + 1 0  .

>K: 3 )  1,03; 6) 2,09.

4- §. P ouji, J la r p a H * ,  K o uih  TeopeM aJiapH.
J lon H Ta jib  KOHAacH

3.4.1 . P o j i j i  T e o p e M a C H .  A r a p  y — f ( x )  (JjyHKUHn [ a, b ] KecM aAa 
y:wiyKCH3, (a, b )  opsjiH K Aa AH(})({)epeHUHajiJi3HyBHH Ba f ( a )  = f { b )  6 y jic a , 
v xojiAa aKaJiJiH S u rra  uiyHAaft x  — c ( a < c < b ) HyKTa MaB>KyAKH, yHAa 
/ '(c )  = 0  6yji3AH . j.

By TeopeM3 xocHJiaHHHr HOJiJiapH eKH HJiAH3Jiapu xaKH Aaru  
Tt'opeMa xaM AeftHJiaAH.

J l a r p s H J K  T e o p e M 3 C H .  A ra p  y =  f ( x )  (})yHKUHH [a, b ] KecMaAa 
y:uiyKCH3, (a, b)  opajiHKAa AH(fx{>epeHUH3JiJi3HyBHH 6yjiC3, y xojiAa 
HKfuuiH 6 h tt3  luyHAaft x  =  c ( a < i c < L b )  HyKTa MaB>KyAKH,

f ( b ) - f ( a ) = f ' ( c ) . ( b - a )

fty jia A H ^
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,B y  Tcopcivta mgkjih aftnpMajiap xaKHAarn TeopeMa xaM AeHHJiaAH.
K o in h r e o p e m a c h. Arap y = f ( x )  Ba y  =  q> ( x )  (jjyHKUHHJiap [a, 

b | KecMara y3JiyKCH3, ( a ,  b )  opajiHKAs AH(jj(})epeHUH3JiJi3HyBHH, uiy 
fiHJiaii 6npra 6y opajiHKAa q>'(x)=?£=0 S y jica , y  xo jia s  sk s jijih  Surra 
uiyHAafl x  =  c ( a < i c < . b )  HyKTa MaBwyAKH,

f ( b )  — f ( a )  =  f ' (c)  
q>(6)— <p(a)

SyjiaAH , SyHAa <p(6 ) = ^ < p (a )x
1- m h c o j i .  [1 ,5 ]  KecMaAa f ( x )  = x 2 —  6 x +  100 ({jyHKUHH ynyH Po jiji 

TeopeMacH yphhjihmh? x  hhht KaHAafi KHHMaTHAa f ' ( x )  = 0  SyjiaAH?
E M H LU. f ( x )  (JjyHKUHH X HHHT 6ap43 KHHMaTAapHAa y3AyKCH3, 

AH(})4)epenuHaAAaHyBMH Ba yHHHr [1, 5] KecMa oxnpjiapHAarH KHHMaT- 
jiapn TeHr: / ( l )  = / ( 5 )  = 9 5  SyjiraHH ywyH P ojiji TeopeMacH uiapTJiapu 
6a>KapHAaAH. x  h h h t f ' ( x ) =  0  Sy jiaA H raH  k h h m sth  f ' ( x )  = 2 x — 6 =  0 
TeHrjiaMaAaH 3HHKJi3HaAH, hTjHH x  =  3.

2 - m h c o j i .  f ( x ) = 2 x  — x2 arpn mh3hkhhht A B  eftuAa myHAafl 
M  HyKiaHH TonHHrKH, 6y  HyKTaAa arpn uh3hkk3 yTKa3HJiraH 
ypHHMa A B  B3Tapra napaju ieji SyjicHH, SyHAa >4(1, 1) Ba B  (3 , — 3 ).

E H H III. f ( x ) = 2 x  — x 2 (JiyHKUHH X HHHT 6 a p i3  KHHM3TJiapHAa 
y3jiyKCH3 B3 AH(J>4)epeHUHaJiJiaHyBHH. H3Ji3Ha§TraH M  HyKTaAa 
yTKa3HAraH ypHHMaHHHr SypuaK K03(j)<j)HUHeHTH rnapTra Kypa

ra TeHr> to m o h a s h , JlarpaHJK TeopeMacura Kypa

HKKHTa a =  1 Ba 6 =  3 KHHMaT opacHA3

f ( b ) - f ( a ) = f ' ( c ) ( b - a )

TeHrjiHKHH KaHoaTJiaHTHpyBHH x  =  c KHHMaT M aB *yA , SyHAa 
f ' ( x ) =  2 — 2x. TernuijiH  KHHM3TJiapHH KyftcaK,

/ (3 ) — / ( l )  =  (3  —
eKH

(2 -3  — 32) —  (2 -1  —  l 2) =  ( 3 —  1) ( 2 - 2 c ) .

By oxuprn TeHrjiaMaHH c ra HHcSaTaH encaK, c =  2, f ( 2 ) = 0 .  U iyHAafl 
Khjih6, M  HyKTa (2, 0 ) KoopAHH3T3Ji3pra ara.

3 .-------------
3- M H C OJI. f ( x )  =  y  ( x  —  8 ) 2 (JjyHKUHH yMyH [0; 10] KeCM3A3

JlarpaHJK TeopeMacH yph h jih m h ?
E M H UI. f ( x )  (JjyHKUHH X HHHT SapMa KHHMaTJiapH A3 y3JiyKCH3,

' 2
aMMO yHHHr / ( x )  = —  xocHJiacn (0 ; 10) opsjiHKHHHr x = 8  HyK-

3-\/x — 8

TacHAa M aB *yA  aMac, uiyHra Kypa J la rp a H *  TeopeMacH ypHHJiH 
aMac. f

3.4.2. A H H K M a c J i H K J i a p H H  o i n u i H H H r  J I o n H T a j i b  

K 0 H A 3 C H  (-jj- §KH KypHHHUIAarH aHHKMaCAHKAapHH OMHUl). f ( x )

B3 (p (x ) (JjyHKUHHA3p Xo HyKT3HHHT SHpOp 3TpO(})HA3 (jCo HyKT3-
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iimir y3HA3H TauiKapn) AH^xjiepeHUHaJiJiaHyBHH Ba (p '(x )^ O  SyjiCHH. 
Arap l im / (* ) = l im  (p(x) = 0  £kh lim f (x ) =  lim cp(*) =  oo SyjinS,

X-*-X q X -* -Xq  X -*-X q  X -*-X q

Inn M a B *y A  SyjiC3, y  x o j ia s  lim =  lim S y ji3 A H .
* ►*,, Cp ( jc )  x ~ * x0 X~*'XQ ty (■ * )

t > 0 0  A3 xaM JIonHTSJIb KOHA3CH ypHHJIH.
0 • OO eKH OO —  OO UiaKJIHA3TH aHHKMaCJIHKJiap 3Jire6paHK 3JIMaiU-

0 .. OO «
mpHiujiap opKaJiH —  eKH —  KypHhh iimarw aHHKMacjiHKJiapra kcjith-

|ihjih6, cyH rp a  J lon H Tajib  KOHAacHAaH cj)OHAaJiaHHJiaAH.

0°, oo° eKH 1“  KypHHHiuAarH aHHKMacJiHKAap Aor3pH(|jMAaui

ll|)K3AH eKH —  KypHHHUIA3TH aHHKMaCJTHKAaprS KeATHpHJI3AH.
0 r*r*oo

__sinjc
4 - m h c o j i .  l im -----5—  hh TonHHr.

-̂►0 X
E m h ui. H(}joAaHHHr cypaTH Ba M axp3*H  x-»-0  Aa Honrs h h t h a s a h , 

my C36a6AH —  uiaKJiHAarn aHHKMacJiHKKa araMH3. JIonHTaAb KOHAa-

(*HA3H (}joflA3JiaHCaK,

x  — sinx 1— cosx .. sinx 1 
lim -------—  =  lim -------r—  =  lim  -— = —  .
J—0 X3 jc-*0 3x x ^ Q  6

liy  epA3 JlonHTaAb KOHAacu hkkh  MapTa KyJiJiaHHJiAH.
5 - m h c o j i .  l im x 2lnx hh TonHHr.

x—*()
E h h ui. 0-  00 IU3KJIHA3TH aHHKMacAHKKa araMH3, x \nx KynaHTMa- 

iih 6yjiHHMa uiaKAHAa H(]jOAaAac3K, H3TH>KaAa uiaKJiHAarn 

oiiHKMacjiHKKa ara 6yAaMH3. JlonHTaJib koha3chhh KyAJi3flMH3:

lim x2lnx =  l im -^ -  =  lim — — ■ =  — ^-limjc2= 0

X 2 XT

T - =  lim ~2~ =  ~  J lim " 2"x-»0 x-̂ 0 1 x-1-0___£_ z x-̂ 0

6 - m h c o j i . l im (s in x )x hh TonHHr.
*^0

i ;  H H III. 0° UiaKAHAarH aHHKMaCJIHKKS ar3MH3. BepHAr3H  (fjyHKUH- 
jiiiii y 6 hji3 h SeATHAaS: i / = ( s in x ) j:, 6yHH jiorapu(]jMJiaHMH3:

, . . In sinx
Iny = x  In sinx =  — j— .

x



COS*

• ■ i I- Insiruc sinxlimlrn/ =  lim— ;—  =  lim-------—  =
X“+0 x-*-0  x - * - 0 _____ J__

x X?

—  —  lim x2qosx —  —  lim  fx  • -4 -—  c o s x )  =  0 . 
x_*o sinx V sin* )

U iyH A aft khjih6, \[my — e ) =  \ .
x-+0

5- dapcxona Toniuupuru

1. [ — 1; 0] Ba [0; 1] KecMajiapAa f ( x ) =  x — x 3 c|)yHKUHH yMyH Po jiji 
TeopeMaCH ypHHJiHMH? A rap  ypHHJIH Syjica, y xojiAa x  HHHr TerHuuiH 
KHHMaTjiapHHH TonHHr.

2. f ( x ) = x 2 — 4x-\-3  (JjyHKUHH HJiAH3Jiapn opacHAa xocnjiaHHHr 
HJIAH3H SopjIHTHHH TeKIUHpHHT.

4  ̂/—~
3. [ — 1, 2] KecMaAa —  Ba l —  ^Jx2 4>yHKUHHJiapra JlarpaH>K Teo-

peMacHHH Kyjwia6 6yjiaAHMH?
4. K,aflcH HyKTaAa f ( x ) =  4 — x 2 (j)yHKUHHra yTKa3HJiraH ypHHMa 

A  ( —  2 ,0 )  B a S ( l , 3 )  HyKTaJiapHH to p th 6  TypyBMH BaTapra napajuieji?
>K: ( — 0 ,5 -3 ,7 5 ) HyKTaAa.
5. f ( x )  = x  Ba tp(jc) == jc2 4>yHKUHHJiap ynyH Kouih 4>opMyjiacHHH 

e3HHr Ba c  HyKTahh TonHHr.
6. JIonHTajib KOHflacHflaH 4>oftAaJiaHH6, jihm htjibphh  TonHHr:

Jl  OlIHTaJIb KOHAaCHHH KyJIJiaHMH3:

a ) lim
x— i

x 3 - 7 x 2 +  4x  +  2  . 

x 3 —  5x  +  4
a )

II
I

6) lim
tgx  — sin*

e ) lim ( t g j c ) sinjr;
x— 0 x —  sin* ’ x— 0

b ) lim
x- 0

e5x— 1 
sin3x ’ * ) lim

X—*' oo 0 + 4 T

r ) lim (
x— 0 '^  ex - \ )

>K : a ) •Ji 6 )  3; B) | ; r ) T ; A) 0; e )  1;

5- Mycrai^uA uui

3 _
1. [— 1; 1] KecMaAa / (x) =  1 — yx^yHKUHH ynyH Paaji TeopeMacH- 

hh Ky.zi.na6 6yjia flHMH?
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2. yu i6y
a) / (x) = a rc tg x  (JjyHKUHH ynyH [0; 1] KecMaAa;
6) f ( x )  =  arcsinx (J)yHKUHH yMyH [0; 1] KecMaAa;
b)  f ( x )  = \ n x  4>yHKUHH yMyH [ 1; 2 ] KecM aAa J la r p a H *  (J)opMyjiacHHH  

(■'tHiir Ba x  =  c hh TonHHr.

* : a > V H : « >

3. YiuSy

а) sin* Ba cos* 4>yHKUHHJiap yMyH [0;-^] KecMaaa;

б) x 2 Ba -yjx (jjyHKUHHJiap yMyH [1; 4] KecMaAa Kouih (})opMyjia- 

CHHH §3HHr Ba X =  c HH TonHHr.

4. JIonHTajib  KOHflacH/iaH (j)ofiAaJiaHH6 KyftHAarH j ihm ht jibphh  

i 'oiihht:
. n x

« ,  “ " I -
a) S n t + I )  ■ 6M L T m i ^ ;

b) lim  a rc s in x -c tg x  ; r )  lim ( ~ — c t g 2x Y
x— 0 x— 0 \  X  /

1
A ) lim  ( ji —  2 x ) cosx; e ) lim  ( x  +  2x) ~ .

>K: a ) 2; 6 )  o o ;  b )  1; r ) a )  1; e ) 2.

5- §. Tefijiop <{)opMyjiacH

3.5.1. A ra p  y — f ( x )  (JjyHKUHH xo HyKTaHHHr 6npop aTpcx})HAa 
(n - f - 1) - TapTH6rana xocHJiaJiapra ara 6yjica  ( ( n +  1) - thp thS jih  xocHJia 
Kum KHpaAH), y xojiAa 6y aTpo(})HHHr xap KaHAaft x  HyKTacn yMyH 
n- TapTHSjIH Teftjiop  c{)opMyjiacH ypHHJin:

f ( x )  = f ( x 0) +  f-^ ~  ( x  —  x 0) +  ( x — x 0) 2+  

f (n) (*n)
+  ••• +  --- -----  ( x  —  .*0) " +  # «(•* ) .
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f>yn;u» Rn (x ) =  ( x — x 0) "  + 1 Teftjiop 4>opMyjiacHHHHr,/IarpaH>K

iii;ikjih;i,c1i'h K,OAduK, %adu AeHHJiaAH, £ HyKTa x  Ba xo HyKTajiap 
opaCHAa era ah, htjhh g =  jc0 0 (jc — xo) Ba 0 < 6 < 1 .

1 -M h c :o  ji. f ( x )  = x 3 —  2x2- f-3 x - (-5  KynxaAHH ( x  —  2 ) HKKHXaAHHHr 
o y ry ii MycoaT Aapaw a jiapn  SyftHHa eftHHr.

E 4 h in. M acajiaHH xaji khjihlu ynyH KynxaAHH Ba yHHHr 
XOCHjiajiapHHHHr xo =  2 HyKTaAarn KHHMaTJiapHHH ToriHiu KepaK. 
TerHUijiH XHcoSjiauijiapHH 6aa<apaMH3:

f ' ( x ) = 3 x 2 4 x + 3 ;  f " ( x )  =  6x —  4; f ' " ( x ) =  6; n ^ 4  ywyH f w ( x ) = 0 .  

AeMaK"' /(2) =  H : f ' W = 7 '’ r ( 2 ) = 8 ;  / '" (2 ) =*6. 

f ( x )  = x 3- 2 x 2+ 3 x + 5 =  11 + ^ ( X _ 2 )  + ± ( X - 2 )  2+ ± ( X - 2 ) 3

eKH

f ( x ) = x 3- 2 x 2 +  3x  +  5 =  l l + 7 ( x - 2 ) + 4 ( x - 2 ) 2+ ( x - 2 ) 3.

2 - m h c o j i .  X0 =  —  1 Aa f (x ) .^ = e *  (fjyHKUHH y^yH yHHHWH TapraSjiH 
len jio p  (popMyjiacHHH e3HHr.

E m h u i. B apqa n Jiap ywyH f M ( x ) = e * Ba 3KaHH

paBiuaH. e
/leMaK,

^ = - L+ - ^ ± i + -  -(;C+1)2+ - j-  ^ + U 3 I n (x)  
e e 1! e 2! +  <? 3! +  ,

my 6hji3h 6npra R 3( x )  = e ^ +J }\  6y  epaa g HyKTa x  Ba —  I opacHAa 

eTa^H eKH

£ = - l + 0 ( x + l ) ,  O < 0 <  1.

3.5.2. A ra p  Teftjiop  (f)opMyjiacHAa xo =  0 OJiHHca, y  x,0Jua, 
n- TapTHSjiH M aKjiopeH  (})opMyjiacH xochji 6yjiaAH:

f { x )  = / (  0) +  ^ - X +  f~ ^ - X 2+  ... +  f ^ M . Xn+ R n ( x ) t

f (rt + 1) /e\
OyHAa An (at) =  — -  x n+x—  ko jiahk  x,a£, £ HyKTa je Ba 0 HyKTajiap 

opacHAa eTaAH, H*bHH £ =  0*,  O < 0 <  1.
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IS a i^H  (})yHKUHHjiapHHHr M aK jiopeH  (JjopMyjiacH SyftHMa eftHJiMacn- 
11H KeJITHpaMH3:

* = 1 + — + — +  + —  ~  1! ~  2! "• ^  n\ (n +  1)!*
. n + l  .

X  — 1
s , .. - | _  +

+  ( - | ) 'cosej:- (S T T T ! ;
JC2 r 4 v2n 2n + 1

C O S X = l -----—  -I----------... —  ( _ ! ) " _ £ --------- [_ / _  n ' 1 +  lc. o s fw  *  .
2! 4!  ̂ ( 2 n ) M '  l }  C° S0*  (2n + 1 )| ’

( I  + * ) " =  1 + - X +  ? ( 2 = i l 4 ! = 2 . Jt. +  „  +

+  +  , . +  ( i + a j t ) - . .

f ( x )  =  (1 + x ) m (})yHKUHHHHHr eftHJiMacH 6 u h o m u o a  e&UAMa AeHHJia
AH.

3 - m h c o j i . M aKjiopeH cJiopMyjiacH epAaMHAa / (x ) =  In (1-f-.it) 
((jyHKUHHHH x  hhht A a p a *a jia p H  SyftHMa eftHHr.

E h h in. / (0 ) = 0  3K3HH paBmaH. BepHJiraH (JiyHKLiHHHHHr xocHJia- 
JlapHHH XHCo6jiaftMH3:

1 . f"/„\ 1 v 2
r w - ^ r w - ^ r w - ^ ;  

' , m w —

UlyHAaii kh jih 6 ,

/ '( 0) =  1; /" (0) =  — 1; f " ' ( 0 )  = 2 ! ;  /dV)(0) =  - 3 ! ,

/ w (0 )  =  ( - l ) n + > - l ) ! ;  / < "+ ‘ > (x )
n!

d + ^ ) '! + l

B yjiapH H  M aK jio p e H  (})op M y jiacH ra  KyftcaK,

i / i i  \ y2 , X3 -2! x4-3! , 
l n ( i + * ) = * _ _ + _ ----------j ]  h -  +

OKH

In (1 H-jc) ^ — 4 " +  -  + ( - 1) n+'-7r +  /?n(* ) ' By epAa
Xn+ 1 [

k,(wiahk xaA  R n( x )  =  ( —  1 ) „^i  . I  nyKTa a c a  0 Ba x  HyKTa- 

JKip opacHAa eTaAH.
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6- dapcxona ronuiupuru

^ x) . 772x  ̂ 3 * 2 +  5 x - f - l  KynxaAHH x-\-\  HKKHxaAHHHr ,iapa- 
wajiapH  oyHHMa eftHHHr.

>K: f ( x )  =  9 - f - 17 (jc-(- 1) — 9 ( jc- f - 1 )2-f-2 (jc +  1 )3-
2. xq— \ HyKTaAa f ( x ) = y [ x  (J)yHKUHH ynyH yMHHMH Tadth6jih  

I CHJIOp (pOpMyjiaCHHH e3HHr. 

>K: f ( x )  =  I ~  +  - | (x _ i )2 _   ̂

6y epAa R 3( x )  =  - ^ L  

S2
3. f ( x ) = t g x  <})yHKUHH ynyH hkkhhhh Tap™6jiH MaKJiopeH (bopMv- 

JiacHHH e3HHr. J

m  f ( x )  = x + 4 - . J + ^ e .
3 cos I

4. f ( x ) = x e  (}>yHKUHH ynyH n-  TapTHSjIH MaKJiopeH (bopMVJiacHHH 
e3HHr.

>K: / ( jc)  ... +  _ £ _  + 7 g Ty] ( g  +  n + i ) e E*.

5- Mycrai^uA uiu

1. KynxaA^iap eftHJiMacHHH e3HHr:
а ) f ( x ) = x 5 —  2x4- j -x 3— jc2-f-2jc— 1 hh ( x — 1) HKKHxaA Aapa>Ka- 

JiapH 6yflHHa;

б )  f ( x ) = x 4 —  5x3+ x 2 —  3x + 4 KynxaAHH ( x  —  4 ) hkkhxba Aapa>Ka- 
JiapH SyftHHa.

2. a) xo =  2 HyKTaAa f ( x )  =  ^  (JjyHKUHH yMyH yMHHMH TapTH6- 

Jih Teftjiop  (|)opMyjiacHHH e3HHr;

6 ) x o = l  HyKTaAa f ( x ) = —j=  (})yHKUHH yMyH yMHHMH TapthSjih 

Teftjiop  (J)opMyjiacHHH e3HHr. 

3. a )  f ( x )  = a r c s in jc  (J)yHKUHH yMyH yMHHMH TapTHSjIH MaKJiopeH 
(popMyjiacHHH e3HHr;

6 ) f ( x ) = s i n 2x  <J)yHKUHH yMyH 2n-  Tap™6jiH MaKJiopeH (bopMyjiacH- 
HH §3HHr.

6-§. TaKPHSHH XHCo6jiauiJiapra 
Teftjiop (|)opMyjiacHHHHr t3t6hkh

Teftjiop  4>OpMyAaCH HXTHepHft f ( x )  (j)yHKUHHHH

f i x )  » / ( * > )  +  f- ~  ( X - X 0) +  (X_ X0) 2+  +

, f (n> <xo) , s n
+  — ^ —  ( x — *o)
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Kj/nxaA uiaKAHAa TaKpwfiHft H<j)OAajiaiu hmkohhhh 6epaAH. By 
KynxaA tl- TapTHfijiH TeuAop Kijnqadu AeftHJiaAH. XycycaH, jco =  0 Aa 
«-T ap T H 6jiH MaKAopen Kijnqaduza arg 6yjiaMH3.

Bai>3H 4»yHKUHHJiapHHHr MaKJiopeH KynxaAH maKjiHAarn TaKpn- 
f)Hft H(j)OAaJiapHHH KeJITHp3MH3:

I I I x I *2 I I •*"
* ~ l + T\+~2\ +  -  +

J>  , 2 « - l

s i n * « x — — + —  -  ... +  ( _ l ) - + > 15_ Tyi ;

>? x4 x2n
COs x « l  +  ( - l ) nW !  ;

( l + x ) ’» ~ l + ^ x +  ^ ~ ^ - x 2 +  ... +  x n ^

n — 1, 2, 3 Ae6 o jih 6 , KyftHAarH TaKpnCHft (})opM yjia jiapra 3ra 
f iy jia M H 3 :

ex= l + x ;  c ‘ « l + j : + y ;  < ? *« 1 + x + \ + \ \

x3 x3 xs 
s i n j c « x ,  s in x s s x -----—; s m x z& x ------— |— —  ;

2 2 4 2
.  XT , X  . X  . X  .

C 0 S X «1 -----—; C 0 S X «1 -----2_ +  "24'> C 0 S X «1 -----p  +

x6 ,
' 24 720 ’

( l + x ) m« l  -\-mx\ ( l + x ) m» l  -\-mx-\- x 2;

/i i \ m  i i i m l m — 1 ) 2 i m ( m — 1 ) ( m  — 2 ) 3 
(1 +JC) 1 + m x -\ ------L - - — L X J-\------i p --------L Xd .

K o ^ iT O p H Jira H  (J)yH K U H H JiapH H H r xap finpn yMyH T a K p n S H ft  c{)opMyjia- 
1̂MI> HHHKAHKHHHr opTH6 SopHUiH TapTH6HAa SepHJiraH.

Teftjiop (MaKJiopeH) 4>opMyjiacH 4)YHK]^HHJiaP KHftMaTJiapHHH 
0r[>HJiraH aHHKAHKAa xhco6ji am JiapAa Ky^iJiaHHJiaAH.

MacajiaH, f ( x )  (})yHKUHHHHHr x  =  a HyKTaAara KHftMaTHHH xaTOJwra 
I  a h  11 K a T T a  d y jiM a ft A H ra H  a H H K JiH K A a  xnco6jiaui yM yH  Teftjiop 
K$>nx,HAHHH uiyHAaft k -  TapTH6raMa o jih lu  Kepak k h , 6y  k  c o h  | Rn(a)  | < e  
T V H IT H 3JIHKHH KaH03TJiaHTHpy BMH tl JiapHHHT 3Hr KHMHTH KHJIH6
T « h j i u i i h a h .

I m h c o ji .  e cohhhh 0,0001 rana aHHKJiHKAa XHCo6jiaHr.
H m h ui. x  =  a = \  3KaHJiHTHHH XHCoSra ojicaK, MaKJiopeH (})opMy- 

f l « i ‘nin Kypa:

e =  f (  1) =  1 +"^7 +  ■

159



n iimir R J l )  — , <  0,0001 uiapTHH KaHoaTJiaHTHpyBMH 3Hr 
(tl 1)!

khmhk KHftMaxH k =  6 SyjiaAH, SyHAa 0 < | <  1. AeMaK, 

e * l + T i  +  i +  " + i = 2 . 7 l 8 ^

3  
2- MHCOJI.  y 2 9  HHHr KHHMaTHHH 0,001 raMa aHHKJiHKAa XHCO<5- 

JiaHr.
E  m h m. BepHJiraH h jia h 3hh SyH Aafi H(})OAaJiaHMH3:

^/29 _  \l2f+2 =  3 ^ + ^  -  3 (1  + - l r f .

Y u iS y  6HHOMHaJi eftHJiMaAaH 4>oftAaJiaHaMH3:

( l + * ) " = l + f o  +  m (w ~ 1-) X2 +  -  +

+  m{m- l) - {J - n +  l ) x n+ R n(x)  .

B y  epA a

R n(x)  =  m{m~ H + \ ” ~ n) x',+1( l + i ) m- n- 1, 0 < | < l  .

Rn(x)  HHHr K H H M aTH H H  ypHHra KyHH6,

( i + x r « i + ^ x +  T d ! n = } L x 2+  ... +  m(rn- L l - : ( j ~ J L +J . ) x »

6 hh TeHrjiHKKa ara 6yjiaMH3. Rn(x)  xaTOJiHKHH \x\ <  1 Ba eTapjiHMa KaT
Ta n JiapAa HCTaJiraHna khmhk khjihlu MyMKHH.

2 1 * 
x = —  Ba m  =  —  Aeo oJicaK,

^/29 = 3 ( 1  +  ± -  -  ^ 1 , - +  ... +R. ( ir ) )~ -

XHCoSjiauijiapHHHr KeTMa-KeT xaTOJiHKjiapn KarraJiHrH 3 1 /?«I hh 
6ax,cwia6, TonaMH3:

3 1/?iI <  0,002, 3|/?2| <  3‘ 2^ 2•-< 0 ,0 0 0 3 .
81 ol

JJeMaK, SepHJiraH aHHKJiHKAa XHCoSjiaui ynyH  yMTa xaAHH 

(k =  3)  ojihui eTapjiH 3KaH, jrbHH

^/29 « 3 ( 1  + 0 ,0 2 4 -0 ,0 0 0 6 ) = 3 ,0 7 2  .
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7- dapcxona roniuupuFu

1- y = —'2.l cjjyHKiiHH yMyH xo =  2 HyKTaAa yMHHMH T ap ra fijiH

T e ft jio p  KyuxaAHHH e3HHr. BepHJiraH (JjyHKUHH Ba yHHHr KynxaAH  
I'pa(|)HKJiapHHH MH3HHT.

X 2 1
2. exm  1 +  x  +  —  TaKpnGHH (J)opMyjiaAaH cj)OHAaJiaHH6 — -  hh to -

V*
HHHr Ba xaTOJiHKHH SaxojiaHr.

>K: «  0,78; e < 0 ,0 1 .
Ve

3. KyHHAarHJiapHH 0,001 rana aHHKJiHKAa xnco6jiaHr:

a ) cos41°; 6) ^/121.

>K: a ) 0,754; 6) 4,946.

7- Mycrai^uA uiu

1. f ( x )  =  arcs in x  4>yHKUHH ynyH yMHHMH TapraSjiH MaKJiopeH 
KynxaAHHH e3Hnr. BepHJiraH (JjyHKUHSi Ba yHHHr KynxaAH  rpacfwKJia- 
PHHH HCaHT.

2. KyHHAarHJiapHH 0,001 raMa aHHKJiHKAa xn coS jia H r:

a )  ^/ e ;  6)  ^/129; b ) sin36° .

>K: a )  1,395; 6 ) 2 ,002; b )  0,587.

I I  -665
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4- 6 o 6

^ Y H K U H f l J l A P H M  \ 0 C M J 1 A J IA P  E P f l A M H f l A  T E K I U H P H W

1-§. Bhphhmh TapTHSjiH xocHJia epAaMHAa
(JjyHKHHHJiapHH Hr 3KCTpeMyMJiapHHH TeKUIHpH UI

4.1.1. A ra p  (a, b)  opajiHKHHHr X2 > x \  TeHrcH3JiHKHH k,3ho-
aTJiaHTHpyBUH HKKHTa HXTHepHH X, Ba X2 HyKTa.iapH yMyH f ( x 2) > f ( x 1) 
TeHrcH3JiHK 6a>KapHJica, f ( x )  (})yhkuhh (a, b)  opaJiHKAa ycyenu 
AeHHJiaAH.

A ra p  (a, b)  opajiHKHHHr -%2 > x \  TeHrcH3JiHKHH KaHoaTJiaHTH- 
pyBMH HKKHTa HXTHepHH X\ Ba X2 HyKT3JiapH yMyH f {X 2 ) < f ( X [ )  
TeHrcH3JiHk 6a>KapHJica, f ( x )  c[)yHKU,HH {a, b)  opaJiHKAa KaMatoenu 
AeHHJiaAH.

OpaJiHKAa ycyBMH eKH KaMaiOBMH (})yHKUHHJiap mohotoh. <pyHKu,u.H- 
Aap AeHHJiaAH.

M o H OT 0 H JI H k h H H r 3 a py p H H u i a p T j i a p n :
1. A rap  (a, b ) opaJiHKAa AH(|)cj)epeHUHajiJiaHy bmh y =  f ( x ) 4>yHKUHH 

ycyBMH Syjica, y xoJiAa f ' ( x )  >  0-
2. A rap  [a, b ) opaJiHKAa AHcj^epeHunaJiJiaHyBMH y =  f ( x ) (pyHKUHH

KaMaioBMH Syjica, y xaiAa f ' ( x )  <  0-
M o h o t o h j i h k h h h t  eTap j iHJ iHK uiapTJiapH.
1. A ra p  (a,  b ) opaJiHKAa AHcj)(})epeHUHaJiJiaHy bmh y =  f ( x )  cjjyHKUHH 

MycSaT xocHJiara ara Syjica, H'bHH 0, y xoJiAa cJjyHKUHH uiy 
opaJiHKAa ycyenu (pyHKu,un 6yjiaAH.

2. A ra p  (a, b)  opaJiHKAa AH(})(j)epeHUHajiJiaHyBMH y =  f { x )  cpyHKUHH 
MaH(j)HH xocHJiara ara Syjica, H'bHH f ' ( x ) < l 0, cj)y hkuhh uiy opaJiHKAa
KdMafoenu (pyHKi{UR Sy/iaAH.

OyHKUHHHHHT 6HpHHMH TapTHSjiH XOCMJiaCH HOJira  ̂ TeHF eKH 
y3HJiuuira ara Sy j iaAn raH  HyKTaJiapw KpuruK Hy^ranap AeHHJiaAH.

3 ht coAAa x,OJiJiapAa y =  f ( x )  (})yHKUHaHHHr aHHKJiaHHUi coxacH- 
hh MeKJiH coHAarn kphthk HyKTajiap SnJiaH MerapajiaHraH mohotohjihk
opajiHKJiapra 6y jm m  Mym k h h .

4.1.2. Arap  xo HyKTaHHHr uiyHAaft aTpo<J)H MaB>KyA oyjicaKH, oy 
aTpod)HHHr xap KaHAaft x ^ x o  HyKTa ch yMyH f ( x ) < f ( x  0 ) TeHrcH3- 
jihk ypHHJiH 6yjica, y xojiAa y =  f ( x )  cJjyHKUHH xo HyKTaAa mclkcu-
MyMea apuuiadu AeftHJiaAH. 

A ra p  xo HyKTaHHHr uiyHAaft aTpo4>H MaB>KyA oyjicaKH, oy 
.aTpotjjHHHr xap KaHAaft x=£xo  HyKTacn yMyH f ( x ) > f { x 0) TeHrcn3-
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'nn' vpiiiuiH fiy jica , y xojiAa y =  f ( x )  cjjyHKUHa xo HyKTaAa MUHUMyMea 
*l>uiiiti<)u AOHHJia/iH.

•I 'v i i k h i i m  MUKCHMyM eKH MHHHMyMra a p u m a A H r a H  H y K T a j ia p  yHHHr

iprmt/M iiyicraJiapH AeHHJiaAH. OyHKUHHHHHr aKCTpeMyM HyKTajia- 
|»M(lalll KHHMaTJiapH 4>yHKUHHHHHr SKCTpeMdA (MCLKCUMCIA eKH MUHU- 
Mu 1 ) i^iifiMurAapu AeftHJiaAH.

1 K I 'T  p C M y  M H H H T 3 a p y  p H ft U i a p T H .  Arap y =  f ( X ) (jjyHKUHH 
#n nv' k l i i i ia  9KCTpeMyMra a ra  6 y j ica ,  y  xo j iAa  f ' ( xo )  HOJira TeHr eKH 

OyjiMaftAH.

Ammo x a p  KaHAaft k p h t h k  HyKTa xaM aKCTpeMyM HyKTacn 
ftV.Udut'pMjiWAH.

I h c i p c m y  m h h h r e T a p j i H J i H K  u i a p T H .  A ra p  xo HyKTa 
(/”“ / ( ' )  (f)yHKUHHHHHr KpHTHK HyKT3CH 6yjlH6, (j)y HKUHHHHHr XOCHJia- 
CM fiy HyKTaAaH yTuuiAa nuiopacuHH y3eapTupca, y  xcuiAa xo —  6y 
«|iyiiMiimiiHHr SKCTpeMyM ny^racu  SyviaAH, my 6HJiaH Snpra:

I A r a p  xo HyKTaAaH ManAaH yH rra  y ra u iA a  f ' ( x )  y3 HUiopacHHH 
Myi n,i ia j i i i  MaH(j)Hftra y s r a p r a p c a ,  y  xo j iA a  xo HyKTaAa PyHKUHH 
WMKi i i MyMra apuuiaAH.

A i 'ap  xo HyKTaAaH ManAaH yH rra  yrau iAa f '  ( x )  y 3 HUiopacHHH 
Mmih|iiim ;uih  M ycdaTra  y 3 r a p ™ p c a ,  y  xcuiAa x 0 HyKTaAa (fiyHKUHH 
MHHiiMVMi'a apnuiaAH.

l l l yi i Aaf i  kh jih6, m oh o toh j ih k  opa jiHKJiapHHH Ba PyHKUHH aKCTpe- 
M V M11) 111 TOIIHUI yMyH OJIAHH (J)y HKUHHHHHr aHHKJiaHHUi COXaCHHH 
h|iniiiK HyKTajiap epAaMHAa m oh o toh j ih k  opajiHKJiapHra SyjiHiu Ba 
yjitiiDia xocHJia HUiopacHHH TeKiiiHpHiu KepaK.

111 v luia n KeftHH m oh o toh j ih k  Ba aKCTpeMyM h h h t  eTapjiHJiHK uiapTJia- 
pti/uiii (|i()HAaJiaHH6, ycHUi Ba KaMaftum opajiHKJiapHHH, MaKCHMyM Ba 
Mil n 11 m y m nyKTajiapHHH Tonuui xaMAa (JjyHKUHHHHHr 6y HyKTa- 
i/lMpdiii ii KHHMaTJiapHHH xHCo6jia6, HaTH>KaJiapHH TerHiujiH *a A B a J i-  
hi v iiiiii KepaK.

I M II 0 O JI. y =  x 3 — 3x2 (})yHKUHHHHHr MOHOTOHJIHK OpaJIHKJiapH- 
HM Mil jKCTpeMyMJiapHHH TonuHr.

I1, 'i  urn. BepHJiraH (JjyHKUHHHHHr aHHKJiaHHUi coxacn  —  6yTyH Ox 
j>*H OyjmO, yiiHHr xocHJiacH y ' =  3 x ( x  — 2) .

X,i h‘ i I ji a i ih HOJira TeHrjiauiTHpHS, k p h th k  HyKTajiapHH TonaMH3 : 
# !»■ () iia X2 — 2. Ox  yKH 6 y  HyKTajiap  SuJiaH yMTa opajiHKKa 6yjiHHaAH:
( —  0 ) ,  (0 ;  2 )  Ba (2 ;  + o o ) .

l iy  opajiHMapAa xocHJiaHHHr HUiopacHHH TeKUiHpnS, HaTH>Ka- 
^Hpim KyftH/iarH >KaABajira e3aMH3:

* ( - o o ;0 ) 0 (0;2) 2 (2; + oo )

+ 0 — 0 +

V
max

0
min

— 4



4.1.3. y ' f ( x )  (jjyuKHHH [a, b\ KecMaAa y3nnnnr 3m kuhuk ( m — yvmv) 
okh 4t'ir' =  KaT) KHftMaTjiapwra (a ,  b)  opa.ziHK.Aa exybmh

kp h th k  i iyKTa^apHAa eKH [a, b] KecMaHHHr oxnp j iapH Aa apnuiaAH.
2- MHCOJI. y =  x4 — 2 x + 3  (JjyHKUHHHHHr [ — 3; 2] KecMaAarH 3Hr

KHMHK Ba 'JHI' KaTTa KHHMaTjiapHHH TonHHr. 3
li q h ui. BepHJiraH cjjyHKUHHHHHr xocHJiacH: y' =  4 ( x  —  x ) .

(/ — 0 uiapTAan x\ — 0, X 2 = l  Ba X 3 =  — 1-
Kphthk HyKTaJiapHHHr xaMMacn ( — 3; 2) opajiHKKa TerHiiiJiH. 

BepHJiraH (J)yHKU.HHHHHr 6y  HyKTaJiapAaJH Ba KeciwaHHHr oxnp jiapHAa- 

TH KHHMaTjiapHHH XHCo6jiaHMH3: 

1/(0) = 3 ,  y(  1 )= 2 ,  y (  — 1) = 2 ,  y(  3) = 6 6 , y { 2 )  =  U .  
UiyHAaft  kh jih6, [ — 3; 2] KecMaAa t/9 KaT— 66, K„q £■

1 - dapcxona roniuupuFu

1. OyHKUHHJiapHHHr mohotohjihk opajiHKJiapHHH TonHHr:
а) y =  2 - 3 *  +  x3; 6)  y =  x(\ +  V * ) ;

B) y =  x —  2sinx, 0< x <  2jx.

)K,: a )  ( — oo, — 1) ea  (1, + 6 ° )  Aa ycaAH, ( — 1, 1) Aa Ka MaHAM; 
б) [0, + o o )  Aa ycyBHH;
B) g .  fla ycyBMH; (o, Ba 2n  )  Aa KaMaiOBMH.

2. OyHKUHHHHHr 3KCTpeMyMJiapHHH TonHHr: '
r2 . 1 \ In*

a) 6 ) y =  x +  T ; B) y==T T '
>K: a ) x  =  0 Aa ax =  0; x =  4 Aa mm 

6) x =  1 Aa y mm= 2; a' =  0 Aa y max=

B) x  =  e Aa y max =  y -

3. Y m 6 y

а ) y —  cJ)yHKi],HHHHHr [0, 4 ] KecMaAarH;
X  - j -  1

б )  y  =  a r c t g -^ = ^-4)yHKUHHHHHr [0, 1] KecMaAarH 3Hr k h h h k  Ba 3Hr
1 - j -  X

K3TT3 KHHMaTjiapHHH TOnHHT.

>K: a ) M  =  0,6, m =  — 1; 6 ) M  =  ̂ ,  m =  0.

1- MycraKfUA uiu

1. OyHKUHHJiapHHHr m o h o to h j ih k  opaJiHKJiapH Ba 9KCTpeMyM 

HyKTaJiapHHH TonHHr:

a )  y =  x-\jT ^ 7 2; 6 ) y  =  * - 2 1 rur; b )  y  =  l n x - a r c t g x .
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*• » .  ( - i .  -  ^ ) > a  ( — $ ! • - * ) "

V". U1, M =  f/ (— - ^ ) =  .0 =  v [. ) =  i

fi) (0, 2 )  Aa KaMaiOBHH; (2 ,  + o o )  Aa ycyBMH ; y mw =  

- / / ( :> )  = 2 ( 1  — ln 2 )  « 0 . 6 1 ;  

u) (0, + o o )  Aa ycyBHH.

YinGy

,i) y =  1 HHHr [0, 1] KecMaAarn;
1 + x — x2

3   3 _____
0) t/-̂ = \jx-\- 1 —  1 hhht [0, 1] KecMaAarn; 

i l ) y 3=  x  -(- 2^\fx HHHr [0, 4] KecMaAarH 3Hr khhhk Ba 3Hr KaTTa 

hiuiMaTJiapnHH TonHHr: 

i K - « )  y ™ * =  1, */min =  0,6;

6) yrnax=2, i/min=  \ 

n) y max=8, ymin=0-

2- §. <t>yHKUHSIHHHr KaBapHMHTH Ba 60THMHrH. 
3 ih jihu i HyKTajiapH. AcH M ntora jiap

4.2.1. y =  f ( x )  (})yHKUHHHHHr rpa(j)HrH (a, b ) opajiHKHHHr HCTajiraH 
HVIn 1'iii‘HAa yTKa3HJiraH ypHHMaAaH nacrda  eTca, y  xojiAa (JjyHKHHH 
i pji(|nii ii t^aeapuK, AeftHJiaAH.

U f ( x )  (})yHKUHHHHHr rpa(})HrH (a, b)  opajiHKHHHr HCTajiraH 
My K n n ’HAa yTKa3HJiraH ypHHMaAaH tot^opuda eTca, y  xo j iA a  (})yHKUHfl 
r|)Ht|)ll I'M OoTUK, AeHHJiaAH-

OyiiKUHH rpacJ)HrHHHHr KaBapHK khcmhhh 6o th k  khcmha3h a * p a -  
ty it ' i i i  /Mu ( xo, f ( x o) HyKTa rpatJ)HKHHHr arHJiHui HyKTach AeftHJiaAH.

<I» y ii k u h h r p a ^ H T H H H H r  K a B a p H K  e K H  S o t h k  
8 V Ji ii hi h h h h r e T a p j i H J i H K  u i a p T J i a p H .  A ra p  (a, b) opa- 
^IHKAii AH(})cJ)epeHUHajiJiaHyBqH y =  f ( x )  (f>yHKUHHHHHr kkkhh^h TapraS- 
jlii x,oi'itJiacH MaHcjjHH, htjhh f "  ( x )  < .  0 6y jica , y  xojiAa 6y opajiHKAa 
i)>Vhkii,h>i rpa<})HrH KaBapHK SyjiaAH.

A i ap  (a , b)  opajiHKAa AH(J)({)epeHHHaJiJiaHyBHH y =  f ( x )  (})yHKUHH- 
iiiiiii iikkhhhh TaprafijiH  xocHJiacH MycSaT, htdhh f " ( x ) >  0 6yjica , 
y Minaa fiy opajiHKAa (JjyHKUHH rpat})HrH 6o th k  SyjiaAH.

I va i ia p n M H K  opaJinrHHH Sothk jihk  opaJinrHAaH a * p a T H 6  TypyBMH
ii,mini nyKTacHAaH yTHinAa (})yHKU,HHHHHr HKKHHqn TapraSjiH xocHJia-
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ch HUiopacHHH y'M 'ap'mpaAH. ByHAafi  nyK Ta j iapAa  (J)y HKUHHHHHr 
hkkhhmh ra p th C j ih  x,ocHJiacH e HOJira TeHr, CKH MaB>KyA 6yjiMaHAH. 

f " ( x )  —  0 eKH f " ( x )  MaB>KyA SyjiMsftAHrsH HyKTajiap ukkuhhu Typ 
KpuniK Hy^rcuiap AeHHJiaAH.

3  r h ji h ui H y K T a J i a p n  m a b >k y a  6 y j i H i i i H H H H r  e T a p -  
ji ii ji h k u i a p T H .  A r a p  xo HyKTa y =  f ( x )  JyHKUHH ynyH hkkhhmh Typ 
k p h th k  iiyKTa 6 y j ic a  Ba f "  ( x )  hkkhhmh TapraS j iH  x,ochji3 6 y  HyKTaAaH 
yTHiiiAa HUiopacHHH y3rapTH pca , y  x,0JiAa 6y  ({jyHKUHH rpa(j)HrHHHHr 
xo adcuHCcaJiH HyKTacn arajiHUi HyKTacH SyjiaAH.

JleMaK, (JjyHKUHH rpa(})HrHHHHr KaBapHKJiHK Ba S o th k j ih k  opaJiHK- 
jiapHHH, arHJiHin HyKTaJiapHHH TonHiu ynyH o jiahh  4>yHKUHH aHHKJia- 
hh in cox,acHHH hkkhhmh Typ k p h th k  HyKTajiap SnJiaH opajiHKJiapra 
6 yjiHiu Ba 6 y opajiHKJiapAa hkkhhmh TapraSjiH xocHJia HUiopacHHH 
TeKiUHpHiH KepaK. UlyHAaH kchhh eTapjiHJiHK iuapTJiapHAaH (J)OHAaJia- 
hh 6 , KaBapHKJiHK, S o th k j ih k  opaJiHiyiapH Ba arajiHin HyKTaJiapH 

aHHKJiaHaAH. 
1- MHCOJI .  y =  xex (J)yHKUHHHHHr KaBapHKJiHK, 6 0 THKJIHK OpaJIHK- 

jiapHHH Ba srHJiHin HyKTaJiapHHH TonHHr. 
E h h ui. BepHJiraH (ftyHKUHHHHHr aHHKJiaHHUi coxacH  6 yTyH Ox  

yKAaH ndopaT. Bhphhmh Ba hkkhhmh t 3 P th 6jih x,ochji3j13Phh Ton3MH3.

y '  =  ex (\ +  x ) ;  y "  =  ex (2 +  x ) .
Hkkhhmh TapraSjiH xocHJiaHH HOJira TeHrjiauithphS, hkkhhmh Typ 

kphthk HyKTaHH TonaMH3: x =  — 2 . O x  yK 6 y HyKTa 6 HJiaH HKKHTa 
opajiHKKa SyjiHHaAH: ( — 00; — 2), ( — 2, + 00).

By opaJiHKJispAa hkkhhmh tb p th S j ih  xocHJia HUiopacHHH TeKiun- 
Ph6, yuiSy *aABajiHH Ty33MH3:

X ( - 0 0 , - 2 ) — 2 ( - 2 . + 0 0 )

y "
— 0 +

y ^ —  1

C
*I04I

x = — 2 Aa rps(})HKAa opAHHaTacn y = — 2e 2 Sy j iraH  s th jih lu  

HyKTacHrs ara 6yjiaMH3- 
4.2.2. Arsp y =  f ( x )  ({jyHKUHH rpa(})HrHAarH HyKTa uiy rpacjjHK 

6yfijia6 MeKCH3 y30KJi3UiraHAa yHAaH Snpop Tyrpn MH3HKK3M3 
6yjlT3H M3C0(J)3 HOJ1T3 HHTHJIC3, 6 y  TyFpH MH3HK y =  f ( x )  (J)yHKUHH 
rpa(J)HrHHHHr acuM/iToracu A e 6  aTSJiaAH . 

Arap l im / ( x )  =  oo gyjica, x = a  TyrpH hh3hk  y =  f { x )  ^ h k u h h
x- â

rpac})HrHHHHr eepruKciA acuMnroTacu  AeHHJiaAH.

Arap 
k== iim !î L  Ba b =  lim ( f { x ) — kx)

X++CO * * - + »

eKH
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k - l im  Ba b =  l im  ( f ( x ) — kx)Y -V - rtO X X —►—  OO

.■inmm 1,1 ap Mau>KyA Sy j ica ,  y  x,cuiAa y — kx-\-b  TyrpH  mh3hk y =  f ( x ) 
i|iviiKiiiniiiHiir of'Ma acuMnroTacu AeftHJiaAH.

\ v « 'v can ,  k =  0 Aa  aopusoHTaA acuMnroraza  ara 6yjiaMH3.

,.2__2 x  _L 3
MHCOJI. U = ---------— ■ tbyHKUHHHHHT aCHMnT0TaJI3pHHH TonHHr.

J x +  2

I 11 h 111. l im  y =  00 SyjiraHH ynyH x = — 2 BepTHKaji acHMnTOTa
x *— 2

ftyjMAH. OrM a acHMnTOTa JiapHH t o i i3 m h 3:

£ = l i m ^  =  l im  x2-~ 2̂ ~  =  1 ,X-*- 00 % x̂ , oo x(x-\-2)

b =  l i m ( f ( x )  — kx)  =  l im  ( x
x—► 00 x-koo \ x ~r ̂  /

=  l im  ~ 4* + 3- = - 4 .
^OO X +  2

l l l y i i AaH kh jih6, opms acHMnTOTa hh h t TeHrjiaMacn y =  x  —  4 Kypn-' 

11111111 a -jra.

2- dapcxona Tonuiupufu

1. KyHHAarH (JtyHKUHHJiapHHHr KaBapHKJiHK, 6 o th k j ih k  opajiHK-
11II11111111 Ba 3THJIHUI HyKT3JI3pHHH TonHHr: •

(I) 11 x r’ +  5x  — 6; 6 )  y =  ( x  —  4 ) 5 +  4 x  +  4; ■ b )  y =  e 2 .

>K: a )  ( —  0 0 , 0 )  Aa KaBapnK; (0, + 0 0 ) Aa 6 o th k ;  s ih j ih u i 
Hyk 1 a i 'w : M o (0 ,  6 ) ;

ft) ( —  00 , 4 )  Aa 6 o th k ;  (4, +  0 0 ) fla KaBapHK; arHJiHiii HyKTacn: Mo(4
a m,

11) ( —  0 0 , — 1) Ba (1, + 0 0 ) Aa 6 o th k ;  ( — 1, 1) Aa KaBapHK.;

VI'Hjiii 111 nyKTa j iapn : M , ( — 1, e 2 )  bs  M 2{\, e 2 ) .

2, Kyt iHAarH (})yHKUHHjiapHHHr s c h m u to t s j i s p h h h  TonuHr:

» )  //-■ \ J ~ 2  ’ 6  ̂ y =  3x +  ar c tg5x]  b )  y =  ln<JC+ 1> _|_ 2 x .

>K: a ) x =  2 bs  y =  1;

0 )  y =  3 x  +  y ( x - ^  

11) x =  0, y =  2x, x =  — l (x->— 1 + 0  A a ) .

6) y =  3x +  y  ( x —> - 0 0  A a )  Ba y =  3x — (x-^—  00 A a )  ;

167



2- Mycra^uA uiu

1. KyHHAarw (})ynKHHHJiapHHHr KaBapHMHK, Sothkjihk opaJiHK- 
jiapmm Ha srHJiHiu HyKTa JiapHHH TonHHr:

а )  y  =  In (1 -\-x2) ; 6) y =  a r c tg x  — x.

>K: a)  ( — oo,  — l )  Ba (1 , +  o o ) aa KaBapHK.; ( —  1. 1) Aa Sothk ; 

w h jih iii HyKTajiapH: A f i ( l ,  ln2) Ba M 2( —  1, ln2 ).

б ) ( —  oo, 0 ) Aa KaBapHK; (0, -f- oo ) Aa Sothk; aruJiHUi HyKTacn: 0  (0, 0 ).

2. KyftHAarH (})yHKUHajiapHHHr aCHMnTOTaJiapHHH TonHHr:

a) y = — 6) y
V * 2- l ’ 4 ( * + l ) 2

>K: a ) j c = ± 1 ,  i / = + x ;  6 ) x =  —  1, y =  ̂ - x - \ - 1 .

3- §. 4>yHKi(HnJiapHHHr rpa(})HKjiapHHH hh3hui

y =  f ( x )  4>yHKUHH rpa(|>HrHHH HH3HLUAa OJI AH H yHHHr aCOCHH 
xycycHHTJiapHHH aHHKJiaS ojihlu KepaK. ByHHHr ynyH KyfiHAarHJiapra 
aMaji KHJiHHaAH:

1. OyHKUHHHHHr aHHKJiaHHIU 'COX,aCH TOnHJiaAH.
2. OyHKUHHHHHr >Ky(J)T-TOK^IHrH Ba AaBpHHJlHTH T6KLUHPHJ13AH.
3. OyHKUHH rpac})HmHHHr KoopAHHaTa yK/iapH 6HJiaH KecHiuHin 

HyKTajiapn TonnJiaAH.
4. OyHKUHHHHHr HUiopacH y3rapMaftAHraH opajiHKnapn TonHJiaAH.
5. OyHKUHH rpa(})HrHHHHr acHMnTOTajiapn TonHJiaAH.
6. OyHKUHHHHHr ycHiu, KaMaftHiu o p a j iH M a p n  Ba yHHHr aKCTpe- 

MyMJiapH TonHJiaAH.
7. 3 rpn  HH3HKHHHr KaBapHK^iHK, S othkjihk opajiHKJiapn Ba 

yHHHr arHJlHUJ HyKTajiapH TonHJiaAH.

x  ̂ 1 4
M h c o j i .  y = — ~— (JjyHKUHHHH TeKiiiHpHHr Ba yHHHr rpatpnrHHH

X
4H3HHT.

E m h u i . 1. OyHKUHHHHHr aHHKJiaHHiu coxacn :

D{ f )  =  { - < * > ,  0) U (0, + e » ) .

2. OyHKUHH >Ky(f>T x,aM, t o k  wm aMac, AaBpnn xaM aMac.
3. rpacj)HKHHHr KoopAHHaTa yKJiapn SnJiaH KecnuiHiu HyKTaJiapn- 

hh TonaMH3:

O x  yK SnjiaH: SyHAaH x —  — \j4, h m h  A ( — /̂4 , 0 ) — 

O x  yK SnjiaH KecHLUHUi HyKTacn.
x = ^ 0  SyjiraHH ynyH rpa(})HK Oy  yK  SHJiae KecnuiMaftAH.
4. OyHKUHHHHHr HiuopacH yarapMaHAHraH opajiHKJiapHHH Tona-

4   o
mh3: x < — y 3 Aa 4>yHKUHH MaHtjjnn (rpac})HK O x  yKAaH nacTAa
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4 —
lu iiuiaiiii’a H ) ; x >  — y 3  Aa c^yHKunn MycSaT ($yHKUHH rpa^n rn  Ox  

s tv ui 11 ioKopHAa >KOHJiaiuraH).
1) OyHKUHHHHHr aCHMnTOTaJiapHHH TOnaMH3.
Oy  yK, htjhh x  =  0 Tyrpn hh3hk arpn hh3hkhhht BepraKaji 

m MMiiroTacHAnp, nyHKn

,. x 3 +  4
lim — -— =  00 .
x̂ -0 X

1/ hx-\-b orMa acnMnTOTaHH aHHKnam ynyH k Ba b hh TonaMH3: 

k =  lim  =  lim  -- 1~4 =  1 ,
* - * - 0 0  X  x — 00 X

b =  lim  ( f ( x )  — kx )  =  lim  ( x ~|4 — a: \ =  lim  .
X ^ o o  x ^ o c  \  X  J  00 X

HfMi'iK y =  x  HH3HK orMa acHMnTora aKaH.
li 'I'yiiKUHHHHHr ycHiu, KaMannui opajiHKJiapHHH Ba yHHHr aKCTpe-

_Q
M V MtMil pH HH OHpHHMH TapTH6jlH XOCHJia y = ---- —  ^ H  (})OHAaJiaHH6,

(/' 0 isa y ' — oo TeHrjiaMajiapAaH aca kphthk HyKTajiapHH TonaMH3:

<1 - 1? lia X2 =  0 (OyHKUHHHHHr y3HJIHHJ HyKTacn).
KyiiHAarH *aABaJiHH Ty3aMH3:

mi" —1 
M (— oo;0) 0 ( 0 ;  2 ) 2 ( 2 ; + 00)

„ , r + OO — +
K ---- ------- ^ ----  - --  ^ 3 _ _ _ _ _ _ _ _ ----- -

y3HJimn
HyKjacH min

/, II =  —  HKKHHHH TapTHSjIH XOCHJiaAaH (} )OHAaJiaHH6, arpn

•IU ui km i nr Ka BapHKJiHK, Sothk jihk  opajiHKJiapHHH Ba arHJiHiu HyKTajia- 
|)|iiiii roiiamh3. Hkkhhhh TapraS jw  xocnjia xaMMa jkoha3 MycSaT, my

fillin' i|iyiiKUHH rpacfjHTH S o t h k , a r n j iH m  H yK T a j ia p H  ftyK . y =  x t -4
x2

<(l V IIK1111VI l'pa(|)HrHHH HH33MH3 (21-maKJi).
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21- uiaKJi

3- dapcxona roniuupuFu

OyHKLiHH JiapHH Tyjia TeKUIHpHHr Ba yjiapHHHr rpadjHKJiapHHH 
4H3HHr:

1. y--
x2— 4

2- y =  ^ ( x  +  3 ) x 2 . 3. y =  x-e~  

3- Mycrat^uA utu

y-
X

\nx

OyHKUHHJiapHH Tyjia TeKUIHpHHr Ba yjiapHHHr rpacftHKJiapHHH HH3HHr: 
1. y =

x2-
• 2 . y  — l n ( x 2-\-2x-\-2). 3 . y = ( 3 — x ) e ,2 —  x

6- na3opar umu 

1. OyHKUHHHH Tyjia TeKUIHpHHr Ba rpac(3HrHHH MH3HHr:

j , = 3 ( 4 - ^ ) .l . i

1.2

1.3

y =  x — 9jc2 +  24x— 15.

1.4.

1.5.

1.6.

1.7.

1.8. 

1.9.

y = x 5— | x 3 .

y =  2 x 3 +  3 x 2— l2x  — 5. 
y = ( x - 3 ) 2 (x - 2) .  
y =  x 4 — 8x3 +  16 x 2.

.2 ' XQ | 1 Q
y = x ‘ + y x

y ~ + ^  (2x3 — 6x2— 18x +  15). 1-18. y =  

y =  x 5 — x3 — 2x.

1.10. y =  1

1.11. y — — 4x-\-x ■
1.12. y = ( x +  l ) ( x - 2 ) 2.

1.13. y =  x 3 — 3x2 +  4.
1.14. y =  x 3 —  9 x 2 +  24jc —  7.
1.15. y =  x A — 8x 2+  16.

1.16. y = — 4x 3+ 6 x 2- 3 x - ^

1-17. y =  x 3— j X2- 4 x -\-2 .

( x 4— \2x).

1.19. y =  x 4 — 2x 2 +  3.

1.20 y = ( x  +  2 ) ( x - l ) 2.

10
.4
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1.21. y =  x 3 — 3x 2-\- 2.

1.22. y =  8 +  2x2 — x 4.
1.23. y = ± x s_ 4 x 2 .

1.24. y  =  2 x 3 —  15 x 2 -f- 36x.

1.25. y = A _ 2x2- ^
4 4

1.26. y  =  2 x 3 +  3 * 2- l .

1.27. y =  x 4—  10x2 +  9.

1.28. y  =  ̂ _ 4 x 2 .

1.29. y =  3 x 4 +  4 x 3+ l .

1.30. y =  ( *  +  3) (x  — 2 )2.

2. OyHKUHHHH Tyjia TeKuinpuHr Ba rpac})HrHHH mhshhf:

2.1. y

2.2. y

2.3. y :

2.4. y :

2.5. y  =

2.6. y. .

2.7. y  =

2.8. y =

2.9. y =

2.10. y  =

2.11. y =

2.12. « , =

2.13. y ----

2.14. y  =

2.15. «, =

X— 1
x2 — 2x 

2 — 4x2 

1 —4x2 

2x2 

4x2— 1 
2x -(- 1

X 2 — 9

4x2

x2- l

x3— 1 

x2—x — ; 

X2 —2x

(x — 3 )2 
4 ( x —  1) •

x 2 +  4 x + 1

x2+ 1 6

4x

3x

I + x 2 ' 

3 — x2
T + F '

5x2 

x2 — 25 

x2-  ̂1

( * - l ) 2
x2+ l

x3+ l

*
X

3 — x2 ' 

( x + l ) s

2.16. y

2.17. y

2.18. y

2.19. «,=

2.20. w =
(x — 1)

2.21. y =
( * - i ) 2

2.22. y

2.23. j,

(x — 1) 
X

2 *

2 *

2 (* + l ) 2 ‘

1 —  A" 

22.24. y = =  _  _
“|“ AT -j- 1

x3— 1

4x 

x +  2\22.26. y =  ( _ f ± |
\ x — 1

2.27. y =

2.28. «, =

2.29. y =

2.30. y =

x3+ 1 6

X
4*

( x + l ) 2 '

X2 —3x +  3 
~  x — 1 

4

x  -j- 2x —  3
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Ii <l>.yiiKUMHiiH Tyjia reKiuHpHur Ba rpa<t>nrnHH mubhht:

a.i. y ■== -7 ;—- 3.2. y =  lni 4 i - 2 -

3.3. y =  (x — 2 ) e 3~ x . 3.4. y =  ln (2x2 +  3).

g g  u =  '__  3.6. y =  x  — In ( at —|— 1 ).
y e* — le

i
37 y =  e *+2 _ 3.8. y =  jclnx.

3.9. y =  x se~*.  3.10. y =  In (x2 - 4 ) .
„ . ,  ez~x 3.12. y =  21n—— 1— ^3 .
3 -ii. y =  Y ^ -
3.13. y =  (4 — x ) e x~ 3- 3.14. y =  ln (x2 — 2x +  6).
n .r  > 3.16. u =  x  — lnx.3-15. y =  - 5-— - .  y

e2* - l
1

, Jt —33.17. y

3.19. y =  x2̂ .  3.20. y =  ln (x2- 4 )  + * .
2 { x — \) , ' X  1

3 21 u — - ______ ________________3.22. y =  In—— —  1 •y — 2(x_l ) ' * + 5
3.23. y =  — (2x +  3 )e2<*+2>. 3.24. y =  — xln2x.

3.25. y =  —~ — . 3.26. y =  x  ln (l-| -x2).
•J „oX 1£ —

3.27. u =  e“ . 3.28. y =  x2lrtx.
3.23. y =  x V +1. . 3.30. y =  x2 — 21nx.

5- 606

X,AK,MK,MPI y 3 rA P y B H H H H H r BEKTOP BA 
KOMFIJIEKC <&yHKU.HflJlAPH

l - § .  C k a J ia p  a p ry M e H T H H H r 
B eK TO p (j)yH K U H H CH H H  AncJjtJjepeHUH aJiJiaui

5.1.1. Arap t £ D y3 raPYBqHHHHr xap 6np KHHMaTHra MatJiyM 
a BeKTop Tyrpn KeJica, y x,0JiAa 6y BeKTop t CKaJiap apryMeHTHHHr 
eeKTop cpyHKi^uficu AeftHJiaAH Ba SyHAafi SejirnjiaHaAH:

a = = a ( t ) .

a =  a ( t )  BeKTop OyHKUHHHHHr SepHJiHiHH y w a  CKajinp O yhkhh h : 

ax ( t ) ,  ay ( t ) ,  az( t )  — a BeKTop KoopAHHaTajiapHHHHr 6epHJiHiUHra TeHr 
KyqjiH:

a =  ax { t ) I +  ay{ t ) j +  a2( t ) k

ckh KHCKana: a — {ax ( t ) ,  ay( t ) ,  az {t)\.
Arap y3rapyBHH a BeKTopHHHr Souih KoopAHHaTajiap  6oluh SnjiaH 

ycTM a-ycT  Tym ca ,  H'bHH y  M  (x, y, z ) HyKTaHHHr paflHyc-BeKTopH 
S y j ica ,  y  x,0JiAa BeKTop OyHKHHH SyHAaft SeJinuiaHaAH:

r =  r ( t )  = x ( t ) I + y ( t ) j + z ( t ) & .

r BeKTopHHHr oxnpH <f)a30Aa HH3aAHraH L hh3hk r =  r ( t )  BeKTop 
<j)yhkuhhhhht aodoepatpu. AeHHJiaAH. KoopAHHaTajiap 6ouih eodoapacp 
i^yrdu AeftHJiaAH.

Arap r BeKTopHHHr MOAy înrHHa y3rapca-io, ftyHajiHHiH y3rapHiucH3 
KOJica, roAorpac}) KyT6AaH HHKaAnraH Hyp SyjiaAH-

Arap r BeKTopHHHr moay^ih y3rapHiHCH3 (1^1= const) Kojica-io, 
yiiHHr^ HyHajiHiHHTHHa y3rapca, y xojiAa MapKa3H K,yT0Aa, paAHycn 
-x-a \r\ ra TeHr SyjiraH cc})epaAa eTyBHH hh3hk roAorpat}) SyjiaAH.

O a 3 0 A a r n  xaMMa h h 3h k h h  Sn pop  BeKTopHHHr roAorpa (} )H  AeftH iu  
MyMKHH.

roAorpat})HHHr napaMeTpHK TeHrjiaMajiapn yuiSy KypHHHiiiAa 
i'3HJiaAH:

x =  x ( t ) ,  y =  y ( t ) ,  z =  z ( t ) ,

6y epAa t y3rapyBMH napaMeTp AeHHJiaAH.
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5.1.2. a i ' . id ( t )  bcktoj) (|)yHKUHHHHHr I riapaMeTp 6yhm a  x,ocHJiacH 
miii'h IK'KTop (JyHKUHH 6yj in6,  yLiiSy TeHTAHk 6\\J\aw aHHKAaHaAH:

da  A a  ,. a ( t  +  A t )  — a ( t )
=  lim =  lim

dt A(_o  A< 4(_o Af

a =  a( t )  — {ax (t) ,  ay(t) ,  a 2(t)\.

B ckto p  (J)yhkuhhhhhp x,ocHJiacH yuiSy 4>opMyjia SynH^a x,HCO0jia- 
iiaAH:

cTa _  dax ~  dOy-r da^ ~  

dt dt 1 dt 1 dt

BeKTop 4>yHKUHHHH AHcJxJjepeHUHaAAauiHHHr acocHH KOHAaAapHHH 
Ke/iTHpamh3 (SyHAa a =  a ( t ) ,  b =  b ( t ) ) :

1 d da  , dbL  - ( a ± b )  = _ ± _ .

2. —  =  0 , 6y epaa c —  y3rapMac BeKTop.
dt

3. ^ ( c i f l )  =  a - ^ ,  6y epAa  a  —  y3 rapM ac  c o h .

4. A( q >a)  = a ^ t- +  < P ^ . 6Y ePAa <P =  <P(0 ~  * HHHr CKaJIflP

4)VHKUHHCH.

5. i f a - b )  = 5 - f  + f

6 S < “ X ' ;> =  ( # X ' 5 ) + ( S X # ) -

7. ~ a ( < p ( 0 )  = - ^ j - • 6y  epAa cp =  cp (0  t hhhtCKaJinp c|)yHKUH- 

HCH.

Arap } = r ( t )  = { x ( t ) ,  y ( t ) ,  z ( t ) }  SyAca, y xoAAa xocHJia BeK

Top 6 yjiH6 , r ( t )  BeKTop ({jyHKUHHhhht roAorpa(})Hra yTKa3HJiraH ypHHMa 
SyfljiaS t napaMeipHHHr ycnuiH Tapacjwra ftyHaAraH SyAaAH.

1- MH C O J I .  r = { t 2— 1 ) 1+  ( t + \ ) j + t 3k BeKTOp (J)y HKUHHHHHr 
t =  1 Aara SnpjiHK ypHHMa BeKTopHHH TonHHr.

E h  h ui. r  BeKTopHHHr ro A o rp a t fw ra  ypHHMa Qhpjihk BeKTopHH 

TonaMH3:

By BeKTopHHHr MOAyAHHH XHCo6jiaHMH3:

| ^ |  =  V ^ T T T 9 F .
I dr I __  . 
I ~df | ,hhht t =  1 AarH khhm3th ^ 1 4  ra TeHr, | = 2 i +  j  +3~k  

U lyHAafi khahS, H3AaHaeTraH Shpjihk BeKTop SyHAaft e3HJiaAH: 

( 2 i  +  j  +  3 k )  .

2 - m h c o a .  r ( t )  = i c o s t  +  j s in t  +  k Ba ~  BeKTopAap y3apo nep-

neHAHKyAnp BeKTopAap 3K3hahthhh  KypcaTHHr.
E q h ui.^ BepHAraH CKaAHp apryMeHTAH (fjyHKUHH xo ch a3 chhh

TonaMH3. —  =  —  i s i n t +  j c o s t . 3hah  r ( t )  Ba ~  bcktopAapHHHr
- ~ d r  „ „ dt 

CKaAHp KynaHTMaCHHH XHCo6AaHMH3.

r  ‘ =  cos^• sin/-f-sin/ • cos/ =  0 . ZleMaK, r  Ba BeKTopAap 

y3apo nepneHAHKyAnp sksh.

1- dapcxona  ronuiupuFu

1. BeKTop 4>yHKUHHAapHHHr x,ocHAaAapHHH TonHHr:

a ) r =  sin/-/ +  cos2/- j  +  s in tcost  ■ k\

6 ) r =  ( t  +  c o s t ) i  +  t j +  s i n t -k',

b ) r  =  elJ + c o s t - j +  ( i 2+ l ) k .  

>K: a ) =  c o s t i  —  s\n2t j  +  cos2t  k ; 

6)  ^  —  (1 —  sin/) i +  / + c o s f -  k ;

d~r
B) —  e ri —  s in / / -f 2 tk  .

2. XagaKaT KHAaeTraH^ moaahh HyKTaHHHr t BaKTAarH paAHyc- 
DCKTopH r ( t )  = a ( t  —  s in / )T -)-a (1 —  c o s t ) J  TeHrAaMa 6ha3h SepHAraH.

I — ~2 Ba  ̂=  n ^ap  ynyH ~  bcktophhh TonHHr. 

>K: a ( I + J ) ;  2a t
4

3. r =  e 2ti — (t +  8)  3J  BeKTop JyHKUHH roAorpa(})Hra ( =  0 AarH
f)HpAHK ypHHMa BeKTopHH TOnHHT.

>K: 0,6 I —  0,8 J.
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J- MycraKfUA uiu

1. lk'KTOp OyHKUHHHHHr X,OCHJiaCHHH TOIIHHr:

r =  tch2̂  +  Jshtcht -j- ksh  2t.

>K: ^  = s h 2 ^r + / c h ^ + f e s h 2 ^ .
at

2. Arap 7 = Is h t  +  ]cht +  k ^/ch2t — 3sh2t Syjica, hh  TonnHr.

>K; °« d 7  -

3. Arap h = T t  +  Jt2 +  kt\ r2 =  i t2 +  Jt3 +  kt Syjica, hh t o -

riHHr.

; rf(ri X ^ )_=  3 { t 2 _ 2ts) -J+ { 5 t * _ 2 t)-j .
at

4 r  =  2t .J -\ -J\nt -\-k - t2 BeKTop  OyHKUHHHHHr ^= 1  A a rH  Y P HHMa 
BeKTopHHHHr f tyHSJirapyBHH KOCHHycjrapHHH TonH H r:

2- §. CKaJinp apryMeHTJiH BeKTop <|)yHKUHH 
X,0CHJiaCHHHHr TaT6HK,H

5.2.1. KHHeMaTHKaAa moaahh HyKTa x,apaK3THHH ypraHHiiiAa 
yHHHr r paflHyc-BeKtopH t BaKTHHHr Oyhkuhhch SyjinS, r =  r( t)  
TeHrjiaMa ^apaKar remAaMacu AeHHJiaAH, r =  r ( t )  BeKTOp-0yHKU.HH~ 
hhht roAorpa(J)n x,apaK3T ftyjiHHHHr iiiskjihhh (TpaeKTopHHCHHH) 3hhk~
j ia f tAH . -

Arap t CKajinp apryMeHT BaKT A e S  Kapajica, y x,OJiAa —  =  v  —

7 BeKTop  OXHpHHHHr T e 3JIHK BeKTOpH, =  W 3Ca Te3JiaHHIII BeKTOpH

AeHHJiaAH. - n i t
1 - MHCOJI .  M oaahh  HyKTaHHHr xapaKaT TeHrjiaMacn r = Z ( t  —

—  s \ n t) J+ 2 ( \  —  c o s t ) j  KypHHHLUAa SepHJiraH. H x r a e p H H  B a K T A a ra  Te3-

JIHK Ba Te3JiaHHIUHH TonHHr.
E  h h ui. v T e 3JiHK y m S y  4 ) ° P MY ,,ia SyftHHa x j i c o 6 j iaH aAH .

^  =  2(1 — cos-i()7+2sinf • ~j .
dt

Te3JiaHHUi sea,

^  =  !^ L  =  —  =  2sin*7+2cos*/ . 
dt2 dt
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r>.2.2. r  =  x ( t ) 7 + y ( t ) j + z { t ) k  0a3O B H ft  s rpH  h h 3 h k h h h t  to n a p a -  

M n p r a  moc K eA aA H raH  M o ( x o ,  yo, 20) H y K T a c H A a rn  ypH H M a T e H r j ia M a c n  

y m h y  K ypn H H U ira  s r a :

x Xq y y0 % 2q

xo 0̂ zo
fiy t 'p j ia  xo =  x ( t o ) , yo =  y ( t o ) ,  zo =  z ( t o ) ,

' __ dx I ' __ dŷ  I ' _  I
x °— lit l<=V y ° ~  dt 0 dt I ‘= ‘0 '

», //, 2 —  ypH H M a HyKTacH H H H r y3 rap yB H H  K o o p A H H a T a j ia p u .
iVpHHHin H yK TacH A aH  y r a S ,  y p H H M a ra  n ep n eH A H K y j in p  S y j i r a H  

I i'KIICJIHK HOpMCLA TeKUCAUK AeftHJiaAH.
,‘ )|'PH HH3 HKHHHT M o (xo, yo, Zo)  HyKTaCHA 3 TH HOpMaJl TeKHCJIHK 

i iM iu iaM acH  y u i S y  K ypH H H iu ra  s r a :

x 0( x — x 0) - \ -y o (y — yo)  + z o ( z — z o) = o *

m h c o j i .  I l a p a M e T p  t — ra  TeH r  S y j i r a H A a  x  =  as in2t, y —

=- /Jhin/cosif, z =  c c o s 2t O a s o B H ft  s rpH  h h 3 h k k 3  y T K a 3 HJiraH yp H H M a  Ba 

III IpMilJI TeKHCJIHKJiapHHHT TCHTJI3 M3 JiapHHH Ty3HHT.

I ', 'i h h i . T e rH iu j iH  x,ocHJiaJiapHH TonaM H 3:

x  =  a - s m 2 t ,  y =  bcos2t ,  z = — c s m 2 t .

t~ uyKTaAa x0= y ,  y 0=  Y ’ Z°= T  ’ * 0 =  a ’ yo =  ^ o = — c Syjis-

Aii,  /U'm b k , ypH H M aH H H r T e H r j ia M a c n :

a b c

a 0 c

I I i i | i m ; i . :i TeKHCJIHK TeHrjiaMacn:

a(x- i ) - c(z~ i ) =0

t*Kll

2 2 a — c n
ax  —  c z ---------g— = u  •

lllyuAaft khjihS, ypHHMa Oy y K K a  nepneHAHKyjinp, HopMaji 
irKiii-JiHK 3C'a Oy y K K a  napajuieji 3K3h.
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2- dapcxona Tonuiupuru

1. XcipaKaTAarn moaahh HyKTaHHHr paAHyc-BeKTopn r — 4 t i—  3f j  
Ti'iir/iaMa Shjish SepHJiraH. XapaKaT Te3JiHTH Ba Te3Jiahhhihhh TonHHr.

* :  ^  § = 4 7 - 3 / ;  ^  =  # = 0 .

2. M o / u u ih  HyKTaH H H r x a p a K a T  T eH rv iaM acH  r =  3t I -\- (4t__ t2)7
KypHHHUJ^a 6 e p H ^ ra H .  yH H H r  Te3JIHlPH Ba Te3Jia HHHIHHH TOnHHf.

* :J = !  =  3 7 + 2 ( 2 - 0 7 ;

3. r =  acosti-\-bsintj  x,apaKaT TeHrjiaMacn SepHJiraH. XapaKaT 
Te3JIHTH Ba Te3A3 HHHIHHH TOnHHT.

>K: v =  ~ = — a s m t- l -\ -b c o s t -~ j ;

w =  =  — acos t i  —  b s 'm i -J .

4. BepHJiraH HyKTaAaH yTyBMH ypHHMa Ba HopM aji TeKHCAHK 
TeHrjiaMajiapHHH Ty3HHr:

a ) x  =  4sin2/, y =  2sm2t, z = .2 c o s 2t, t =  0 A a ;

6 )  x = \ t 2, y = ~ t 3, z =  \ t \  t =  2 A a ;

b) x =  a-cht ,  y =  a-'sht, z =  at, t =  0 Aa.

a ) (ypHHMa),

y =  0 (HopMaji TeKHCAHK);
__8

6 ) JL T l =  — =  3x +  6 i/ + 1 2 z -7 0  =  0;

B) J = ± = JL = ±
’ 0 1 1 ’

y + Z = o.

2- Mycrat^uA urn

1. r =  2cost ■ i-\- sint -k  x,apaKaT TeHrjiaMacn SepHJiraH. X a p a K a T  
Te3JIHTH Ba Te3AaHHHJHHH aHHKJiaHT.

>K: v =  — 2s 'm t-I-\ -cost-k , 

w =  — 2cos,t-l— s\nt-k.

2. XapaKaT TeHrAaMacn SepHAraH: r =  (2 t2 — 3 ) I — 3 t j +  (4 t2 — 5)k.  
X,apaKaT Te3JiHTH Ba Te3Jiahhhihhh aHHKJiaHr.

>K: v =  4 t l— 6 t j+ 8 tk \  

w = 4 i  — 6 j + 8 k .
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3. M oaahh  HyKTa xapaKaTHHHHr r =  cos3/-/ +  sin2/-/ TeHrjiaMacH- 

iiii SmiraH xojiAa, yHHHr napaMeTpHHHr t = ~  Ba t =  — KHHMaTJiap- 

1,1 in Te3AHK Ba Te3JiaHHUI BeKTOpjiapHHH TonHHr.
, Ji " *  9 " r  | 3 ^ 3  - r/K: t = T  Aa: v = - - t +  - ^ - i  ,

—  3 a/3-t 15 —r
a > = ----- — 6"/ ;

, j i  -  3  - ^ 2 - r  3 V 2 - r  f =  T  Aa: 0 = _ _ Y _ t +  _ ![_ /  ,

—  3 V 2 - r  , 3 V 2 -

4. 3rpn HH3HKKa SepHAraH HyKTaAa yTK33HJiraH ypHHMa Ba 
im|)MaJI TeKHCAHK TeHTJiaMaAapHHH Ty3HHT.

а) x =  cos2y ,  y =  sint, z =  siny, ( =  nAa ;

б) x  =  t, y =  t2, z =  /3, t =  1 Aa.

а) 1 = 1 = ^  i/ =  ° ;

б ) JLz L  =  JL z L  =  -£ z± , x-\-2y-\-3z 6 =  0 .

6- naMynaeuu x,uco6 Toniuupu^Aapu 

I. Bhphhmh TapTnSAH xocha3hh TonHHr:

1.1. y =  ^ j x 2+ 3 x  — ^  ( 6 x — 1)

'•2- !' =  - v f c - 4 V T + ^ '

U .  y- -  , , + ' ’

1.4. y =  ^j x +  ^jx .

1.5. y =  -\Jx2-\-\ +  -\jx3-\-l

1.6. y — x  -\jl + x 2 .

1.7 .t/= 5 > x + 3 ------ r ? = -  115- y- 4,_______
V *2+ * + i  v (2—x2);

1.8. t/ =  33̂ i 5+ 5 x 4- ^ -  . 1.16. y = ^ - V x 2+ 4  .

■3\ 2
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1.18. , \Jx \Jx' j- 

U » .  if
\/  i x - x 2

1.20. y .

1.21. y ,

1.22. y =

1.23. y =  -

1.24. y =  ~

1.25. y = ( ^ J l  y
\ x +  Ĵx )

l+x*  
1 — a;4 1.26. y =  y  (2 x  — 3 ) ( 3 - x ) 2 .

1.27. y =

^ 9 - x 2

V 2x— 1 
x +  I

12
79x +  4

V *3+ io

'■28-

1.29. ^ ( V i  +  D ^ j - l ) .

V4-

V x 2 —  4 x  —  5

2. B hphhhh  TapTHSjIH y '  xocHJiaHH to h h h t :

2.1. y-. 1 +  tgx

1 - t g *  •

2.2. y —  sin32x.

2.3. y =  e l + [n2x.

2.4. y =  ig\n ^ x  .

2.15. y =  y t g 3x  —  tg x  +  a: .

2.16. y =  In

2.17. y =  In

l + t g x  

1 —  t g *

1 —  sinx

-X .

1 + c o s x

2.5. y =  s\n^J\- { - x2

2.6. y  =  cos ln 2x.

2.18. y =  \n(ex

2.19. y =  . lnx

2.7 y. 1 +  sin3x 

I — sin3x

2.8. y = -\ J  1 + l n 2

V *2— i

2.20. y  =  t g 2( x 3+ l )

2.9. y  =  xarcsin
2a- -j- 1

2.10. y =  e os3 (2 x 4 -3 )

2.11. y r - ± t ? y

2.21. y =  i / t g 23x .

1
2.22. y =  5 siA .

2.23. y  =  sin61 Ox +  cos61 Ox.

1 —£> 
,2o2.12. y  =  sin23x.

2.13. y =

2.14. « , =

2.24. y =  y t g 6 x +  1 .

2.25. i/ =  e «nx_co« . (s in x  +  cosx ) _

2.13. y =  1 —  In3x  . 

4Iru

2 *

2.26. y = -

1 —  Inx
i i  2 x1 +cos —  

4
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2.27. y  =  e2x(3s in2x —  e o s 2 x ). 2.29. ^ =  7 ^  ' T = T g ^

2.28. y =  V l + s i n 4 7 -  y l ^ s i n 4 x  . 2.30. y  =  — .

3. B hphhhh  TapTHSjIH /  xocHJiaHH TonHHr: 

3.1. y  =  a rc tg  ^ x  —  ^ x  . 3.17. t/ =
41nx

3.2. y .

3.3. y  =  a r c c t g y .

3.4.. y =  3cos2" .

3.5i y  =  ln c tg ^ / x .

3.6. y =

3.7. y = x ^ J -

- x

: (<?5in*— l ) s

1
”T

3.8. y

3.9. y =  e

3.10. y =  x

3.11. y =  ln (x

3.12. y-

—  c o s 4 5 x

• a r c tg 35x +  ln tgx .

xz

= x2e_2x.

3.13. y =  2 ‘

3.14. y =  x - ln 2x.

3.15. y =  3es

3.16. y =  In
1 - \ -x  

1 —x

1 — lnx

JX*  + 2 x

=  4 ln 2(3 c tg5 x  +  2 ) .

3.29. y -

3.30. y -

=  \ n ^ J \ + e 2x+ e 4x .

In -y j i t g ^ + 4  .

ln (  y 2x + T -  ^ 2 x  

(1 +  lnsin2x ) 2-

l n y e 2x+ e ^ 2x .

ln 3( l  + e 3 ) .  

l n c t g ( f - | ) .

4. Bhphhhh TapradJiH y ' xocHJiaHH TonHHr:

4.1. y =  x x .

4.2. y — x / .

4.3. y =  x arcsinx •

4.4. t/ =  ( c o s x )1

4.5. y = x x ■

4.6. y  =  ( ln x )J

4.7. y  =  2x

4.8. y =  ( c o s x )J
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4 9 ■ // (Niu*r) ,

‘1*10, // (t ird ff^ x )slnjc
4. I I . y ;rs jpilfCCOS*

4-12. //ssjf'K*.

4.13. < / =  (In (5 x  — 4 ) )  arcctg*

4.14. * ,=  (sin(7x +  4 ) )  arccos.*:

4.15. y =: (arcsin2x) ctg(*+ l>
4.16. y =  (sin3x) arccos*

4.17. y =  ( ^ 3 ^ + 2  ymt&x

4.18. y = ( arccosx)

4.19. */= (ctg2x3) sinV*

5. OuiKopMac xon^a KyHH^aru 
♦  yHKUHHJiapHHHr S h P HHMH TapTHSjiH

4.20. ;/= (cos(x-| -5 )) arcsin3*

4.21. y =  (tg3x4) ^^+3

4.22. y =  (In (x -f-3 )) sln V*

4.23. y = ( arctg2x )sin*.

4.24. y =  (ln(7jc +  4 ) ) tgJc.

4.25. y =  (ln(7x — 5 ) ) arct&*

4.26. y ~  (arcsin(2 +  x ))  ln<*+3)
4.27. y ~  (arccos (x -f-2 ) ) tg3*

4.28. y =  (arcsin5x) tg^x _

4.29. y = = ( ctg(7x +  4 ) )  /̂7+ 3 .

4.30. y =  (ctg3x4) /̂rr3.

TeHrjiaMajiap 6hji3h SepHJiraH 
y  XOCHJiaCHHH TonHHr:

5.1.
5.2.
5.3.
5.4.
5.5.
5.6.

5.7.

5.8.

5.9.

5.10.
5.11.
5.12.
5.13.
5.14.
5.15.

xsin2y - ^ c o s 2x =  10. 5.17. xy +  l n y - 2 \nx =  0.
( e » ~ x ) 2 =  x2 +  4.

x -tgy —  X 2 +  y 2 =  4  

y ~ x  = a r c  tgw. 
^ ~ x 2+ y 3= 0. 
y — x- j -xsiny.

= 1 .

--0

ey +  3x2e - y  =  4x .

In ( x 2-j-y2) _|_arc^g
y

xsiny — y c o s x = 0  
3x+y — Xy\n 3 = - 15 

eX[ ~ x 2+ y 2 =  0. 
y s m x - \ - c o s ( x ~ y )  =  cosy.

c o s ( x ~ y ) - 2 x  +  4y =  0.
xeU ~\-yex =  xy.  

y5-16. cosxy =

5.18. ex+y =  s[n±

5.19. (x +  y ) 2- ( x __2y ) 3-_
5.20. y\nx — x \ n y = x + y .
5.21. j f  — 3y +  6x =  o

5.22. ^ x + ^ y = 5 y .

5.23. x 2 +  y3— \0x +  y =  0.

5.24. x2 =  6y ~ y \

5.25. x2 — 2xy -j-y 3 — ]

5-26. V x + ^ = 3  +  i . y2 

5.27. y 3 3 x 3y  -f- 9 =  0.

5-28. i/sinx=cosi/.

5.29. y4 — 4x2y_i_9==0

5 .3 0 . y * 3+ y ^ = ^ / 4 .

= 0.
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6. BepHJiraH cj)yHKUHHHHHr Shphhmh rapraSjiH  y' Ba hkkhhmh 
TapraSjiH y"  xocHJiajiapHHH TonHHr:

6. 1 . y  =  l n ( x + ^ 1 +. ;

6.2.

6.3. y =  x 3\nx.

6.4. y =  arctg-
2x

l - x 2 '

6.5. y =  l n t g ( j + | ) .

6.6. y = x e * ‘ .

6.7. y = x -a rc tg x .
6.8. y =  x  — arctgx.

6.9. y =  c o s x — ^-cos3a: .

6.10. y =  arcctgx.

6 U - y = ^ - x -
6.12. y =  arctgx2.
6.13. y = x 2lnx.

6 ' 4- » =  a / ^  ■

6.15. y= ln c tg4 x .

6.16. y =  (1 — x ) 2 .

6.17. y  =  C0S2X.
i

6.18. y =  x - e x .
6.19. y =  x - e  x.
6.20. y =  ln (ln x ).
6.21. y =  (1 +  x2) arctgx.

6.22. y =  e ^ x .

6.23. y--

6.24. y =  ^ 4 —x

6.25. y = ----
y 4 +  V *

6.26. t/= y  1 -

6.27. y =  xx.
6.28. y =  sin4x +  cos4x.
6.29. y =  ln ( x +  -yjx) .

6.30. y =  e ~ xsinx.

■ arcsinx .

7. IlapaMeTpHK KypHHHiiiAa SepHJiraH y (jjyHKUHHHHHr x  SyfwMa 
Shphhmh tbp th S jih  y' Ba hkkhhmh Tap™ SjiH  y "  xocHJiajiapHHH Tonnur:

7.1.

7.2.

7.3.

7.4.

x = -
l — t 

i2 ’ 
l +  t

[ x =  sin34/, 

( y = { c o s 34/.

7.5.

7.6.

7.7.

7.8.

\x — ~wt3-\-t,

U  =  ln(/2+ l ) .  

^ x = i g t ,

\ y = ^ 2 7 -  
I  sin t

f x =  In (1 + / 2),

{ y =  t — arctgt.
sin t 

1 +sin^ ’ 
cos t

y = - 1 + s in ^ '
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<•"' f  I '

;-*4 r

tg/ +  ctg/, 

21nctg/.

7.19.

3 t* +  ̂ + t ,

arcsin(/2— 1), 

arccos2/. 

? + t +  1,

7.29.

7.30.

2 — t

2 +  r

y y = e ‘
x —

y =

2 +  f  

2cos32/, 

sin32/.

3- §. KoMiuieKc coHJiap Ba yjiap ycTnaa aMajuiap.
Sftjiep (J)opMyjiaJiapH

5.3.1. z =  x  +  iy  KypHHHumarH H<l>oAa KOMtiAeKc coh AeftHJiaAH 
6 y HAa *  Ba y  xaKHKHft coH J iap ,  / 3Ca /2= _ 1  T eH ™  6 ™  
aHHKJiaHaAH Ba y  MaeyyM 6u p a u k  AeS aTaJiaAH.
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x  Ba y  coHJiap z  KoMnjieKC cohhhht moc paBHiufla ^a^u t^uu  Ba 
komhaskc KfUCMii AeftHJiaAH Ba x  =  Rez, y  =  Im z  KypHHHiHAa SeJirHJiaHa- 
AH.

A ra p  y =  0 Syjica , z  =  x  —  x,aKHKHH coh, arap  x — 0 Syjica , 
z =  iy —  co<J) MaBxyM coh SyjiaAH. UiyHAaft khjihS, xaKHKHH Ba 
MaBxyM coHJiap z  KoMnjieKC cohhhht xycycnft xojiHAHp.

A ra p  z\ =  x\-\-iy\, Ba Z2 =  Jt2 +  n/2 hkkh KOMnjieKC cohhhht 
moc paBHiiiAa xaKHKHH Ba MaBxyM KHCMjiapH tc h t  Syjica, ht>hh 
x \ = % 2  Ba y\ — 1/2 Syjica , 6y KoMnjieKC coHJiap TeHr AeHHJiaAH, mDHH 
Zl = Z 2 -

MaBxyM  KHCMJiapHHHHT HUIOpaCH SHJiaHTHHa 4>apK KHJiyBHH 
z  =  x -\ - iy  Ba z  —  x  —  iy  KOMnjieKC coHJiap KyuiM a k o m h a c k c  coHAap  
AeHHJiaAH.

5.3.2. A ra p  z\=x\-\-iy\  Ba Z2  — X2 +  i y 2  HKKHTa KOMnjieKC coh 
SepHJiraH Syjica , y jiap  ycTHAa ajireSpaHK aMajuiap KyftHAarHHa 
6a>KapHJiaAH:

z i  + Z 2  =  ( x \ - \ - i y \ )  +  ( x 2 - \ - i y 2 )  =  ( * i  + * 2 )  +  / ( y i  J r y 2 ) , 

2 , - 2 2 =  { x i + i y i )  —  (X2  +  i y 2 )  =  ( X I — X2)  + i ( y  1 —  y 2 ) ,  

z i  • Z 2 =  ( x \ + i y i )  ■ ( x2  +  i y 2 )  =  ( x \ X 2  —  y i y 2 )  +  
- \ - i ( x \ y 2 - \ - X 2 y \ )  ,

z, z r z2 _  ( x i ■ ( x2— iy2) _  x ix2 +  y iy2 ^

z2 ~  z2- z2 _  (x2 +  iy2) (x2- i y 2) x22 +  y2

. x2y { — x {y2

+  1— r r i  •x2 +  y2

KoMnjieKC coHJiapHH A a p a x a ra  KyTapnin hkkh^3Ahh A a p a * a r a  
KyTapHLu kbSh 6a>KapHAaAH, SyHAa / cohhhhht Aapa>K3JiapH KyftHAarH 
cfjopMyjiajiap SyftHHa aHHKJiaHaAH:

/ '= / ,  /2=  —  1, /3= — /, i4 =  1 Ba x- k.

YMyMaH, /4* =  1, /4*+ l = / ,  i4k+2=  — \, iik+ 3= — i.
1 - M H C O J i .  Y iu S y  z i = 3  —  /, Z2= — 2 +  3/, 23 =  4 +  3/ KoMnjieKC

coHJiap SepHJiraH SyjiCHH. z = —1̂ — -— -  hh XHCoSjiaHr.
z l + z 3

E h h in. KeTMa-KeT xHCoSjiaftMH3:

Z2*Z3 =  ( — 2 +  3/) (4 +  3/) =  ( — 8 — 9) +  /(12 — 6) =  — 17 +  6/;
zi — 22-23 =  (3 — /) — ( — 17 +  6/) =  ( 3 +  17) +  /( — 1 6) = 2 0  7/;
z? =  (3 — /)3 =  27 — 27/ +  9/ — / =  (2 7 - 9 )  + / ( - 2 7 +  1) =  18-26/;
2? +  z3=  (18 — 26/) +  (4 +  3/) =  (18 +  4) + / ( — 26 +  3) = 2 2 -2 3 / .

UiyHAaft khjihS,

_  20 — 7/ _  (2 0 -7 / ) (22 +  23Q _  (4 4 0 + 1 6 1 ) + t (4 6 0 — 154) _  

2 2 - 2 3 1  ~  (22 — 230 (22 +  230 222 +  232

_  601 , . 306 

—  1013 +  1 1013 ‘
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5.3.3. X ap  Snp z =  x-\-iy  KOMn- 
jieKc con reoMeTpHK >KHx,aTAaH Oxy 
KOOpAHHaTajiap TeKHCAHTHHHHT (x, 
y)  HyKTacH eKH O N  BeKTopn Sh- 

jiaH TacBHpjiaHaAH. KoMnjieKC coh 
TacBHpjiaHaAHraH Oxy  TeKMCjmrH 
KOMriAeicc TetcucjiuK AeHHJiaAH Ba 
( z )  Ka6n SejirajiaHaAH. z — x  
x,aKHKHH coHJiap ^aK,uKfUU yK, AeS 
aTaJiyBHH Ox  yK  HyKTajiapH Shjish 
TacBHpAaHaAH. Coc|) MaBxyM z =  iy 
coHAap MaeqyM yk, AeS aTaAyB^H 
Oy yKHHHr HyKTaAapH Shabh Tac- 
BHpjra Ha ah. 

2 K O .vin.ieK c c o H H ra  moc Ke.iyBMii V  HyKTammr \ a i a m H H  r Ba 
cp K y T S  K o o p A H H a T a A a p n  S H J ia H  x a M  aHHKJiaiu M yM KHH ( 2 2 - m a K a ) .  
ByHAa KoopAHHaTaAap SouiHAaH N  HyKTaraMa SyjiraH  Macocjiara TeHr 
r — \ON\ COHH KOMtlABKC COHHUHZ ModyAU  AeHHAaAH Ba \z\ 6ha3h 

SejirHAaHaAH; ~0N BeKTopHHHr Ox  yKHHHHr MycSaT ftyHaAHiiiH S h j^h  

XOCha KHAraH cp 6ypnaK komhackc cohhuhz apzyMeuru AeftHJiaAH Ba 
y  A r g z  A e S  S e jir a j ia H a A H .  

X ap  KaHAaft z =  x-\-iy  KoMnjieKC coh yqyH KyftHAarH OopMyAa- 
Aap ypHHAHAnp:

x  =  rcoscp, y =  r sincp,

r =  V * 2+ y 2- tS<P=7->

SyHA3 cp =  a r g z  HHHr Sohj kh h m sth  0 ^ a r g z < 2 j x  inapTHH KaHo- 
3TJI3HTHpaAH.

2- m h c o a .  z —  — KOMnAeKC c o h h h h t  MOAyAH Ba a p ryM eH T H -

HH TonHHr. ________ 

E m h ui. x =  — -\J3, y =  1 Sy j i raH AH TH  y ^ y H  r =  A jx2-\-y2 = 2  .

t g c p = ------T e H r j ia M a A a H  cp ap ryM eH TH H  TonaMH3:
V3

L+  n- 5n

UiyHAaft khjihS, r =  2, cp =
5jt

~ir

5.3.4. KoMnAeKC cohhhht z =  x-\-iy  KypHHHixiAarH H(})OAacH kom- 
njieKc cohhhht a.Aze6pauK uiaKAU  AeftHAaAH.

K oM n A eK C  cohhhht z  =  r  (coscp  +  isincp) KypHHHix iAarH  H({ )OAacH 

yHHHr rpu zoH O M erp uK  maKAU  AeftHJiaAH.

3ftAepHHHT

coscp +  f'sincp =  e1<p

186

X I

( j }0pM yAaCH AaH  4>oftAaJiaHH6, KOMnAeKC COH e3HAHHIHHHHr KypCaTKUH-
a u  uiaKAUza 3 ra  S yA 3 M H 3 :

z =  r ^ .

2 - MHCOAAa z —  —  ^ 3 + 1  KoMnAeKC c oh h h h t  MOAyAH r =  2 Ba 

5ji
apryMeHTH q> =  - ^ -  SKaHHHH a H H M a ra H  sjxhk.

U lyAapHH HHoSaTra o/icaK, Sy c o h h h h t  t p h t o h o m c t p h k  Ba KypcaT- 
KHHAH LUaKAAapH MOC paBHLUAa KyHHAaTHMa SyAaAHl

5n

^ ( c o s - ^ + i s i n - ^ - z  =  2e 6 .

5.3.5. KoMnjieKC coHJiapHH KynaftTHpHiu, SyAHin, A a p a w a ra  KyTa- 
pn in, yAapAaH  haah3  MHKapnuiAa KoMnAeKC coh  e3HAHUiHHHHT 
TpHTOHOMeTpHK Ba KypCaTKHHAH IIiaKAJiapHAaH (J)oftAaAaHHA3AH:

Arap
z i  = n  (coscp i f's incpi) ,  

Z2 =  r 2 (C 0SCP2 +  tsincp2 )

S y j ica ,  yu iS y  c })opMyA3A3p ypHHAHAHp:

zi • Z2 == r i • f 2 (cos (cpi +  cp2) + / s i n  ((pi +  9 2 ) )  =  n  • r 2ei<(P'+'P2>, 

~  =  -7 -(cos(cp, — cp2) + /s in (c p ,  — cp2) ) = - V  (<P|_tf2) ,
z2 r2 >2

z ' I =  r n ( c o s « c p  +  Jsinrtcp) = r n - e m'f .

OxHprH cj)opMyAa M yaep (popuyAacu  AeftHAaAH.
TpHTOHOMeTpHK eKH KypcaTKHMAH inaKAAarH KoMnAeKC coHAaH 

n Aapa>KajiH haah3  MHKapHixi yqyH  yrnSy  (JtopMyjiaAaH <j)oftAaJiaHHJi3- 

Ah:

w , =  ^jz =  ^Jr (coscp +  isincp) =  \jr {c o s - ^ i ^ - +

t.sinJ »±2 n i =  y  
n v

k va 0, 1, 2, ..., n —  1 KHftMaTAap SepnS, haah3hhht n t s  xap xhji 

KHHMaTAapHra sra  SyjiaMH3 (SyHAa -\Jr apnc})MeTHK h jiah3).

H jIAH3HHHT Sap4a n Ta K H ftM aTAapH H H  TaCBHpAOBHH HyKTa-
n

jiapHHHT reoMeTpHK t3akhhh  MapKa3H KyTSAa, paAHycn y r  6yAT3H 

aftjiaHara hhkh 4H3hat3h MyHT333M n SypnaKHHHr yMAapHHH 
M H TJiaTHHIHAaH HSopaTAHp.
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3 m h c o j i .  ( \j3 1 /)'’ »n  x,HcoSjiaiir.

K 'I II III. 2- mhcoji ua M y  a Bp (JiopMyjiacnAaii 4>0HAaJiaiiH6 KyfiHAarH 

(■'iiiMin '*ra 6yjiaMH3:

= 2e( c o s f -6 +  / s i n ^ . 6 ) = 2 V - ' I‘ =

=  6 4 (c o s 5 k  +  i sin5n) =  — 64.

z h=

4- m h c o j i .  ~\J— 1 hh TonHHr.

E 4 h in. 2 =  —  1 coh  y4yH  r = \ ,  cp =  n- IU y  caS a S jm  yHHHr 
TpnronoMeTpHK uiaKJiH K,yHHAarH4a e3HJiaiiH:

z =  1 • (cosjT +  tsinjx) • 

n-  Aapa>KaJin hjiah3 4HK,apHui cj)opMyjiacHAaH (})0HAaJiaHH6, yu iSyra 

ara 6yjiaMH3:

3 ,------------ ; : : . ■ - U +  2 k l l  ___
w k=  y co s jx  +  J sinn =  c o s ------------ f-Jsin-----3 —

l(n + 2nk)
=  e 3 , SyHAa k =  0, 1 , 2 .

k ra KeTMa-KeT 0, 1, 2 KHHMaTJiapHH SepnS, h j iah3hh ht yq a A a  

KHHMaTHHH TOIiaMH3:

JT  | .  ■ 31  T  1 I ;  a / 3

i « 0= c o s — + « s i n —  = e  =  ~ 2 ' ~ 2 ~  ’

xsa 1 =  cosn  +  i sinn =  elR =  —  1 , 

:(

5.3.6. SfljiepHHHr

, 7.
5n . . • 5n "3“  1 ; v 6 

o ;2= c o s —g - - (-/ sin--^—= £  — 2 t 2

ei<p =  coscp + /sincp

4 )o p M y j ia c H  A a p a > K a  KypcaTKHMH KOMnjieKC y 3 ra p y B 4 H A a H  H S o p a T  
K ypC aTKH 4AH (J)yHKUHHHH TpHTOHOMeTpHK (f)y HKHHHJiap 0pK3JIH H(} )OAa- 

j ia f lAH .  T p n ro H O M eT p H K  cjjyHKHHHJiap coscp Ba sincp K ypcaTK H 4 jiH  

4>yHKHHHAap opKaJiH K y H H A a rn n a  H ( j )O Aa j iaH aA H :

coscp = ------ 2------’ sln(P =  2i ■

3- dapcxona roniuupuFu

1. A rap  z\ =  1 — i, Z2 =  3 +  4i, 23=  —  1 + 3 /  Syjica , z  =  — - —

HHHT KHHM3THHH X,HCoSAaHr.

w . 227 1 99 . 
274 274 '

:'i 3 2/; za =  4 +  /; 23=  — 2 +  / KOMnjieKC coHJiap SepHAraH.

Z1 (z2 — Zg)
2 =

Z3 +  ZI

mi ’u icoS j ianr .
... 45 87 .

“  41 -  47 1‘
3. ( 2 ) KOMnjieKC TeKHCJiHKAa KyftHAa SepHJiraH inapTAa pHH KaHo- 

.M,i;iiirHpyB4H z —  x  +  iy HyKTajiap coxacHHH aHHKJiaHr:

n) 0 < R e 3 z / < ;2 ;  6) I m ( / z ) ^ 2 ;

11) 12 —  3 +  4/1 < 3 ;  r ) l < | z  —  /|2;

A )  2 <  |2 | < 3 ,

0 < a r g z < - | .

1. K,yHHAarH KOMnAeKc coHJiapHH Tpn r oh OMeTpHK Ba KypcaTKHMJin 
iiiiiiuiJiapAa Hc})OAaJiaHr:

a ) 2 i =  3 —  3/; 6) 22=  —  1—  i\ b ) 23= — /; r )  z 4= — 2.

;K: a) z, =  3 ^2  (c o s (— -^ y W s in (— - ^ ) ) = 3 y 2 e  4 ;

3ji
6 ) 22=  V 2  ( c o s (— y - ) + / s i n ( — y - ) ) =  ^ 2 e  4 ;

B) 23= c o s ( — - ^ ) + / s in (— y ) = e  *  \ 

r ) z 4 =  2 (cos jx  +  /sinjt) =  2eJU.

5. KyiiHAarHJiapHH xncoS jiaH r:

6 /-------  3 4
a ) -\j —  1 ; 6 ) -yji ; b )  -y —  1 -)- -yj3/ .

>K: a ) k =  0, u>o =  cos-^- +  / s i n ;
b 6

L. 1 JI 1 • • JX
K = l ,  ® l  = C O S  - y  +  iS ln  Y  ’

1 r\ 5ji , . . 5jxk =  2, w<2 =  cos —- +  fsin — -;
D b

» r> 7 Jt 1 . . 7 JX
k =  3, i 3̂ =  cos ■ +  /sin - — ;6 6
1 j 3n . . . 3ji
«  = 4 ,  £04 =  cos — — |-«sin — ;

I r  1 13 1 . . . 1 In
r  =  5, w  5 =  c os —-— |- isin -— ;o b
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(J) /.' : 0 ,  ® o  c o s  J! f  /sit l  g ; 

i i {)ji 1 • • 5jtk ztz |, w i — cos v -  + *s in  - ;
6 6

i (\ 3 jx i • • 3 j i
/e™2 y W2 ~ c o s  —  +  is in -^ -;

b )  k  =  0 ,  w o =  ^ 2  ( c o s ™ + / s i n y ^ ;

k = \ ,  w \ =  ^/2 ( c o s ~ - + i s ' m ~ - y ,

k  =  2 ,  W 2 —  ^ ] 2  ( c o s  ~ L+ i ' s i n

k — 3 , ® 3 = -^2 ( c o s - y - + / s i n - y - y

3- Mycra^uA uui

1. Arap z \ = i — 1, z2=  — 2 +  t, z3 =  3 — 4i Syjica,
z, (z.2 +  z l )

z =  ------------
zl — z2

HH TonH H r.

>K:
5 5

2. Arap z i =  — 3 +  i, z2 =  4 — t, z3= l + 3 i  Syjica,

Zl+22Z3
Z =  “ “ 3-------z2- z 3

HH T o n H H r .

w -. 396 . 812 .
5101 5101 '

3. (z) K o M n j i e K C  TeK H C J iH K A a  K y f t H A a r H  m a p T j i a p H H  K a H o a T J ia H T H -  

pyB H H  z =  x-\-iy H y K T a j i a p  c o x a c H H H  a H H i y i a H r ;

a) R e y > l ;  6) Im (2/ z)> 3 ;

b ) 3 <  |z +  1 — 2i\ < 4 ;  r) y < a r g z < n ,

3 <  |z| < 4 .  ■ '

4. KoMnjieKC coHJiapHH TpHTOHOMeTpHK Ba KypcaTKHHJiH uiaKJi^a
H (J )O A a j ia H r :

a ) z i =  7 T 7 : 6 ) z 2= — ^ 3 — i;
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i i i i i i i i i i i i i i i u i iU i l i i i l l l i t l i l i l i i l i l i ;

u) z3— — y ; r ) z4— l + ^ 3 i .

>K: a) z , =  V 2 ( c o s ( - ~ ) + i s i n ( - y ) ) V 2 e  4 ;

5n

6 )  z 2= 2  ( c o s ^ + i s i n - | ^ ) = 2 e ' i r ' ;

b )  z 3= y  (cosji-M sinn) = - ~  e M ;

r )  z 4 =  2 ( c o s y + i s i n y ^ = 2 e 3 .

5. KyHHAarHJiapHH x,HCo6jiaHr: 

a) 6) \ ] X  ; b )  ^/— 1 .

>K: a) k =  0, w 0= c o s y + j s i n y ;

5 it  . . • 5 it  
f e = l ,  o>, =  c o s ~ — (-ism —  ;

6) k =  0, zoo =  cos0° +  tsin0°;

k =  l, w { =  cos -^-+isin ~  ;
4 4

k =  2, ay2= c o s  Y + i s i n y ;

r  o  3 j i  i • • 3 j i6 =  3, w3 =  c o s — — |-*sin — ;

& =  4, te;4=cosjt +  isinji ;
t, rr 5jt | . • 5jl
£ =  5, w5 =  c o s — — |-£Sin — ;

t, 3  31 . . • 3 j l6 =  6, we =  co s—— h^sin— ;

k — 7, w7 =  cos  -^ -+/sin  ;
4 4

b )  k  =  0 ,  oy0= c o s  y + ( 's in  y  ;

k = \ ,  W\ =  cos  - ^ + j 's in  —-  ;
4 4

6 =  2, ^ 2= c o s  — —|— zsin ;
4 4

6 =  3, &2j3= c o s  -^ -f- is in  ~  ;
4 1 4



6- 6 o 6

BMP y3 rA P yB H H  <l>yHKUHflCHHHHr 
HHTETPAJl X.HCOBM

l - § .  AHHK,Mac HHTerpaJi Ba HHTerpaJijiauiHMHr 
coAAa ycyjuiapH

6.1.1. B n p o p  opaAHKAa aHHKAaHraH f ( x ) cjjyHKUHH yMyH Sy, 
opajiHKHHHr x,aMMa KHHMaTAapHAa

F ' ( x ) = f ( x )  eKH d F  (x) = f ( x ) d x

mapT SawapHAca, y xoAAa F ( x )  JyHKUHH f ( x )  hhht 6ouiacihfuh 
(pynKt^uHcu AeftHJiaAH-

Arap f ( x )  (JjyHKUHa F ( x )  SouiAaHFHM cfiyHKUHHra ara SyAca, 
y u XOAAa .F (x )-| -C  f ( x )  hhht xaMMa SouiAaHFHM (})yHKii.HHJiapH 
TynjiaMH Qynam,  SyHAa C —  HXTHepnft y3rapMac. UlyHra Kypa 
SepHJiraH f ( X ) 4>yHKUHHHHHr Xap KaHAaft HKKHTa SoUIAaHFHM (f)yHKUHH- 
ch 6np-6HpHAaH HXTHepnft y3rapMacra (})apK khjisah.

f ( x )  ( e m  f ( x ) d x  H(})OAa)AaH cuiHHraH aHHKMac HHTerpaJi AeS, 6y 
4>yHKUHHHHHr Sapna F ( x ) + C  SouiAaHFHM (JiyHKUHHAapn TynAaMH- 
ra aftTHAaAH Ba SyHAaft Qejimnauaw- \f (x ) d x - F ( x )  -j -C.

AHHKMac HHTerpaAHH Tonnm  w apaeH H  UHreapaAAaui AeftHAaAH.

6.1.2. AHHKMac HHTerpaAHHHr acocHH x o c ca A a p n  (HHTerpaAAaiu  
KOHAaAapH):

a )  ( ) f ( x ) d x ) '  =  f ( x ) ;

6) d(\j*(x )dx)  = f ( x ) d x ;

b) \d F ( x ) = F ( x ) + C -

r) \ k f ( x ) d x  =  k\j f ( x ) d x  ( k —  y3rapMac);

A) 5 ( f ( x ) ± (f>(x ) ) d x = \ f ( x ) d x ± \ q > ( x ) d x ' ,
e) arap \ f ( x ) d x  =  F ( x )  -j- C  Ba u — ( b ( x ) xap KaHAaft Andxbe- 

peHUHaAAaHyBHH (jjyHKUHH SyAca, y xoAAa:

\f(u)  du  =  F ( u )  -j-C.
6.1.3. AHHKMac HHTerpaAAap x a n B a j w :

1. \j du =  u-\-C.

2. $ uadu =  - f  C, a = £  — L
J a + 1
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3. + C .

4. =  2 V i + C .

5. [aud u =  ~ + C .
J In a '

6. ie“du  =  eu-\-C.
7. Jsinudu  =  —  c o s u - f  C.

8. ^cosudu =  sin « +  C.

9- J - ^ -  =  t g «  +  C.
J COS «

10- $ - ^ - = - c t g «  +  C.
J sm a

11. ^tgu du =  —  ln | co s «|  + C -

12. J c t g « d u  =  ln | s in u | -)- C.

13. t - ^ - = l n  j t g - ^  I -| -C  =  ln  1 -^ -------c t g u l + C .
J sinu I & 2 I ' I sinu 6 I 1

14. f _ * L  =  in | tg (- ^  +  ̂ - ) | + C  =  ln  I— 5-----|-tg« I + C .
J cosu I \4 2 / I I cosu b I

15. arc ctg— + C =  — — a rc c tg -+ C .
J a2 +  u2 a a a

16‘ \ -2 ^ ~ 2 -= T ~ ln I + C•J a — m 2a 1 a ~ u 1

17. ( — ^ L =  =  arc sin— +  C =  -  arc c o s - +  C.
J Va2- « 2

 ̂=  In  | u  -j- ~\Ju2+z Q? | "I- C .

H H TerpaA A a iu  H3TH>KacHHHHr T y fp h a h th  TonHAraH -SoiiiAaHFHH 
(jjyHKUHHHH AH(})<j)epeHUHaAAaiII SHAaH TeKOIHpHAaAH. KeATHpHAraH 
>K3AB3AAa u apKAH y3rapyBMHHH, inyHHHrAeK, AH(J)(})epeHUHaAAaHyBMH 
(JjyHKIlHHHH H(j)OAaAaHAH.

6.1.4. H H TerpaAAauiH H H r KyftH Aarn coAA a ycyAAapHHH KeATHpa- 
MH3:

а )  HHTerpaA oCTHAarn c|)yHKUHHHH coA fla  (JjyHKUHHAap ftHFHHAHCHra 
eftnui Ba HHTerpaAAap h h h t  xo cca A ap n A aH  (JjoftAaAaHHin ycyA n ;

б )  AH(})(|)epeHUHaA S eA rncn  o c r a r a  k h p h t h u i ycyAH . M a ca A a H :

d x  =  ̂ d  ( k x - j - a ) ,  a ra p  a, k —  y3 rap M ac  S yA ca ;

x d x = ^ d ( x 2) , cos xd x  =  d  ( s in x ) ,  

^ - = d ( \ n x ) , - ^ - = d ( t g x ) , - ^ T  =
x  c o s x  l + x

=  d  (a r c  t g x )  Ba X- k.
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1 • m II c OJI. [  ! I' 2jc„ dx  aHHKMac HHTerpajiHH TonHHr. 
i / U + x 1)

l i MHi u.  HiiTerpaJi ocTHAarH O yhkuhh hh  u iaK jiaH  ajiM aurrnpHG, 
a iih Kiviac HirrerpaJiHHHr a ) xoccacH A aH  OoHAaJiaHCan:

J i v S ,  $ [ r a > =

2 - m h c o j i . ^4cos2y d x  aHHKMac HHTerpajiHH TonHHr.

Emhu i .  HurerpaJi ocTHAarn OyHKUHHHH flap a *aH H  nacaHTHpHiuj 
O opM yAacH AaH  (j)OHAaJiaHH6 ajiMauiTHpaMH3: J

2cos2y =  1 + c o s x .

CyH rpa aHHKMac HHTerpajiHHHr r )  Ba a ) xoccajiapHAaH (JjoHAa- 
A3HC3K,

5 4cos 2^ d x =  5 2 (1  +  cosx ) dx =  2 $ (1 - f c o s x )  d x =

=  2^cfjt+*2^cosje d x = 2* 4- 2sinx +  C’.

3 - m h c o j i . AHHKMac HHTerpajiHH TonnHr:

 ̂ 3* • e3xdx.

E mh u i .  \ 3X■ e3xdx  =  \ ( 3 -e 3) xdx =  +  C.
J J In (3e3)

4 - m h c o j i . AHHKM ac HHTerpajiHH T o n H H r:

f  dx

J V (3jc—5) ■ ■

Emh uu .  ,D,H4>(})epeHUHaji o c ra ra  kh ph th u i ycyjiHHH KyJiJiaftMH3. 

ByHHHr ynyH  d x = ^ d { 3 x  —  5) A e6  ojihS, *aA B aJ iA a rH  (4) H H Terpaji-

AaH (|)0HAaJiaHaMH3:

)  V 3 a :— 5 3 j  V 3 * - 5  3 V ^

5 - m h c o j i . AHHKMac HHTerpajiHH TonHHr:

B m h ui. EAhui Ba AH({)(})epeHUHaA fiejirncH ocTHra kh ph th u i 
ycyjuiapHAaH 6uprajiHKAa <})0HAajiaHaMH3:

S x —  arc sinx f  xdx  f  arcsinx A __

v t t ?  i K = y ^ r r } - y ^

—  — 5 - 1 \ arc sinxd (a rc  s in x ) =
i  J V 1~ x

— _  y  i _ x2 — L  arc sin2x +  C.

6 - m h c o j i . AHHKMac HHTerpajiHH to u h h t :

3X2 — 4x

b 3 2x2 +  4
dx.

E M H UI.
d ( x 3 - 2 x 2 +  4 )f  3x — 4x f  d ( x s -  _

J x3 — 2â  +  4 J x3 — 2x2 +  4

=s In | x3 —  2x2 +  4 1 +  C.

I -  dapcxona roniuupuFu

AHHKMac HHTerpaJi JiapHH TonHHr, HHTerpaJiJiaui HaTH>KajiapHHH 
AH<}>({)epeHUHaJiJiaiu 6«J iaH  TeKuinpHHr:

2- S (tgx  +  c tg x )2dx. 9- J ^  ° SX X
1 + x 2

dx.

2„
dx.3. \ l ^ L — d x : , )  io.

J cos jc* sin x \ J cos' x

4 [ A l ± l L d x  l i .  ( — dx
'  J x f l + x 2) J ( x - 2 ) 2 +  4

dx

5.
f  dx

lft-1CO

6. ^tg4xdx.

7.
f  x2rfx

J 1 + X 3 ■

12.
â + gx+ is "

13. [  dx
J V s  +  6x — 9x2

14. Jcos3xdx.

15. J sin2xdx.



/- Mycrat^UA urn

A m iK M ac HHTerpaJUiapHH ToriHHr, HHTerpaJiJiam HaTHmajiapHHH 
;Uli|)0c>peiiii,Ha/i/iau] 6njian TeKiimpHHr:

o  f  sin3jr ,
2. \— 5— dx.

J cos 3 *

sin3xcosxdx.
4x2— 5x +  4

2 -§ . AHHKMac HHTerpajiAa- y3rapyB4HHH ajiMauiTHpHiu.
ByjiaKjiaS HHTerpajuiaui

6.2.1. AHHKMac HHTerpajiaa y3rapyBMHHH ajiM aum ipH iii KyHHfla- 
rHHa aM ajira ouiHpHJiaAu:

a ) x  =  cp ( t ) ,  6yH^a cp (/) —  HHrn y3rapyBMH / hhht A«<|)(})epeHUHaJi- 
jiaHyBHH (})yHKU,HHCH SyjiCHH. By xojiAa y3rapyBMHHH ajiMauiTHpHin 
(})opMyjiacH yu i6y KypHHHiura ara:

\ f ( x ) d x ^ f ( ( p ( t ) ) <p' (t)dt',

6 )  W ( x ) = t ,  6yHfla t —  HHrn y3rapyBHH. By xojiAa y3rapyBHHHH 
a/iMauiTHpHUi ( } )opMyjiacH y u iS y  KypHHHiura ara:

\ f ( ^ ( x ) ) t y ' ( x ) d x = ^ f ( t )  dt.

HK K ajia  xcwiAa xaM  HHTerpaJiJiauiAaH kchhh y3rapyBHH x  ra  
K,3HTHUJ KepaK.

1 - m h c o j i .   ̂ -\ja2— x 2d x  aHHKMac HHTerpajiHH TonHHr.

E 4 h m. x  =  as,mt AecaK, dx  — acostdt Syjia^H Ba aHHKMac 
HHTerpaJi y u i6 y  KypnHHUiHH ojiaaH:

^~\Ja2— x 2d x  =   ̂ ^j a 2— a 2s\n2t •acostdt =

=   ̂ ^Ja2-cos2t ■ acostdi =  a-2 \j —~ ĉ s--tdt =

= 1T S S COS S cos2^ ==

196

3 h a h

=  T * + 4 ‘ i  ^ o s 2 t d ( 2 t )  =  A t + A sin2t +  C.

t  =  arc sin—  Ba sin2^ =  2sin/cos^ =
a

=  2sin/-\/l —  sin 2̂  = 2 - ~  “̂ 1  — ~  

reH rjih k jiapA ah  ({)OH,naJiaHH6 bckh y3rapyBMH x  ra  KaftTaMH3:

C--J ^ a 2- x 2d x  =  \ z re si n - | + ^ - 2,-|  +  «

a2 . X . X j~2 2 I r'= — arc sin— +  — ^Jai — x  + C .
2 a 1 2

2 - m h c o j i . AHHKMac HHTerpajiHH TonHHr:

dxV * 2 +  a2
J x2

E mh in. x  =  atgt f le6 Sejinu iacaK , d x =  adt-
cos t

ra ojihS aHHKMac HHTerpa j iH H  TonaM H 3 :

d x =  j

6yjia flH . ByHH x h c o 6-

S

V *2 +  q2 [ Va2t^t  +  g2
x2

adt

a2tg 2t

r V ' + V < r f ( = t _ j « _  =
J sin t J sin cos/

- s

cos / +  sin / 
. o 

sin t - cos t

d (s in t )  , f  dt

dt- dt 
cos t

S d (s in t) . r 

sin 2t J cos t sin/
■In

cos t

A h i
■In

- y f + i + i +  c =

3- M H c O JI. AHHKMac HHTerpajiHH TOHHHr:

S dx 

x t J 2 x  — 9
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K 'i h ui. ocTHAarH H<|)0AaHH t2 SHJiaH SejirHAacaK,

S
tlx

X  \ J $ X ~ §

2 x —  9 =  t2; t = - y j  2x  — 9 ;  

x = ^ - ( t 2+ 9 ) - ,  d x — tdt

l a r c t g  4 + C -
f  tdt  r  dt

y ( / 2 +  9 )- f  2 '  9 +  <2

2 , ^2x — 9
~ ~ 3  arc t g - ^ —g-------b c .

4- m h c o ji. AHHKMac HHTerpajiHH TonHHr:

f ________  dx______

( * + 0  V *2+ * — i

E q h in. t = — _j h h th  y3rapyBMHHH KHpHTaMH3:X-\- I

f ________dx^

J (jc+ IV a/jc1( x + 1 )  ~\j x2-\-x —  1

1 1 1
I + r  X~ 1  ;

d x =
l

dt

- s -
- l— i

- s - V 1 — 2t-\-t2- { - t — 2t2 

1
t  -)--

= arc cos

=  arc  cos-2^ 1 + C  =  a r c c o s  * + 1
V5

+  1

V  5

=  arc c o s — ri ^ 3—— \-C.

j H
2

- c =

- c =

-\j 5 (x + 1)

6.2.2. B y j ia K J ia 6  H H T e r p a J iJ ia u i ycyjiH

\j udv =  uv —  Jvdu

O o p M y jia r a  acocJiaHa^H, S y H A a  u B a  v — x  H H H r H H T e rp a A A a H V B q H  
(pyHKUHHJiapH.

By ycy-71 ^aP XH‘fI CHH(j)AarH (j)yHKUHHAap KynaiiTMaAapHHH 
H H TerpajiAau iAa (j)OHAajiaHHJiaAH:

\Pn ( x ) e « xdx, \ P n (x ) cosaxdx,  \Pn {x)s\naxdx,

J P n {x)  arc t g x  dx, J P n ( x )  arc sin xdx,

\Pn ( x ) c o s x  dx, \Pn ( x )  \nxdx.
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i i i i i i i i i i i i i i i l l i i i i i i i i i j )

/ la c T A a S K H  yH T a  H H T e rp a j iA a  u ynyH P n{x )  K $m xa A  K a S y A  
(viuiHiiaAH, o x n p rH  T y p r r a  H H T e rp a A A a  s e a  u y n y H  a r c t g x ,  a r c s i n x ,  

h i e o o s x ,  l n x  K a S y A  KHAHHaAH.
Ba'b3H xoAAapA3 SyAaKAaS HHTerpaAAaiu t})opMyAacHHH Sup Heqa 

M ap'ra K y A A a u i  3 a p y p  S y A a A H .  .

5 - m h c o j i .  \ x e ~ bxdx  hh TonHHr.
E q h iu. m = x  Ba dv =  e ~ 5xdx  Ae6 0JiaMH3, y  x a w a

’ u =  x, du — dx,

\ x e - “ 4 x = \ d  w -s ,d x , v = \ e - s , i x  = J_p —5jc
5

__  X ~ —5x * ^ — 5a:_j_

~ ~  1 ?  "25*

a hh TonuuiAa HHTerpaAAam aohmhhchhh xap aohm HOJira TeHr AeS 
X,HCo6AaUJ MyMKHH.

6- M H C OJI. 5 arc %  x d x  HH TonHHr.
E h h i u .  «  =  arc t g x  AeS 0JiaMH3, y  xcuiAa

, , dx
u —  arc tgx ,  du —

1 + /  ’

1 [ d ( i + x 2)

 ̂ a rc  t g xd x  =
dv — dx,  v =   ̂ d x  =

=  x - a r c  tg x  —  \ Y ^ J = x ' a r c t g x ~ t S  ! + /  — 

= x - a r c t g x — ^ - ln | l+ x 2| + C .

7 - m h c o j i . $ (*2 +  l )c o s x d x  HHTerpaAHH TonHHr.
E q h ui. B y MHCOJiAa SyjiaKAaS HHTerpaJiJiaui (jJopMyjiacHHH hkkh 

MapTa KyAAaiura TyFpu KeAaAH.

(  , r > +  l)cos,<<* =  j “  =  JC’ +  ’ ■ du~ 2xdx- 1 =\ / a j 1 I LUoaUA — » , I
J v \dv =  cosxdx,  u =  sinx J

=  (x 2+  l ) s in x  — 2 ( — x-cosx  +  ^c0^ ^ )  =

=  (x 2+ 1) sinx +  2xcosx  —  2 s in x + C  =

= = 2 x c o s x + (x 2 —  l ) s i n x  +  C-

8- m h c o a . AHHKMac HHTerpaAHH XHeoSAaHr:

 ̂eaJ:cospxdx.

E q h ui. B y HHTerpaAHH hkkh  MapTa SyAaKAaS HHTerpaAAaHMH3.

( u =  e ax, du  =  a e axdx\ V
 ̂ e 0tJ:c o s p x d x =  | i j- =

J |^o===cospxdx, u==— sin|3x j
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i'®-*7-siriBjc — — \ e“*sinpj<dx — 
P J

Jtax

P
T u =  e ax, du =  a - e axdx  1

| dv =  sm$xdx, v — — ^-cospx J

=  -£■“ *• s i n0x— ^— ^ Mc o s p x + eaxc o s f ix d x 'j=

Bax n.2 C
=  — — (B s in B x - (-a c o s B x )------ - \  eaxcosfixdx.

p2 p2 J
ByH.ua

/ =   ̂ e ^ c o s fixdx 

Ae6 ym 6y  TeHTJiHKKa ara 6yjiaMH3:

/ =  ̂ -r-(|3sinBx +  acosB x ) —
P P

By TeHrjiaMaHH / ra HHcSaTaH encaK,

c eax
I = \  eaxc o s $ x d x = -  2 2 (p s in p x -| -a co s0 x ) + C .

“  +P

2- dapcxona TonutupuFu 

AHHKMac HHTerpaJi JiapHH TonHHr:
2 J

*• S ------ % = ■  f ( * + l ) T - 3 ( x + l ) ^ + 3 1 n | l - f  ^ + 1
J i +  v * + i  * v

9 C __± xdx  w .  „ . 6 t  | 3 t
tJ x — ĵx

>K: x + —x 6+ -f -x 3+ 2 x 2+ 3 x 3 +

6 ,+  6x 6 -j-61n I \jx — 1 | +  C.

3. \ -----% = .  M :  £ - -V ^ + 4
J x2V^2 +  4 4*

4. \ I  dx  . >K: C -  - a r c  sinx

1 , 1 , V  1— x —  x 2
5. J ----------7 '  ..• >K: C - |n

J  ( J C +  1 )  V  1 — JC —  X2 x -\-1 2 x  -J-1

6. J x - a r c t g xdx  ^  Z ± l arctg x — | + C .

n f xdx
J sin2* C —x-ctgx +  ln|sinx|.
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8.  ̂ arc sinxdx 

In3*
9.

x2
-dx.

10.  ̂ x2sinxdx.

1 1 .  ̂ sin lnxdx

12.  ̂ -\j4 + x 2dx.

>K: xarcsinx +  -\J 1 —x2 +  C .

)K: C — j  (ln3x +  31n2x +  61nx +  6).

}K: C — x3cosx+ 3x2sinx +  6xcosx — 6sinx. 

)K: -y(sin lnx — cos ln x )+ C .

>K: f  ^ / 4 + 7 2 + 2  ln|x+ ^ 4 + x 2 \ + C .  

2 - M ycTaK,iui u u i

AHHKMac HHTerpaJi JiapHH TonHHr

I.

2- S

,/x — I dx. 

dx

>K: | ( x - l ) 2+ | ( x - l ) 2 +  C.

V* +  $)x

3.  ̂ x 2^A  — x 2dx.

« ■  s

>K: 2 iJx  — 4 {jx  + 4  In11 -j- \jx | + C .  

>K: 2) “\/4 — x2 + 2 a r c  sin-^+C.

(x+1 ) V x2 +  2x+10

5.  ̂ ln(x2-)- i )dx .

6.
J sin x

X

7.  ̂ e 2 ■ x 2dx.

8.  ̂ cos lnxdx.

r + V i ^  +  1

)K :  x  l n ( x 2 +  1) —  2 x  +  2 a r c t g x + C .  

>K: C - | f - V + c t g ^ \
z \ sin jc /

X

>K: C - 2 e ~ 2(x2+ 4 x + 8 ) .

>K: (c o s  ln x  +  sin  ln x )  + C .

3-§. Kacp-pauHOHaji ^yHKitHHHH 3Hr coAAa Kacpjiapra efiH iu. 
PauHOHaji 4>yHKUHHJiapHH HHTerpaJiJiam

6.3.1. HKKHTa KynxaAHHHr HHcSaTHra TeHr

QmMR(x) =
Pn(*)

iI)vh k u ,h si Kacp-pau,uoH ,aA <pynKU,UH eKH pau,uonaA  K acp  A e H H Jia A H , S y H 
Aa m Ba n Qm (*)  Ba P n (x) KynxaAJiapHHHr Aapa^a KypcaTKHMAapH 
r> y jiH 6 , yjiap H a T y p a J i c o H J ia p A n p . m < n  A a  R ( x K a c p -p a u H O H a J i 
( b y h k u h h  ry F p u  K a cp , m ^ n  Aa aca n o ry F p u  K a cp  AeHHAaAH- 

K y i iH A a r H  T y r p H  K a c p j ia p  a m  co d d a  K a cpA a p  A e H H A a A H :
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1. A .
v a

II. A ,, 6ynaa —  6yTVH coh.
(x  - a ) "

I I I .  l>A x+ B -~-, SyHAa D = p 2 —  4<7< 0 .
>r + p x + q

IV .  — _ ; 6yn iia  s ^ 2  —  SyTyH coh, D  — p2 — 4q<z0.
(x2 +  px +  q ) s

lOKopHflarn Kacpjiapaa A, B, p, q, a  —  xakhkhft coHJiap. 
6.3.2. X ap  KaHAaft xaKHKHft K03<t>(})HUHeHTAH tt-Aapa*aAH  P n( x ) 

KynxsA xaKHKHft coHJiap TymiaMHfla yu iSy KypHHHiura TacBHpAa- 
HHIUH MyMKHH: 

P n ( x ) = a Q( x - 01 , ) * 1. ... • ( x  —  a  p) kp ( x 2 p tx  q i ) s' • ... • 

• ( x 2-\-ppc-\- q t) ‘ , 

SyHfla a i,  a 2 ,..., a p P n( x ) KynxsAHHHr moc paBHiuA3 k\ ,..., kp KappajiH 
xaKHKHH HJTflH3JiapH, X3MMa KBaApaT y^xaAJiap y u yH ,AHCKpHMHHaHT 
A < 0  ( i = l ,  / ); ki + . . . -\-kp-\-2s\ + . . .  +  2s ( = n; k\,...,kp, s i,..., Si 
HaTypaJi coHJiap; a0 — P n ( x )  Kyux3AA3 x"  onflHflarn K03({)(}>HUHeHT.

Q „ (x )  „  , ,
A ra p  R ( x )  —  "  TyppH paUHOHaA KacpHHHr Maxpa>KH P n ( x )  

KDKopHfla KypcaTHJiraHfleK H(j)OA3AaHraH Syjica , y  x o a a s  SyHflaft 
KacpHH I —  IV  KypHHHiuAarH 3Hr coAAa paUHOHaA Kacpjiap ftHFHHAHCH- 
ra eftHiu MyMKHH. B y eftHJiMa.ua P n (x )  Kynx3AHHHr xap 6up k KappajiH 
a  HJiAH3Hra, ht>hh ( x  — a ) k KypHHHiuAarH KynaftTyBUHra, yrnSy k  Ta 
Kacpjiap hhfhhahch moc KeJiaAH:

1̂ I ^2 | I
> "l •

( x  — a ) 2 ( x  — a ) k

Pn ( * )  KynxaAHHHr s KappajiH KoMnjieKC KyuiMa HAAH3HHHHr xap 
6np >Ky<j)THra, HtHH ( x2- \ - p x + q ) s KypHHHiuAarH KynaftTyBMHra ym 6y 
s Ta KacpaaH HSopaT A h p h h a h  m o c  KeJiaAH:

Af|X +  A/, i M 2x +  N2 j M sx - ) -N s
i I • • *

x2 +  px-\-q ( x2 +  px +  <7) 2 (x 2 +  px +  q ) s

EftHAMaAarH At, N it M i  K03({)<})HUHeHTJiapHH TonniUAa xycycnft 
KHftMaTAap ycyjiH eKH HOMatJiyM K03({)(t>HUHeHTAap ycyAHAaH (JjoftAa- 
AaHHAaAH. Ba"b3aH 6y  h k k h  y cy jr  fiupraAHKAS KyAAaHHAaAH. 

R (x)  — paUHOHaA Kacp HoryFpu Kacp SyAraH xoaas  SyTyH
P n ( x )  r

k h c m h h h  a>Kpa™ 6, cyHrpa TyrpH Kacp k h c m h  lOKopHAarn KaSn s h t  

coAAa KacpAapra e ftHAaAH.
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1- m  h c o a . Y iu 6y

R ( x )  =
15x2 — 4 x— 81

( * - 3 )  (x  +  4 ) ( x - l )

paUHOHaA KacpHH 3Hr cc.aAa KacpAapHHHr ftHFHHAHCHra eftHHr. 
E h h ui. EepHAraH R ( x )  paUHOHaA Kacp T^FpH Kacp. M axpa*H H H H r 

xaMMa HAAH3AapH (3 , — 4, 1) 6up KappaAH  (o a a h A ) Ba xaKHKHft, 
uiyHHHr yuyH

n , , 1 5 x 2 - 4 x - 8 \  A , B , C
R ( x )

( x  — 3) ( x + 4 )  (x - 1 ) ( x - 3 )  ^  ( x  +  4)  ^  ( x - l )  ’

f iyHAa A, B, C —  aHHKAaHHiiiH KepaK SyAraH  KoaOOnUHeHT^aP- 
TeHrAHKHHHr yHr k h c m h h h  yMyMHft M a x p a * r a  KeATHpuS, HKKaAa 
KHCMHHHHT Xa M M3Xp3>KAapHHH TaUIAaS K)6opC3K:

15x2- 4 x - 8 1 = ^ 1 (x  +  4) (x — 1) +

+  £ ( *  — 3) ( j c — 1 ) + C ( *  — 3) (x +  4 ) .

a) Xycycuu t^uuMarAap ycyAunum  M33MyHH uiyHAaKH, yHAa x o c h a

S^AraH  3ftHHHTT3 X HHHT Xap XHA (OAaTAa M3Xpa>KHHHT X3KHKHft 
H A A H 3 A ap n )  KHftMaTAapH KyftHAaAH. K a p3A3eTraH  MHC0AA3 6y  

KyftHAarHHa aM 3 A rs  ou ih p h asah :

x =  3 

x =  — 4 

— x — 1

4 2 =  14/4, 

175 =  35B, 

7 0 =  — 10C.

X ocha KHAHHraH TeHrAaM3Aap CHCTeM3CHAaH /4 =  3, B =  5, C — 7. 
UiyHAaft khah6,

p .  . 1 5jc2 — 4jc — 81 __  3 . 5 . 7

~  ( x  —  3)  ( x +  4)  ( x —  1) —  x - 3  ' x  +  4 ' x - l

6 ) H oM a nAyM  K03(p(puu,ueHTAap ycyA u n u m  moxhhth uiyHAakh, 
yiiAa xocha SyAraH aftHHHTAa x  hhht yHrAarn Ba nafiAsrH 6np xha 
A apa*aA apH  0AAHA3rH K03(J)C[)HUHeHTA3pHH TeHTA36, A, B, C K03(})(j)H- 
UHCHTA3PHH TOnHUI yHyH TeHTA3MaA3p CHCTeMaCH Ty3HA3AH, H"bHH:

X2:

x :

x°:

\ 5 = A  +  B +  C, 

- 4  =  3 A - 4 B  +  C,

-81 =  — 4/4 +  3 6 — 12D.

.Kocha 6 yAraH TeHrA3M3Aap cucTeMacHHH enuS, /4 =  3, B — 5,
( '  =  7 3K3HHHH TOn3MH3.

2 - m h c o a .  Y u i6y paUHOHaA KacpHH coAAa KacpA3p ftHFHHAHCHra 
i'ftHiir:

R ( x ) = -------- --------- 2.
( x - l )  ( x + i ) 2 

203



K 'i  H id. TJ/t'pw paHKoiiaJi KacpHH KyHHAarnMa eHMH3: 

x A , B , C
R ( x )

(x— I) (JC+1)" 1 x-\- 1 (* + 1 ) '

Byiuum
= / l ( x + l ) 2 +  . B ( x - l ) ( x + l ) + C ( x - l ) .

K03t})(j)HHHeHTJiapHH ToriHiii y^yH lOKopHAa SaeH KHJiHHraH HKKaJia 
ycyjiAaH x,aM 6upraJiHKAa (})OHAaJiaHaMH3:

x =  1 

x =  — 1 

x 2Aa

CHCTeMaHH encaK, A =  ̂ , B  =

He MaK,

R(x )

1=4/1,

-1 =  — 2C, 

0 = A  +  B.

. 1  C - —
4 ’ 2'

1 1
( x - l ) ( x + l )2 4(jc— 1) 4 ( x - l )  2 (jc+  1 )2 ' 

3 - m h c o j i . K yH H A ara  paunoHaui KacpHH coAA a K a cp jia p ra  eftHHr:

R ( x )  =
x4 +  4x3+ l l x 2+ \ 2 x  +  8 

( x 2 +  2x +  3 f ( x + l )

E m h ui. PauHOHaji K acp TyppH K acpan p , yHH 3 Hr coAA a Kacpjiapra 
eHMH3:

R ( x )
*4 +  4A:3+ l U 2+12;e +  8 A Bx +  C

(x2 +  2x +  3 ) 2( x + l )

Dx-\-E

* + 1  x 2 +  2 x  +  3
+

+•

ym6y
( x  + 2 X  +  3) 2 •

x 4 +  4x3+ l l x 2+ 1 2 x  +  8 = , 4 ( x 2 +  2 x + 3 ) 2 +

+  (Bx +  C)  ( x + 1 )  ( x 2 +  2x +  3 ) +  ( D x +  E )  ( x + 1 ) .

reHrjiHKAaH <J)OHAaJiaHH6 HOMa'bJiyM K03(J)({)HUHeHTJiapHH TonHiu ynyH  
TeHrjiaMajiap CHCTeMacHHH Ty3aMH3:

X =  — 1 II

x 4Aa 1 = A + B

x 3 Aa 4 =  4A +  2B +  C,

x 2 Aa 1 1  =  1(L4 +  3B +  3C +  Z)

x  Aa 1 2 = 1 2 , 4 + B  +  5C +  Z) +  £.

T eH rjia M a jia p  CHCTeMacHHH encaK ,

,4 =  1 , B =  0, C =  0, D =  1, E =  — 1. 
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/l,eMaK,

_  x* +  4x3+llx?+l2x +  8 _  1 . x—l
( jc2-f-2jc +  3 )2(jc +  1) ~  x + l  ( /  +  2x +  3 )2 '

6 .3 .3 . T y rp H  pauHOH aJi KacpjiapHH H H T e r p a J i J ia m  3H r coA A a  Kacp- 
jiapHH HHTerpajiJiaiura KeJirapHJiaAH.

I r _Adx  ̂ =  A\xx\x — a \ C .
J x — a

U  r Adx __ __________A_________  ^
J (x - a ) k~  ( \ - k ) ( x - a ) k~ x

1 1 1 . [  -2Ax+B-  d x = ^ \ n \ x 2+ p x  +  q\ +
J X -\-px-\-q

+  (B ~ f ) -------J - T ™  tg -1  2 -3 +  C'
V ' - r  Y

| y  f  (A x - \ - B ) d x  A  f  (2j: + p ) d x  A p  \ f  d ( x +  2 )

J ( x2 +  p x + q ) s 2 )  {xi +  px +  qy ^ \  2 J)  ^  , P J  ^  P2y  ’

SyHAa
2

a 2= < 7 -----p  t =  x -\ ~ Y  SeArHJiauuiap kh ph th 6 ,  hkkhhmh HHTerpaJi

r  [  dt
* s =  j '^2_|_a2^s KypHHuuira KeJirapHAaAH Ba y  KyHHAarn peKyppeHT 

cf>opMyjia epAaMHAa TonnjiaAH:

, __ _____________ t____________  . 2s — 3 j
s 2 (s — \)a2 ( t2-\-a2) s~ i 2 ( s — l ) a 2 s _ ' '

S O y  ___  1

—5-----------dx.
x +  4x +  8E M H III.

f  3 x —  1 f 2 M + 6 - l J

J x 2 - 4 x  +  8 d X =  J x 2 - 4 x  +  8

d x

4x +  8 “ ^ t , j J x 2 —  4 x  +  8

= -| ln | x 2_ 4 A: +  8| +  5$
dx-

( x - 2 ) 2 +  22

—  2 In U 2— 4 x 4 * 8 1 +  JL a r c  tg  - )-  c.
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f) M H (  0 Jl. .UllTCrpaJIHH Toil HII r:

3* + 2 dx.
(^  +  2*+10) 2

E M H L1J. { ---- 3x^ 2------2d x =  [  2
J ( x  - i -2x-\- 10) J

-|(2x +  2)—3 +  2

(x2 +  2x: +  10)2 J (x2 +  2x+10)2
d x =

—  J L f  ( 2 x  +  2 ) d x  f  d x  _  3  f  rf(*2 + 2 x + 1 0 )

_  2  J ( * 2 +  2 x + 1 0 )2 J (jc2 +  2 j c +  10)2 2 '  (x 2 +  2 x + 1 0 )2

d ( x + 1 )  3  1 r
In.S [ ( j c +  1 ) 2  +  3 2 ] 2 2  * 2  +  2 j c + 1 0

ByHAa / , =  ^ , s =  2, u — x -+ -1 Ba a2 =  9 Ae6 6eJirHJia6, 
J [(*  +  1) +3 ]

lOKOpHAarH penyppeHT (J)opMyjiaAaH (})0ftAaJiaHaMH3:

= T » ( t + 9 +  S T + s ) ” Ts ( " 7 + 9 + 1 "arc lgT ) ■

y3rapyBMH x  ra KafiTca-K,

’ /!- ^ ( T ^ T f e + *5-arC t8^ ) “

= “ iW i

UiyHAaft khjihS,

f  (3*+2 )dx ___________3 _________x + l _________
J (jc2 +  2x+ 10)2 ~  2(x? +  2x+10)  18(jc2 +  2jc +  10)

1 i X “j”  1 j fy

5 ? 3 ^ 3 ,

QmW6.3.4. ——— pauHOHaji KacpHH HHTerpaJiJiauiAaH (w a h h  KyHHAarH

a jire6paHK ajiMauiTHpHiujiap Ba x,Hco6jiauuiap SajKapHJiaAH:
a ) SepHJiraH Kacp TyppH Kacp 3K3hhhh TeKHiHpHui; arap  Kacp 

HoryrpH Syjica , y x,0JiAa yHHHr SyTyH khcmhhh  a>KpaTHiu, HtHH
V-,

Qm(*) , \ . r(x)
=  q ( x )  +
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t> T (jt) o
u ia K Jira  k c j i t h p h lu ,  S y H A a  q ( x )  — K yn x ,a A , . sea  T y p p H  p a u H p H a ji

“n W
Kacp;

6 )  K acpH H  H r M axpa>KH P n( x )  h h  ( x  —  a )  Ba ( x  + p x  +  <?)s K y p n - 
H H U iA a rH  MH3HKJ1H Ba K B a A p a T  K y n a H T y B M H Jia p ra  a w p a T H in

(p2 — 4 ? < 0 ) ;
b ) T y r p n  p a u H O H a ji K a cp H H  3H r c o A A a  K a c p jia p  H H FH H A i’ C H ra  e H H U i; 
r )  e H H JIM aH H H r K 03(})({)HII,H eHTJiapHH H X H C O S jia U l.
6 - m h c o j i . H H T e rp a j iH H  TonH H r:

S x4 — 8X2 +  16

E h h u i .  BepHJiraH pauHOHaji Kacp H oryrpH  K acp  SyjiraHJiHrH yqyH  
yHHHr 6 y T y H  k h c m h h h  a * p a T a M H 3 :

X 5-f- 1 x4 —  8jc2 + 1 6

* + '  - d x .

x5 — 8x3 +  16* 
8jc3 — 16jc+  1

/XeMaK,

x5+ l  _  8a:3 — 16-c +  1 =
x4 — 8 a2 + 1 6  X  x4 — 8a2 +  16

. 8a3— 16*+1
=  X-\------------ -̂--------„ .

( x  — 2) ( *  +  2)

Tyrpn KacpHH 3Hr com a Kacpjiap ftHFHHAHCHra Shmhs: 

8a3— 16*+1 A  . B C . D

(* — 2)2(* +  2)2 x — 2 (a —2)2 * + 2 (a +  2)2

M axpa>K jiapA aH  K yTyjicaK ,

8xs-  16* +  1 = A  ( x  +  2 ) 2( x - 2 )  +  B ( x  +  2 ) 2 +  
+  C ( x  — 2 )2(x  +  2) + D { x - 2 )2.

HoMa"bjiyM K03(})(J)HUHeHTJiapHH Tonnui yqyH TeHrjiaMajiap CHcreMacH- 
HH Ty33MH3:

3 3 = 1 6  5,

■31 =  16 D,

8 = i4 +  C
0 =  2 A + B  — 2C  +  D.

x  =  2 

x =  — 2

x 3na 

x 2 Aa

By CHCTeMaHH eHH6, K03tj)(})HU,HeHTJiapHH T on aM H 3 :



/U'MfIK,
127 33 129

32 , 16 , 3 2f ( / ' + \ ) d x  f  (

3 ^ _  8x2+ 1 6 - J  V x  2 {x  — 2 ) 2 x -\-2 

3] \
16 I , x2 . 127, , n l 33 .

l i + 2 ) 5 - T e T ^  +  

• 129 '" U + 2 1  + T T ^ + C .1 32 1 1 1 1 16 (x +  2)

3- dapcxona TonuiupuFu 

BepHJiraH aHHKMac HHrerpajuiapHH ronHHr:

1. j s f ± a i + ± ln_____ u i!_____+ c
x  — x  — 2x 2 3 (x — 2 )2( x + l )

2. [ * p ^ p ± 4 x .  M: C -------
J x3- 2 x 2 +  x x - 1  r  | x - l|

3. \ - A + ± ^  d x . K ;  c ------J L _  . l n i £ z l ) l
J x ( x - l ) 3 -• ( x ~ \ f  UI ■

4. >K: C  +  | l n - ^ ^ + - ^ a r c t g - ^ .
J x3+ l  6 ( x + 1 ) 2 3 s  V 3

S ( x + 1 ) d x  9 ov i i i

(x2+ x + 2 ) ' ( x 2 +  4 x + 5 )  ■ >K: C + T V 7 a r c t g ~ V “  - y a r c t g ( x + 2 ) .

5. f --------- —--------- w -. f  | 1 in (* + • )2 i
3 ( x + D I ^ + ^ + l ) * -  * •  C +  2 ,n J + x + l  +

^ + - ^ W - c t g -2' + '
3 (x 2 +  x + l )  3 V 3  s  V 3 ' 

<3- MycraKfUA utu

AHHKMac HHTerpaJi JiapHH TonHHr:

1. f j £ 3.± ^ 2.- 22̂ - 8 dx  y^ : 5x +  lnx2(x  +  2 )4| x -2 | 3+ C .
J x — 4x

2 f  dx  ^ . 9x2 +  50x +  68 .

J ( x + 1 )  (x +  2 )2(x +  3 )3 ' 4 (x  +  2) (x +  3 )2

+  i l n ( x + 1) (x  +  2 ) 16 

(x  +  3 )17
+  c.

3. $ — ---------— :-----------  . >K: C ------ l— — a rctg (x  — 2).
( x — 4x +  4) ( x — 4x +  5) x — 2
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4. f ----------- * L - --------  )K; C —  -. i / r r  + ^ l n  ( I + ^ T  +
J ( l + x )  ( l + x 2) ( l + x 3) 6 ( 1 + * )  6 1— X +  X2

, 1 , 1 . 2 x — 1
+  ?  a r c t g j c - ^ y  arctg — j j -  . 

5 f  d + ?   dx- * :  — ' - p —  +  2arctg* +  ln - f c t L  +  C.
J  ( x + 1 )  ( ^ + 1 )  2 ( *  +  *> * \ / x2 +  1

/  i i \ 4 j  v 3  5 x 3 +  1 +  1 Sx +  8 | f>

4- §. ^ ( s in x ,  cosx)dx KypHHHiUAarH HHTerpajuiap

\/? (s inx , cosx ) d x  KypHHHiiiHAarH HHTerpaJiJiap ( R  —  sinx Ba cosx 

ra HHceaxan paunonaJi c^h ku h h ) t g a J i M a u i T n p H O J  epAaMHAa 

paUHOHaJi (JjyHKUHHJiapHHHr HHTerpaJiJiapnra (3 -§ ) KeJiTHpHJiaAH. 

MyHKH,

2tgi  2t 
s i n x = -------------=  — ’

i + t f - f  1+<

‘ - t f f  I - * 2
cosx  = ---------- — =  j  .

i+ tg 2|  *+*

2 dt
x  =  2arctg£; d x = - j - ^ .

ByHAafi aJiMauiTHpHiu Kyn xoJiJiapAa MypaKKa6 xHCofoiauiJiapra 
ojih6 KejiaAH. I l ly  ca 6a6jiH 6at3H  xycycnft xan^apAa KypcaTHJira^H 
xHJiAara HHTerpaJi JiapHH TonnmAa KyHHAarn coAAa ypHHra KyHHiu

^a?a^  a ra p ^ ^ s in x ^ c o s x ) H<}>OAa sinx ra HHcSaTaH t o k  (J)yHKUHH, ht>hh 

R (  —  sinx, c o sx ) =  — i? (s in x , cosx ) 

g y jica , y  XOJiAa cosx =  t ypHHra KyHHiu 6y cJjyHKUHHHH p a iw o-

n ^ a r T S n * .  c o s * )  “ ‘t’ 0 53  c o s x r a  H H c 6 a T a H T 0 K 4>Yh k u h h , h t >hh

R ( sinx, —  co sx ) =  — R (s inx , cosx )

Syjica , y xo jiab  HHTerpaJi s in x = ^  ypHHra KyHHiu 6HAaH pau,Hohbji 
(hvHKUHHAapHH HHTerpaAJiauira KeATHpHAaAH;

b) arap  %  (s inx , cosx ) H(})OAa sinx Ba cosx  ra  HHc6aTaH * y(J)T

(J)yHKUHH, H"bHH
R ( — sin — cos.v) — R (sinx, cosx)
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KWim 6l  'l)y |IKUH>1 =  t ypHHra KyflHUJ 6HJI3H paUHO- 
iitijuiaiinH|)MJia;ui, By xojuia

c o s 2jc =
1 + t g 2*

s in 2* : tg2*

i i + t g  *

*  =  a rc tg / ; d x =

l +  t2

t2 

l + t 2 

dt

1+/2

r ) a rap  / ? (tg * ) Syjica, y  xcwfla HHTerpaJi ocTHflarH Htbona HHa 
t g *  =  / ypHHra KyHHiu 6 HJ ia H paiwoHajH iauirapHjiaflH

1- m h c o ji. HHTerpajiHH TonHHr:

dx

4sinx +  3 co s*  +  5 '

E m h u i .  t g y = /  ypHHra KyfiHumaH (})0HflajiaHH6, HHTerpajiHH
T o n a M H 3 :

s «
dx

4sin *  +  3 c o s * - f  5

2 dt

t g 4 = t , s in *  = 21

dx-- 2 dt

l +  r
c o s * =

i + r

l —t2
i +  t2

dt dt

1 + t 2

- J -

2t + 8 /  +  8 ^ /2 +  4  ̂+  4

\ + r

dt

( t  +  2 Y  t +  2

2- M H c o JI. HHTerpajiHH Tom m r:

f  ( s in * - j - s in 3* )  
J  cos2x

+  c = c -
tR-f +  2

dx.

E h h i u .  H H T e r p a J i  o c T H A a r a  (JjyHKUHH s i n *  r a  H H cdaTaH to k  
4>ym kuhh, UiyHHHr yn y H  c o s *  =  / y p HH ra K y im u w a H  (})OH aajiaH aM H 3:

sin*  +  sin3*  j . .  / c o s ^  =  ;̂ s i n 2* =  1 — t2,
cos2* dx  — \ s m x d x =  — dt ; cos2*==2/2— 1

} -

(1 +  sin2*) sin* ^  r ( 2 - t 2) ( - d t )  r f i - 2  _ l r

J 2t2— 1 J 2/z - l  2 JL'0s2x
i f  (2^ — 4 )^

2^2— 1
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.iiiiliiiiliii

S ^ -

l ^ r  l " f S r r l + c -

3 -  m h c  o ji  . HHTerpajiHH TonHHr:
i

f  cos3* + cos5*

sin2* + s in 4*
dx.

E  h h u i . H H T e r p a J i  o c T H A a r a  (JjyHKUHa c o s *  r a  H H cSaTaH  to k  
OyHKUHH, u iy  c a 6 a 6 j i H  s i n *  =  / yp H H ra  K yftu u iA aH  (J)OHflaJiaHaMH3:

S eos3* + c o s 5*  ^  __ r cos2* ( l  +  cos2* )  cos*

sin2*  +  sin4*  J sin2*  +  sin4*

[s in *= / , COS2* = l  —  /2 f  (1 — <2)(2  — <2) f  tA —  3t2+  2 

i c o s  x d x  =  dt j _ J ?  +  S +  t2
-dt.

3 h a h  HOTyrpH pauH O H a ji  K acpH H H r S yT yH  k h c m h h h  a>KpaTH 6  Ba 

T y r p n  pauH O H a ji  KacpHH 3Hr c o m a  K a c p j i a p r a  eHHfi, H H Terpa j iH H  

TonaM H 3:

=  5 ( ‘  +  l - T ^ )  dt =  ̂ l - 6 a r c . g l +  C.

UiyHAaft k h j i h 6, s c k h  y3rapyBHHra KaHTcaK:

r_cos^+co£x d x = = s i n x _  2 _ 6 a r c t g ( s i n x ) _|_C .

J  sin x  + s i n  *  sinj::

4 - m h c o j i . HHTerpajiHH TonH H r:

f  dx

sin2* +  3

Emhui .  H H T e r p a J i  o cTH flarH  <J)yHKUHH s i n *  B a  c o s *  r a  H H c6aT aH  
>Ky4>T OyHKUHH, u iy  ca6a6jiH  t g *  =  / f l e 6  o jiaM H3:



5- M H C OJI. l'lllT<,'l'|>aJII!H TOIIHHr:

dx

h +  tg* ‘

Ii M h in. H urerpaJi ocTH.uath c|)yHKUHH 4>aKaT tg x  ra  Sotjihk  6yji- 
raiiH y iiyu tg x  =  / Ae6 0JiaMH3:

■ ^  x = a r c lg i ,  j ^

Ji-i-tgir | =  | J (1 +/2)(1 +/)

HHTerpaJi oc raA a ra  Oyhkuhhhh sh t coAfla K acp jiapra eun6,  
HHTerpajiHH TonaM H 3 :

S ( i +/2) ( i + o  S U + o  2 d + ^ ) )
d t-

— "j^lnl 1 -M l — ^ ln| 1 -M 2| -f-yarctg^-|-C.

3 ckh y3rapyBMH x ra KaHTcaK,

$ 7 ^ =  | l n H + t g x l - | l n ( l + t g 2x) +  | x  +  C =  

=  ̂ ln I I +  T *  +  C = :Y ln | c o s x (l+ tg x ) | +

+  y X  +  C =  y X  +  -|-ln|cosx +  sinx| + C .

4- dapcxona roniuupuFu 

BepHJiraH aHHKMac HHTerpaJi JiapHH TonHHr:

1- [ . . d* ------ )K : 4-ln | 5 tg 4 + 3  I + C .
J 3 +  5sinx +  3cosj: 5 I 2 I

2- St = § S F -  j a r c t g ( 2 t g f ) + C .

3. f — in | sinx| — sinx +  C.
J sin jt +  siru

4. \-------- * L -------- >K: l n | t g 4 | + - i = l n | i ± ^ i | + C .
J sinjc(2cos jc—1) I 2 I -\/2 I 1— -\/2cosx I

5‘  ̂ ,  2 X, ,  ■ 2 • ^  y a r c tg (3 tgx ) -)-C.
J 4 — 3cos x  +  5sin x  J

«  f sin2xcosxdx w l i i -  i i 1 / • , s 'b. \—— ---------—In sinx +  cosx — -cosx(sinx +  cosx) 4 -C.
J sinx +  cosx 4 4 '  7 1
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7. [ ______ ^ -------- >K: 4 ^ x  — ̂ ln | tg x  +  2|
j  4 +  tgx  +  4ctgx 25 25 5 (tg *  +  2)

— |rln|cosx| + C .

8. f . (2tg*+3>rfL . >K: i n ( t g 2x + 2 ) + ~ f a r c t g ^ |  +  C.
J sin x +  2cos j: V-*

4 - Mycra^uji uiu 

BepHJiraH aHHKMac HHTerpajuiapHH TonHHr:

5tg^- +  4

>• i - n r -  >K: fa r c t g -----1-----+  C.J 5 +  4sinx 3 3

2- l - i a  +  c o s x l + ^ j a r c t g ^ t g f ) + C .

3. \ _____c- ^ _____>K: ± i n f - - s^ + C .
J sin2x —6sinx +  5 4 ' slnjc

4. t dx , • * :  | a r c t g ( 5 f ) f C .
J 1 + 3 cos jc 2 \ *  /

\ — 2 ^  2 • arct&J ^ i r  1 ^J 3sin x +  5cos *
5.

6. f 1+tg*-rfx- >K: C — In| cosx — sinx|.
3 1—tg*

5 -§ . TapKH0HAa TpHTOHOMeTpHK (JtyHKUHSIJiap 

SyjiraH 6ai>3H HHTerpajuiap

6.5.1. $ s in "xcosmxd x  KypHHHUiHAarn HHTerpajuiap KyHHAarnua 
TonHJiaAH:

а )  a r a p  n > 0 to k  Syjica , cosx  =  t, sinx d x = — dt  y p H H r a  KyftHiu 
HHTerpajiHH pauHOHaJiJiauiTHpaAH.

1-MHCOJi .  HHTerpajiHH TonHHr:

5 sin3x - c o s 2xdx.

E mh u i .  sin3x  Aapa>KaAa 6nTTa sinx KynaftTyBHHHH a>KpaTaMH3 Ba 
yHH AH(J)({)epeHUHaA ocra ra  khpht3m h3:

J sin3x - c o s 2x d x =  J sin2xcos2xs in xdx  =

=  —  5 sin2x cos2xd  (c o s x ) =  —  5 ( 1 — cos2x )  cos2x d (c o s x )  =

=  — J (cos2x — cos4x )d (co sx ) =  C — yCOS3x+yC O S 5x;

б ) arap  m > 0 t o k  6y jica , y  x,0JiAa sinx =  /, cosx d x  =  d t  ypHHra 
Kyftnui HHTerpajiHH paUHOHajiAauiTHpaAH.
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u
2- m h c o j i  . M iiTerpajiHH ToriHHr:

V  sir>4*
E M H UI.

cos3xdx  f  cos2*cosxdxS c os3 x d x __  f

sin4 3̂*  Jsin"/Jjc J sin3/4*

__  f  (1 —  sin2* ) d ( s i n * )  f  (  . — . t  V ,  -

_  J ------ =  J Ŝm * ~ sin */rf(smx)
_____  5

=  — 3sin 3x — |-sin3x +  C =  C ----------------- \/
5 1 3,—— 5 Vysinx °

sin5x .

b )  a r a p  m , n ^ 0  >KycJ)T 6 y j ic a j ia p ,  y  xo j iA a

-^sin2a, sin2a  =  4* Zs in acosa= -i-s in 2 a , sin2a  =  ^ ( l  — cos2 a ),

c o s 2a  =  y  ( I + c o s 2 a )  4>opMyjia jiapAaH <})OHAajiaHraH xo j iAa  h k k h -

JiaHraH SypHaKJiapra y r a 6 ,  CHH„yc Ba KOCHHyoHHHr Aapa>KacHHH 
nacaHTHprnii KepaK.

3 - m h c o j i .  HHTerpajiHH TonHHr:

- J s in 4 xdx.
E M h ui.

J sin * x d x =  J (s in  2x ) 2d x =  J ( ± ~ ™ s2x J dx==

=  0  — 2cos2x +  cos22 x )d x  =  ̂ - (x  — sin2x +

+  $ cos22xdx) = y ( x  — sin2x-f~ i-J  (1 +  cos4x )dx ) =  

= ^ ( x - s i n 2 x + y x  +  - i sin 4 x )+ C = =

1 / 3 *  n i l -  \
=  j  [~2— sin2x +  — Sin 4 x j+ C .

r )  a r a p  m, n ^ O  Ba y j iapAaH  6npH t o k  S y j ica ,  y  xo j iA a  cy p a T  Ba 
Maxpa>KHH s in x  ckh c o s x  ra, SyjiapHHHr K 3hchhhch  t o k  Aapa>KaAa- 
JiHrnra K apao ,  KyuiHM^a KynafiTHpHiu ycy jiHAaH (|)OHAaJiaHHm KepaK. 

4 - m h c o j i .  HHTerpajiHH TonHHr:

r dx
J s in * '

t M H U I .

f  dx  f  sin*dx f

J sin* =  J sin2̂  =  ~  J
d (  cosx)

1 — cos2*
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a )  arap  m-\-n<zO  Ba *ycf)T Syjica, y  xojiAa t g x —  t eKH Ĉ SX t 
ypHHra KynmuAaH 4>oHAajiaHHUi MaKcaAra MyBo4)HK. A ra p  OyHAa 
m < 0 Ba r t < 0  Syjica, y xojiaa cyHtHH y c v J i KyjuiaHHUiH MyMKHH, 
gvHHHr ynyH cypaTAarn 1 hh ( s in 2a  +  cos a )  = 1  «TpHr0H0MeTpHK

t, u \m +  n\ .
6 H p »r a  aJiMaLUTHpHUi KepaK. b y  cpopMyjiaAa k —  ̂ i .

5 - m h c o j i . HHTerpajiHH TonHHr:
1

S sin3*  ,
— i ^ d x .

cos 3 *

E m  h l u .  B yH A a  m — ̂ , n ~ — y - ,  4 < 0 .

1
t 3 dt 

1 ~~ 

1+/2

=   ̂ tT ( l  +  t2) d t =   ̂ ( t 3+ t 3) d t =   ̂ t 3d t +   ̂ t 3dt =  — t 3 +

10 o - i  o 10

+ l 0 t i  + c = T t g 3 x + l F t g 3 j c + C -

6 - m h c o j i . HHTerpaAHH TonHHr:

dx

sin2*cos4*

E m h u i. ByHAa m ~  — 2, n — — 4, m +  n = — 6 < 0 ,  

k =  \m +  n\— l = . | - _ l = 2. I l lyH A aH  khjih6:

dx  f  (sin2*  +  cos2x ) 2 , _ r (sin4*-|-2sin2*cos2*  +  cos4* )< i*
. 9 4  = =  \ r ~ 2  4 "  \  : “ o  4

sin jccos *  J sm^cos *  J sm *cos *

=  J - ^ ^ + 2 t g x - c t g x  +  C =
j  COS JCCOS *

=  5 t g 2xd ( tgx ) +  2 tgx — ctgx  +  C =  i - t g 3x +  2 tgx  — ctgx  +  C.

6.5.2. $ tg nx dx Ba J c tg "x  dx iuaKJiAarH HHTerpaJiJiap, 6yHAa n >  0 —  
SyTyH coh.

- d x = <

cos x

i , dx
tg  x =  t, — r

COS JC

2 1cos£x = ------T
i + r

=  dt\
t g 3 xdx
2 2 cos a:cos x



I>y Xh .ii HHTtM’pajiiiapHH ToriHUi^a t g 2x  ck h  c t g 2x  KynafiTyBHHJiap

a>K|)aTHJi{i/iH ea y j ia p  t g 2x  =  — ^ ------1 Ba c t g 2x = — L------- l <b0pM yjia-
coszx  sin x

Jiap CyflnMa aJiMauiTHpHJiaflH, 6y (JjopMyjiajiap TaHreHc Ba KOTaHreHc  
AapawaJiapHHH KeTMa-KeT nacaHTHpaAH. By xhji HHTerpaJi JiapHH 
tgx  — t eKH c tg x  =  / ypHHra KyftHiujiap epAaMHAa xaM  Tormm mymkhh.

7 - m h c o j i .  HHTerpajiHH TonHHr:

5 t g 4*: dx.

E m h in. B y MHCOJira lOKopHAarn ycyjiH H  KyjuiaHMH3 :

1 - ycyn.  ̂ t g 4x d x =  \ t g 2x - t g 2xdx =  \ t g 2x — —------\ t g 2xdx =
J J J COS X J

=  U g 2x d ( t g x ) -  \ ( — -----— *&* +  *  +  £•
J  J - \  COS X  /
2- ycyA.

f t  gx =  t,

|x =  a rc tg^ , dx-
l i —j— r

=  S (/2_ 1 J r T + ? ) d t = \ ~ / +  3rctg^ +  c= ::- ^ — t g x + x  +  C.

6.5.3 . ^ s e c nx dx  Ba ^ c o s e c nx  dx  KypH H H iiuarH  HHTerpaJiJiap. H K 

KHTa xo jih h  KypaMH3:

а )  a ra p  n t o k  S y jic a , y  \ojiaa t g - ^ - = ^  a j iM auiTHpHiu^aH  cj)OHfla- 
JiaHHJiaAH;

б) a ra p  n  »:y (J )T  S y jic a , y  xo jiA a  tg x = t  ypHHra KyfiHiu^aH 
4>OHflaJiaHHJiaAH- eKH s ec2x ,  eKH c o s e c 2x  K yn aH TyB ™  a>KpaTHJiH6,

sec2x d x = d ( t g x )  eKH cosec2x  =  d (c t g x )  ne6 ojiHHam, KOJiraH a a p aw a - 
Jiap aca

s e c 2x =  1 + t g 2x  eKH c o s e c 2x =  1 + c t g 2x

cjsopM yjiajiap SyfiHHa ajiM auirapHJiaflH .
8- m h c o j i .  HHTerpajiH H  TonHHr:

dx

\7,

Ehhui .  t g y = /  yH H Bepcaji ypHHra K y ftn u w iH  (|>OH,fl,ajiaHaMH3 :

T  ( - 1 7  +  2 ln 1' 1 +  T  ) + C “  T 1 n 1' 1 + - I ? 1  +  C “

? ln I ' K f  l +  ^ r - + c =  l |n I ‘ g #  I +

(  ■ 2 X 2 x \ t[ sin —— cos —  )• 1

8 tg2l

+  ^ ----2 ^  2 )  ' +  c =  | ln | tg | | -  ~ ^ - + C .
cos2f . 8 t g 2| . c o s 2- |  2 2 s ln *

9- m h c o j i .  ̂ - A x HHTerpajiHH TonHHr.
J COS X

E m h ui. — KynaHTyBHHHH a>KpaT3MH3 Ba dx = d ( tgx ) n.e6
COS X cos X

0JiaMH3.

\ \ ------H T =  \ ( “ V Y  d ( t g x ) = \ ( l +  tg 2x) 2d (tgx ) =
J COS X J COS Jt COS X J \  cos /  J

J ( l + 2 t g 2x +  tg4x )d ( t g x )= t g x  +  -|tg3x +  ̂ -tg5x + C .

6.5.4. J s inmx-cosnxdx,  ^cosmx -cosnxdx,  \ sin/nx- sinnxdx Kypn- 
HHUiAarn HHTerpaJiJiap KyHH^arH M a u iy M  TpnroHOMeTpHK cj)opMyjia- 
JiapaaH <})OHflaJiaHHJica, ocoh  XHCoSjiaHa^H:

s in a -co sp = y (s in (o c  +  p) + s in (a  — p) ) ;

c o s a -c o s p = y (c o s (a  +  p) -f-cos(a  — P ) );

siria-sinp =  y (c o s (a  — P) — cos (a  +  P) ) .

By ( } )opM yjia j iap  TpnroHOMeTpHK cjiyHKUHHJiap KynaflTMacHHH 
h h f h h ^ h uiaKJiHfla HcJjoaajiaiu h m k o h h h h  6epaj,H .

10- m h c o ji . 5 sin2xcos5xdx HHTerpajiHH TonHHr.
E 4 H UI. TpHTOHOMeTpHK (J)yHKUHHJiap KynaHTMaCHHH HHFHHflH 

6HJiaH aJiMauiTHpaMH3:

 ̂ sin2xcos5xdx=-i-^ (sin7x +  sin ( — 3 x ) d x — y   ̂ sin7xdx —

---- j  ^sin3xdx= — cos7xH—^  cos3x-f- C-
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I I  M h c OJI. HuTorpaJiiiH ToiiHur:

\cosx•cos2x■cos4xdx.

1{ 'i h iu . KeJiTnpHJiraH cj)opMyjiajiapHH hkkh MapTa KyJiJiaHMH3i 

^ co sx -cos2 x -cos4 xd x= “?r̂  (cos3x +  cos ( — x ) )  cos 4xdx — 

= y ^ c o s 3 x  cos4dx +  -|-^ cosxcos4xdx =

=  y   ̂ (cos7x +  c o s (— x ) )d x  +  y   ̂ (cos5x +  cos ( — 3 x ) ) dx =

=  ±  ("J -s in 7 x+4 -s in 5 x+4 -s in 3 x  +  s in x )+ C  =
4 \ 7 5 . «j /

=  y  ( y  s in 7 x + y  sin5x +  y  sin3x-|- s in x )+  C.

5- dapcxona TontuupuFu 

BepHJiraH aHHKMac HHTerpaJi JiapHH TonHHr:

1. \ cos3x-sin6xdx. )K: C + - —^ ------
j  3sin x  5sm  x

2.  ̂ sin5x-\/cos3xd x . >K: —  -\Jcos'sx — cos8x — J _ y cos28x + C .

3. ^sjn2x-cos4xdx. >K: - ^ x  — -^sin4x +  -^-sin32x +  C.

4  [  d x  >k;- ( t g 2* ~ 1) ( t g 4* + 10tg 2-t + 1) | q

J sin4xcos4x  3 tg3x

. >K: ± t g 5x +  | t g 3x +  c.
J COS X

6. Jtg3xdx. >K: y t g 2x+ln|cosx| + C .

7. >K: C - c t g x - | c t g 3x - y c t g 5x.
J sin x

8.  ̂ cosx-cos23xdx. >K: c + y s in x + - ^ s in 7 x  +-^-sin5x.

5
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5- MycraKfUA uui

BepHJiraH aHHKMac HHTerpaJi JiapHH TonHHr:

3

1.  ̂ sin3xdx. >K: C — cosxH—Cy  -- C.

2 . J c o s 4-^dx. >K: ~ + ^ + ^ j f ^ + C .

3. [ — r ^ - g - .  >K: C ----- ^ + 3 1 n | t g x |  +  y t g 2x  +  y t g 4x.
J sin x-cos x 2 i£ x  1 4

4. M : - ^ + ^ ^ - + ~ \ n \ i g x  +  secx\ + C .
J cos x  4COS X 8 COS X 0

5. >K: t g x  +  y t g 3x  +  C.
J cos X s

6 . J s in x .s in 2 je .s in 3 xdx. >K: ^ o s 6x  - 1 ^ o s 4 x - ^ o s 2 x + C .

6-§. HppauHOHaji nt|)OAajiapHH HHTerpaJiJiaui

/  _!!l *"2 \

! * ( * ( ■ = & ) ' •  ( = & ) ' ■ ■ ■ >
KypHHHiu/iarH HHTerpaJiJiap (R  —  pauHOHaji (JjyHKUHH Ba m i, n\, m 2,

n2 _  6y Ty H coH Jiap) ^ + r f ' —  t s ypHHra KyuHiu epAaM HAa HHTerpaJi - 

jiaHaAH, SyHAa s —  ti\, n.2, ... coHJiapHHHr sh t khmhk yMyMHH KappajiHCH
( 3 K Y K ) ,  fl-bHH s =  3 K y K ( n i ,  n, ...).

m, m2

XycycaH , J R(x , ( ax  +  b) "2 , {ax +  b) "2 ,...) dx KypHHHUiAarH 

Hurerpajuiap ax +  b — ts ypHHra KyuHiu epAaMHAa TonHJiaAH,

m[ rn2

 ̂ R( x ,  x " '  . x "2 ,. .. ) dx KypHHHUiAarH HHTerpaJiJiap aca x =  f  ypHHra

KyftHiu epAaM HAa h h th  yarapyBHH t HHHr pauHOHaji c^ h k u h h ch  
HHTerpaAHra KeJiTHpHJiaAH, 6yHAa yMyMHH x.oJiAarHAeK, s —  d l w M r t i ,  

« 2, ...)■
1-MHCOJ1. HHTerpajiHH TonHHr.

r  dx

V  ( 2 x + l ) 2 — V 2jc+ 1 
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I! 'I H ill. 3 K Y K  (2, 3) = 6 ,  uiyHHHr y-iyn:

r *  ______ J  2* + 1 ^ ’ 1

]  V r ^ s - V K + T  I  ^ =  T « e- l ) ;  ^  =

r 3f a t  r ? d t  r ( t2- i )  +  \ d t _

=  j  t4- t 3 J J * - i  i

=  3 ^ (/ +  1 +  t (^~^ 0  2+ ' n i ^— II +  C =

=={ ^ = ^ / ^ T } = | ( V 2 x + I  +  l ) 2+ ln |  ^ / o T + T - l t + C .

6.6.2.  ̂ #  ( * ,  -\Jax2+ b x  +  c ) d x  KypHHHiiiAarH HHTerpaJiJiap (/? 

pau,Hohsji (JjyHKUHH) KBaApaT yq^aflAaH Tyjia KBaApaT a>KparaAra- 

HHAaH Ba y3rapyB4H z =  x  +  ~ ^  OAHHraHHAaH kchhh KyfiHAarH

KypHHHLUAarH HHTerpaJiJiapAaH SHpnra KeJiTHpHJiaAH:

a)  ̂ R (z , ~\Jm2— z2)dz ,

6) ij R (z, -\jm2+ z 2)dz,

b) ij R (z, -\jz2— m 2)dz.

Arap

a )  z =  msint eKH z =  mcost;
6) z =  mtgt  eKH z =  mctgt;
b ) z =  msect eKH z =  mcosect

TpnroHoivieTpHK ypHHra KyHHUijiapaaH ( })OHAaAaHHAca, 6y HHTerpaJiJiap 
j/?(sin^, cost )dt  KypHHHiiiAarH HHTerpaJiJiapra KeJiTHpHJiaAH.

2 - m h c o j i  . HHTerpajiHH TonHHr:

r dx

V (-c2 +  4a: +  7)3

E h h l i i .  K s a a p a T  yHX,aAAaH Tyjia KBaApaT a>KpaTaMH3 Ba hhth 
z y3rapyB4HHH KHpHTaMH3. I I IyHAaH  kchhh roKopHAa KeATHpHJiraH 
6 ) TpHroHoMeTpHK ypHHra KyHHUiAaH (J)0HAajiaHaMH3:

dx

V u 2 +  4x +  7)3 J ^j[{
f  dx — ( x  +  2 =  2,1
J V [ ( x + 2 ) 2+ 3 ] 3 \ d x = d z  J
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S dz

V  (z2 +  3)3
s V ( 3 t  g ^  +  3 )3

V 3  r _________ dt  _ _ 1 _  C dt

3 V 3 J COS2/ V  (1 + t g 20 3 3 cos2/----- -
cos 3t

z

=  - U  c <*«« =  -U in f +  C =  +  — # - t + C .
3 J 3 3 y 1 + t g2t 1V' + T

_L___ ?___ J - C  =  -L *+2 + c = -  , * +2 + C .
^  Q I o '  _ _  / 9 . . .

3 ^ 3  +  z 2 ' ~  3 V 3 + ( *  +  2 ) 2 ' 3 a /x2 +  4x  +  7

6.6.3. ^ ■ - -  KypHHHLUAara HHTerpaJi KBaApaT yMx,aAA3H 
~\J ax? -\-bx-\-c j

•ryjis KBaApaT aw paTH in  iiyAH 6HAaH  ̂ ■■■- eKH  ̂ * a A -

B3Ji HHTerpsJiJiapHAaH SnpHra KeATwpHAaAH.
3 - m h c o a . HHTerpajiHH TonHHr:

dx

E m h i i i . K s a A p a T  yq^aAHH y u i6 y  KypHHHiura KeJiTHpaMH3: 
x2 +  2x +  5 =  ( x +  l ) 2 +  4. ByHAaH cj)OHAaAaHH6, HHTerpaAHH TonaMH3:

f  dx  _ f  d ( x + 1_)-----  _ | n | | - J x 24 - 2 x 4 - 5  I -4 -C .

J V ^  +  2^+5 J V ( ^ + ! ) 2 +  4

6.6.4. \— -----KypHHHiimarH HHTerpajiAap cypaTAaH KBaApaT
~\J ax2 +  bx-\-c

yux,aAHHHr x,ocha3Chhh a>KpaTHiu H a T H *a cH A a  HKKHTa HHTerpaAra 

KeATHpHA3AH: yA3pA3H  6npH  ̂ I— >KaAB3JI HHTerpaAH, HKKHHMHCH 3C3

6.6.3- 6aHAA3 K apaAraH  HHTerpaAAnp.

4 - m h c o j i . [ — - 3 x + 4  ■-=  dx HHTerpSAHH TonHHr.
J V e x —x2 —8

E q h u i . C y p a T A a  HHTerpaA ocTHAarn H(})OAaHHHr x,ocHJiacHHH 

a>KpaTaMH3:
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3
f  3 x + 4  , r  —  2 ( ~ 2jc+ 6 )  +  13

> 7 ^ " > )  ~ l ^ ^ r ~ d x =

— I - S — r = = - * + i 3 (  f tx~ 3>
^6x — x - 8  V 1 — (jc — 3)2

=  — 3^ j6x  — x 2— 8 +  13arc s in (x — 3) + C .
'\

6-6.5. \ " - f *  ■= -  KypHHHUiAarH HHTerpaJiJiap — —  _  / 
( j [ - a )  V «  + ^  +  c x  — a

ypHHra KyftHiu epAaMHAa 6.6.3- SaHAAa KapajiraH HHTerpajira KejiTHpH-

5- MHCOJI .  \-------------* HHTerpajiHH TOUHHr.
J ( x + l )  °( x + 1 )  V * 3 +  3 X - 3

x + I  =^ q H 111 ■ r-t-1 — ^.ypHHra KyflHuiaaH <J)oftAajiaHaMH3:

S dx

( x + 1 )  V * 2 +  3x +  3 

dt

x  + Y = t ' X~ 1  1;

x + l = y ;  d x = - —  
t i1

- dt

=  - .  S — — j - ----- r  =  C — ln| * + - £ + '
j  V<2+ ^ + l J -y l ( t + ± J  ■ 3

+ ~4

+  V /2+ ^ +  1 I = c  —  In I — !— b — + - - x2+3jc+3 1
i x + i  ' 2 1 x + i  r

6.6.6. \xm(a-jr bxn) pdx KypHHHUiAarH HHTerpaJiJiap (m , n, p —  
pauHOHaji coHJiap) AH(})(})epeHUHaJi SnHOMJiapn HHTerpajuiapn AeS 
aram6,  yMTa xojmarHHa a/ieMem-ap <|)yHKUHHJiap opKajm H(|)OAajiaHa- 
Ah:

„ „a ) a..raP P - ~ 6yTy H C« H Syjica; y xojiAa HHTerpaJi x = / s ypHHra 
KyftHiu epAaMHAa (SyHAa s —  Kacpjiap Maxpawjiapn m Ba n HHHr 3Hr 
khmhk yMyMHH KappajiHCH) pauHOHaji 4>yHKUHH HHTerpajiHra KeJiTHpH
JiaAH;

6) arap SyTyn coh Syjica, y xoJiAa HHTerpaJi a + b x n— f

ypHHra KyftHiu SHJiaH pauHOHaJuiauiTHpHjiaAH, SyHAa s —  p KacpHHHr 
Maxpa>KH;
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b )
J!1±_L _)_p — SyTyH coh Syjica, y xojiAa a +  bxn =  ts-x n AeS

oJiaMH3, 6yH.ua s —  p KacpHHHr Maxpa>KH.

6- m h c o j i .  2 +  ^ x ) 2dx HHTerpajiHH XHeoSjiaHr.

E m h u i .  p =  2 —  SyTyH coh , AeMaK, Shphhhh a )  x o jira  araMH3:

.  . 1 -3 ( s =  3 K . y K ( 2 ,  3 ) = 6 ,  x — t , d x = 6 t  dt)

=  \t2(2 +  t3) 26t;idt =  6\ (4 t7+ M ' 0+ t l3)d t  =

==6( i^ 8+ T r ^ ,+ i 7 ^ 4) + c = ^ =  ^

=  3 ^ + - f ^ = | ^  +  C.

7 - m h c o j i . HHTerpajiHH XHeoSjiaHr:

f V * +  V1
s 3/—

V * 2

dx.

2 « 1 1 +  1 / 2 I 1 \  ̂ __
E m h u i .  ByHAa m — — n = y > P  =  Y ’ — n— = V— 3 / 3 ~~

_  1 _  6yTy H COH. Hkkhhmh 6 ) xoJira 3raMH3 :

s
a/ ! +

3 r—
V * 2

d x =

1 + x * = t 2; — ^  =  2tdt 

3 a/*2

x 3 =  t2— 1

J 6/2ĉ  =  2/3+  C =  2 Y (1 +  {/jc) 3 +  C.

8- M H C O JI
5-

dx

1 V l + * 4
HHTerpajiHH TonnHr:

E m h ui. ByHAa p 

5

m =  — 11, n-
m + 1 — 11 +  1

2
m+1 ,

Kacp coh, a M M o ---------- \-pz
5_____ 1̂

'2 2 '
- 3 — SyTyn  c oh .

Y mhhm h  b) xo jira  araMH3 :



^x'  " (1  -|-x't) l dx =

1 + j c 4=  t2-x 4,

( < * - 1)1

; dx-
tdt

2 ( t 2— 1)5/4

( t 2- 1 )4

dt

( t 2- l ) 4

=  - y S  ( t 2- D 2d t =

= c _  J L + A ____ L = c _  V u + * 4) 5 , V ( i + x 4) 3 a / i + * 4

lOx1’ 3x° 2X2

6- dapcxona ronuiupuFu 

AHHKMac HHTerpajuiapHH ToriHHr:

I f  dx

'  2x -  \ j T ^ 2 i '

>K: C -  aJ Y ^ 2 x — 2 ^ j l ^ 2 x - 2  In | \ j T ^ 2 x  — \

9 r V xdx 

'  l + f c ‘

M  V r S

^  C 3jc +  2

>K: - f V ^ 5 ~~2 V *  + 6 a/x — 6arctg ^Jx + C .

— x dx

X
In I j / i + i V L ^  +  2arctg 

I v 1 +  V i —^
-c.

=dx.
-\jx2 +  x  +  2

)K : 3 x 2+ x +  2 + — In |x-j-— +  -̂ 2H - - f - 2 j -j-C.

dx

5- S 

« .  j

7. \

V 3

(x  +  2) V x 2 +  2x 

dx

V x (V-* + 0

>K: C +  

io- >K: C -

x +  2 

1

2 ( ^ / x + l ) . 8 9 ( ^ / x + , l ) J

8.  ̂ '\ / 2 +  -\/ x 2dx .

* :  |  ( V 2 +  ( V  +  ^ )  +  C-

q  f  dx  . ( 2x2—  1) ~\j I + x 2 . ^

J x4V T + 7 '  ' ~ 3x3 ^  

io . 5 y ?  — 4 dx. >K: -y ^ jx 2 — 4 — 21n|x +  ~\Jx2— 4 | +  C.

5- MycTaKfUA utu 

AHHKMac HHTerpaJiJiapHH TonHHr.

1- (  . )K : 4 -\/x-|-3 + 4  In | -y/x-|-3 — 1 | + C .
J V * + 3 ( ' V ^ + 3  - l )  v

2- s
-\jx — 1

dx.
( + 1)  V x

^K; - f V ^ 2 — 3 V *  — 6 V *  + 3 ln I V x +  1 I + 6 arctg  \lx + C .

3' S ^ V ^ + T + T "  ^  V x2+ x + ! — Y In |x  +  Y + ! V x2+ x + ! | + c -

4. J----------- r = T = -
( * —  1) V 6 jc— X2 —  5 2

5. \ s j T ^ 2 ^ ? d x .  ^ . • ^ V ' ^ ^  +  a r c s in ^ iL  +  C.

> K :C  +  ~
J V ( x 2+ 1 ) 5 3 V ( l + x 2) 3

7- 5 ^  a A +  Al ^ d x .  >K: J i Y ( 7 + ^ j 8 +  c

7-§. A hhk HHTerpaJi. H i>iotoh —  JlefidHMU c|}opMyjiacH.
Ahhk, MHTerpajiAa y3rapyBMHHH ajiMauiTHpnm.

B y j iaK j iaS  rtHTerpajuiam

6.7.1. f ( x )  (J)yHKUHH [a, b] K e c M a ra  aHHKJiaHraH Ba y3JiyKCH3 6yjiCHH. 
B y  KecMaHH a — x o < X i  < x 2< . . . < ; x n =  b HyKTajiap  SHJiaH n Ta khcm tb  
6yjiaMH3. X a p  6 n p  (x,-_i, x,) opaJiHKAa h H xraepH H  HyKTaHH 0JiaMH3 Ba 
yiiiSy  HHFHHflHHH Ty33MH3:

s  f d ^ x .
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6yHiia Ax, =  x ,— x, |. YiuSy £  /(£,•) Ax
<= i

KypHHHUiAarH , HHFHHAH UHTeZpClA UUFUH- 
du, 6 y  HHFHHAHHHHr m axA xr-^O  A arn  
jihm hthhh , a ra p  6 y  jih m h t MaB>KyA 
S y jic a , f ( x )  (})yHKUHHA3H a AaH b ran a  
OAHHraH anuK, unreepaA  AeftHJiaAH Ba

 ̂ n

[ f ( x ) d x —  l im  2  f ( h ) & x i
J maxÂ -̂ O j

KypHHHUiAa 6ejirHJiaHaAH. By xo jiA a  f ( x )  cj)yHKU,HH [a, b\ KecM aAa 
uHreepaAAanyeHu (pymmun. AeftHAaAH. a  Ba b coHJiap moc paBHUiAa 
HHTerpajuiatuHHHr t^yuu Ba tOK,opu HeaapaAapu AeftHJiaAH.

OyHKUHH [a, b] KecM aAa HHTerpaJiJiauyBHH S y jw u iH  ynyH  yHHHr uiy 
KecM aAa y3JiyKCH3 SyjiHiUH eTap jift.

b

Arap [a, b] KecMaAa f ( x )  > 0  Syjica, y xojiAa ^ f ( x ) dx  HHTerpaJi
a

reoMeTpHK >KHxaTAaH y — f ( x ) ,  y =  0, x  =  a Ba x  — b HH3HKJiap 6HJiaH 
le ra p a A a H ra H  arpn  h h 3h kjih  tpaneu H H  KypHHHiuHAarH iuaKJiHHHr 

k)3 hhh  H4)OAajiaftAH ( 2 3 - u iaKJi). 
6 .7 .2 . A h h k  HHTerpaJih h h t  acocH ft xoccaJiapHHH KeJirapaMH3.

b a

a) ^ f ( x ) d x = — ^f{x)dx\
a b

a ‘

6) ^ f ( x ) d x  —  0;
a

b c b

b ) ^ f { x ) d x =  ^f (x )d x -\ -  ^ f { x ) d x ;

a o c
b b b

r )  ̂ ( f\(x ) )dx  =  ^f\(x)dxdtz ^f2( ^ ) dx.
a a a
b b

A ) ^ k f ( x ) d x  =  k ^ f ( x ) d x ,  SyHAa k - ya ra pM ac ;

a a
b

e) arap [a, b] KecMaAa / ( x ) > 0  6yjica, y xojiAa ^ / ( x )d x > 0;
a

b

>k ) a ra p  [a, b] KecM aAa f ( x ) ^ g { x )  Syjica, y xo jiA a  ^ f ( x ) d x ^
a

b

^ z ^ g ( x ) d x ;
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3) a r a p  m Ba M  moc paBHUiAa f ( x )  OyHKUHHHHHr [a, b] KecMaAarH 3Hr 
kh^hk Ba 3Hr KaTTa KHHMaTH 6yjica, y  x^ojijxa

b

m (b  — a)  <  \) f ( x ) d x ^ M ( b  — a)
a

TeHrcH3JiHK ypHHJIH (aHHK HHTerpaAHH 6axoJiaui xaKHAani TeopeMa);

b v

h ) \f{x)dx =  f ' ( c )  (b — a) ,  SyHAa c £ ( a ,  b) (y p T a  KHHMaT xaKHAarH
a

TeopeM a).

6.7.3. A rap  F { x )  [a, b] KecM aAa y 3JiyKCH3 f { x )  OyHKUHHHHHr 
SoiujiaHFHH OyHKUHHJiapHAaH Shph S y jic s ,  y  xo jiA a  HbiOTOH —  
i/leHOHHUHHHr K yH H ^ arH  (J )opM y j ia cn  ypHHJIH:

• b

Stf ( x ) d x  =  F ( x )  I ba= F ( b ) - F ( a ) .
a

B y O opM y jiaAaH  3 h h k  HHTerpaJUiapuH xn coS j iau iA a  4>oftA3Ji3HHJi3AH.

?
1 -m h c oji . HHTerpajiHH xhcoSjisht: ^ dx

E ‘,h1“ ' S t L “ S ^ = 1 " | ln ^ | f= l„ , In e" ) - l n ( M = , I n 2.
e e

ji

T
2 - m h c o j i .   ̂ sin^xdx hh *HCo6jiaHr\

0

n_ n

2 2 T
E h h  m . f  sin3x d x ~  (  sin2x s in x d x =  — f  (1 — cos2* ) d (cosx ) =

o o i

: - c o s x  1* + | c o s 3x  |02 =  _  (cos|— c o s 0 )+  - l (c o s 3| —  COS3 o ) = | .

P [a > b] KeCM3A3 y3JiyKCH3, X = 0) ( n  (byHKUHH
aca AH(})(f)epeHUHajiA3HyBHH S y jin S , u iy S h jish  S u pra  a  =  m (ct) & =  
S y jic s , y  xo jiA a  y u iS y  TeHrjiHK ypuHAu:

227



KyiiHiiMa ypm ira k P h u i  ypHHra t =  ty(x) TetKapi a ji Ma lu th -
pm iuuiii (t)oflfla^anHJiaAH. B y  xoji.ua HHTerpajuiauiHHHr h u th  qerapajia- 
pn a ua p GcDOCHTa ct =  t|3(a) Ba p =  op(£>) TeHrjiHRjiap/iaH TonmiaAH. 
liyn/ia miTerpaJiJiaui uerapajiapHHH aJi Ma lu th p h  luhh  KyHHAarn waABaji 
inaKJiHAa e3HUi KyJiati:

X t

a a

b P

3- M H C O J I.

1 /. _ 2
f v x dx HHTerpajiHH xncoSjiaHr.
J x

J L2

E 4 h ui. x =  sin^ ypHHra KyftHuiAaH 4)oiiaajiaHaMH3:

5
V i - ~dx =

x =  sin^, 

dx =  oostdt,

*

£
ji

2 4

«
1

2

r _ V j - s h t L c o s t d t =  \ ^ d t =  \
J sin ( J sin < J sin t

T  T

! = ( - c t g f - f ) - ( - c t g ^ f ) = 1-

dt -

=  ( — ctg t — t)

8

4- M H C O JI . ^
xdx

■\jx-\-l
HHTerpajiHH xn cod jiaH r.

E m h in . t =  ^ j x +  1 (| )opM yjia 6y\ima y3rapyBMHHH a jiM au m ip aM H 3 :

[  xd. ^ = \t ^ X + l ’ dx =  2tdt
V i '+ l  U = f 2- 1 ,

X f

3 2

8 3

'j (/a — 1)2W<.=  2 j  ( t 2- l ) d t  =  2 ( j - -

, . 2 ( 9 - 3 )  - 2  ( f -  2)=
32

3 '
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I i i ! h i

6.7.5. A rap u =  u ( x ) ,  v =  v ( x )  (JiyHKUHHJiap Ba yjiapHHHr xocHJiaJiapu 
|«, b] KecMaAa y3JiyKCH3 Syjica, y xcviAa

vdu

UMirjiHK ypHHJiH ( 6yjiaKJia6 HHTerpaJiJiam ( } )o p M y j ia cH ) .
e

5- m h c oji . ^ xXxfxdx  H H TerpajiH H  Ton H H r.

i ^—
E m h u i .  B y jiaKJ ia6 HHTerpaJiJiam (fiopMyjiacHHH K.yJiJiaftMH3:

dx

x\n xdx =
u =  \n~x, du =  2\nx-

dv =  xdx, v =  -

A 2i 2 I e —x l n x  | [x lnxdx -

u =  \nx, du =
dx

du =  xdx, v = -
=  T e2~  ( t -lnx I > ~ Y  ^xdxS ’

1 2 1 2
26 +  J  \ x d x  =  \  | ; = ^ ( e 2- l )  .

7- dapcxona roniuupuFu 

M H TerpaJiJ iapH H  x w c o S jia H r :

1.

3.

1 3 __
\ ( y *  +  -\Jx2)dx .
0
9

W

s
2x— 1 ‘

_  dx 

x (l +  ln2x)

dx

V2 +  3jc —2x2

dx

I +  V 3* — 2 '

>K:
19

I F

>K: Y ln3 •

>K:

>K:

4 ‘

2V2 ’

* :  4 (3  +  ln | ) .
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6. \ >K: -75 a rctg  —W
I 3 f  2cosjc y  5 V  5

InO
e>

e*+2
7 . e >K: 4 —  j i  .

In2

fx \ j / - 2

~ex-

S di

W l -
4

ji

 ̂e 3j:s in 4x d x  . >K: (e  4 . + 1  )  •

8. ( ---- . >K: l n ^ ± ^
[ + 4/

4

9.  ̂e^sin^xdx.
0
1

10. a rc tg *d x .
w . n __L
^ ' 4  2

7- MycTaK,UA uiu 

Ahhk HHTerpaJi JiapHH XHeoSjiaHr:

I .  ' * : ^ - + 7 l n 2 .

3

9  [  dx - >K: -J -a rc tg y .
4x2 +  4x +  5

3.  ̂ sin2*:*!*;. >K:

0

ji 1

dx K :  21n2— ^ .
J x  +  V 2 x —  1 ’ 2

\/3 / o ■w. 2-\/3 n
V * 2- ± ^  -------------

d* >K:
11

J l+2sin2x

4

 ̂ jt2cos2xdx . )K.:
0

3a/3

it2- *
32 '
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H r  a rcs in x d x_ ^ ^ 2 - 4 .

j  V i +•*

n j i i t i i 111 i j ) j 1 i j j 11 j | [ | [ | H j j f f | ( 111 ff W FFw W f f f !

0

8- §. JIcch (J)HrypajiapHHHr io3JiapHHH xncoSjiaiii

6.8.1. y =  f { x )  (JjyHKUHH rpa(j)HrH, x =  a, x  — b HKKHTa Tyrpn mh3hk 
Da Ox  yK  SHJiaH qerap a jiaH raH  c jw rypa  azpu hu3uk,au rpaneifUH 
Al’ fiHJiaAH. ,

ByH^aH arpn HH3HiyiH TpaneuHHHHHr io3h f ( x ) ^ 0  S y jic a ,

b b 

S  =  ^ f ( x ) d x  =   ̂ ydx
a a

(f)opMyjia dyHHMa x,HCo6jiaHaflH (2 4 - u iaKJ i) .
y =  f i ( x )  Ba y =  f i ( x )  i h ( x ) > f i ( x ) )  arpw HH3HKJiap Ba x  =  a 

xaM fla  x =  b HKKHTa T y rp n  HH3HK SHJiaH nerapaJiaH raH  4>HrYPaHHHr 
103 H

b

s =  \[ f2( x )  — f \( x ) ] dx
a

OopMyjia SyftHHa XHCo6jiaH a;w  (25 -m aK J i).
Arap srp n  mh3hkjih TpaneUHH x =  f ( y )  <J>yHKUHH rpa tfw rH , y =  c, 

y — d TyrpH  MH3HKJiap Ba Oy yK  SHJiaH HerapaJiaHraH  S y jic a , yHHHr 

io3h f  ( y)  > 0  ynyH  ^

d d 

•S =  \ f ( y ) dy  =  ^xdy
c c

OopMyjia SyftHHa xncoSjiaHaAH (2 6 - uiaKJi).  
X i = f i ( y )  Ba X =  fs( y)  ( h ( y ) > f \ ( y ) )  3r Pn ^HSHKJiap, y =  c Ba 

y =  d HKKHTa TyppH hh3hk SHJiaH HerapaJiaHraH (})Hrypa k>3h

24- uiaKJi
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25- maKJi



0 0

26- UJ3KJ1 27- UJ3KJI

d

s =  \ (fi ( y ) —fi(y) )dy
c

c|)opMyjia 6y0H4a x,HCo6jiaHaAH (27- iuaKJi).
6.8.2. A rap  arpH 4H3hk x =  x ( t ) ,  y =  y ( t )  napaMeTpHK TeHrjiaMajiap 

6HJiaH SepHJiraH 6yjica, y x,ojiAa uiy arpH mh3hk, x =  a, x  — b TyrpH 
4H3HMap Ba Ox yK SnjiaH nerapajiaHraH arpn 4h3hkjih TpaneuHH- 
HHHT K)3H

h ,* h
S =   ̂ y ( t ) - x ' ( t ) d t =  ^ y ( t ) d x ( t )

(JjopMyjia 6yftHMa x,HCo6jiaHaAH , SyHAa t\ Ba fa a =  x( t\) ,  
b =  x ( t 2) ( y ( f ) Zs tO )  TeHrj iaM a jiap^aH  aHHKJiaHaAH.

6.8.3. r  =  r (< p )  (j)yHKU,HH rpacJjHrn Ba cp =  a ,  cp = | i  HKKHTa Hyp 6HJiaH 
MerapaJiaHraH (})Hrypa aepu hu3uk,au cenrop AeHHJiaAH, OynAa ip Ba r —  
KyTS KoopAHHaTajiapn ( 2 8 - iuaKJ i) . 3 rp n  mh3hkjih ceKTopHHHr io3h

s = y  5 r2rf(p
a

c()opMyjia 6yftH4a XHCofijiaHaAH.

1- m  h c o ji. y =  ~Y  n a P a 6o j ia ,  x =  1, x =  3 TyrpH qMSHKJiap Ba Ox

yK SnjiaH qerapa j iaH raH  c})HrypaHHHr io3hhh  x,HCo6jiaHr.
E l H  UI. ABBaJl IIiaKJIHH MH33MH3 (29- m a k j i ) .  M3JiaHaeTraH 103 

y m 6 y  (fiopMyjia 6yfiHHa x,HCo6jiaHaAH:

r r 2 3
-S =  \>y d x =  \~~dx =  ̂  | , =  -i-(33— l 3) =  (k b .  Snpji.).

a I
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28- iuaKJi 29- iuaKJi

2- m  h c o ji. x — 2 — y — y2 srpn 4H3HK Ba opAHHaTajiap vkh 6hjiaH 
werapajiaHraH cj)HrypaHHHr k>3hhh xncoSjiaHr.

E^4 h in. Onrypa Oy yKKa ennuiHO TypaAH (30- iuaKJi), yHHHr io3h 

5 =  ^xdy (JjopMyjia SyftHMa xncofijiaHaAH.
C

s = Y dy =  S (2 - y - y 2) d y =  ( z y - - ^ —  4 ) l U =

=  ( _ 4 ~ 1 + 1 )  =  1  (KB-

3 - MH C O J I .  y =  2 — x 2 Ba y3 =  x2 arpn  MH3HKJiap SnjiaH q e r a p a -  
JiaHraH (})HrypaHHHr k >3h h h  TonHHr.

E n h in. BepHJiraH TeH rjiaM a jiap  cncTeMacHHH ewnS, arpn  mh3hk- 
JiapHHHr KecHuiHiu HyKTaJiapHHH TonaM H3 : A — 1, 1) Ba B (  1, 1).
HHTerpaJiJiam  H erapa jiapH  6y jw 6 x =  — 1 Ba x = l  XH3MaT KHJiaAH.

d

O n r y p a  io3H S =   ̂( f 2(x )  — f x{ x ) ) d x  (}>opMyjia 6yHH4a xncoSjiaHaAH
C

(31- maKJi).

30- maKJi
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31- iuaKJi



- ( * . - 4 - ^ ) 1 - , - ( ! - M ) -  

-  H  +  i + 4 ) = l  +  1 “ 1  ( “ - 8“ PJ' ' ) -

4- m h c o Ji- 3jiJinncHHHr

{ ;

f x — acost, 

[y =  bsint

napawexpHK xeurjiaMaJiapHAaH (J)0HAaJiaHH6 , y HHHr_ ioshhh I 0™ ™ -  
E h h ui. 3juiHncHHHr cHMMexpuKJiHnaaH x l ™ £ t

SxraH K)3HHHr TVpTflaH SHpHHH X,HCo6jiaHMH3 (32- UiaKJi) . x —  acosr 
tchrjiaMa aa T = 0  Ba x =  a U  OJicaK, yuiSy HHxerpajuiaui nerapaJiapu-

ra ara S^JiaMHs: ^ i = y >  h — 0- X,HCo6jiaftMH3.

h 0 ‘
L 5 =  [  ydx =  \ b s in i (— as'mt)dt =  ab \s'm tdt =
1 ' } ■ o

2 > i I nf) Jt KClb

=  ^  J (1 — c o s 2 t ) d t = ~ Y { t  2"sin20  |0= - 2 " ’ T = - r -
0

JleMaK, 6yxyH (jjnrypaHHHr ro3H

S — nab (kb. 6n p ji.).

5 - m h c o j i .  r2 =  2cos2cp BepuyjuiH JieMHHCKaxacH 6hji3h nerapa- 

jiaHran O nrypa kwhhh xonnHr.

IW- uiiiK.li
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E h h i u .  3 rpn  hhshkhhhf CHMMexpHKjiHrHAaH (j)0H,a,ajiaHH6, ojiahh 
H3JiaHaeTraH i03HHHr xypx^aH 6hphhh  xonaMH3 (3 3 -uiaKJi). H3JiaHa- 

eiraH K)3HHHr TypTflaH 6 n p .khcmh cp HHHr 0 AaH - j  ra^a y3rapHUiH- 

ra xyppn KeJiaAH. 
Ourypa k>3hhh KyHHAarn OopMyjia 6yHHMa x,HCo6jiaHMH3:

ji

P T  ^

T 5==T  ] r2d<f =  ~ 2 j2cos2cpd(p =  i- s in 2 ( p ^ = y .
a 0

IUyHAaH khjihS, H3JiaHaexraH 103: S = y  (kb. 6hpji.).

8- dapcxona roniuupuFu

BepHJiraH HH3HKJiap 6HJiaH MerapajiaHraH (})Hrypajiap io3JiapHHH 
XHeoSjiaHr:

2 32
1. y =  4x — x  Ba Ox yK fiHJian. M :  - y  (kb. 6hpji,).

2. y = ( x -  l ) 2 sa * 2- ^ = l  K :  i 0 + - ^ 2 _ l n ( 3  +  y g ) «

« 4 , 5 8  ( k b . Su p ji.).

x =  2 ( t — sint)
y =  2 ( l — cost ) apKacn) Ba y —  0. >K: I2n (kb. 6npJi.),

4. r=2acos(p Ba r  =  2asin<p, 0 < q > < y .  *

>K: l ^ a 2 (kb. finpjr.) .

5' y = T + 7 ’ y==^2~' (KB'

6. y =  x2-\-4x, y — x-\-4 .  >K: (kb. Snpji.).

7. x 2-\-y2 =  4, x 2+ y 2 =  9, y = x ,  y =  — x  ^/3 . )K :  (kb. Snpji.) .

8. x =  3t2, y — 3 t — t3. >K: (KB- 6«P-"-) •O

8- MycTaKfUA uiu

BepHJiraH HH3HKJiap SHJiaH nerapajiaHraH (bnrypajiap K>3JiaDHHH 
XHeoSjiaHr: r

.............:: . . . i i i i iM i i^ - i . i i i i l i i l i i l i l i l i i i i l i i i i i i i i lJ
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1. y =3 — x‘\ x +  y +  2 =  0. >K: 4,5 (kb . SHpJi.).

2. x y  —  20, x 2 +  y 2 =  4 ( I n o p a K ) .  >K: -^ -a r c s in — +

+  20 ln0,8  ( k b . S n p j i . ) .

3. x =  aco$3t, y =  asm3t. )K : (KB- Gnpji.).

4. jc =  2f, y =  4t2- &  Ba y =  0. >K: -§■ <KB-
2

5. r =  asin3cp ( 6 h t t 8 x ^ j iK a ) .  >K'- Jy^ -  ( k b . 6 h p j i . ) .

6. r =  acos<p, /- =  2acoscp. >K: y ™ 2 ^kb ' ^HpJi.)-

9 -§ .  SrpH 4H3HK eftjiapH y 3yHjiHKJiapMHii x,nco6jiaui

A r a p  TyFpH SypnaKJiH KoopAHHaTaJiapAa y =  f (*)__ (Jjyhkuhh [a, b] 
KecM aaa ch j i j ih k  ( f l tH H  y ' =  f ' { x )  xocHJia y3JiyKCH3) S y j ica ,  y  xo j iAa  6y  

arpH 4H3HK MOC eHHHHHT y3yHJIHTH

/ =  J -yjl +  ( y ' ) 2dx
a

tjjopMyjia 6yHHMa XHCoSjiaHaAH.
3rp H  4H3HK

( x  =  x ( t )

I  y = y ( t )

napaMeTpHK TeHrjiaMajiap 6miaH SepHJiraH Syjica, 6y arpn 4h3hkhhht 
t£[t\, I2] napaMeTpHHHr mohotoh y3rapHiiiHra moc eiiHHHHr y3yHJiHra

l2 ____________
i —  ̂ ~\J ( x ) 2ji~ (y ) 2dt 

h

(bopMyjia SnjiaH xwcoSjiaHaAH.
Arap ch jijih k  arpH hh shk  KyT6 KoopAHHaTaJiapAa r =  r(<p) ( a ^  

< < P < P )  TeHrjiaMa S h jibh  6epnJiraH 6yjica, y xojiAa en ysyHJiwrn

/ =   ̂ -\Jr2+  { r ' ) 2dcp
a

cj)opM yjia 6nJiaH xHCoSjiaHaAH.
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34- iuaKJi 35- aiaKji

1 - m h c o j i .  y2 =  x 3 hphm KySHK napaSojiaHHHr KoopAHHaTajiap 
SouiHAaH A (4, 8) HyKTara^a 6yJiraH eflH y3yHJiHTHHH TonHHr.

E m h in. ABBaJi uiaKJiHH MH33MH3 (3 4 - iu a K jij.  FlapaOoJia TeHrjia- 
MacHHH AH(|)(j)epeHUHajiJiaHMH3:

2 ' 3 2
y = x \  y = y x ■

OopMyjiara Kypa:

< =  i  V + ( f ) ! **= i  ^f+ 9 a-  x  dx 
■

3 14
_4_-2 ' '
9i f  ( ' + l x )2 10= ^ (10V 10 - 1)(y3yH-6hp-"-) ■

2- M H C O J I .  BHTTa UHKJIOHAa y3yHJlHTHHH TonHHr:

' x =  a ( t  —  sin^), 

y =  a (  1 —  cos t ) .

E m h ui. U h k j io h Aahh ht SapMa apKacn 6hp xhji,  KaficH apKa 6yHJia6 
t napaMeTp 0 AaH 2jt rawa y3rapca, yu ia  apKaHH 0JiaMH3 (35- iuaKJi):

x '  =  a (  1 — cos^), y'  =  as int .
Lily caSafij iH :

2cos t d t

2ji

S
t t

sin—dt  =  —  4 a co sy

0

2n
=  8a (y3yH . 6h p ji . ) .

0

3 - m h c o j i . r =  a sin4-^ enHK arpn 4m3hkhhhf y3yHjmrHHH xhcoS-

JiaHr.

E 4 h ui. BepHJiraH (jjyHKUHH >Kyc{)T (JjyHKUHH. I l ly  ca6a6jiH SepHJiraH 
arpn mh3hk K,yT0 yKHra HHcSaTah chmmctphk. HyKTa SyTyH arpn



4H3HKHH q) 0 AaH  4n  ran a  y a r a p r a H A a  n m a m ,  u iyH ra  Kypa  arpn  
q H3HKHHHr HpMH <p 0 A3H 2 jl raTO y 3 ra p r3H A 3  HH3HJI3AH (3 b - IU3KJI) .

r' =  asin34  • cos— . ,fl,eM3 K,
4 <p

2 n r 1 ~~ “  1 ~
-L  =   ̂ - W a 2 s in 8- | - + a 2s in 6- jC o s 2—  dtp =

O ’
2n 2:1 , x

=  a t sin3- ^ q p = - 4 a  J sin2-Jd (cos-J -) =
0 0

2 ji /  C O s 3 T  \

=  _ 4a f  ( i _ c o s 2| ) d ( c o s | ) = - 4 a \ c o s | --------—  J

o 0

=  4 a ( l — ~ - ) = - | a .  A eM 3 K ,  l= = -^ -a  (y3yH. 6 n p n . ) .

9- dapcxona TonuiupuFu 

3 rp n  MH3HKJiap eiu iapH  y3yHJiHKJiapHHH XH eoSjiaH r:

1. y  =  lnsin jc, *  =  y A a H  rana. X :  y i n  3 (y3yH . 6 n p ji. )-

2 .  y =  ̂ -x\/^c— |-"\j x 3 aS cu H ecaA sp  yKH Sh jish  KecHuiniu HyKTajiapH  

op3CHAat h . >K : - y -  (yayH - 6npJI.).

3. x =  ± t 3— t , y = i t 2 +  2, t =  0 AaH t — 3 ra M a .)K : 12 (y3yH . 6n p A .).
3

4. x =  e‘cost, y  — el - sin/, t =  0 AaH / = ln jt  ra ia . >K: V 2 ( 11 — 1 ) 

(y3yH . 6 n p A .). ________

5. r  =  <p2, q > = 0  A3H  <p =  n  F3H3. >K : [ ( n 2+ 4 )  V ^ + 4  - 8 ] ‘ T

6 n p ji. ).
6. r =  asin0. >K: na  (y3yH . 6 n p ji. ).

9- Mycrat^uA uui Ji

3rpn  HH3HKJi3 p eftjispn y 3yHJiHK.napHHH XHeoSjiaHr: 

1. y = ~ Y ,  x = Q  AaH x — l rana. >K: 0,5 fV 2 +  In (1 + '\ ^ ) ] ( y 3yH. 6hpji.).

Jl 1
2. y = \  — lncosx, *  =  0 AaH x = — raMa. >K: y  ln3 (y3yH. 6n p ji.).

3. x  =  8sin/-|-6cos/, y =  6 sin/ — 8 cost, t =  0 AaH t = y  rana. )K : 5n

(y3yH. 6npji.).
4. x — a(2 cost — cos2/), y =  a(2 sin/ — sin2/). >K: 16 a (y3yH. Snpji.) .

5. r =  acos34  cp =  0 AaH ( p = 4  raMa. >K: - ^ (2 n  +  3-\/3) (y3yH. 6n pA .).
o  2. o  v  J

6. r = \ —  coscp. >K: 8 (y3yH. 6n p ji.).

10-§. X,a>KMJiapHH \HCO0Jiam

6.10.1. A ra p  S (x )  k>3 jkhcmhhht Ox yKKa nepneHAHKyjinp tckhcjihk j 

SnJiaH Keen inn ui n AaH xochji 6yjiraH kcchmh 6y jm 6 , [a, b] KecMaAa , 
y3JiyKCH3 OyHKUHH dyjica , >khcmhhht xa*M H

b

V =   ̂ S (x )dx
a  J

OopMyjia 0HJiaH xncoSjiaHaAn. 
6.10.2. y =  f ( x )  arpn hh3hk Ba x — a, x — b, y =  0 Tyrpn MH3HKJiap 

SnjiaH MerapaJiaHraH arpn m«3hkjm TpaneuHH Ox yKH arpoOnAa 
aHJiaHTHpHJica, y x,a/iAa aHJiaHHUi >KHCMHHHHr x,a>KMH

b i 

V — n  ̂ y2dx j
a  ;

OopMyjia 6HAaH XHCo6jiaHaAH. 
A rap  uiy t{)nrypaHHHr y3H Oy yKH aTpocj)HAa anJiaHTnpHJica, y xojiAa 

aHJiaHHLU JKHCMHHHHr xa>KMn

i

b

a

O o pM y jia  SnjiaH  xncoSA aH aA H .
6.10.3. A r a p  y x= f \ { x )  Ba y2 =  f2{x)  (6 yH A a  f \ ( x ) ^ t f 2( x ) )  arpn 

4H3HKJiap xaM Aa x =  a, x  =  b T y rp n  HH3HKJiap SnJiaH MerapaJiaHraH 
O n ry p a  Ox yKH aTpoOHAa aft jiaHca, aftjiaHHiu >KHCMHHHHr xa>KMH

b

V =  n  ̂ (y t— y\)dx
a

O opM y jia  SynHHa xnco fi j iaH aAn.
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Am p my cf)ni'ypannnr ^3h Oy yK aTpoc})HAa a ftjiaH ca , aiiAaHHm 
X( 11CMH11HHr X,a>KMH

b

1 /=2 ji  ̂ x ( y 2 — y i )d x
a

(JjopMyjia SyHHMa x,HCoSAaHaAH.
6.10.4. Arap arpn 4H3HKAH TpaneUHH x =  f (y )  (JjyHKUHH rpacjjnrn, 

y — c, y — a TyrpH 4H3HKAap Ba Oy yKH SHJiaH nerapajiaHca, Sy 
(})HrypaHHHr Oy yKH aTpo(J)HAa afijiaHHiiiHAaH xochjt SyAraH >khcmhhht 
W *M H d

V =  n ^x 2dy
C

(})opM yjia  SyftHHa x,HCoSjiaHaAH.
A r a p  m y (})HrypaHHHr y3H Ox yKH aTpot})HAa a ftjiaH ca , aftjiaHHm  

>KHCMHHHHT MOC X3>KMH

d

c

(})opM yjia  SyfiHHa aHHKAaHaAH.
6.10.5. A r a p  x \ = f i ( y )  Ba X2 =  f 2 (y)  (SyHAa x 2 ^ x i ^ 0 )  arpn 

MH3HKJiap Ba y =  c, y =  d TyrpH HH3HKJiap SnjiaH n erapa j iaH raH  c[)Hrypa 
Oy yKH aTpocfwAa aftjiaHca, y x,OAAa aftjiaHHm jkhcmhhhht x,3>kmh

d

V = n   ̂ (x\— x2) dy
C

(})opM yjia  6yHH4a ToriHJiaAH.
A r a p  m y <j)HrypaHHHr y3H Ox yKH aTpocJ)HA3 a ftAaH ca, y  xoAAa 

afljTSHHm >KHCMHHHHr moc x,3>kmh y iu S y ra  TeHr SyAaAH :

d

V =  2n  ̂ y ( x 2— x t) d y .
C

6.10.6. A r a p  arpn mh3hk napaMeTpHK eKH KyTS KoopAHHaTaAapAa 
6epHAca, y  xoAAa  KeArapHAraH <|)opMyAaAapAa moc ypHHra KyHHiiiAap- 
hh S a w a p n m  Kepuk SyAaAH.

■ x2 . y2 . z2 .
1- M H C OA. - =  1 3AJIHriC0HAHHHr X,a>KMHHH TOnHHr.

a b C
E i h i .  SAAHncoHAHHHr Ox yKKa nepneHAHKyAHp Sn pop  TeKHCAHK 

6 h a 3 h KecHmAaH x,ocha SyA raH  KecHMHHHHr apHM yK A apn
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37- rnaKJi

SyAraH

t-

/ )  “ ( '  « s )

3AAHHCAHP. A e M a K ,  KeCHM K)3H (8- §, 4- m hcoa ) : 

S (x )  = n b xc\ =  nbc 1̂ — 

SyHAa x  yarapyBMH -  a  Aan  a  rana  yarapaAH . U ly H ra  Kypa aAAHnco- 

hahhht x ,a*M H y m S y r a  TeHr:

1/= I  S ' ( x ) d x = n b c  j  ( \ — ~ \ d x =  x b c ( x  ~

- a  - a v

( — + - £ ) ] - > *  ( K y ^ » P - >

2- m H c o Ji. y =  sinx c » » y c o ^ H » H r  a ) t o
yKHHHr [0, n] K e c « a «  SHjaH ^  xochji 6yJ.r a »

S c S t r  “ J U - ^ a S r  (37-

E 4 h m. a ) V  =  n W d x  =  n \ s m 2xdx =  -f- \ { \ - c o s 2 x ) d x  =
J n 0a u

16— 665

=  =  (K y 6 6h Pj i . )
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HH

n n
6) l/ =  2it ^xtjdx — 2n ^x-sinxdx =

0 0

{u — x ,du  — dx )  in r
, . . f = 2 n ( — x*cosx  L - f-  \ cosxdx)  =

dv =  sinxdx, u =  — cosx J 10 J
=  2 n ( — jxcosji +  sinx | “) = 2 n 2(Ky6. 6npji.) .

3- m h c o ji. x2+  (y — b ) 2^ . R 2( b >  R )  AOHpaHHHr Ox yKH aTpot})H,na 
afljiaHHiiiHflaH xoch ji SyjiraH top h h h t X3>kmhhh TonHHr (38- uiaKJi).

E m h iu. x2-)-  (y — b ) 2 — R2 afljiaHa TeHrjiaMacH^aH:

>2 -x2y x =  b — -\/R 2 

y2= b +  ~\jR2— x 2 ,

IIIyHHHr ynyH

V = n   ̂(y\— y2)dx  =  n  ̂ [(£> +  ^ R 2— x 2) 2 — ( b — ^  R 2— x 2) 2]dx--
a — R

-• ( x  =  Rsint,

=  4nb  ̂ -\jR2— x 2dx-
-R

dx =  Rcostdt,

X t

—R
n

~ 2

R
n

2

=  4nb  ̂ -\jR2— R 2s'm2t •Rcostdt =
n

~~T
31 Jl

T ‘ T
=  4ji bR2  ̂ cos2tdt =  2nbR2  ̂ ( l + c o s 2 / )d /  =

= 2jxfe#2(/+ -ys in2/ )

2

2n2bR2(Ky6. 6h p ji . ) .

4 - m h c o j i .  y =  x2 Ba 8 x — y2 n a p a 6 o j i a j i a p  dHJiaH n e ra p a j ia H ra H  
c})HrypaHH Oy yKH aTpot})HAa aftjiaHTHpHUiflaH xoch j i  SyjiraH * h c m  
xa>KMHHH XHeoSjiaHr (3 9 -uiaKJi).

E m h ui.

( y = * 2,
\y2=  8x

TeHrjiaMajiap CHereMacHAaH napafioJiaJiapHHHr kcchuihui HyKTa JiapHHH 
TonaMH3: 0 (0 , 0) Ba A (2, 4 ).
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liiiiiminiiiiiiiiiiiililiiiiiiiliiiiiiitliitMMMifMtltilliifl

y.

B

- a < ^ o

- a

40 luaK.n

X2{y)= ^ y > X i ( y ) = Jt  ra 3raMH3, y a ra p y B H H  y 0 m n  4 r a ^ a

y 3 ra p a A H .  X leM aK ,  ^ 4

V = n ^ ( x l — x \ )d y = = n ^ (y — - ^ d y = =

=  * ( 4 - 4 )  I H 8 - ^  •

5 - m h c o j i .  f x - acos^ ’ acTpoHAa Shjibh werapaJiaHraH <}>Hry- 
t  y =  asin3/

paHHHr Ox yKH aTpo(})HAa aHJiaHTHpHJiHUiHAaH xochji SyjiraH jkhcmhhht 
xa^MHHH XHCpfijiaHr (40- uiaKJi).

E q h ui. H 3JiaHaeTraH xa>KM OAB  <{)HrypaHH aHJiaHTHpHiu/iaH xochji 
SyjiraH xa>KMHHHr HKKHJiaHraHura TeHr. IIIyHHHr yMyH

a

V — 2n ^y2d x .
0

y3rapyB4HHM aJiMauiTHpaMH3:

' x  =  acos3t

d x =  — 3acos2t-smtdt,  

y' =  asin3t.
V =  2n ^y2dx

X t

n0 2
a 0

0 r
=  2n \ a 2sm H ( — 3acos2t s m t ) d t = 6 n a 3 ^ s m 7tcos2tdt =

1 o '
2

=  — 6na3  ̂ (1 — cos2t ) 3cos2td(cost)  =  — 6na3^ c o s 3/— |cos5/ +

0
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10- dapcxona roniuupuFu

1. x ~ 2  Ba x  =  3 TeKHCJiHKjiap SHJiaH x 2 +  y2 +  z2 —  16 mapAan 

KnpKHJiraii map KaTjiaMHHHHr X3>kmhhh xncoSAaHr: >K: (KyS. 

Onpji.)
I 1 1

2 . KoopflHHaTa yK/iapn Ba x 2 +  t/2 = a 2 nspaSoJia SHJiaH ^erapa- 

JiaHraH k)3hh Ox  yKH aTpo(})Hfla aftAaHTHpHiiiAaH xochji SyAraH *h cm

ji cC*
x,a>KMHHH XHCo6;iaHr. >K: ——  (K y6  S a p j i . )  .

3. y =  sinx CHHycoHAa eftH, opflHHaTajiap yKH Ba y =  1 TyrpH mh3hk 
SHJiaH MerapaJiaHraH (J)HrypaHH Oy yKH aTpocf)HAa aftAaHTHpHiiiAaH 
xochji SyjiraH >khcm xa*MHHH XHCoSjiaHr.

>K: ~ 8̂ - ( Ky6 Snpji.) .

4- y —  ̂ x 2-\-2 napaSo/ia Ba 5x — 8*/-f 14 =  0 TyppH mh3hk Shjish

MerapajiaHraH (J)nrypaHH Ox  yKtf aTpotJjH^a aftjiaHTHpHm/iaH xochji 

SyjiraH >khcm xsjkmhhh xncoSjisHr. >K: -y|A^. ( KyS. Snpji.) .

( x  =  a ( t  —  sin/'),
o. .ymoy j  y =  a  ̂\ _ COs t)  UHKJ10H^ aHHHr 6np apKacHHH Ox  yKH aT-

poc})Haa aftjiaHTHpHmflaH xochji SyjirsH  >khcm xawMHHH XHCoSjiaHr. 
)K : 5a n  (KyS S n p ji. ) .

10- Mycrat^uA uux

2  9
1 * 1  y 1
*• z  —  ' ~2~  Ba 2 = = * CHpTJiap OH/iaH ^era pa j iaH ra H  >khcm 

xa *M H H H  XHCoSjiaHr. >K: n ^/2 (KyS S n p j i . ) .

2. a )  y  =  — Ba x 2 =  8y, 6 ) y2 =  x  Ba x2 =  y 4H3HK/iap Sn jian

4erapajiaHraH (fwrypajiapHH Ox  yKH ajpofymxa aftjiaHTHpnmAaH xochji 
SyAraH >khcm xbjkmhhh XHCoSjiaHr.

>K: a ) (5 ji +  8) (KyS. Snpji.) ;6 ) 0,3ji (K y6 . Snpji.) .

3. a )  y =  x 3, y =  0, x  =  2; 6 ) x 2 — y2 =  4, y = ± 2 4H3HKJiap SHJiaH 
HerapajiaHraH (JwrypaHH Oy yKH aTpocJjHAa aftjiaHTHpHiuAaH xochji

SyjiraH  * hcm x b >km hhh  xncoSjiaHr. >K: a ) (KyS. S n p ji. ) ;

6 ) (KyS. Snpji.) .
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4. x =  a ( t  — s i n / ) , y  =  a ( l — cos/ ) UHKAOHAaHHHr Snp apKacn  Ba Ox 
yKH SHJiaH qerapajiaHraH (J)HrypaHH: a ) Oy yKH aTpoc|)HAa; 6) ( } )Hrypa- 
hh h t c h m m c t p h h  yKH aTpocj)HAa aftjiaHTHpHmAaH xoch ji  SyAraH  >khcm 
Xa>KMHHH XHCoSjiaHr.

3
>K: a) 6jx3a3(KyS. Shpji.); 6 ) - ^ - (Q j i2 — 16) (KyS. Snpji.) .

l l - § .  XocMac HHTerpaJiJiap, 
nKHHjiaiUHUiH xocMac HHTerpajiHH xHcoSjiaui.

HHTerpajiJ iaHHm ^ e ra p a j ia p n  MeKCH3 ' SyAraH  HHTerpaJiJiap eKH 
werapaJiaHMaraH cJ)yHKUHHjiapaaH OjiHHraH HHTerpaJiJiap xocMac 
UHTeepaAAap AeftHJiaAH:

6.11.1. [a, + o o )  opaJiHKAa y3JiyKCH3 SyAraH f ( x )  cftyHKUHHAah 
OjiHHraH HHTerpaJi

+  oc N

\ f ( x ) d x  — lim \ f ( x ) d x
J A^+oo J
a a

TeHTJIHK SHJiaH 3HHKAaH3AH.
A ra p  my jihmht M 3B *yA  SyjmS, MeKJiH Syjics, xocmsc HHTerpaJi 

HKfUHAauiyBHu,, aKC xoAAa xocMac HHTerpaA y30K,AauiyeHu AeftHAaAH.
A ra p  F ( x )  JyHKUHH f ( x )  hhht SouiAaHrHM <f>yHKUHHCH SyAca, 

y xo jia s :

+ °°
 ̂ f i x )  dx — F (  +  0 0 ) — F ( a ) , SyHA3 F (  +  0 0 ) =  lim F ( x )  .

J JC-^+OO
a

K,yftHAarH HHTerpaAAsp xaM myHra yxiuarn aHHKJiaHaAH:

b b 

[  f ( x ) d x =  lim [ f ( x ) d x ,
J  N -*- — 00 J

— 00 N

[  f i x )  d x =  lim \ f ( x ) d x +  lim \ f ( x ) d x .
_-L I  1

+
l - M H C O J i .   ̂ e ~ axdx xo cM a c  HHTerpaAHH xn coS A aH r  (SyHAa a  —

0
y3rapM ac  MycSaT c o h ) .

E m h ui. TatpH ({)ra Kypa :
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f  oo N
\ e ' "1l*dx =  lim [ e  ~a* d x =  lim  ( — I N =
J N  -> -4* oo J N -*- --j- oo V ^  / 00

=  lim  ( — — e ~ aA,+ — ) =  —  lim  ( \ ----- ^ 7 ) = - ^  •
N^+oo\ “  “ / «  » -  + -  \ e / “

/],eMaK, SepHAraH HHTerpaJi h k h HJiamyBHH.
2 - m h c o j i . a > 0  h h h t  KaHAaft KHHMaTJiapHAa

+ “  ,S dx 

xa1

HHTerpaJi HKHHJiauiyBMH, KaHAaft KHHM3TJiapHAa y30KJiam y bhh  3K3HH- 
hh aHHKJiaHr.

E  h h in. a  =  1 AeS 4>apa3 KHJiaMH3, y  xojiAa:

-f- oo N
 ̂ lim  f  — =  ljm  \nx I N=  lim  InAf =  oo .

J X  f j^ ,  -j- GO J X  N -* -  -j" OO I 1 oo

J leM aK , SepHJiraH HHTerpaJi ysoKJisiuyBMH. 3 h a h  a ^ = l  AeS  (})3p33 
KHJI3MH3, y  x,0JiAa:

+ 00
1 . I N

lim  — —  j e '- °  =
1 —a I i

-f- oo N

C * L =  lim ^
J X a  A/— + o o  J X a

=  lim  — i -  ( y V ' - “ - l )  .
N -+ --\ -  oo a

XleMaK, a >  1 A3
+ 00
S dx 1

I F  _  « - >  ’

HtHH 6epHJir3 H HHTerpaJi HKHHJI3IIiyB4H, 0 < a - < l  A3 3C3

+ °°
f  „  — _|_oo, H"bHH SepHJirsH HHTerpsji y30KJi3uiyBMH. UiyHAaft 
J X a

KhjihS  ̂ X0CM3C HHTerpaJi a > l  Aa HKHHJiauiyBHH Ba
j  xtt

0 < a <  1 Aa y30KJiauiyBMH.
6.11 .2 . 2- MHCOJiAara HHTerpaJi HHTerpajiHH Hr hkh HJiaiuyBMH eKH 

y30KJiauiyBMH s k h h h h h  T a ^ o cA a m  aAOMaTAapudan (JjoftAajmHHiiiAa 

KyjuiaHHAaAH.
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i i i i i l i i i i i i i l l i i i  l im a ] i i i l i i l i i i l l l l l l l l i 11:1

1. A r s p / ( x )  Ba (p (x )  (jjyHKUHHAap S a p^a  A a p yH yH  3HHKJiaHraH

Ba [a, + o o )  Aa HHTerpajuiaHyBMH xaM Aa Sapu a  x ^ a  Jiap ynyH  

0 < f ( j c ) < < p ( ^ )  S y jic a , y  xo jiA a
+ oo + °°

а )   ̂ ( p ( x )d x  HHTerpajiHHHr HKHHJiauryBqaHJiHrHAaH  ̂ f ( x ) d x
a a

HHTerpajiHH Hr h k h  HJiamyBHH 3K3hh  KejinS UHKaAH, m y Sh a b h  S n p ra

-f- oo -f- oo |

 ̂ f ( x ) d x ^   ̂ cp (x)dx\
a a

+ 0° + ”
б ) \ / (x )d jc  HHTerpsAHHHr ysoKAsm yBqsH JiH rH AaH   ̂ q>(x)dx

a

HHTerpaJi HHHT y30KJI3UiyBMH 3K3HH KeJlHS 4HK3AH.
2. A r a p  f (x)  (JjyHKUHH S apn a  x Jiap y^yH  aHHKJiaHraH B3

+ oo +J.°°
 ̂ \f(x)\dx HHTerpaA HKHHJiamyBHH Syjics, y  xojia3   ̂ f ( x ) dx  hh-

a
Terpaji X3M HKHHJiamaAH; Sy xojias y  a6coAtor Ht^uHAatuyenu umezpaA 
AeftHJisAH, SyHAa

1 +00 + “> 
t  f ( x ) dx  <   ̂ \f(x)\dx.

a “

i -}- oo-|- OO '
3. A r a p   ̂ f ( x ) dx  HHTerpaA HKHHAaiuyBHH, | \f(x)\dx y30KJia-

a

uiyBMH S yA ca , y  x o jiA a  +J f  ( x )dx  HHTerpaAHH tuaprAu H^uHAatuyenu

UHTeSpaA ACHHJ13AH.

3- MHC OJ I .  \ ___-—~~~~2------ HHTerpaA HHHT HKHHAamyB^aHJIHrHHH
J 3x -j- 2x | 1

TeKmHpHHT.

=  - " ■  f W = 1 7 T ^ T r < 1 7 < ^ - v W , I > l a a ’ “

[  HHTerpaA HKHHJiamyBHH (2 -m h c o ji,  oc =  4 > 1 )  SyjiraH H  ynyH
J

SepHAraH HHTerpaA xaM  h kh hji a m y bhh ( T3 KK0CJi3 m s jio m s th  s c o c H A a ).

4 - M H C 0 A .  ^  e~*dx  HHTerpaJlHHHr HKHHA3myBH3HJlHrHHH TeK-

i

mnpHHr.
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00

I:. 'I m in. x~^\  Aa f ( x )  = e  ~ x' - < .e~x =  (p(x)  Ba  ̂ e ~ xdx  HHTerpaji

1
mCHHJiaiuyiMH (1 - m hcoji, a = l )  Sy jiraH H  c s Ss Sjih SepHJiraH HHTer- 
pa,;i HKHHJiauiyBMH.

+ oo

5- MHCOJ I .  f  d-*— - HHTerpajIHHHT HKHHJiaUiyBHaHJIHrHHH TeK- 
J x —sinx

UJHpHHr.

I I  +  00
E m h u i . x~^ \ i x a f ( x ) = ----------— ==(P(-*:) Ba  ̂ - ^ H H T e r p a J i

x —sin x x J x r

-I

y30K,JiauiyBMH ( 2 - mhcoji, a =  l ) ,  uiyH ra  Kypa  C ---- ——  HHTerpaJi
J x — sin2x

y30K,jiaiuyBMH.

6.11 .3 . [a , b ]  opajiH KAa y3JiyKCH3, b HyKTaAa y 3HJiHiura ara  f ( x )  
cpyHKUHHAaH ojiHHraH xocM a c  HHTerpaJi

b b — e

\j f ( x ) d x =  i im   ̂ f ( x ) d x
a  e->- +  0  a

TeHTJlHK 0HJiaH aHHKJiaHaAH.
A r a p  6y j ih m h t  MaB>KyA S vjihS, y hckjih  Sy j ica  xo cM ac  HHTerpaJi  

H^uHAatuyeHu, aKC xo jiAa  xocM ac  HHTerpaJi y3oi^AauiyeHu AeHHJiaAH. 
A r a p  F (x )  OyHKUHH f ( x )  ynyH SouiJiaHFH'i (jjyHKUHH Syjica , y XOJiAa

b

\ f ( x ) d x  =  F ( b ) - F ( a ) ,
a

SyHAa F ( b )  =  lim  F ( x )  .
x-*-b

A r a p  cj)yHKU,HH a HyKTaAa eKH [a , b ] opajiHKHHHr S n p o p  hmkh 
c  HyKTacHAa y3HJiHinra a r a  S y j ic a  xaM  HHTerpaji lO K opH Aara ra  y x u ia u i  
aHHKJiaHaAH:

b b

\ f ( x ) d x =  lim  [  f ( x )  dx
i  F“ *  +  °  a l

Ba
b c - c , b

\ f ( x ) d x =  lim  \ f ( x ) d x +  lim   ̂ f ( x ) d x ,  
J B—+  0 J 8, — +  0 J

C + &,

I

6- m h c o j i .  ̂ xocMac HHTerpajiHH XHeoSjiaHr:
o
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E  m h ui. HHTerpaJi ocTHAarH OyHKUHH x =  1 HyKTaAa y3HJiHiura ara. 
ZleMaK, TatpHcjjra Kypa,

i i - f

\ ,dx_  =  lim  [ ” 7f =  =  •im ( —  2 ^ / 1  —  x )  e =J V 1 X g—►* -j- 0 J V 1 % 8-+- + 00 0

=  - 2  lim  ( V l - I + e  -  V l - 0 ) =  - 2  l i m ( V e  - 1 ) = 2 ,
£-*- + 0 €-*- + 0

AeMaK, SepHJiraH HHTerpaJi HKHHJiaiuyBHH.

dxS dx
—  (a  —  y3rapMac MycSaT coh) xocMac HHTerpaji-

o
hhht HKHHJiauiHiu Ba y30KJiauiHiu mapTJiapHHH TonHHr.

E m h iu. HHTerpaJi oc raA a rH  O yhku hh  x =  0 HyKTaAa y3HJiHiura ara. 
A r a p  a = l  S y j ica ,  y  x,0JiAa y u iS y ra  araMH3:

i i
\ —  =  lim \ —  =  limInjc I ! =  lim (ln l — lne) =  oo,
J X +0 J x 8^ + 0 I e e-* + 00 8

HtHH HHTerpaJi y30KJiauiyBMH.
A r a p  a = £ l  S y j ica ,  y  xcuiAa:

C *L  =  nm C * 1 * =  lim ———■ I ' =  lim — !— (1 — e '^ “ ) . 
j  x“ B-I-+0 J x“ 8^ + 0 1—“  *8 8^ + 0 1—®
0  e

I
JXeMan, 0 < a  < 1  jxa KyHH^arHJiapra 3raMH3: ^ - ^ = — 1— > ht^hh

1

S dx
---- =  OO, H'bHH HHTerpaJi
xa

dx 

x'
u

y30KJiauiyB4H.
1

dx
LUyHAaft khjihS, xocMac HHTerpaJi 0 < a < ; l  Aa HKHHjia-

i  x°
LuyBHH, a ^ l  Aa y30KJiauiyBHH.

6.11 .4 . O xnprH  mhcoji HaTH>KacHAaH ra^ocA aiu aAOMarAapuda 
OoiiAaJiaHHJiaAH:

1. A ra p  f ( x )  Ba (p (x )  OyHKunsuiap a ^ L x < z b  opajiHKAa aHHKJiaHraH 
x,aMAa [a, b —  e] ( O c e c f t  —  a)  KecMaAa HHTerpaJiJianyBHH Ba arap  
0 ^ f ( x )  ^ ( p ( x )  S y j ica ,  y  xo j iA a :

b b

a )  ^ q ( x ) d x  HHTerpajiHHHr HKHHJiauiyBMaHJinrHAaH  ̂ f ( x ) d x  HHTer-

a u

b

pajiHHHr HKHHJiauiyBMahjihth KejiH6 MHKaAH, SynAa  { f ( x ) d x ^ .
b 5

^  ^ ( f ( x )d x  ;
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h ° 
f>) ^ f (x )d x  HHterpajiHHHr y30KJiaiiiyBHaHJiHrHAaH ^p(x )d x  Hrner-

f» Q 
paJinnnr yaoMauiyBMH SKaHJiHrn kcjih6 qHKaAH.

2. A rap f ( x )  JyHKUHH [a, b) opaJiHKAa aHHKJiaHraH Ba [a,
6

/> — « ]  KecMaAa HHTerpajiJiaHyBMH Syjica, ^|/ (x )|dx  HHTerpajiHH Hr
a

b

HK.HHJiamyBqaHJiHrH.n.aH ^f ( x ) d x  HHTerpajiHHHr HKHHJiaiuyBHaHJiHrH
a

b

kcjih6 MHKaflH. By x,0Jifla ^ f ( x )d x  HHTerpaJi a6coAK)T R^uHJiauiyenu

UHrezpaA AeHHJiaAH.
b

3. Arap [ f ( x ) d x  HHTerpaJi HKHHJiamyBHH, ^\f(x)\dx HHTerpaJi
a a

b

yaoKJiauiyB^H Syjica, y xojiAa ^ f (x )d x  HHTerpaJi maprAU Rt^uHAauiye-
a '*

hu uHTespaA AeHHJiaAH. .
i

8- MHCOJI  \ ---3^ -----. HHTerpaJIHHHT HK.HHJialXiyB'iaHJlHrHHH TeK-
J ^I x +  2x3

LUHpHHT. 
E q h in. HHTerpaJi ocTHAara JyHKUHH x =  0 HyKTaAa y3HJiHiura ara. 

f ( x )  = - ^  r < - ^ r  =  - V  =  «P (*)
f c + 2 x 3 ^x xT

l j 
Ba f -^1 HHTerpaJi HKHHJiauiaAH (7- mhcoji, a = y <  1), AeMaK, Sepnji- 

« ?
ran HHTerpaJi x,aM siKHHJiaiuaAH.

11- dapcxona rontuupuFU

I. XocMac HHTerpaJi JiapHH x,HCo6jiaHr eKH yjiapHHHr y30KJia uiyBiH 
SKaiiHHH aiiHKJiaHr.

1. T  l^ d x .  >K : 4 ~ -

r dx 
J 4+  x2 '

>K: 4 .
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5. [  >K: y30KJiaiuaAH.

I  x

6. | , dx..—  . >K: n.
I ^ 4 x  —  x 2 —  3

II. MHTerpaJiJiapHHHr h k h HJiamyBMaHJiHrHHH TeKUIHpHHr:

+  oo

7.  ̂ ln( 1+ * L dx. >K: y30KJiaiuyBHH.

1
+  OO

8.  ̂ ^1— c o s - ^ d x .  >K: HKHHJiauiyBHH.

1
1 JC

9. [  —  e dx - . >K: y30KJiauiyBMH.
J  a /1—  cosxr\ v

2
1 0 . f  ^ os x— dx . HKHHJiauiyBqH.

J _ / . 0
V i-

11- Mycrai^uA uui

1. XocM ac HHTerpaJi JiapHH x,Hco6jiaHr eKH y jiapHHHr y30KJia- 
lUyBHaHJIHTHHH aHHKJiaHr:

r dX..... • >K: 1 — ln2.
J X ( x + 1 )

+ ”  , r f ,

6 ) \ — —7r .  >K: y30K.JiauiyB4H. 
J l + x 2



*> s. s
dx . >K:

•> s x - l dx . >K: yaoKJiauiyB^H

2. MuTerpaJiJiapHHHr HKHHJiamyBwaHJiHrHHH TeKiuHpHHr:

a)

6 ) 5

dx 
xln (Inx)

\l x dx

V I — x’

>K: y30K,JiaiiJyBMH. 

>K : HKHHJI3 LUyBMH.

7- HCL30paT UUIU 

1. A H H K M ac H H TerpajiH H  T on n H r:

1.1.

1.3.

1.5.

1.7.

1.9.

1.11.

1.13.

1.15.

1.17.

1.19.

1.21.

1.23.

1.25.

:il nxdx .

arctgxdx .

2e 2xdx .

x 2cos5xdx .

xarcsinxdx .

n (4 x 2+  1 )dx .

xsin2xdx . 

xdx

5 \ U ~ X

yjx In2 xdx .

x • In2xdx .

I h2a ,
- — dx .
\x

(x  +  3) 2sin2xdx

arctg—dx .

1.2.

1.4.

1.6.

1.8.

1.10.

1.12.

1.14.

1.16.

1.18.

1.20.

1.22.

1.24.

1.26.

xdx

Tyjx  In xdx

\nx

In2xdx .

arctg -yj4 x — 1 dx

xcosx ,
— P-dx .

x- t g 2xdx . 

.vsin xdx

cos2x 

In 2xdx

AIX2 

x 3ln 2xdx .
x

(x 2+ 2  )e'l dx 

ln (x 2+ 4 )d x  .

x- arcsin—dx
X
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i ! : i i ' i l l i i l l l l l i f ! ' I 'H il l i l l i i t ! ! ! ! (H i !!1i i ' "

1.27. \ x - ^ d x .  1-28. J - = f r f x .

1.29.  ̂ x 3-arctgxdx  . 1-30. ^
Incosx ,
---- —̂ dx

2. AHHKMac HHTerpajiHH TonHHr: 

2x— l
2.1.

2.3.

2.5.

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

2.29.

V * 2 — 4 x +  1 

x +  3

d x .

^  4 x2 +  4x +  5 

x + 4

d x .

^  x2 +  x  —  2 

2 x — 3

^ 8  —  2x — x2 

8x +  3 

~\J 5 +  2x — x2 

3 x — 1

dx . 

d x .

dx .

x — 6 x +  10

x + 1

4x — 12x +  13

dx .

-dx .

3x — 2

5 x — 3x +  2 

4x — 3

5x + 6 x  +  18 

2x— 1

dx . 

dx .

5xz — x +  2

x — 8

5 — 4x +  4x

dx .

dx .

5x +  3

x +  1 0 x + 2 9

x +  1

5x + 2 x  +  1 

2x — 5 

x2 +  6 x +  13

2x +  3 

15 — 4x2 +  4x

- d x  . 

dx . 

dx . 

-dx .

2.2.

2.4.

2.6.

2.8.

2.10.

2.12.

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.

2.26.

2.28.

2.30.

x +  2

x +  2x +  2
-dx .

x +  5

2x +  2x +  3
dx .

x + 1

3 +  4x — x? 

x — 2

-dx .

x + x +  1 

x — 7 

x2 +  4x +  13 

x +  5

dx .

-dx .

~\J 3x2 +  6x +  1
dx .

x +  2

V 3  — x 2 +  2 x  

2x +  3

V 15 — 4x2 +  4x 

3 x — 1

d x .

dx

V x 2 +  2x +  2 

x  — 3

~\J3 — 2x — x2 

x — 2

4 — 2x — x2 

x — 2

~\J x2 — 2x +  1

2x— 1

~\j x2 — 4x +  1 

2 x +  1

\̂J x2 +  4x +  2 

x — 5

"\/ 6 +  4x -

d x .

d x .

dx

dx .

d x .

dx .

dx .
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3. AHHK,Mac HHTerpajiHH TonHHr:

dx  

4x3 +  x ' 

xdx

x — 16

* +  4x
- d x .

*dx

2x3 -|- 3X2 -j- x 

x2 +  x — l 

3 +  x2 —  6x

d x .

d x .

- d x .

3.21.

dx

x  +  2 

xA — 2x2 +  2x 

xdx

-dx .

5-25.
J x4 +  !

dx

x  +  5x +  4 

dx

4x3 — x

dx

3.2.

3.4.

3.6.

3.8.

3.10.

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

3.28.

3.30.

x3 +  l
d x .

x2 — 3

x 4 +  5x2 +  6

x  +  3

x3 +  x2 — 2x

dx . 

d x .

2x2 — 3 x — 12

x3 +  x2 — 6x
d x .

6x4 — 1 

2x3 — x + l  

x +  4

x3 +  6x2 -f- 9x

-dx .

d x .

dx

x4 +  x 3 +  x2 +  x

dx

x4 +  5x2 +  4

2x — 3x — 3 

( x — 1) (x2— 2x +  5)

(3x — 7 )d x  

x3 +  x2 +  4x +  4 '

d x .

■ l
x3 +  x

d x .

x3 — 6

x  -|- 6x ~j~ 8 

x5 +  x4 — 8

- d x .

d x .

______ x2dx

( x  +  2 ) 2(x  +  4 )2

x +  5

x 4 +  2x3 +  x 2
d x .

4. AHHKM ac HHTerpajiHH TonHHr:

dx
4.1.

4.3.

x( V * +  V * ) 
y x + 1

v d x .
xJ - l

4.2. J 

4.4. \

d x .
Vx - 1  
1 +  Vx
V  X +  1 —  1

-\/x+ 1 +  1
d x .
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4.7.

4.9.

4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

4.23.

4.5. x d x
3,—

i +  V * 2

x d x  

^x +2  

dx

\/x +  ^x  

xdx

V l + x  

xdx

(2 +  5x) V 2  +  5x ' 

f  dx

VI —2x -  y i - 2 x  
dx

4,— 3,—
3 V x 3 — 2 V * 2 

dx

V x (V x 3 - i )

Vx +  3
d x .

i +  V ■*+3
x +  1

dx .

4.25

4.27.

V 2 x + 1

xdx

J 2 +  V 2 I+ T

dx

4.29 • J-
y x  +  3 ( 1 +  V x  +  3 )

J E i L - d x .
V x -1  +1

5. AHHKMac HHTerpajiHH TonHHr: 

sinxdx

4.8.

4.10.

4.12.

4.14.

4.16.

4.18.

4.20.

4.22.

4.24.

4.26.

4.28.

4.30.

4.6. Vx — 1 

t/x +  1
dx .

\ - & r d x
J i +  V-̂

f  2 + i E i
J Vx — 1 
f  dx 

J x ^ x + 1 

f  xdx  

'  ^5 x=T  '

s
d x .

x dx

1 +  V-*

Vx — 1 

Vx ( yjx +  1)

dx

V ^=2  (1 +  ^ 1 = 2 )  

V x +  1 +1
d x .

y x + 1  — i 

Vx + 1

( V *  + 4 )  VX3
1 — %x +2^jx

dx .

dx
x +  2 ~\J x3 -j- *\/ x

i +  v *

V x 5 (1 +  )

2^Jx -|-1

4 r~
V x 3 ( V x  + 4 )

d x .

dx

5.2.

5.4.

5.6.

dx

cosx ( l  +  cosx) 

1 — sinx 

cosx ( l  -|-cosx)
dx  .

1 +  sinx

1 -)-cosx +  sinx
dx  .
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B.7. (  t>im' slm
J (I ^sinrl2 '(I f.sinx)

5.9. ( 1 'l C,KA' dx 
J (sin*~f-2cos*)2

5.11. L . 5t^ ± l  dx 
J 2sin2* +  5 ’

5.13. J. tg2*

4 +  3cos2*
d x .

5.15. (-51"!
J cos4

dx
COSX 

dx  

sin3*
5.17. J-

5.19.  ̂ cos5jcdx .

5.21.  ̂ c tg3xdx.

5.23.  ̂ cos4xsin2xdx.

5.25.  ̂ s>'m&xdx.

5.10.

5.12.

5.14.

5.16.

5.18.

5.20.

5.22.

5.24.

5.26.

5.8. 8 +  tg*

18sin2*  +  2cos2*
dx .

6 + t g *

9sin2*-|-4cos2*  

36 dx

d x .

(6 — tg*)sin2* '

sin3*

V  sin* 

sin2*

dx .

cos3*
d x .

• 4 X  ,
s in4 y d x .

cos2xsin4xrfx.

tgAxdx.

dx

sin6*

sinx-sin2x-sin3 xdx.

5.27

5.29
' • f

tgx +  2
sin *  +  2cos2*  — 3

- d x .

dx

(3 tg *  +  5 )sin2*

5.28. \______dx
J s in * ( l  — s in * ) ’ 

5.30. [  cosxdx
J  ( 1 — C O S * ) 3

7- naMynaeuu %uco6 Tonuiuput^Aapu 

1. A h h k  HHTerpajiHH XHccvliiaHr:

1.1.

1.3.

1.5.

1.7.

f
(a rcco s * )3— 1

V  I —*2
dx . 1 2 ^ 8 * — arctg2*

1 + 4 *
d x .

4

J tg *-In co s *d *  .

o

f  x3dx

3 l*2+ l l 2

1.4. ’ * 2 +  ln *J
d x .

l
sinl

1.6

1

S
x dx  

*2+1

j0
V 3

(a rcs in * )2-f- 1

V 1 - * 2
j i x  .

1.8. * — (a r c t g * )4 

1 + *2
• dx .
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xdx

x4+ l
,.9. j.

0

^ + 1
1.11.- | l +  l n ( * — 1)

e+l X —  1
dx .

1.10. [  t g ^ + l )  
J ,  cos2( * + i )

I
1.12.

o a/ 4 - * 8 ’

1.13 ( /,3sin2x • n , i . i o .  I e sin2xdx .

u s .  f j ! ! ^ *
1 +4x2

1 - 1 4 .  t  C O S 3c o s '*  y/sin* dx .
o
<?

1.16. f - f e i i , .
J x\nx

1.17. L _

o V c°s2*  +  2

1.18. [ _ x dx
1 + *8

1.19. L  dx
J cos2* (2tg * + i)

1.21. f V5+"3Tn*
—  d x .

1.20. \ sin2* 
) ^ = dx- 
0 A/ l+COS2*

1.22. [ ê dx 
J 16 +  e6*

1.23. A -2 x ;x e dx .
JL

2

1.24. f xdx
o a / 9 -*4

o A/4 +  4*

1.25.  ̂ _ X d x  

..27. J
2 4 ' 

COS  X

1.29. j  ^ ± d x .
2

ji

v *

1.26. [ ___t&L
■tV " J tf +  e -*  '0

1.28. \ « S J S ! L dx. 

f1.30. \ ^ x _
J _  sin2* 2

V r

2. A hhk HHTerpajiHH XHeoSjiaHr:

2.1.  ̂ (x  3 x -j-2 )s in xdx. 2.2. J (x 2+ 7 x +-1 2)

17 (»(;.'■>

d x .

(■'os xdx.



2.3.

2.5.

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

 ̂ ( x - -  I ) :,ln2(x  — 1 )dx.
■2
JI

 ̂ (2 x2- f  4x +  7 )cos2xdx.
0

0

 ̂ (x 2+  6x +  9) sin2xdx.
-3

 ̂ x ln 2xdx.
1

n

 ̂ (8 x2+ 1 6 x + 1 7 )c o s 4 xdx.
o

3
 ̂ (3x — x 2)sin2xdx.

-3

2

 ̂ (x  +  2) 3ln2( x - f  2 )dx . 
- 1 

in
 ̂ (1 — 8x2) cos4xdx.

 ̂ x 2sin4xdx.
o

V3
 ̂ a rc tg^d x . 
i

3
 ̂ (x 2— 3x)sin2xdx.

0
e

 ̂ -\/x • ln2xdx.
1

0
 ̂ (x 2+ 2 x  +  l)s in 3 xdx.

2.4.  ̂ (x 2— 5x +  6) sin3xdx.
o

i x
2.6.  ̂ x 2e 2dx.

-  i

n
2.8.  ̂ (9 x2+ 9 x  +  1 l)cos3xdx.

0

JI

T

2.10.  ̂ (1 — 5x2)s in xdx.
0
1

2.12. J x 2e3xdx.

2.14. j  (3 x2+ 5 ) cos2xdx.

2.16.  ̂ xarctgxdx.
0

o *

2.18. J (x 2+ 2  ) eJdx.
—  2 

ji

2.20.  ̂ xsinxcosxdx.
— Jl

0

2.22.  ̂ ( x - f - 1) ln2( x + 1 )dx.
— 1 

0
2.24.  ̂ (x  +  2) 2cos3 xdx.

— 2
1

2.26.  ̂ arc s in (l ~~x)dx. 
i

o

2.28.  ̂ (x 2+ 5 x  +  6)cos2xdx.
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I !! 111 H 11 M i i! i i I II M i i I! HI

In 2 xdx
2.30.

xdx
2 ’cos 3x

M. A h h k  HHTerpa j iH H  X H CoSjiaH r:

arc tg3
1 +  ctgx

\2Vl +  CtgX -,dx.:u .  \
J (sinx +  2cosx)71
4

2 jt

•'1.3.  ̂ sin8x dx

3.7.

o

arc tg2

S0

(1 +  sinx)

12 + tgx

3sin2x+  12cos2x
dx.

i.9. \ sisin2xcos6x dx

2ji
~3~

3.11.
1 +sinx

1 +  cosx +  sinx
dx.

3.2.
cosxdx 

2 + cosx

q 4 f 6si°2x dx 
J 3cos2x — 4 
0

2n
3.6.  ̂ sin6-|-cos2-^dx.

J.8. J cos xdx

3.10.

5 +  4cosx
u

n 

4~

J (sinx +  2cosx)

(7 +  3 tgx )dx

3.12.  ̂ cos5xdx.
0

3.13 • s 5tgx +  2 

2sin2x +  5
dx.

M 4. cosxdx

+  sinx — cosx

3.15.
4 — 7tgx

2 +  3tgx
— dx.

3.17. [  , 1 ' cosx .— dx.
J l + c c -
0

- c o s x - f  sinx
3.18. S c‘ s :xdx.

3.19. [  *g\  dx.
J 4 +  3cos2x 
0

3.20. sinxdx 

5 +  3sinx
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2 j i.

3 .2 3 .

3 .2 5

dx

c o s x ( l + c o s x )

3 .2 1 . J c o s 8 *  d x . 

o

n
T

s0
n

f  2tg^x— 1 I tgx  — 22 ^

J 4 — t g x
o
n
T

 ̂ t g 4x d x .

arclgS

3 .2 7 .

3 .2 9 .
s

sinxdx

(1 +  sinx +  cosx)

4 .3 .

4 .5 .

4 .7 .

4 .9 .

4 .1 1 .

2V2 ,—2----
f V  x — 2
3 x4

dx.

V2

In2

S V ex—  1 dx.
o

64
1 — x + 2  %/x

dx.
1 x +  2 "\/x3 +  y  x4

V3

I

In3

V ( i + * 2)3

dx

ln2

29 3

V  >+ ex

u s .  j V ( x - 2 ) 2
dx.

3 3 + V ( x - 2 ) 2

3.22.

3 .2 4 .

3 .2 6 .

3 .2 8 .

4. A h h k  H H Terpa jiH H  x,HCo6j ia f i r :  

4.J. ( J g f + 5 + 2  ^

_J8 l+ V 3 x  +  5
4 .2 .

4 .4 .

4 .6 .

4 .8 .

4 .1 0 .

4 .1 2 .

4 .1 4 .

S
4 tgx — 5 

1 — sin2x +  4cos2x
dx.

2n
\ s in 2 c o s 6 ~  dx. 
J 4 4

■Ctfs2arctg2
dx

sinx (1 -j- sinx)

2

arct?̂ -

S
______8 + tgx

18sin2x-|-2cos2x
dx.

2ji

: ^ e x— \ 

ex +  3
dx.

c+  V 3x — 2 — 10 
V 3x =  2 +7

dx

dx.

(4 +  x2) a/4 +  x2

tn2
dx

S

( 2 +  V x  )dx

J (v 'x + 2 ^ / x + V x )

V x 2- i  .

V 1

5
dx

V ex +  4 ’
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0
4 .1 7

4 .1 9 . 1

ln3

4 -23. J 4 .2 4 . j
In9 Jln2

dx

ln2
dx

. £ - — — dx.  4 .1 8 . [  x 2^ 9  —  x 2dx.

X  i + gX >

4 y 1"
r  dx r

3 T +  V 2 x T r ' 4-20- J

2
e dx

0
dx4 .2 1 . 4 2 2  f  ______________

o a/ 4 x2 J  1 + ^ / x + l

2
dx

o V  ( 1 6 — X2) 3

21n2
dx

•2 5 - \ ^ 7 = 3  ■ 4 .2 6 . \
^ V ^ + 1 +  v ( x + i ) 3 |n3

.2 7 . \ r ^ = =  ■ 4 -28 . [ _________________ .
J y  (16 +  x2) 3 J 2x +  V 3 x  +  I

5
dx

4-29' S t ^ F V  4.30.
0 0

5. X o c M a c  H H TerpaJi JiapHH x n c o S j ia n r  eKH y jia p H H H r ya oK J iaw yB U H  

3K3HHHH HCSoTJiaHr:

5 .1 . a )  ]
xdx

X +  4x +  5
5 .2 . a

> s
3 — x 

x 2  +  4
d x ;

6 ) \

5 .3 .

e^x

cos2x
dx.

r ^ r c tg 2 x dx; 
J l+ 4 x 2

6) J
dx

l y  4x —x2 —4

6) J
cos3 xdx

o y  (1 — sin3x)5

(x  +  2 )dx

«) s

o y (x2 +  4 x + l )4

sinxdx

ii y c



5.5. a ) \ -
J Ax1

dx

6) \

4* + 4 *  +  5

dx

V  1 + 3 *

5.7. a)

6)

5.9. a) 

, f ) )

5:11. a ) 

6)

5.13. a)

6)

5.15. a)

6)

5.17. a)

Y  arctg2* 

1 +  4*2
dx;

dx

 ̂ xsinxdx]
0
1
r dx

< j \ - 2 x

dx

0 y i -

dx

*2 +  2*

sin3*d* 
'ij cos*

dx

* ( l n * — 1)^

dx

0 V I - 4 *

OO

S dx

_ !  * 2 +  4* +  5

5.6.
xdx 

4 * 2 +  4* +  5

5.8.

5.10.

а ) J
0

б ) J -
0
00

a) ]1
2

6 ) - ________
1 a/4* —*2 —4

a) T_J x  — 4x

2

. )  j

2*d* 

V  1 —

dx

* ( l  +  ln2* )

dx

x?dx

0 V  64 —.

( 1 + 9 * 2)a r c tg23*

x  dx

5.12.
d*

2 (4 +  * 2) - y a r c t ^ | -

6) J
9 *d *

0 y 9  — *2

5.14. а ) ]  
1
1

T

б )  s

dx

*3+*2

dx

(2*— 1)

5.16. ■ »  s dx

J 6jT —5 * + l

6 > s xdx

0 "y (4— *2)3

5.18. a ) J
xdx

V 1 6 * 4— 1
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6)

5.19. a) 

6)

5.21. a)

6)

5.23. a)

6)

dx

V ( 3 - * ) 6

V l6 * 4+1

xdx 

1 — x.4 •

Ardx

16*4—

V M 2
2 — 3*

V  ( * 3 + 8 ) 4

d*

(1 — * ) l i r ( l  ;—*)

5.25. a ) ^
I

1
T

6) r

5.27. a)

6)

dx

9*2 — 9* +  2

d*

J 7 1 -3 *  

r *rf*

*  — 4* +  5

xdx

5.29. a)

6 )

0 V 4—^
00

S xdx  

16*4 +1

1
 ̂ x 2lru:dx. 

0

6 )  s d*

}  V  * 2 _  6* +  9

5.20. a) I  - 7= ^ —  
i  a/*2—4*+1

6 ) S
0
00

5.22. a ) J
0

6 ) j
1

T

00
5.24. a ) ^

.3 3 + -
e x dx.

xdx

V ( * 2 +  4)3

In (3*  1) . 

3 * -  1

xdx

0 V ( 1 6  +  * 2) 5 

6) j
20* — 9 * +  1

5.26. a)
dx

6) J

*  ̂—3* +  2

dx 

( 5 * — 1 ) 2

5.28. a )  ̂e 3xxdx;

6) J
d*

5.30. a ) J
0 
2

6) J-

^ 2 - 4 *

16* +  1

dx

*2 — 5* +  6
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(). 'iH tM M ap 6n/ian ‘ lerapa/ianraH (bnrypaHHHr k>3hhh
XMcofwianr:

6.1. x =  4 — (y -  l ) 2, x =  y2 — 4y — 3.

6.2. x  =  2 v;2 cos/, y =  3^/2 sin/ ( j / > 3 ) .

6.3. /- =  6cos3(p, 3.

6.4. x  =  ( y ~ 2 ) \  x =  4y —  8.

6.5. x  =  8 cos3/, j/ =  4sin3/ ( x > 3 V 3 ) .

6.6. r =  costp, r =  sin<p (O s^ cp s^ ;-^

6.7. i/ = ( jc+ 1 ) 2, ^ 2 =  jc+ 1.

6.8. x =  4 ( t  sin/), y =  4 ( \ — cost)  ( 0 < x < 8 j t ,  i / > 4 ) .

6.9. r =  4cos3cp.

6.10. t / = (x  — 2 )3, y =  4x — 8.

6.11. x  =  V 2  cost, y =  4-\/2 sin/ ( y > 4 ) .

6.12. /- =  2 ( 1 — coscp),

6.13. j/ =  ( x —  l ) 2, y2 =  x —  1.

6.14. x  =  24cos3/, £/ =  2sin3/ ( x > 9 V 3 ) .

6.15. /-2 =  2sin2(p.

6.16. y =  4 —  x2, y =  x2 —  2x.
6.17. x =  t —  sin/, y = \ — cost ( 0 < x < 2 j i ,  j / > 1 ) .
6.18. r =  3sin4cp.

6.19. xy =  4, x — y =  5.

6.20. x  =  6cos/, y =  4sint.
6.21. r =  2 ( l  coscp).

6.22. y2=  16 — 8x, y 2 =  24x +  48.

6.23. x  =  32cos3t, y =  sin3t ( x > 4 ) .
6.24. /- =  2sin3cp.

6.25. y =  x2 —  3x, 3x +  y —  4 =  0.

6.26. x =  6 ( t  —  sin/), y  =  6 ( l — cos/) ( 0 < x < 1 2 j x ,  y ^ 9 ) .
6.27. /- =  4 s in 3 c p (r ^ 2 ) .

6.28. «  = — L _  u =  j L
y  l + x 2 , y  2 •

6.29. x  =  4cos3/, y  =  4sin3/.

6.30. r =  cos2cp.

7. BepnjiraH hh3hk, eflHHHHr y3yHjinrHHH XHCoSjiaHr:

7-1- y =  V 1 + a rc sin*, 0< x s $ :  - j .

4
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7.2. x =  2cos3/, y =  2sin3/, 0=sC/^-^

7.3. r =  1 — sincp, — J - < c p < —

7.4. y =  l — lncosx, 0 < x < 4 r .
O

7.5. x =  2 ( t  — sin/), y =  2 ( l — cos/), 0 ^ / ^ y .

7.6. r =  8 ( l  — coscp), — ^ ^ c p ^  0.

7.7. x  =  e '(cos/ +  sin/), y =  e‘ (cost — sin/), 0 ^ / ^ - ^ - .

7.8. y  =  e*-f-13, ln V ^ S ^ * ^ ln V 2 4 .
3n

7.9. r =  3e~ ,  —

7.10. x =  4(/ — sin/), y  =  4 ( l — cos/), y s ^ / ^ C -^ 1.

7.11. y = l n  sinx,

7.12. r =  8sincp, O ^ c p ^ -^ .

7.13. x = 1 0 c o s 3/, f/ =  1 Osin3/, 0 ^ / ^ y .

7.14.^ =  ̂ ( l - e ;c- e - j:) , 0 < x <  3.

7.15. r =  4cp, 0 ̂  cp

7.16. x = 5 c o s 2/, y =  5sin2/, 0 ^ / ^ ^ .

7.17. y  =  lnx, V 3 ^ x ^ - / T 5 -

7.18. r =  7 ( l  — sin<p), — ^ < < p < ^ .

7.19. x =  3(/ — sin/), y  =  3 ( l — cos/), n ^ / <  2u.

7.20. y =  — ln cosx, 0 ^ x ^ - ^ .
D

7.21. r =  2 ( l — coscp), — r c ^ c p ^ —

7.22. x =  3(2cos/ — cos2/), y  =  3(2sin/ — sin2/), 0 < / <  2n.

7.23. y =  2 — ex, ln-\/3s^x^ ln-\/8.
4<p

7.24. r  =  4 ^ r , 0 < ( p < y .

7.25. x =  8cos3/, (/ =  8sin3/, 0 < / < A
6

7.26. y =  1 — ln (x 2— 1), 3 < x <  4.
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7.27. r =  6(1-1- sirup), -  J ^ c p ^ O .

7.28. x =  ( t2 — 2)s\nt +  2tcost, y =  (2 — t2)cost  +  2tsint,

X X

7.29. y =  e * + e ~ \  0 < x <  2.
3tp

7.30. r =  3 e ^ , 0 < ( p < y .

8. OyHKUHHJiap rpa<|)HKJiapH 6mnan qerapajiaHraH (JjHrypaHH 
GepwJiraH KoopAHHaTa yKH aTpocfiHAa aftjiaHTHpmuAaH xochji 6yjiraH 
>khcm x,a*MHHH x,HCo6jiaHr:

8.1. y =  ( x — l ) 2, x =  0, x =  2, y =  0 (Oy) .
8.2. y =  — x2-j-5x — 6, y — 0 ( O x ) .

8.3. x =  3cos2t, y — 4sin2t, ( ^ ) -

8.4. y2=  ( x — l ) 3, x = 2  (Ox ) .
8.5. y  =  x3, y =  x  (Oy ) .
8.6. x =  6 ( t  — sint), y =  6 ( l — cost) (Ox ) .

8.7. y =  x2— 2 x + l ,  x =  2, y =  0 (Oy) .
8.8. y  =  2 x— x2, y =  0, 2x2 — 4x +  y =  0 (Ox ) .

8.9. x =  2cos^, y =  5sint (Oy) .

8.10. y =  3sinx, y =  sinx ( 0 < x < j t )  (Ox ) .

8.11. y  =  arc sinx, y =  arccosx , y =  0 (Oy).

8.12. x =  7cos3t, y  =  7sin3/ (Ox ) .

8.13. y =  ( x — l ) 2, y =  1 (Oy ) .

8.14. x =  ^~y — 2 , x = \ ,  y =  1 (Ox ) .

8.15. x — i/3 cos^, y =  2sin/ (Oy) .

8.16. y =  2x— x2, y = — x +  2 (Ox ) .

8.17. y =  V ^ T  - y = .0, y =  1- x =  0,5 (Oy).

8.18. x =  2 ( t  — smt),  y =  2 (1 — cost) (Ox ) .

8.19. y =  x 2+ l ,  y =  x, x =  0, x =  1 (Oy) .

8.20. y =  ex~ x, y =  0, x =  0, x = l  (O x ).

8.21. x =  2cos^, y =  6sin/ (Oy) .

8.22. y2 =  4x, x2 =  4y (Ox ) .

8.23. y =  2 — x +  y  =  2 (O y ).
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8.24. y = c o s 3t, y = s i n 3/ (Ox ) .
8.25. y  = 5 c o s x ,  y =  cosx, x > 0  (O x ) .
8.26. y  =  lnx, x  =  2, y  =  0 (O y ) .
8.27. x  =  3cos^, y  =  8sin/ (O y ) .

8.28. y = x 2, y 2- x = 0 (O x ) .

8.29. y = a r c c o s -| , y  =  arccosy ,  y  =  0 (O y ) .

8.30. y =  ex, x = 0 ,  y  =  0, x =  1 (O x ) .



7 -6  o 6

BMP HEM A  y 3 r A P y B H H H H H r  4>yHKU,HJICM

l - § .  B np H eqa jtarapyBMH (JjyHKUHHCHHHHr xycycH H  
x,ocHJiajiapH Ba TyjiHK, AH(J)c|)epeHUHajin

7.1.1. A r a p  6npop  D  TynjiaMHHHr x a p  6np (x, y)  xaKHKHH coHjiap 
>Ky(})TjTHrH 6npop  KOH^a QidJiaH E  TyruiaMAarH nroHa 2 xaKHKHH coHra 
moc KyftHJiraH 6y j ica ,  y  xo j iA a  D  Tyiw iaMAa hkkh y 3rapyBHHHHHr 
(})yHKUHHCH z aHHK,jraHraH AefiHAaAH Ba KyftHAarn KypHHHiiiAapAS
Qenrmiauaw-

z =  f  (x, y ) ,  z =  z ( x ,  y)  Ba x. k.

D  TynjraM c})yHKUHHHHHr aHHKJiaHHin c o x s c h  AefiHJiaAH.
TeoMeTpHK HyK,TaH Ha3a p A 3 H z =  f ( x ,  y)  (})yHKUHHHHHr Oxyz  T yrpn  

6y pMa kah KoopAHHaTajiap cnereM acHAarH  TacBHpH (c})yHKHHHHHHr 
rpacjjHra) 6npop  cnpTAaH H6op 3TAHp.

H c ra j i ra H  MeKAH coHAarn y3rapyBMHHHHr <j)yHKUHHCH xaM lOKopHAa- 
rn Ka6n 3HHK,jiaHaAH.

1- M H C OJI. Z =  ^ 4  — x 2 — y 2 (jDyHKUHHHHHT aHHKAaHHUI COXaCHHH 

TonHHr.

Emm  uj. B epn AraH  c})yHKUHH 4 —  x 2 —  y 2> 0 ,  h^h h  x 2 +  y 2<  4 uiapT- 
Aa xaKHKHH KHHMaTjiap KaSyA KHAaAH. XleMaK, (|)yHKU,HHHHHr 
aHHK,jiaHHiu coxacH  MapKa3H KoopAHHaTajiap SouiHAa Sy jiraH , paAHycH
2 ra TeHr AonpaAaH  HSopaT.

2 - m h c o a .  u =  I n (1 — x 2 —  y2 —  z2) cjjyHKUHHHHHr aHHKAaHHLU c o x a -  
CHHH TonHHr.

2 E 2 HUI2 B cp H A raH  (JjyHKUHH l — x 2 — y2 — z 2> 0 ,  H-bHH 
x  + 2  < 1  uiapTAa aHHKJiaHraH. BuHoSapHH, SepHJiraH cj)yHKUHH- 
HHHT aHHKAaHHUI COXaCH MapK33H K00pAHHaTaJI3 p SoLUHAa, paAHyCH
1 ra TeHr m ap  SyAaAH, SyuAa m ap  cu p ra  (cc j )epa) aHHKJiaHHm c o x a c u ra  
KHpMaHAH.

7.1.2. A r a p  x  y3rapyBHHra 6 n pop  Ax  opTTHpMa 6 ep H 6 , y hh 
y3rapHiucH3 KOAAHpcaK, y  xa/iAa z =  f ( x ,  y)  (})yHKUHH Axz op-rrapMa 
OAaAH, 6y  opTTHpMa 2 4)Y HKlW HHHHr x  y3rapyBMH Syfinua xycycHH 
OpTTHpMaCH AeHHAaAH:

Axz =  f ( x  +  Ax, y ) — f ( x , y ) .
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XyAAH m yHAaft, y ysrapyBMH Ay opTTHpMa ojihS, x y3rapH iucH3 
KoAca, y xo jiA a  2 cj)yHKUHHHHHr y y3rapyB<JH 6yhma  xycycH H  
oprrH pM acH  KyHHAarnHa e3HJiaAH:

Ayz =  f (x,  y-\-Ay) — f ( x,  y ) .

Axz
A r a p  l im  —— mckjih ahmht MaB>KyA S yA ca , y  z =  f (x ,  y)

(f)VHKUHHHHHr 3pKAH y3rapyBMH X SyHHVla xycycHH XOCHAaCH AeHHAaAH 

isa ~  eKH f'x (x, y) 6HAaH SeAnuiaHaAH. ZleMaK,

*z r  f ( x  +  Ax, y ) — f ( x , y )  dz , .
~~aF =  hm L  =  -57=/x *.</)•A«-*0 &X \X̂ 0 Vx

A 2
A r a p  l im  mckah ahmht MaB>KyA SyA ca ,  y  z =  f (x,  y)  (JjyHKUHH-

Ai/->o

iiHHr apKAH y3rapyBHH y 6ymna  xycycHH xocHJiacH AefiHAaAH Ba 
dz-  eKH f'  (x, u) SnjiaH SeArHAaHaAH. 
dy y

XycycHH xocHJiaAap yqyH 6np y3rapyBHH (})yHKU,HHCHHH AHcfjtJje- 
peHUHaJiJiamHHHP KOHAa Ba (jjopMyAaAapn caKAaHaAH.

McTajiraH mckah coHAarn spkjih y3rapyBMH t^yHKUHHCHHHHr xycycHH 
XOCHJiajiapH xaM lOKopHAarHAeK aHHKJiaHaAH.

3 - m h c o a .  2 =  arc sin—  (JjyHKUHHHHHr xycycnfi xocHAajiapHHH 

ronHHr.
E m h u i . j h h  y3rapMac Ae6, x SyftHMa xycycHH xocHJiaHH TonaMH3:

dz

dx ,  / 2 2yy — x

3hah x hh y3rapMac Ae6 XHCo6Aa6, y y3rapyBHH 6y\\ma xycycHH 
XocHJiaHH TonaMH3:

dz 1

( - 7 }

4 - m h c o a .  u = ~ \ j l — x 2 — y2 — 22 (jjyHKUHHHHHr xycycHH xocnjiaAa- 

PHHH TonHHr.

E m m .  4 ^ = ------ = L = = ( — 2x) = ------------------- =  .
Sx 2 ~\j I — x2 — y2 — z2 V l  - x 2- y 2- z 2

du -  1 ( ~ 2 y ) ~  y
dy 2 ~\J 1 —x2—y2—z2 V i - ^ - y 2- 2 2 ’
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d“ a s ....... J _____—  ( — 2z) = ______ z
* *  2 V '  ~ J - y 2- z 2

7.1.3. Arap x Ba y y3rapyBMHJiap moc paBH iiiAa Ax  Ba Ay 
op rrH p M a jiap  o jica , y  xo jiA a  z =  f ( x ,  y)  4)Y hkuhh Az =  f (x-\-Ax,  
y -\- Ay)  — f (x ,  y)  TyjiH K opTTHpMa ojiaAH. By TyjiH K  opTTHpMaHHHr Ax  Ba 
Ay Jiapra HHcSaTaH hh3hk jih  S y jiraH  60111 khcmh 4)yHKUHHHHHr TyjiH K 
AH(|3ct)epeHU,HajiH AeHHJiaAH Ba dz opKajrn  Sejin u iaH aAH .

z — f (x ,  y)  (J)yHKUHHHHHr TyjiHK AHC^epeHUHajiH KyHHAarn (JtopMyjia 
6yftHMa XHCo6jiaHaflH: 

dz- ^ x +  t dy’ 
6y epAa dx =  Ax, dy =  Ay.

TyjiHK  AHfJx^epeHUHajiAaH KyriHHMa (JjyHKUHHHHHr t 3KPh6hh 
KHHMaTJiapHHH XHCo6jiaiu yqyH dpoHjiaj iamjiam,  mYhkh Azm dz ,  HtHH

f ( x  +  Ax, y +  Ay) & f ( x ,  y)  +  A z.

5- m h c o j i. z =  arc tg  4>yHKUHHHHHr TyjiH K  AHcfxJjepeHunajiHHH 

TonHHr.
E m h u i . ,H,acTjia6 xycycnft x,ocHJiajiapHH TonaMH3: 

dz 1 / y \ u dzi /___ y \ y dz __ l

ajc i +  ( f ) 2 ’ ^ x2’  , ^ + y 2 ’ dy~  1 +  x ~  J + y 2

TyjiHK AH(J)(})epeHUHaJi ( f iopM yjiacn ra  Kypa :

, __ —ydx . xdy __ xdy — ydx
Z ~  x2 +  y2 x2 +  y2 ~  x2 +  y2

6- m h c o j i .  u = -\jx2 y2 z 2 (J)yHKUHHHHHr TyjiHK AH({)(J)epeHiJ,Ha-

JIHHH T o n H H r.
E m h u i . X ycycH H  x,ocHJiaJiap HH TonaMH3:

du 2x
dx 2 V x2 +  y2 +  z2 ^ x 2 +  y2+ z 2

du 2 y y
dy 2 -\jx2 +  y2 +  z2 -yjx2 +  y2 +  z2

du 2 z Z

dz 2 ^ x 2+ y2 +  z2 ^ x 2 +  y2 +  z2 '

J^eMaK, TyAHK AH(J)(})epeHU,HaA:

__  xdx  . ydy , zdz _  xdx-\-ydy-\-zdz

^ ^  +  y2 +  z2 ^ x 2 +  y2 +  z2 V ^  +  '/2 +  2S _  ^ x 2 +  y2 +  z2

270

l l l l l l l ' l

7- M H C OJI. 1,023'01 HH T a K p H6HH X,HCo6jiaHr.
Emhi u .  z =  xy (JiyHKUHHHH K a p aHMH3. YH H H r x = l  Ba y  =  3 AarH 

KHHMaTH z =  l 3 =  1 ra TeHr.
Z =  xy 4>yHKU,HHHHHr TyjiHK AH(|)4>ep eHU.HaJlHHH TonaMH3:

d z = y x y~ 'Ax-\-xy\nxAy.

* = 1 ,  y =  3, A x = 0 ,0 2  sa Ay =  0,01. IIIyHHHr yqyH dz =  3 - l 2-0,02 +  
f- 131 n 1 -0,01 = 0 ,0 6  6yjiaAH. Y  x,cuiAa H3JiaHaeTraH k h h m 3 t: 

(1 ,0 2 )3-01 m f ( x ,  y) + d z =  1 + 0 ,0 6 =  1,06.

1- dapcxona TonuiupuFu 

1. OyHKLtHHJiapHHHr aHHKAaHHLU coxacHHH TonHHr:

a )i )  z = - \ j x 2+ y 2— 9 ; 6) z =  arc sin ( x  +  y ) ; 

b) z =  \n(y2 —  2x +  4 ) ; r )  u
In (1 —x2 — y2 — z2)

2. K y f lH A a ra  (JjyHKUHHAapHHHr xycycn ft  xocHJiaJiapHHH TonHHr:

x —y . 
x + y  ’

a )  z  =  x 3 +  y 3 —  3axy\ 6 )  z — —— — ■

i • l x 2 — y2
b) z  =  <? 1 ; r )  z = a r c s i n  /

w * + r
x-\-{

a )  z = \ n \ x +  V ^ 2+ y 2 l ; e ) 2 = l n s i n

*  u =  z

Vf/
3) u = { x y ) z.

3. KyftHAarH (JjyHKUHHAapHHHr ryAH K  AH(})4)epeHUHaJiHHH TonnHr:

a )  2 =  In t g — ; 6 )  z  =  l n ( x 2 +  y 2) ;

2 2\ x —u v i xy
B) z =  ■ r )  «  =  a r c t g  - f -

x  + y

4. TaKpHSnfi XHCoSAaHr:

a ) In (0,093 +  0,993) ; 6 ) V (4 ,0 5 )2+  (2 ,9 3 )2 . 

>K: a ) - 0 ,0 3 ;  6 ) 4, 998.

/- MyCTCLKfUA UIU

1. <E>yHKU,HHJiapHHHr aHHKJiaHHIU COXaCHHH TonHHr.

a ) z = \ n ( y  — x)-, 6) z =  ^/cos(x2+ y 2) ;
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' »  ' - I n  V *  ; r ) u = J x  +  y +  i .

2. KyflHAarH (})yHKUHHJiapHHHr xycycHH xocHjiajiapiiHH TonHHr:

a) z =  e ^ ^ 2) ; 6) 2 =  arc t g  — ^—  •
1 + x 2

b) z =  y - x y\ r) 2 =  arc tg— -f- arc tg— ;
X  y

—y

a

x2+ y 2

A )  u =  x 4
y—z

3. OyHKUHHJiapHHHr TyjiHK AH(j5(j)epeHUHajiHHH TonHHr:

) 2 =  l n c o s i  6 )  z = l n ( « / +  V ? + 7 ) ;  b) ■« =

4. TaKpH6HH x,HCo6jiaHr:

a ) V  (1,02) 3+  (1 ,9 7 )3; 6) sin28° • cos61 °.

>K: a )  2,95; 6 )  0,227.

2- §. MypaKKa6 (J)yHKUnHHHHr \ocMJiajiapn.
OuiKopMac (JjyHKUHnHHHr x,ocHjiajiapH

7.2.1. A rap z =  f ( x ,  y ) , x  =  x ( t ) ,  y =  y ( t ) <})yHKUHHjiap AH(})(})epeHii,H- 
ajuiaHyBMH Sy j ica ,  y  x,ojma z =  f ( x ( t ) ,  y ( t ) )  MypaKKa6 (JjyHKUHHHUHr 
XocHJiacn y in S y  cJjopMyjia 6 y m 'ia  TonHjiaan:

d z __  dz dx . dz dy

dt dx dt dy dt

Arap z =  f ( x ,  y)  , y  =  y ( x )  Syjica, y xojiAa z =  f ( x , y ( x ) ) AaH x  6yHHHa 
TyjiHK x,ocHJia KyHHAarn (})opMyjia dyftnua TonHJiaAH:

d z __  dz  . dz dy

dx dx dy dx

XyAAH uiyHHHrAeK, x =  x ( u ,  v ) , y =  y ( u ,  v)  d y j ica ,  y  x,0JiAa z =  f ( x ,  y)  
HHHr xycycHH xocHJiajiapn KyHHAarn (|)opMyjiajiap Syftrma TonHJiajm:

A l .1 l  i dz dy
du dx du dy du ’ du dx '~dv~^~~dy '~dv  '

1- m h c o j i .  A rap x =  e‘ Ba y =  \nt 6yj\ca, 2 =  —  (})yHKUHHHHHr x,och-

JiaCHHH TonHHr.
E M H UI.

—  =  1 I X 1 _  tye‘ — x
dt dx dt dy dt y2 ' t y2 . t ~  ‘
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M H c OJI. A rap  y =  x2 Syjica, 2 = a r c  t g - j  (jjyHKUHHHHHr TyjiHK

'.tll'MJiaCHHH TonHHr.
H q h ui. TyjiHK, xocHJia (J jopMyjiacnra Kypa:

dz dz . dz dy 1 / y \  . 1 1

dx dx  1 dy dx , J  (  x2 1 +  ^ _ J  *

_  — y 2x2 — ____L__

_  x2 +  y2 x2 +  y2 x2 +  y2 x2 +  x4 1 + x 2

, dz y
\ \cvch h  xocHJia: — - = ------5— r -

ox  x  + y

3 - m h c o j i .  A r a p  x =  uv, i/ =  ^ - 6 y j i c a ,  z =  \n(x2 +  y2) c})yHKUHHHHHr

xycycuH xocHJiajiapuHH TonuHr.

,, dz __  dz dx . d z  dy __ ■ 2x , 2y 1 _
„ M H UI. du du x2 +  y2 x? +  y2 v

dz dz dx . dz dy

■ 2x =

x ‘2-\-y2 v u '  dv dx dv dy dv

2x . 2y / u \ 2 / y u \  2 (u4— 1). ( ____>L\=  ~ ( x u  _  •"» W  ^
\ v2 )  x2 +  y2 \ v2 )/  +  ^ V2J x‘ +  !f \  J  )  ( „ ' + ! ) „

7.2.2. Arap F(x,  y) = 0  TeHrjiaMa 6upop  y (x )  4>Y h k u h h h h  ou iKopMac 
uypuHHiiiAa aHHKJiaca Ba F'y(x, y) =^0 6 y j ica ,  y  x,o/iAa KyftHAaru 

(|iopMyjia ypuHJiHAHp:

dy _ _  _  FA X’ y) 

d x ~  Fy {x, y )  ’

Arap F(x ,  y, z)  = 0  TeHrjiaMa hkkh y3rapyBMHJiH z ( x , y ) cJjyHKUHHHH 
ouiKopMac KypHHHUiAa aHHKJiaca Ba F'z( x , y, 2 ) =^0 S y j ica ,  y  x,on,na 
KyftHAarn (JjopMyjiajiap ypHHJiHAHp:

dz F ' ( x , y , z )  dz ' f ' ( x , y, z )

dx F z ( x , y , z )  ’ dy Fz (x, y, z )

4- M H C O J I .  O uiKopM ac  KypHHHiura

( x 2 +  y 2) 3- 3  ( x2 +  y2) +  \ = 0

T eH r j ia M a  6 HJiaH 6 epHJiraH  y ( x )  (J)yHKUHHHHHr x o cu j ia cH H H  TonHHr.
E q h ui. TeHrjiaMaHHHr Man t o m o h h h h  F ( x ,  y)  opKaJiH 6 eJirHJiaHMH3 

na xycycHH \ 0cHJiaj1apHH TonaMH3:

F'x (x, y ) = 3 ( x 2 +  y2) 22 x - 6 x = ( ( x 2 +  y2) 2- \ ) - 6 x ;

F'y(x, y ) = 3 ( x 2 +  y2) 2 y - 6 y = ( ( x 2 +  y2- \ )  -6y.
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5 m h c o j i .  OmKopiwac KypHHHiHAa x 2 —  2y2 +  3z2 — yz +  y =  0 TeHr
jiaMa 6mian SepnAraH z(x ,  y)  (JjyHKUHHHHHr xycycHH x,ocHJiajiapHHH 
l'Oimnr.

k  l| h lu- TenrjiaMaHHHr Man tomohhhh F ( x , y, z)  opKajin Sejirn jiaS, 
xycycHH xocHJiaJiapHH TonaMH3:

F'x= ( x ,  y, z ) =  2x; F'y(x, y, 2) =  — Ay — 2 + 1 ;  F'z(x, y, z ) = 6 z  — y. 

JXeMan,

_  F ’x{X ' y ,Z )  =  2x _ _dz _  _  F y (x, y, z )  _  ^  , _ 4i, _ 2 
dx F z ( x , y , z )  6 z — y ’ dy F z ( x , y , z )  6 z — y

2- dapcxona TonuiupuFu

1. A rap 2 =  ln-^, 6y epAa u =  t g2x, v =  c tg2x  Syjics, ■—  hh to-

riHHr.
2_

2. A rap 2 =  *2 y , 6y epAa # =  3 x + l  Syjica, hh TonHHr.
x + y  dx

y
HH TonHHr.3. Arap z =  x2y, 6y  epAa  y =  cosx 6y j ica ,  —  Ba —

(5x dx

(52 dz4. Arap 2 =  «  lny, 6y  epA a  u = ^ - ,  v =  x 2-\-u2 S y j ica ,  - ^ b s - ^  hh
x  , dx dy

TOnHHT.

5. Arap z =  x2y — y2x, 6y epAa x =  ucosv Ba y =  us'mv 6yjica,
dz dz

—— Ba —— hh TonHHr.
du dv

6. A rap w =  \n ( x3 y3 — 23) ,  6y epAa x =  uv, y =  ~^, z =  e u 0

dw dw
oyjica, ——, ----- hh TonHHr.

J d u ’ dv

7. OiUKopMac KypHHHHJAa

a) sinxy — exy — x2y =  0] 6) yx =  xy TeHrjiaMa Shash SepHJiraH 
y (x )  (J)yHKHHHHHHr xocHJiacHHH TonHHr:

8. OuiKopMac KypHHHuiAa

a ) ez =  xyz ; 6) z3-\-3xyz =  a3

TeHrjiaMa SnAaH SepHJiraH z(x ,  y)  (JjyHKiiHHHHHr xycycHH x,ocHAaAapHHH 
TonHHr.

2- Mycra^uA uiu

1. Arap 2  =  arc s i n ( x  — y) ,  6y epAa  x =  3t, y =  At3 Syjica, —  hh
ctt

TonHHr.

M i m i 1 ti i n ii  t n !! i f i l l  j ) 11 li!  ii  t it IH1 u tHHHHjHHtH t () H

2. A r a p  2 =  a r c t g x y ,  6 y  ep A a  y =  ex S yA ca ,  hh TonHHr.

3. A r a p  z =  u2 +  v2, 6 y  epAa  u = x  +  y, v =  x — y 6 yA ca ,  -J | ,

JiapHH TonHHr.
4. A r a p  z =  u2v — v2u, 6 y  epAa  u =  xsiny, v =  ycosx  S y^ ca ,

‘ ‘ , —  AapHH TonHHr.
dx dy

5. O u iKopM ac  KypHHHiHAa

a )  1 + x y  — \n(exy +  e ~ xy) = 0 ;  6 ) ys'mx —  c o s ( x  — y)  = 0

ic i ir j iaM a  6HA3H SepHJiraH y ( x )  (JjyHKUHHHHHr x,ocha3Chhh TonHHr.
6. Ou iKopM ac KypHHHiHAa

a )  x3 +  2y3 +  23 —  3xyz  —  2y  +  3 =  0; 6 )  2 l n ( x  +  z)  — — = 0

reHTAaMa 6HAaH SepHArsH  z ( x ,  y)  (j)yHKUHHHHHr xycycHH x,ocHAaAapHHH 

TOIIHHr.

3- §. ypHHiwa TeKHCJiHK Ba cwpTra  HopMaji. K ) k,o ph  TapTn6jiK 
x,ocHJiajiap. T e f i j io p  (J)opMyjiacH

7.3.1. C n p T ra  Mo HyKTaAa yTK33HJiraH ypunua TemcAUK Ae6  
cnpTAa Mo  HyKTa opKaAH yTK33HAraH 6 a p q a  arpn  4H3HKAapra 
yTK33HAraH ypHHM3Jiap >KOHJiamr3H TeKHCAHKKa aHTHAaAH.

C n p T ra  Mo  HyKT3AarH HopMaA Ae6  Mo HyKTaAaH yTyBHH Ba 6y  
i iyKTaAa yTK33HAraH ypHHM3 tb k h c j ih k k s  nepneHAHKyAHp 6yAT3H 
■ryrpH ™ 3H KKa aftTHJiaAH.

A r a p  c h p t  z =  f ( x ,  y)  TeHrAaMa Sh j ish  6epHAraH 6 yA ca ,  y  x,oAAa 
Mo{xo, yo, 20) HyKTaAa 6 y  cnpTra  yTKa3HJiraH ypHHMa tbkh c j ih k  
reHrjiaMacH:

z — z o = fx ( x o ,  yo) ( x  — xo) +  fy(xo, yo) ( y — yo)- 

Mo(xo , yo, 20) HyKTa o p k s a h  cn pT rs  y TKa3H'nraH h o p m sa h h h t
K3HOHHK TeHTJI3M3CH KyHHASrHHa 6yA3AH I

x Xq y z Zq

fU x0 ' y 0 ) fy(x0,y0) _ 1

A r a p  cnpT F ( x ,  y, z )  =  0 TeHrjiaMa 6HJiaH ou iKopMac KypHHHUiAs 
6epHAr3H 6yAC3, c h p th h h t  M o( xo, yo, 20) HyKTacHAS yTK33HAraH ypHHMa 
TeKHCAHK TeHrAaMaCH

F'x (xo, yo, zo) ( x  — xo) -\-F'y( x 0, yo, 20) (y — yo) + F ' z( x 0, yo, 20) (2 —  20) = 0

KypHHHiiiAa, HopMaji TeHrAaMacH aca

x Xq y y§ z Zq

F x ( xq, Uo> zo) F y (x0, y0, z0) F z ( x0, y0, z 0)

KypHHHiHAa 6yjiaAH.
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M h c o ji. z =  x 2xy~\-y — x- j -2y  cnpTra  Mo ( 1 , 1, 1) HyKTaAa 
yi'Ka Jn./iran ypnirna tck h c j ih k  Ba HopMaA TeHTAaMajiapHHH TY3HHr.

It «■( h hi. XycycHH x,ocHJia.napHn TonaMH3:

f x ' = 2x~ 2y ~ l Ba l p = - 2 *  +  2i/ +  2.

By xocHJia^apHHHrM o ( l ,  1, 1) HyKTaAarn KHHMaTAapHHH *HCo6 jiaHMH3 :

~ d x \ M* = = 2 ~ 2 — l z = ~ l Ba Y y  I Mo== —  2 +  2 +  2 =  2.

IUyH,naH khjih6, f'x (1, 1) =  —  1 ,% (1 ,  1) = 2 .  /JeiviaK, ypHHMa tckhcahk 
TCHrjia MacH:

z — \ =  — { x — \ ) + 2 ( y — \) era x — 2y +  z =  0,

HopMaji TeHrjiaMacn:

x — l _ y — l _ z — l 
1 — 2 l

2- m h c o j i .  x3-|-1/3-J-2 3-)_xyz 6 =  0 cnpTra  Mo ( 1 , 2 ,  —  1) HyKTaAa 
yTKa3HJiraH ypHHMa tckhcahk Ba HopMajiHHHr TeHrjiaMachhh Ty3HHr.

E m h u i .  T e H r j ia M a H H H r  nan t o m iS h h h h  F ( x ,  y, z)  o p K,ajiu S e j i r n j i a d  
x y c y c H H  x o c H j ia j ia p H H  T o n a M H 3 :

F'x (x, y, z)  =  3x2 +  yz; F'y(x, y, z)  = 3 y2 +  xz-
F'z(x, y, z) = 3 z  + x y .

XocHJiajiapHHHr Mo( I, 2, — 1) HyKTaAarn KHHMaTJiapH hh x,HCo6jiaii- 
MH3:

^ ( 1 , 2 ,  - 1 )  = 3 - 2 = 1 ;  ^ ( 1 , 2 ,  - 1 ) =  1 2 - 1  =  11- 
F ' (  1 ,2 ,  — 1) = 3  +  2 =  5.

UlyHaaH khjih6, ypHHMa tckhcjihk  TeHrjiaMacn:

1 ( * —  1) +  11 (y  —  2 )  + 5 ( 2 + 1 )  = 0  eKH x +  1 l y  +  5 2 —  18 =  0, 

HopMaji TeHrjiaMacn:

X— 1 y — 2 z+1 
1 ~  11 ~  5 '

7.3.2. z =  f (x ,  y)  (jjyHKUHHHHHr hkkhhhh TapraS j iH  xycycHH x;ocHJia- 
Jiapn Ae6 6hphhhh t3Pth6jih xycycHH x,ocHAaAapAaH oAHHraH xycycHH 
XocHJiajiapra aiiTHJiaflH. H kkhhh h  TapTHSjiH xycycHH xocHAajiap 
KyHHAarnna SeATHAaHaAn:

a z"x= f ' X(x, y ) ;
dx  \ d y  )  d yd x  yx ' yxK

d / dz \ d2z "  

d y K d ^ ) - ~ n f - Zy« - f y y { x ’ y )  ■

f'Xy(x, y)  Ba fyX(x, y)  xycycHH xocHJiajiap apaAatu yocuAaAap 
HCHHJiaAH. Apa jiau i x,ocHJiajiap y3JiyKCH3 SyjiraH HyKTajiapaa yjiapHHHr 
KHHMaTJiapH TeHr SyjiaAH.

Y hhhmh  Ba yHiiaH io k o p h  TapraS jiH  xycycHH x,ocHJiajiap xaM myHAaii 

.iiiHKJiaHaAH-

y u ig v  ----- — -----e3yB z cbyHKUHHHH m  MapTa x  y3rapyBMH SyiiHHa Ba
dx mdyn~ m

( n _ m ) MapTa y y3rapyBHH 6yiiHHa AHCj)cj)epeHUHajiJiaHraHHHH Shjiah- 

paAH..

3- MHCOJ I .  2 =  arctg— (JjyHKUHHHHHr HKKHHHH TapTuSjiH xycycHH

XOCHJiaJiapHHH TonHHr.
E h h u i . i la cT J iaS  6 h p h h h h  T a p ™ 6 j iH  xycycHH x,ocHJiaJiapHH Tona- 

MH3:

dz  i i  y .

^ _ 7 + ( ^ ) 2 ’ 7 _  *2+ ^ 2 ’

dz  1 /  X \ __  x  _

1 +  ( ± J ' \  y2 ) ~  * 2+ y 2 ' '

H k kh hh h  MapTa AH(})(t>epeHii,HajiJiaHMH3:

d2z d / y  \  2xy  .

d x2 ~  d x  W  +  y 2 )  ( x2 +  y 2) 2 ’

d2z d / x  \ 2xy  . 
dy  ^  x* +  /  )  (x2 +  y2)2 -

d2z _  d / y 1 • (x2 +  y2) - y - 2 y  _  x 2 — y2 .

dx dy  d y \ ^ ^ y2 )  ( j;2 + y 2) 2 ( x  +  y2) 2 '

d2z d / x  \ 1 - (x2 +  y 2) — ^ - 2x ^  x2 —/

d y d x ~  d x \  x2+ y l  )  (x2 -(-y2) 2 ( x2 +  y2) 2

d2z d2z
KeflHHTH HKKHTa H(})OAaHH TaK K ocAa6 , 'd x d ~ —  ~fyfa  SKaHJinrara hujohh

XOCHJI KHA3MH3.
7.3.3. A rap z =  f ( x ,  y)  4>vhkuhh P 0( x 0, yo)  HyKTa aTpoc{)HAa

( n + 1) -TapTHfijiHrana (ra +  1- TapTnQjiHCH x,aM) y3JiyKCH3 XycycHH
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XOCHJiaJiapra ara Syjica , y xojm a KapaJiaenraH HyKTa aTpot})HAa yu i6y 
ToHJiop <J)opMyjiacH ypHHJiHAHp:

f ( x , y ) = f ( x o , y o ) + ~ [ f ' A x 0, y 0) ( x - x 0) + f ' t ( x 0, y 0) ( y - y 0) )  +  

~̂ 2̂\[fxx(x o , yo) ( x  — x 0) 2-\-2fxy( x 0, y0) ( x — x 0) (y — y0)-\-

+  fyy(xo, y0) { y - y 0) *\  +  . . . + L  j ^ _ * o)^ +  {y _ y o) J - y f(Xoj y o)  +

+  Rn(x, y ) ,

6y epaa R , ( * .  y) i u - y ^ J + W e ( x -

xo ) , yo- j~0(y— yo) ) ,  0 <  0 <  1.

Tefijiop (J)opMyjiaCHHHHr xo =  yo =  0 SyjiraHflarH xycycHH xojih 
MaKAopen (popMyAacu AeHHJiaAH.

4- m h c o ji. z — x3 —  5x2 — xy  +  y2 +  lOx +  5y —  4 4>Yhkuhhhh 
P o (2 , 1) HyKTa aTpo(f)Hfla Teftjiop  <J)opMyjiacH 6yHHMa eiiHHr.

E m h m. BepHJiraH (JjyHKUHHHHHr xycycHH xocHJiajiapHHH Ba y jia p 
HHHr P 0( 2, —  1) HyKTaAara KHHMaTJiapHHH 6HpHH-KeTHH XHCo6jiaHMH3 :

/ ( x ,  y ) = x 3- 5 x 2+ y 2+ l 0 x  +  5 y - 4 - x y ,  f ( 2 , - 1 ) = 2 ;

f i ( x ,  y ) = 3 x 2- l 0 x - y + 1 0 ,  f'x (2 ,  - I ) = 3 ;
f ' y ( x , y ) =  x  +  2i/ +  5, f 'y(2,  — I )  =  1;
f'/x (x , y ) = 6 x - 10, . f xx (2,  — 1) =  2;
f " y ( x , y )  =  -  1, f'/y(2, -  1) =  - 1 ;
f ' y ' y ( x , y ) =  2, / " ( 2 ,  — 1 ) = 2 ;
f'x'x'x{x, y )  =  6, fxxx{2,  — 1 ) = 6 .

KeHHHTH Sapna xocn jia jiap  afiHaH Hcuira TeHr. ToriHJiraHJiapHH 
Ten jiop  (})opMyjiacHra kyhhS, H3JiaHaexraH eflHJiMaHH xochji kh ji3 mh3 :

z =  f (x,  y) = 2  +  3 ( x - 2 )  +  ( y + 1 )  +  ( x - 2 ) 2-  ( x - 2 )  (< / + l )  +

+  ( y +  l ) 2+ ( x - 2 ) 3.

3- dapcxouct ToniuupuFu

1. BepHJiraH cnpTra SepnjiraH Mo(xo, yo, zo) HyKTa^a yTKa3HJiraH 
ypHHMa TeKHCJiHK Ba HopMaji TeHrjiaMajiapHHH Ty3HHr:

H  Zr l i x2f y2’ M 0( l ,  l , 3 ) ;
* ^ ^̂ ~ i =1 ^ ~ 1’ A f0(2, 2, 3 );

b) z == In (x  +  y2) , Mo(\,  0, 0 );
r ) x +  2 — 5yz~\-3y =  46, M 0( 1, 2, - 3 ) .

2. BepHJiraH (fiyHKUHHJiapHHHr hkkhhmh TaprafijiH  xycycHH xocHJia-
JiapHHH TonHHr Ba apajiam  xycycHH xocHJiajiapn TeHr eKH Tewr
SMaCJIHTHHH TeKUIHpHHT.'
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a ) z =  x y - j-— ; 6) z = — ~^=—  , 

is) z =  xe xy; r ) z =  yx~, 

ji) z =  ln (x 2 +  y 2) ;  e) z =  arcs in  

l V * 2+*/2
>K I U =

“ = ( 7 ) '

3. z =  exy 4>Y h k u h h

dz . dz d2z 0
x—— \- y~z z  ̂ —  2 z

dx dy dxdy

TcnrjiaMaHH KaHoaTJiaHTHpHUiHHH TeKiUHpHHr.
4. Z =  xy (J)yHKU,HH

y ^ - = ( [ + y  lnx^ i ry dxdy v dx

renrjiaMaHH KaHoaTJiaHTHpHUiHHH TeKinnpHHr.

5. z =  ex(xcosy —  t/siny) 4>Yhkuhh ^ + ^ J _ = 0  TeHrjiaMaHH KaH0' 

j|T.naHTHpHHIHHH TeKLUHpHHT. 
6. / ( x , y )  =  - x 2 +  2 x y  +  3 y 2- 6 x - 2 y - 4  4)yHKUHH/3o ( - 2 ,  1)  hY k- 

la aTpo(J)HAa T e f i j io p  ( } )opMyjiacH SyftHMa e ftH H r.
7 f (x y) — exsiny (Jjyhkuhhhh ymhhmh TapTHfijiH ^aAJiaprana (yjiap 

xaM KnpaAH) M a K j iop eH  4>opMyjiacH SyftHMa eflHHr.

3- MycraKfUA urn

1. BepHJiraH cnpTra  SepHJiraH Mo(xo, yo, zo ) HyKTaAa yTKa3HJiraH 
ypHHMa TeKHCJiHK Ba H0PM3J1 TeHrjiaMajiapHHH Ty3HHr:

а) z = l ± x 2 +  y2, M o (2,  — 1, 6 );
б ) x 2  — y — z + x z  +  4x +  5 =  0, M o (  —  2, 1, 0 ).

2. BepHJiraH (J)Y hku,hHJiapHHHr hkkhhmh TapraS j iH  xycycHH xocH J ia -  

jiapHHH TonHHr Ba apaJiain xycycHH xocH J iaJ iap  TeHr eKH TeHr 

'iMaCJIHTHHH TeKHIHpHHT:

a ) 2 =  tgV ^ y ;_  6 ) 2 =  In (3xy 4 ); 
B) 2 =  sinV?i/; r ) 2 =  a rc tg (2 x  y)-

3. BepHJiraH (})yHKU,HHJiap KypcaTHJiraH TeHrjiaMajiapHH KaHO- 

aTJiaHTHpHUUHHH TeKUIHpHHT:

d2zv a z I a z . o z __^  __ ■ ____  .

dx2 dy2 dt2 ’ ^Jx2 +  y2 +  t2

279



'1. / (x , y)  —i x 1 2 y i -}~3xy (j)yHKUHHHH P o ( l ,  2 ) HyKTa aTpocbHAa 
I t’ti.MOp (popMyjiaCH 6yHHMa enwHr.

*)• f ( x ,  y ) = e x ^y ^yHKUHHHH P o ( l ,  — 1) HyKTa aTpocj)HAa Y4hhhh 
u p r n o j iH  xa/v iap  (y j ia p  xaM  KHpaAH)raMa Te ft j iop  (bopM yjiacn  SyftHna
0 HHHI'.

4-§. Bwp He>ia y3rapyBHH 
<J)yHKUHflCHHHHr SKCTpeMyMJiapH

7.4.1. A ra p  z =  f (x ,  y)  (f)yHKUHHHHHr Po(xo, yo) HyKTaAarn KHHMara 
yHHHr Gy HyKTaHHHr 6npop aTpo^H Aara HCTajiraH P ( x , y) HyKTacHAara 
KHHMaTH^aH KaTTa, ht>hh f (xo. , yo) > / (x, y)  6yjica, z =  f (x ,  y) (J)Yhkuhh 
Po(xo, yo) HyKTaAa MaKcuMyMea ara AeHHJiaAH.

A ra p  z =  f (x ,  y)  cjjyHKUHHHHHr Po(xo, yo) H yKTaA ara  khhm 3 th  yHHHr 
oy  HyKTaHHHr SnpopTa aTpo(J>HAarH HCTajiraH P (x ,  y)  HyKTacHAara 

KHHMaTHAaH khmhk Sy j ica ,  H"bHH f (xo, y o ) < f ( x ,  y)  S y j ica ,  z =  f (x ,  y) 
4>yHKUHH Po(xo, yo) HyKTaAa MUHUMyMza ara  AeHHJiaAH.

OyHKUHHHHHr MaKCHMyMH eKH MHHHMyMH yHHHr 9KCTpeMyMU 
AeHHJiaAH. OyHKUHH 3KCTpeMyMra ara  SyjiraH HyKTa yHHHr SKcrpeMyM
H.yK'Tacu AeHHJiaAH.

7.4.2. S K C T p e M y M H H H r  3 a p y p H H  u i a p T j i a p H :  arap
Po(xo,yo) HyKTa y3JlfKCH3 z =  f (x ,  y)  <j>yHKUHHHHHr aKCTpeMyM HyKTacn 
6yjica , y xojiAa f'x (xo\ yo) — f'y{xo, yo) = 0  SyjiaAH eKH 6y xocnjiajiapHHHr 
aKaju iH  6h tt3C h  MaBJKyA SyjiM afiAH .

By mapTJiap 6a*apHJiaAHraH HyKTajiap KpuruK ny^raAap Aeftnjia- 
AH. X ap  KaHAaft kphthk HyKTci xaM aKCTpeMyM HyKTacn SyjiaBepMaiiAH.

7.4.3. H kkh h h h  TapTHSjiH xocHJiajiapHHHr P 0(xo, yo) k p h t h k  
HyKTaAara KHHMaTjiapHHH

A = f ' x'x{xo, yo); B =  f'x'y(xo, yo); C =  fy'y(xo, yo)

OpKaJlH 6ejirHJiaHMH3 Ba A = A C  —  B 2 AHCKpHMHHaHTHH Ty3 3 MH3 .

3 K C T p e M \ ' M H H H T  e T a p j i H  in a p T H .

a )  a r a p  A > 0  6 y j ica ,  z  =  / (x ,  y)  c})yHKUHH P 0(x0, yo) HyKTaAa 
SKCTpeMyMra ara  6yjw6, 6 y HAa ^ < 0  (eKH C < 0) Sy jiraH Aa  P 0 HyKTa 

g y * “ " yM Hy KTaCH’ ^ > °  ( “ H C > 0 )  Sy j iraH Aa  MHHHMyM HyKTach

6) arap A < 0  Syjica, P 0 HyKTaAa aKCTpeMyM M a B « y A  aMac;
b ) arap  A =  0 6yjica, aKCTpeMyM M aB *yA  6yjiHuiH xaM, M3B>kva 

OyjIMaCJIHTH XaM MyMKHH.

n HHr " MHC 0 J I  Z ~  ^  4>yHKUHHHHHr 3KCTpeMyMJI3pHHH TO-

E h h h i .  OyHKUHH 6yTyH Oxy TeKHCJiHKAa aHHK^iaHraH.
K phthk  H yK Tajiapm i KyftHAara TeH rjiaM ajiapASH  TonaM H3 :

~ = 2 x y  +  y2- 2 y  =  0,
dz 2 i

~ j f y =  x -j-2xy —  2 x = 0.
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by CHCTeMaHH eHH6, TypTTa kphthk HyKTSHH TonaMH3: P i (0, 0 ),  P%(2, 0),

(
2 2 \
—, —  j .  Hkkhhhh TapTn6jiH xycycHH xocn jia jiap .

Kx(x, y)  = 2 y; f"cy{x, y) = 2 x  +  2y — 2; f ' y(x, y) = 2 x .

X a p  6 n p  KpHTHK HyKT3A3TH AHCKpHMHHaHTHH XHC06jI3HMH3:

a )  P, (0 ,0 ) HyKT3A3 : A =  A C  — B 2 =  (2 -0 )  • (2 -0 )  —  ( 2 - 0  +  
f  2 • 0 —  2 ) 2= — 4 < 0 ,  AeMaK aKCTpeMyM SyK (aKCTpeMyMHHHr eTap-

,11H LU3PTHT3 MyBO(j)HK) ;

6) P 2(2 ,0 ) HYKT3Aa: A = — 4 < 0 ,  AeMaK aKCTpeMyM MaB>KyA aMac;
b )  ^3 (0 ,2 ) HyKTaAa: A = — 4 < 0 ,  AeMaK aKCTpeMyM MaB>KyA aMac;

- > 0 ,  AeMaK (JjyHKUHHHHHr

V27‘

r ) P 4(- f. y )  HyKTaAa: A =  - ^ - > 0 ,

MHHHMyM HyKTacnra araMH3, 6y  HyKTaAa z min =  f ( - j ,  -|-^=

7.4.4. 4erap a/ iaH raH  enHK D  co x a A a  AH(})(J)epeH_UHajiJiaHyBMH 
(|)yHKUHH y3HHHHT 3Hr KaTTa Ba 3Hr KHMHK KHHMaTHTa e D  co x a  HHHAa 
eryBHH kphthk H yKTaAa, e 6y  c o x a  qerap acH A a  apnuiaAH.

EnHK D  c o x a A a  cJjyHKUHHHHHr aHr KaTTa Ba aHr khhhk khhm3thhh 
roriHui ynyH: a )  c o x a  n^HAa Ba yHHHr qe rap acH A a  eTraH Sapna kphthk 
nyKTaJiap TonHJiaAH; 6) (J)yHKUHHHHHr 6 y  HyKTaJiapAara Ba n e ra p a A a rn  
KHHMaTJiapH xncoS jiaHaAH ; b )  TonHJiraH KHHMaTjiap opacnAaH  aHr 
KaTTa Ba aHr khhhk KHHMaTjiap TonnJiaAH.

2 - m h c o j i .  2 =  x 2 +  y 2 —  xy-\-x-\-y  (JjyHKUHHHHHr x ^  0, y ^ .  0,
* - \ -y ^  — 3 c o x a A a r n  aHr KaTTa Ba aHr khhhk KHHMaTjiapHHH TonHHr. 

E m h u i .  D  c o x a  AOB  ynSypMaKAaH H6opaT (41 -  uiaKJi).
a )  Y in 6 y  cncTeMaAaH c o x a  HMHAarH

K p H T H K  H y K T a J ia p H H  T O n a M H 3 :

=  2 x  —  y -\-1 = 0 ;

AeMaK,

dz 

dx

l ^ y ~ 2 y  X-f- 1 = 0 .

By ep A a H :  x =  —  1, y =  —  1,
A i (  —  1, — 1) HyKTara araMH3.

6 )  OyHKUHHHH c o x a  M e ra p a c H A a  TeK u in -  

paMH3. T e H r j ia M a c H  y =  0 S y j i r a H  A O  
' l e r a p a A a  z  =  x 2 +  x  (^yHKUHHra a raM H 3;
KpnTHK H yK Ta  JiapHH Hr a6 cu H C ca j ia pH H H  

2 '  =  2 x + l = 0  T e H r j ia M a A a H  aHHKJiaHMH3:

x = — A e M a K  KpHTHK H yK T a :  P i  ^ 0 ^ ,

OyjiraH BO  w e r a p a A a  z =  y2-\-y (J)yHKU,HHra araMH3; kphthk Hy k t a - 
JiapHHHr opAHHaTa JiapHHH z'y =  2 y -\ -\ = Q  TeHrjiaMaAaH TonaMH3:

y = — 1~. /],eMaK, k p h th k  HyKTa P 2(o ,  — TeHr j i aMacn y = — 3 —  x

41- maKJi

T e H r j i a M a c n  x  =  0
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(5^jiran AB  MerapaAa z =  3x2 +  9x +  6 cj)yHKu,HHra 3raMH3; kphthk 
iiyK'raJiapHHHr a6cnHt'CJiapHHH z'x — 6x +  9 =  0 TeHrjiaMaAaH TonaMHs:

3 3AB  TeHPJiaMacHAaH y = — — J],eMaK, k p h th k  HyKTa:

P,

b )  BepHJiraH (JjyHKUHHHHHr Po, Pi,  P 2 , P 3 k p h t h k  H yKTajiapAarH  
x,aMAa u e ra p a jia p  TyTau iaAH raH  A, B Ba 0  H yKTajiapA arH  KHHMaTJiapH
HH X,HC06jiaHMH3:

zo =  f (P o )  =  / ( —  1, I ) ------- 1;

z l = f ( P l ) = f ( - ±  0 ) = - | ;

Z 2 =  / ( P 2) = / ( 0 ,

z * = f ( P 3) = f ( - l  - ! ) = - ! ;

24 =  / ( 0 ) = / ( 0 , 0 ) = 0 ;

25 =  f (A )  =  ̂  ( — 3 ,0 )  =  6 ; 

z 6 =  / ( f i ) = / ( 0 ,  - 3 ) = 6 .

r )  <t>yHKU,HHHHH' TonHJiraH 6apua KHHMaTJiapHHH TaKKOCJiaS, 
z 3„r K ar. = f ( A ) = f ( 8 ) = 6  Ba z 3Hr KHM. = f ( P o )  =  — 1 A eraH  xyjiocara 
KejiaMH3.

4- dapcxoHa TonuiupuFu

1. OyHKUHHJiapHH SKCTpeMyMra TeKiunpHiu:

a ) z =  x2 +  xy +  y 2 — 3x — 6y;

6) z =  ̂ x y + (47 — x — y ) ( j + ^ y ,

b )  z =  xy2( l — x  —  y)\ 
r )  z  =  x 3 -+- y3 —  1 5xy.

^min 9 ,  B ) Z max =  ,

6 )  z max= 2 8 2 ;  r )  z min= - 1 2 5 .

2. OyHKUHHJiapHHHr KypcaTHJiraH co x a A a rn  3Hr KaTTa Ba 3Hr khm h k  
KHHMaTJiapHHH TonHHr:

а )  z =  x 2 — xy +  y2 — 4x; x > 0 ,  y ^ O ,  2 x  +  3 y <  12;

б)  z =  x 2 +  3y2 +  x  — y,  x <  1, 1, +

i l l i i i i iu i i i i i l i i i i l l i i i l l i i l l l l i i i l i i i i i l i i i

4- Mycra^UA uiu

1. OyHKUHHJiapHH 3 K C TpeM yM ra  TeKinnpHHr:

a )  z = ( x - \ ) 2 +  2y2;
6) z =  x 2 +  xy +  y2 — 2x — y,
b ) z =  ex y(x  — 2y ) .

>K: a) z min= 0; 6) z min=  — 1; b) z max= 8e~

2. OyHKUHHHHHr KypcaTHJiraH c o x a A a r n  3Hr KaTTa Ba 3Hr khmhk 
KHHMaTJiapHHH TonHHr:

а ) z = x2-\-2xy — 4x-\-8y; x > 0 ,  y ^ O ,  x <  1, y < 2 ;
б ) z =  x2 — 2y2-\-4xy— 6x-|-5; x ^ O ,  y ^ O ,  x +  y ^ 3.

a ) z 3Hr K[IM 3, z 3Hr KaT 17,

^) z3Hr KHM. 9, z 9Hr KaT — 5.

5- §. UlapTjiH 3KCTpeMyM

z =  f (x ,  y)  (})yHKU,HHHHHr uiapTAU sKCTpeMyMU AeS 6y  4>yHKUHH- 
hhHr x  Ba y y3rapyBMHJiapHHHr 6ofa(1huiu TemAaMacu Ae6 aTaJiyBHH 
tp(x, y ) =  0 TeHrjiaMa SnjiaH 6ofjiaHraHJiHK uiapTHAa spnuiaAHraH 
VKCTpeMyMHra aftTHJiaAH.

Yui6y (t>(x, y, A,) = f ( x ,  y) +  Acp(x, y)  (j)yHKUH5i JlaepanoK cf>yH^uncu 
AeftHJiaAH, 6 y  epAa I  —  6Hpop y 3 ra p M a c  Kynaih-yBHH. LUapTJiH 
-JKCTpeMyMHH TOnHUl d )(x , y, %) (})y HKUHHCH HHHT OAAHH 3KCTpeMyMHHH 
H3Jiauira KejirapHJiaAH. J la rp aH * (J)yHKU,HHCH 3KCTpeMyMHHHHr 3apy- 
pnft map™ KyHHAarn KypHHHiura sra:

© 
 ̂

CO 
^ - 0, f « L + ^ = 0 ,

dx dx
5*D

dy
=  0, eKH J L  +  xl 5 L  =  o,

dy dy
3(D
dX

=  0 . cp(x, y )  = 0 .

Arap Po(xo, yo), /to 

0

A =

6y CH.CTeMaHHHr HCTajiraH e^HMH Ba

v'x(xo, yo) %(x<b yo)

tyx(x oi yo) Qxx(x o, yo, ^0) ®xy(x o> y0, ^0)

(f>y(Xo, y 0)  ^ x y ( X 0i y o ’ ^ 0)  ® y y (X o *  ^ o )

Syjica, A < 0  Aa z  =  /(x, y)  c})yHKU,HH Po(xo, yo) HyKTaAa uiapTJiH 
MaKCHMyMra, A > 0  Aa uiapTJW MHHHMyMra ara SyjiaAH.

M h c o j i .  z  =  x +  2y OyHKUHHHHHr x Ba y y 3rapyB<4HJiap x + y  =  
=  5 TeHrjiaMa SnJiaH 6orjiaHraH mapTAarn SKCTpeMymhhh TonHHr.
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H m h iij. J'Iarpan>K (^yhkuhhchhh Ty3aMH3:

(l)(x , y, k) =x - j~2y -\ -k (x2-\-y2 — 5) • 

KyftHflarHra araMH3:

d(U
dx

l + 2 x k ,
dJ)

~ W
-2-\-2yk,

d$>

<5A --x2+ y 2

<t>(x, y, k) (JjyHKUHH yqyH  3KCTpeMyMHHHr 3apypHH mapTJiapn y iu6y  
TeHryiaMajiap CHCTeMacHHH 6 e p aah:

[ 1+2A ,* =  0,

2 +  2ky =  0,

[ x 2+ y 2= 5 .
B y  CHCTeMaHH eHH6, HKKHTa:

x i =  — 1, yr-
Ba

e^HMJiapHH TonaMH}. 
3 hah

x 2= l ,  y 2= 2 ,

-2, * , =  -j

<5<p
dx

=  2x;

dx1
--2k;

dy*

dy 

= 2 k;

--2 y,

d2(J>
dxdy

SKaHJinrHHH s v rM S o p ra  oJicaK, y  x,0JiAa 

2 ’1) X,, =  -r-, xi =  — 1, y\ =  — 2 Aa

A , =

0 — 2 — 4 

-2 1 0 
-4 0 1

= = 2 0 > 0 ,

htjhh (JjyHKUHH P  i ( — 1, — 2) HyKTaAa mapTjiH MHHHMyMra ara :  
^min===  ̂ 4 =  5,

2) k2 = — x2=  1, y2 =  2 Aa

0 2 4

A 2— — 2 - 1  0 =  — 20 < 0 ,

4 0 - 1

P 2{ \ , 2) HyKTaAa mapTJiH MaKCHMyMra a ra
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5- dapcxona Toniuupuru

OyHKUHHHHHT UJapTJIH 3KCTpeMyMHHH TOnHHT:

1. z =  x 2 +  y2 — xy +  x +  y - 4; x + y  +  3 =  0 mapTAa.
3 19

x =  £/.=  ̂ Aa 2 min  ̂ •

2. 2 =  x y ;  2 x  +  3 y  —  5 =  0 m apTAa.
5 5 25

>K: * —  y —  g Aa 2 max 24 •

3. z  =  x 2 +  y 2; 7 + y = 1  maPTAa-

36 48 144
> K ; X —  -gjT, y —  25 Aa Z min—  25 ‘

4. 2 =  6 —  4 x —  3i/; x 2 +  y 2= l  mapTAa.

)K : x = — g-, y = — g ^a 2 mal= l l ;  x =  -^, y =  ̂ A a  z min

5. z =  cos2x +  cos2y; y — x =  ̂  mapTAa.

>K: x  =  - ^ + n f e ,  y = ^ + n / z A a  z max= ^ _ V ? _ ;  

x = - ^ + n f e ,  y = ~ Y - + n / !  Aa z mjn=

6. 2 =  *  +  y; ^ + ~ V = t  mapTAa.
* j/ 2 

>K: x =  y =  — 2 Aa z rnax=  — 4; 
x =  y =  2 Aa z min= 4.

5- My'cra^uA uiu

(pyHKUHHHHHr UiapTJlH 3KCTpeMyMHHH TonHHr:

1. z  = — + — ; x  +  y  =  2 m apTAa.
x y

>K: x =  y =  1 Aa z min= 2 .

2. z =  ; x2 +  y2= \  mapTAa.
V 2

* :  J i = ---- 4 j .  9 =  ̂ 5  M  2n,i.= - l - 2 V 2  ;

x — j i ’ M  z - = ' - 2 V 2 ;

3. z =  xy2; x  +  2 y = l  m apTAa. ^

>K: x =  y = l  Aa z mjn= 0 ;  x =  y =  -^ Aa z maj( 27-

4. 2 =  2 x - f y; x 2 +  y2= l  mapTAa.

>K: x =  -^=, y =  ^  Aa z min=  — V 5  ;
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x  \/5’ y Aa 2max~  V 5
5. z =  xy\ x - \ - y =  \ uiapTAa.

>K: x =  y =  ~  Aa z max =  ̂ .

5- Hd30paT UlUU

1. BepHJiraH cjjyHKUHHHHHr aHHKJiaHHiu coxacHHH TonHHr:

1.1. z = \ n ( — x —  y ) .

1.3. z = ^ J x 2-\ -y2—  2 x .

1.5. z = -
\̂jy V *  

1.7. z =  \n(y — x 2).  
1.9. z = \ n ( x 2 -\ -y ) .

1 . 1 1 . z = — ixy ■ 
2x - l y  '

1.13. z =  -y/y 2- \ x 2. 

1.15. z =  3x

1.17. 2 =

6 — X2 — y2 

4 xy
2 2 * x —y

1.19. 2 =  arc c o s (x - f- i/ ). 
1.21. z =  \n(y2 —  x 2)

1.23. 2 =
6 — x2 — y2

x 2- y 2.1.25. 2 =  ^ 3  

1.27. z = l n ( 2 x  —  y ) .  

1.29. 2 4 xy

x  —  3 i / +  1

1.10. 2 =  ^Jx2+ 2 y  +  y 2 . 

1 . 1 2 . 2 =  arc s in (x  —  y) .
1.14. 2 
1.16. 2

= ln (4 - - y 1)-

x 2- y 2

^ x 2+ y 2-

1.18. z  =  e VA:2+ / -5

1 .20. z =  ^ 1 6

1 .2 2 . 2 =  arc sin— .
y

1.24. 2 =  a r c c o s ^ £ + 2 y ) .
1.26. 2 =  y  1 — x — y. .

1.28. 2 =  a rc sin (2x — y ) .

1.30. z =  -^ — ~ 2y- .
x2+ y2+ 2

nHHr Ba

2. BepHJiraH c{)y HKUHHHHHr hkkhhmh TapraSjiH x,ocHjiajiapHHH t o - 
<? z d2z

3K3HHHH TeKLUHpHHr:dxdy dydx

2 .1 . z = x - e x .

2.3. z  =  a rc tg  — .

2.5. z =  e - x- 3y • s in (x  +  3 y ). 

2.7. z =  e u.

2 .2 . z = \ n ( x - \ - e  y) . 
2.4. 2 =  ^ .

2 6. 2 =  sin<*~y>

2 .8. z  =  e
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2 .9. z = - x l ± .  2 ' 10- z  =  t g A0
.2

2 .11 . 2 =  c tg (x  +  «/). 2 -12‘ ^ =  s in ( x 2- y ) .
2.13. 2 =  a r c s i n ( x —  y ) . 2.14. 2 =  ln (3 x  2 y ) .
2.15. 2 =  tgx//2. 2-16’ z  =  ln (3 j c y - 4 ) .
2.17. 2 =  a r c c t g (x —  Ay).  2.18. 2 =  l n (5 x j— 3y ) .

2.19. 2 =  cos ( 3x 2 —  y2) . 2 .20. z =  s in ^ x y .

O 9 9  ^ ___ a * 1— !?
2 .2 1 . 2 =  arccos ( x —  b y ) . ■ ■ z e
2.23. z  =  a r c s in (4 x -}-*/). 2.24. 2 =  ln (4 x 2 —  by'2).
2.25. 2 =  a r c tg (2 x  —  y ) . 2.26. z =  c o s ( x 2y2 —  5 ).

2.27. z =  e ^ x+y. 2.28. z  =  c t g A

2.29. z =  t g A/xy. 2.30. 2 =  e 2x2+!'2 .

3. BepHJiraH z =  f ( x ,  y)  MypaKKaS cjjyHKUHHHHHr KypcaTHJiraH 
XOCHJiacHHH TonHHr:

3.1. z =  ey 2x, u =  lnsinZ, x =  cost. — = ?
w  dt

3.2. r =  a rccos (3x — y ) , x  =  4/, y =  3t2. - ^ - = ?

3.3. 2 = « 3lnu, «  = — , v =  2x —  3w. - ^ - = ?
«/ y dx

3.4. 2 =  a rcc tgx y , y = z e ^ x. - ^ = ?  

y ___ „2 d z ___?
dx

3.5. 2 =  a rc tg -p  y =  x 2.

3.6. z =  ex~ 2y, x  =  sin/, y = t 3. dz

dt

3.7. 2 =  l n ( e x — e y) ,  x  =  t2, y =  t3. - ^ = ?

3.8. z =  u2\nv, u =  —, v =  x 2-\-y2. - ^ = ?
x ’ r y dy

3.9. z =  xy, y =  lnsinx. = ?
3 dx

3.10. z  =  ln (e I +  ei' ) ) y  =  ̂ -x3+ x .
dx

3 H - Z==7 ^ T ’ * = 1 — 2 -̂ */ =  arctgrf. - J = ?

3.12. 2 = -\/x +  t/2+ 3 , x = ln / ,  y =  t2. - ^ - = ?

3.13. z =  u2v —  u2u, u =  xsinj/, v =  ycosx. ~^~=

3.14. z  =  a r c t g -^ tL ,  u =  e <*+1)2 - * = ?
& y u dx



3.15. y  =  3 x + l .  %
x + y

3.16. z =  arcsin~A--, x =  sin/, y =  cost.X2 .. .. dz___p
y ~ dt

3.17. z =  u2 +  v2, u =  x — y2, v =  x 2 +  y. - ^ - = ?
dz 

dx

3.18. z =  arcctgxy, y =  e2x. dz ^
dx

3.19. z =  arcsin-^, y = ^ x 2-\-\. - j x = ?

3.20. z =  x V /, x  =  cos/, y =  slni.

3.21. z =  xy, x  =  e‘, y =  In/. 4 r = ?u at

3.22. z = l n ( u 2 — v2) , u =  xy, u = A  - ^ - = ?

3.23. z =  ln (e )f — e »), y  =  x 3+ l :  —  =  ?
dz
dx

3.24. z =  ey- ix, x =  sin/, y =  lr\ ^ y= = ?
t v . dt

3.25. z =  l n ( e ~ x +  e1' ) ,  x =  t2, y =  t3. - = f = ?

3.26. z = a r c s in — , x =  sin/, y =  cost.
y

dz

dt

dz

dt

3.27. z =  u2\nv, v =  3 y —  2x. - ^ - = ?y ’ 17 (?y

3.28. z  — x y 2, y  =  sinx. = ?

3.29. z  =  a rccos— , x  =  sin/, y  =  cos/. ~  =  ^
y dt

3.30. z =  — ' * = 1 — 2/, y  =  arctg/. ~ = ?
y + 1

4. OuiKopMac KypHHHUifla SepHJiraH z (x ,  y )  (JjyHKUHHHHHr xycycHH 
XOCHJiaJiapHHH TonHHr:

4.1. z2 =  xy —  z - f  x 2 —  4.
4.2. x 2 +  /  —  x z  +  y z  —  3x = l l .
4.3. x 2 4- y 2 —  2 z2 —  2y =  0.
4.4. 2x2 +  2y2 -\-z2 —  8x z  —  z  - f  6 =  0. ,
4.5. lnz =  x  +  2y —  z  +  ln3.
4.6. x 3- j -3xyz —  z 3 =  27.
4.7. x 2 +  y 2-|-z2-T-2xy — 2xz — 2 y z =  17.
4-8. x  2t/ -f- 3 z2 =  59.

4.9. -\jx2+ y 2 4 - z 2 —  3z =  3.

4.1.0. x 2 — y 2 — z 2 +  6z +  2x — 4 y + 1 2  =  0.

, 2 8 8

4.11. x 2 +  y 2 +  z2 +  6z — 4x-)-9  =  0.
4.12. x2-|-y2 — xz — yz =  0.
4.13. x3-j-2y3 +  z3 — 3xyz — 2y =  15.
4.14. e* — xyz — x +  1 =  0.
4.15. 3x2y 2 +  2xyz2 — 2x3z +  4y3z =  4.
4.16. z3 +  3yzx +  3y =  7.
4.17. ez +  x-\-2y-\-z =  4.
4.18. x 2+ y 2 +  z 2 — 2xz =  2.
4.19. x +  y +  z +  2 =  xyz.

4.20. xcosy-f-ycosz_|_zcosx =  —-.

4.21. x2 +  y2 +  z 2 +  2xz =  5.
0

4.22. cos2x +  cos2y +  cos2z =  y .

4.23. y2 — z2 +  x 2— 2xz +  2x =  z.
4.24. x-\-y4-z =  ez.
4.25. x3-\-y - f z 3 — 3xyz =  0.

4.26. x  — zln— = 0 .
y

4.27. xy -f- yz +  xz =  1.
4.28. ez — xyz =  0.
4.29. x2 — 2y2 +  z 2 — 4x +  2z — 5 =  0.
4.30. 2x2— y2-\-z2 — 4z +  y  =  13.

5. KyftnAarH 4)yHKUHHJiapHH sKCTpeiviyMra TeKiunpHHr:

5.1. z =  2 (x  +  y ) — x2 — y2.
5.2. z = x y (1 2  — x — y ) .
5.3. z =  ( x - 5 ) 2 +  / + 1 .
5.4. z =  x2 — xy +  y  + x  — y + 1.
5.5. z =  x2 +  3 (y  +  2 )2.
5.6. z =  x2 — x y - f y 2 +  3 x — 6y +  20.
5.7. z =  ( x - 2 ) 2 +  2y2- 1 0 .
5.8. z =  3x3 +  3y2 — 9xy +  10.
5.9. z =  1+ 6 x  — x2 — xy — y 2.

5.10. z =  xy — 3x2 — 2y2.
5.11. z = y ^ J x — y 2— x +  6y.

5.12. z =  2xy — 5x2 — 3y2 +  2.
5.13. z =  2x -j-2y3 — 6xy-|-5.
5.14. z =  y ^ J x — 2y 2— x + 1 4 y .

5.15. z =  ( x - l ) 2 +  2y2.
5.16. z =  x3-|-8y3— 6 * y + l .
5.17. z  =  x ^ y — x 2— y +  6x +  3.

5.18. z =  x2 +  xy +  y 2 — 6x — 9y.
5.19. z =  x 3 +  y — 6xy — 39x +  18y +  20.
5.20. z =  x 2- j-x y -)-y 2 — 2x — y.
5.21. z =  2xy — 3x2 — 2y2+ 1 0 .
5.22. z  =  2xy — 2x2 — 4y2.



5.23. z  =  6 ( x — y)  — 3x2 — 3y2. 5.27. z = x 3 +  y3- 3 x y .
5.24. z =  1 +  15x—  2x2 — xy — 2y2. 5.28. z =  4 ( x - y )  - x 2 — y2.
5.25. z =  x2-\-y2— xy +  x + y .  5.29. z =  x3 +  8y — 6xy +  5.
5.26. z =  xy — x2 — y + 9 .  5.30. z = x y ( 6 — x — y).

6. KyHHflar-H MH3HMap 6uJian nerapaJiaHraH enHK coxaAa z =  f {x ,  y)  
t|)yHKUHHHHHr 3HT KHMHK Ba 3HT KaTTa KHHMaTJiapHHH TOriHHT:

6.1. z =  x2 — y2 — x  +  y; 6.2. z =  — 3x2 +  2y2 +  12x —  4y;
x  =  0, x = 2 ,  y  =  0, y =  1. y =  0, x =  0, 3x +  4 y = 1 2 .

6.3. z = x 2 +  2xy — 4x +  8y; 6.4. z = x 2 +  2xy — y — 4x;
x = 0 ,  y =  0, 5x — 3 y - f4 5  =  0. x =  3, y  =  0, y =  x + l .

6.5. z =  2xy — 3x2 — 2y2 +  5; 6.6. z =  x2 — xy +  5;
x +  y  =  5, x =  — 1, y =  — 1. y  =  0 x2 +  y = l -

6.7. z =  3y — 2x — xy; 6.8. z =  x2 — 4xy +  y ' +  6y;
x  =  0, y  =  0,3x — 4 y = 1 2 . y =  x, y =  0, x =  4.

6.9. z =  x2- 2 x y + | y 2- 2 x ;  6 1 0 ' z =  3 x y - G x  - G y  +  15*;
2 x =  0, x =  2, y  =  0, y = l .

x =  0, x =  2, */—~0, y =  2. 6.12. z =  5 xy— y 2;
6.11. z =  x2 +  6xy — x +  3y; -• *  =  4, y 2 =  5x +  5.

x = = 0, x =  3, y  =  0, y =  3.

6.13. z =  x2 +  2xy — 10; 6-14. z  =  x2y;
y =  0 y  =  x - 4  • y  =  o, y = l - x 2.

6.15. z =  x 2xy y + 4 x + l ;  6-16. z =  A;2 +  2xy +  4x — y2;
x =  — 3, y =  0, x  +  y + l = 0 .  Je =  0j y  =  0; x  +  y  +  2 =  0.

6.17. z =  xy — 2x — y, 6.18. z  =  x 2 +  2 x y + y 2 — 2 x  +  2y;
je =  0, x = 3 ,  y  =  0, y =  4.  x = = 2 ,  y  =  0, y  =  x  +  2.

6.19. z =  x3 +  y 3- 3 x y ;  6 2 °- z  =  ̂ 2 +  xy“ 22; ,
x =  0, x =  2, y==0, y  =  3. ^ =  °» */ =  4x2- 4 .

6.21. z =  5x2 — 3xy +  y2 +  4; 6.22. z = \ x 2— xy,
x =  — 1, x = l ,  y  =  — 1, y  =  1. 2 2

y =  3, y = 4 -

6.23. z =  6 x y - 9 x 2- 9 y 2 +  4x +  4y; 6 2 4 ‘ +  */-----------1, y =  2.
x =  0, x =  1, y =  0, y — 2. ’ u i „

6.25. z =  4 — 2x2 — y 2; 6.26. z =  2x2+ 2 x y - - y 2- 4 x ;
X2 +  l,2<  , *  2

“  " "  ' x =  0, y =  2, y =  2x.
6.27. z =  x2 +  xy; 6.28. z =  2 x + y  — xy;

x =  — 1, x =  1, w =  0, y — 3. x = 0 ,  x  =  4, y =  0, y =  4.
6.29. z =  x2 +  2xy — y — 4x; 6.30. z =  4 (x  — y ) — x2 — y 2;

x = 3 ,  y =  0, x — y + l = 0 .  x =  0, x +  2y =  4, x — 2y =  4.

*
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8 - 6 0 6

O A A M B  AH<I»4>EPEHU,HAJ1 T E H T J IA M A J IA P

l- § .  yiMyMHH TyiuyHHajiap. ^srapyBqujiapH  awpajiaAHraH  
ea  6hp whhcjih  Shphhmh TapTn6jiH AH<t><})epeHUHaji 

TeHrjiaMajiap

8.1.1. SpKjiH y3rapyBMH, HOMaT>JiyM cjjyHKUHH Ba yHHHr xocHJia 
(AH(J)(J)epeHUHaJi) JiapHHH 6ofjiobmh

/ (*. y, y', y",  ..., y (n)) = 0  

MyHoca6aT odduu du<p<pepeHU,uaA rem naMa  Aeftmia/iH.
Zl.H(J)(})epeHUHaJi TeHrjiaMara KHpyBHH xocHJia (AH4>(j)epeHUHaji>*ap- 

HHHr 3Hr lOKopn TapTHSH AH<j)<])epeHUHaji TeHrjiaMaHHHr t 3 p th 6h 
AeftHJiaAH.

XlH(^(J)epeHUHaji TeHrjiaMaHHHr chhmh A e 6 , TeH rjiaM ara  KyftraHAa 
Yhh aftHHHTra a ftjiaH rapaA H raH  AHtJxJjepeHUHajuiaHyBMH u =  w(x)  
c|)yHKUHHra a ftm n aA H .

ByHAaft TeHrjiaMa y^yH K oluh MacaJiacn SomjiaHFHM uiapTJiap Ae6 
aTajiyBHH yu ifiy

y\x^ = y o ,  y'\x=Xo=y'o , ... \x = x = y^

uiapTJiapHH KaHoaTjiaHTHpyBHH cmhmhhh TonHiiiAaH H6opaTji,Hp.
«-TapTH 6jiH OAAHH AH(})(})epeHUHaji TeHrjiaMaHHHr yMyMuu enuMu 

Ae6, TeHrjiaMaHHHr TapTnSn KaH^a Syjica , inyHna HXTHepHH y 3rapMac- 
.napra S o fjih k  SyjiraH  inyHAaii y =  (p(x, c\, ..., c„) (JjyHKUHHra aHTHJiaAH- 
kh, oy  (pyHKUHH yqyn  KyHHAarn uiapTJiap 6a>KapHJiaAH:

„a) y 4>yHKUHH d ,  C2 , . . . ,  Cn HXTHepHH y3rapMaCJiapHHHr HCTaJiraH 
KHHMaTJiapHAa SepHJiraH TeHrjiaMaHH KaHoaTJiaHrapaAH;

6) SouijiaHFHH mapTAap xap KaHAaft SyjiraHAa xaM, HXTHepHH 
y3rapMacJiapHHHr uiyHAan khhm3thhh TonHiu MyMKHHKH, 6y KHHMaT-
JiapAa y  =  (p(x, c t, c2 , ..., c„) e^HM Souijishfhm  mspTJispHH KaHoaTjiaHTH- 
paAH.

8.1.2. YuiSy

M ( x ) d x + N ( y ) d y  =  0

KypHHHUiAarn TeHrjiaM3 y3rapyBHHJiapH aoKpaAean diup<pepeHU,uaA 
TemAaMa AeftHJiaAH. YHHHr y3Hra xoc tom ohh uiyHA3 KH, dx  o jiaha3 
<p3KaT x  r3 6o fjih k  KynsftTyBHH, dy o jiahas 3C3 ^aK aT  y ra S o fjih k  ** 
KynaftTyBHH TypaAH. By TeHrjiaMaHHHr eqHMH yHH X3AMa-X3A 
HHTerpaJiJiaui ftyjiH Shjish aHHKJiaHaAH:

\M{x )dx +  \N(y)dy =  C.
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/l,H(j)(})epeHU,naJi TeiirjiaMaHKHr o u iK o p M a c  x,ojiAa H<f)OAajiaHraH 
c h h m h  6 y  Teh m a m a h h h r  unreepaAu A e H H Jia A H .

M u T erp a ju ia u i aohm hhch C hh eMHM y^yH  KyJiaii KypHHHiiiAa 
T a n A a a i  M yM KHH. 

1 - m h c o j i .  t g x d x —  c t g y d y = 0  TeHrjiaM aHHHr yMyMHH cmhmhhh 
T o n H H r .  

E h h lu. By epAa y3rapyBMHJiapH a*pa jiraH  TeHrjiaMara sraMH3. 
Yhh x,aAMa-x,aA HHTerpaJiJiaftMH3: 

\tgxdx — \ctgydy =  C
eKH

— In | cosjc | —  In | sim/1 =  —  InC, 

6y epA a  H H Terpaju ia iu  aohm hhch  C hh — Inc, h^hh  C =  — In C  opKajiH  

6 e jir H J ia u i K y J ia ftA H p , 6 y  e p A a H  In s i n y - c o s x  =  l n C  eKH s iny X  
X c o s x =  C  —  yMyMHH HHTerpaJi. 

8.1.3. Yui6y 

M i ( x ) - M 2(y )d x  +  N i ( x )  ■ N 2(y )d y  =  0

T e H r jia M a  y3eapyenuAapu aotcpaAaduaan dutptpepeni^uaA TemAaMa 
A e H H Jia A H . B y  K y p H H H ii iA a n i T e H r jia M a  M 2(y ) ■ N , ( x )  =£0  r a  S y j iH iu  
H a T H * a c H A a  y 3ra p y B H H J ia p H  a w p a J ir a H  A H $ (J)e p e H ii,H a ji T e H r jia M a r a  
K e JiT H p H Jia A H .

2 - m h c o j i .  Ym6y

(1 -f- x 2) dy +  ydx  =  0

T e H r jia M a H H H r  y\x=x  =  1 .S o u iJ ia H F H H  u ia p T H H  K a  h oa t j i  a  h t h  p y ^ s n  
eHHMHHH T o n H H r.

E 4 h u i.  By e p A a  y3 rapyBMHJiapH a * p a j ia A H r a H  T e H r jia M a r a  
sraMH3. TeHrjiaMaHH

dy , dx  „
— H-------- 5 "= °y i + x 2

KypHHHiura k c j it h p h S, HHTerpaJiJiaftMH3:

\ ~ Y +  S j + x2 =  C  ®KH l n | y l + a r c t g x  =  C .

TeH rjiaM aH H H r HHTerpajiHHH x o c h j i  k h j ia h k .  BepHJiraH y\x= i =  \ 
douiJiaHFH1! uiapTAaH 4> O H A a jia H H 6 , HXTHepHH y3 rap M ac  C  h h  TonaMH3i 

ln l - fa r c t g l  =  C 

htshh C = A  i le M a K , lny + a r c t g x  =  7  6y epAaH  H3JiaHaeTraH eMHMHH 

X.OCHJI KHJI3MH3:
—— arctgA:

y =  e4

8.1.4. A r a p  f ( x ,  y)  (})yHKU,HHAa x  Ba y y3rapyB4H Jiap moc paBH iiiAa tx 
Ba ty ra aJiMauiTHpHJiraHAa ( t  —  HXTHepnft napaMeTp) 

f ( t x ,  ty)  = f ( x ,  y)
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utiipT 6 a * a p H J ica ,  y  xo j iAa  f ( x ,  y)  cj)yHKUHH 6up okuhcau (pynKnun Ae6 
• i laJiaAH.

Bnp w h h c j ih  (J)yHKUHH f ( x ,  y)  hh

f { x,  £/) = < p ( ^ - )

KypHHHiHAa e3HHI MyMKHH.
Arap y'  =  f ( x ,  y)  AHtjxJjepeHUHaji TeHrjiaMaAa f ( x ,  y)  6np jk h h c jih  

ijiyiiKUHH Syjica, SyHAaft TeHrjiaMa 6up okuhcau du<p(pepeHU,uaA 
iVMAaMa AeHHJiaAH. Bnp >khh cjih  AH(J)(j)epeHLi,Haji T e H r jia M a jia p

V

ny pHHHHira KeJiTHpHJiaAH Ba y =  u - x  ypHHra kyhhui epAaMHAa 
yurapyBHHJiapn a*pajiaAHraH AH(})<t)epeHUHaji TeHrjiaMara KejirapHJia- 
AH ( u =  u ( x ) HOMa'bJiyM (J jyHKUHa):

x d u =  (cp(w) — u)dx.

3 - m h c o j i . Y inSy

( x 2 -\-2xy)dx-\-xydy =  0 —

TCHTJiaMaHHHr eiHMHHH TonHHr.

X̂  I 2jKLf
E m h u i .  BepHJiraH TeHrjiaMaHH y ' = --------J1— — KypHHHiura KejiTH-

xy

X̂  I 2XLt
paMH3. f ( x , y ) = — —— -— 6np jkhhcjih (JjyHKUHH. y =  ux, y' =  u'x-\-u 

xy 
ypHHra KyHHLUHH 6a>KapaMH3. Y  xojiAa SepHJiraH TeHrjiaMa

, . x 2 -\ -2 u x 2 .. , . l + 2 u
u 'x  +  U = ------- 5------ eKH U X -+ U = ------ ----

ux u

KypHHHiura KejiaAH, 6y epAaH

, l + 2 u  +  « 2 .. , (1 +  u ) 2
U X = ------ 1-----1---- e K H  U X =  —  - — ■— —  •

u u

Y3rapyBMHJiapHH a>KpaTaMH3: —udu „ =  — — . MHTerpajuiaS, Tona-
(1 +  u )2 *

MH3:

S udu

(1 + U ) Z J J (1+u)
- = C — eKH (  i i f + i i — L d u =  c  — \n\x\. 
2 J x J ( l + u ) 2

H a T H * a A a  KyHHAarnra  a ra  6yjiai>:tl3: 

l n l l + w N — r-T— = l n C  — lnx eKH |— = ln -  C
l +  u 1 +  u x ( l  + u )

U =  —  3KaHJIHTHHH XHCoSra OJIH6, --- 7— = l n — v —  HH XOCHJI KHJia-
x x + y  x + y

MH3.
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8.1.5. Ymdy
/ / a lx  +  b ly +  c l \

y  y a 2x +  b2y  +  c2 J

a ,  b t 2 1

a 2 b 2 1 2

KypHHHiuAarH TeH rjiaM a a.\bi — a2b i ^ O  6 y jiraH A a

x  =  x i + a ,  y =  y { +  $
ypH n ra  k Y hhui ep raM H A a 6np jkh h cjih  TeH rjiaM a KypHHH m nra 
KeJiTHpHJia^H, 6y  ep A a  a ,  p —  a\x +  b\y +  C\ = 0  Ba a2x-\-b2y-\-C2 =  0 
TyppH MH3HK^iapHHHr KeCHHlHlll HyKTaCHHHHT KoopAHHaTaJiapH. A r a p  
a\b2—  a2b i =  0 B y jic a , y  x,0JiAa a.\X +  b\y =  t ypHHra KyfiH iu epAaM HAa 
y3rapyBMHJiap a>KpaTHJiaAH.

4 - m h c o j i .  ( 2 x + y  +  \)dx +  (x +  2y —  l ) d y  =  0 TeHrjiaMaHHHryMy- 
MHH HHTerpaJIHHH TonHHr.

E  q h ui. TeH rjiaM aH H  KyfiHAarH  KypHHHiura KeJiTHpaMH3:

/__  2x +  y +  1
y  ~~ x +  2y - \ '

= 3 ^ = 0  SyjiraH H  yMyH 6y  TeH rjiaM a 6np

>khhcjih TeH rjiaM ara  KeJiTHpHJiHUi,n MyMKHH. Y iu 6y

(2x  +  y =  — l 

\ x + 2 y = l

TyppH HH3HKJiapHHHr KeCHUIHUl HyKTaCHHH TonaMH3: x = a = ^ + ;  
y  =  P = l .  3 h ah

x =  x\ — 1, dx =  dx 1,
</ =  £/,+ 1, dy =  dy 1,

Ae6, TeH r j iaM ara  Y3rapyBMHJiapHH ajiMauiTHpaMH3:

di/i 2x l + y ]

dX\ x ,+ 2  i/,

X o c h ji KHJiHHraH 6y  6hp jkh h cjih  T eH rjiaM ara  y\ =  ux\ 6eJirHJiaui 
KHpHTcaK, y\ =  u'x\ +  u Sy jia^H . Y  xo jiA a

2x l + u x l _ 2 +  u

u x > + u = - i ^ i ; eKH u * > + u = - t w

HaTHJKa/ia Y3rapyBHHJiapH awpaJiaAHraH TeHrjiaMara ara  6yjiaMH3:

2 (u2 +  u + 1) - ( 2 u + l ) d u .... 2dx\
u X 1 == —  ----- r~m------ — o--------------------- — ------------*l +2u u2_j_w_|_i Xj

M HTerpaju iaS , TonaMH3:

l n | « 2 +  « +  11 =  —  21n \x\ | - f l n C

« 2+ « + l = —j .  %

eKH
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xi Ba y 1 y3rapyBMHJiapra KaHTcaK,

(*J2
+ — + 1 = - ^ -  era y? +  X i(/ i+X i =  C.

M

x + \ ,  y \ = y — 1 ajiMauiTHpHinjiapHH x,Hco6ra ojih6, eHHMHH 
t Ba y y3rapyBMHJiapra HHc6aTaH e3aMH3:

0 / - l ) 2+ U / - l ) ( * + l )  +  ( * + l ) 2 =  C

( 'kh oaahh uiaKJi ajiMauiTHpHiujiapaaH cyHr

x 2 +  xy +  y2 +  x  — y =  C 

i<j/pHHHUJAarH yMyMHH e^HMra ara 6yjiaMH3.

1- dapcxona rontuupuFu

1. KeJiTHpHJiraH y (x ,  C)  (})yHKUHHJiap (C  —  HXTHepHH y3rapMac) moc 
paBHUira SepHJiraH AH({)4>epeHii,HaJi TeHrjiaMajiapHHHr cmhmh 6yjia- 
Ahmh:

I
a ) y =  x 2(\ +  Cex), x 2y ' +  (1 —  2 x ) y = x 2\
6)  y = C e x — e ~ xy x y "  +  2y'  — xy =  0;
b ) x2+ y A =  Cy2, x y d x =  ( x 2 — y4)dy,
>KaBo6: a )  x,a; 6) ftyK; b ) xa.

2. JI,H(j3(J)epeHUHaJi TeHrjiaMaHHHr yMyMHH chhmhhh TonHHr:

а )  ( \ + x 2) y ' + \ + y 2 =  0\
б )  ( x 2 +  x ) y '  =  2 y + \ \
B) xy +  y —J 2 x  + x y ) y ' \  
r )  xy'  +  2 ^Jxy = y ;

A) ( x  — 2y —  3 ) y ' + ( 2 x + y — l ) = 0 -  
e )  ( x — y +  4 )dy  +  ( x  +  y — 2 ) d x  =  Q. ^

a ) 6 ) 2 y + l = ^ - 2;
1 -\-Cx’ ( 1 + * )

_ y _

b) y2= C x e  x\ r)

-\/^ =  In—, x > 0  Aa,
\  X  X

=  ln Cx, j c < 0  Aa;

a ) x2 +  xy — y2 — x + 3 y = C \  e) x2+  2xy — y2— 4x +  8y =  C.

3. K oujh MacaJiacHHH eHHHr:

a ) sec2x tgydx  +  sec2y tgxdy =  0-, y\x=*_=^>
f "

6) x y ' - y  =  x  tg-^-j

b ) 2 ( x + y ) y ' + ( 3 x  +  3 y - \ ) = 0 -  y \x=0 =  2.
>K: a ) t g x t g y = l ;  6 ) t/ =  xa rcs in x ;
b )  3x +  2y —  4 +  2 1 n | x + y — 11 = 0 .



1- Mycra^iui utu

1. KeJiTHpHJiraH y (x ,  C ) (jiyHKUHHAap ( C  —  HxraepHH y 3 ra p M a c )  moc 
paBHUJAa SepHJiraH AHtj)(j)epeHUHaA TeHrjiaMajiapHHHr cmhmh SyAaAH- 
mh :

y_

а ) ex =  Cy; xyy '— y2 =  x2y';

б )  y =  C x + y ,  xy' — y - j- - ^ = 0 ?
°  y

>KaBo6 : a )  x a ;  6 )  iiyK;.

2. .ZJ.HcJiffjepeHUHa.n TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr:

а ) (^Jxy — ^ x ) d x + ( ^ x y  +  ^ y ) d y  =  0;

б )  x y y '  =  y2 +  2x2; b )  y ' ^  2x~ y +  l
x — 2y +  1

>K: a ) x  +  y — 2 ^ x + 2 - ^ y + 2 \ n \ ( ^ x + l ) ( ^ y  — l ) \ = C ;

6 ) y2 =  4x2lnCx;  b) x 2 — xy-\-y2-\-x — y = C .

3. K oiiih  MacajiacHHH eHHHr:

V !S f + » ' = 0;
y_

6)  xy '  =  x e x + y ;  y\x=l =  0;

b) (2x  — y-\-A)dy-\- ( x  — 2y-\-5 )dx  =  0. x
>K: a ) ^ 2  s inx +  siny —  cosy  =  0 ;

6 ) y =  — x  In11 —  \nx\; b ) (x  +  y —  1) 2 =  C ( x  —  £/ +  3 ) .

2- §. Hh3mmh, BepHyjuiH, TyjiHK, AH(l)<l)epeHUHaJiJiH 
6wpHH4H TapTHSjiH AHcJjcfjepeHUHaji TeHrjiaMajiap

8.2 . 1 . Y iu 6y

y '  +  P ( x ) y = Q ( x )

KypHHHUiflarH TeHrjiaMa hu3uk,a u  ducpcpepeHU/UaA remAaMa  AeHHJiaAH. 
By epaa P  (x )  Ba Q ( x )  Jiap x  HHHr MaT^jiyM y 3AyKCH3 (})yHKUHHJiapH. A ra p  
Q (x )= £ 0  6yAca, TeHrjiaMa hu3UK,a u  6up m u h c a u  6yAMaean remAaMa,  
arap  Q (x ) = 0  6y jica , husu^a u  6up m u h c a u  remAaMa  AeHHJiaAH.

y =  u ( x ) v ( x )  ypHHra kyhhui ( 6y  epAa u Ba v HOMatJiyM ( J ) y H K U H H J ia p )  
e p A a M H A a  T e H r A a M a

u'v  -|- uv '  +  P  ( x )  uv =  Q ( x )
e K H

u 'v  +  u[v'  +  P  [ x )  y] =  Q (x )

KypHHHuira KeArapHAaAH.
u Ba v (JjyHKUHHAapAaH Snpn (MacajiaH, v ) HxraepHH TaHAaS 

O A H H H U IH  M y M K H H A H T H A a H  ( J ) O H A a A a H H 6 , V ( f ty H K U H H H H  O X H p r H  T C J H T A a -
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KaBC HHHAa TypraH (v ' -\ -Pv)  H({)OAa HOAra TeHr 6yAaAHraH k,hah6 
niiHnaAH. y  xcuiAa hkkhhhh HOMa'bAyM (JjyHKUHH u hh TonHiu ynyH 
l l ' v - Q ( x )  TeHTAaMaHH eHHIU KH(})OH.

LUyHAaH khahS, SepHAraH TeHrAaMa y =  uv ypHHra KyiiHUi 
i'l>AaMHAa y3rapyBHHAapH a*paA aA H raH  ym 6y HKKHTa TeHTAaMara 
Ivl'JITHpHAaAH:

v' -\ -P (x ) v  =  0, 

u'v =  Q ( x ) .

ItVJiapHH HHTerpaAAa6 SepHAraH TeHrAaMaHHHr yMyMHH eHHMH 
ToiiHAaAH:

y =  e - W x( C  +  \Qe*dxdx ) .

Ba"b3aH AH(|)4)epeHUHaA TeHrAaMa y HHHr (JjyHKUHHCH x  ra HHcSaTaH
MH3HKAH SyAraH, H1 .HH

x '  +  p ( y ) x = q ( y )

KypHHHiura KeATHpHAHiiiH MyMKHH. B y  TeHTAaMa x =  uv ypHHra KyftHiu 
opKaAH lOKopnAarnAeK eHHAaAH.

1- m h c o a . Yu iSy

( x2 —  x)  y'  y =  x2 (2x — 1)

I'CHrAaMaHHHr yMyMHH cmhmhhh TonHHr.
E m h u i .  TeHrAaMaHH ( x2 —  x) =^0 ra 6yAH6 , yu i6y  KypHHHiura 

KCATHpaMH3:

| y x2(2x — i )  
y ~r 2 2

X  — X  1C  — X

OKH
y x ( 2 x — \)

y x ( x — 1) x — 1

TeHrAaMa hh3hkah 6vah 6, 6y  epAa P ( x ) = -----!-----, 0 ( x )  =  — —— — .
, x ( x — 1 ) ^  ’ X  —  1

y =  uv, y/ =  u 'v -\ -uv '  ypHHra Kyinfui HaTH*acHAa SepHAraH TeHrAaMa 
KyHHAarn KypHHHiura KeAaAH:

x ( 2 x — 1)
u' v +  u ( v' + ^ r j j } X— 1

u h h h t  cwiAHAarH KynaHTyBMHHH HOAra TeHrAa6

= 0,

u V ==

x ( x — 1 ) 

x ( 2x  —
x— 1

TeHrAaMa AapHH xocha KHAaMH3. ,HacTAa6 Shphhmh TeHTAaMaHHHr 
HCTaAraH xycycHH cmhmhhh TonaMH3:

dv ^  dx s KH C x - ( x - t )  ,
V  x ( x — 1) J V  J  x ( x — 1 )
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ByHAaH

ln|y| - In | jc — 11 4 - In*
CKH

TonHJiraH v (})yHKUHHHH CHCTeMaHHHr hkkhhhh TeHrjiaMacnra 
KyHMH3:

/ X _  x ( 2 x — \)
X — \ X —  1 ’

6y epaaH  u' =  2x— 1. HHTerpaAAacaK:

u =  x2- x - \ - C .

BepHJiraH TeHrjiaMaHHHr yMyMHH eHHMH:

. * ( * 2 — x +  C)y =  uv--
A -- I

2 - m h c o j i .  ( 2 x — y2)y '  =  2y TeHrjiaMaHHHr y\x=l =  \ gouuiaHFHH 
UiapTHH K3HOaTJiaHTHpyBHH x y c y c H H  eHHMHHH TonHHr. 

E  h h ui. BepHJiraH TeHrjiaMa x ra HHcfiaTaH hh3h k ah ah p . 
X aK H K 3 T3 H xaM,

( 2 x — y 2) ~ = 2 y ,  eKH 2x— y2 =  2x'y, eKH (6y epAa v
y * \

p(y)  =  - j ,  q(y)  =  — §-)• ' ' >

x =  uv, x '  =  u'v-\-uv'  ypHHra KyftHiu HaTH*acHAa 6epHJiraH 
TeHrjiaMa KyftHAarH KypHHHiura KejiaAH:

u'v +  u ( v ' - f ) = — f-,

6y epAaH yiu6y HKKHTa TeHrjiaMara ara 6yjiaMH3: 

v ' — —=  0 Ba u ' v = —  
y 2

B h p h h h h  TeHrjiaMaHH eHH6, TonaMH3:

eKH v =  y.
v y

Hkkhhhh TeHrjiaMara v =  y hh kyhmh3:

u' y = — ±  eKH u ' = — eKH u =  C

BepHJiraH TeHrjiaMaHHHr yMyMHH eHHMH:

x =  uv =  y ( C — - j ) '
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y\x=[  =  \ SoiujiaHFHH uiapTAaH

C =  f .

LUyHAafi khjih6, SepHJiraH TeHrjiaMaHHHr xycycnft eHHMH 

K * = \ y  ( 3  — y ) ■

8.2.2. Y m fiy

y' +  P ( x ) y = y « Q ( x )

KypHHHUiAarH A H ^^ e p e H U H a j i  TeHrjiaMa BepuyAAu TeH2Ao.Ma.cu AeftH- 
JiaAH. B y  TeH rjiaM aAa a —  const, a=?tO , a=/= 1, P (x )  Ba Q (x )  (JjyHKUHHAap 
X HHHr y3JiyKCH3 4>yHKUHHJiapH. jlHrH Z =  y l _ a  (jjyHKUHH KHpHTHJIHS, 
BepHyjuiH  TeHrjiaM acH 8.2.1 6aHAAa KypnS HHKHJiraH

z '4- (1— a )z P { x )  =  {\ — a ) Q (x )
MH3HKJ1H TeHTAaMara KeATHpHAaAH.

BepHyAAH TeHTAaMaCHHH HHTH Z y3rapyBHH KHpHTMaH, HH3HKAH 
TeHrAaMa CH(j>aTHAa y =  uv ypHHra KyfiHiiiAaH cj)OHAaAaHH6 xaM  eHHiu 
MyMKHH.

3- MH C OA . ( / '4 - l = i/ 2- ! ^  TeHTAaMaHHHT yMyMHH eHHMHHH To 

nHHr.

E h h  m. B epH A raH  TeHrAaMa BepHyAAH TeHrAaMacH 6ym 6 , 6 y  epAa  
a =  2. y = u v ,  y ' — u'v +  uv' ypHHra KyfiHiUHH 6a>KapaMH3, Hara>Ka,aa:

u'v  4- u (v '  4 " J y =  u2v2- ~ -•

u, v (J)yHKU,HHAapHH TonHiu ynyH y m 6 y  cHCTeMaHH Ty3aMH3:

X

/ 2 2 Inx
M y  =  U V ----------.

x

B hph hh h  TeHFAaMaHH H HTerpaAAaS, v =  ~  xycycnft chhmhh OAaMH3,

yHH h k k h h h h  T eH rAaM ara  KyftcaK,

/ 1 Iru 2 u' = --------u
X X

ra a r a  6yAaMH3. Y srapyBH HA apHH  a>KpaTaMH3 Ba HHTerpaAAaftMH3:

du Inx



6y  epAa

dx

\nx ,
—r dx==
x

s =  lrw , ds =  -
X

d t = - ~ ,  t =  — -  
x2 X

lnx . f  d x __  \nx

T ' c .

/leMaK, — - = — — — !— C, 6 y  epAaH u = — — — .
ti x x  Cx  -}- 1 —f- \x\x

BepHJiraH BepHyjuiH TeHrjia MacHHHHr yMyMHH e^HMH:

y =  uv-
Cx-\- 1 +  lnx ’

8.2.3. A rap

M ( x , y)dx-\- N (x ,  y )dy =  0

KypHHHuiAarn TeHrjiaMaHHHr qan khcmh 6npop u(x,  y)  (JjyHKUHHHHHr 
TyjiHK AH(})(})epeHUHaJIH, HtHH

du =  M (x ,  y)dx-\- N (x ,  y )dy

Syjica, y x,0JiAa 6yHAaft TeHrjiaMa rynuK, dtKptpepenmiaAAu TemAaMa 
AeHHAaAH.

lOKopHAarH  TeHrjiaMa TyjiHK AH^cjjepeHUHajuiH TeHrjiaMa 6 Yah ii jh  
yqyH

m _ _ d N _  \
dy dx

mapT 6a>KapHAHiUH KepaK.
T y j iH K  AH(})(})epeHUHaAJiH TeHrjiaMa Ta'bpncJwAaH du =  0, SyHAaH 

u(x,  y ) = C  SKaHAHTH K e jw 6  MHKaAH (C  —  HXTHepHH y 3 r a p M a c ) .
u(x,  y) hh TonHiii yqyH y hh y3rapMac Ae6 x,HCo6jiaftMH3, y x,0JiAa 

dy =  0 3K3HHA3H du =  M ( x ,  y )dx  6yjiaAH. By TeHrAHKHH x 6ymna 
HHTerpaJi JiaCaK,

u =  \^M(x, y )dx  +  q>(y).

O xH prH  TeHTJIHKHH y  6yHHMa AH(f)4)epeHLI,HaAAaHMH3 B3 H3 T H * 3 HH

N  (x, y)  ra TeHrAaftMH3, qyHKH — = N ( x , y ) .

\ ^ 4x  +  y, (y)  = N ( x ,  y)

eKH

t p ' ( y ) = N ( x , y ) - \ ^ i i x .

By H(})OAaHH y 6 Y hhh3 H H T erp aA J is6 , cp(y)  hh TonaMH3:

9 ( y ) =  \ ( N ( x , y ) — Y^d x^d y+C .
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/U'MaK,

u(x,  y) =  \jM ( x , y ) d x +  Ij ( N ( x , y ) — \ ^ - d x ) d y  +  C-

By H(})OAaHH HXTHepHH y 3 r a p M 3 c r a  T e H r j i a 6 , T eH r j ia M a H H H r yM yM HH 

iiirrerpajiHHH x,ocha khji3mh3.
4 - m h c o j i .  (Sx2 +  §xy2) d x +  (6x2y +  4y3)dy =  Q TeH r j iaM aH H H r y M y 

MHH eHHMHHH TOnHHT.
Emhui .  By epAa M (x ,  y) = 3 x 2-\-6xy2, N  (x, y) =  6x2y +  4y3.

du

dx

d M  10 d N  . n d M  dN
—— = 1 2 xy, —— = 1 2 xy, htiHh —— = ——. 

dy ^ o x  ^ dy ox

- M ( x , y )  SyjiraHJiHTH cafiaSjiH

du

dx
= 3jc2+ 6  xy2

B y  TeHTAHKHH X  SyHHHa H H TerpaAA3H M H 3:

u =  x3 +  3x2y2 +  <p(y).

ByHAaH 

du __

dy ~  

Byh a s h  

ileMan,

OKH

<p' (y) = ^ ~ 6x2y-

■N(x ,y )  3KaHAHTHHH x ,n co6 ra  oJicaK,

cp ' { y ) =  6 x2y +  4 y3 — 6 x2y =  4 y3.

<p (y) = y 4+ C-

u =  x3 +  3 x2y2 - f  y 4 =  c. 

x2 +  3x2y2 +  y* =  C.

2- dapcxona rontuupuFu

1. TeHnnaMaJiapHHHr yMyMHH c h h m h h h  TonHHr:

a) y' -

b) y'--

1 — 2x
y =  1; 6) (1 +  x2)y ’ — 2 x y =  (1 + x 2) 2; 

r) y'--
..2 ’2 x — y

a ) y ' — y tg x - j-y 2cosx =  0;

2ylny +  y — x ’

e) y ' + ~ L= - 2jr~ ;

>k )  (x - l-s in y )d x - j-  (x cosy -j-s in y )d y  =  0; 

3) (y-\-exsiny)dx-\- (x-\-excosy)dy =  0.
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>K: a )  y = C x 2e* + x 2\
6) y = ( x  +  C ) (  1 - M 2);

b ) x =  Ce2y + - ^ Y + - j + ^ i  

C
r )  x =  y\ny +

y

A) y ( x  +  C)  =  secx;

e ) < / = ( C +  lni — + t ^ ) 2;

>k) -^x2+ x s in y  — cosy =  C; 

3 ) xy-\-exs'my =  C.

2. K ouih  MacajiacHHH eHHHr:

a) y '  — ytgx  =  secx; y\x=o — 0\
6) 2 x y d x + ( y  — x 2)dy  =  0; t/ U = - 2  =  4;

b ) ( y 2 +  2 t/ +  * 2) y '  +  2 *  =  0 ; y | * = i = 0 ; 

r) * 4 - ^ + (y  +  eJC)i/, =  0; y|*=o =  4.

>K: a ) y = - J L -\ 6) * 2— y l r A  7 3 cosjc y
B) x 2 +  y2 =  e - y\ r) * 2 +  i/2 +  2 yeJ( =  24.

2-  MycraKfUA uui

1. TeHTJiaMaJiapHMHr yMyMHH eHHMHHH TonHHr:

a ) i f - p - e - r .  ■ T) XdX = ( A _ yA dy., A
1 '  y '

y  =  xcosy +  sin2y’

B) / + _ l _ + y 2= 0 ;  A) ^ W  =  ( ^ + 7 - 1 ) djC-

> K :  a ) y  =  C e - /  +  e x- l ;

6) y =  C e - sinJt+ s in x — 1;
, _________________ 1_____________  .

B '  y ~  ( l + j t ) ( C  +  ln | l+Jc| ) ’ 

r) x 2 +  y2( C - y 2)-,

A) x +  a rc tg - j = C .

2. K o u ih  M a c a jia c H H H  e H H H r:

a ) y '  =  2y —  x-\-ex\ y | * = 0 =  —  1;
I

6) y2d x =  (x-\-ye y)dy\ y\x= 0= — 3; 

b) y' — 7y =  e3xy2; y\x= o =  2;

r) xdx +  y d y =  xAy~ ^ ~ \ y\x=l =  1- 
+  y
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>K: a) y =  ± x - e x+ ± ( l - e 2x) ;

I0e7x
6) x = e  " (3  +  y) ; b )  y — ,

e — o

r) i ( x 2+ y 2) + a rc t g A = 1+ ^ .

3- §. K)K,opH TapTH6jiH AH(t>(|)epeHUHaji TeHrjiaMajiap

8.3.1. y <n)= / ( * )  KypHHHumarH TeHrjiaMa yHr tomohhh KeTMa-KeT 
n MapTa hHTerpaJiJiaiu epAaMHAa eHHAaAH.

1 - m h c o j i .  y"  =  x e ~ x TeHrAaMahhht y\x= 0=  1, y'\x=0 =  0 6oiu- 
JI3 HFHH LUapTAapHH KaHOaTAaHTHpyBHH xycycHH eHHMHHH TonHHr.

E h h  iu. BepHAraH TeHrAaMaHH KeTMa-KeT HHTerpaAAsfi, yMyMHH 
eHHMHHH TonaMH3:

r [ u  =  x, du — dx, )  _ x
y ' = [ x e  Xd x = \  _  _ x r = — xe ~ e + c i>

J [ d v  =  e d x , v = — e J

y =   ̂ ( C , — x e ~ x— e ~ x)dx =  C {x — ( — x e ~ x— e ~ x) -\-e~x-\-C2 

eKH y =  x e ~ x-\-2e~x Cix~\-C2.

BouiAaHFHH LuapTAapAaH

1 =  2 C 2,

, 0 =  — 1 +  Ci,{;
6y CHCTeMaHHHr eHHMAapH Ci =  l Ba C2 = — 1- LUyHAafi khah6 , 
SepHAraH 6ouiAaHFHH uiapTAapHH KaHoaTAaHTHpyBHH xycycn ft  eHHM:

y =  x e ~ x-\- 2 e~ x -\-x—  1.

8.3.2. y {n) = f ( x ,  y(*>,..., y (ra~ " )  KypHHHiUAarH TeHrAaMaAa HOMatAyM 
(J)yHKUHH Ba yHHHr (k —  1) -T a p ™ 6 ra H a  x,0CHA3A3pH KaTHauiMafiAH. 
ByHAafi  TeHrjiaMaHHHr TapTH6HHH y w  =  p ( x )  ypHHra KyftHiu epAaMHAa 
n aca firapH iu  MyMKHH.

2- m h c o a . y " = y ~  ln^ -  TeHrAaMa HHHr yMyMHH chhmhhh TonnHr.

E h h lu. y '  =  p ( x ) ,  y "  =  p ' ( x )  Ae6 , 6epHAraH TeHrAaMaHH

p ' = — In—X X

KypHHHiura KeJiTHp3MH3. Bhphhhh t s p t h S a h  6np >khhcjih TeHrjiaMaHH 
XOCHA KHJIAHK. 3hAH p =  UX, p'  =  u 'x~{-u  Ae6, KyftHAarH TeHTAaM3HH 
X.OCHA KHA3MH3:

du dx
u'x-\-u =  ulnu  eKH u(\nu— 1) x



Y i iH i i r  o w h m h

1 n11 nw— l | = l n x  +  lnCi eKH Inu — 1 =  Cx,

6 y  e p r a H  u =  e c,x+i. RacTJiaGm y y s r a p y B q n r a  KaftTHS,

y'  =  p =  ux =  x e C'lc+i eKH y ' = x e C,x+'

T eH rj iaM aH H  o jiaM H3. B y  T eH r j iaM aH H  H H T e rp a ju ia f i ,  yM yM HH e^HMHH 
T on aM H 3 :

r r { SZ=X' ds =  dx, )
y =  Jxe  ' dx =  \ d t  =  e clX + id t ' t = = j _ e clX+l  =

_  X  C t x + 1 _ _ _ _ _ _ _ _ I  C , * + 1  ,  r

c, C2e + C2-

8.3.3. y = f ( y ,  y ', ... , y n ) KypHHHUiAarn TeHrjiaMara x  spKjiH 
y3rapyBMH K,aTHauiMaHrH. ByHraii TeHrjiaMaHHHr TapTHSHHH y'  =  p (u )  
ypHHra k Y h h u i opKaJiH nacaftTHpHm  m Y m k h h .

3 - m h c o j i .  y " = - + y TeHrjiaMaHH euHHr. 
y

E  q h ui. y' =  p ( y ) t y " = = p 'p '  ypHHra k Yhhiuhh aMaJira ouiHpcaK, 
TeHrjiaMa

P P-- l + P 2

KypHHHiura K e j ia ru .  By y3rapyBqn jiapH  a * p a j i a r H r a H  TeH rjiaM arup . 
ysrapyB^HJiapHH a>KpaTH6 Ba HHTerpaJuiaS, TonaMH3:

T ln| 1 + P 2I = ln | y l  + l n C „

6y epraH

1 p2 =  C 2y2 e m  p =  +  ^ C ] y 2— \. 

y y3rapyBHHra KaHTcaK

y ' — ±  C]y2— 1 eKH — -Jfe =  +  dx.
Y / ^ 9  9 -----

V < * ! -
SyHraH,

-£ -ln |C ,y  +  -yjc\y2—  1 | =  ±  ( x + C 2).

3- dapcxona ronuiupuFu

1. KyftnrarH TeHrjiaMa JiapHH e^HHr: •

a ) y ' " sin4x = s in 2 x ;  6) y "  =  lnx;

B) (1 — x 2) y ” —  xy'  =  2; r )  (1 +  x 2) y "  +  l + y '  - 0 ;
а )  y " ( 2y  +  3 ) —  2y ,2 =  0 ; e ) y y "  — y —  y  Iny.

){<_: a ) y  =  ln S in x + C ix 2 +  C 2x +  C3;

б ) y  =  - ^ - ( ln x — ^ - ) + C lx +  C 2,

B) u =  (a rc  s inx )2 +  C ia rc  sinx +  C2, 
r) y =  (1 + C r 2) l n ( C i X +  1) — Ci x +  C 2;
a )  0,51n(2y +  3) = C iX - [ - C 2; 
e )  \ny =  C \ e XJ\ - C 2e x -

2. K ouih MacaJiacHHH e^HHr:

a) y " '  =  xe '~x; y U=o =  0, y 'L = o  =  2, y "U = o  =  2,

6 ) y " — - 1 ) ;  y U = 2= i ,  y 'U = 2=  — i;

b) y y " — y ,2= ° ;  y U = o = 1 > y ' L = o = 2 .

>K: a ) y =  —  (x  +  3 ) - e _j : +  y X 2+ 3 ;

6 ) y =  ( 3x4 —  4x3— 36x 4 "7 2 x - (-8 )

b ) y =  ?2j:-

5- MyCTaKfUA urn

1. K,yHHAarH TeHrjiaMa JiapHH euHHr:

a ) y "  =  - - \ - x; r ) y "  =  2 s inxcos2x  — sin3x;

x , A )  y "  —  2 c tgx  • y ' =  sin3x;

b ) yyy'T= \ l¥ : e ) 2W " - 3 ( i/' ) 2 =  ‘«l/2-

>K: a ) y  =  J^ + C lx 2+ C 2;

6 ) y = ^ L ( x 2- l ) - | l n ( l + x 2) + C , x  +  C 2;

B) y = C ieC2X', r )  y  =  ̂ -s in3x + C , x  +  C 2;

A )  y = - | s i n 3 x + C , ( f - ^ - ) + C 2 ;  

e )  y co s2(x  +  C 'i ) = C 2.

2. K ouih MacaJiacHHH eMHHr:

а ) y ' "  =  x sinx; y \x=o =  0, y '| *= o  =  0 ; y /,L = o  =  2 ;
б ) x y ,/ +  x ( y / ) 2 — y ' =  0 ; y U =2 =  2 , y ' |*=2  =  l>

B) yy” = ( y ' )  — (*/ )3; y L = i  =  i; y/l^=i =  — 1-
>K: a ) y  =  xcosx  —  3sinx +  x  +  2x;

' 6) y =  2 +  ln ^ - ;  b) y - x  =  2 1n|y|.
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4- §. rapMac K03<))<t>HUHeHTjiH 6wp m h h c jih  <<h 3h m h  T eH rjiaM a jiap

8.4 .1 . Y iu 6 y

y in> +  a i ( x ) y <n- ' ) +  a2( x ) y {n- 2) +  ... +  an(x ) y  =  0 

KypHHHLUAarH TeH rjiaM a n-rapru6Au 6up okuhcau hu3uk,au  dutpcpe- 
peHii,uaA remAaMa jxePmjiam- B y  epA3 a { ( x ) ,  a2( x ) ,  ..., a „ (x )  6n pop  1 
[a, b] opaJiHKfla aHHKJiaHraH Ba y3JiyKCH3 4>yHKUHHJiap 6y jin 6 , y jia p  
TeHrjiaM aHHHr KoacpcpunueHTAapu AeftHAaAH. 

Arap yi, y2, yn (})yHKLi,HHJiap n-TapTHfijiH  6np jkhh cah  hh3hkah  ! 
AH<})(f)epeHUHaA TeHrjiaM aHHHr [a , b\ opajiH KAa aHHKJiaHraH hh3hkah 
spKJiH eMHMJiapH S y jic a , y  xoA A a  yHHHr yMyMHH eHHMH

y — Ciyt ( x )  C2y2( x )  + . . .  +  Cnyn( x )

KypHHHiura e3HJiaflH.
M h3hkjih  3pKJiH eHHMJiap enuMAapHum (pyndaMeHraA cucreMacu 

AefiHJiaAH.
8.4 .2 . A r a p  n-TapTHSjiH  hh3hkjih  6np >khhcah AH<})(f>epeHUH3A 

TeHrjiaM aHHHr a it a2, ..., an K03(})(})HUHeHTJiapH y3 rap M ac  coHJiap S y jic a , i 
y x,ojiAa xycycH H  eHHMJiap y =  ekx KypHHHiura H3AaH3AH. By ep A arn  j 
k n-TapTH(5jiH hh3hkjih 6np jk rh c a h  AH(})<t>epeHUH3A TeHrjiaMaHHHr i 
xapaKTepncTH K TeH rjiaM acn ne6 aTajiyBHH yiu6y |

r  +  a , r - 1+ a 2r - 2 +  ... +  an =  0 |

TeHrjiaMaHHHr HJiAH3JiapH SyjiaAH . ' 'j 
XapaK TepncTH K  TeH rjiaM a n Ta k\, k2, ..., kn HJiAH3Jiapra s ra . B y  ! 

h jiah3  JiapHH Hr xa pa K T ep n ra  K ypa y j ia p ra  moc xycycH ft eHHMJiap ’ 
KyHHAarHHa 6yjiaAH : 

a )  xapaKTepncTH K TeHrjiaM aHHHr xa p  6np xaKHKHH coAAa i 
k HJiAH3Hra ekx xycycH H  eHHM moc KeJiaAH;

6 ) x a p  6hp m K appa jin  x a k h  khft «JiAH3ra m Ta hh3hkjih  apKAH ekx, 
xekx, ..., x m~ 'e tx eHHMJiap moc Kenaw,

b ) KOMiuieKC Kyu iM a coAA a HJiAH3JiapHHHr xap 6np ki =  a  +  /p na 
k2 =  a  —  «p >Ky(})THra HKKHTa hh3hkjih  3pKJiH e aJtc o s p x  Ba eaxsin^x 
xycycH H  eHHM moc KeJiaAH;

r) KappajiHTH r  ra TeHr S y jiraH  KOMnAeKC KyuiM a HJiAH3JiapHHHr xap 
6np  k\ =  a  +  «P, k 2 =  a  —  i $  >Ky(})THra 2r  Ta yui6y hh3hkjih apKJiH 
xycycHH eHHMJiap moc KeJiaAH;

paj:cosp , xeaxcosfix, ..., jcr _ l £?ajtc o s p * , 

ea;ts in p * , ^ “ s in p * , ..., x r^ ' e axsm$x.

OjiHHraH xycycH H  eHHMJiap —  eHHMJiap HHHr (JjyHAaMeHTaji CHCTe- 
MaCHHHHT HH3HKJIH KOMSHHaUHHCH

y — C\y\ +  C2y2-\-... +  Cnyn

HH Ty3H6, y3rapM aC  K03(|)(j)HUHeHTAH HH3HKJIH 6Hp >KHHCJIH AH(J)(})e- 
peHUHaji TeHrjiaMaHHHr yMyMHH eHHMH xochji KHJiHHaAH.
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1 - m h c o j i .  y "  —  7</' +  6y  =  0 TeHrjiaMaHHHr yMyMHH eHHMHHH 
roriHHr.

E h h i u . XapsKTepHCTHK TeHrjiaMaHH Ty3aMH3:

k2 — 7fe +  6 =  0,

yiiHHr HJiAH3JiapH fe| =  l Ba fe2 =  6 —  xaKHKHH Ba oaahh, AeMaK, 
6epHJiraH TeHrjiaMaHHHr xycycHH hh3hkjih sdkah eHHMJiapn (t})yHAa- 
MeHTaA eHHMJiap cHcreM acH ): y\— ex bs y2 =  e x; TeHrjiaMaHHHr yMyMHH 
I'HHMH sea

y  =  C ie x +  C 2e6x

fiy^aAH.
2 - m h c o a .  y 1V—  13{/" +  3 6 y = 0  TeHrji3MaHHHr yMyMHH eHHMHHH 

TonHHr.
E h h in. XapaKTepncTHK TeHrAaMaHH Ty3aMH3 i 

k4— l3 k2 +  3S =  0.

yHHHr HAAH3AapH fe|,2=  ± 3 ,  &3,4 =  ± 2  —  xaKHKHH Ba OAAHH. B y  
HJiAH3Jiapra y iu 6y  xycycn ft hh3hkah 3pKJiH eHHM jisp moc KeJiaAH:

y \ = e 3x, y 2 =  e ~ 3x, y 3 =  e2x, y 4 =  e ~ 2x.

YMyMHH eHHM KyHHAarn KypHHHiiiAa 6yAaAH:

y =  Cie3x-\-C2e ~ 3x-{-C3e2x-]-C4e 2x-

3- m h c o a . y v —  16y' =  0 TeHrAaMaHH Hr yMyMHH eHHMHHH TonHHr.
E h h ui. XapaKTepncTHK TeHrAaMaHH Ty3aMH3:

k5- l 6 k  =  0,

vHHHr eHHMAapn: f e i =0 ,  fe2,3=  ± 2  —  xaKHKHH, At4i5=  ± 2 / —  KOMnjieKC 
KyuiM a ( a  =  0, P =  2 ) .  O yH AaM eH TaA eHHMAap cHCTeMacHHH e3aMH3.

yi =  e0x= l ,  y2 =  e2x, yz =  e ~ 2x, yA =  e0xc o s2 * =  cos2x, y 5 =  s in 2 x .  

YMyMHH eHHM-.

y —  C l +  c 2e2x+  C3e ~ 2x +  C 4COS2X +  Cssin2*.

4- m h c o a .  y "  — y' — 2x =  0 TeHTAaMSHHHr t/ | x=0 =  0, y'\x= o =  3
60UIA3HFHH U13pTAapHH K3H03TA3HTHpyBHH eHHMHHH TOnHHr.

E m h u i .  B y  TeHrjm MaHHHr xapaKTepncTH K  TeHrAaMacH 
k2 — k — 2 — 0 KyftHAarH HAAH3Aapra a r s :  ki =  2, k2=  — l.  f leM 3K , 

VMyMHH eHHM
y =  Cie2x +  C2e ~ x 

KypHHHuiAa SyAaAH. YHHHr xocHAacn:



 ̂ BomjiaHFHH uiapTJiapHH yMyMHH eHHMra Ba yHHHr x,ocHJiacHra 
K,yHH6, Ci Ba C 2 ra HHcSaTaH yui6y TeHrjiaMajiap CHOTeMacHHH xochji 
KHJI3MH3:

r o = c , + c 2)
\3 =  2 C , - C 2,

6y epraH  Ci =  l ,  C2=  —  1. JJeMaK, SepujiraH SouijiaHFH1! uiapTJiapHH 
KaHoaTJiaHTHpyBHH xycycHH e^HM KyHHAarHHa SyjiaAn:

y =  e2x—  e ~ x.

5- M H C O J I .  y " - 4 y ' - \ - 5 y  =  0  T eH r j ia M a H H H r yMyMHH eHHMHHH 
TonHHr.

E u h  m. k2 — 4k +  5 =  0 x a p a K T e p n c T H K  T eH r j ia M a  kl2 =  2 ± <  
KyuiMa -KOMruieKC HJiAH3Jiapra ara. B y j ia p r a  m o c  4>yHAaMeHTaji 
eHHMjiap CHCTeMacH K yftH A anm a 6yjiaAH:

2x 9 vy \ = e  *cosx, y2 =  eZxsmx.
YMyMHH e iH M :

y = C \ e 2xcosx +  C2e2xsinx eKH y =  e2x ( C icosx +  C2s in x ).

6 - m h c o j i .  y lv+ 2 y " ' +  y "  =  0 TeHrjiaMaHHHr yMyMHH e^HMHHH
TonHHr.

E m h u i . XapaKTepncTHK TeHrjiaMaHH Ty3aMH3:

k4 +  2k3 +  k2 =  0, 6y TeHrjiaMa kU2 =  0 ( m  =  2) ;  k3,4=  — \ (m  —  2 )

KappajiH HJi/iH3jiapra ara . B y j ia p r a  moc  OyHAaMeHTaji eiHMJiap 
CHCTeMaCH

yi =  e0x= l ;  y2 =  x - 1 = x ;  y3 =  e ~ x, y4 =  x e ~ x 

KypHHHm ra a ra  SyjiaAH. .HeMaK, yMyMHH eHHM

y =  Ci +  C2*  +  C3e x-\- C$xe~x
§ k h

y  =  Ci +  C2x-f- x (C 3 +  C4X) •

4- dapcxona ronuiupuFu

1. T e H r j ia M a j ia p H H H r  yM yM HH c m h m h h h  t o h h h t :

a )  y "  +  4y' +  3y =  0- 6) y" - 4 y '  +  4y =  0; b) y "  +  4y' +  8y =  0.
>K: a )  y =  Cie~~x-\-C2e ~ 3x‘,

6) y =  e2x(Ci  +  C2x ) ;
b) y =  e 2*(C icos2x  +  C2Sin2x).

2. T e H r j ia M a j ia p H H H r  yM yM HH cmhmhhh TonH H r:

a) y V i _ i 3 y iv+ 3 6 y -  =  0; 6) y ^ - 8 y "  +  I6y =  0;
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. i i i i i i i i i i i i i i HH i.i Li i i-LU H tHHt BHfcfcfclftfcIH < 11;

B) y v _ 6 y iv + 9 £ / ,,, =  0; r ) y ' "  — 3y' '  +  3y' — y — 0; 
a ) 64yVIII +  48yVI+12t/ IV+ y "  =  0.

>K: a )  y  =  C\e3x-\-C2e~~3x-\-C3e2 x C*e “ 2* +  C 5 +  C6* ;
6) y =  e2x( Ci  +  C2x ) + e - 2x( C 3 +  C4x) ,
B) y =  e 3x( C 1 -j- C 2X) —j— C 3 —|— C i X -|-C 5X ; 
r)  y =  ex{C\ +  C2x-\-C3xl )\
A) y  =  c o S y  (C , +  C 2 x + C 3x 2)  + s i n Y ( C 4+ C 5x +  C 6x: ) +

-|- Ci ~\~ C*x.

3. K oluh MacaJiacHHH e^HHr.

а ) y”  +  4y' +  29y =  0; y\x=0= 0 ,  y \ x=a= \ h \

б ) y w= y ' \  y L = o = 0 ; y ' l x = o = l ;  y  l * = o = 0 ; y  l * = o = l  ;

y lvL = 0= 2 .

>K: a ) y =  3 e ~ 2jcsin5x;
6 ) y =  e* +  c o s x —-2.

4 - M y c r a K f U A  urn

1. TeHrjiaMajiapHHHr yMyMHH e^HMHHH TonHHr:
а )  4 y " ' — Sy' +  5y =  0; b )  y lw— 6 y "  +  9y =  0;
б) 3y"  —  2y'  —  8y =  0; r )  y IV+ y "  =  0.

71C: a )  y  =  ex ( C i c o s y + C 2s in -| ) ;

4x

6) y =  C ie 2j:+  C 2e ;

b) y =  e^ 3 jc(C 1 +  C 2 x ) + e ^  ( C 3 + C 4X) ,
r ) y  =  C i +  C 2X +  C 3C0SX +  C 4sinx.

2. Kouih MacaJiacHHH e^iHHr.

а ) y " - 2 y ' + y = 0 ;  y l * = 2= l ,  «/ 'l* -2= — 2 ;

б ) y ' " - y '  =  0; y l* =0= 3 ,  y ' L =0= - l ;  y " U o = l -  

>K: a)  y = ( 7 - 3 x ) e x~ 2\ 6) y  =  2 +  e “ x.

5 -§ .  y s rapM ac  K03<t><t>HUHeHTjm 6np whhcjih  SyjiMaraH 
A^^4,*l,ePeH^ HaJ, TeHrjiaMajiap

Yui6y

y ^  +  a ly {n- ' ) +  a2y in- 2)+  ... +  a„y =  f(x ) ,

6y epAa f i x )  ^ 0 ,  ai an —  y3rapMac coHJiap, KypHHHUiAarH TeHrjiaMa 
n- Tapm6AU y3eapMac K0 3 <p<puu,uenTAU 6up oicuhcau 6yAM.aaan hu3UK,au 
diKpcpepeHUfiiaA TeHrjiaMa AeftHJiaAH.
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BepHJiraH 6np >khhcjih Syjm ajaH hh3hkjih rH<f>(j}epeHUHaji TeHrjia
MaHHHr yMyMHH eMHMH y = Y + y  ( j>opMyjiara Kypa SHHKJiaHarH, 6y
epra Y moc 6np >khhcjih TeHrjiaMaHHHr yMyMHH eHHMH, y __
oepHJiraH 6np >khhcjih SyjiMaraH TeHrjiaMaHHHr SnpopTa xycycHfi

Ey TeHrviaMaHHHr y xycycnft e^HMjiapn TeHrjiaMaHHHr yHr tomohh

f ( x ) =  <?VJt[/5n(x )cos6 x -f- (2 „t(x )s in 6 x ]

Maxcyc KypHHHiura ara QyjiraHra aHHKMac K03 (})(|)HUHeHTJiap ycyjin 
OHJiaH Tonnjiarn. By epra y Ba 8 —  SepnJiraH coHJiap, P n (x ) Ba 
Qm (X)  —  MOC paBHUifla n-  Ba m- rapawaJiH Mj-bjiyM KynxarJiap. By 
XQJira depHJiraH TeHrjiaMaHHHr xycycnft ennMH u KyftHrarn KypHHHiura 
H3jiaHarH: _

y ~  x reyx[ui ( x )  cosSx +  vi (x )  sinSx],
6y ep ra  r

kn-\-plkn- ' + p 2kn- 2 +  ... +  pn =  0
xapaKTepHCTHK TeHrjiaMaHHHr y -| -6 < HJi4H3HHHHr Kappa  jih jih th  (a ra t i^  
xapaKTepncTHK TeHrjiaMa 6 y H ra n  HJirH3ra s ra  Sy j iM aca ,  r  =  0 ) ;  
ut { x )  Ba v i ( x ) - I -  a a p a * a J iH  Kyn-xarJiap, m y  CHJiaH 6 n p ra  I cohh m  Ba 
n JiapHHHr KaTTacnra  TeHr.

u i ( x )  Ba Vi (x )  K ynxafljiapH H H r K03(j)(j)HUHeHTJi3pH 6epH jiraH  T eH rjia 
Mara y ypHHra y hh K yfiraH raH  c y Hr yHHHr Man aa  y Hr TOMOHJiapnrarH 
yx m a u i x a r j ia p  K03(j)cj)HUHeHTJiapHHH 6Hp-6HpHra TeH rjiau i HaTH>KacH- 
ra xo ch ji S y jiraH  a jire fipaH K  TeH rjiaM a jiap  CHCTeMacnraH T on n jia rH . 

f \ / ®e PHJiraH 6hp  jkh h cjih  6 y jiM araH  _hh3hkjm_ T eH rjiM sra  
f ( x )  = J i  ( x )' + f 2( x )  6 y jic a , yHHHr xy cycn ft eMHMH y = y , - \ - y 2 6 y jia rH , 6y  
e p ra  «/i_— yH r tom oh h  f { ( x )  S y jiraH  SepHJiraH TeHrjiaM aHHHr xycycH H  
eMHMH, y 2 3ca yHr tom ohh f2(x )  6 y jiraH  6 y  TeHrjiaMaHHHr xycycHH ennMH 

1- m h c o j i .  Y m 6 y

y l v — 3 y "  =  9x2

HH3HKJIH TeHrjiaMaHHHr yMyMHH eMHMHHH TOnHHT.
Emhu i .  k4 — 3k2 =  0 xapaKTepncTHK TeHrjiaMa k i = k 2= 0 ,  k34=  

=  ±  «Ji4H3Jiapra s ra ,  S y j ia p ra  y m 6 y  t/i =  l ,  y2= x ,  y 3= e ^ 3x,

y * ~ e ^3x 4>YHAaMeHTaji eMHMJiap cncTeMacH moc Kejiarn , 6y 

epraH  moc 6np whhcjih TeHrjiaMaHHHr yMyMHH cmhmhhh xochji
KHJI3MH3:

Y =  Ct +  C2x  +  Cze^3x+ C , e ~ r 3 x .

BepnjiraH TeHrjiaM ara f ( x ) =  9x2, Y =  0, 8 =  0, uiyHHHr yMyH
Y +  to =  0. b y  coh xapaKTepncTHK TeHrjiaMaHHHr HKKajia ki =  k2 =  0 hji- 
flH3jiapn fiHJiaH 6np xn jirnp , uiyHHHr yMyH r =  2 Ba xycycHH cmhm y  hh

y =  ( Ax2 +  B x + C ) x 2= A x 4 +  Bx3 +  Cx2
KypHHHiura H3JI3HMH3.
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y', y"> y'"> ylw XocnjiajiapHH TonaMH3 B3 yjiapHH K yftn ra rH  
cxeMa 6yftHMa >KOHJiaiUTnpaMH3 (thk hh3hkhhht Man TOMOHnra 
TeHrjiaMara 6yjiap onrnra TypraH K03({)(})HUHeHTJiapHH esn6 mhksmhs) :

0

0

- 3

0

1

y =  A x * + B x 3 +  Cx2, 

y' =  4Ax3+ 3 B x 2+ 2 C x ,  

y "  =  \2Ax2 +  6Bx +  2C, 

y '"  — 24Ax-\-6B, 

y 'v= 24 A.

TonnJiraHJiapHH TeHrjiaMara KyflMH3:

y i v _  2,y" =  — 3% A x 2 — 18Bx — 6C +  24 A =  9x2.

By ep ra  Man Ba yHr TOMOHra x  HHHr 6np xhji rapa>KaJiapH o firn rs rn  
K03({)(|)HUHeHTJi3 pHn TeHrjiaS, A, B, C JiapHH Tonnui yMyH ajireSpsnK  
TeHrjiaMajiap cncTeMacnHH xoch ji KHJI3MH3:

-36/1 =  9,

-1 8 B  =  0,

6C + 2 4/1=0 ,

6y epraH  A =  — j-, B =  0, C =  —  1 .

/I,eMaK, y xycycnft eHHM Kyftnrarn  KypHHHiura fiy jia rn :

y=-  4-

BepnjiraH TeHrjiaMaHHHr yMyMHft eHHMH

'-x4— Cx2.

y = Y - \ - y = : C\-\-C2x-\- C3e  ̂ -\-C4e V3*___ >-x4— C x2.

2- m h c o j i . Yui6y

y - 7 6t/ —  xe  ; y\x=o— 1, y I jc=o 3 ■

K o u ih  MacajiacHHH eHHHr.
E h h ui. k2 —  7fe +  6 =  0  xapaKTepncTHK TeHrjiaMa k\ — l ,  k2 =  6 hji- 

rn3J iapra  sra, uiyHHHr ynyH moc 6np >khhcjih TeHrjiaMa 
y " —  7y ' - \ - 6 y  =  0 HHHr yMyMHH eHHMH Y = C i e X +  C 2e X t{)yHKUH5iraH 

HSopaT.
T eH rjiaM aH H H r yH r  tom o h h  f ( x ) = x e x, v = l ,  8 =  0, y +  i o = l = k ,  

uiyHHHr ynyH r =  1; P i ( x )  = x ,  r eM a K , xycycnft  eHHM y hh

y =  xex(Ax  +  B)  eKH y =  ex (Ax2 +  Sx)

K ypH H H U ira  H3JI3HMH3.
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1 - MHca/iAarH «a6n TonaMH3:

6 y =  ex(Ax2-\-Bx),

—  7 y ' = e x( A x 2+ B x  +  2Ax -\ -B ) ,

1 y "  =  ex( A x 2+ B x  +  2Ax  +  B +  2Ax +  B +  2A ) .  

TeH rjiaM ara KyHMH3 :

y "  — 7y' +  6y =  ex(6A — 7 A + A ) x 2 +  ex(6B +  7 B — \4A +  B +  4 A )x  +
+  ex( - 7 B  +  2B +  2 A ) = x e x.

By a hhhhthhht HKKajia tomohhhh ex=£0 ra 6yjw6 Ba wan xaMAa yHr 
TOMOHAa x  hhht 6np xhji Aapa*ajiapH  a/iAHAarn K03(})(})HUHeHTJiapHH 
TeHrjiao, KyHHAaniHH x,ochji KHJiaMH3:

-2 1 0 =  0,
— 10/1 =  1, 6y epAaH A = — ~  B = ------  

2 A — 5B =  0,-------------------------------------------- 25

ZleMaK, xycycHH eMHM: u =  ex( — —------— ^
y V 10 2 5 / '

Ymymmh e^HM: y — C,ex4- C 9e fe— ex( -^—-1__— ^
2 V 10 ~  25/ '

Kouih MscajiacHHH eMHiu yuyH y'  hh TonaMH3:

i,-= c ie' + 6 c r ~ e- ( 4 + ^ + f + ^ ) ,

Bolujishfhm uiapTAapAaH (})OHAajiaHH6, HXTHepHH y3rapMacjiap 
Ci Ba C2 JiapHH Tonnui yMyH mh3hkjih ajireSpaHK TeHrjiaMajiap 
CHCTeMaCHHH XOCHJI KHJI3MH3:

1 =  C, +  C2, 1 = C i  +  Caj  

1 .. 76 
15 6KH 15

3 =  C, +  6C2- ~ L  era 4 J = C ,  +  6C2,

6y epAaH C,
125’ 125

XleMaK, 6epHJIT3H 60UIJI3HFHH UI3pTJI3pHH K3H03TJ13HTHpyBMH 
xycycHH e^HM KyHHAarn KypHHHUiAS 6yji3AH:

u =  74 exA__ — e6x__ex( — 4 -— '\
y 125 V 10 +  25 /•125

3- m h c o  ji. Y u i6 y

y " - \ - y =  ( x2— l ) e _J:-f-sinx

TeHTA3M3HHHr ^MyMHH eMHMHHH TOnHHT.
Em HLU. /s 4 - 1 = 0  xspaKTepHCTHK TeHrjiaMa k l<2=  ± i  ( a  =  0, 

P = l )  MaBX,yM HJIAH3JI3pT3 3T3, ACM3K, MOC 6Hp >KHHCJIH TeHrjI3 M3HHHr

312

i i l iU i i i i i i i i l i i i i i iU i i i i i t i i i .

y yMyMHH eMHMH Y =  Cicosx +  C2sinx ( } ) y h k u h h  KypHHHUiHAa 6 y j ia A H .  
U'iirJi3M3HHHr yHr tomohh yui6y f i ( x )  B3 fz(x)  <J)yHKUHHJi3pHHHr 
II11 FHHAHCHAaH HfiopaT:

f { (x )  =  ( x2— \ )e^x\ f 2 ( x ) =  sinx,

myHHHr yuyH TeHTJi3M3HHHr y xycycHH chhmhhh y — y\-\-y2 KypHHHUiA3 
IDJI3HMH3.

y\
fi (x )  =  (x2— l ) e ~ x, y =  — 1, 6 =  0; y -\ - ib=  — \=/=k\, k2,

U'M3K, r —  0 bs y\ =  (Ax2-\-Bx-\-C)e~x. 
y2 yMyH:

f2 (x)  =  sinx, 7 =  0, 6 = 1 ;  y =  ib =  i =  k\=jt=k2,

ACM3K, r =  1 B3 y2= ( D  sinx +  £ cosx )x .
IlIyHAaii khjih6,

y =  e~x(A*? +  Bx-\-C) +  (Dx sinx +  fxcos*),

y' =  e~x( — Ax2 — Bx — C +  2Ax +  B) -fsin x(D — Ex) +  cosx (£ +  £>*),

y"r." =  e- x(Ax2 +  Bx +  C - 2 A x - B - 2 A x - B  +  2A) +
-sin x ( —E — E — Dx) +cos x(D-Ex-\-D).

TonHArsHAspHH TeHrjisMara Ky«MH3:

y "  +  y' =  e~ x( A + A ) x 2 +  e - x{B +  B - 2 A - 2 A ) x  +  ex(C  +  C -

— B — B +  2A)  -\-s\nx(Dx — 2E — Dx )  +  cosx ( E x 2D — Ex)  =

=  (x2— l)<?-J,:+~sinx.

OxHprH aHHHHTHHHr Man Ba yHr TOMOHJiapHAarn 6np xhji xaAJiap 
ojiAHAarn K03(}>4)HU,HeHTJiapHH TeHrjiaS, A, B, C, D, E  AapHH TonaMH3 :

x 2e ~ x \ = 2 A ,

xe

x°e~x

sinx

cosx

0 =  2B — 4A,

— 1 = 2 C  — 2B-\-2A,

1 =  — 2E,

0 =  2 D,

6y epAaH A =  B =  1, C =  0, D =  0, E--
1 BHHo6apHH y xycy-

CHH eMHM y =  e ~ x( ~ - - \ - x Sj — -|cosx (jjyHKUHHAaH, yMyMHH cmhm aca 

y =  CjCosx +  C2s in x +  e ~ x( ^ Y + x ' j— |cosx

(J)yHKUHHA3H H 0O paT  6 y A a A H .
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5- dapcxona roniuupuFu

1. TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr:
а ) y " - 6 y '  +  8y =  3x2 +  2 x + l - ,
б ) y "  —  6 y , +  25i/ =  2 s in x  +  3 cosx ;

B) y"-\~3y'— 10y = x e ~ 2x;
r) y " - 2 y '  +  2y =  exs\nx,
A) y ,v— y =  xe *+cosx ;  
e ) y " - 3 y '  +  2y =  3x +  5sin2x-, 
m ) y " - 4 y '  +  4y =  8 ( x 2 +  e2x-\-sin2x).

>K: a ) y =  C xeix-\- C2e2x~ \ -~ (2 4 x 2-\-52x-\-4l)  ;

6) i/ =  e3'c(C 1cos4x +  C2sin4x) -j— ^ -(M co sx -I-S s iru :) ;

b) y = C xe2x+ C t f - ix+ ~ { \ - \ 2 x ) e ~ 2x-, 

r ) y =  ex{ C {cosx-\-C2s\nx)— j x e xcosx ;

A ) y =  C tex-\-C2e ~ x-\- C3sinx-|-C4c 0sjc-)- * * ~ 3xex— ^sinjc ;
o 4

e ) y =  C lex-jr C ^ 2x~f -| -x + -^ - (9  +  3 c o s 2 x — s in 2 x ) ;

* )  y = e 2x( C x +  C&) +  2x2+ 4 x  +  3 +  4xe2x+ c o s 2 x .

2. Kouih MacajiacHHH eHHHr:

а ) y " ' - y ' = 3 ( 2 - x 2)-, y\x=0= y ' \ x= 0 = y " \ x= 0= l  ;

б ) y "  +  y = - sin2x; y\x= » = y ' \ x=n=  1 .

>K: a ) y =  ex-f x 3; 6 ) y = \ sin2x— ^-siru — cos* .
O o

5- MycraKfUA uiu

1. TeHrjiaMaJiapHHHr yMyMHH eHHMHHH TonHHr:

a ) y "  — 3y' +  2 y = x  — e ~ 2x-\-\\
6) 2 y "  +  5*/' =  29£Siru:;

b ) y "  — 4y'-\-4y =  smx-cos>2x.

>K: a ) y =  C lex+ C 2e2x+ ± x + ^ - ± e - * x ■,

6) y = = C l - { -C2e 2 + ^ — 5 * — ^ -^ c o s x — (2x---- ^ -^ s in x

b) y =  e2x{ C { +  C?x) + ~ ( — | s in 3 x  +  6cos3x) -  

 g^-(3sinx-f4cosx ) .
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2. K ouih MacajiacHHH eHHHr:

a ) y”  — 3y'-\-2y =  e3x {x2-\-x)\ i/1*=o==: 1» y lx=o=  2 ,

6) y " '  —  y' = — 2x\ y\x=0— 0, y '\x= o = y "  \ x=o= ^ >

b ) y "  — 2y' +  2y =  4excosx] y\x=n= n e n, y'\x= n= e ” .

>K: a )  y = 4 ( e x- e 2x) + j - ( x 2- 2 x + 2 ) e 3x ;

6) y =  ex — e ~ x +  x2\
B) y =  ex[ (2x  — n — l ) s in x  —  ncosx].

6- §. y3rapM ac Koa<|><t>HUHeHTjiH 6np  jkhhc jih  6y jiM a ra H  
HH3MK.JIH AH<t>4>epeHUHaji TeHrjiaMajiapfla 

y3rapMacHH BapnauHsiJiaui ycyjiH

Bnp jkhhcjih SyjiMaraH hh3hkjih TeHrjiaMaHH eHHUiHHHr yMyMHH 
ycyjiH HXTHepHH y3rapMacJiapHH BapHaUHHJiaiu ycy jin raH  HSopaT.

A ra p  moc 6np >khhcjih TeHrjiaMaHHHr y\, y2, yn (pyHraMeHTaJi 
eHHMJiap OHOTeMacH MatJiyM Syjica , y  x o jira  6np jkhhcjih Sy jm araH  
TeHrjiaMaHHHr yMyMHH eHHMH KyftHrarH KypHHHiura touhjihujh 

MyMKHH: , v , , _ . ,
y =  C 1 ( x )y i  +  C2( x ) y 2-\- ... +  Cn( x ) y n,

6y epra C i ( x ) ,  C 2( * ) ,  ■ Cn(x)  (J)yHKUHHJiap ym6y TeHrjiaMajiap 
CHCTeMaonraH Tonnjiarn:

' C \ (x )y l + f 2( x ) y 2+ . . .  +  C'n( x ) y n= 0 .

C\ (x )y l -\-C2( x ) y 2-\-----\-Cn( x ) y n= 0 ,

C\(x)y\n- 2) +  C 2( x ) y x2n- 2) + ... +  C ’n( x ) y[n 2) =  0,

C ' , ( x ) i / r ,, +  c ; ( x ) ^ n- ,) +  ... +  c ; W y < n- , )= / ( x ) .

Hkkhhhh TapTH6jiH 

y "  +  P i ( x ) y '  +  P 2( x ) y "  =  f { x )  

TeHrjiaMa ynyH moc CHCTeMa KyftnrarH KypHHHiura S y jia rn : 

| C l ( x ) y ] +  C 2( x ) y 2— 0, 

| C l ( x ) y i -\-C2( x ) y 2= f ( x ) .  

1- m h c o j i .  y "  +  y — i g x  TeHrjiaMaHHHr yMyMHH chhmhhh TonHHr. 
E m h u i .  k2+ l = 0  xapaKTepncTHK TeHrjiaMa k\,2 = ± i  HJirH3Jiapra 

ara, uiyHHHr ynyH moc 6np >khhcjih TeHrjiaMaHHHr yMyMHH eHHMH 
y = C i c o s x  +  C 2s in *  6 y jia ru . , 

BepnjiraH  TeHrjiaMaHHHr xycycnft eHHMHHH aHHKMac KoacpcpHUH- 
eHTJiap ycyjin  epraM n ra  TonnS 6yjiMaftrH. IIIyHHHr ynyH HXTHepnft 
y3rapMacJiapHH BapnaUHHJiaui ycy jin raH  <|)OHraJiaHaMH3, htjHH yMyMHft 

eHHMHH
y =  C l ( x )  COSX +  C 2 ( * )  S inx
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K y pn nn ni/xa H3Jia h MH3, 6 y  ep.na C i ( x )  Ba C 2 ( x )  (^yHKUHHJiap

IC ’! (x )cosA : +  C 2 ( * ) s i n x = 0 ,

—  C, ( x )  s i n x +  C 2( x ) c o s x  =  tg x  

CHCieMaflaH TonnjiaAH. CHCTeMaHH encaK:

C i(x ) =  — C2( x ) = s i n x .
cosx ’

M H Terpa ju iau i j iaH  c y H r  KyftnrarHJiapHH x,ochji k,hji3 mh3 :

C x ( x )  =  - \ ^ d x =  - [ ± = ^ L d x  =
J cos* J cosx

=  sinx In | tg (-| -+ -^ ) | +  C, ,

C2(x ) =  ^ s in x d x = — c o s x + C 2,

6 y  e p r a  C 1 Ba C 2 —  HXTHepHH H H Terp s ju iam  y 3 rapM ac j iapH .
LUyHASH k h j ih6, 6epHJiraH TeHrjiaMaHHHr yMyMHH e<JHMH

: (C , +  sinx +  ln | tg (-| -+ -^ ) | )cosx +  (C 2— cosx) sinx

*/ =  C,cosx +  C 2s in x— cosxln | t g (^ “H—j " )  | •

6- da pcx on a  Tonu iupuru

1 . K y H H ^ a rH  T e H r j ia M a j ia p H H H r  yM yMHH cmhmhhh h x t h b p h h  y 3 r a p -  
M ac j iapH H  BapHa iiHHJia iu  y c y j iH  e p r a M H r a  TonH H r:

ex . x ,  1

y-

§KH

a )  y " - 2 y '  +  y  =  ̂  6 )  y "  +  3y'  +  2 y - - ----- ,
1 e -j- 1

B) y "  +  y' =  r) y " +  4y' +  4y =  e ~ 2xlnx .

a ) y =  (C i +  Czx) ex xe*\n\x\;

6) y =  C ie ~ x +  C2e - 2x-l- ( e - x +  e ~ 2x) ln (ex+ l ) ;
b) y  =  C icosx-f- C 2sinx +  xsinx-(-cosx* In| cosx|;

r ) y =  (C i  +  C 2x  +  4 -x2ln x — —x 2) e ~ 2x 2. 4 7

2. K ouih MacaJiacHHH e^HHr:

y " + y ' = i L ’ y  L = " = 1 ’ y  L _ - = °2 2

* / = y C o s x  +  sinx —  x cosx  +  sinxln| sinx| .
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6- Mycrat^uA uiu

I. T e H r j i a M a j i a p H H H r  yM yM HH c h h m h h h  T onH H r:

1 . y "  —  2y'  +  y =  i - =
"V4 —J

>K: y = ( C , +  - ^ 4 - x 2+ a r c s m ~ + C 2x ) e x . 

l
2 - y "  +  y = -

>K: y =  C,cosx +  C 2sinxH— —=cosxln cosx +

+ -|— -^=-sinx-arcsin( ^ 2  sinx) .

• e2x -\J 1 —  e2*3: y " — y ' =  ________

>K: y =  Ci +  C # x+ ~ e x(avcsmex+ e x^ \  —  e2x) +

+ | a/ ( ! - ^ 3 •

II. K ouih MacaJiacHHH e^HHr:

y "  +  4y-- ; y „  =  0; «/' = JT .

>K: y =  —  cos2xln  | sinx | —  xs in2x — cos2x.

8- naMynaeuu y;uco6 ToniuupuK,Aapu

1. i],H(J)(})epeHUHaji TeHrjiaMaHHHr yMyMHH cmhmhhh  TonHHr:

1 . 1 . 3 ( x 2y  +  y ) d y + A ] 2  +  y 2dx  =  0 .

1.2. (3  +  ex) y y '  =  ex.
1.3. y\ny +  x y '  =  0.
1.4 . 2x d x  —  2ydy =  x 2ydy —  2xy  dx.

1.5. y' " V s +  1 = 0 .

1 .6. -y/4 +  y 2d x  —  ydy =  x 2y d y .

1.7. 2x +  2 x y 2+ V 2 - x V  =  ° -

1 .8. x d x  —  ydy =  y x 2dy  —  x y 2dx.

1.9. -yj l  —  x 2y '  +  xt/2+ x  =  0 .

1 . 10 . (e* +  8 )r fy  —  yexdx  =  0.

1.11. x ^ 5  +  y 2dx  +  y-\/4 +  x 2dy =  0 .

1.12. 6xdx  —  6ydy =  2x2ydy —  3xy2dx.
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1.13. 4xdx — 3ydy =  3x 2ydy -  2xtfdx.

1.14. x -\ j3 -\ -y2 d x - { - y ^ 2 - \ - x 2 dy =  0.
1.15. y(4  +  e*)dy — exdx =  0 .

•■16. ^ l § - { - y 2 - \ - y ' y ^ J \ — x 2 = Q  .
J.17. dxdx — 2ydy =  2yx2d y - 3xy2dx.

1.18. ' \ j5 -\-y2d x - \ -4 ( x 2y + y ) d y  =  0 .

1.19. X ^ \ + y * + y y ' ^ j T + ? = tb .

1.20. (e2x-\-5)dy-\-ye2xdx =  0 .

1.21. -tJ4 —  x 2 y '  +  xy2+ x = 0  .

1.22. 6xdx— y d y = y x 2dy —  3xy2dx.
1.23. y(\ +lnt/) + x y '  =  0.
1.24. { \ + e * ) y y '  =  £ .

1.25. y 3 y2 d x— ydy =  x 2ydy .

1.26. 6 xd x -Q yd y  =  3x2ydy- 2xy2dx.

1.27. x^ j4 -\ ~y2d x - \ - y ^ l - \ - x 2dy =  0 .
1.28. ( \ + e x) y '  =  ue\____
1.29. "\/3+y2 ~\/1 —x 2 y y '  =  0 .

1.30. 2x d x — y d y = y x 2d y — xy2dx.

2. ZlHcjxJjepeHUHaji TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr:

2.1. (2x y ) d x +  (x + y ) d y =  Q, 2.2. (x 2+ y 2)dx  +  2xydy =  Q. 

2 3 - x d y — y d x = -\ J x 2+ y 2dx.  2.4. u ' = ^ + L
v __II

2.5. (y2 — xy)dx-\-
+  ( x 2 — -  xy) dy =  0.

2.7. (Xyey + y 2)dx  =  x2e!' d y .
2.9. xy2d y = ( x 3 +  y3)dx.

2.11. y2d x =  (xy —  x 2)dy.

2.13. xy +  y2(2x2 +  xy)y' .
2.15. 2xy' • y =  x2 y2.
2.17. x y ' =  4 -\/2x2+ y 2 + y .

2.19. Xy' =  3 ^ 2 x 2+ y 2 + y  .

2 .2 1 . x y ' =  . 3?3 +  6̂ 2 
2±/2 +  3x2

2 .2 3 . =  1 ) .

x — y

2.6. x l i w f y  — ydx =  0 .

2.8. ( x — y ) y d x  —  x2dy =  0 . 

2.10. ( x 2— y2)d x  =  2xydy.

2.12. ( y 2 —  2 x y )d x - { - x 2dy =  0.

2.14. x y y ' = y 2-\- 2x2.

2.16. (5xy — x 2) y '  — 5y2 =  0. 

2.18. 4 y ' = ~ - \ - 10— -f- 5 .

2.20. y ' (2 x 2 +  2 x y ) = x 2 +  2xy- 
2.22. u ' ~  x +  2y

2x — y '

2.24. x y ' - y  = ( *  +  ,,) in^

i i ; i i i l i l  i i l H I

2.25. xy '  =  y — x e x . 2 -26, y —  x i £ x '

2.27. xy'  =  y —  sec"' . 2.28. x y ' =  y c o s ( ln —

2.29. y '  ==-x2 +  xjy~ ?- • 2.30. x y ' =  ^ x 2 + y 2 + y  ■
3x — 2xy

3. K o iu h  MacajiacHHH eHHHr:

3.1. xy'  —  y  =  x 2cosx; y ( j ) =  1 ■

3.2. xy ' - \ -y  =  x 3\ y ( l ) = 0 -
3.3. y 'cosx  +  ys inx  =  1; y ( 0 ) =  1.

3.4. y '  +  2 x y * = x e - ^ - ,  y ( 0 ) =  —  1 .

3.5. y ' — — = — =
X X

3.6. y'  —  ycosx  =  sin2x; y ( 0 ) =  1 .

3.7. y ' - ~ ^ Y =  ( x + 1) 3’ y ( ° ) =  T -

3.8. y '  +  2xy  =  — 2x 3; y ( l )  = e ~ l.
3.9. y ' + ^ = x 3; y ( l )  =  — |  ■

3.10. y ' — —= x 2; y (  1) = 0  .

3 .12. y ' + - ^ = s i ^ x ;  y ( : t ) = - ^ .

3.13 . y '  —  - j = x s i n x ;  y ( j ) =  1 ■

3 .14 . y ' — ^ f j = x 2+ 2 x ;  y (  — 1 ) = - | -

3.15. y ' _ - ^ - = e x( * + l ) ;  y ( 0 ) =  l .

3.16. y 'H -------^ : = T ; y ( ° ) = 4 -y 2(1 —x ) 2 d

3.17. y '  — ^ p y = e j:( x + l ) 2; */ (° ) =  1 •

3 .18. y '  +  y t g x  =  cos2x; y ( ~ j ) = j -

3.19. y'  +  yco sx = -^ -s in 2x; y ( 0 ) = 0 .

3.20. y ' ------ ? ^ = 1 + * 2; y ( l ) = 3 .
v l + X 2

, , u sinx / 11 \ 2
3.21. y  + ~ =  x ’ ^ ( 2  / n '

3 .22 . x y '  +  y  =  l n x + l ;  y ( l ) = 0 .
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3.23. y 'c t g x  —  y  =  2cos2xc tg x ;  y ( 0 ) = 0 .

3.24. xy' -\-  (x  +  \ )y  —  3x2e ~ x\ y (  1 ) = 0 .

3.25. ( x y ' —  l ) l n x  =  2y; y ( e )  = 0 .

3.26. y  =  x ( y / — x c o s x ) ;  y ( f " ) = 0 -

3.27. x y '  — 2y =  2x4; y (  1 ) = 0 .

3.28. y ' - f - y t g x  +  sinx; y ( 0) = 0  .

3.29. ( x 2 +  l ) y '  +  4xy  =  3; y ( 0 )  =  0.

3.30. y = - f - l - ;  y  (0 )  =  In5 .

4. K ouih  MacajiacuHHHr c m hm h h h  TonuHr:

4.1. y '  —  y t g x  = — | y 4sinx; y ( 0 )  =  1 .

4.2. y '  — y  =  x y 2; y (  0) =  1 .

4.3. 4y '  +  x 3y =  ( x 3- f - 8 ) e ~ 2*y2i y ( 0) =  1.

4.4. y ' — y  =  2xy2; ' y ( 0 )  = y .

4.5. 3 y ' - f  2xy =  2 x y - 2 - e ~ 2x; y ( 0 )  =  —  1.

4.6. x y '  —  y  =  —  y 2( ln x  +  2) lnx; y ( l )  = 1 .

4.7. y / +  4x3y  =  4 ( x 3+ l ) e _4xy 2;y (0 )  =  1 .

4.8. y /x  +  y = ^ ;  y ( l ) = 3 .

4.9. 2y ' +  3 y c o s x =  ( 8 +  12cosx) e2* y _ '; y ( 0 )  =

4.10. y / +  4x2y  =  4 y V * ( l - x 2) ;  y ( 0 )  =  - l .

4.11. 2 ( y '  +  x y )  =  ( x —  l ) e * — y 2; y ( 0 ) = 2 .

4.12. 2y '  — 3 y c o s x =  —  e “ 2j:(2 +  3 c o s x ) y _ l ; y ( 0 )

4.13. y '  +  x y = ( x - \ ) e xy2- y ( 0 )  =  l.

4.14. x y '  +  y  =  y 2lnx; y (  1) =  1.

4.15. 2y/ +  3ycosx  =  e2* (2  +  3 c o s x ) y ~ l ; y ( 0 )  =  l

4.16. 2u/ +  wcosx =  w~ ‘c o s x (  1 + s i n x ) ; w ( 0 ) = l .

4.17. 2 ( x y '  +  y ) = x y 2; y ( l ) = 2 .

4.18. x y , +  y  =  2 y2lnx; y ( l ) = y -

4.19. 3 ( x y '  +  y )  = y 2lnx; y (1 )  =  3.

4.20. 3xy ' +  5 y = ( 4 x - 5 ) y 4; y (  1) =  1.

4.21. y '  +  2xy =  2x3y 3; y ( Q ) = ^ j 2 .
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4.22. 2 ( y ' + y ) = x y 2; y ( 0 ) = 2 .

4.23. y '  +  y  =  x y 2; y ( 0 )  =  l.

4.24. y '  +  x y  =  (1 +  x ) e ~ xy2\ y ( 0 ) =  1.

4.25. 2 ( y '  +  x y )  =  ( l + x ) < ? - V ;  y ( 0 ) = 2 .

4.26. 2 x y ' - 3 y = - ( 5 x 2 +  3 ) y 3; y ( l ) = - i = .

4.27. 2 x y ' - 3 y = - ( 2 0 x 2+ 1 2 ) y 3; y ( l ) = ^ l f .

4.28. 8 x y ' - 1 2 y = - ( 5 x 2 +  3 ) y 3; y ( \ ) = ^ 2 .

4.29. 2 ( x y '  +  y ) = y 2lnx; y ( l ) = 2 .

4.30. x y '  +  y  =  x y 2; y ( l )  =  l.

5. i],H(j)c})epeHUHaji TeHrjiaM aHHHr yMyMHH HHTerpajiHHH Tonnur

5.1. ( y 2 +  y sec2x ) d x +  (2 x y - ( - t g x )  dy =  0.

5-2 -

5.3. - \ d x — xy^ 1 dy =  0 .
x *

5.4. ( y 3 +  c o s x ) d x +  (3 x y 2 +  e!' )o (y  =  0.

5.5. ( siny +  ys inx  -)— - )  d x  +  (x co sy  —  cosx  +  — ) dy =  0 .
x  y

5.6; x y 2d x  +  y ( x 2-\-y2) d y  =  0.

5.7. (3 x 3 +  6x2y  +  3xy2)d x - ( -  (2 x 3 +  3x2y ) d y  =  0.

5.8. ( x 2 — 4xy  — 2y2)d x  +  ( y 2 —  4xy —  2x2) dy =  0.

5.9. eydx-\- ( c o s y - { - x e y) d y  —  0.

5.10. — — dy  =  0 .
y y2

5.11. ( x y 2+ A ^ d x +  ( x 2y  — ^ - ^ d y  =  0 .

5.12. ^ 2 x —  1 -----y- ^ d x - ( 2 y - ^ j d y  =  Q .

5.13. (3 x 2+ 4 y 2) d x +  ( 8 xy - \ - ey) d y  —  0 .

5.14. (s in2x  — 2 c o s (x  +  y )  ) d x  —  2 c o s (x  +  y ) d y  =  0.

5.15. l ± ^ - d x  + - ^ = | ^ y  =  0 .
t r y  xy

5.16. ( - J L - ^ + f A d x - - - ^ y = 0 .
v * 2+</2 y

21— 665 321



5.17. ( c o s {x  +  y 2) +  s in x )d x  +  2 y c o s ( x  +  y ) d y  =  0.

5.18. (6 x y 2 +  4x3) d x  +  (6 x2y  +  y ) 2dy  =  0.

5.19. (3 x 2 +  ̂ c o s —  ) d x  -  ^ L . c o s ~ d y  =  0 .

- U

5-21' ( -WT?+“)dx+(x+̂ k?)dy=0■

5.22. ( \ 0 x y — ^ ) d x + ( 5x2+ “ ^  —  y 2siny 3̂ d y  =  0 .

5.23. (5 x y 2 —  x 3) d x + ( 5 x 2y —  y ) d y  =  0.

5  2 4  ( x — y ) d x  +  ( x + y ) d y __ q

x 2 -\-y2

5.25. 3 x V d x + ( x V — l ) d y  =  0.

5.26. (3 x2y  +  2y +  3 ) d x +  ( x 3 +  2x +  3y2) d y  =  0.

5.27. —̂ c o s A / x —  ( - ^ c o s - ^ + 2 y } d y  =  0 .

5.28. ( x e x+ J^ j d x  —  ±cdy =  0 .

5.29. x e ^ d x +  ( x 2ye^  +  t g 2y ) d y  =  0 .

5.30. ( l  + y  e7 } d x +  ^1 —  ~ ^ e y ^ d y  =  0 .

6. J],H(})(})epeHLi,Ha^ TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr: ^

Or
6.1. y ' "  +  y " t g x  =  0 .  6. 10 . y " + - ^ - p j - y  = 2 x .

6.2. y ' " x l n x  =  y " .  6 1 ^ - y " - « / ' + i = 0

0 3  y " = — — . 6.12. (1 +  x2) y "  +  2 xy '  =  x  .

6.4. x 2y "  +  x y ' = l .  6.13. y ' " - c t g 2 x  +  2y = 0 .

6.5. y " - ~ T = x ( x -  1) . 6.14. t g x - y ' "  =  2 y " .

6.6. y " c t g x  +  y '  =  2. ' 6.15. x 2y "  +  x y '  =  1.

6.7. x y ' "  +  y "  =  —W  • 6.16. y "  +  2xy ,2 =  0.
V X

6.8. x y ' "  — 2 y " = 4 “ - 6 1 7 ‘ x y "  =  y '  +  x 2.

6.9. x 4y "  +  x 3y '  =  4 • 6.18. x y ' " — y "  =  — .
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6.19. x y ' "  +  y " = l .  6.25. x 3y " ' + x 2y " =  -yjx .

6.20 ( x + l ) y ' "  +  y "  =  x + l .  6.26. y ' " t g x = y " + l .
6.21. x y ' "  +  2 y "  =  0. 6.27. x 5y ' "  +  x 4y "  =  1.
6.22. x y " '  +  y "  +  x  =  0. 6.28. x y "  +  y '  =  lnx.
6.23. y ' " t g 5 x  =  5 y " .  6.29. x y "  — y '  =  2 x V .

6.24. (1 +  s i n x ) y ' "  =  y " c o s x .  6.30. x y "  =  y ' l rF
X

7. Kouih MacaJiacHHH e^HHr:

7.1. y " y 3 + 1 = 0 ;  y  (1 )  =  —  1, y /( l )  =  —  1.
7.2. l + y ' 2 =  y y " ; y ( 0 )  =  l, y ' ( 0 ) = 0 .
7.3. y " y 3 +  36 =  0; y ( 0 ) = 3 ,  y ' ( 0 ) = 2 .

7.4. 4 y3y " = y 4- l ;  y ( 0 ) =  ^ 2 ,  y ' ( 0 ) = - ^ - .

7.5. y " = 1 8 y 3; y ( l ) = l ,  y ' ( l ) = 3 .
7.6. y "  =  2 y; y ( 0 ) = 2 ,  y ' ( 0 ) = 2 .
7.7. y l2 +  2 y y "  =  0; y ( 0 )  =  1, y ' ( 0 )  =  1.
7.8. y " y 3 +  9 =  0; y ( l ) = l ,  y ' ( l ) = 3 .

7.9. 4y3y "  =  y 4- 1 6 ;  y ( 0 ) = 2 V 2 ;  y ' ( 0 ) = - ^ - .

7.10. w "  +  «/12 =  0; y ( 0 )  =  1, y ' ( 0 )  =  1.
7.11. y  y "  =  4 ( y 4—  1); y ( 0 )  = V 2 ,  y ' ( 0) = V 2 .
7.12. y y " —  2 y l2 =  0; y ( 0 )  =  l, y ' ( 0 ) = 2 .
7.13. y "  +  2 y y 12 =  0; y ( 0 )  =  l, y ' ( 0 )  =  l.

7.14 y " t g y  =  2 y 12; y ( l ) = - | ,  y " ( i ) = 2 .

7.15. y " y 3 +  25 =  0; y ( 2 )  =  - 5 ,  y ' ( 2 )  =  —  1.
7.16. y (1 l n y ) y "  +  (1 +  i n y ) y 12 =  0; y ( 0 )  =  l, y ' ( 0 ) = l .
7.17. y " ( l + y ) = y l2+ y ' ;  y ( 0 )  = 2 ,  y ' ( 0 ) = 2 .
7.18. y " + 1 8 s i n y c o s 3y  =  0; y ( 0 ) = 0 ,  y ' ( 0 )  = 3 .
7.19. 2y y " = y 12; y ( 0 )  =  l, y ' ( 0 )  =  l.
7.20. y " y 3 +  4 =  0; y ( 0 )  =  - l ,  y ' ( 0 )  =  - 2 .
7.21. y " (  1 + y )  =  5 y 12; y ( 0 ) = 0 ,  y ' ( 0 )  =  l.
7.22. y y "  y 12— y 4; y ( 0 )  =  l, y ' ( 0 )  =  l.
7.23. y " = y ' ^ ;  y ( 0 ) = 0 ,  y ' ( 0 )  =  l.
7.24. y "  =  32y3; y ( 4 )  =  l, y ' ( 4 )  = 4 .

7.25. y '  =  — - L ;  y (0 )  = | ,  y ' ( 0 )  =  V 2 .

7.26. y 3y " = y 4 16; y ( 0 ) = 2 ^ ,  y ' ( 0 ) = ^ 5 .
7.27. 4 y " 2=  1 + y 12; y ( 0 )  =  l, y ' ( 0 ) = 0 .
7.28. y "  —  1 y 12; y ( 0 ) = 0 ,  y ' ( 0 ) = 0 .
7.29. y " ( 2 y  +  3) = 2 y 12; y ( 0 )  = 0 ,  y ' ( 0 ) = 3 .
7.30. y y "  — 2 yy ' ln y  =  y 12; y ( 0 ) = l ,  y ' ( 0 ) = l .
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8. /Z,H<J>c|5epeHUHaji TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr:

8.1. y ^ + y ' " = \ 2 x  +  6;
8.2. y ™ + 2 y " '  +  y "  =  2 —  3x2;

8.3. y n' + 2  y" '+2/" =  4 * 2 ;

8.4. y +  3 y +  2y =  1 — * 2 ;

8.5. y" + y  == 5x2—  1 ;

8.6. y" + y  == 49 — 2 4 *2 ;

8.7. y" —  by" +  6t/’ =  6 * 2+ 2 *  —  5

8.8. y" — y"== 6 * 2+ 3 *  ;

8.9.

+>

' + 4 y " = x  — x 2 ;

8.10. y" - 2  y =  3 * 2+ *  — 4 ;

8.11. y ' — y'== * 2+ *  ;
8.12. 7 b<"— y =  12* .

8.13. y ' —  13t/"+ 1 2 y = *  —  1 ;

8.14. y lw~ 3 y +  3y — y — 2 *  ;

8.15. y +  3 y +  2 y  = 3 * 2+ 2 *  ;

8.16. y w+ y " ' =  *  ;

8.17. y}v y ”=  5 ( *  +  2 ) 2 .

8.18. y y - = 3 * 2— 2 * +  1 .

8.19. y y "z=  6* +  5 ;

8.20. y v — 2 y ' " + y " =  2 * (1  — * )  ;

8.21. y — y"~-=  4 * 2— 3 *  +  2 ;

8.22. y + 3  y +  2 y = * 2+ 2 *  +  3

8.23. y lv+ 2 y ' ' ' + y " = x 2+ x + l  ;

8.24. y lY- 3 y ' " + 3 y " - y ' = x  —  3 ;

8.25. y " ' — 5 y ' - \ - 6 y ' = ( x — l ) 2 -,

8.26. y v — y IV= 2 *  +  3 ;

8.27. y iy+ 2 y ' " + y " = \ 2 x 2—  6 * ;

8.28. y w+ 6 y " ' + 9 y " = 3 x  —  1 ;

8.29. 3 y IV+ ( / = 6 * —  1 .

8.30. y ' " —  1 3 y " + 1 2 y ' = 1 8 * 2— 39 .

9. J],Hc})(J)epeHU.Haji TeHrjiaMaHHHr yMyMHH c h h m h h h  TonHHr:

9.1. y ' " + 4 y " + 3 y ' = 4 { \ — x ) e - x ;

9.2. y " — 4 y " — 3y =  — 4xex ;

9.3. ' y ' " — 3 y —  2 y =  —  4xex ;
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11.4.

0.5.

9.6.

0.7.

9.8.

0.9.
9.10. y

9.11. y

9.12. y

9.13. y

9.14. y

9.15. y

9.16. y

9.17. y

9.18. y

9.19. y

9.20. y

9.21. y

9.22. y

9.23. y

9.24. y

9.25. y

9.26. y

9.27. y

9.28. y

9.29. y

9.30. y

— y —  9y + 9 y =  (12 —  \6x)ex .

— 5 y " + 7 y ' — 3y =  ( 2 0 — 1 6 * ) e - x .

+ y " — y '— y =  ( 8 * + 4 ) e \

+  6 y " + 9 y ' = ( l G x  +  24 )ex .

+  3y  +  2y =  ( l  2 x ) e  

'  +  6 y " - 3 y '  =  ( 4x  +  2 ) e x.

+  2 < / '+ r / = ( 1 8 *  +  2 1 ) e 2\

+  2y "— 3 y ' =  ( 8 * +  6)*?*.

— y " — 4y’+ 4 y  =  (7 — 6 x ) e x .

—  4 i/ "+ 4 t/ '=  ( x — l ) e x .

— 2y' '— 3 y ' = { 8 x — l 4 ) e ~ x .

— 3y” — y ' + 3 y = ( 4  — 8 x ) e x .

— 5 y ' ' + 8 y ’— 4y =  (2x — 5 ) e x .

+  5y +  Ty +  3y =5= ( 1 6 *  +  20) ex .

+  4 y " + 4 y ' =  ( 9 x + l 5 ) e x .

— 3 y ' - \ - 4 y = ( \ 8 x  — 2 \ ) e ~ x .

— y '— 5y '— 3 y =  —  ( 8 * + 4 ) e \

+  y " — 2 y ' = ( 6 x  +  5 ) e x .

- 2 y " + y  =  (2x +  5 ) e 2x.

— 7 y " + l 5 y ' — 9 y = ( 8 x — \2)ex .

— y' '— 2 y ' = ( 6 x — l l ) e ~ x .

— y " — y ' + y =  ( 3 * + 7 ) e 2\

—  6y ’-{ -9y = 4 x e x . *

+  4y +  5y + 2 y =  (1 2 *  +  1 6 )e x .

- 3 y  ' - \ -2 y '=  (1 — 2 x ) e x .

—  5y -\-3y -\-9y =  e ~ x(32x  —  32) .

—  3{/’ + 2 y =  ( 4 x -\ -9 )e2x.

10. A H ^ x ^ e p e H U H a J 1 T eH r j ia M a H H H r yM yM HH c h h m h h h  T onH H r:

10.1. y "  -\-y =  2cos3x —  3sin3*.

y "  —  4 y '  +  4y =  —  e2x • sin4*. 

y "  — 4y'  -\-8y =  ex ( —  s in *  +  2c o s * ) .  

y "  +  2j/' =  4 e * ( s i n * + c o s * ) . 

y "  +  2y'  +  5y —  —  2sin*. 

y " - \ - 6 y ' +  13(/ =  e “ 3jt-cos5*. 

y "  — 4y'  +  4y =  —  e2x • sin6*. 

y "  — 4y' - { -8y =  ex - ( —  3sinx +  4 c o s * ) .
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10.2.

10.3.

10.4.

10.5.

10.6.

10.7.

10.8.



10.9. y"-\-y =  2cos7x — 3sin7x.
10.10. y " - \ - 2 y ' = - 2 e x- (s inx +  cosx).
10.11. y"-\-2y'  — \0ex - (s in x  +  cosx ) .
10.12. y "  +  2y' +  by =  — cosx.
10.13. y " + y  =  2cos7x +  3sin7x.
10.14. y "  —  Ay' —(— 4t/ =  e2x • sin5x.
10.15. y // +  4y =  e2'tcos3x.
10.16. y”  — Ay' +  8y — ex ■ (2s inx  —  c o s x ) .
10.17. y "  +  2y' +  5 y = — sin2x.
10.18. j///4 - y  =  2cos5x +  3sin5x.

10.19. y"-\ -2y '=  3ex ■ (s inx  +  cosx ) .
10.20. y "  — Ay' -\-8y =  ex • (5s inx  —  3 c o s x ) .
10.21. y "  -\-2y' - \ - b y -  —  17sin2x.
10.22. y"-\-2y'  =  ex (s inx  +  c o s x ) .
10.23. y "  +  6 y '+ \ 3 y  =  e - 3x-cosx.
10.24. y "  +  6 y '+ \ 3 y  =  e ~ 3x-cos8x.
10.25. y”  —  Ay' -\-Ay =  e2x • sin3x.
10.26. y' '  — Ay'-\-8y =  ex • (3s inx  +  5 c o s x ) .
10.27. y "  +  2y' +  5y =  1 Ocosx.
10.28. y /, +  6 y ' + 1 3 y  =  <?- 3 *-cos4x.
10.29. y "  +  2 y/ =  6e* (  sinx +  cosx ) .
10.30. y "  +  y  =  2cos4x +  3sin4x.

11. K ouih MacaJiacHHH eHHHr:

n l - y"+«=ik?' K f ) = l ’ ^ ( i K -  /
_2X j

11.2. y "  —  2y'  =  _ 2 ; y ( 0 )  = l n 4 ,  j / ( 0 ) = l n 4 - 2 .  '
l + e

11.3. y " - 6 y '  +  8y =  --2 -^ e-- --, y  (0 )  =  1 + 3  ln3, y ' ( 0 )  =  10 1n3.

11.4. y "  —  3y'  +  2 y = —— y ( 0 ) = 0 ,  y ' ( 0 ) = 0 .
l + e

11.5. y "  +  i 6 y = J ^ ;  y ( 0 ) = 3 ,  y ' ( 0 ) = 0 .

11.6. y "  +  y  =  4c tgx ;  y ( f ) = = 4 ,  t / ' ( - | ) = 4 .

11.7. y " + n 2y = - ~ ^ - >  y ( 0 )  =  + 3 ,  y ' ( 0 ) = 0 .

1 1 .8. y " + G y ' + 8 y = ~ ^ - ,  y ( 0) = 0, y '(0) = 0 .

11.9. y " + - j = ] - c t g ^ ;  y ( n ) =  2, y ' ( n ) = y .
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11.10. 

11.11. 

11.12.

11.13.

11.14.

11.15.

11.16.

11.17.

11.18.

11.19.

11.20. 

11.21. 

11.22.

11.23.

11.24.

11.25.

11.26.

11.27.

11.28.

11.29.

11.30.

+ y = r; y ( 0 )  =  1, y ' ( 0 )  = 0  .

+  3 y'--
9e

l + e J
r; y ( 0 ) = l n 4 ;  y ' ( 0 )  = 3 ( 1  - l n 2 )  .

+ 9^ = n t  y ( j ) = 4’ y ' d hsin3x 

- 3 y '  +  2y

3n

I T

2 +  e
— ; y ( 0 )  =  l + 3 1 n 3 ,  y ' (0 )  = 5 1 n 3  .

+  4y =  8ctg2x ; y ( j ) =  5, ‘/ ' ( f ) = 4 ■

+  9 y -
cos3x

; y ( 0 )  =  l, y ' ( 0 ) = 0 .

+  3 y '  +  2y = 

—  6y' +  8y--

2 +  e 
4

1 +  e

7; y ( 0)=0, «/'(0)=0.

~  y ( 0 )  =  l + 2 1 n 2 ,  y ' ( 0 ) = 6 1 n 2 .

- y

+  4 y

2 +  e 

4

sin2jc

9 y ' +  18(/ =
9e

l + e "
y ( 0 )  = 0 ,  y ' ( 0 )  = 0  .

+  4t/ =  4ctg2x; y ( j ) = 3 ,  t / ' ( j ) = 2  

+ 4 4 / ( 0 )  = 2 ,  « / ' ( 0 ) = 0 .

+  jt2y

c o s 2 jc

_ 2

sinjix 

3y' +  2 y = - — ; y  (0 )  =  1 + 8 1 n 2 ,  y ' (0 )  =  14ln2 .

+y~ '
2 +  e 

6 y '  +  8y =

3 +  e"

; y ( 0 )  = l n 2 7 ,  y ' ( 0 )  =  l - l n 9 .

4e'.2-*

l + e
y ( 0 )  = 0 ,  y ' ( 0 )  = 0

+  y  =  2c tgx ;  y ( f ) =  1, y ' ( - f ) = 2 .

—  3t/' =
9e — 3a:

y ( 0 )  = 4  ln4; y ' ( 0 )  = 3 ( 3 1 n 4 — 1)
3 c

+ l6" = ^  K - f ) = 3' K i H "

-3 y '  +  2 y -
l

l + e '
r; y ( 0 )  =  1 + 2  ln2, y ' ( 0 ) = 3  1n2
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7- §. ,fl,H<Jn|>epeHUHaji TeHrjiaMajiap cHcreMajiapHHH e inu i

8.7.1. Yui6y

y \ = f \ ( x , y i ,  y *  ■■■> «/«). 

y ' 2 = f 2 ( x , y i , y *  ~ ,yn)>  

yn= f n ( x ,  y i> y2> •••> yn)

AHCj)c{)epeHUHaji TeH r jiaM a jiap  cncTeMacn HopMaA cucreMa  AeftHJiaAH, 6y  
ep ra  j/i, 1/2, ih  —  apKJiH y3rapyBHH x  HHHr HOMatJiyM (ftyHKUHHJiapH.

By CHCTeMaHH KaHoaTJiaHTHpyBHH t/i =  cpi<at), f/2= q3 2(Jtr), . . . ,  yn =  (pn(x )  
4>yHKUHHJiap cncTeMacn 6y cucreManum enuMti AeftHJiaAH.

BepHJiraH AH(})(j)epeHUHaJi TeHrjiaMajiap cncTeMacn ynyH Kouih 
MacajiacH myHAaft chhmhh TonuuiAaH H6opaTKH, 6y eHHM x — xo A a 
SepHJiraH yi\x = x = y X0, y2\x= x0= y 20, - ,yn\x= x(j= y n 0 SoiujiaHFHH uiapT-

JiapHH KaHOaTJiaHTHpCHH.
HopMaji CHCTeMaHHHr yMyMUii enuMU Ae6 n Ta C i, C 2, ..., Cn HXTHepHH 

y3rapMacjiapra 6 o f j i h k  SyjiraH

yi — tyiix, C |, C 2, C n) ,  

y 2— ty2(x, C\, c 2, ..., C n) ,

. i/n=== C [ ,  •••> Cn)

(JiyHKUHHJiap CHCTeMaenra aftTHJiaAH. By eMHM 6epHJiraH TeHrjiaMaHH 
HxraepHH y3rapMacjiapHHHr xap KaHAaft MyMKHH 6yjiraH  KHftMaTJiapu- 
Aa aftHHHTra aftjiaHTHpaAH Ba SepHJiraH SouiJiaHFHH uuapTJiapHH 
KaHoaTJiaHTupaAHraH kh jihS  TaHJiaHca, Kouih MacajiacHHHHr eHHMH 
6yjiaAH. ,

YMyMHH eHHMAaH HXTHepnfi y3rapMacJiapHHHr MyMKHH dyjiraH 
6a"b3H KHftMaTJiapHAa xoch j i  SyjiaAHraH eHHMJiap xycycuu enuMAap 
AeHHJiaAH.

8.7.2. HopMaji CHCTeMaHH eHHiUHHHr ycyjuiapHAaH Supn HOMa"bJiyM 
(J)yHKUHHJiapHH ftyKOTHUi ycyjiH 6yjiH<5, y  n Ta / AH(})({)epeHUHaji 
TeHrjiaMajiap CHCTeMacHHH 6up  HOMatJiyM (JiyHKUHHJiH Snrra n-  Tap- 
th6 j ih  AH(})(})epeHUHaJi TeHrjiaMara KejrrapaAH.

1-MHCOJi. Yui6y

( y ' = y + z ,

\ z ' = y  — z

AH(J)(J)epeHUHaji TeHrjiaMajiap cucTeMacHHH y |x=0= 2 ,  z|x=0= 0  60m-

JiaHFHH uiapTJiapAa eHHHr.
E h h i u .  HoMaijJiyM (JjyHKUHH z hh f iyKoram  ynyH 6hph h h h  

TeHrjiaMaHH x  Syftnna AH(})<})epeHUHajiJiaftMH3:

y "  =  y '  +  z',
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fiy ep A a  z '  ypH H ra  yHHHr h k k h h h h  TeHrjiaM aAaH  aHHKJiaHraH  
Ht|)OAaCHHH KyHMH3.'

y ' ' = y ' + y — z.

3 h a h  z  y p H H ra  yHHHr S h p h h h h  T e H r j ia M a A a H  o j iH H raH  h {J )oa3 c h h h  
KyftcaK,

y "  —  2y =  0

TeHrjiaMa x ochji 6 y j ia a h . By TeHrjiaMaHHHr k2 — 2 =  0 xapaKTepncTHK  
TeHrjiaMacn £ i ,2= ± ' \ / 2  HJiAH3jiapra a r a .

AeM aK, yMyMHft eHHM KyftHAarH Ha e3HJiaAH:

y  —  c ^ 2 *-f- C 2e ■ V 2 x

z ynyH yMyMHH chhmhh CHCTeMaHHHr Shph hh h  TeHrjiaMacHAaH  
TonaMH3:

2 = y ' - y = C A  V 2  -  1 ) e ^ 2x- C 2( V 2  +  l ) e ~  ^2x.

H x ra e p H H  y3rapM ac j iapH H  TonHiu ynyH 6ouuiaHFHH uiapTJiapAaH  
<})0ftAajiaHaMH3:

Ci +  C2 =  2, 

C, (  V 2 — 1 ) — c 2( V 2 + l ) = 0 .

By epAaH:

UlyH Aa ft  kh jihS , 6 h 3 H3JiaeTraH xycycnft  eHHM KyftHAarHHa SyjiaAH:

y = ( ^ - + \ ) e ^ 2x+ { \ - ^ ) e - ^ x ,

^ c ~ ^ x .

8.7.3. A r a p  AHcJxjjepeHUHaji TeH r j iaM a j iap  HopMaji  CHCTeMaoHHHHr  
yHr TOMOHJiapn HOMaTwiyM y  1, y2, ..., yn (})yHKUH5iJiapra HHcSaTaH  
h h 3h k j i h  (})yHKUHHJiap 6y j ic a ,  y  xo j iA a  T eH r jiaM a jiap  cucTeMacH hu3uk,au 
cucreMa AeHHJiaAH. n Ta HOMaijJiyM y\, y2, ..., y n (fiyHKUHHJiap K aTH am raH  
K03(J)(J)HUHeHTjiapH y 3 ra p M a c  Sy j iraH , n Ta 4 h 3h k j i h  6 np  jk h h c jih  
T eH rjiaM a jiap  cncTeM acn  KyftHAarH KypHHHiiira a r a :



y i := a liy i +  a l2y 2+  ... -\-aXny n,

l/2 = a 2 iy i  +  a 22i/2 +  + a 2 r i l  n,

.y'n=an\y\ +  a n̂ 2+  - a nriy n.

B y  CHCTeMa HHHT eMHMH
b y by kxy [ =  a\e , y 2 =  a.2e x, ..., yn =  a ne

KypHHHiura H3JiaHaflH. y\, y%, ..., yn JiapHH S epn jiraH  AHtfxjjepeHUHaji 
TeH rjiaM a jiap  cncTeM acH ra KyiinG , a i ,  a 2, a n J iapra HHc6aTaH mh3hkjih 
a jire fip aH K  TeH rjiaM a jiap  cncTeMaciiHH xo ch ji khji3MH3:

( a n — k)  « 1-f-Gi20t2_l_ +  a ln<̂ /i==0i 

£i 21 ̂  1 —I— (^22 h)o*2~\~ @2rfl'n

- a n\a \ + a n2a 2 +  +  ( a nn ^ ) a «  =  0 .

k K yH H A a rn  ti- Aapa>KaJiH T eH r j ia M a A a H  TonHJiaAH:

* 1

a u — k a 12 •• a ln

a2\ ■̂22 ^ ®2n
=  0

a n 1 a „  2 ■■ ®nn ^

By TeHrjiaMa S e p n j i r a H . AH({)<j)epeHUHaji T eHrjiaM ajiap  CHCTeMacHHHHr 
xapaKTepncTHK TeHrjiaMacn AeiiHJiaAH. k h h h t  TypjiH KHHMaTJiapnra a i ,  
a 2, a „  JiapHHHr Ma"bJiyM TynjiaMH moc KejiaAH. XapaKTepncTHK 
TeHrjiaMaHHHr HJiAH3JiapH TypJinna 6yjicHH: ki ,  k 2, k n- j

y  x o j iA a  k\ HJiAH3ra S n p o p T a  a n ,  a 2 i ,  a 3 i ,  a « i  T y n j ia M  moc K e j™ 6 ,  

yH ra  6hphhhh eMHM TyppH KejiaAH:

k .x  k .x  k .x
yu =  a u e  ' , y 2i =  a 2]e =  a nle .

LUyHra y x u ia m  k2 HJiAH3ra <221, a 22 ,... a,2n Tyn jiaM  moc KejiaAH, y n ra  
y3 HaB6aTHfla h kk h h m h  eMHM TyppH KejiaAH:

kn X  kn X  ^2 ̂

y  12= = ^ 12̂  > y  22 =  ® 22̂  y  n2 == ^  n'fi

kn HJiflH3ra a m , a n2)..., a nn Tyn jiaM  moc KejiaAH Ba yH ra  n- eMHM T yrp n  
KejiaflH:

k  X  k  x  k  X

y  ln===(^lrt^ > y 2n ®*n2f~ >•••» y  nn ^nrf i

O yH f laM eH T aJ i  eHHMJiap cncTeM acH H H  x o c h j i  k h a a h k . YM yM H H  eMHM 

K yH H A a rn  K ypH H H u m a e3HJiaAH:
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i i i i i i i i i i i i i

y\ = C \ y \ C 2y\2 - \ - C n y \ n r  
y2=  Cli/21 C2i/22-j- ... -j- Cny2n>

yn — Ciyn \ - f -Ciyn2 -\- •••■!- Cnynn-

2- m h c o  j i . Y iu 6y

f y ' = 7 y  +  3z ,

\z '  =  6y +  4z

TeHrjiaM ajiap  CHCTeMacHHHHr yMyMHH eMHMHHH t o h h h t .

E m h in. Emhmhh y =  a e kx, z =  fiekx KypHHHUiAa H3JiaflMH3. 

XapaKTepncTHK TeHrjiaMaHH Ty3aMH3:

7 - k  3 

6  4 —  k
=  0  e r a  k2 —  1 \k - \ - 10 =  0.

YHHHr HJiflH3JiapH: k\ =  \, &2= 1 0 —  xaKHKHH Ba x a p  xh ji coHJiap.
а )  k\ — \ a a  a  Ba p JiapHH Tonnui yMyH Ty3HJiaAHraH CHCTeMa 

KyHHAarHHa 6yjiaAH :

f  ( 7 - l ) a  +  3p  =  0, .. | 6a  +  3p  =  0,
■ 6 KM i
[ 6 a + ( 4 —  1)P =  0 i 6a  +  3p  =  0.

YHHHr 6HTTa a i  =  l ,  Pl =  — 2 eMHMHHH OJI3HAHK. k\ =  \, a i  =  l ,  
Pi =  — 2 ra  moc xycycH H  eMHM KyHHAara KypHHHiiiAa 6yAaAH :

y \ = e x, z\ =  — 2ex.

б ) *2 =  10 Aa a  Ba p Jiap KyHHAarn CHCTeMaAaH TonnjiaAH :

j  ( 7 — 10) a  +  3 p  =  0, .. f  — 3ct +  3 p  =  0,

1 6 a + ( 4 — 1 0 ) p  =  0  6KH | 6 a  — 6 p  =  0.

B y  T eH r j ia M a H H H r  a 2= l ,  P 2 =  1 eMHMHHH o j i3 h a h k .  £ 2= 1 0  a 2 = l  
P 2 =  1 ra  m oc  x y c y c H H  eMHM

y 2 =  e i0x, Z2 =  e ,0x

KypuH H UiAa  6 y A a A H .

Kh a h S,  6 y  x o j iA a  (J iyHAaMeHTaA CHCTeMa KyH H AarH H a

y , = e x, y 2=*=eWx, 
zi  =  — 2ex, z 2 =  e l0x.



YMyMHH eHHM:

y=C\y\ +  C2y2, era  y = C i e x+ C 2el0x 
I  =  C,Z, +  C2Z2 z = - 2 C < e *  +  C2 e'°*.

3- m h c o ji. Y iu 6y
| y =  — 7y +  z, 
[ 2 ' =  — 2y — 5z

CHCTeMaHHHT yMyMHH eHHMHHH TonHHr.
E h h i u . Ehhm hh KyftHAarH KypHHHiHAa H3JiaftMH3:

y =  aekx, z =  $ekx.

XapaKTepncTH K  TeHrjiaMaHH Ty3aMH3 

- 7  — k 1 

— 2 — 5 — k
0 eKH k2jr  12& +  37 =  0.

YHHHr HJiflH3JiapH: &i,2 =  — 6 ± i  —  KOMnjieKC coHJiap. k\ =  — 6 +  / ynyH 
a  Ba p Jiap KyftHAarH CHCTeMaAaH TonnjiaAH :

( ( — 7 +  6 — i) a  +  P =  0, „ kh (  ( — 1 — 0 oc +  p =  0,

1 — 2 a + ( - 5  +  6 — i)p  =  0 1 — 2 o + ( l — t')P =  0.

C ncTeM a p = ( l + Z )  a T e H r jia M a ra  KeJiTHpHJiaAH. B y e p A a H a i  =  l AecaK , 
p, =  l + j .  k \ = — 6 +  1 , o t =  1, P = l + £  coHJiapra moc x y cycn ft eHHM:

y { =  e ( - &+ i)x= e ~ 6x+ix= e ~ 6x( c o s x - \ - i s m x )  =  e - 6xc o s x + i e ~ 6xs inx  ; 

z , =  (1 +  i)<?( - 6+<,x=  (1 + j ) e _6A:(cosx  +  isinA:) =  e - 6x(co sx  — sinx +

+  j(cosx +  s in x ) ) = e _6jc(cosA :— s in x ) -\-ie 6* (c o s x  +  sinA:) .

lO K opH Aa TonHJiraH x y cycn ft eHHMAa yHHHr xaKHKHH Ba MaBxyM 
KHCMJiapHHH aJIOXHAa-aJIOXHAa 0J1h 6, HKKHTa eHHMHH XOCHJI KHJ13MH3, 
y jia p  SepHJiraH AHC^^epeHUHaji TeH rjiaM a jiap  CHCTeMacHHHHr cpyHAa- 

MeHTaji eHHMJiapn cncTeMacHHH xochji KHJiaAH:

y l =  e ~ 6x-cosx, y2 =  e - f>x-smx, 
z\ =  e ~ 6x(c o s x  —  s in * ) ,  2 2  =  e _6 jt (c o s x  +  s in x ) .

Y  xo jiA a  SepHJiraH CHCTeMaHHHT yMyMHH eHHMH KyftHAarH KypHHHiiiAa 
Sy jiaAH :

y =  C\yi-\-C2y2, eKH y =  e ~ 6x(Cicosx-\-C 2sinx) , 

-z =  C 1Z 1 +  C2z2 z =  e6x ( C 1 (co s* — sinx) +  C2 (co s *  +  s in * ) ).
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j n 111 i 11 i i i i 111 11II HH

XapaKTepncTHK TeHrjiaMaHHHr hkkhhhh: k2=  — 6 — i HjiAH3HAaH 
cjjoftAajiaHcaK, hhs  uiy eHHMjiapHH xochji KHJiaMH3.

4- m  h c o ji. Y iu6y

( y '  =  5y — z, 

{ z'  =  y +  3z

TeHrjiaM3J13p CHCTeMSCHHHHT yMyMHH eHHMHHH TonHHr.
E h h  iu. CncTeM aHHHr xapaKTepncTH K  TeH rjiaM acn

5 — k - 1  

1 3 — k
=  0 eKH k2— 8£ +  16 =  0

KappajiH HJiAH3Jiapra ara: k\ =  k2 =  4.
k =  4 h k k h  KappajiH  HJiAH3ra m o c  xycycnft  eHHM KyftHAarH  

KypHHHiura a r a  Sy jiaAH :

y =  e4x (a ix -\-a2) , 

z  =  £>4* (p i x  +  p2).

a  Ba p JiapHH totih iu  ynyH y, z, y', z’ JiapHH SepHJiraH CHCTeMara  
Ky5IMH3:

a i  +  4 ( a i * + a 2 )  = 5 ( a i *  +  a 2) —  ( p i x + p 2) ,  s 

Pi + 4 ( p i *  +  p2) =  (a\x-\-a.2) +  3 ( P i * + p 2) .

*  HHHr o j iA H A a rn  Koacj3(})HUHeHTJiapHH s a  o3 o a  xaAJ iapH H  T eH r j ia 6 ,  
Ky ftH AarH  a j i r e 6 p a H K  T e H r j i a M a j i a p  CHCTeMacHHH x o c h j i  k h j i3 m h 3:

{4 a l =  5 a l—  Pj ( a i -\ -4a 2= 5 a 2— p2, 
Ba {

4Pi =  a ,  +  3 p i (  p 1 +  4p2= a 2 +  3p2.
By epAaH:

a i = P i ,  a 2 — p 2 =  a i = P i -  3 h a h  a i =  C 1, a 2 =  C2 (C i B3 C2 —  HXTHepnft 
y3T3pM3CJI3p) Ae6 , P 1 =  C l, p2 =  c 2 — Cl HH TOn3MH3. ZleMSK, CHCTCM3- 
HHHT y M y M H f t  eHHMH *

y =  e4* (C ix  +  C2) , 

z  =  e4x(C i*  +  C2- C i )

KypH H H iuA3 S y j ia A H .

7- dapcxona ronuiupuFu

1. KyftH AarH  6np jkh h cjih  cncreM ajiapH H H r yMyMHft chhmhhh 
HOMs'bJiyMjispHH ftyKOTHiu ycy jiH A3H  (})0HA3Ji3HMaft TonHHr: '
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■> { '

6> { 5

>K : a )  

6)

y '  =  y - z - \ - w  

z ' = y - \ - z  —  w  

w'  =  2i/ —  z.

-C 2 )s in x ) ;

- 7 y  +  z,
=  — 2y  — 5z, b )

= y  —  32,
= 3 y  +  z;

y =  e~~6x (C icosx  +  C2s in x ), 
z =  e ~ 6x( (C i +  C2)cosx  — (C i 

y =  ex( Ci cos3x +  C2sin 3x ), 
z  =  ex (C is in 3 x— C2COs3x); 

y  =  Cie* -)- C2e2 x C3s x, 
z — C\ex — ZC3e ~ x, 
w=zC lex +  C2e2x- 5 C 3e - x.

2. T eH rjia M a jia p  cncTeMacHHHHr yMyMHH eMHMHHH HOMaT>JiyMJiap- 

hh HyKOTHin ycy jiH  SHJiaH TonHHr:

f y  =  — 5y-\-2zJr e x 

[2 =  y -|- 62 -f- s x\

3 y - 2 z - \ - x ,

--3y — 4z;

y ' = 5 y  +  2z — 3w, 

z '=4y-\ -5z  — 4 w, 

w  =  6 y  +  4 z —  4 w.

>K : a )  y  =  C^e 4x+ C ^  l x -\- . Qe  +  5 e

C l e - 4* - C 2e - 7x+ ^ * +
3

To*
- 2*.

6) y =  2 C 1e2x+ C 2e “ 3x— § *  518 ’
J__ . 

12 ’z =  C le2x+ 3 C ^ - 3x- ^ x -

b ) y  =  C ie A: +  C 2e 2j: +  C3e3j:, 

z =  Ciex +  2C3e3x, 
w =  2C\sx--\- C2s2x -\- 2 C36 •

3. BepH J iraH  .HH i^epeHUHaJi T eH rjiaM a jiap  CHCTeMacH yMyH K oluh 

MacaJiacHHH eMHHr:

a)

y ' = w  +  z — y ,

z = w - \ - y  — 2 , y L = o = l>  z\x=0= w  |x=0= 0  ; 

w'=y-\-z-\ -w ,
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' y ' = z  +  w ,

6 ) z ’ =  w +  y ,  y\x=0=  1 , z |*= o= l > ayL = o = 0 - 

w = y - \ - z  ,

>K: a ) y =  L e - x+ \ e 2x+ \ e - 2xr

6) y = — e ~ x, z =  e ~ x, w = 0 .

7- MycraKfUA urn

1. XtH({)(J)epeHUHaji TeHrjiaMajiap CHCTeMacHHHHr yMyMHH eMHMHHH 
TonHHr:

{ ? :

=  2 +  t g 2x — 1 , ^  ( y ' = y  +  z — cosx,

=  — y +  t g x ;  [ z  — — 2 y — 2 +  sinx +  cosx .

>K: a )  y  =  C , c o s x + C 2sinx +  t g x  ,

2 =  —  C , s i n x + C 2cosx  +  2 ;

6 ) y==  C ^ o s x - t~ C 2s in x — xcosx  ,

2 =  ( C 2— C , ) c o s x —  ( C, +  C 2) s i n x -\-x ( c o s x - f  s inx) .

2. K ouih MacaJiacHHH eMHHr:

j y =  2y 2 + s i n x , , _ _  ,
а) { , y I x = o  1 > 2  U =0 

[z =  4y +  2z +  cosx  ;

б )  y '  =  4y +  2 +  36x ;

z ' = — 2y-\-z-\-2ex ; y  | x = 0 = 0  , z  |;c=o =  1 •

>K: a )  y  =  2 s in x—  1 , 6 )  y = 1 0 e 2x —  8 e 3x —  ex +  6 x — l,
2 =  2 — 3sinx — 2cosx ; 2 =  - 2 0 e 2x-\-8e3x-\-3ex\-  1 2 x +  10.
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9 - 6  o 6

K .ATO PJ1AP . 4 > y P b E  A J IM A L U T H P H U IJ IA P H

l - § .  C ohjim K,aTopjiap

9.1.1. C ohjih m i , u2, ..., « n, KeTMa-KeTJiHK 6epHJiraH SyjiCHH. YuiSy
oo

U\-\- U2-\~ Un-\- ■■■'=  2  Urt
n— 1

KypHHHiiiAath h h f h h a h  coh.au K,arop AeftHJiaAH, u\, u2,..., un,... coHJiap 
KfdTopHum %adAapu, K atopH H H r .n- x s a h  un aca KaTopHHHr yjuyMuu 
%adu Ae6  3T3JI3AH.

C ohjih  KaTopHHHr AacTJia6KH n Ta x s a h h h h f  A h ph h a h c h  S n 
opKajiH  Sejirn jiaH aAH  Ba KaTopHHHr n- xycycuu uuFunducu AeftHJiaAH:

Sn — u\ -f- U-2 “f~ Wn- 

A ra p  l im S n =  S — hckjih jihmht MaB>KyA 6yjica, KaTOp h ^ u h a q -
n-*-oo

uiyenu, S  —  yHHHr uuf uhOucu  AeftHJiaAH. A r a p  l i m S „ = o o  S y j i c a ,
rt-*-oo

eKH MaB>KyA S y jiM aca , K3Top y30K,AauiyeHu AeftHJiaAH. /
KyftH AarH  I 

R n =  Un+ l -{- Un + 2-\- .'.. +  U n +  m+  ...

H(J)OAa K,aTOpHUH2 n-K,OAduFU AeftHJI3AH.
TeoMeTpHK nporpeccHHHHHr xaAJiapHAaH Ty3HJiraH

oo

a-\ -aq  +  a q 2-\- . . . -\-aqn~ l +  . . . =  2  a q n~ '
n — I

KaTop \ q \ ^ \  6 y jiraH A 3  y30KJi3UiyBHH, | <71 <  1 S y jiraH A a  HKHHJia- 

uiyBHHAnp ( 6yHAa y  5  =  - ~ ~  ftHFHHAHra a r a ) .

Y u iS y

1+ l + l + - + l + - = 2 |
n =  1

KaTop zapMOHUK K,arop Ae6  aT3Ji3AH, y ysoKJiamyBHHAHp.
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y MyMAatuzaH zapMOHUK i^arop (eKH flnpH XJie K a ro p n ) Ae6 

aTajiyBMH

i + 4 - p + y p + - + ^ + - =  2  — p
*  0 n =  1

K 3 T 0 P  1 A a  yaoK J ia iuyBH H , p >  1 A a h k h HJiam yB H H AH p .
KaTopH H H r hkhhji3uiyBHH SyjiHUiHHHHr aapypuu mapru. A r a p

S  un KaTop HKHHJiaiuca, y xojiAa limu„ =  0 .
n =  I

n-*- 00

K a T o p  y30KJI3LUyBHH 6yJIHIHHHHHr ^ (K 3TO p y 3 0 KJI3 UIHIHHHHHr)

erapAU m ap ru :  A r a p  l i m « „ ^ 0  6 y jic a , S  un K a T o p  y s o K J i a m a A H .
rt—**oo n =  1

M  H C 0  JI . y u i6 y  KaTOpHHHT ftHFHHAHCHHH TOnHHT:

1 j _____ ! _  1 1 1 _i__________ !---------------1- . . . .
1-2-3 2-3-4  3 -4-5  r e ( n + l )  ( n +  2)

E H H 111. KaTOpHHHF yMyMHH X,aAH Un =  „ ( „ _ !_ [ )  2 ) HH co 'n“n'a 

K a cp jia p  h h fh h a h ch  KypHHHiiiHAa H(})OAaJiaftMH3:

1 = A + _ j L _ + - ^ - .
/t(n +  l ) ( n  +  2) n n + 1 n +  2 

B y H A a H  1 = = ^ ( n + 1 )  ( n  +  2 ) + B n ( n  +  2 ) + C n ( n + 1 )  •

B y  epA a  KeTMa-KeT n = U  n =  2, n =  3 KHftMaTJiapHH 6 ep H6, xo ch ji

6yjIT3H  MH3HKJIH TeHrjI3M3JI3p CHCTeM3CHHH eHH6, A = f , f l  =  —  1 

C =  -i- HH XOCHJI KHJ13MH3.

U lyH A aft k h jih 6,
1 1 1 I 1_____

U n ~  2 ’ n n +  1 2  n +  2 

eKH , „  , s

B y e p i a r .

U2=i ( i _ l + T ) ;
1 / 1 i i - i y

U:!== 2 V3 4 ^ 5 ; ’

y : ' '
/'

............w ' l .....  2 1 \ XaTop Max-

U n ~ ~ 2 \ n  n + 1  n +  2 /  /

00 c c c  3^722— 665 y



n i l

Han Ba yHr TOMOHJiapHH >K aM J ia fiM H 3 :

S " =  Y ( T ~ ~ ^ + ‘^ h ' ) -

LLIyHflaH kh jihS , l im S „  —  — . XleMSK, K3Top HKHHJiamyBMH Ba 

yHHHr h h fh h a h c h  S = —  ra  TeHr
4

9.1.2. flKHHJiamyBHH K3Topji3pHHHr xoccajiapn:
oo

a ) Arap 2  un KaTop HKHHJiamyB^H 6yjm6, yHHHr hhfhh^hch

S ra TeHr Syjica, y  xo jiAa  2  \un (X— y 3 r a p M a c  coh ) k s t o p  xaM
n= 1

HKHHJiauiyBHH^SyjiaflH Ba yHHHr h h fh h a h c h  l - S  r a  TeHr 6y ji3A H ;

6 ) a r a p  2  u n Ba 2  xjn K aTop j iap  HKHHjoiiiyBtiH 6yjiH6 , h h fh h ^ h -
n =  l n= 1

Jiapn moc paBHUiAa S  xsmas 8 ra TeHr 6yjica, y  xo j ias  2  ( u n +  v n)
n =  I

KaTop xaM HKHHJiauiyBHH 6yjiH6, h h fh h a h c h  ( S ± 5 )  ra TeHr Syjia^H'
B) a r a p  K3Top HKHHJiamyBMH Sy j ica ,  y  xoJi^a yH ^a  HCTajiraH  

HeKJiH coH fla rn  x a ^ a p H H  Tailr j iaS  loSopHin eKH yH ra  tok jih  coH aarH  
xafl/iapHH KyuiHiu HaTHJKacH/ia xoch j i  6y jiraH  KaTop xaM  HKHHJiamyBMH

1- dap cxo na ronuiupuFu  ^

KaTOpjiapHHHT HKHHJiamyBMH 3K3HHHH HC60T KHJIHHT Ba yjiapHHHr 
HHFHH^HCHHH TOnHHr.

OO

i- 2
n = i  ( 2 n - l ) ( 2 n  +  l )  ' W .  S  =  - f

2  ( 3 n - 2 ) ( 3 n  +  l )  ' ) K :  5  =  y .

Q V  T  +  T  *
' Z  6“ ‘ >K: S =  4 .n=l 2

4. 2  —---- 1------  -Uf. C 1
< 2 « - l ) 2(2 «  +  l ) 2 ' ^  C ~>K: S =
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1- MycraXfUJi him

KaTopjiapHHHr hkhhjisuiyB’JH 3K3hhhh hc6o t  khjihht Ba hhfhhahch- 

HH TonHHr.

oo 1 11
i y ____!—  . >K; s = - 7 g -

^  n (n  +  3) 18
n ~  1

2- • >K: S  =  ̂ - .
rt= i

3. £ ^ f .  * : S  =  | .
, 10" 

n =  1

4 y  >K: S  =  1 .
* 2 i i 1 \ 2 n =  ] n2( n +  1)

°° 1 ^  
5- 2  - 9 0 '

n=1

2- §. MycSaT xaAJiH K,aTOpJiapHHHr 
flKHHJiauiHui sa y 30K,JiauiHiu aJiOMaTJiapn

9.2.1. T a K K o c j i a m  a ji o m a t  h . A rap Myc6aT xaflJin HKKHTa 

|  Un Ba 2  Vn KaTop 6epHJiraH 6 yjiH6 , 6npop N  HOMepaaH 6 oiuji36

n =  1 n=l
u n ^ . v n TeHrcH3JiHK 6a>KapHJica, y xojiAa:

n '* 00

3 ) 2  Vn KaTOpHHHT HKHHJiaWHIllHASH 2  «n K3T0pHHHr XaM HKHH- 

JI3LUHLUH KeJIH0 4HK3flH;
OO

6) 2  U n K3TOpHHHT y30KJI3UJHUIHfl3H 2  V n K3TOpHHHT XaM y30K‘
, n =  1

n =  1
jiauiHiuH kcjih6 MHKa/iH.

1- m h c o ji. YuiSy

”  i 1 . 1 , 1 ,  i—
^  n-2" * ' 2  2 -22 3-2

n =  1

KaTOpHHHT HKHHJI3 UiyBMH eKH y30KJ13UiyBMH 3K3HHHH jeKLUHpHHr.

=  3KaHJIHTH paBIU3H. 2  ~  KaTOp M3X- 
‘n 0/1 n =  1

E  M H LU. u„ =  — ----------------------- I-—  —  2"
n  • Z  ^  n =  \
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pa>KH ^ = — < ;  1 SyjiraH reoMeTpnK nporpeccHH xsAJiapu h h fh h a h -

CHflan HoopaT  Ba y  HKHHJiamyBiH. T a K K o c j i3 iu  s j io m s t h t s  Kypa 
GepHJiraH K3Top xaM HKHHJiamyBHHAHp. 

2 - m h c o j i . Y m 6 y

^  In n ln2 , ln3 , , I n n  ,

i

n
n =  2

KaTOpHHHT HKHHJiamyBHH §KH ySOKJISlUyBHH 3K3HHHH TeKUIHpHHr.
1 °°

E u h m. Bap^a 3 ynyH « „  =  — 2  4 —  rapM O H H K
n

n =  1

K aT op m m r yaoKJiam yBqaHJiHrHAaH Ba T a K K oc jism  a jioM a iH A aH  6e- 
pHJiraH KaTopH iiH r xaM  ysoKJiamyBHH SyjiH iiiH  kcjihS  qHK3AH.

9.2 .2 . T a K K o c j i a u i H H H r  j i h m h t  a ji o  m a t h  . A r a p  xaAJia-
oo oo

pn M ycSaT HKKHTa 2  un Ba 2  vn K aTop  SepHJiraH 6y jin 6 , neKjiH Ba
rt= 1 ri =  1

M ycSaT l im —- = A  jih m h t MaB>Kya 6y jica , y  x o j ia s  HKKajia KaTop 6hp
h- * -  oo ° n

BaKTAa HKHHjiauiaAH eKH 6np b s k t a s  y30KJiauia^H. 
3- m h c o  ji. Y u i6y

2 n - l  1 r  3 ' 5 ~ ’ " “r  2 n - l
n =  1

KaTopHHHr HKHHJiauiyBMH eKH yaoKJiauiyBMH 3K3hhhh TeKUinpHHr.
oo

E h h ui. BepHJiraH KatopHH rapMOHHK 2  ~  KaTop Shjish t s k -
n

« =  1
KOCJiaHMH3:

r ™ “ <* 1- 2n —  1 1 „
lim — =  l i m -----------= —- > 0

ri—*-oo Vn n - f-oo * ^
n

TapMOHHK KaTop y30KJiamyBUH sk sh h a s h  SepHJiraH KaTopHHHr 
XaM yaoKJiauiyBMH sk sh h  kcjihS  MHKaAH.

4 - m h c o j i .  Y i u 6y

oo

2  V
n —  1

2 " + l  2 +1  1 22+  1 ' 2" +1

K3TOpHHUr HKHHjnauiyBHH eKH y30KJI3UIyBMH 3K3HHHH TeKinnpHHr.
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E q  h ui. T 3 KK0CJiauiHHHr j i h m h t  a J ioM a T H H H  K y A  ji  a  m  A a  M a x p a -  

* h  - J  ra  TeHr 6 y jir3 H reoMeTpnK n p o r p e c c H H f l 3 H  c { )0H A a J iaH 3 M H 3 .

lim  JL"±_L==  lim  1 ™ - V =  1 > 0
2" 4- 1n->oo 1 n- *- oo L  \

2 2 

Ba 2  —  K3Top HKHHJiauiyBHH 6yjiraHH ynyH (^  =  y < l )  SepHJiraH

n = \  2

K3T0p xaM H K H H J ia U I3 f lH .  ^

9 . 2 . 3 .  n  3 JI a  m 5  e  p  a j i  o  m 3  t  h .  A r s p  M y c 6 a T  xa A -n n  K a -

TO p  y q y H l i m - ^ 1  =  d M 3B *yA  6yJiC3, y  XOJiAa 6y K a T o p  d <  1 A a

n- <- oo u n

H K H H A 3 U ia A H ,  d >  1 S y j i r a H A a  y 3 0 K J i a u i a A H .

5 - m h c o j i . Y u i 6 y

v  2n_1  _  1 j - A - l A j -  + A L d L + . . .
2  — 2" 23 2" ^

n =  1

K a T o p H H H r  H K H H J ia u iyB H H  eK H  y 3 0 KJ iau iyB M H  3 K aH H H H  T e K U IH p H H r .

9.H   1 "T 1
E m h u i . By epaa u » = - ^ r -  Ba u » + i = : ' ^ + r ’ *

iuyHHHr y q y H (2« + l ) . 2 “
lim S t s ± L =  lim
„U.‘m “ » n^oo 2'1+'(2rt— 1)

1

2 „_oo^ n— 1  ̂ n^oo ! ------
2 n

i3.eM3K, 6epHJiraH KaTop hkhhji3LU3AH. ■» „ „ Tnn
9 . 2 . 4 .  K o u i h  a J i o M a T H .  A rsp  Myc63T xaAJiH 2  « „  K 3Top

n = 1

y q y H lim ^  =  C M3 B>KyA Syjica, 6y K3T0P C < 1  SyJiraHAa hkhhjis-

u i3 A H ,  C >  1 Aa y30KJiaui3AH-
6- m h c o  j i .  Y u i6 y

i  —  ( i + - Y 2
2" V n >

K S T O p H H H T  H K H H J I3 U iyB 4H  eK H  y S O K J ia U iy B H H  3K 3H H H H  T e K U IH p H H r .
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i i i i i i l i i i i j i

E  m h iu. un= —  ( l  + ~ Y  SyJiraHH ynyH  

lim  7 ir« = nHmi ( i + i ) " = T > i  ■ra—► oo n—*-oo ** \ '*• /

AeM aK, SepHJiraH KaTop y30KJiamaAH.
oo

9.2.5. K o u i h  h h  h t  H H T e r p a J i  a ji o m a t h .  A ra p  2  u
n =  1

KaTopHHHr xaflJiapH MycSaT Ba ycMafiAHraH 6yjiH6, x >  1 Aa 
aHHKJiaHraH, y3yjiyKCH3, MycSaT Ba MaHOTOH KaMaioBMH f ( x )  (})yHKUHH 
ynyH / (1 ) = « , ,  f ( 2 ) = u 2...., f ( n ) = u n.... TeHrjiaMajiap ypHHJIH Syjica , 
y x,0JiAa

00

 ̂ f ( x ) d x
1

xocM ac HHTerpaJi HKHHJiamca, 6epHJiraH KaTop xaM HKHHJiauiaAH Ba 
aKCHHHa, xocM ac HHTerpaJi y30KJiamca, KaTop xaM y30KJiauiaAH.

-7 ^ 2  n ' '  '7- MHCOJI .  2 ----------- 5 KaTOpHHHT HKHHJiailiyBHH eKH y30KJia-
.=1 ( «2+ l )

UiyBMH 3K3HHHH TeKLUHpHHT.
ox

E m h u i . f ( x ) = — s 5 A e6 ojiaftjiHK. B y  (byHKUHH KouiHHHHr
(*2 +  l )2

HHTerpaJi 3 jiom 3 th h h h t 6 apna T a jia 6jiapHHH KOHAHpaAH. 

?  2xdx _  [jm  C d ( 1 + x )2 =  lim  f  ^ — ) l ^  =
J  (X -J- 1) N->oo J  (x2- ! - ! )2 N^oo\ JT + 1  /  1
1

A e M a K ,  xo cM a c  HHTerpaJi hkhHJiauiaAH, uiyHHHr ynyH SepHJiraH  

KaTop xaM  HKHHJiauiaAH. 

2- dapcxona TonuiupuFu

1. K y H H A a m  K a T o p j ia p H H H r  HKHHJisuiyBMH eKH y30KJiaiuyBMH s k s - 

HHHH T eK u inpH H r:

oo

а )  2  s in—  HKHHJiauiaAH.
9 nra= 1 2 

oo

б ) 2  >K: y30KJiauiaAH.
n ** |
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1
\ v  1 __ >(<• v30KJiamaAH.
> *  l n ( n + 1) ■ 7 J

n =  1
OO j

r ) 2  H K H H Jia u ia A H .

A )  S  HKHHJiauiaAH.

ra= 1
12 M -1 ) )  

fin
e )  E  ^  • )K :  y 30KJiauiaAH-

n= 1

NT! (  n Y  
* )  S  (■2^ + t J  ' HKHHJiauiaAH.

3) ■ >K: HKHHJiauiaAH.

2. M c6 o t  KHJiHHr:

^ 1 = 0 ;  6) l im—̂ —2 = 0a )  lim —7 = 0  ; n m —

2- MyCTdKfUA uiu

KyftHAarH KaTopjiapHHHr HKHHJiaiuyBMH eKH yaoKJiauiysMH 

TeKIUHpHHT.

) K :  y 30KJiauiaAH-

2 n-
n =  1 

OO 2

2 V  —  }K :  HKHHJiauiaAH-
^  n!
ra= 1

3. S  a r c t S ”_7 -  >K : HKHHJiauiaAH.
n=l

4. 2  s in - ^ - . )K *  y so K J ia u iaA H .

n=l

5 ' aKi.H j.au.aw-

Liiiiiiii.ili.ii.ii

3K3HHHH
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3- §. SferapyBHH HiuopajiM K aTop jiap

9.3.1. Xaa^ iapHH HH r H iu opa j iapn  Typjw^ia  Sy j iraH  KaTop y.3zapyeHu  
u u iopaJ iu  K,arop  AeftHJiaAH. KaTopHHHr x a p  Cap  Myc6aT x a z w a a H  kchhh  

MaH^JHH xa f l  Ba x a p  6 n p  MaH(})HH xa^H A aH  kchhh Myc6aT xa f l  Kejica,  
6yH/iaH KaTop u u io p a A a p u  Hae6aTAanyeH u t^arop  AeHHJi3 AH. H m o p a c H  
HaBSaTJiaHyBHH KaTopHH SyHflaft e3Hiu MyMKHH.

5  ( — 1 )B+I« II= « 1 — u2+ u 3— . . . +  ( — 1) ra+l« „ - | - 0) .
n =  1

JI e  it 6  h  h u a j i o M a T H .  A ra p  H U iopsjiapn  HaB6aTJiau]yBHH 
K aTop^a  KaTop xa ;yiapH H H H r a6cojuoT  KHHMaTJiapH KSMaioB^H, ht>hh

6yjiH 6 , yHHHr yMyMHH xa^H  un HOJira HHTHJica: l i m « „ = 0 ,  y  xo jifla
n—► oo

6 y  K3Top HKHHJiauiyBMH 6yjia flH  bs yHHHr h h fh h a h c h  5  yu i6 y  
0 < 5 <  U\ UI3PTHH KaHOaTJiaHTHpaflH.

H m o p a c H  HaB63TJI3HyB>lH KaTop KOJIflHFH | / ? „ | < M n +  1 TeHTCH3-

jihk  6njiaH  63XOJiaHaAH.
1 - mhcoji. Y iu S y

oo

2 ] ( - i ) “ + 't = , - t + t - - + ( - , ) , + , - 7 + -

K3T0pHHHT HKHHJiamyBHaHJlHTHHH TeKUIHpHHr.
E  h h ui. BepHJiraH K.aTop ynyH J1ch6hhu ajiOMaTHHHHr uiapTJispH  

63JK3pHJ13HnTH, H"bHH

i > 4 - > 4 - > - > - > • • ■1 6  n
Ba

lim  « „ =  l i m A = o
n—*-oo n-»-oo ^

l i l y  csS a fijiH  KaTop  h k h Hjiauia/iH.
9 .3 .2 . A 6̂ C 0 J IK )T  B 3  UI 3 p T JI H H K H H J i a m y B H H  

K 3 T 0 p j I 3 p .  y 3 rapyB H H  HUlOpaJIH u l -\-u2+ u 3+ . . .  +  un + . . .  KaTop

6epHJiraH 6yjiH6 , yHHHr xaAJiapHHHHr aScoJiioT KHHM3TJi3 pHfl3 H 
Ty3HJIT3H

I Ml I +  t W2 I +  I U3\ -f- ... -j- | Un | -j- ...

KSTOp HKHHJ13UiyB4H 6yjlC3, 6epHJIT3H K3T0p a6cOJltOT HK,UHAaUiy0HU 
KfClTOp AeHHJISflH.

A r s p  ysrapyBM H  n u iopa jiH  KaTop HKHHjiamyBHH 6yjiH6 , 6y  KaTop  

XaAJispHHHHr a6coJiioT k h h m 3 tji3 P h ,H3h Ty3HJiraH K aTop y30KJiauiyBHH
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6y jica ,  y  XOJifla 6epHJiraH y3rapyB^H HUiopaJiH KaTop uiaptAU 
HKjiiHAaiuy8hu t^aTop aeHHJiaflH.

■?, sirma sina , sin2a , , sirma .
2- M H C O J I .  2 j ------3 === r  23 "T ' „3

n— 1

KaTOpHHHT HKHHJiaUiyBHaHJIHrHHH TeKUIHpHHr.

E h h i u  v  lsirm? i  KaTopHH KapafiMH3. | s in n a |<  1 6yjiraHJiH-

th y W H
|sinna| ^  1 

u = - ^ < - j - v n

00 1
HH XOCHJI KHJI3MH3. 2  ^ O p  HKHHJiaUiyBHHflHp, HyHKH y yM Y M-

j ia iu r sH  rapMOHHK K a r o p  6Yjih6 , p  =  3 > l .  T aK K O c jiam  aJ ioM arn ra

K^pa |  > innotl  KaTop xaM HKHHJiamyBMH. fleM3K, SepHJiraH 
»=i "3

OO

2  — —  KaTop  aSCOJIIOT HKHHJI3UiyBHH,ZI,Hp.

i n3n =  1

3- dapcxona rontuupuFu 

KyftHflarH KaTOpJiapHHHT UiapTJIH eKH a6cOJIK)T HKHHJI3LUHIUHHH 

TeKinnpHHr:

00 ’ n
1. 2  ( — 1 ) " + ' - ^ ------• >K: UiapTJIH HKHHJiamyBHH.

n— 1 ft 4- 1nz +  1

2. 2  ( __i ) n+1— — — . >K: y30KJiauiyBHH.
n =  1
OO 1

3 2  ( —  1 ) n+1 ln (n _jiTy • >K: UiapTJIH HKHHJiaiuyBMH.
n — 1

oo j

4. 2  ( — l ) n+1— —  • >K: aScoJiioT HKHHJiauiyBMH.
n =  1 n ' 1

,3

ix— 1
2« ' >K: aScoJiiQT HKHHJiauiyBMH.

6. i  (- 1)n„ _ l n n ■ }K :  UiapTJIH HKHHJiauiyBMH.
n= 1
o° n

7. 2 . ( - l ) ' ,+1-^+5 • >K: y30KJiauiyBMH.



3- Mycra^uA urn

KaTopjiapHHHr uiapTJiH Ba a6cojnoT HKHHJiaiUHiUHHH TeKuinpHHr:

1. 2  - j
cos2 na  w
n2_|_ j ' aficOJIIOT HKHHJiailiyBHH.

°° / i l l
^  i ' maPTJIH HKHHJiamyBHH.

°° ,11 
Q 'y / __ 1 \ n+ 1 &

' ^  '  .2 • >K: y30KJiauiyBHH.

I n+ |__!lzh l

5. 2  ( - l ) " +1
n2-f-4 ' }K:  aScoji ioT  HKHHJiauiyBHH.

4-§ .  OyHKUHOHaji K,aTopjiap, 

yjiapHHHr 5iK,HHjiauiHUi coxacn

9.4.1. XaflJiapn x  h h h t  (})yHKUHHJiapHAaH HSopaT SyjiraH

u , ( x )  +  « , ( * )  - j - . . . - f - u n( x )  +  . . . =  2  u n( x )
n =  1

KaTop cpyHKi^uoHaA k,a r o p  AeftHJiaAH.
oo

A ra p  2  u n( x 0) cohjih KaTop HK,HHJiamca, (})yHKUHOHaji KaTop x  —  x 0
n =  1

oo

nyKfTada RK^uHAauiyenu AeHHJiaAH. x  hhht 2  u n( x )  KaTop HKHHJiauiyB-
n =  1

hh SyjiaAH raH  Sapn a KHHMaTJiapH TynjiaM H (JjyHKUHOHaji KaTopHHHr 
Ht^uHAauiuui coyacu  AeHHJiaAH.

S n( x )  = U \  (X ) +  « 2( * )  +  ... +  « „ ( * )  HHFHHAH (j)yHKUH0H3JI KaTOpHHHT 
tl- KtUCMUU UUFUHduCll AeHHJiaAH. S ( * )  =  l im 5 „ (x )  (})yHKUHH (JjyHKUHO-

n~► oo

Haji KaTopHHHr Uu f u h Ouc u  AeS, = S ( x )  — S n( x )  aftnpMa sea K,a.Top
KfOAduFu AeS aTajiaAH .

1 - m h c o j i . YuiSy

i
2  — -

3.xn== I \-\-x n 1 +  *  1 -f- x \-\-x

(JjyHKUHOHaji KaTOpHHHT HKHHJiaiUHUI COXaCHHH TonHHr.
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A ra p  \x\ <  1E m h u i . KaTOpHHHr yMyMHH xaA H : « „ ( * )  =

Syjica, y xojiAa l im u n( x ) =  l im— ^ r = l ,  SnpoK, l im un# 0  Syjira-
rc-* oo n-*- oo 1 - f-  X  00

hh yn y H , K aT o p  y 30KJiamyBHHAHp.
A ra p  |*| =  1 Syjica, HHa y30KJiaiuyBHH

_L+±+±+ ...
2 2 2

KaTOpHH XOCHJI KHJI3MH3.
A ra p  1*1 >  1 Syjica, y  xojiAa 6epHJiraH KaTopHHHr xaAJiapH yuiSy

x  X x n

4eKCH3 KaMaioBMH reoMeTpHK nporpeccHH xaAJiapHA^u khmhk SyjiaAH, 
AeM3K T3KK0CJI3LU aJIOMaTHT3 Kypa, KaTop H K H H Jiau ia A H .

UiyHAaft khjihS, SepHJiraH 4>yHKUHOHaji ks t o p h h h t  HKHHJiauiHiu 
coxacH ( —  oo, —  1) U ( 1 - +  00 ) AaH HSopaT SyjiaAH.

oo

9.4.2. A ra p  HKHHJiauiyBHH 2  « „ ( * )  (J)yHKUHOHaJi KaTop ynyH  x a p
n =  1

KaHAafi g > 0  Sep H Jira H A a  x a M  uiyHAaft N ( z )  HOMep TonHui MyMKHH 
S y j ic a K H , t i ^ N  S y j i r a H A a  [a, b ] K e c M a A a r a  HCTajiraH *  yn y H  | R n( * )  I < e 
TeHrcH3JiHK 6 a * a p H J i c a ,  Sep H JiraH  (JjyHKUHOHaji K a T o p  [a ,  b]  A3  retcuc
HKfUHAamyeHU AeftHJiaAH.

O y H K U H O H a J I  K a T O p H H H T  T e K H C  h k h h  jpa UI y  B H H
oo

g v j i H i i i H H H H r  B e f t e p u i T p a c c  a ji o m a t  h: arap  2  u n( x )  
J  tl  —  1

y (JjyHKUHOHaji KaTop y^yH  xaAJiapH MycSaT cohjih uiyHAaft 2  c n KaTop

\ M a B w y A  6yJiH6, * 6  [a, b]  Aa ! « „ ( * )  I < c „  6yJiC3, y  xojiAa (})yHKUH0H3Ji 
K3Top 6y [a, b ] KecM3A3 tckhc HKHHJiauiaAH.

2-m h c o j i ." YuiSy

1 1 + . . . +  ( — l ) » + 1- 5i — 4-
x2+ l  x4 +  2 x2n +  n

KaTop *  HHHr 6apn a  KHHMaTJiapHAa tc k h c  HKHHJiamHUiHHH h c 6 o t

E m h u i .  J Ic h S h h u  a j i o M a r a r a  Kypa  S epn j iraH  HiuopacH HaBSaTJia-  
uiyBMH KaTop *  HHHr HCTajiraH KHHMaTJiapHAa HKHHJiauiaAH, u iyHHHr 

ynyH 6y  KaTopHHHr k o j ia h fh  |/ ? „ ( * )  | < « n+ i  ( * ) ,  !/?«(•«) I <

< < ; — !—  TeHrcH3JiHK epAaMHAa SaxoJiaHaAH.
e2n+ 2 +  r t + l  n + *
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PaBixiaHKH, HCxajiraH e > 0  ynyH inyHAaft N  HOMep TaHJiaiu 
MyMKHHKH, 6apna n > N  Ba ncxajiraH x  y^yH \Rn( x )  \ <Cz  xeHrcH3JiHK 
6 a>KapHJiaAH.

UlyHAafi khjihS, 6epHJiraH K a iop  t c k h c  HKHHJiaiuaAH. 

3- m h c o j i . Beftepuixpacc aJioMaxn epAaMHAa

cosx | cos2x cosnx  .

l 2 22 n2 K axop  6ap n a  x  Jiap y ^yH  xeKHC HKHHJia-

LUHLLIHHH HC6 0X KHJIHHr.
E 4 H III.

i / v | | cosnx  , ^  1 , , 1 , 1 ,  1 ,
\ u n ( x ) \ = \ — ^ - Ba  1-|— - - \— — 5- + . . .  K axop  HKHHJia-

n n 2 3 n

ujyB^H SyjiraHH  y^yH  6 epHJiraH KaTop 6 apH a  x  Jiap ynyH xeKHC HKHHJia- 
ui a  ah .

9.4.3. TeKHe HKHHJiamyBMH (JiyHKUHOHaJi KaxopJiapHHHr xoccajiapn:
а )  arap xeKHC HKHHJiauiyBHH (JjyHKUHOHaji KaxopHHHr xaAJiapn  

[a ,  b] KecMaAa y3Ji,yKCH3 Sy j ic a ,  yHHHr h h fh h a h c h  S ( x )  xaM  6 y  KecMaAa  
y3JiyKCH3 SyjiaAH ;

б )  a rap  2  u n( x )  (JjyHKUHOHaji KaxopHHHr xaA-napn [a, b\ KecMaAa
n = l

y3JiyKCH3 S y jw S ,  K axop  6y  KecMaAa xeKHC HKHHJiaiuyBMH Sy j ica ,
y x c v w a

b b b b  00 b

\i S ( x ) d x =  \j ul ( x ) d x +  ^u2( x \ d x + . . . +  ^un(x )dx  +  . . . =  2  \un(x)dx,
a n a  a n = l  a

6 y ep A a  S ( x )  — KaTop h h fh h a h c h ;
00

b ) 2  un(x ) 4>yHKUHOHaji KaxopHHHr xaAJiapH [a, b] KecMaAa
n — 1

aHHKJiaHraH Ba 6 y  KecMaAa u'n ( x )  y3JiyKCH3 xocH Jia j iap ra  a r a  SyjiCHH. 
A r a p  6y  KecMaAa SepHJiraH K axop  HKHHJiamyBUH Ba yHHHr x,aA^iapH 
XOCHJiaJiapHAaH xy3HJiraH

00

2  Un ( x )  =  U\ ( x )  -f- U2 ( x )  ll'n ( x )
n =  1

K axop  xeKHC h k h HjiamyBMH Sy j ic a ,  y  x o j ia b  (J)yHKii,HOHaji KaxopHHHr  

h h fh h a h c h  S ( x )  xaM  [a , b ] KecM aAa xocHJiara a r a  6 yjiaAH Ba
00

. S ' ( X )  =  2  U'n(x)  .
n =  1

4 - m h c o j i . Yu iSy

ar c l ^ + ar c , S ^ I + + ■ ■ ■ + + -

K a x o p ra  KaxopjiapHH  x a A M a -x a A  AH(})(J)epeHUHajiJiaui TyppHCHAani  
XOCCaHH XaxSHK KHJIHUI MyMKHHMH?

348

E m h in. B e p H J i r a H  K a x o p H H  HKHHJiauiyBHH

■ x • x * 1 xA I "  g3/2 T - T -  3̂/2 I- ---

Kaxop SHJiaH X3KK0CJI3HMH3 (HCXaJiraH X3HHH X Aa ).
E x a p j i H M a  K a x x a  n J ia p A a  a r c t g ^ ^ - — S y j i r a H H  y ^ y H  Ba T a K -

K o c j i a u iH H H r  j i h m h x  aJiOM axHra K y p a  6 e p n j i r a H  K a x o p  x a M  H K H H J ia u ia -  

a h .  B e p H J i r a H  K a x o p  y M y M H H  x a A H H H H r  x o c H J ia c H H H  x o n a M H 3 .

n3/2
Un( x )  —  2 , 3

x  -\-n

X o c H J i a A a p A a H  x y s H J i r a H  K a x o p  K y H H A a r a  K y p H H H iu r a  a r a :

_ _ L _  1 _ 1 V I _  , _ 1 V ^ +  +  j W " ,  .
* 2 + l3 +  x 2 +  33 x 2 +  33 x 2 +  n

By KaxopHHHr xaAJiapH HKHHJiamyBMH 

, 1 , 1 .  1____
2V2 3V3

K a x o p H H H r  MOC xaA J iap H A aH  k h h h k

3 K 3 HHHH K y P 3 M H 3 .  f l e M 3 K ,  B e f t e p i I I X p a C C  3J10M 3XH r3  K y p 3  ^ ^ 3 -  

j i s p A a H  x y 3 H J i r3 H  K a x o p  ( — 0 0 , +  0 0 )  o p a j i H K A a  x e K H C  h k h h j i s  3 A  , 

6 h h o 6 3 P h h ,  K a x o p j i a p H H  m ^ p e R m a J i J i a u i  x o c c a c H H H  6 e P HJir3H  

K s x o p r s  K y J iJ ia m  M y m k h h .

4- dapcxo na roniuupuFu

1. K,axopjiapHHHr h k h HJiauiHin coxacHHH xonHHr:

00 00 0 0  n

a )  2 * " - 1 ; 6 )  2  l n nx ;  b )  E
n = \  n=1 n =  1 l + x 2" ’

r) 2  sin— ; A) e) I
’  2n (2n  1 )4  „ = 1

a ) _ i < x < l  ; 6 )  ^ j < C x < . e \ B )  x ^ =  +  l ; r )  — o o < x <  +  oo .

a )  —  8 < x < 2 ; e )  0 < x <  +  ° ° -

2. yu i6y

Kaxop  [ — 1, 1] KecMaAa xeKHC h k h HJiauiHiiiHHH KypcaxHHr.
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3. KaTopjiapHHHr TeKHC HKHHJiaiiiHUi cox,acHHH TonHHr:

a )  2 ^ ;  6 )  2 ^ 1
«=> ' n=l 2"

> K :a )  — o o < x <  +  o o ; 6 )  — oo < x <  - f  oo .

4- MycTai^uA uiu  

1. OyHKUHOHaji KaTopHHHr HKHHJiauiHiu coxacHHH TonHHr:

а )  1 -|-------- 1-------- 1-------- f - ... -j— !— t-
2X 3X 4X nx

б )   1----- 1---------1_______ I_______1 | | 1 |
x2+ l  2 V  +  1 )2 32 (x2 +  1 )3 ' " n2(x2-)- 1 )"

B) x t g ^ + x 2t g ~ + .  . . + x nt g J L + .  . . .

> K :  a )  1 < x <  +  oo ;
6 )  —  oo < X <  +  oo ;

B) —  2 < x < 2 .  

2. Yrnfiy

X 2 l-3 r 4

1 2 4 8 2 " - 1" ‘ '

K,3T0pHHHT ( — 2, 2 )  OpaJIHKAa TeKHC HKHHJiaiUHUIHHH TeKIUHDHHr
3. Ym 6y r

cosx  +  ̂ c o s 2 x  +  - ^ c  os3x H o s 4 x  + . . .  -|— - L c  o&nx - f ...
2 2 2n

KaTopHH KecMa/ia xaAMa-xaA HHTerpajuiaui m y m k h h m h ?

>K :  M yM K H H , qyHKH SepHJiraH  K a T o p  ( — o o ,  +  o o ) m  t c k h c  
HKHHJiaUiyBHHAHp.

5- §. A a p a w a j iH  K,aTopjiap

9.5.1. YmSy

a o + a l ( x - x 0) + a 2( x - x 0) 2+ .. .  +  a n( x - x 0) n+  . . .=  5  a n( x - x 0) n
n =  I

KypHHHUiflarH  (}>yHKUHOHaji K a T o p  dapaMa.AU i^arop AeftHJiaAH. By e p A a

a °’ a ' ’ ° 2’ •••— ysrapMac coHJiap A a p a *a j iH  KaTopHHHr K09<p(pu-
UfUeHTAapii AeftHJiaAH.
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X ycycn ft xojiAa, * o  =  0  Aa yu iS y  Aapa>KajiH Karopra  3ra  6yjiaMH3:
oo

a 0+ a i X  +  a 2;i:2+  ••• +  a *x,' +  ■••== ^  •
n =  0

A S e J i b  T e o p e M a C H .  a )  A r a p  E a /  Aapa>KajiH K aTop  6h-
n =  0

DODT3 x  =  x i ^ 0  HyKTaAa HKHHJiamca, y  xojiAa y  x  HHHr
■rcSrCH3JIHKHH KaHOSTJiaHTHpyBHH xa p  K3HA3H KHHM3THA3 aScOJHOT 

HKHHJiauiaAH;

6 ) a ra p  2  a X  A a p a *a J iH  KaTop Sn popTa x  =  * i  KHHM3TAa y30K-

jiamca, y y  *  hhht U !  >  Ix, 1 mapTHH KanoaTJiaHTHpyBUH

HCT3J1T3H KHHMaTJiapHAa y30KJ13UiaAH.

2  a X  Aapa>KaJiH KaTop ynyH  uiyHAaft ( —  R, R )  opaJiHK M aB w yA-

kh, y= Ma3Kyp opaJiHK H w a  aScoJiioT hkhhji3uih6, yHAaH TamKapHAa 
aca V30KJI3 UI3AH; 6y  opaJiHK %a r o p H u m  H^uHAauiutu opaAUFu 
AeftHJiaAH. R  cohh Ht^UHAaiuuiu paduycu  AeftHJiaAH, y  xycycHH xoJiJispAa
0 eKH oo ra  TeHr SyjiHiuH xaM MyMKHH. HKHHJiauiHiu opaJiHFHHHHr hctkh 
HyKTa^apu x = ± R  Aa Aapa>K3JiH KaTopHHHr h kh h ji a lu h ui h eKH 

V30KJiaUlHUIH M3C3J13CH SJlOXHAa XaJl KHJ1HH3AH.
9.5 .2 . A r a p  KaTopHHHr S a p ^ a  a 0, a i, a 2, ... ,an, ... K03(}>4>HLi,HeHTJiap

oo

nojira TeHr SyjiMaca, 2 a X  AapamajiH KaropHHHr HKHHJiauiHiu
n =  0

paanycH yLu6y (f)opMyjia op^aJiH aHHKJiaHaAH:

R =  lim| —^ — I eKH R =  l i m ^ 4 =
n- o o  a n + l  n~~°° ^ j \ a n \

A r a p  KaTop (baK3T wyc})T eKH t o k  A a p a *a J ia p H H  y s  HHnra o j ica  eKH 
A a p S i a p n  KsppaJiH 6 $ c a ,  Ba x.k., y  xo j iAa  h k h h ^ lu h u i  o p a . ™  
SeBOCHTa Aa jiaM Sep  eKH K ouih aJiOMaTJiapHAaH (})OHAaJiaHH6 

jiaAH.

2 CL„xnp KaTop ynyH HKHHJiauiHiu paAHycn KyftHAarH^a TonHJiaAH.

n =  0

1-MHCOJi. KyftHAarH KaTOpHHHT HKHHJiaUIHUIHHH TeKUIHpHHr:

i + * + ^ !+ |- ‘3+ - + i x"+ --
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E q w u i .  B y  e p a a  a n= A  a n+1 =  —J _ K a T o p H H H r  HKHHJiauiHiu pa -  

AnycHHH TonaMH3:

R =  l im  I =  l i m ^ A =  lim  A  +  - ) =  1 .
n-*-oo  I a n + l  J n—► oo n  n~*~ oo \  n  /

H eM aK , SepHJiraH napax.ajw K3Top ( — 1, 1) opaJiHKAa aSccuiiOT ! 
HKHHJiauiaaH, ( — o o ;  — 1 ) ( J ( 1 ,  +  o o ) Aa aca y30KJiama,HH. BepHJiraH j 
KaTopHHHr 6y  opaJiHKHHHr ueKKa HyKT3JiapH.ua hkhHJiauiyBHH eKH i 
y30KJiaLLiyBHH aK3HJiHTHHH aHHKJiaHMH3. x = l  6 yjiranjia 6epHJiraH

oo

KaTop 2  —  KypHHHUiAarH rapMOHHK y30KJiauiyBMM KaTop 6yjiaAH. 1
n = 1

oo ^

x =  — l aa ac a  2  ( — l ) n+ l —  KaTopHH xoch j i  khji3mh3, 6 y  KaTop
n — I

HKHHJiailiaA.H, HyHKH y JleflSHHU, 3J10MaTH LUapTJiapHHH K3H03TJI3HTH- 
P3AH.  

IUyH,H3 H KHJIH6, 6epHJIT3H A 3 p 3 *a J IH  KaTopHHHr HKHH^13LUHUI 
C0X.3CH [ — 1, 1). 

2- m h c o ji. Y m 6 y

3? X6 v-9 „3b
1 + —— I— -— I— - — I- + —___ I-

^  1 0 ^  102 +  103 ^ - +  10"

K3T0pHHHT HKHHJI3IHHUIHHH teKUIHpHHr. 
c  1h H H U i .  an= - ^ ,  uiyHHHr ynyH h k h h j is lu h u i  psjxHycHHH

R  =  3~. A im  ■■ n 1 -  =  3 /lim 10 =  ^ 1 0/lim 1 ~  =  3 /H

V —  A/|a«' ^

4>OpMyjI3fl3H TOH3 MH3. ileM aK , 6epHJir3H K3TOpHHHr HKHHJlaLUHIJJ OpaJlHFH
’ 3 —  3 —

( —  / 10, -\/10) 6 y j i a a n .  K a T o p H H H r  H KH H J iau iH i i iH H H  o p a J iH K H H H r  MeKKa 

H y K T 3 J i3 p H A a  T e K i i iH p a M H 3 .  A r a p  x =  \/l0 S y j i c a ,  K a T o p  1 +  1 +  1 + . . .
3  

K y p H H H iu r a  a r a  6 y j iH d ,  6 y  K a T o p  Y 3 o i y i a u i a f lH .  A r a p  x =  —  y l O  6 y j i c a ,  

K a T o p  1 —  1 +  1 — ... K y p H H H i i iA a  6 y m 6 ,  y  x a M  y 3 0 K J ia u ia f lH . 3  
U ly n z W H  k h j i h 6 , SepHJiraH  K a To pH H H r  H KH H jiau iH iu  c o x a c H  (  — y l O ,  

3 <—
V i o ) .

3 - MHCOJI .  KyHHAarH

x  3? yn
1 +  — +  — +  +  — +

~  1 ! ~  2! ~  ~  n\

KaTOpHHHT HKHHJiaUIHUJ C0X3 CHHH TonHHr.
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ft!’ ~ n+1 (n +  1)! '
KaTopH H H r HKHHJiaiJUHUi paflnycHHH TonaMH3:

R =  lim I — I =  lim 1' (" + . =  lim (n  +  1) =  oo.
n-+ OO I an+ 1 I n-+oo n-*i n-*-oo

JleMaK, 6epH J iraH  KaTop 6yTyH coh yKHAa HKHHJiaiuaflH. 
9.5.3. Arap yMyMHH KypHHHm,a,arH

oo

z0+ a , ( % - * „ )  + a 2( x - x 0) 2+ . . . + a n( x - x 0) n+ - =  2  a n( x - x 0) n

K a io p  SepHJiraH 6yjiC3, yHHHr hkh h jis i i ihu j  psflHycH R  o j i a h h ™  
(bopMyJI3JI3p 6HJI3H 3 HHKJiaHaBepaflH, HKHHJI3UIHUI Op3JlHFH 3C3 

M3 PK3 3 H x =  x0 HyKTaAa S y j iraH  (xo — R, xo  +  R )  opaJiHK SyjiaflH .

4- m h c o ji. YuiSy

x - 2  , ( x - 2 ) 2 i f z i g ) ! . . (  — 1 ) "  - ( * ~ J - =  +  ■■■ =
2 ^ 2  4 tJ3  8-\/4 2 " V « + '

„ i 0 ( 2 ^ n  +  l

KaTOpHHHT HKHHJI3IUHLU COX,aCHHH TOnHHT.
EMHUI. K aTopH H H r HKHHJiaUIHUI p3flHyCHHH TOII3MH3:

, a„ , 1 2n + 1 • -\j7T+2 
R =  lim | - r -^ -  | =  lim —  - -----------------

n -+  oo 1 a n + 1 1 2 n -\/n + 1

= 2.'™ V S r = 2 . ^  V ’ + ^ r " 2'

y  j] ,eM3K, K3T0P (0; 4) Op3JIHKA3 a6coJiK)T HKHHJiauiaAH.

x  =  0  n a  E ___ - 1—  K a T o p H H  x o c h j i  k h j i 3 m h 3 ,  y  y 3 0 M a i u a A H ,  MyHKH

» - 0  v " +1

yHHHr xaflJiapn y30KJi3UiyBMH rspMOHHK K3TopHHHr xa^J iapH AaH  K a r r a

( U', = ' V « + T 7 >  "  +  1 ==U'1 ) *

x =  4 a a  2  ( —  I )/ 1— ~ —  K a T o p H H  xoch j i  khji3mh3, y  JleftSHHU
n =  0 V n + 1

a J iO M a T H r a  K y p a  H K H H J ia u i3 A H .  
U l y H f l a f t  k h j i h 6 ,  S e p H J i r a H  K a T o p H H H r  H K H H J ia u iH iu  c o x a c H  (U,4J.



9.5.4. A a p a w a j iH  KaTopjiapHHHr xoccajiapn:
а )  hkhhjib luh iu opaJiHFHHHHr HHH^a eTyBUH x,ap KaHAaft [a, 

b\ KecMaAa AapawaJiH KaTop tckhc HKHHJiauiaAH. Yuhht hhfhhahch 
HKHHJiauiHui opaJiHFHAa y3JiyKCH3 (J)yHKU,HH SyjiaAH;

б )  AapamajiH KaTopjiapHH yjiapHHHr HKHHJiauiHiu opajiHFHAa 
x,aAMa-x,aA HHTerpaJiJiaiu Ba AH(f>4>epeHUHaJiJiaiu MyMKHH.

5- m h c o ji. YuiSy

. x3 x5 -2" - ‘
x ~i— — £“ +■■■■3 1 5 1 1 2n — 1 1

K aTopH H H r h h f h h a h c h h h  T o n H H r .

E m h u i.  KaTopHHHr HKHHJiauiHiu paAnycHHH T o n a m h 3 :

R =  -A / lim  - i T  =  ,  A
Y  a n + 1 \ n (2n— 1) -1

A e M a K ,  ( —  1, 1) opajiHKAa KaTop HKHHJiauiaAH, uiyHHHr y^yH  yHH 
HKHHJiaiiiHUi opajiHFHAa xaA M a -x ,aA  AHcfxJjepeHUHajuiaui MyMKHH. 
BepHJiraH KaTopHHHr h h f h h a h c h h h  S ( x )  opKajiH Se jirn j iacaK ,

S ' ( x )  =  l + x 2-\-x4 +  ... +  x2n~ 2 +  ...

X ochji k h j i h h t b h  KaTop —  reoMeTpnK nporpeccH H  xaAJiapn h h f h h 
a h c h  Ba y ( —  1, 1) opajiHKAa HKHHJiauiaAH, yHHHr h h f h h a h c h :

S ' ( * ) =  *
1 —X

X o c H J ia j ia p A a H  Ty3HJiraH K aTopH H  H H T e rp a ju ia S ,  SepHJiraH K a T o p -  
KHHT HHFHHAHCHHH TOnaMH3.'

S ( x )  =
X

f  dx
1 In 1 * x  1

J  l _ x 2 
o  1 x

2  l n 1 1 — X  1 ’

5- dapcxiona TontuupuFu

1. KyuHAarn A a p a *a j iH  KaTopjiapHHHr ! 
TonnHr:

a )

OO
2

n =  1

( x + \ ) n . 
( 2 n — 1 ) ! ’ 6) 2

n =  1

(.x - i r  . 

2n

B)

oo

2
n= 1

( n x ) n ; r )

oo

2
n= 1 S’ 

“
1 

1 
n- 

00

A)
oo

2
n= 1

n ix ' 1- '  ; e )

oo

2  -
n= 1

«!xn 

( «  +  l ) "  ’

* )

oo

y
2 n - I J n - l oo

2
n= 1

( n + l ) 5/ "
Zj

n= 1 (4n —  3)2
3j

2 n +  1

1).
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>K: a )  — o o < x <  +  cxd; 6) l < x < 3 ;  b) x  =  0; r )  1 < * < 2 ;

1 ^  ^  1i) *- =  0; e )  — e < x < i e \  * ) ------ . s i - vs;S sr ; 3 ) 1 < * < 1 -

2. K,aTOp HHFHHAHCHHH TOnHHr.

°° x2n ~  1

n ■ ' , 2/1 — 1
n= 1 n= 1

>K: a )  ------— -, | x| <  1; 6 ) —  In ( l —  x ) , ( —  1 < x <  1);
( x - l ) 2

ii) a rc tgx , U I  < 1 .

5- MycraK,uA uiu

1. A a p a > K a J i H  K aT op H H H r HKHHJiauiHiu c o x ,a c H H H  TonHHr.

a, * .......................................—  (* - 3)2n
00 ( v n °°

1) 2  ( - i r ~ l ( 6 ) 2
n- 3" ’ „ =  l ( «  +  l ) l n ( n + l )n = \ n-o „ = 1

00 n W n °°  r n
b ) 2  — ; r )  2  —

>K: a ) 2 < x <  8; 6 ) 2 < x < 4 ;  b )  — e < x < e ;  

r )  — oo < x <  +  o o .

2. K,aTop h h fh h a h ch h h  TonHHr:

a )  2  ( —  l ) n- [ (2n —  I ) * 2" - 2 ; 6)  2  n ( n + \ ) x n~ l .
n= 1 n = 1

>K: a) -± = 4 ~ „  UI < 1 ;  6)
( 1 + * 2) 2’ ’ ( I - * ) 2’

6 -§ . «t>yHKiiHHJiapHH Tefijiop  ea  MaKJiopeH 
KaTopjiapHra efim ii

9.6.1. A r a p  y =  f ( x ) cftyHKUHH x  =  xo HyKTa aTpo(}).HAa ( r c + l ) - T a p -  
TnSjiHraMa xocHJia j iapra a ra  S y j ica ,  y  xo j iAa  KyftHAarH Te ft j iop  
tjjopMyjiaCH ypHHJIHAHp.

w  N £ , f ( Xo) , \ , f " ( X0) , \ 2 I ,
f ( x ) — f ( x o) H-------j j ~ ( x  —  x o) - i -------2!— ( x ~ x o) + • • ■  +

fn ( xn)
+  L~ f ( X ~ X0 ) n+ R n ( X ) ,
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6y epAa Rn ( x )  =  f------ ( x _ Xoy  + > ( O < 0 < l ) . / ? „  ( x )  -

Teftjiop (J)opMyjiacHHHHr J la r p a H *  uiaKjiHAani (3- 606, 16- §) K,oAduK; 
%adu AeHHJiaAH.

P n( x ) =  f ( x 0) +  ^ ^ - ( * - x 0) +  L y L ^ x  — x 0) 2+ . . . +  — ~ ( x  — x 0) n

Kynxaa y =  f { x )  (JiyHKUHHHHHr n-dapaoicaAU TeuAop Kynyadu. 
aeuvuiam-  

x =  0 na Teftjiop <J)opMyjiacHHHHr xycycHH x c v ih —  MaKjiopeH 
(})opMyjiacH xochji Syjia^H:

« * >  - « o , +  £ f i U +  ^ + „ + e f i u . + » . (Jt)>

6y  epaa /( * "  ( 0 < 9 < 1 ) .  

9.6.2. A rap  y — f ( x )  (|)yHKUHH xo HyKTa aTpocf)H,na ncrajiraH MapTa 
AH(|)(J)epeHUHaJiJiaHyBMH Syjica Ba 6y HyKTaHHHr SnpopTa arpodpuna

Ym\Rn(x )  = 0
n—► 00

Syjica, Teftjiop Ba MaKjiopeH (JjopMyjiajiapnaaH yuiSy

f i x )  = f ( x 0) +  f- ^ ( X - x 0) + . . . +  f- ^ L ( X - x 0) n+ . . .

Ba

f ( x )  =  / ( 0 )  +  ! ^ L x + . . . +  ^  * " + . . .

n eKC H 3 K a T o p j i a p  x o c h j i  ^ y j i a a n .  B y j i a p H H H r  6 h p h h h h c h  TeuAop 
KfQTOpU, HKKHHMHCH MdKAOpeH K,dTOpU fleHHJia,HH. B y  K a T o p j i a p  X  HHHT 

R  n ( x )  = 0  O y j r a a H r a H  K H H M a T J ia p H A a  f ( x )  r a  H K H H j i a m a f lH .
n—fo o

1- M H C OJl. y = = X 4 — 3 x 2 +  2 x  +  2  ( } )yHKUHHHH ( x  —  1 )  HKKHX,aa  a a p a -  
wajiapH SyHHMa eiiHHr.

E h h ui. x o = \  y ^ y u  T e f i j i o p  ( }> o p M y j ia c H ,a a H  4 ) o f t a a ^ a H a M H 3 .  

O y H K U H H H H H r  x o c H J ia j i a p H H H  Ba y j i a p H H H r  x o =  1 H y K T a a a r n  K H H M a T J ia 
pHHH T o n a M H 3 :

y (  1 ) = 2 ;
y ' {  l )  =  (4 x 3- 6 x  +  2 ) L = 1 = 0 ;  

y " {  1) =  (1 2x2- 6 ) L =1 =  6; 
y ' " (  1) = 2 4 j c U =1 = 2 4 ;  

y ,v= 2 4 ;  

y v=  0 Ba x. k.
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/U'MaK,

H x A —  3x2 +  2 x + 2  =  2 +  —  ( x —  1) 2-f~~^“ ( x —  1) ( x —  1 ) 4

I nii

y ^ x *  — 3x2 +  2x +  2 =  2 +  q ( x  —  1 )2 +  4 ( x  —  1 )3+  ( x —  l ) 4.

m h c o j i .  y =  ~  cJjyHKUHH jy^yH xo =  1 H yKTaaa n- Aapaw aJiH

THI.nop KynxaflHHH e 3HHr.
I ; 'I h ui. OyHKUHHHHHr xocHJiajiapHHH Ba yjiapH H Hr x o = l  H yKTa^a- 

ili MiiiMaTjiapHHH TonaMH3:

'/ ( I )  =  i; 

< n \ )  =  — V  I = - i ;
x 2 I x =  1

, / " ( ! ) — L ^ i | „ ,  =  4 ! .....J , « ' ( l ) - ( - l ) - - ^ | , . - ( - l ) ' n  !
X  x

^U'MaK, Teftjiop Kynxa/iH KyftHflarH KypHHHui^a 6 y n a w -  

l \ M  =  \ - ^ + § ( x - l ) 2- § ( x - l ) * + ^ ( x - i ) < + . . . +

+  t z ~ ? t L ( x - l ) n= l - ( x - \ )  +

( x  l ) 2 —  ( x —  1 ) 3 + ( j c —  l ) 4 + . . . +  (  —  1 )  ™ (JC—  1 ) ” .' 

liopwjiraH (})yHKUHH yMyH kojijjhk xafl

K^pmiHiufla SyjiaflH. 
3- m h c o j i .  y =  2x ({jyHKUHHHH MaKjiopeH KaTopHra eiiHHr. 
li 'i h ui. XocHJiajiapHHHr jc =  0 HyKTaiiarH KHHMaTJiapHHH TonaMH3:

y (0 )  =  1; y ' ( 0) = 2 * ln 2 | * = o =  ln2; y " ( 0) = 2 * l n 22 L =0 =  ln22; 

y " ' ( 0 )  = 2 ’cln32 U = o =  ln32 )...,

//’ ( ( ) )  =  2x\nn2 \ x = o =  \nn2 .

MaKJiopeH KaTopnHH Ty3aMH3: 

y =  2 * = l + x l n 2 + ^ x 2+ ^ x 3+ . . . + ^ - x * + . . .
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Tonm iraji KaTopHHHr HKHHJiauiHiu paAHycHHH aHHKJiaftMH3: 

R =  lim I - ? 2 -

( « + l ) !  In 2 .. n+ 1
lim ----- --------------- =  l i m— =  o o .

n-=o In 2 ln2 *'■ «, ln2

AeMaK, KaTop coHjiap y k h h h h t  Sapna HyKTajiapHAa aSco/iioT 
HKHHJiauiaAH.

R„ (x )  kojiahk  x,aA:

i fr  •2fe- * n+1, 0 < 0 < l .

0 < l n 2 < c l  SyjiraHH ynyH TaftHH x  ywyH ym 6y  TeHrcn3JiHK 
ypHHJiHAHp:

I In'1-*- *2 • 9®x i t  I x \ n + l

I « . w i =  I J;W i y r - ' ,+ l  I < ^ ' 2'

xn
BnpOK H C T a j i r a H  x y ^ y H  l i m — =  0 (5.2- §, 3 - m h c o j i ) ,  uiyHHHr

n-*-o9 ft-

y^yH l i m ^ „ ( x ) = 0  (HCTajiraH x  A a ) . By —  TonHJiraH KaTop hhfhhahch ,
n ->  oo

HCTajiraH x  JiapAa xaKHKaTaH xaM 2X ra TeHFJinrHHH SHJiAHpaAH.

6- d ap cxo na roniuupuFu

1. / (x ) _ =  x 5 —  4x- j-2x3 —f— 2x —(— 1 KynxaAHH ( x + 1 )  HKKHxaAHHHr 
Aapa>KajiapH SyftHMa eHHHr.

2. / (x )  =  x 4 —  5x3 +  x 2 —  3x +  4 KynxaAHH (x  — 4) HKKHxaAHHHr Aa- 
pa>Kajiapn fiyflH^a eHHHr.

3. / ( x ) = l n x  4*yHKUHHHH xo =  1 HyKTa aTpo(f)HAa Teftjiop KaTopHra
eHHHr.

4. f ( x )  =  x 3 cj)yHKUHHHH xo =  1 HyKTa aTpocfiHAa Teftjiop KaTopura 

eftHHr.

5. f ( x )  = - — j -  (JjyHKUHHHH MaKJiopeH KaTopnra eHHHr.

6- MycTat^uA uiu

1. / ( x ) = x 10 —  3x5+ 1  (|)yHKUH5iHH ( x — 1) HKKHxaAHHHr A a p a * a -  
Jiapn SyftHMa eftHHr.

2. f ( x ) = —  (JjyHKUHHHH X0 =  3 HyKTa aTpo(})HAa Teftjiop KaTopnra

eHHHr Ba HKHHJiaUIHUI COXaCHHH TonHHr.
3. f ( x ) = x 2ex cJ)yHKU,HHHH MaKJiopeH KaTopHra eftHHr Ba h k h h j i b  - 

IUHIU COXaCHHH To n H H r .
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7- §. Bai>3H ctiyHKUHfiJiapHHHr 
Teftjiop  Ba MaKJiopeH K.aTopjiapH

9.7.1. Ba"b3H (J)yHKUHHJiapHHHr MaKJiopeH KaTopnra eftHJiMaJiapHHH 

IU'JlTHpaMH3:

^ = 1 + ^ + 4 + -  +  ̂ + - - '  - o o < X <  +  oo;

I
o 5 v2« — 1

x , x | / i \ n + !___________ |_ — OO < X <  +  oo;
SU1X =  X — f - g j  ... +  ( 1) (2n— 1)! ’

2 4 Ŷ n
c o s x = l - 4 + - f r - . . . +  ( - 1) ' ,W ! + -  - o o < x <  +  oo; 

l n ( l + x )  = x  — ^ - + 4 — . . . +  ( — l ) n~ lj^ + - -  — 1->

m (m — l ) 2 2 m (m— — n+  1) „ .
H---------^  *  •••'+' n!

By epAa  x a p  Kaftcn KaTop y^yH  c o x a  KypcaTHJiraw i 6y j in 6 ,  yHAa 
jiapa>KajiH KaTop TernujjiH (J)yHKUHHra HKHHJiauiaAH. O x u p ra  KaTop

6uHOMua,A ^arop  AeftHJiaAH.
9.7.2. YMyMHft xojiAa <})yHKUHHJiapHH A a p a *a j iH  KaTopra eHHUi 

fieBOCHTa Teftjiop Ba MaKJiopeH KaTopjiapHAaH 4)oftAaJiaHHUira 
acocjiaHraH. BnpoK, aMaJiAa KynrHHa c})yHKUHHJiapHHHr AapawaJiH 
KaTop JiapHHH ojiahhth SaHAAa KeJiTupHJira h (f)opMyjiaJiapAaH eKH 
reoMeTpuK nporpeccHH x aAJiapn ftHFHHAHCH cjjopMyjiacHAaH (poHAaJia 
hh6 touhlu MyMKHH. Ba-b3aH KaTopra eftHuiAa xaAMa-xaA AHtpcpepeHUH- 
aJiJiam eKH HHTerpajuiaiuAan xaM 4>oftAaJiaHHiu MyMKHH.

1 - m h c o j i .  f ( x ) = e ~ x (})yHKUHHHH x  HHHr Aapa>KajiapH oyHHMa

KaTopra eftHHr.
E m h u i.  K X opH Aa  ex yMyH KeJiTHpHJiraH KaTop (fiopMyjiacHAa 

x  ypHHra — x 2 hh KyftcaK,

e ~ * = \ — x 2+ 4 r ~ ^ r + -  •• +  ( — 1 ) " ^ r + -

TonHJiraH KaTop HCTajiraH x  JiapAa HKHHJiauiaAH. ■
2 - MHCOJI. f ( x ) = c o s V x  4>yHKUHHHH x  HHHr Aapa>KajiapH oyHH^a

KaTopra eftHHr. r
E m h iu .  lOKopHAarH cosx yMyH KeJiTHpHJiraH KaTopAa x  hh lx OHJiaH

aJiMauiTnpcaK,

cos A/ x = ! - y  +  -Jj- - . . . +  ( - ! ) " - ^ y ,  +•••
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By KaTop HCTajiraH x  JiapAa HKHHJiaiuyBMHAHp, SnpoK c o s V *  
4>yHKUHH * < 0  Aa aHHKJiaHMaraHjiHTHHH xncoSra cuicaK, TonHJiraH 
KaTop cos^/x ra <J>aKaT O ^ x C  +  oo a  a HKHHJiauiaAH. 

3- m h c o j i .  f ( x )  =  —(})yHKUHHHH MaKJiopeH KaTopHra eftHHr. 
2— x — r  

E h h i u . BepHJiraH <j)yHKUHHHH s h t  coAA a paunoHaJi K acp jiap  
HHFHHAHCHra 3>KpaT3MH3:

3 3 1 , 1
2 — x  — x2 (2 +  x ) ( l — x )  2 +  x  l — x '

1 ”
M aijJiyM KH, - — —=  2  x n KaTop - 1 < i < 1  Aa HKHHJiauiaAH.

n=0

1 1 1 1
\JU n
2  ( —  1 ) "  KaTop aca —  1 < ~ - <  1

2 + x  2 , ,  x  2 '  v1 H ----  n=o *
2

—  2 < jc< 2  Aa HKHHJiauiaAH. UJyHHHr yqyH  hh th

3

eKH

2  —  X  —  X

KaTop SepHJiraH (JjyHKUHHra —  1< x < 1 Aa HKHHJiauiaAH.

7- dapcxoHd roniuupuFu

BepHJiraH (J)yHKUHHJiaphh x  HHHr AapamaJiapn SyftHHa KaTopra 
eftHHr.

1. f ( x ) = e ~ 2x; 2. f ( x )  =xcos3x ;
i (  sinx . „

* f ir\ 1 A z / \  -----------  Aa,

5. f ( x ) = l n ( 1 0  +  jc); ' 5’ X Aa’

?• f  ( x )  = a r c  sin*. 6 ' f W  =  6 + x _*2  ^

7- MyCTdKfUA UIU

BepHJiraH 4>yHKUHHJiapHH x  HHHr A a p a ^ a J i a p n  SyftHHa K aT o p ra  
eftHHr: 

5. / ( * )  =  V 8 - * 3 . 2
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8- §. A a p a w a j iH  KaTopjiapHHHr TaTSwKH

9.8 .1 . $ y H K U H f l  K H H M 3 T H H H  T a K p u f i H H  X , H C 0 S j i a U I .  
Bai>3H x o ju isp A a  (})yHKUHHHHHr TaKpnfiHH k h h m 3T hhh  SepHJiraH 
aHHKJiHKAa XHCoSjiaui ynyH  yHHHr Aapam aJiH  K aT op ra  eftHJiMacHAaH 
i{)oftAajiaHHJiaAH.

1 - m h c o j i .  e cohhhh  0,00001 ran a  3 h h k jih k  SHJiaH TonHHr.
E h h iu .  x =  \ Aa e '  h h h t  KaTopra eftHJiMacHAaH (})OHAaJiaHaMH3:

g= 1+ i r + i+ - + iy + - -
n cohhh uiyHAaft shhkjisAmhskh,

e ~ 2 + i \ + i i + - + i .

TSKpuSnft TeHTJIHKHHHr XaTOJIHTH 0,00001 A3H OUIMaCHH. K o jiah kh h  
SaxcwiaftMH3:

d = ____i______L ____i i . — 1 r 1 i 1 i '
( n + 1 ) !  (ra +  2 ) !  n! \_ n + 1 ^  (n + 1) ( n  +  2)  ^ J

tl

■<±r-L_+ 1 + ~1=± ... I± L _ =-L .
L 1 (r t+ 1 )2 J n! 1 1 nln

n + 1

3 hah

/ ? < — <  0,00001 
n\ti

TeHTCH3JIHKHH eHHS, r t ^ 8  HH TOnaMH3. A e M aK,

e x 2 -\— - + — + — + — + — + — + —  •
2! 3! 4! 5! 6! 7! 8!

ByHH XHeoSjiaS, TaJiaS KHJiHHraH aHHKJiHKAarn >k3Bo6hh cwiaMH3:

e « 2 , 71828.

2 - m h c o j i . 130 hh 0,001 rana 3 h h k jih k  SHJiaH xncoSjiaHr.

E H H IU. PaBUiaHKH,

^ 1 3 0  =  t f p + 5  = 5 3y i + ^  = 5 ( 1  + 0 ; 0 4 ) T

ABBaJi TaHHiuraH 6hhomhh3JI k s to p a b h  4>oftA3JiaHaMH3 

(' m = y ,  £ =  0,04^:

—  r  , K i - ' )V I30 =5 I 1 + |-0,04 +  -1-- i 7 0,04=+
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U i - ' X i - 2) . ] = 5 [ .+  - - - 3f — - - ^ 0 , 0 4 '+ . . .  j  — 5|_1 +  - j ~ 0,04 — 04'  +

+  ~ 2j 5A 0 4 3- . . . 1 =  = 5  +  4 - 0 , 2 - A . o , 0 0 8  +  ~ - 0 , 0 0 0 3 2 - . . .
3 - 3 !  J 3 9 ' 8 1

By HiiiopajiapH HaB6aTJi3iiyBMH K a T o p  JleudHH U a j iOMaTHHH k s h o s t - 
. ' l a H T H p a j H ,  uiyHHHr yqyH k o j u h k : |/?„| < u n+ i  - M a 3 K y p  XQJUa t v p t h h -

mh x a 4  A - 0 , 0 0 0 3 2 < 0 , 0 0 1 ,  aeM aK , ^ 1 3 0  « 5  + 0 ,0 6 6 7 — 0,0009, 

{/K30 «  5,066.

9.8.2. H H T e r p a  j u i a  p  h h  K a T o p . n a p  e p A a M H j a  x  h c  o  6  - 
.n a  in .  HH’rerpaji ocTHflarH f ( x )  ( f ) y  hkuh 3HH 4ap3>K3JiH K a r o p r a  c h u S ,  
jiapa>KajiH KaTopjiapHH HHTerpaJiJiam TyppucHAarH Teone.fam-i KyJiJia6,

^ f (x )d x  HiirerpaJiHH 4apa>Ka./iH K a T o p  KypHHHU.ua TacBHj .T a m  x a M ^ a

o
yHHHr KHHMaTHHH 6y KaTopHHHr HKHHJiaUJHUJ OOH-’ MFH431 II X HHHT X,ap 
Kan/uiH KHHMaTH/ia oepujiraH aiiHKJiHK 6n-ian vrr.•>6 j i a ' , i m vm kh ii.

o- m h c o j i . \e~x'dx HHTerpa'jiiiH Tiinniii 

L  l l H l l i .  e  ( j j y H K U M H H H  i ia p a > K tf . JT H  K 'd l u 1):';-

2 j-4 6

y  6 y T y n  c o H J i a p  y K H ^ a  H K H H J i a i u a a M ,  4 < *M a K , y m i  x ,d ; i i » a - x a ,a  

H H T e r p a J i ; i a u i  m y m k h h :

-• i - i  < - i >  + . . . .

,'i,apa;>Ka;iH K aropnH  H H T e rp a .u ia u u s  yHHiir h k h h.ih ij !hui opa.iHFn  
y'irapMaraiiJiHFH ca fla fi j in , xochji  khjih h t s h  KaTop xaM  6yTyH coHJiap
y kh 4a si kh 11 ji a ui a 4 h .

4 m h c o j i . ^ s in x 2d x  hh  0,001 r s ' i s  s h h k j i h k  6HJI3H XHCoSjiaHr.

0
E m h U I .  s i n x  (JiyHKUHHHHHr Aap3>K3JIH K3 T0p r 3  eHHJlM3CH43H 

(J)0H4 a j iaH 3 MH3 ( y  ep 43  x  hh x 2 6 HJiaH a j iM 3 LUTHpaMH3 ) :

„6 „10 4n —2
s in *2= * 2— ~ + ^ | j  . . . +  ( _  l ) + . . .  .

K , a r o p  6 y T y H  c o i u i s p  y K H 4 a  H K H H J i a i u a 4 H , uiyHHHr yqyH  yHH X 3 4 M 3 -  
Xa4 HHTerpaJiJiam MyMKHh , h t .hh

S s i " ^ =  +  =
0 0
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\ 3 7-3! 11-5! (4n — 1) (2rt — 1)! ) '  o

3 7-3! 11-5! (4 n — l ) ( 2 n — 1)1

XoCHJl KHJlHHTaH HHIOpaJiapH H3B63TJ13HyBMH KaTOpHHHT yHHHMH 

\a4H 0,001 4aH  KHMHK, UiyHHHr yuyH

' - J s - = 0 . 2 9 5 .

9.8.3. i l  h 4> <j) <' p I 'H iu i a  .i r e u r j i 3 M 3 J i 3 p H H  t 3 K P h 6 h h  
>i h hi. A rap  iincti ‘t)''pi'H!i!ia..i TeHrjiaMaHH aneiwenTap <})yHKUHHJiap 

('p:iMMH4a aHHK Hii i 1 1 DJ.uiaf) 6 y Jim aca, yHHHr chhmhkh Tefijiop pkh 
V\hk.)iopeniihnr 4 a p ; r |. 'in Kaxopn KvpaHHiUHfla H3Jiaiu KyJiaftflHp.

5- M H C O l  yil lf )\

1 I1/ :■--//--A , 1/ 1 ^ 0 = 1

.iHf})cj)epeHuna.'T tci  i . i.p- 'a  i' m iim h h u i i i - a,apa>KajiH K aT o p ra  eftHJiMacn-
iiHHr 4acTJiaf>hn oci.ni;1, \a4 ;inn  'ionHiir.

E  4 h ui. F.mhmiih ,iann/Ka.'!n KaTop KypHHHuiHfla h3ji3hmh3:

y ( x )  = y  (x „ )  -+• - | ( x  —  x 0) -\------ - ^ - - ( x  — x 0) ~ + ... +

+  ( X - X 0) n +  ...

x  =  0 4 a K yH H Aarnra  a ra M H 3 :

y^L
1! ~ ' 2! "  1 1 n\

a W = y m  +  i A . x +  q ; u - x « + . . . +  , - + . . . .

B e p H J i r a H  y '  =  y A —  x  4 H ( } ) 4 ) e p e H U H a J i  T e H r j i 3 M 3 ^ a n  

/ / ( 0 )  =  l 3 —  0 =  1 hh  TonaM H 3. BepH J iraH  T eH r j iaM aH H  4H(} ) ( } )epeHUH- 
aJiJiaHMH3 B3 xocHJiaJ iapHHHr xo =  0 4 a rH  k h h m s t h h h  XHCo6.naflMH3:

y "  =  3y*-y '— l, y "  {0 ) = 2 ;  

y " ' = z y y ' 2+ 3 y 2-y" ,  y ' " ( 0 ) =  i 2 ;
y i v / =  6 y /3+  I 8 y ■ y ' ■ y " - { - 3 y 2 • y ' " , y IV( 0 )  = 7 8  Ba x .k .

Ton H J ira H  KHHMaTJiapHH K a T o p r a  k Y h h 6, H 3J iaHaeTraH  e iH M H ii  

X.OCHJ1 KHJ13MH3:

/  \  1 1 ^  | 2  2 i 3 | 7 8  4 i
y  ( X ) —  1 +  — X +  J | ^  -|— H— +■• ■ —



8- da pcxon a Tonu iupuru

1. H,apa>KaJiH KaTopjiap epAaMHAa KyftHAarH m h k a o p  JiapHH
0,0001 raMa 3hhkjihk SHJiaH TaKpnSnft XHCofijiaHr:

a )  6)  s in l2 ° ;  b ) ^ 5 2 0  ; r )  In 1,1.

>K: a )  0,3679; 6 )  8,0411; b )  0,2094; r )  0,0953.

2. KyftHAarH 3 hh k  HHTerpajuiapHH A apaw a jm  KaTopjiap epAaMHAa
0,01 ra^a a hhkjihKAa XHCofijiaHr:

1/2 0,1 0,1 
a ) J ^ = ^ d x ;  6 ) j  M L M  dje; B) j  ^ ~ ~ d x .

0 0 0

>K: a )  0,248; 6 )  0,098; b )  0,102.
3. AHHKMac HHTerpaJi JiapHH A a p a w a jw  KaTop KypHHHiiiHAa TonHHr 

Ba xoch j i  KHJiHHraH KaTopjiapHHHr HKHHJiaiiiHUi coxacHHH KypcaTHHr:

\ f  s in *  f  e*  ,
a )  Y T ~ d x \  6 )  \ j d x .

>K: a )  —  oo < x < ;  +  oo ; 6 )  —  oo < x < 0  Ba 0 < * <  -f- o o .

4. BepHJiraH SoiujiaHFHM mapTjiapHH KaHoaTJiaHTHpyBHH AH(J)cJ>e- 
peHunaji TeHrjiaMajiap eMHMJiapHHHHr AapawajiH  KaTopra eftHJiMacn- 
hhht AacTJiaSKH 6eurra xbahhh  e3HHr:

a )  y '  =  2co sx  —  x y 2, y ( 0 ) =  1;
6) y " = - 2 x y ,  y ( Q ) = y ' ( 0 )  =1;
b )  y '  =  2y +  x - \ ,  y ( l )  =  l.

8- MyCTCl^UA UIU

1. A,apa>KaJiH KaTopjiap epAaMHAa 0,001 ra^a aHHKJiHKAa xhco6-
j iaH r :

a )  s in l ° ;  6)  ^/70; b )  c o s l V

3)^ 0,841; 6 )  4,125; b )  1,000.
2. K y f tH A a rH  b h h k  HHTerpaJiJispHH 0,001 r a n a  aHHKJiHKAa x h c o 6 -

j ia H r :

1/2 __________  4 _i_

a )  ^ -\ j I  +  x 3 d x ;  6 )  [ e xd x .

o o
) K :  a )  0,508; 6 ) 2,835.

364

3. ,H,H4x}>epeHU,Haji TeH rjiaM a eMHMHHHHr A a p a * a j iH  K STopra  eftHJi- 
M3 CHHHHr AacTJia6 KH yMTa x,sahhh TonHHr:

a ) y'  =  x2— y, y (\ )  =  1; 6) y ' =  x2y +  y\ y ( 0) =  1.

9- §. <l>ypbe KaTopjiapH

9.9.1. A r s p  y —  f ( x )  <j)yHKUHH (a, b) opsJiHKAa MerspaJiaHraH (fl-bHH 
a < x < b  Aa \ f ( x ) \ < M ,  6y  epAa M  —  y 3 r a P M ac ) Ba 6 yjiaKJiH —
MOHOTOH (H-bHH (a, b) OpajIHKHH Xap 6HPHA3 6y  (})yHKU,HH MOHOTOH 
f iy jir sH  HeKJiH coH A arn  opaJiHKJiapra a>KpaTHiu MyMKHH) S y jic a , y  x o jia s  
6y (JjyHKUHH (a ,  b) opajiHKAa A,HpHXJie mapTJiapHHH KaHoaTJiaHTHpaAH 

AeftHJiaAH.
9.9.2. A rap y =  f ( x )  4>yHKU.HH y3yHJiHrn 2n ra TeHr ( — ix, n)  

opajiHKAa AHpHXJie mapTJiapHHH KaHoaTJiaHTHpca, y xcwiAa 6y 
opajiHKHHHr f ( x )  y3JiyKCH3 SyjiraH xap KaHAaft x HyKTacnAa (JiyHKUHHHH 
Oypbe TpHTOHOMeTpHK KaTopHra eftHiu MyMKHH, ht>hh

d
f { x ) = - £ - +  2  (ancosnx +  bnsmnx),

n =  1

6y epAa an, bn —  Oypbe K03(J)(|)HUHeHTJiapH 6yjm6, yjiap KyftHAarH 
(})opMyjiaJiap SyftHHa XHCo6jiaHaAn:

J l

a „ = —  ̂ f (x )cosnxdx  (n =  0,1,2,...),
— 71

Jl
6 „ = —  ̂ f (x ) s innxdx  ( n =  1,2,...).

— n

Arap jc6 ( — it, n ) HyKTa f ( x )  (J)yHKUHHHHHr y3Hjmiu HyKTacn Syjica, 
Oypbe KaTopn hhfhhahch S (x )  4>yHKU,HHHHHr Han Ba yHr jiHMHUiapH- 
hhht ypTa spH cfm erarH ra  TeHr:

S ( x ) = ± [ f ( x - 0 ) + f ( x  +  0)).

OpaJiHK oxnpJiapH x =  n Ba x = — n HyKTajiapAa;

S ( n ) = S ( - n ) = - ^ I ( - n  +  0 ) + f ( n - 0 ) ] .

9.9.3. A ra p  f ( x )  —  * y c })T  (n-bHnf(— x ) = f . ( x ) )  S y jica , y  xo jiA a  O yp b e  
KaTopnAa 4>aKaT K ocnH ycjiap  KaTHamaAH, HyHKH Sapwa bn =  0 6 y jiH 6 ,

_2 _

• Jl .

n
^  f ( x ) c o s n x d x  SyjiaAH. Arap f ( x )  (JjyHKUna t o k  ( htdhh

0
f ( — x )  =  — f ( x ) )  6y j i ca ,  O y p b e  KaTopnAa  $ a K a T  CHHycj iap KaTHamaAH,

n

qyHKH 6ap4a a n =  0 6yjiH6, b n= - ^ -   ̂ f ( x ) s i n x d x  SyjiaAH.

o
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9.9 .4 . (0, j i )  opajiH KAa SepH/iraH f ( x )  (j)yHKUHH ( —  n,  0 ) opsJiHKrs 
e >Kyc})T, e t o k  <})yHKUHH K36h asbom stthphjih iuh mYmkhh. ileMaK, y m  
3apyp Syjica, (0, n )  op3JiHKA3 KocHHycAsp eKH cuHycjiap 6 y m n a  TyjiHK, 
SyAMaraH Oypbe KaTopHra eftHiu mY mkhh.

9.9 .5 . XI,aBpH 2n 6y jiraH  xa p  KaHAaft a aBpuft f ( x )  4)Y hkuhh Ba 
MCTajrraH a £/? y^yH

SyjiraHH yqyH O ypbe  K03(J)(})HUHeHTJiapHHH KyftHAaru cj)opMyjiajiap 
6 y m n a  x ,H C o 6 J ia m  m Y m k h h :

I 2n 2n

\ f ( x ) c o s n x d x ,  b n =  ~  \ f { x ) s ' m n x d x ,
n  j  j i  J

o o

6y epAa n =  0, 1, 2...
1 - m h c o j i .  i^aBpH 2n  6yjiraH ym 6y

f ( x )
arap — j i-C x -CO 6y/ica, 

arap-' O ^ x ^ ji Syjica

(|)yHKUHHHH Oypbe KaTopnra eftHHr.
E u h l u . BepHJiraH (jiyHKUHH SyjiaKjiH y3JiyKCH3 Ba MerapaJiaHraH 

SyjiraHH yuyH yHH Oypbe KaropHra eftum MyMKHH (42- LuaKJi).

/ !
_L

-Jxr - 2 n  k  0

42- mami

Oypbe K03(J)(J)HUHeHTJiapHHH TonaMH3:

/

2jz 3x

JX .a

a 0= i  J f ( x ) d x  =  ± \ x d x  = 1 x r I ji__ n  _
it 2 ' <> 2 ’

JI JI

 ̂ f ( x ) c os n xd x  =  A  ^xcosnxdx-

=  —  —  sirmx
ji \ n l o - i S sinnjcdx)

’ u = x ,  du =  d x '  

dv = c o s n x d x ,

v =  — sinrtx 
n

- jc o s  n x  --
n I U

- ( (  —  I ) - — ! ) ;
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n >Ky({>T Sy^raniia , a„ =  0; ri — t o k  SyjiranAa

2
a = '2 ’

ji n

[  f ( x ) s m n x d x  =  ~ [ x s \ n n x d x  =
JI J JI J

u =  x , du =  dx 

dv =  sinnxdx,

v = ------ cos nx
n

( — ^ co s n x  I "-j— -  [ c o s n x d x  j = — (  — -  
\ n 10 / iJ  J

cosixrt — -s irm x ) =

=  _ ! _ ( _  1 )»-H  
n

TonHJiraH K03(})(})HU,HeHTJiapAaH (})OHAaJiaHH6, O ypbe  KaTopHHH 
ry3a mh3 :

f ( x ) =  f +  2  ( -
n =  1 V

2 c o s (2  n — l ) x + - — —
n +  1

n ( 2n  —  1)
sin nx

By KaTop  SepHJiraH cf)yHKUHHra SapMa x = £ ( 2 n  —  1 ) j i  ,/iapAa 
HKHHJiamaAH. x = ( 2 n — l ) n  HyKTa. iapAa KaTop  hhphhahch

.S ( ( 9 n __1 ■ j t ) ___?( — ix-)-0) +  f ( n — 0 ) ___ o + j t ___ it_

(})opMyjia 6 v hh Ma \HCo6jianaAK ( 4 2 - uiaKJira KapaHr. ).
9.9.6 . A r a p  f ( x )  cJiviikuhh y 3ym iHrH  2/ S y jiraH  Gupop ( — /, 

/) opa.anK.Aa i1,HpHXJie uiapTJiapnuH KaHoaTJiaHTHpca, c^yHKUHHiiHiir 6y 
opajiHKKa xeiHLUjiH y3,iyKCH3JiHK nyKTajiapHAa cfjyHKUHHHH Oypbe 
M T o p u ra  phhui mY mkhh:

6y epAa

P v f  k h ..: i * . j i j i a  \
H x ) = ~ 2 +  ^  ( a „ c o s - r + b nsm  — - j ,

n -=■ 1

I

a n —  \   ̂ f ( x ) c o s - nj - d x  ( n  =  0,1,2,...),

i
b n =  \ \ l ( x ) s m ^ ^ d x  ( n =  1,2,...).

f ( x )  Cpy HKU.HHHHHT y3HJIHUI HyKTa A3 pH A3 Ba opaJlHK OXHpjI3pH 
x = ± l  A3 O ypbe KSTopn hhfhhahch ( — n, jx) opajiHKAa efiHU! 
\OJlHAarH K36h 3HHKJ13H3AH.
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9.9.7. f ( x ) .  (|)yHKUHaHH 21 y3yHJiHKAarn HXTHepHH (a,  a  +  2/) 
opajiHKAa O ypbe  KaTopnra eftraHAa an Ba bn K03(f)(j)HU,HeHTJiap yuyH 
(j)opMyjiaJiapAa HHTerpajuiaiu qerapajiapHHH moc paBHiima a Ba a  +  2/ 
6nj iaa  aJiMaiiiTHpHUi 3apyp.

9.9.8. ^y<J )T  eKH t o k  ^yHKUHHHH ( — 1,1) opa jiH K Aa O y p b e  KaTopH ra 
eftHUiAa <t>ypbe K os^H U H eH TJ iapH  ( —  ji, jt) opajiH KAa 6yjiraHH KadH 
coA A ajiau iaA H .

9.9.9. ( 0 , 1) A a  SepHJiraH f ( x )  (JjyHKUHHHH ( —  1,1) A a  K ocH H ycjiap  eKH 
CHHycjiap SyftH ^a O y p b e  KaTopH ra eftum  MyMKHH.

2 - m k c  o j i. Y iu 6 y

f — x, a ra p  —  2 < x < 0  6 y jic a , 

f W = l  * , a ra p

(j)yHKUHHHH O y p b e  K aTopn ra  eftHHr.
E  M H UI. O yH K U H H  iI,HpHXJie 

(43- u iaK J i).

2 6 y jic a

mapTJiapHHH KaHoaTJiaHTnpaAH

43- maKJi

BepHJiraH 4>yHKUHH >KytJ)T, uiyHHHr yMyH y  (JjaKaT KocH H ycjiap 

Syftuna O ypb e  KaTopnra eftHJiaAH, 6apua bn =  0. an K03<j)(})HUHeHTJiapHH 
TonaMH3 (1 =  2 ) :

x ) c o s - ^ Ld x =  ^xcos - ^ - d x -

u =  x, d u  =  dx  

j  n nx ,
dv  =  c o s - + r Ldx,

2 . ii nx
v = — sin——  

nn 2

2x ■ n nx 
= — sin — —  

nn  2

2
2 2 f  .
„ ---------\S1
0 nn j

it nx , 
in ~ p Ldx =

4 n nx 
——COS——-

n  —  >Kycj)T 6 y jiraH A a  an =  0; n —  t o k  S y jiraH A a  a n= -

a o— \ \ f ( x ) d x =  \x d x = J Y \  o ^ 2 '

BepHJiraH (JiyHKUHHHHHr 3>ypbe KaTopH KyftHAarH KypHHHiiiAa 
6yjiaA H :

3 - m h c o j i .  f ( x )  =  I — X 4>yHKUHHHH [0, 1] KecM aAa cuHycJiap 6 y -

HHMa KaTopra eftHHr. ,
E q h uj. BepHJiraH 4>yhkuhhhh [ — 1, 0 )  opajiH KAa t o k  (Jjyhkuhh

CH(})aTHAa A3 BOM 3TTHp3MH3, H"bHH

r —  1 — x, a ra p  —  1 < x < 0  S y jic a , 

f ( JC) = = | i — x,  a ra p  1 6 y jic a

AeftMH3 (44-iuaKJi).

y

\  N 
! \  ! Nv \ N  K  N  -

- 5 \ ;  -j\ |
vJ \J \

44- uiaKJi

T o k  <{)yHKUHHJiap y^yH Sap^a an =  0. 3h ah  bn ( 1 = 1 )  JiapuH TouaMH3:

b = ±  { f ( x ) s m ^ l x  =  2 \ ( l - x ) s m ^ d x =

1 0 0 

(  H=Z 1 --  Xy dl l  --- dXy

\dv =  $ in nnx dx  v = — —  c o s n n x
- 2 ( —------- rys in nx | 0 ) —

\  nn n V  u /

2
nn

TonHJiraH K03(j)<})HUHeHTJiapHH cDypbe KaTopnra Kyftu6, CHHycjiap 

gyftH^a y iu6y KaTop hh xochji khji3MH3:

o°

f ( x )  = —  2  — sinnnx.
'  V '  Jl H

n*= 1

9- da pc xo na roniuupuFu

1. opajiHKAa f ( x ) = x  (^h ku hhh h  O ypbe  KaTopHra 

eftHHr.
2, , . v „ i sinnx

>K: f ( x ) = 2  S  ( - 0 “ +1— T " -
n =  1 u

2. Y m 6 y  <j)yHKUHHHH O ypb e  KaTopHra eftHHr:

( — 2x,  a rap  — Syj i ca,

^ X)== {  3x, arap  Syjica.

n = \  v
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3. Yui6y

f ( x ) =  araP — 2 < x < 0  S y jica ,

1, a r a p  0 < x ^ 2  6 y j ica  

cjjyHKmiHHH O ypbe  KaTopHra eftHHr.
o°

>K: / W  =  - { + ^ 2  ( ------^ r o s ^ ^ _ _ L sinJu « \
2 11 n^ x \ n ( 2 n - \ f  2 „  2 )

4. f ( x ) = x 2 (ijyHKUHHHH (0 , j i )  opajiHKAa CHHvcjiap SyftnHa O vD be 
KaTopHra eftHHr. " j H

>K: f ( x )  = |  ( -  l ) « + 1 p ^ + ~ (  ( — ! ) " — ! )  Jsisinrajc.

5. f ( x )  —  1 2x 4 )vhkuhhhh [0, 1] Aa KocHHyc/iap SyftHMa O vD be 
KaTopHra eftHHr. . J K

>K: f ( x )  = —  2  — {~ ^ -
" 2 „ =1 ( 2 / z - l ) 2

9- MyCTdKtUJl uui

1 . Y m S y

f ( x ) =  a r a ^ 6y jica ,
[  1 , a ra p  0 < x ^ j x  S y jica  

(|)yHKUHHHH O y p b e  KaTopH ra eftHHr.

00
>K: / ( * )  =  _  l +  JL 2  l lE lg ” - 1) *

Ji 2n— 1n= I

2. / ( jc) == | at| cjjyHKUHHHH [ — 1, 1] a  a O y p b e  K aTopn ra  eftHHr.
oo

>K: / ( * )  =  - -----i -  2
2 " 2 n =  , (2n — l ) 2

3 ' / ( * ) = s i m :  4>yHKUHHHH [0, J i ]  na KocH H vcjiap  6yftH4a O vD be 
K aTopH ra eHHHr.

cos2 nx

1 — (2«)

X

2 *

4 - / ( * )  1 2 (J ŷHKUHHHH [0, 2 ] fla CHHycjiap SyHHMa Oypbe KaTo-  

p n ra  eftHHr.
oo

>K: / ( * )  2  - s i n - ^ .
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10- §. 4>ypbe HHTerpajiH

Q 10 1. A ra p  u —  f ( x ) (j)yHUHH O x  yKHHHHr HCTaJiraH MeKJiH opa- 
.nnrHfla i inpH x^e  uiapTJiapHHH KaHoaTJiaHTHpca Ba 6Yt Yh yK. 6yHH4a

+ »>
;if)cojnoT HHTerpajuiaHyBMH Syjica (ht>hh \ \ f ( x ) \ d x  HHTerpaJi

— oo

HKHHJiawca), yHHHr yqyH OypbeHHHr HHTerpaJi cJ)opMyjiacH ypHHJiHAHp:

-j- oo -h 00

f ( x ) = —   ̂ dz \^f{u ) c .osz {u  —  x ) d u .

0 — oo

I Typ  y 3HJiHiu HyKTaJiapH.ua f ( x )  hhht kkhmbth y^yH  aBBaJirnAeK, 

- j ( f  (^o - 0 ) + / ( x o + ° ) )

KaSyji KHJiHHa/iH, 6y epaa xo —  Y3hjihui HyKTacHHHHr a6cuuccacH. 
O ypbe  HHTerpaJiHHH KOMiuieKC uiaKJifla x,aM e3Hiu mYmkhh.

f { x ) ' +\ d z +\ f ( u ) e ^ d u = ^ L  J e ^ d z  \ e ^ f ( u ) d u .
In  J J _oo —co

—  OO ---- 00

>Ky4)T (Jw h k u h h  y4yH O ypbe  HHTerpajiH KyftHAanma SyjiaAu:

-{-oo +  00
/ ( x ) = A   ̂ coszd z   ̂ f ( u ) c o s z u d u ,

n o o

t o k  cj)yHKUHHHHHr O y p b e  HHTerpajiH :
-f- oo 4“  oo

f ( x ) = —   ̂ s inz xdz   ̂ f ( u ) s ' m z u d u .

n 0 0

9.10.2. KyftHAarH
-j- oo

F ( z ) = — j== \ eizxf { x ) d x  
v -w 2ji J

— oo

MVHOca6aT 6HJiaH aHHKJiaHraH F ( z )  4>vhkuhh f ( x )  c})yHKUHHHHHr <Pypbe 

aAMCtMTtipuuiu AeftHJiaAU-

+ oo

r ,  \
---- OO

MVHOcaSaT aca ( py p b en u m  T e c m p u  aAMaiurupuu i  (popMyAacu  Ae-

ftHJiaAH.
XycycH H  x,0JiAa
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a )  f ( x )  >kv(})t (Jjvhkuhh Syjica,
-- -1-00 I

-  )  f ( x ) c o s z x d x ,  f ( x ) = ^ J j -  I  f c( z ) c oszxdx
0 0

(6 y  4>opMyjiajiap OypbeHHHr KocHHyc-ajiMauirapHiujiapH AeHHJiaAH) ■ 
6 )  f ( x )  (Jjvhkuhh TOK Syjica,

T K  00

f A z ) =  y —   ̂ f (x )s 'mzxdx,
n0 

-j- ooV—  -r  oo

-   ̂ f S{ z ) sm zxdz

(6 y  cf>opMyjiajiap OypbeHHHr CHHyc ajiMaumipHiujiapH AeHHJiaAH).
OypbeHHHr CHHyc Ba KocHHyc ajiMauiTHpHOiJiapH (J)aKaT O x  HHHr 

MycoaT HPHM yKHAa S e p H J i r a H ,  6y HpHM y K H SyfijiaS aScoJUOT 
HHTerpajijiaHyBMH Ba yHHHr HCTajiraH mckjih KecMacHAa /iHpHXJie 
uiapTjiapHHH KaHoaTJiaHrapyBMH <j>yHKUHHJiaprarHHa KyJiJiaHHUiH MyM-

1- m h c o j i . YuiSy

x c  —  1 Aa 0, 

l

f { x )  =

—  l - Aa x  -j- 1,

j < x c — m  l,

1 Aa, —  x +  1,

. x >  1 Aa 0

(})yHKUHHHHHr O y p b e  aJIMaUITHpHLUHHH TonHHr.
E  m h ui. Y u iS y

f W = ^ W  +S H u ) e ~ d u .
—  OO

O y p b e  ajiMauiTHpnuiH (JjopMyjiacnra Kypa

F {z ) 1 T  T '  ~ r /2 'l/2
]  0 - e izudu +  J ( u + l ) e izud u +  'J 1 -e izudu +

L - o o  - 1  —1/2

+   ̂ ( —  u -\ -\ )e tzudu-\r  1 0 - e ' “ a f « l
1/2 1 J

PaBUiaHKH, Shphhhh Ba oxnprH  H H Terpaju iap  HOJira TeHr. K,oJiraH 
HHTerpaJi JiapHH moc paBHiiiAa / 1, / 2 Ba I 3 opK ajin  S e jiru jiaS , XHCoSjiafl- 
mh3:

372

- 1 / 2 s  ==: ti ~I-  1 j d s —  diij

L
Z2■ ' i r 1 - -J I -1 IZ

Y
S e“

-1/2

1
/3=  J ( - u + \ ) e izudu

l ) e ‘‘

_1_g 2
2 iz

■ I - 7  1
+ V e

~“ du = j f - x :\ = - (e1 /2 __JL^I/2iz__ g —'/2lz) — —

s =  — m +  1, d s = — d u ,

2sinf

dt  =  e izudu,  t =  - r

1 _  l
- L - 4 « 7iz 2

—1—e 2--------- - e i:
2zi

U l y H A a f i  k h j i h S,

^ ( 2 ) = 4 e | i - ^ 2+ 4 e " 2— fe+

z
2sin-^~

Y 2 n  |_2iz 

—  —
-I___ L e 2

2zi ^  ^

2- m H c OJI. YuiSy

sin-§- 2cos^  
2cosz . 2 j ________£_

1

f ( x )  =

0 < x < a  Aa 1, 

l
x  =  a Aa

2 ’

x > a  Aa 0

4 )y H K U H H H H H r  KOCHHyC B3 CHHY C a J IM a m T H P H U IJ iapHHH ™ ™ n r .
E m h u i .  B e p H J i r a H  c^yH K U H H H H H r  KOCHHyc-aJiMauiTHpHiiiHHH

MH3:

f e( z )  =  y i  J / (u )  coszudu—  y i  ^ c o s z a r f t t  +

+  °° \  FT c [% sin az
- f -  ̂ O - c o s z u d u  j c o s z u d u =  z

a /  ®

373

—/2 .

Tona-



3H AH  CHHyC aJIMaLLITHpHLLIHHH TO naM H 3:

V I S
sin zu du  = 2 1— cosaz

5̂ 3 HaBSaTHAa f c ( z )  Ba f s ( z )  (})yHKUHHJiapra KOCHHyc- Ba chhvc- 
aJlMaiLITHpHLLlJiapHH K,yJIJia6, f ( x )  (f)y HKUHHHHHr Y3HHH TonaMH3, H-bHH

+ 2°
' 0 < i < a / i ; a  1;

S sinaz ,
— -— cos x z d z -

+  00

■ a n a
1

s -
s inxzdz -

2 ’

x > a  a  a 0;

' 0 ̂  x  <  a Aa 1; 

l
x  =  a Aa -r

2 ’

, x > a  Aa 0.

10- dapc xon a rontuupuFu
1. Ym 6y

I Ix | < ji Aa cos-—, 
/ ( * )  =  2 

[ I x | >  JI Aa 0

(J)yHKLXHHHHHT O ypbe  a./lMaiIITHpHUJHHH TonHHr.

1 4
>K: F ( Z ) = -

-4z
•COSJIZ.

2. / (x )  = e  ■ ' ( x ^ O )  4>yHKUHHHHHr KocHHyc Ba OHHyc ajiMallitm- 
pHLUJiapHHH T o n H H r .

M * )  =  v 4

1. YuiSy

z2+ l
/ , ( * )

Z2+ l

10- MycTaK,uA uui

— 1 ^ x < 0  A a  e - *, 

f { x ) = -  0 < x <  1 i a  e1,

I x  | >  1 Aa 0

(j)y HKUHHHHHr O y p b e  aJIMaLUTHpHUIHHH TonHHr.

>K: F ( z ) = -
2 i

V 2n

z e —  s inz— 2C0S2

e( l -
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2. Yui6y

f ( x )

—  1 < X <  — 2 a a  — 1-

_ ± < x < ^  aa 0, 

1 fla 1

c|3VHKUHHHHHT O ypbe  CHHyC Ba KOCHHyC aJIMaUJTHpHlHAapH
HH T o n H H r .

s inz— sin—

>K: f c(z) = ------- z v „

COS--— COSZ

2 • a / 4 . m z ) = -

i. KaTopHHHr HKHHJiawyBMaHJiH

TonHHr:

9- nasopar uiuu

THHH HCOOT KHJIHHT Ba HHFHHAHCHHH

i . i .  2

1.3.

n =  1

oo

2

i____

n 2 - \ - 2 n

__14_____
49n2 — 14n — 48

1.2. 2

1.5. 2
n — I

OO

1.7. 2
n =  1 

oo

1.9. 2
n =  0 

oo

l . i i .  2
n= 0 

oo

1.13. 2
n=l

oo

1.15. 2
n =  1

oo

1.17. 2

4 n “ —  9

7

49rc2 +  7n— 12

1_______

4/i2 +  32/i +  63

1 ___

n2 +  7n +  12

1______

9 n2 +  15n +  4

7 _______

4 9 n 2 + 7 n —  12

6

9rt2 +  6n — 8

_ !  n2 +  1 In  +  30

1.4. 2
rc2 +  5n +  6

1.6. 2
n — 

oo

1.8. 2

9n2 +  3/i—  2
n — 1

24

n =  2 9/i2—  12/i —  5

l . io . 2
n =  0

OO

1.12. 2
n =  I

oo

1.14. 2
n =  0

n 2 -j- n —  2

4/i  ̂--f- 24 n “1~ 35

1.16. 2  ^

n=0 4/i 2 +  1 6 / !+  15

375



oo
1.19. 2 ________?_______

n =  1 16n2— 8n— 15

OO

1.21. 2 ------------------
n =  l « 2+ 1 3 «  +  42

OO

1.23. 2  '______ .
« =  i ft2 +  9n +  20

OO

1.25. 2

1.20. 2
„ =  I 9" +21n — 8

1.22. 2
„ = l  49n + 3 5 n — 6

1.24. 2
„ _ j  4n +  4n— 3

n = , 9ft + 2 1 n  +  10

1.27. 2
n =  1 n '  +  n - 1 2

1.29. 2 ---------— -
n =  1 " 2 +  4«

1.26. 2

1.28. 2

9 n — 3n— 2

„ =  i n + 4 «  +  3

1.30. 2
„ = l  ft" +  6n +  5

2. KaTOpHHHr HK.HHJiaUIHUJHHH TeKLUHpHHT:

OO

2.1. 2  — t g - U .

2.3. 2

3/- 
v «

n= I n2— Inn

2.5. 2  ( 1 — c o s— ) .
n — I ”

oo
2.7. 2

2.2. 2  s in —
„=1 V « 5 +  2

2.4. 2  a r c s i n— —^ .
(n + 3 )  ^

oo
2.6. 2  - r z r a r c t g - ^ — .

4V «

, 3n - 1 + n — l '
2.8. 2

rt=l

2 .9. 2 v" —  1 )-
„ - i  ^n+3

2.11. 2 s i n - ^ ± i _
« =  i n ( «  +  1)

2.13. 2  — U s in — . 
, y  «  ftn= I '

ft +  3

2.10. 2  l n ^ i i .
n =  l fl2 +  4

oo

2 . 12 . 2  * arctg--
n = \  V n ~\~2 n  H“ 5

2jt
oo sin----------

2 .14. 2 ____
v «

2.15. | _ _ L -s in -
„ _ 2 ' V «  +  5 "■

oo
2.16. 2  — L - a r c t g - ^
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2.17.

oo

2
n =  1

4 +  3n 

5" + f t

2.18.
00 2 i i 
2  In  "  + 1  .

n = ] n + n +  2

2.19.

oo

2
n =  I

(n2 +  3 ) 2 

n5 +  ln4n

2 .20.
oo J_
2  n ( e "  —  1 ) 2.

n =  1

2.2 1 . 2  \ ] n  a r c t g - L .  
» = i  n

2 .22 .
00 O „

V  n + 2  

n5 +  sin2” '

2.23.
oo

2
r t =  I

1
n - s i n — -— .

\ j n *

2.24.
00 „ 3 

2  In  .
n = l  n + 1

2.25.

oo

2
2" +  cosn 2.26.

oo

2  a rc tg --------
1

5 , --------------

n =  1 3" +  sinn "= 2 ( n —  !i ) V « 2+ i

2.27.
oo

2
n =  1

r t ^ g 5— . 
s  n

2.28.

OO

2  1 2 •
. n — cos 6nn =  1

2.29.

oo

2
n =  1

n 2.30.
OO

2 ----- -— sin-
1

n2 1̂ n + 5 n =  1 v «

3. K atopH H H r HKHHJiaiUHUlHHH TeKIUHpHHr:

V  3n(n 2—

. ft!n =  1

1)

V  ( « + D I  
"  3n +  5

n=  1

1

2n '

1 • 4 • 7 •. (3ft — 2)

"  7 - 9 - i r
n= 1

■ •• • (2n +  5)

oo "T
■y n

I 3" ' n= i

°° „ n V  n
^  (ft +  3 ) !

n = I

y  5" 

^  4 n ! '
n =  I

3.13. 2 ( » i r
2n2

3 .2 . |
fl_ ,  3"- ( n + 1 ) !

3.4. 2
n =  I

( n + 1 ) !

nr-  V  n- (2 n +  1)!
3-6- ^  -----(3^)1“

n — 1

3.8. 2
n — !

( «  +  2)t

nn

o i a  V  2 -5 -8 - . . . -  (3/ i— l )  

* ’ IU ’ ^  3* 7•  11 • ■  (4/2 —  1) *
n =  1

3.12 . 2 ^ i -
„ = i  V « - 2"

3 .14 . 2 arctg-^-

n!
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cx>

3.19. 2
n =  I 

oo

3.21. 2
n — 1 

oo

3.23. 2
n — 1 

oo

3.25. 2
r=  I

oo

3.27, 2
o=i

oo

3.29. 2

3 .1 7 . 2

n =  1

n n 3.16.
oo

V (/i !)2

(n!)2'
Zj

n =  1 (3" +  1) (2/i)!

5n( n + l ) !
(2«)! -

3.18.
oo

2
n== 1

(3/i +  2)l
10" • n2

5n—  1 
5" (/i +  1)!"

3.20.
oo

2
n = \

( i ) v

n

(n +  1)? 
/i!

3.22.
oo

2
n2 +  3
( « + l ) !

/i +  2 
n\

3.24.
oo

V nn

«=1 ( « + D !

2n
5"(2n— 1) ’

3.26.
oo

2
rt— 1

3 -5 -7-... • (2n +  1) 
2 • 5 -8 • •  (3/7 — 1 i

nl
(3 «)!'

3.28. 2
n=l

(2n  +  1) t g - ~ .
6

( « + i r 3.30.
VI
Zj

nl , i
(2/i)! V

ill

4. KaTopHHHr HKHHJiaLUHIUHHH TeKUIHpHHr:

4.1. 2
n= 1

/ /I+  2 \n2
\ 3 / i— i y

4.2.
oo

2
/7— 1

f  - nV 3 n  +  i ) '

4.3.
oo

2

n=l

3 / n  — 2 \ 3n 

Vn (  2/1+1 ) 4.4.
OO

2
AI —  1

(a r c s in
«  +  2  

2/i +  3

4.5.
oo

2
/T =  1

/  / i + 3  y 2 

V  2/1 J
4.6.

OO

2
n =  1

3/i

4.7.
oo

2
n — 1

/ 2 /i y 2

V  4/1 +  3 /
4.8.

OO

2
« =  1

/  «

\  3 n + l

y *  +  l

4.9.
OO

2
n =  l

/ 2 n + i  y 2

\ 3 n - 2  )  '
4.10.

oo

2
n =  l

^ a rcs in
1 \3«

2 "/

4.13. £ ( l + i ) ' - >

y-

°° n5 . S"
4.15. 2  —

„= .  (2« + ‘ )

4.17. 2
\6/i —3 n— 1 rt= 1 x

00 / 1 \2/i 
4.19. 2  (arcsin— ) •

n — 1

00 / I V
4.21. 2  (a rc tg -g ^ -)-

n — i

4-23. S ( l ^ f  ) > - ' ) ’
n - -1

v  A  11 V4.25.

4.27.

2 ( i s !  y
n =  1

n —!

418- 2 ('ST , ) '
rt—  i

OO , . O

4.20. 2 ( ^ ) " -
n= 1

oo / 9 , , \  /’ 2

" 22- ,5, ( v r r )  ■

oo

4.24. 2  2-’ “

00 / n \n2
4-2«- 2 4,‘ f e + r ) -

f’ — )

4.28. 1  g i f j l n  +  l ) 1.
rt=l

00 ;: +  2
4,30. 2

S ( ^ ) '

(2«2+ i ) n/2'

5. HuiopaJiapii HaB6aTJiaHyBMH KaTopiumr UiapTJIH Ba
HKHHJiaUIHUIHHH TeKUIHpHHr:

5.1.
oo 

2  ( -
n — 1

- i ) ,,( i - c o s ^ i )
5.2.

oo 

2  (
n =  1

i \ n n + 1

U  AIn3'

5.3.
oo 

2  (■
n =  1

- l ) " c o s ^ . 5.4.
oo

V, *
n =!

- I )  —  1 

n^jn

5.5.
oo

2  1
n =  1
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10-6 o 6

K A P P A J IH  H H T E T P A J IJ IA P

l - § .  AenapT  KoopflHHaTajiapMfla hkkh  yjmoejiH 
HHTerpaJi JiapHH XHCoSjiaui

10.1.1. z =  f ( x,  y ) = f ( P )  (JjyHKUHH L 4H3HK 6mraH MerapaJiaHraH 
eniiK D  coxsAa aHHKJiaHran Ba ysjiyKCH3 6yj\u6, Ast, As2, Asn —
D  coxshh n Ta ajieiweHTsp S y j ia n j ia p r a  SyjiHiu H3th>K3cha3 xocha 
S y j iraH  io3Hajiap SyjicHH. X a p  KaftcH As,- s j ieM eH rap  C0X3A3 HxraepHH  
P i (x i ,  yd nyKTaHH T3hjishmH3 Ba (})yHKU,HHHHHr P i  HyKTaAare khhms- 
thhh xhco6ji36, ym 6y  KynaftTMaHH Ty3aMH3:

f ( P i )  ■Asi =  f(xi ,  y, ) Vs,.

IlIyHAaH KynaftTMaJiapHHHr 63pM3CHHHHr

n oo

I > f ( P i ) & S ~  V  j [ x  . y ) \s
i  =  1 i — \

hhfhhahch z =  f (x, y ) = f  ( P )  (jjyHKUHH yqyH D  coxsAsrn  unreapaA  
uuFundu  AeftHJiaAH.

As,- aJieMeHTap ro34ajiap cohh 4eKCH3 opTTHpHjica, y  x o a a s  yjiap 
AHaMeTpjiapHHHHr sh t KaTTacn hoa ts  h hth a  ra HAa rn HHTerpaJi 
hh fhhahhhhf jihmhth z =  f ( x,  y)  (})yHKLi,HHAaH D  coxa 6yftnua ojim Hrah 
ukku yah08mi  unreapaA AeHHAaAH Ba 6ynAafl SeJirHJiaHaAu:

f ( P ) d s  eKH (x, y)ds.
D

l i lyH A af i  khjih6,

[ [ f ( x , y ) d s  =  l im  £  f (X;, y,) A s ,
jj ' maxdiamAst--*-0 |

ByHAa D  —  HHTerpaAJiaui coxacH, f ( x , y )  HHTerpaJi ocTHAarn (J)yHKUHH, 
ds K)3 ajieMeHTH AeHHJiaAH. ZleKapT KoopAHHaTaJiapnA.a ds =  dxdy 
SyAraHJiHTH yMyH hkkh yjmoBJiH HHTerpaA

f ( x , y )  ds =  ^  / (x, y)  dxdy
D

SyjiaAH.

382 )

Aran f ( x  u )  > 0  6vjih6, v  —  nacTAaH HHTerpaAAaiu coxacH  
D  6 h a 3 h K)KopHAaH D  r a  n p o e K iu «u i a HyBMH z = j ( x ,  y)  chpthhh f 
6V A 3 TH 6HA3 H / e H  T0M 0H A3H  3C3 HC0BMHA3P H Oz  y K K 3  H 3 P aJJAeA B3 
HyH3ATHpyB4HCH D  C0X3 MerapaCH L  AaH  H60P3T UHJ1HHAPHK CHpT 

6HA3H qer3p3J13HT3H >KHCM XaW MH 6yjICHll .  y  XOJIAa

v = ^ f ( x , y )  dxdy.
D

Aran  f ( x  u) =  1 SyAca, y  xojiAa hkkh  yAMOBAH HHTerpaAHH Hr 
KHHM3TH COH’ >KHXaTAaH HHTerpaAAaiu C0X3CH D HHHT S I03Hra TeHr 

6 y A a A H ,  H-bHH

U d x d y =  U  ds =  s.
D D

Aran  f i x  u) cbyhkuhh  D  coxara  >KOHAamraH nAacTHHKa MaccacH 
T a K C H M A a H H U iH H H H r  SHM AHrHHH H4> o A a A a c a ,  y  W  HKKH y jm O B JIH  

H H T e r p a A  u i y  r u ia c T H H K a  M O A A a c H H H H r  M a c c a c n  M  hh  O e p a A H .

M  =  (x, y ) dxdy =  J  f (x, y)ds.
D D

10.1.2. H k kh  yAMOBJiH HHTerpaAHH XHeoSAam  HKKHTa aHHK 

H H T e r p a A H H  K eTM a-K -eT  x H C o S A a u i r a  K e A T H p H A a A H .

45- rnaK Ji

A ra p  D  coxa y =  y { ( x ) ,  y =  y z { x )  4>yHKUHHAapHHHr rpac})HKAapH 
x a M A a  x  =  a B a  x  =  b TyppH  4 H 3 H K A a p  6 h a 3 h  q e r a p a A a H r a H  (45- m a K J i ) ,  

H"bHH

a <^x< ^ .b

y i (x )

TeHrCH3JlHKAap 6HA3H 3HHK,A3Hr3H 6yAC3, y  X0JIA3 HKKH yAMOBAH 
HHTerpaA KyflHAarn 4>opMyjra epAaMHAa XHCo6jiaH3AH.

- y 2(x)b y2 ^ ,  u 2̂^

\ [ f ( x , y ) d x d y = \  \ f { x , y ) d y  d x = \ j dx   ̂ f ( x , y ) d y .  

D a L v iW  J  a y]iX)

383



5 /(■*> y)dy
y t (x)

uhku UHTeepaA >e6 aTaJiaAH Ba yHH XH Co6jia iiiAa x  hh y3 rap M ac  Ae6, 
HHTerpaJiJiaui y 6yftH*ia cwih6 SopHJiaAH. H hkm HHTerpajiHH XHCoSjiaui 
HaTHJKacH TaiuKfii UHTeepaA yqyH  HHTerpaJi octh  (|)yHKUHHCH SyjiaAH . 

A ra p  D  co x a  KyftHAarH

By epAa

y2 ( * )

{

c ^ y ^ d  

x i (y)  ( y )

TeHrcH3JiHKJiap 6h ji3h  aHHKJiaHraH Sy j ica  (4 6 - uiaKJi) hkkh vjiuobjih  
HHTerpaJi y u i6y

pp  d - j  d *!<#)

) ) f ( x ’ y ) d x d y = ?   ̂  ̂ f ( x , y ) d x  \ d y =  ^dy  ^
D  c  L  *1 < » )  J  C x ,  (Jl)

f ( x , y ) d x .

4>opMyjia epaaM H Aa 'HKKHTa 3 h h k  HHTerpajiHH XH Cofijiam ra KeJiTH
pHJiaAH.

A r a p  D  co x a  4 7 - uiaKJTAa K yp cam n raH A arH A eK  x = a ,  y =  c, x  =  b, 
y = d  HH3HKJiap SnjiaH  <j)aKaT S n rra  HyKTaAa Kecnu ica , y  x o jiA a  hkkh 
yjinoB jiH  HHTerpajiHH XHCofijiauiAa lOKopHAa KeJiTHpHJiraH x a p  HKKaJia 
<J)opMyjiaAaH xaM  (JjoftAajiaHHiu MyMKHH 6yj\vt6,

b «2(*) d «) 

\ y ( x , y ) d x d y = ^ d x   ̂ f { x , y ) d y = \ j dy  ̂ f ( x , y ) d x
D  a y 1 ( * )  c  X t ( y )

TeHTJIHK ypHHJIH SyjiaAH.
A r a p  HHTerpaJiJiaui co x a cn  48- maKJiAa KypcaTHJi ra  h a s  th  a sk  

KOHTypra a ra  S y jic a , y  x o jiA a  hkkh yjmoBJin HHTerpajiHH XHCo6jia iu  yuyH 
c o x a  x = x 0 hh3hk SHJiaH S y jiaK J iapra  6yjiHHH6, ioK opH A ath  <J>opMyjia- 
JiapAaH (})OHAaJiaHHJiaAH.

384

§  { x — y ) d x d y ,
D

6y epAa D  c o x a  y  —  2 — x 2 Ba y =  2 x —  1 *iH3HKJiap fiHJiaH w r a p a J i a m  an.
E m u  ui. D  coxaHH 4H3aMH3 ( 4 9 - uiaKJi). Yhh ^4(0, 2) a<i Oy.iiiiii 

y =  2 — x 2 n a p a 6 o j i a  O y  yKKa HHc6aTaH chmmctphk  
y  — 2 x —  1 T y rp n  mh3hk 0HJiaH HKKHTa: B  (1 ,  1) Ba C  ( —  ii, — 7 ) myk, 
xaJiapAa KecHiuaAH. HHTerpaJiJiaui coxacn D  yui6y T e i i i T H ^ m M a p  

OHCTeMacH SnjiaH  aHHKJiaHaAH:

—  3 <  x <  1 

2 x —  1 2 — x 2

H kkh  yjmoBJiH HHTerpajiHH XHCo6jiaftMH3:

1 2 -/  I t

Q ( x  —  y ) d x d y =   ̂ d x   ̂ (x — y ) d y =   ̂ [ x y  —  -^y2]  |^ xdx--~

1 - m h c o j i . H k k h  y jm o B J iH  H H T e rp a jiH H  x w c o S j ia H r :

{

D - 3  2x— I - 3

1
dX=  J j x ( 2 - x 2) - ~ - ( 2 - x 2) 2- x ( 2 x - l ) + | ( 2 x - l )

- 3

=   ̂ ^2x — x 3— 2 +  2x2— |— 2 x2+ x  +  2x2— 2 x + ^ c / x ~

- 3

I

=  U ( — - j X 4— x 3+ 2 x 2+ x — \ } d x  =

=  I > - £ .

2- m h c o j i .  Yui6y

i l - * 2
 ̂ d x   ̂ f ( x , y ) d y

- V 7 I 7

HHTerpajiAa HHTerpaJiJiaui TapTHdHHH y3rapTHpHHr.
E h h i u .  HHTerpaJiJiaui coxacn 0  yuifiy TeHrcH3JiHKJiap chctgmhch 

opKaJiH aHHKJiaHaAH:

r —  i < x <  l,

[ —  y  1 —  x 2 1— x 2

By coxaHH HH3aMH3 (50- uiaKJi) Ba yHH D\ Ba D 2 c o xaJ ia p ra  a>KptiTaMH t 
By coxaJ iap  KyftHAarH TeHrcH3JiHKJiap CHCTeMajiapH 6HJiaH a H H M i iu u  

A H J ia p :

25— 665 385



D r -
1,

\ —  y i —  y  s ^ x :  

y  xo jia s

i - /

+  V > - » :  " "

1 / v i - y

50- uiaKJi 

—  0,

V i - t / 2 < x <  +  y i

c  c  ‘ p ' V * 2 + ^ 1
J *  \ _ J {x ' ^ dy = \dy  J f ( x . y ) d x +  \ d y  J f ( x , y ) d x .

- V i  ^ 0 -  v '-/ ' - '  v i  '/

1- dapcxona ToniuupuFu  

1. HHTerpajuiapHH XHCoSjiaHr:

3 x  4 e

a )  ^dx  ̂ ( x  — y)  dy,  6 )  ^ d x ^ x l n y d y ;

1 ' 3 0 1

B)  ̂ dy S { x + 2 y ) d x .
Z - 4

>K ; a )  1 1 2 - ^ ;  6 )  8; a )  50~|.

2. Hkkh yjinoBjiH j^ / (x ,  y ) d x d y  HHTerpajiHHHr HHTerpaJUisiu coxs- 

ch I ) :
,  a )  x = 3 ,  x = 5 ,  3x —  2t/ +  4 =  0 Ba 3x — 2 y - ( - l = 0  TyrpH HH3HKJiap 
. OHJiaH;

6)  x 2 +  w2 — 4 t/ = 0  4H3HK SnjiaH;
B) y = x  +  1, x = 0 ,  x-\-y =  4 MH3HKJiap SnjiaH nerapajiaHraH- Hhkh/ 

Ba TauiKH HHTerpajuiapHHHr HHTerpaJiJiam nerapajiapHHH aHHKJiaHr.
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3. K y ftHAarn  h k k h  yjiMOBJiH H H Terpa ju iapA a  HHTerpaJiJiam TapTHSn-  
iiii y irapTHpHHr:

2 2x1 i y r r
;i) ^dy \j f ( x , y ) d x \  6 ) ) d x  ) f ( x ,  y ) d y ;

0 »
1 I-./

” ) $ f { x ,y )dx .

0 - V T 3 7

4. KyHHiiarH HHTerpaJi JiapHH xnco6ji3Hr:

а )  ^ ( x 2 +  y )  dxdy, 6y epAa Z) coxa y  =  x 2 B3 y 2 =  xHH3HKJisp Shjish

D
M erapajiaHraH .

б )  dxdy , 6y  epAa Z) coxa  x  =  2, y  =  x, x y =  1 HH3HK,Jiap Shjish

d y
iK 'rapaJiaHraH.

>K: a) T ^ ; 6) T
5. y =  x 2 —  2x, y  =  x  h h sh k j i sp  6HJiaH HerapaJiaH raH  io3hh 

XncoSjiaHr:
>K: 9/2 k b . 6 hpji.
6. z  =  x 2+ y 2, x  +  y = l ,  x  =  0, y —  0, z  =  0 CHpTJiap 6nJiaH 

M erapa j iaH raH  >khcm xa>KMHHH XHCoSjiaHr.

>K: —  Ky6 6npji.
6

7. A ra p  x = ( y —  l ) 2, y =  x —, 1 4H3HKJiap SnJiaH nerapaJiaHraH 
moaahh njiacTHHKa MaccacH TaKCHMJiaHHiiiHHHHr 3H4JiHrH y =  y  Sy/ica, 
yHHHr MaccacHHH aHHKJiaHr.

27
>K: —  M acca  6npji.

1- Mycrat^uA uui  

1. K y H H A a ra  hkkh yjmoBJiH HHTerpaAAapHH XHCo6jiaHr:

а )  ^  (cos2x  +  s iny ) dxdy, 6y  epAa D  coxa  x  =  0, y —  0.
D

4x +  4y  —  n =  0, y  =  0 HH3HK,jiap 6 h a 3h MerapajiaHraH;

б)  ^ y ln x d x d y ,  6y  epAa D  coxa  x y  =  1,, y — ^Jx, x  =  2 HH3HKJia 

d

SHJiaH Merap3JiaHr3H.

b )  ^ s i n ( x  +  y )  dxdy, 6y  epAa D  coxs  x  =  0, y = y -  y =  x  hh

D ' . - •

3HKJi3p 6 h a 3 h q e r a p a j ia H ra H .



r )  § x d x d y ,  6 y  epAa £> c o x a — y n j i a p n A ( 2 ,  3 ) ,  B (2 ,  7 ) ,  C (4 ,  5 )  h v k -
D

Tajiapaa SyjiraH yqftypqaK.

>K:  a )  \ ( n + \ - 2 ^ 2 ) \  6 ) | ( 2 1n2 - l ) ;  b ) 1 ; r )  26.

2. HHTerpaJiJiau i TapTH6 HHH y3rapTHpHHr:

 ̂ ^~x i ~\/1 —x2
a ) \ d x  J f ( x ,y )d y ;  6) \dx (  f ( x , y ) d y ;

- 6 Z_.  0

. 1 + V,-/
B) \dy J f ( x , y ) d x \

0 2 - y

y  Va-^2 0 J?

r ) j  d x  \ f ( x < y ) d y +  \ d x \ f ( x ,  y)dy\
-V 2  0 - 1 0

1 $  -yz
j r fy  j  /(jc, y )d x -\ -  \ dy   ̂ f ( x , y ) d x .
0 0 I " 0

XHCo6j i ; fH n 2 _ * ’ y 2 = 4 x  +  4 HH3tl^ a p  S h jish  H erapa jiaH raH  ioshh

KB. SHpjI.

4. X -\-y2=  1, 2 =  0, x  +  y -\ -z  =  4 cnpTjiap 6nJiaH neraoajiaHraH 
WHCM Xa>KMHHH XHCoSjiaHr. H n dxl 4ei dpaJI3HraH

>K: 4rc Ky6. fiHpJi.

2 -§ . .HeKapT KoopflHHaTajiapHfla y*i y jiioB jiu  
HHTerpajiJiapHH XHcoSjiaui

^  M-2; 1- /(*.  y, Z )  = f ( P )  4>yHKUHH O CHpT SnjiaH HerapajiaHrsh enHK 
cpaaoBHH y  coxaaa  aHHKJiaHraH B3 y3JiyKCH3 SyjiCHH; A v u A v 2,
A v n £2 C0X3HH n Ta S y jiaK J iap ra  SyjiHiu H3TH>K3CHAa xoch j i  6yjiraH 
coxajiapHHHr x a w M jia p H  6yjicHH, xap KaficH Av< coxanaAa HXTHepnft 

\x ‘. yi. 2 ,) HyKTa hh T3HJI3HMH3 Ba (J)yHKiiHHHHHr P , h y k t s a s t h  
KHHM3THHH XH Co6jia6, y ill6 y  KynaHTMaHH Ty33MH3:

f ( P i )  A  Vi =  f ( x i ,  yi, Zi) A  Vi.
KyftHAarH

2 f ( P )  A Vi eKH £  f ( x i ty i tZi ) A v t 

t Z T j l t i , ^ ) = n P )  W  °  <=< «  SyftitHa u H retpw . itu-
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f ( x ,  t/, z ) = f ( P )  4>yHKUHHHHHr £2 coxs  SyftHMa yn ynnoeAU 
umwp'cuiu  ae6 HHTerpaJi hhfh hah hh Hr 3JieMeHT3p coxsJisp AH3MeTpjis- 
pilHHur 3Hr KaTTacH HOJira hhth jisah AeraH mapTAara jihmhthtb 

jiilrHJiaAH:

[\\f(x, y, z ) d v =  lim 2  f ( x it yt, z ) A v r
JJJ maxdiamAu,-»-0 ; _ iQ i i~  i

U o K a p T  K oop AH H 3 T3 J i3 pH A a  yn  yjiHOBjiH HHTerpsJ i \ ^ f ( x ,y , z )d x d y d z
Q

KypHHHiiiAa  e3HJiaAH.
10.2 .2 .  Y h  y jmoBJiH  HHTerpa j iH H  X H C oS j iam  yH T a  aHHK H HTerpa jiHH  

I'KH SHTTa HKKH yjlHOBJIH Ba 6HTTa aHHK HHTerpa j iH H  KeTMa-KCT 

x,HCo6Jiainra KeJiTHpHJiaAH.
A ra p  Q coxa , yui6y

a ^ L x ^ b ,  

y xi x ) < y < y 2 (* )>  
z {{ x , y ) ^ z ^ z 2 ( x ,y )

reHrcH3JiHKJiap CHCTeMacH SHJiaH aHHKJiaHraH 6 y j i c a  ( 5 1 - i u a K J i ) ,  
y  x o j iA a  y n  y j ih o b j ih  HHTerpaJi Ky ftH AarH  ( } ) o p M y j ia  SyftHMa x n c o o j i a -  

iiaAH:

t, (x) *2 (x• y) 

f (x, y, z ) d x d y d z =  ^dx  ̂ dy  ̂ f ( x , y , z ) d z .
a i/| (at) Z| (x, yt

eKH

Z2 (X. y)

f  ( x ,  y, z ) d x d y d z = ^ d x d y   ̂ f ( x , y , z ) d x .

*i (*. y)

M h c o j i .  Y u i6y  ^ zd xd y d z  HHTerpajiHH XHCoSjiaHr, 6y  epAa

a
Q  coxa  x  +  y +  z =  1, z  =  0, y =  0, x  =  0 TeKH cji h kji a p 6h ji3 h 

M erapajiaH raH .
E 4 h ui. HHTerpaJiJiau i coxacn Q  hh 4H3aMH3 (5 2 - m aKJi). B y  coxa 

yuu6y  TeHrcH3JiHKJi3p cncTeMacH opK3JiH aHHKJiaHaAH:



z

BepHJiraH yn  y jm oB jm  HHTerpaJi n y f i n a a n m a  XHCoSjiaHaAH:

\\\?dxdydz =  \dx  J dy  J " z d z =  \dx  ( A  \ ] ^ ) d y

o o

= ± \ c , x  I

= - I S ( - ( i - ^ ) 3) ^ =  | ( . ( i - * ) 4 I J _  
4 I o/ 24 '

2- dapcxona  Tonuiupuru

1. y n  KappajiH HHTerpaJi jiapHH XHCoSjiaHr:
1 x xy

1. ^dx  ^dy ^ x 3y 3zdz.
n n n

>K:

0 0 0
1

110'
e —  1 e — x — 1 x + y ^ + e

2. J d x  J- dy  J

0 0

In (z  — x  — y)

( x  — e) ( x  +  y —  e)
dz.

3 ‘ \\\xydxdydz  y q y ^ o B j i H  HHTerpajiHH XHCoSjianr. B\

rnnepSoJiHK napadojioHA xaMAa x  +  u =  
2 — U ( z ^ 0 )  TeKHCjiHKjiap SHJiaH HerapajiaHraH.

)K :
180'
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t

i

r ep jxa 

1 Ba

4. [ [ [ y co s  ( z +  x ) dx dyd z  yH yjmoBJiH HHTerpajiHH xnco&naHr. By

,'pjia Q  coxa y =  ^ x  uhjihhap Ba y =  0, z — 0 xaMAa x  +  z 2 Te- 

KHCJiHKJiap SnjiaH uerapajiaHraH.

M7 . _____L
16 2 '

2- MycraKfUA utu

y q  KappaJiH HHTerpaJi JiapHH XHCo6jiaHr:
3 2x V V

1. ^dx  ^ d y   ̂ zdz.

4

o o 
81

2. yu yjmoBJiH HHTerpajiHH XHCoSjiaHr. B y  epaa

11 coxa  l = x \  x = y \  z =  xy Ba z  =  0 CHpTJiap 6h ji3 h  n e ra p a J ia H ra H .

3. ^ ( 2 x + y )  dxd y d z—  y^ yjmoBJiH HHTerpajiHH xncodjiaHr. By epaa 

J2 coxa  ° y = x ,  x = l \ = U  Ba z = \ + x 2 +  y2 CHpTJiap dHJian le ra p a -

jiaHraH.

yK- i l -  
6 0 ’

3- §. Hkkh yjmoBJiH HHTerpaJifla y 3rapyBHHJiapHH
aJIMaiUTHpHUI

10.3.1. H k k h  KappaJiH HHTerpaJi \ ^ f ( x , y )  dxd y  A a  y3rapyB H H -

D

jiapHH aJiMauiTHpHiu KyiiHAarH

x  =  x  (u,  v ) ,  y =  y  (w, u)

MVHOca6aTJiap epAaMHAa aMajira ouiHpHJiaAH. By epA,a x  ( u , v )  Ba y (u,  
v)  D  c o x a A a  y3AyKCH3 6 h P hhmh TapradJiH xycycnft  x p o u ia J i a p r a  a r a  

<J)y h ku.h ha  a p ■ lO K o p H A a ra  MyHoca6aTJiapAaH  u Ba v ysrapyBRHJiapHH  

nro H a  ycyji  6 h ji3h

u =  u (x,  y ) ,  v =  v ( x,  y )  

KYPHHHiiiAa tohhlu  MyMKHH 6yJiCHH. y  xcviAa Ox y  KO°P ^ HHa™ P  
S h c j . . ™ ™  D  cowHHHr xap 6 „p  P ( x .  y )  HyKTac„ra » h ™  0 , u °  j y f p »
6ypqaKJiH KooPAHH3T3JiaP CHCTeMacHAarn 6 h P oP P ( u ,  v )  H y K j . m o c  
KeA3AH. X a M M a  P ( u , v )  HyKTaJisp ryn jiaM H  dnpop eiiHK D  coxaH H  xochji

KHJiaAH.
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A r a p  H k o o u c l h ,

dx dx

du dv

dy dy
du dv

O w ica , y xo/ma h k k h  wmoBJiH HHTerpaji yMyH y u i6 y  V3rapyBqH^aDHH 
a-'iM anm ipm u (j)opMy./iacn ypHHJiHAHp:

JJ/ ( x ,y )  d x d y = § f  (x (u,  v ) , y (u, v ) ) |I\dudv.

1 - M H c o . n .  y iu 6 y  hkkh y./moBJiH H H ierpajiH H  y3rapyBqHJiapHH 
ajiMa u itHpHiu ycy./jH/iaH 4>OH/iajiaHH6 XHCoSjiaHr:

\\ (x +  y)dxdy,

6y ep a a  D : y  — x 1, y — x-\-2, y = — x — 2 Ba y = — x  +  3 MH3H M a p
OHJian M erapa.aanraH co x a .

E q h uj. Oxy TeKHCJiHKAarH..D coxaHH h h33 m h 3 (5 3 - IIiaKJl) Ba

u— y — x, 
v =  y +  x

h h t h  y3 ra p y B im,/iap K H p H T a M H 3 .  y  xcuiAa Oxy TeKHCJiHKHHHr 

y =  x I ^a  y =  x ~ {-2 T yp p n  MH3HK^iapHra 0\txv TeKHCJiHKHHHr moc 
x o jm a  « =  — 1 ea  u =  2 TyFpH HH3HK.jiapH, y = — x — 2 Ba 
y ~  x-\~3 ryrpH  4H3HKJiapnra sea  y = = — 2 Ba y  =  3 T y rp n  ^H3HK^iap 
moc KejiaAH. D  coxa  aKc/iaHa/iHraH hh th  D  coxaHH 4h33mh3 (54- m a m i). 

x  Ba y y3rapyBTOJiapHH u Ba v Jiap opKajiH  ntyonajia6,

X =  J  ( v  — u) ,

y =  - j  ( v + u )

Hko6h3 hhh xnco6jiafiMH3:

dx dx 1 l 1
du dv  I 2 2II

1 1
du <; J 2 2

H"bHH

I 392

54- uiaKJi

MHTerpajiJiaiu coxacn D  Ky nn/ia th TeHrcH3JiHKJia p cncTeMacH 
o p K a J iH  a H H K J ia H a / iH :

J —  1 <  u <  2,

{ —  2 < u <  3.

ZlewaK,

2 3

55 (x  +  # ) dxdy — j v d u d v  =  y   ̂ du  ̂ vdv =
O -  -1 -2

D

= i  1 ( i v 2 l 3- , ) d u = i  5 ( 9 - 4 } d u = j - u \ ^ = f .

10.3.2. M a'w iyM KH , TyFpn SypnaKJiH x, y Ba K.yT6 r, cp KoopflHHaTa- 
j i a p  y 3 a p o

{

x  =  rcoscp, 

y= z  rsincp

wyHocaSaTjiap 6»J ian  6oFj>aHraH. By epaa r ^ O ,  2n.
H kkh yjmoBjiH HHTerpajr^a TyFpw 6yp4aK/iH Koop.HHHaTajiapzi.aH 

k v t6 Koop/iHHaTa^apra vthlli KyHH^arn cjjopMyjia opnaJiH aMa^ira 
oumpHJiaiiM:

§ f ( x . y ) d x d y  /-sirup) rdrdip.
1) ~~

I)

MuTerpajiJiam Merapajiapn O KyTfimiHr Ba3miTnra Sofjihk 6yjiaziH.
a ) Arap O KyTO (p =  a  Ba i | = p ( a < f J )  nypjiap xaMjia r =  r\ (y )  Ba 

r =  r2 (<f ) (r, (q)) < r 2 (tp )) 4H3HK.iap 6nj\au uerapajiaHraH D  coxa T a u iK a -
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pHCHfla e ic a ,  hkkh yjmoBAH HHTerpaA KyHHAarn cj)opMyjia 6hj jsh  
x,Hco6jiaHaflH:

P '2<<P)

[ \ f ( x , y ) d x d y = [ d < { i   ̂ /(rcos<p, /-sirup)rdr.
O a rt (<p)

6 ) A ra p  O  K,yr6 D  coxa  H^HAa * 0HJiamraH 6yjica Ba 6y coxa 
nerapacH K,yT6 KoopAHHaraJiap CHereMacHAa r  =  r((f>) KypHHHiura ara 
Syjica, y  xoAAa hkkh yjimobjih HHTerpaA y in6y (JmpMyjia SyHH^a 
XHCofijiaHaflH:

ff 2f T\\f (x, y ) d x d y =  \ dq> \ f (rcos<p, rsintp) rdr.
D 0 0

b )  Arap 0  Kyx6 <p =  a  Ba (p =  p ( a < p )  Hypjiap SunaH nerapaJiaHraH 
D  coxa HerapacHAa e T c a ,  uiy 6ha8h Snpra, nerapaHHHr KyT6 
KoopAHHaTajiap CHereMacHAa TeHrjiaMacn r =  r((p ) KypHHHWAa 6yjica, 
hkkh yjiMOBjiH HHTerpaA yui6y <J)opMyjia SyHHHa xncoSjiaHaAH:

y )d xd y =   ̂ /(rcos<p, rsintp) rdr.
D a 0

2 - m h c o j i . y m 6 y  h k k h  y jmoBAH HHTerpaAHH x,HCo6jiaHr:

^ x 2+ y 2dxdy,
D

6y epaa D  coxa x2-\-y2^ a 2 AOHpaHHHr 6hphh™ Hoparn.
E m hu i. A ra p  HHTerpajuiaui coxacn D  Aonpa eKH yHHHr 6yjiarn 

SyAca, Kyn HHTerpaAJiap Kyr6 KoopAHHaTa-napHAa 0coh  XHCofiAaHaAH. 

BH3HHHr xoAAa 0  KyT6 D  coxa ^erapacHAa >KOHJiaiuraH (6 ) xoji) .  D  coxa 
KyT6 KoopAHHaTaJiap cncTeMacHAa ytu6y TeHrcH3AHKJiap CHCTeMacH 
opKajiH aHHKAaHaAH (55- lhbka ) :

i leMaK,

Q-\J-x2+ y 2 dxdy  =  r 2cos2cp +  r 2sin2cp rdrdq> =  ^  r 2drd ( f  =

"/2 „3

=  \ ^ \ r 2d r =  S (| / -3 |“ ) d(P =  I S  a ^ = ^ v \ l "  
0 0 0 0

3- m  h c o a . yu i6y  HHTerpajiHH xncoSAaHr:

^ l n  ( x 2-\-y2) dxdyt

394

55- rnaKJi

y
. 2 2x =a

^  .
0 a X

56- maKJi

fiy e PAa D  coxa * 2 +  y 2 =  e2 Ba x 2 +  y2 =  e4 AonpaAap opacHAara

x,aAKaA3H HSopaT.
E q h ui. D  coxaHH HH3aMH3 (56-iuaKJi). K,yT6 KoopAHHaTaAapHAa 

I )  coxa qerapacH r =  e Ba r =  e2 KypHHHiura ara. 0  Kyr6 MerapaAaH 
TauiKapHAa eiaAH ( a )  xcwi). u

HHTerpaAAa K,yT6 KOopAHHaTaAapnra yTaMH3.
2n e2

^ \ n ( x 2+ y 2) d x d y = § \ n r 2-rdrd<p =  2§ r\ n rd rd < i> =  2 J dcp Jlnrdr.

H mkh HHTerpaAHH XHCo6jiaftMH3:

u =  lnr; d u = —  dr
r

dv  =  rdr ;  v =  ̂  r 2

j j y  r 2~  d r = - ~  ( e 4ln e2— e2\ne) — ^   ̂r d r  —

e e

=  ± ( 2 e - S ) - y \ i ~ i

IUyHAaH k,h a h 6,

2jl 2 2f 
§ \ n ( x 2+ y 2) d x d y  =  2 \ ~ ( 3 e 2- \ ) d y = \ e 2(?>e2-  1) ] d ^ -

± e 2 ( 3 e 2 _ 1 ) ( p  | *“ =  n e 2 ( 3 e 2 _ 1 )
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3- dapcxona Toniuupuru

KyftHAarH hkkh yjiHOBjiH HHTerpajuiapHH KyT6 KoopAHHaTaJiap 
CHCTeMacHra y ra6 , XHCoQjiaHr:

^  SS ( ^ ~ ^ ^ dxdy ’ 6y e P-aa D  coxa x 2 +  y2^ n 2 aonpa;

6) ^  e PAa D  coxa y =  -\j 1— x 2 Ba y =  0 MH3HK,jiap

Shjihh MerapajiaHraH;

§  ( x 2+ y 2)dxdy, 6y epAa D  coxa x2 +  y2 =  2ax mhshk, 6hji3 hb )
D

MerapajiaHraH;

r )  f f  sin ^ h ± y _ d x d y  ̂ g  e  D  CQ^ a  x 2_|_ 2

i J AJ j + y 2 ■■ 9
dxdy, 6y ep^a D  coxa x 2+ y 2= ~ B a  x2 +  y2 =  n2.

MH3HMap 6 hji3h HerapajiaHraH.

>K : a )  2 k 3; 6 )  - j n l n 2'y b )  | n a 4; r )  3 n .

2. H kkh yji'ioBJiH HHTerpajiHH \HCo6jiaHr:

'§j { x + y )xd x d y ,  6y epaa D  coxa  2 x + y = l ,  x — y =  2, 2x +  y=2>,
D

x — y —  —  1 TyFpH MH3HMap 0HJiaH tierapajiaHraH.
>K: 2,5.
3. r =  asin2<p, a > 0 mh3hk SHJiaH ^ e ra p a J ia H ra H  u iaK ji  io sh h h  

XHCofijiaHr.
) K :  n a 2/2  k b . 6 h p j i .

3- MycraKfUA uiu

1. KyHHAara HHTerpaJUiapHH K,yT6 KoopAHHaTajiapnra yTH0 
x,HCo6jiaHr:

3 * S W x 2 + y2 d x d y ' 6y epAa D  c o * a x2 +  LJ 2 =  q2 83 x '2 +  y 2 =  4a2 4h-
D

3H M ap  SH.iaH Merapajiam aH;

6 ) ^  a rc tg^dxdy,  6y epiia D  coxa x2-\-y2=  1, x2 +  y2 =  9,

(/ =  — = * , y =  -J3x  MH3HMap 6HJiaH werapa;iaHraH xaJiKaHHHr 6np
V3

K.HCMH.
14 _3 . « \  1 _ 2>K: a )  —  n a 3; 6 )  —  n 
.3 o

2. A ra p  Z) coxa  jc +  «/=1 , x — y =  1, x +  y  =  3, x — y =  —  1 Tyrpn 
liH3HKJiap SnjiaH MerapaJianraH KBaApaT 6yjica,

^ (x  +  y ) 3 (x — y ) 2dxdy

HHTerpajiHH XHCo6jiaHr. 

* = - £



1 1 - 0  0 0

3 rP H  HH3HK.J1 H MHTErPAJIJlAP BA 
CHPT HHTEfPAJlJIAPM

l -§ .  Bhphhmh sa  hkkhhmh Typ arpH 4H3HK.JIH HHxerpaJiJiap

11 . 1. 1. f ( x ,  y )  = f ( P )  cJ)yHKU,HH A B  h c c h  c h j i j i h k  arpH m h s h k h h h t  
6a p n a  H y K T a j ia p n i ia  aHHKJiaHraH Ba  y 3JiyKCH3 SyjiCHH; 6 y  eftHH 
y 3yHJiHKJiapH A h ,  A/2, • ••, A /„  6 y j i r a H  n ra  aJieM eHTap e ftM a Jia p ra  
6 y j iaM H 3 . X ,ap  KancH  i-6 y j ia K f la  HxraepH H  P i (xt, yt) HyKTaHH TaHJiafi 
a n h 6 , (JjyHKUHHHHHr P i HyK,TaiiarH k,hhm3 t h h h  moc ajieivreHTap enna  
y 3yHJiHTHra KynaHTHpaMH3 . B y  KynaHTM aJiapHHHr y u i 6 y

2 / ( P , ) A / , e  kh i f i x t . y ^ A l ,
i'=I (=1

KypHHHiiiHAarH hhFHHiiHCH f  (x,  y )  = f ( P ) (})yHKUnH y^ y H  A B  eft 6y\m na  
UHTeapaA uuFundu nevmJiajxn.

B y  H H xerpaji  h h f h h a h h h h f  ajieMeHTap e H ^ a j i a p  y 3yHjiHKJiapHHHHr 
3Hr KaTTacH HOJira HHTHJirsHflsrH j ih m h th  6upuH.Hu Typ aepu hu3u>^au 
u n re z p a A  eKH eu  y 3yn A u zu  6y u u n a  aepu h u su ^ a u  u n re z p a A  jie P iiiJia w -

\ f ( x , y ) d l =  l im  2  f  ( x h y t) A h
J  maxA/--»-0 t =  j

AB

eKH

\ f ( P ) d l  =  l im  i f i P ^ A l ,
 ̂ maxA/—»-0 t-_ j

A B

A r a p  A B  a r p n  m h3hk (j)a30i i a  6 e p n j i r a H  6 y j w 6 , 6 y  arpH mh3h k  

6y n n a 6 y 3J\yK cm  f ( x ,  y,  z)  = f ( P )  (})yHKUHH Sep H JiraH  6 y j i c a ,  y  x c u m a :

r "
\ f ( x , y , z ) d t —  l im  2  f  (x,, y t, z t)  A h
 ̂ maxA/̂ -vO j _  j

A B

eKH

' \ f ( P ) d l  =  l im  i f ( P t) A l ,
 ̂ maxA/—>-0 j

A B

398

IJhphhhh Typ arpH mh3hk,jih HHTerpaJi A B  eft KaflcH HyHajinuifla yTH- 

jiHLUHra 6ofjihk, aiviac, hi>hh

\ f ( P ) d t =  \ f ( P ) d l .

A B  BA

11.1.2. B hphhmh Typ arpH mh3hk,jih HHTerpa jihh XHCo6jiam aHHK 
HHTerpaJiHH XHCo6jiauira KeJiTHpHJiaAH:

а )  A ra p  hcch A B  arpn hh3hk,

x =  x ( t ) ,  y =  y ( t ) ,

napaMeTpHK TeHniaMajiap 0HJiaH SepHJiraH 6yjica, arpn mh3hkjih 
HHTerpaJi yluSy (Jjopiwyjia 6 y h m a  XHCofijiaHaAH:

 ̂ f ( x , y ) d l =  ^ f ( x ( t ) , y ( t ) )  -yjx2+ y 2dt.
•J a
A B

A B  arpH hh3hk, (})a30Aa x — x ( t ) ,  y — y ( t ) ,  z =  z ( t )  ( a ^ / ^ P )  

TeHrjiaMajiap Shjish aHHKJiaHrsH 6y;ica, y  xojms

p _____________
 ̂ f ( x , y , z ) d l =  ^ f ( x ( t ) , y ( t ) , z ( t ) )  -\/x2+ y 2+ z 2dt.

O.
A B

б )  A ra p  A B  hcch arpH mh3hk, y = y ( x )  ( a ^ . x - ^ . b )  TeHrjiaMa SnJiaH 

6epHJiraH Syjica, arpn mh3hkjih HHTerpaJi KyftHAarn (})opMyjia SyftHHa 
\HCo6jiaHaAH:

6 . _ _ _ _ _  

^ f ( x , y ) d l = ^ f . ( x , y ( x ) ) . - \ / l + y /2dx.
v_/ a

' A B

b) A ra p  A B  hcch arpn hh3hk,’ x =  x ( y )  ( c ^ . y ^ . d )  TeHrjiaMa 

6HJiaH 6epHJiraH Syjica, arpn mh3hmh HHTerpaJi

d _______

J f ( x , y ) d l =  J / ( x ( y ) , y )  - \ j l + x ,2dy
w C
A B

(Jjopwyjia 6yHHHa XHCo6jiaHaAH.
1 - m h c o j i .  Yu iSy arpn hh3hkjih HHTerpajiHH XHCoSjiaHr:

 ̂ ( x  — y )d l ,
L

6y epzia L  —  Typpn 4H3HK,HHHr ^4(0, 0 ) nan B ( 4, 3 )  ra^a 6yjiarH.
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E m h ui. A B  TyFpH mh3hk y =  ̂ ~x KypHHHiura ara. y '  =  —  hh to -  

naMH3. HeivtaK,

\ ( , x - y )d l=  j <*--?*) ■ y f + ± d x =  =
L 0 „

= JL._Lr» l4_ JL  
16 2 l 0—  2'

2- m h c o j i .   ̂ (2 z  — ^ x 2+ y 2) d l  HHTerpajiHH XHCo6jiaH r, 6 y  epAa
L

L : x  =  (cos t, y — isint ,  z  — t, 0 2n  bh h t wh3h fh h h h t 6h p h h 4h 
ypaMH.

E m h ai. X,ocH./iajiapHH XHCo6jiaflMH3: x =  cost — ^sin  ̂
y =  sin^ —|— tcost ,  z — l. ¥  xojiAa

________ 2n

j (2z —  x 2-\-y2) d l =   ̂ (2 t  —  ^  t 2c o s 2t t 2s>\n2t ) X 
/ -

------------ --- ------------------------------ - Z7l
( c o s ^ - / s in / )2+ ( s i n ;  +  /cos/)2+ l ^ =  J ( 2 t - t )  ^ 2 +  ? d t  =

0

2jt

=  5 t ^ 2  +  i 2dt =  ± . ^ ( 2 + 7 y

=  J  ( V ( 2  +  4jx2) 3 —  V 2 * )  =  - ^ - (  V ( 1+ 2jt2) 3 - l ) -

1 1 .1 .3 .  P ( x ,  y )  B a  Q ( x ,  y )  (J jy H K U H fu ia p  6 n p o p  h c c h  c h a j i h k  

A B  3 r p H  4H3HK,HHHr 6 a p n a  H y K T a j i a p H a a  a H H M a H r a H  Ba y 3 J iyKC H 3

ey^CHH; Ax,, AX2 , ... , Axn Ba Ay,, Ay2, ... , Ayn ajieM eHTap eHMajiapHHHr 
( i i . l . l .  OaHA) Ox Ba Oy y M a p r a  npoeKUHHJiapH S v j ic h h .

YuiSy
n

2  [ P ( x i, y l) A x i + Q ( x i, y ^ A y ]
i=  I

h h t h h a h  P (x ,  y)  Ba Q(x,  y)  ( { ) y H K U H a j i a p  y M y H  KoopduHaraAap 6uuuna 
UHTeepaA uufuhou  n e m jia m .

By H H T e r p a j i  h h f h h a h h h h f  m a x A x , - > - 0  Ba  m a x A y ^ O  nam  j i h m h t h

A B  en ftyHaJiHUiH SyftHHa ukkuh.hu ryp aepu hu3uk,au unreepaA §kh 

KoopduHaraAap 6yuuna 3zpu HusuKjAu unreepaA Ms&HJiaw.

\ P ( x , y ) d x + Q ( x , y ) d y  =  l i m  £  P ( x >  y ^ A x ^ Q i x , ,  y t) \ y f
maxA.r.-*0 . , *

maxAy.-*-0
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„ P  3TpH , . » » «  " " " I ™  » " - ' P a“ a "

AB

A r a p  r  x “ »“  
i'UHK KOHTyp 6yH H4a 31 P "
ilVHaJlHLUHHH Kypca™6

§ P { X ,  y )dx  +  Q (x,  y)dy

Kq6h SeJirHJiaHaAH. “ „ouufi vthlu coaT  mhjih xapaKaTwra 
Arap enHK. KOHTyp hh aHJial™  „pftHJiaAH (SyHAa KOHTyp 6HJiaH 

w c o 6 j i a i u r a  KeATHpHAaAH  ̂ napaMexpHK

a) Arap hcch A B  3rpn q̂ HK ^ a o a M e T P  flyiiHHHr 6oiujiaHHUiH 
Tew viaM aJ iap  (Sw ish  f c P " ' ™ 1 B ra  P„ o c  I ,  K n iiM aTra '.a  y s ra p c a

„  rn moc i ; L r e r p a ,  y ^ 6 y  t > «P »V M
hkkhhhh Typ ailJn
x,h co6.ua Ha ah : '« ,

J

^  + Q ( jc( 0 .

A  3rp» - x « ) .  - 2 (0  napa" e iP " K

6 » » M  '5ePM ra H  6,J,Ca' V X =

J P (x ,  y, z )d x  +  Q ( « ,  y. 2 ) ^  +  ̂ ^ ’ y ’ z )

y4B

+  / ? ( j c ( / ) , i / ( 0 . z ( 0 ) z ( 0 l d i - 

6 )  A rap  accn / ! «  s rP »  a 3 « a r M H  f l ^ _ o x K P«
H HTerpa^

.fopMyJia 6 ja « ia  XHCo6J.a«aM.

^ P(JC, y ) d x +  Q ^ . y ) ^ =

AB
401
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b ) A ra p  accH A B  arpn hh3hk x  =  x ( y )  TeHrjiaMa SnjiaH Sepn/rra 

6yj in6,  y  ysrapyBMH ftyji SouiJiaHHiiiH A  ra moc c KHHMaiTiaH ftyji oxhD, 
B  ra moc d  KHHMaTraqa y3rapca, arpn hh3hkjih HHTerpaJi KyHH^arli 
tpopMyjia SyHH^a XHCo6;iaHa,ziH:

C d
\ P (x ,  y ) d x + Q ( x ,  y )dy  — \ [ P ( x ( y ) , y ) x ' ( y )  +  Q ( x ( y ) , y ) ]dy .

A B  C

3- m h c o j i .  Ym Sy arpn  mh3hk,^h HHTerpa^iHH XHCofijiaHr:

 ̂y 2dx  -f- x 2dy,
L

6y  e p a a  L  KOHTyp x  =  acost, y =  bsint ajMHncHHHr c o a r  mhjih xapanaTH  
oyHHMa aftjiaHHS yTH ^a^H raH  K>K,opH hpmh (5 7 -u ia K J i).

E q h ui. HyjiHHHr SomjiaHHUiH napaMeTpHHHr t  A =  jx KHHMaTHra 
moc A  H yKTaaa JKOHJiauiraH; fty ji oxnpn  napaM eTpHHHr t g = 0  K.HHMaTH'-j 
ra moc B  HyKTa^a >KOHJiamraH. IIJyHziaH k,hjih6 , K yH H Aarnra 3 raMH3 :

r c 0
Jy2dx-\ -x2dy =  \ y 2dx -\ -x2dy =  ^ [6 2s in 2/ ( —  as in / ) +

L n
A B

0 0 " 

+  a2cos2t - b c o s t ] d t = — ab2\sm3tdt +  a2b\cos3tdt =
K Jl

f  f  n
=  a b 2 \ s m 3t d t - a 2b y o s 3t d t = - a b 2 \ ( l - c o s 2t ) d ( c o s t ) -

0 0 0 n

a 2b [ ( 1  — sin2/)rf(s in/) =  — a b 2( c o s t — ^-cos3/) I " —
o 3 I o

—  a 26 (s in / — i-s'inH)  | " =  —  ab2( —  1 1 +
3 I o '  1 3 1

+  i ) = 4 ab2.

57- maKJi

402

1 m h c o j i .  Y i i i S y  a r p n  m s n K j r n  H H T e rp a J iH H  x H C o S j i a H r :

(|) 2xdy — 3ydx,

\ L

fiV ( 1 )A a  L  —  y q j i a p n  A (1, 2 ) , B (3, 1 ) , C (2, 5) n y K T a J i a p f l a  6 y ; i r a H

^ ^ ° K O H T y p ( y u i 6 y a,reHr ' j i aMaj iap CmJiau 6 e P HJiraH KecMaJiapflan 

•t y nuiraH: 
,, * v_i_JL —  AB  hh ht reHraaM acH ;
y —  2 2
y _ _ 4 x + 1 3  — BC  HHHr TeHrjiaMacn; 
y — 3x— 1 — A C  HHHr TeHrjiaMacn.

K y f t H A a r n r a  a r a M H 3 :

4) (2xdy -  3ydx) =  $ 2xdy~  3ydx +
^  AB

+  \2xdy  — 3ydx +  ^2xdy  — 3ydx.

BC  CA

X a p  KaficH HHTerpaJiHH XHCo6jiaHMH3:
3

 ̂ —  3t/rfjc= S (2jc:( — — 3' ( —
' 1

=  x ~\~y x — =  T  \ I 5 ) d x  =  - £ ( x —  15)
i

=  —  ( 122—  142) — ^ - ' 2 6 *  ( — 2)  =  - 1 3  ;

 ̂ ( 2xdy  —  3ydx )  =  $ ( 2 x (  —  4 ) —  3- ( — 4 x + 1 3 ) ) d x  =

B C  3 , -
2 2 

=  W - 8 x + 1 2 x - 3 9 ) d x  =  ^ { 4 x - 3 9 ) d x =  (2x2- 3 9 x )  \ i =
3

= = (8  —  78 — 1 8 + 1 1 7 )  = 2 9  ;

1 r
 ̂ {2xdy  —  3ydx )  =  $ ( 2 * - 3 —  3 ( 3 * —  l ) d x  =  ]  { S x - 9 x  +  3 ) d x -

c a  2 ; 2

=  3 J (1 - x ) d x  =  3 ( x  +  ± x 2}  | ‘ = 3 ( l ' + - | — 2 - 2 ) =  -

2 ■ ‘

U l y i a a f i  k h .:ih 6 , ■ - ' 1 7  ' ■

^>(2xdy — 3 y d x ) = - ^ .

L '
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1- dapcxoHa rontuupuru 

*• \ HHTerpa^HH x,HCo6jiaHr, 6y epaa L  KOHTyp y = ~  x — %

TyppH 4H3HKHHHr A (0 , — 2 ) Ba B ( 4, 0 ) H yKTajiap  opacHAarn KecMacH. 

-\/51n2.

2. ^y d l  HHTerpajiHH XHCofiAaHr, 6y epAa L KOHTyp x  =  a ( t  —  sin/), 

y =  a ( \ —  c os t )  ( a > 0 )  UHKAOHA3HHHr Shphhhh apKH. >K: 256g 3

3. \ x y d l  HHTerpajiHH XH eoSjiaH r, 6 y  ep A a L  -  y ^ a p H  A ( 0, 0 ) , !  
 ̂ i

T y p H . ° K C2 4 ’ 2 ^  HyK'T a jia P ;ia  S ^ r a H  Typpn TypTSypw aK  koh->

4. j x y z d l  HHrerpajiHH jy ico fin aH r, 6 y  ep a a  L  K o m y p  TyFp ii

4H3Ĥ HT 2r/ (1 ’ ° ’ U  83 B  i 2 ’ 2 ' 3 ) HyKTaJ,ap ° P a c « * a™  KecMacH.

5. y x 2— 2 x y ) d x + ( 2 x y + y 2) d y  HHTerpajiHH w c o f i j ia H r ,  6 y  ep^a

L  KOHiyp y =  x 2 napaSonaH H H r > 1 ( 1 , 1 )  H y w a jM H  B ( 2, 4 ) HyKTarana 
e fiH. >K: 40 i i .

6. <|)ydx —  x d y  HHTerpajihh XHCofijiaHr, 6y epA3 L  KOHTyp MycSaT 

HyHMHUjfla aHJiaHHS yTHAaAHraH x  =  acost ,  y  =  bs in t  ajuiHnc. 
/K: — 2nab.

7. A rap L A (0, 0 ) Ba f i ( l , 1) HyKTaJiapHH TyTaiOTHpyBMH mh3hk:
a ) .y  =  x- 6 )  y =  x 2; b) y 2 =  x\ r )  y =  x 3

TeH rjiaM a jiap  6nj iau 6epn j i ran  6 y jic a ,

^ x y d x +  ( y - x ) d y  HHTerpajiHH XHcoSjiaHr.

a> ^  «> ^  ■) &  r )  - 1 L .

8. ^xdx +  ydy -\ - ( x  +  y — \) dz  HHTerpaAHH XHCoSjiaHr, 6 y  epA3
L

L  A ( \ ,  1, 1) Ba B (2 ,  3, 4 ) HyKTajiapHH TyTaiUTHpyB^H TyrpH  mh3hk 
KecMacH. >K: 13.

1- MyCTdKfUA uiu 

3 rp n  4H3HKJ1H HHTerpajiJiapHH x,Hco6.naHr:

1- |xdl , 6 y  ep fla  L  0 (0 ,  0 ) Ba A ( l ,  2 ) HyKTaJiapHH TyTaiiiTH pyB 4H
L

TyfpH HH3HK KeCMaCH. )K :  .

404

2. ^x2y d l , 6y epAa L x2 +  y2 =  9 afijiaHaHHHr 6hphhmh KBaApaHTAa

I

riyBMH KHCMH. )K  27.
3 . C _ A _  6y epAa L y =  x +  2 ryrpH 4H3HKHHHr A (2, 3) ea

'  ■*+</
L

li (3, 5) HyKTaJiapHHH TyTauiTHpy bmh KecMacH.

4. \ ( x  +  y ) d x + ( x - y ) d y ,  6y  epAa I  y =  x 2 napa6oAaHHHr

L

/\ ( _ i  i )  Ba B  (1, 1) nyKTa.iap opacHAarn 6yjiarn.

5 .  ̂ ( x  —  y ) 2d x +  ( x  +  y ) 2dy, 6y epAa L OAB  chhhk mhshk 6yjiH6,

L
x VT7 136

0(0, 0), >1(2, 0 ), B (4, 2) . >K: - g - -

6. § y d x  +  2xdy,  6y ep fla L  TOMOHJiapw 2x +  3 y = ± 6 ,

L
2x  —  3 u = ± : Q  TyFpH MH3HKAapAa eTyBMH, coaT mhjih x^apaKaTHra 
rocKapH iiyHaAHiiiAa aflAaHH6 yrnjiaAHraH pom6 KOHTypH. )£.: 1^-

2-§ .  Bhphhmh  Ba hkkhhmh Typ arpn
HH3HMH HHTerpaJlJiapHHHr TaT6HK.H

11.2.1. B hphhmh  Typ arpw 4h3hkjih HHTerpaJiJiap epAaMHAa arpH
4H3HK, eHHHHHT y3yHJIHTHHH, MOAAHH eft MaCC3CHHH, U.HAHHAPHK CHpT 

I03HHH X,HCo6AaiII MyMKHH.

а )  ^ d l  =  l AB, 6y epAa l AB A B  eft y3yHAHTH (Shphhmh Typ arpn

A B
MH3HMH HHTerpaAHHHT reOMeTpHK Ma-bHOCH);

б )  ^ / (x, y, z ) d l  =  m, 6y ep A a  m —  m o aah h  A B  eft M accacn , f ( x ,

AB
y t z ) —  y —  6y  eftHHHr MH3HK.JIH 3HMAHTH (3TpH MH3HKAH HHTerpaA- 

HHHT MexaHHK Ma"bHOCH) i

B)  ̂ f ( x , y ) d l  =  S,  6y epaa S —  HCOBMHAapH Oz yKKa napaAAeA Ba

AB

A B  eft HyKTajiapn.u iH  \ r yB4H,  nacTAaH  6 y  eft 6ha3H , ioKopHAaH

UHJIHHAPHK CHpTHHHT Z  —  f ( x , £/) ( f ( X , i/) >  0 )  CHpT 6liAaH KeCHUlHUI 
mh3hth  SiiJiaH, eH tomoH,/iapAah s e a  A  Ba B  HyKTaAapAaH  Oz
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y K K a  n a p a jw ie .71 y m a H  MH3HKAap 6 HJiaH H e r a p a A a H ra H  u h a h h a p h K  
CHpTHHHr 103H (59- I liaKA) .

’ I
f

1 - m h c o j i .  x 2-\-y2 — 4 u h a h h a p h k  c h P t h h h t  Oxy t c k h c a h k  b8 

z = 2-|— CHPT opacHAara KHCMHHHHr I03HHH x,HC0 6 j ia H r .  I
E m h UI. U la k j IH H  HH33MH3 ( 6 0 - U i a K A ) .

59- m aK Ji

U hjihhaphk  CHpTHHHr H3AaHaeTraH iosh S  yu i6y HHTerpaA 6h a 3 h 
H(})OAaAaHaAH: F

( 2 + i ) d , ,

6y epAa L  Ox y  tckhcjihka3Th aHJ73H3: x 2 +  u2 =  4 z  =  0 eKH na pa-
MeTPHK UI3KJ1A3: x  =  2cos/, i/ =  2sin/, 0 < / < 2 n .  ’

y  xonAa d l =  1\jx2+ y 2d t =  V ’( l  - 2 s i n 0 2+  ( 2 c o s 0 2dt  =  2 dt
ZteMan,

2n 2ji

5 =  S (2 +  !  ' 4 cos2/ W /  =  4 \ ( 1 + C 0 S 2t ) d t  =
n 7 x

2n

4 j  0  2 +  2 ' c o s 2 t ) d t  —  4 ^ + - l s i n 2 ^  |q =

=  6 - 2 k = 1 2 j x  kb. 6npji .

Ti.Qirn *2*2, Hkkhi™  Typ 3rpH MH3HKJIH HHTerpaJuiap epAaMHAa 
ro3HHIl ’„ „Ky q HUIHHH, (})yHKUHHHH yHHHT MatJIyM TyAHK 

AHqxpepeHuna^H SyHHMa Tonnuj MyMKHH.

406

a) $ P ( x , y ) d x  +  Q ( x , y ) d y  =  A ,  6y epaa A  F  =  P ( x ,  y ) i  +  Q ( x ,

AB

„ ) 7  K»H 6 a *a p ra H  hui. 6y K y i  T a W H p M a  * » ™  A H  <*?■" 6 ' i" " ' ‘ a 
K f iaaH  (HKKHH1H Typ 3rPH MH3HKJ1H mmrpaJiHHHr MexaHHK Ma-bHOCH).

6) ± & {z i«-yd*)= s. «y S - ' ™ K 1 K0KTyp 6MaH

* T * T c ™ . ' t’ l !2 S ?oT y  =  b w t .  0 « f <  2 „  aJiJiHnc 6m iaH le r a p a -

jiaHraH uiaKJi k>3hhh x,HCo6jiaHr.

E m h u i .S  =  y  § ( x d y  —  y d x )  (})opMyAaAaH 4>oHAaAaHaMH3.

L

d x = — as'mtdt,  dy =  bcostdt .

2n

j],eMaK, S = y  ^ ( a c o s t - b c o s t  —  b s ' m t ( — a s ' m t ) ) d t = - -  ^ a fe (c o s /  +

0

2it

-\ -sm2t ) d t — ^ Y  5 dt  —  nab  kb. 6npA.

0

i i n o  A r a n  I  D  coxaHHHr MerapacH Sy jrca  Ba P ( x ,  y ) ,  Q { x ,  y )  

ypHHJiHAHp:

6  P  (x ,  y ) d x + Q  (x,  y )  dy  =  \ \ ( ^ - ^ )  dxdy  ’7 «
6y ePAa L  KOHTypHH afijiaHHS mhkhui inyHAan TaHAanaAHKH, D  coxa Man

T° MA r a ; r pa"pH ^ T o S a T p H H t o p M y A a c H  maPTAaPH 6a>KapHAca, 
KyHHAara TacAHKJrap TeHr KyMAHAnp.

а )  § P d x + Q d y  =  0, 6ytfaa I D  coxaAa >KOHAauiraH HCTaAraH

*

б ) K™ T p i*+ .Q << !/  » » TCrPaJ1 A  M  B ^ y ^am™ I>>'B' " ,

A B  •

HHTerpaAAaui ftyAHra S o fa h k  3Mac, 6y epAa A B  D  coxa ra  TerHLiiAH.

TyAHK, AH(})4)ePeHU'Ha',1H'
407



r)  D  coxaH H H r xaM M a H y K T a j ia p n ^ a
dx dy

A r a p  d u (x , y)  =  P (x , y )dx  +  Q (x,  y )dy  6 y j i c a ,  u(x,  y) c})yHKUHa 

x y

u(x,  y) =  J P ( x , y ) d x +  $ Q (x 0, y)dy +  C

x" «»
eKH

u ( x , y )  =  \ p { x , y 0) d x +  \ Q ( x , y ) d y + C  \
xn %

<t>opMyjia ep/iaMHfla aHHK/iaHaAH, 6 y  epAa M 0(x0, y0) Ba M ix ,  y) 
nyK 'ra jiap  D  c o x a ra  Ternitu iH , C  —  HXTiiepHH y3rapM ac.

3 - m h c o j i .  TpHH (|>opMyjiacHAaH c()0HAajiaHH6, < )̂t/ ( 1  — x 2) d x  +

~^(\-^-y2)xdy HHTerpa/iHH X H C oS j iau r ,  6y e p A a  L  KOHTyp 

* ~^y a fijiaH aA aH  n 6opaT  6ym6, y M yc6aT ftynajiiiuijxa aPu\aMn6 
VTHJiaAH.

E 4 h in. TpHH (JiopMyjiacH 6yfin4a hkkh yji40Bj]H HHTerpajira 
VTaMH3:

§ y ( l  - x 2) d x +  ( I + y * ) d y =  J j(l 1 + X 2) d x d y  =
L D

— § ( x 2+ y 2)dxdy  ,
D

6y epAa D  coxa x -\-y2^.  4 TeHrcH3JiHK 6HJtaH aHHKJiaHaAHraH Aonpa. 
MHxerpajiHH XHCoSjiatu y4yH KyT6 KoopAHHaTajrapHra yTaMH3:

§ ( x2+ y 2)dxdy=:  ^ ( r 2cos2(p +  r2sin2(p)rflfrd(}) =
D O '

=  Jp d r r fq ) =  J  dtp J  r 3dr =  J  -1 ( r 41 g) d<? =
O' 0 0 0

2n

== —  ̂ 1 cp =  8n .
o

4- M H C 0 ,1. y UI6y

( i + j ) dx+ ( j - j r ) dy
A H ^ e p e H u n a J i  Ht|)OAa 6 n p o p  (jjyHKUHHHHHr TyjiHK AHcbcbepeHUHaJiH 
3K3 HH HH KypcaTH H r Ba 6 y  (j)yHKLU4HHH TOITH HT.

E 4 h ui. K ,yH H Aarn.napra araM H 3:

P U . y ) = ± + l : Q ^ = l _ _ ^

408

, l P _ ____ L = J K L  6 H H o6apH H , SepHJiraH  HcfioAa x a K H K a T a H  x a M  6 h -
i)y y2 dx

p o p  u(x,  y) ( j jyH KU H H H H H T T y j l H K  A H ^ e p e H U n a A H A H p .

Z l e M a K ,  M 0(xo, yo) A e 6  A fo ( l ,  1) h h  o a h 6 ,  K y f lH A a r H H H  T o n a M H 3 :

=  ( ln U I  )  | ;+  (2 In j +  i )  | ;= ln U |  + f - ^ +

4 -2  Init/1 4—” — 1 +  C =  In | x| 4- 21n 11/| - | +  C .

2- dapcxoHd rontuupuFu

1. x — cost, y — s'mt a iu ia H a  eflHHHHr M accacH H H  a H H M a n r .  yH H H r  

(x, y)  H yK T a A a rH  4H3HKJIH 3 h 4 j i h t h  y ra  TeHr. >K: 2 M a c ca  6npji.
2 . R  p a A n y c j i H  A O H p a B H H  u h j i h h a p  SHJ iaH  x y A i lH  u i y H A a f i  u h j i h h a p  

ryppH 6 y p 4 a K  o c r a A a  ( y K J i a p n  TyrpH 6 y p 4 a K  ocTHAa) K e c n iu a A H .  

K c c H M A a  x o c h j i  f i y j i r a H  c h p t  k>3mhh x n c o 6 j i a H r .  > K :  8 R 2 k b .  S n p j i .

3. a )  x  =  a c o s t, y — as\n3t a c T p o H A a  SH J iaH ;

6 )  x  —  a ( t  —  s i n / ) ,  y =  a { \  —  cost)  H H K J io H A a H H H r  6 h p h h m h  a p K a c H  

3a  Ox y k h  SHJiaH  4 e r a p a J i a H r a H  m a K j ]  k>3hhh  X H C o 6 ; i a H r .

> K :  a )  3 n a 2 k b .  6 h p a . ;  6 )  3 n a 2 k b .  6 n p j i .

4. TyjiHK AH({)(})epeHiJ,HaJiH SyflHMa u(x,  y)  (J)yHKUHHHH TortHHr:
а )  d u =  (2x — 3xy2- \ - 2 y ) d x +  ( 2 x — 3x2y-\-2y)dy,

б)  d u =  (arcsinx — x \ny)dx— ^arcsiny -\ - -^Jdy.

5. F =  {x2-\-y2jr  1 ) T 4 - 2 x y / K y 4 H H H r  y =  x2 n a p a S o J i a H H H r  A (0, 0 ) Ba 

6 (1 ,  1) H y K x a J ia p  o p a c H A a F H  efi+i 6 y f i H 4 a  6 a > K a p r a H  h u ih h h  X H C o 6 j ia H r .

, , ,  196 -r
> K :  h ui. 6 n p ^ .

6. T p H H  c j j o p M y j i a c H A a i i  4 > o f lA a J ia H H 6 ,  (|)2( x2 y2) d x { x y ) 2dy
L

HHTerpajiHH XHCoSjianr, 6 y  epAa L  y H / ia p w  A ( \ ,  1), 6 ( 2 ,  2 ) ,  C  (1-, 3 )  
S y A r a H  y 4 & y p 4 a n  K o H T y p H .  B a T H J K a H H  6 e B 0 C H T a  H H T e r p a J iJ i a m  6 h -

.naH T e K u iH p H H r .  > K :  — ^

2- MyeTat^tiA uiu

1. x24 -y 2 =  R 2 u h j i h h a p h k  C H p r i iH H r  Oxy t c k h c j i h k  Ba z ~  Yr

CHpT opaGHFa >KOHJiauiraH k h c m h h h h t  i o 3 h h h  XHCo6AaHr. >K: R 2 kb .  

6hpji. _
2. t/ =  x 2 Ba y =  -yjx MH3HKJiap 6HJian 4erapaiiaHraH coxaHHitr

I03HHH XHCoSjiaHT. >Kr k b .  6 h p j i .
□
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3. BepnJiraH TyjiHK AH<})4)epeHUHaAH

( x  +  2 y ) d x  +  ydy  

( x + y f
d u -

6y ftH H a u ( x ,  y )  4>YHKUhhhh TonHHr. 

4. F  =  2xyI-\-x2J KyMHHHr ,4 (0 , 0 )  Ba B ( 2, 1) HyKTajiapHH TyTaui- 
THpyBMH Hyjma 6a>KapraH hlhhhh x,«co6jiaHr. >K: 4 hui 6npJi.

5. TpHH cjjopM yjiacHaaH  (j)OHAaJiaHH6, ^>y2dx-\-(x-\-y)2dx HHTe-

L

TerpaJiHH XHCoSAaHF, 6 y  epAa  L  —  yq jiapH  >4(3, 0 ) ,  B ( 3, 3 ) ,  C ( 0 ,  3) 
HyKTaJiapaa 6 y j i raH  y q g y p q a K  KOHTypn. >K: 18.

3- §. CnpT HHTerpaJiJiapH

11.3.1. c t—  SnpopTa ch jijih k  c h p t  Ba f(x, y, z ) = f ( M )  th ym om a a 
cHpTfla y3JiyKCH3 SyjicHH ; A c t i ,  A c t 2, . . . ,  A on ■Jiap o  c h p th h h t s jieM eH Tsp 
cnpTJiapra SyAHHHiiiH 6yjiu6, yAapHHHr io3JiaPHHH xaM  m y CHMBQAAap 
SnjiaH  6ejirHJiaHJiHK; x a p  KaftcH SAeMeHTap cnpT fla  HxraepHH yh

n
Zi) HyK,T3 T 3 H A 3 H M H 3  B a  y i l i S y  2  f ( X i ,  y t, Zt)  Act,- H H T e r p S A  HHFHHAHHtl

1=  1
Ty33M H3.

SjieMeHTsp cnpTJispHHHr AHaMeTpHHHHr 3Hr KaTTacH Hcwira 
HHTHJiraHAa HHTerpaJi hhfhhah HHTHJiaflHraH jihmht 6upuH.Hu ryp  cup r  
UHTeepaAU (eKH cu p r  to3u 6yuuna u n re z p a n ) AeiiHASAH:

eKH

B 'a

\\

(x ,  y, z )  da  =  lim  2  f  { x iy y h z t) Act,
maxdiamAâ O

f  ( M ) d o  =  lim 2  f (Xi ,  y b z,-) Act,-.
maxdiamAa^O

C h Pt  HHTerpaJiHHHHr k,h h m 3th  ct c hPt h h h t  Kaftan t o m o h h  TaHJiaHH- 
u inra S ofjihk, 3Mac.

Ahhk, HHTerpaJiHHHr 6apqa xoccajiapn 6hphhmh Typ  cnpf HHTerpaJi- 
jia p n  yqyH  ypnHJiHAnp. Arap a c h p th h h t  Oxy TeKHcahkk8  npoeKUHHCH 
Oxy 6 h P KHHMaTJiH 6 yA ca , H'bHH Oz yKK,a napajijiejr x a p  KaHAaft Typpn 
HH3HK, ct ch Pth h  (})3KaT dnrra HyKTaAS Kecca, moc 6hphhmh Typ  c h Pt  
HHTerpajiHH xh coS j isu ih h  y m 6 y  c|)opMyjia opKajiH  hkkh yjiM osjiH  
HHTerpaJiHH XH CoSjiau ira KejiTnpnui MyMKHH:

§ f { x ,  y , z ) d o = § f ( x ,  y ,z ( x ,  y ) )  I +  z ' ? + z 2dxdy , 

a

6y ep^a z =  z(x, y)  —  ct cnpTHHHr TeHMaMacH. PaBiuaHKH, ^ d ( j  =  S ,

cr
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Gy'epAa S  —  ct CHpTHHHr K>3H, § f ( x , y , z ) d o  —  M ,  6y  epA a  M

-  CT CHpTHHHr MaCCaCH, f (X,  y, z )  = 7 - 0  CHpTHHHr CHpTHH 3HHJ1HTH. 

1 - m h c o a .  § ( x 2+ y 2) d o  HHTerpajiHH XHeoSjiaHr, 6y  e PAa a —

x z + y 2 =  z 2 KOHyc CHpTHHHr z =  0 Ba z =  l tc k h c a h k a s p  opacHAarH

KH°E  m h HI. BepHJiraH  q  CHpT TeHFAaMacHAaH yHHHr K apaA aeT raH  

KHCMH yqyH  z =  ^  x 2+ y 2 KypaMH3. K y ftH A arH A apra  sraMH3:

* v  _  - 1____z ' = — . z„ —  -
^  y / + / ^

HeMaK, __________ _

^(x2+ y 2)d(r= \\(**+y2) ~\Jl + ^ J + l ^ dxdy
O °xy

=  ^ 2  § ( x 2+ y 2) d x d y .

°xy

H k k h  vjimobjih HHTerpaJiHHHr H H TerpaA Aam  c o x a c n  o x yx 2 +  y  < 1
4 o « p a™ H y H6opaT (KOHyc chpTHHHr Oxy  TeKHCJiHKKa npoeKUHacH) -
H k k h  yjmoBJiH HHTerpaAAa KyT6 KOopAHHaTaJiapHra yTaMH .

2ji 1

^ 2  § ( x 2+ y 2) d x d y =  V 2 J r 3d rd q>=  ^ 2  j  dcp ^ r3cfcp =

oxy °*y

11.3.2. ct ch j i j ihk  cnpTHHHr xap 6 np  HyKTacHAaH n HopMaji BeKTopH 
yTK33HAraH to m o h h  Myc6aT,  SornKa to m o h h  (a rap  y  M3B>KyA o yA ca )  sea

MClHCbuU TOM OH ACHHAaAH.
XycycaH, arap  ct ch p t  enHK 6yACa Ba Q 4>a30HHHr 6npop coxacHHH 

qerapaAaca, y xoJiAa c h p th h h t  MycfiaT eKH rauii^u t omo hu  ̂ A eo  yHHHr
HODM3A BeKTOpJiap Q  C0X3A3H ftyH3AraH TOMOHH, M3HCf)HH eKH UHKU 
TOMOHU Ae6 yHHHr hopmsa BeKTopAapH Q  c o x a r a  H yH aA rsH  tomohh 
aHTHJiaAH. M y c 6 a T  (TaiHKH) Ba MaH(|)HH (hhkh) j 0M0HAapH M a B * y A  
6v A ra H  cn pT A ap  u k k u  TOMOHAaMa cupr Aap  fl.ePm.nam- y j i a p  ynyH  
KyHHAarn xocca ypHHAHAHp. A r s p  n hopmsa BeKTopHHHr scochhh 
SyHAaft c h p t a 3  eTyB^H HCTaAraH enHK L  KOHTyp 6yHA36 y3AyKCH3 
KyHHpHJICa, A3CTA36KH HyKT3T3 K.aHTraHA3 tl HHHr HyHaAHUIH  

AacTAa6KH ftyHaAHiu SHAaH 6 n p  xha 6_yAaAH.
B h p  TOMOHAaMa CHpTAap yMyH n HopMaA BeKTopHHHr oyH Aan  

kv^hluh AacTAaSKH H yKTars  KSHTHArsHAS ( —  n )  BeKTOpra cuiho KeAaAH. 
MaTiAyM TOMOHH TaHAaHraH CT CHpT OpUeHTCmUHACLHeaH AeHHAaAH.
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11.3.3. a +  —  6npop chaahk chpt 6\/jiw6, yHAa «  =  {cosa, cos(3, cosy) 
f lyHa/iHiu QHJiaH x a p a k i op.'ia HyBMH MycSaT tomoh TaHAaHraH SyACHH; 

P ( x ,  y,  z ) ,  Q  ( x,  y, z ) ,  R ( x ,  y , z)  y 3AyKCH3 (})yHKUHHJiap SyjiCHH, y x,OAAa 
moc h k k h h m h  T y p  CHpT HHTerpajiH KyfiHAarHMa M(f)OAajiaHaAH:

SS P d y dz  +  Q dzd x  +  R d x d y  =  ^ ( P c o s a  +  Q cosp  +  ̂ c o sY J d a  .

B y  ( } ) o p M y j ia  Shphhmh Ba hkkhhmh T y p  c n p T  HHTerpaJiJiapHHH y3apo^ 
6 o f a 3 h a h .  C h p TH H H r 6ouJK,a o ~  TOMOHwra yTHJiraHAa 6 y  H H ierpaJ i !  
H U io p a C H H H  K a p a M a - K a p u i H C H r a  V3ra p T n p a A H . A r a p  a  cn pT  z=a\

=  z ( x ,  y )  TeHrjia .wa 6H„iaH o u iK o p  x o j i a s  S epH J ira i i  C vv ica ,  y  x o A A a  n! 
h opMaJi hh Hr f lyHajiTHpyBMH KOCHHyc jiapn  KyHHAa ph (| )o p M y j ia j ia p  6 y -  
HH Lia a H H KA3H 3AH :

c o s a = — cos|3 = — c os v  =-l— n d r '  1 I « I: I « I a x '  1 + \ n  | d y '  + \ n \

6y  e p a a  \ t i\ =  ~^Jl +  +  ( “ ^ )  Ba HUJ0P a TaHJiaui cwpT tom ohh

SnjiaH MyBoiJ)HK,Jiauirah SyjiHiun KepaK.
A ra p  a chp t TeHrjiaMacn F ( x ,  y, z )  = 0  ouiKopMac x,oaa3 6epHAT3 H 

6 y j ic a ,  6y c h p t  HopMaAH n h h h t  HyHSArapyBMH KocHHycAapn KyftHAarn  
cfmpMyAaAap SyfiHMa aHHKA3H3AH:

co sa  =  - -̂ • cos(3=-^- • cosy =  — •
D  dx D  dy r D dz  ’

6y  e p A a  D = ±  (~^’ )  “I-  (“f j J  Ba oaahasth  huio-

p a hh TaH jiam  c h p t  t o m o h h  6 h a s h  MyBO(})HKJi3iUTHpHJiHUiH KepaK.
Hkkhhmh T yp cwpT HHTerpajiH, luymmrAeK, KoopduHaraAap 6yuuna  

cu p r  uHTeepaAu Ae6 x,aM aTaA3AH.
Hkkhhmh Typ chp t HHTerpaAHHii xhco6a31uhh SeBOCHTa hkkh 

yAMOBJTH HHTerpaAHH xnco6Aaiura KeATHpniu MyMKHH.
A ra p  o c h p t  z  —  z ( x ,  y )  TeHrjiaMara ara 6yvica, y xoaas  hkkhhmh Typ 

cnpT HHTerpajiH KyflHAara (})opMyA3 dyfinMa \HCo6jiaHaAH:

y, z ) d x d y  =  ±  Z X̂’ y ^ d xd y  >

6y epAa aXIJ chp t cr hhht Ox y  TeKHCAHKKa npoeKUKaCH.
±  -Hiuopajiap cnp iHHHr mkkht3 TypjiH TOMOHAapHra moc KeAaAH; 

6 y n Aa « + »  Hinopa raiuiaHra-H TOMOHAa c o s y > 0  6yA raH A a, « — »  aca 
c o s y < 0  SyAraH Aa oJiHiiaAH.

a chpT y —  y (x,  z )  eKH x  =  x  (y, z ) TeHrjiaMaAap SHJiaH. SepnjiraH
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\0JiJiapAa KOJiraH HHTerpaJiAap x,aM xyAAH ioK.opHAarHAeK xHCo6Aa- 

iu ia h :

§ Q { x ,  y, z ) d z d x —  ±  \\Q(x > y ( x < z ) , z ) d z d x  ,

a “i!
fiv eDAa Oxz —  chpt a h h h t  O x z  TeKHCAHKKa npoeKUHHCH, « + »  Hiuopa 
vaiuiaHraH t o m o h a b  c o s p > 0  SyAraHAa, « - »  nuiopa aca 
I ' o s p c O  S yA raH A a oahh3A h ;

^ f { x ,  y, z ) d y d z = ±  ( x ( y ,  z ) , y ,  z ) d y d z  ,

O ° yz

6v e p A a  o„z —  cnpT a h h h t  Oyz  TeKHCAHKKa npoeKUHHCH; « + »  Hiuopa  
raHJiaHraH TOMOHAa c o s a > 0  6 yA raH A a , « - »  H iuopa aca 

c o s a C O  S y A raH A a  o j ih h 3 A h .
2 - m h c o j i . yiu6y HHTerpaAHH XHCo6AaHr:

I =  ^zdxdy +  xdxdz +  ydydz ,

6y epAa ax  y +  z =  1 tckhcahkhh  ht KoopAHHaTa TeKHCAHKAapH 
6HAaH KecHiuHiUHAaH XOCHA SyAraH yMfiypMaK; chpthhht  TaHAaHraH 
TOMOHHAa HopMaAb Oz y m  6ha3h yTKup 6ypMaK TauiKHA aTaAH.

E  M H IU. U la K A H H  _  MH33MH3 Ba 
HHTerpaAA3iu tomohhhh n HopMaAb epA3- 
MHA3 TaHAaiUHH KypC3T3MH3 ( 6 1 -  LU3KA)  .

2 = 1 — x  +  y  CHpT TeHrAaM3CHra ara-

1, c o s y  >  0, Luy ■dz , dz
MH3’ 1 7  = - X' T y

HHHT yMyH

cosa  == —

=  ^  COS|i =

c o s y :
1

V3 ■

z  I

" \ J

- r

1  6

yf
/  /

BepHAraH  HHTerpaAHH xh co6 a3 U i yMyH 
KyHHA3TH cj)OpMyJiaHH X.0CHJ1 K.HA3MH3:

61- lliaKJl

I

V3

^  zdxdy  +  x d x d z  - f  y dy dz  =
_i_ o

j j + z- i s ) d , , =

g (  ( y - X) + z ) d a  =  - ^ §  {y - X + { \ - X +  y ) ) V I  +  1 +  1 dxdy =

a xy

=  ^ 2 y  — 2x-\-\)dxdy, 6y epAa a xy a chPt  ( oABC)  m a r  Oxy



TeKHCJiHKKa npoeKUHHCH (Av4 OC)  ■ Hkkh y j ih o b j ih  HHTerpaAAa nerapi 
JiapHH KyHHS WHK3MH3:

I = \ \ ( 2 y - 2 x + l ) d x d y =  ^d x  J (2y —  2x  +  1) dy  =
°xy 0 X— 1

I f *  I ° '
= T  ) ( 2 y ~  2 x + l ) 2 d x  =  \  \ ( (1  — 2jc) 2—  1 ) d x  =

o x— I 0

/ i (i—2x)3 * \ r _  i___ i i ± _ __l
V 8 3 4 / I 0 24 4 ' 24 6 '

3- da cp xon a  ToniuupuFu  

!• §~\Jx2+ y 2d o  HHTerpajiHH x,HCo6jiaHr, 6y epAa o  chj)
o

9x2 +  9i/2 =  16z2 KOHyc chpthhhht z  =  0 Ba 2 =  3 TeKHCJiHKJia 

opacHAarH khcmh. >K:

2. Q x y z d o  HHTerpajiHH x,nco6jiaHr, 6y epAa ct chp t x + y - \ - z =  1 Te;
a '- : . ■ ' . I

KHCJIHKHHHr SHpHH^IH OKTaHTfla JKOHJiainraH KHCMH. ' 
________________________  120 '

3* z =  V 4 —  x 2— y 2 HPHMC(|)ePaHHHr MaccacHHH xnco6jiaHr. yHHHf

xap 6np HyKTacHflarH chpthh 3hhjihth y =  x 2u2 ra reHr r q6 oJiHHr
w  128n '
/iv. ——  Macca OHpji.

4. Q y z d x d y -f- x z d y d z  +  xy dx dz  HHTerpajiHH XHeoSjiaHr, 6y  ePAa

0 "i 
ct —  S h p h h t o  oKfaHTAa w o H j ia m ra H  xaM A a  x 2-\-y2 =  R 2 u h a h h a p  Baj
x  =  0, y =  0j z  — 0, z =  R  TeKHCJiHKjiapaaH Ty3HJiraH CHpTHHHr TauiKH: 

TOMOHH. >K:

5. Q x d y d z  +  z 3d x d y  HHTerpajiHH xncoSjiaHr, 6y epaa

° •< 1 r '

cr—  x 2-\-y2 +  z 2 =  1 c<})epaHHHr TauiKH t o m o h h . ‘>K:
15

3- MycraKfUA uui

i '  ~ ^ y )d o  HHTerpajiHH xncoS jiaHr, 6y  ep a a  ,cx —

6 x + 4 «/  +  3 z — 12 =  0 TeKHCJiHKHHHr Shphhmh OKTaHT.ua eTyBiH 

k h c m h . •

2. Q x 2y2do HHTerpajiHH XHCo6jiaHr, 6y epAa o z — ^ R 2 x 2— y2

MpHMC({)epa. >K:

3. ^(y-\-2z)dxdy  HHTerpajiHH XHCo6jiaHr, 6y epaa ct —  6hphhmh

O
OKTaHTfla *O H J ia U iraH  6 x  +  3l/ +  2,Z =  6 TeKHCJIHKHHHT roK op H ra  khcm h.

>K:f.

4. ^ z d y d z +  (3y — x)dxdz — zdxdy HHTerpajiHH XHCo6jiaHr, 6y ep

Aa cr— z =  0, x2 +  y2 =  1, z =  * 2 +  y2 +  2 cnpTAap 6HJiaH HerapaJiaH- 
raH >khcm cnpTHHHHr TaLUKH t o m o h h .  >K: 5jt-

10- Ha3opar utuu

1. H H TerpaA A au i TapTHfiHHH y3rap ™ p H H r:

2 4—/ 2 / + 2
1.1. \ dx  ̂ f (x,  y ) d y . 1.2. \dy 5 /(x, y)dx .

J  J
0 4- 2/

.0 f

3 V 25 — 1? 4
3 - i - , 2

2

1.3. \dx 5 f ( x>y)dy- 1.4.
\ ^ X \ f ( x ,y )dy
0 i_U

2

4 T ,+4 4"r!/2
1.5. \dy \ f (x,  y ) d x . 1.6.  ̂ f ( x , y )dx .

J J

° ^ + '

0 2 » + l

4 V 2 5 - 1 ?

1.7. J dy J f ( x , y )dx
1.8.

2

\dx
0

2 y  x

5 f ( x , y )dy .
—X2

0 3 f-
T  V*

4 7— y > V 2 5 - * 2

1.9. \ d y  \ f ( x , y ) d x .  1 1 0 - )  dx   ̂ f ( x , y ) d y .

0 0 0
2 ^

1 3 - x  2 i/+3

1.11. \ d x  \ f ( x , y ) d y .  1 1 2 - )  dy )  f ( x , y ) d x .

0 2x2 0 2 /

0 at+ 3  ' 3~zy

1.13. \ dx  \ f ( x , y ) d y .  , 1 4 - )  dy \j f { x , y ) d x .

2/ ° , 2/ .
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0 3 — *

1. 15.  ̂ dx   ̂ f ( x , y ) d y .

•lit

4 ^25-X*

1.17.  ̂ dx  $ f ( x ,  y ) d y  .

0 ± x 
4

1 A2 +  i

1.19.  ̂ d x   ̂ f ( x , y ) d y .

0 - I

4 V 2 5 - A 2

1.21.  ̂ d x   ̂ f ( x , y ) d y .

4 X
1.23.  ̂ dx  ̂ f (x ,  y )dy .

0 ?
2 2y

1.25.  ̂ dy  ̂ f (x ,  y )dx  .
1 0

2 3 — Jf

1.27.  ̂ dx  ̂ f ( x , y ) d y  .
0 n

1 i? +  i
1.29. ̂  dx  ̂ f ( x , y ) d y .

4 V  9 +  /
1.16.  ̂ dy  ̂ f ( x , y )dx  .

1.18.  ̂ dy   ̂ f ( x ,  y ) d x .

- V9+y2

4 ^ 2 5 - 1 ?

1.20 ' \ dy \ f ( x , y ) d x .

0 0

L 2 2 ' \ d x  ]  f ( x < y ) dy ■
0 0

2 f
1.24.  ̂ dy   ̂ f ( x , y ) d x  .

1 0
1 2 — y

1.26. \dy  J /(x, z/ )dx.
0 0 
j_
2

1.28.  ̂ dy  ̂ f (x, y )dx  .
0 u

1 4 — 1?

1 -3°-  ̂ dx  ̂ f ( x,  y )dy .
0 0

2. BepnjiraH HH3HKJiap 6miaH Mera paJia HraH uiaKJiHHHr ic>3hhh 
\HCo6jiaHr:

2 1 - y = —, y = 4 e x , 

y =  3, y = 4.

2.3. y l - 2 y  +  x l  =  0, 
y 2 — 4y +  x 2 =  0, 
y  =  x, x  =  0.

2.5. y 2 — 6</ +  * 2 =  0,

2.2. x  =  8 - y \  
x = — 2y.

2.4. x 2 — 4 x + y 2 =  0, 
x 2- 8 x - j - y 2 =  0,

n X

2-6. 8e*.

y  =  3, y  =  8.
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2.7. y 2- 8 y  +  x 2 Q _ J _
y 2- 1 0 y - | - x 2 =  0, »  2 ’ y ~  2*  ’

y = ^ , y =  ^ 3 *  ■ * = 1 6 .

2.9. y 2 — 4y +  x 2 =  0, 2.10. x  =  5 — y 2, 
y 2 — 6 y - t -x 2 =  0, x — — 4 y.  
y  =  x, x  =  0.

2.11. y * - 6 y  +  x 2 =  0, 2.12. y =  A  ^  ?
y 10y —(— jc =  0, 2
«, =  * ,  X =  0. y =  — x  =  9 .

2.13. x 2- 2 x + y 2 =  0, 2.14. y =  3 J x , y
x 2- 6 x + y 2 =  0, ^  =  4

y =  ̂ f % ' y =  V 3 x -

2.15. x 2 —  2 x - f - y 2 =  0, 2.16. y =  — , y  —  5ex ,
. . 2 c i . . i . . 2 n  X
x 2 — 8x +  y 2 =  o,

V* /—

n *
y = ° ’ y = ^

X
A *

y = ° ’ y = - ^

3

y  =  2, y  =  5.
y = - ^ ’ y =  V 3 *  •

2.17. x 2 — 2x +  y 2 =  0, 2.18. y  =  32
x 2 — 4 x - j - y 2 =  0, y =  —

- X 2,
—  4x.

2.19. x 2 —  2 x y 2 =  0, 2.20. y  =  2 0 - x 2,
- 2 6x +  y 2 =  0, y== — Sx.

252.21. x 2- 2 x  +  y 2 =  0, 2.22. y = ^ - x \
x  —  6x-|-y = 0 ,  4
y = 0 ,  y = x .  y = x — —

^  2

2.23. y 2- 6 y  +  x 2 =  0, 2.24. y =  ^ , y  =  ± ,
y — 8y +  x  = 0 ,  *
y =  x, x  =  0. ■*—  16.

2.25. t/2_ 4 y  +  x2 =  0, 2.26. y =  ̂ - ,y  =  7e,‘ ,
y  — 8 y - j - x  = 0 ,  *

y  =  x, x  =  0. y  =  2, y  =  7.

2.27. y 2—  4 y .+  x 2 =  0, 2.28. x  =  2 7 - y :
y  —  8y_+  x  =  0, x  =  —  6y. 
y  =  -\/3 x, x = 0  .

2.29. y 2 —  2 y +  x 2 =  0, 2.30. y = l l - x
y 2— 10y +  x 2 =  0, y =  —  10x.

x r\
y = i j j ’ x = 0 ‘

27— 665 417

.2

•K2,



3. C h p th h  3hmjihth y Ma"b.nyM 6 y j ic a ,  SepHJiraH arpn MH3HK,jiap 
Sh j ish  M erapajiaHraH  D  ruiacTHHKaHHHr MaccacHHH TonHHr:

3.1. x 2' + y 2= l ,  x 2 +  y 2 =  4,
x  =  0, y =  0 ( x > 0 ,  y > 0 ) ,

7 x2+ y 2

x 2 +  y 2 =  9, x 2 +  y 2 =  16, 
x  =  0, y  =  0 ( x > 0 ,  y > 0 ) ,
Y =  2 ( x 2 +  y 2) .

3.3.

3.5. x  =  2, y  =  0, 
y 2 =  2 x ( y > 0 ) ,

7x2 i oV = —§— l~2i/ .

3.7. x  =  2, y =  0, 

y 2= Y  ( « / > 0 )  , 

Tx2 . R
— r + t y -

3.9.

y.  

X : :1, y  =  0.
y 2 =  4 x  ( y > 0 ) ,  
y =  x  +  3y .

3.11. x = l ,  y =  0, y 2 =  x, 
( y > 0 ) , y  =  3x +  6y2.

3.13. *  =  2 , y  =  0 , y 2= - f  

( y > 0 ) ,  v  =  2x  +  3 y 2

3.15. x  =  — , y  =  0 ,

y 2 =  8 x  (y~^z0 ) ,  
v  =  7x  +  3 y 2.

3.17. x = l ,  y —  0,
y 2 =  4x  ( y ^ O ) ,  
y =  7x  - j -2y .

3.19. x  =  2, y 2 =  2x, 
y  =  0 ( y > 0 ) ,  

7 /  . i/
T = — + T -

3.2. x  =  1, i/ == 0, 
y 2 =  4 *  ( y > 0 ) ,  
y =  7x -\-y.

3.4. y 2 =  4x, x =  1, 
y  =  0 ( y > 0 ) ,

7jc
+  5 y .

3.6. x 2 +  y 2= l ,  x 2 +  y 2= 1 6 ,
x  =  0, y =  0 ( x > 0 ,  y > 0 ) ,

v = _ £ ± i L .
( 2 , 2

*  +*/

3.8. x 2+ y 2 =  4, x 2 +  y 2 =  25, 
x  =  0, y =  0 ( x ^ O ,  y s ^ O ),  

2 x —  3 y
y =  2 , 2 - - 

•* +1/

3.10. x 2+ y 2 =  1, x 2 +  y 2 =  9, 
x  =  0, y  =  0 ( x ^ O ,  y < :  0)

X  —  u
v = - r r T -  

x +</

3.12. x 2 +  y 2 =  9, x 2 +  y 2 =  25,
x  =  0, y  =  0 ( x <  0, y <  0 ), 

2u — x
7 = “ ? ^ 7 -

3.14. x 2 +  y 2= 4 , ^ 2 +  y 2= 1 6 ,
x = 0 ,  y  =  0 ( x <  0, y > 0 ) ,

2y — 3x

7 = ^ 7 '

3.16. x 2 +  y 2 =  9, x 2 +  y 2= 1 6 ,  
= 0, y —  0 ( x <  0, y > 0 ) ,  

2y — 5x
X  

y = -

.2
3.18. x 2 +  y * = l ,  x 2 +  y 2=  16, 

x = 0 ,  y  =  0 ( x > 0 ,  y > 0 ) ,  
x+3</

t ==7 T / -

3.20. x 2+ y 2 =  l ,  x 2 +  y 2= 4 ,  
x  =  0, y  =  0 ( x ^ O ,  y > 0 ) .

A: +  2t/

7 = ~ 7 + 7 '
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3.21. x  =  2, y —  0,
y 2 =  2x  ( y > 0 ) ,

7 >?
y = — + y -

3.23. x  =  2, y  =  0,

y2= \ { y > 0 ) ,
7*2

T =  - ^ + 8 y .

3.25. x = l ,  y  =  0,
y 2 =  4 x  ( y > 0 ) ,
Y =  6 x  +  3 y  .

3.27. x  =  2, y =  0,

y 2= f ( y > 0 ) , 

y =  4x  +  6y2.

3.22. x 2 +  y 2= l ,  x 2 +  y 2 =  9,
x  =  0, y =  0 ( x > 0 ,  y <  0 ) ,

2x —  u

y = = ^ 7 '

3.24. x 2 +  y 2 =  l ,  x 2 +  y 2 =  25
x  =  0, y =  0  ( x ^ O ,  y ^ .  0 ) ,  

x  — 4 u

3.26. x 2 +  y 2 =  4, 
x  =  0, y  =  0

3 x —  y

7 ~  J + y 2 '

3.28. x 2 +  y 2 =  4, 
x  =  0, y  =  0

u —  4x

V = ^ 7 -

x 2 “I-  y  —  16, 
( x ^ O ,  y ^  0 ) ,

x 2 +  y 2 =  9,
( x ^  0, y ^ O ) ,

3.29. x = y > y  =  °  -

y 2 =  2 x  ( y > 0 ) ,  
y  =  4 x  +  9y  ■

3.30. x  + y  = 4 ,  
x  =  0, y  =  0

u —  2x

7 = ^ i v -

x 2+ y 2= 9 ,
( x <  0, y > 0 ) ,

4. 3rpH MH3HKJ1H HHTerpajuiapHH x,HCo6jiaHr:

4.1. 5 ( x 2+ y 2)of/, 6y epaa L —  x2 +  y 2==4x afij iaHa.
L

 ̂ V x — 3 ^/y )d l ,  6y epjxa L —  x  =  c o s 3/, y  =  s in 3/acTpoH fla -
L

HHHr v 4 ( l ,  0 )  Ba 8 ( 0 ,  1) HyKjaJ iap  opacHAarH  eftH.

4.3. ^x y d l , 6 y  epaa L —  TOMOHJiapH x = l ,  x =  —  1, y =  1,
L

y =  — 1 6y j i raH  KBa/ipaT KOHTypH.

4.4. ^y2̂ /, 6 y  ep ^a  L — x  — t — sin/, y = l — cos t  UHKjioHflaHHHr
L

6 h ph h m h  apKH.

4.5. S^xydl, 6y ep^a L — ynjiapn A (2, 0 ) ,  B ( 4, 0 ) ,  C(4, 3 ) ,  D ( 2,
L

3 )  AaH H6opaT TyFpn T yp T 6 yp q a K  KOHTypn.

4.6.  ̂ ydl, 6y  epaa L  —  y 2 =  2x napaSonaHHHr x2 =  2y napa6 (wia
L

KecraH e«H.
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4.7. ^ 6 y  epAa L  —  TyppH h h 3h k h h h t  A (4 , 0 ) ,  6 ( 6 , 1 )

L ^

HyKTajrap opacH Aarn  KecMacH.

4.8.  ̂ ( x 2+ y 2)2d l ,  6 y  ep a a  L  —  r  =  2 aftjiaHaHHHP Shphhmh

L

^oparH .

4.9. ^ ( x - y ) d l ,  6y ep a a  L —  x 2- f y 2 =  2 x  aftjiaHa.

L

4.10.  ̂ ^Jx2- { - y 2dl,  6y  epAa  L —  x 2 +  y 2 =  2x  a f t j ia H a .

L

4.11. ^xydl ,  6y epna L —  y>JJiapn 0 ( 0 ,  0 ) ,  / I (3, 0 ) ,  6 ( 3 ,  4 ) ,  D(0, 4 ) =

L

S y j i r a H  TyppH  T y p T 6yp M aK  Korn-ypn.

4.12.  ̂ ( x 2+ y 2) d l , 6 y  ep a a  L —  x 2-\-y2 =  4 aftjiaHa.

L

4.13.  ̂ —  dl.... , 6 y  ep a a  L  —  0 ( 0 ,  0 )  Ba 6 ( 2 ,  2 )  HyKTaJiapHH
J V s - X 2-!/2

TyTaUJTHpyBMH T yppH  MH3HK, KeCJMaCH.

4.14.  ̂ (4  ^Jx —  3 1J y ) d l ,  6 y  epAa L  —  >1 ( —  1, 0 )  Ba 6 ( 0 ,  1) HyKTa-

L

JiapHH TyTaiHTHpyBMH TyFpH 4H3HK, KeCMaCH.

4.15. \ , 6 y  epAa L  —  A ( 0, 4 )  Ba 6 ( 4 ,  0 )  HyKTajiap  opacn Aa
j  x y 
L

>KOHJiauiraH TyFpn mh3h k  KecMacw.

4.16. ^ —  y — dl,  6y  epAa  L —  r =  2 ( l + c o s c p ) ,  O ^ c p ^ - ^ -  Kap-

t  V *2+i/2
AHOHAa eftH.

4.17.  ̂ ydl ,  6 y  epAa L —  x  =  c o s 3t, y =  s in3t acTpoHAaHHHr A ( 1 , 0 )

L

Ba 5 (-0 ,  1) HyKTajiap opacH ^arn  eHH.

S 2
ydl ,  6y epA a  L —  y 2 =  —x  napafioJiaHHHr 0 ( 0 ,  0 )  Ba

L

A  ̂^ 5 ,  ̂ HyKTaAap opacH Aarn  eftH.

4.19.  ̂ (4  \ jx  —  3 y j y ) d l ,  6y epAa L  —  , 4 ( 1 , 0 )  Ba 6 ( 0 ,  1) HyKTajiap

L

opacHAarH  TyppH mh3h k  KecMacn.

4.20. ^arctg-^-of/, 6 y  epAa L —  r = ( l + c o s c p ) ,  0 KapAHO-

HAa eHH.
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4 .2 1 .  ^x y d l , 6y  epAa L  —  yqjiapn 0 ( 0 ,  0 ) ,  ,4 (5 ,  0 ) ,  6 ( 5 ,  3 ) ,  C ( 0 ,  3)

L

f iV.nraii T yppH  T y p T 6 y p q a K  KOHTypH.

4 .2 2 .  x 2-\-y2 dl,  6y  epAa  L —  x 2 +  y2 =  2y a ftjiaH a.

L

4 .23 .  ^ ( x - \ - y ) d l ,  6y e p A a  L —  r 2 =  cos2cp, — B e p H y j i -

L

/rtf JieMHucKaTacHHHHr eftH.

4 .2 4 .  ^ ( x - \ - y ) d l ,  6 y  epAa L  —  y^Jiapn 0 ( 0 ,  0 ) ,  A (  —  \, 0 ) ,

L

6 ( 0 , 1 )  6 y j i r a H  y ^ y p q a K  Korn-ypn.

4 .2 5 .   ̂ ( x 2-\-y2) d l , 6y epAa L —  r — 4 aftjiaHaHHHP Shphhmh noparH.

L

4 .2 6 .   ̂ ( x - \ - y ) d l ,  6y epAa  L  —  y^Jiapn A (1 ,  0 ) , 6 ( 0 ,  1 ) ,  0 ( 0 ,  0 )  6yji-

L

p a h y ^ 6 y p M a K  KOHTypH.

4 .27.  ^xyd l , 6y  epAa L  —  yHjiapn 0 ( 0 ,  0 ) ,  A ( 4, 0 ) ,  6 ( 4 ,  2 ) ,  C ( 0 ,  2 )

L

f iy j iraH  TyppH TypT6ypMaK KOHTypn.

4 .2 8 .   ̂ ^  ~ x dl,  6y  e p A a  L —  r  =  9sin2cp, O ^ m ^ ^ a r p H  hk-
i  (x2+ y 2) *  T  4

3HK, eHH.

4 .2 9 .  ^ — r = £ L =  , 6 y  e p A a  L —  0 ( 0 , 0 )  B a y 4 ( l , 2 )  H yK TaAapH H
l y x 2+ y 2 +  4

TyT3LUHpyBMH TyppH HH3HK KeCMaCH.

4 .3 0 .   ̂ ^ 2 y  d l , 6 y  e p m  L —  x  =  2 ( t  —  s in / ) ,  y  =  2 ( l  —  cos t )  uhkaoh-

L

A3HHHT apKH.

5. 3 r p H  MH3HK.AH HHTerpaAHH XHCo6AaHr:

5 .1 .  J ( x 2— 2 x y ) d x +  ( y 2— 2 x y )d y ,  6y epAa  AB  —  y =  x 2 n a pa 6o -

AB

AaH H H r A (  —  1, 1 )  AaH  6 ( 1 ,  1 ) ra H a  eHH.

5 .2 .   ̂ x dyJ ~ y ^  ; 6 y  e p A a  AB  —  x  =  2 c o s 3t, y =  2sin3t a c T p o n -

AB 3 V * 5 +  V  y5

AaH H H r A (2,  0 )  AaH  6 ( 0 ,  2 )  H y K T a ra w a  eftn.

5 .3 .   ̂ ( x 2-\-y2)d x - \ - 2 x y d y  , 6 y  epna A B —  y +  x 3 Ky6HK napa6cu ia-

AB

h h h t  A(0 ,  0 )  AaH  6 ( 1 ,  1 ) H y K T a r a n a  eftH.
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5.4. <$> (x+2y ) d x - \ - ( x —  y ) d y  , 6 y  epAa  L —  x  =  2 c o s t, t/ =  2sin/
L

aflj iaHa (a fl j iaHHS yTHiu M yc6 aT ) .

5.5. § ( x 2y — x )dx -{ -  (y2x — 2y)dy, 6y  epAa  L —  jc =  3 c o s /, y =  2s'mt
L

a^JiHnc eflH (aftjiaHHS yTHiu M yc6aT ) .

5.6.  ̂ ( x y — 1 )dx-\-x2y d y , 6y epAa L — x =  cost, y =  2s\nt 3Ji-

L

jiHncHHHr >4(1, 0 )  H yKTaA ah 8 ( 0 ,  2 )  HyKTaraMa eflH.

5.7.  ̂ 2xydx— x 2dy , 6y  epAa OBA —  0 ( 0 ,  0 ) ,  B { 2, 0 ) ,  >4(2, 1)

OBA

HyKTaJiapHH TyTauiTHpyBMH c h h h k  mh3h k .

5.8.  ̂ ( x 2— y2)dx-\-xydy , 6y  epAa AB  — A ( I ,  1 ) , 8 ( 3 ,  4 )  HyKTa-

AB

JiapHH TyTaiilTHpyBMH TyFpH MH3HK KeCMaCH.

5.9. ^cosydx — sinxdy , 6y epAa L  — A B  TyppH mh3hk KecMacn

L

A(2n,  — 2n),  B ( — 2n; 2 n ) .
5.10.  ̂ ydx+xdy ' g y  e p ^ g ^  ryppH mh3hk KecMacH >4(1, 2 ) ,  

I  > r + y

8 ( 3 ,  6 ) .

5.11. ^xydx-\- (y — x )dy  , 6y epAa  L  — y =  x 3 KySHK napaSoJiaHHHr
L

>4(0, 0 )  HyKTaAaH 8 ( 1 ,  1) HyKTarana eHH.

5.12.  ̂ ( x 2-\-y2) d x +  (x-\-y2)dy  , 6y epAa L — A B C  chh hk  mh3hk

L

A{\,  2 ) ,  8 ( 3 ,  - 2 ) ,  C (3 , 5 ) .

5.13. ^y2dx +  x 2dy , 6y  epAa  L — x — acost, y =  bs'mt 3/iAHncHHHr

L

coaT  mhjih 6yflHMa afljiaHH6 yraJiraH  io k o p h  apMH.

5.14.  ̂ ( x y  —  y 2) d x - \ - x d y  , 6 y  epAa  L -  y =  2^/x napa6oAaHHHr

L

0 ( 0 , 0 )  HyKTaAaH 8 ( 1 ,  2 )  HyKTaraMa eflH.

5.15. ^xdx +  xydy , 6 y  epAa L —  x 2-\-y2 =  2x aftjiaHaHHHr Korn-yp-

L

hh MycSaT afljiaHHfi MHKKah a b t h  io k o p h t h  HpMH.

5.16.  ̂ (x  — y)dx-\-dy, 6y epAa L —  x 2-\-y2 =  R 2 afljiaHaHHHr
L

KOHTypHH MycfiaT flyHajiHLUAa afl j isHHS MHKKaHAarn io k o p h t h  h p m h .

5.17. § ( x 2— y)dx  , 6y epAa L  KOHiyp x  =  0, y =  0, x = \ ,  y =  2 TyppH
L

MH3HKJiap x,ochji KHJiraH Typpn T yp T 6 yp q a K  ( KOHTypHH afljiaHH6 yTHiu 
flyHaJiHluh M yc6 aT ) .
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5.18. ^ A x s l t f y d x - ^ y c o & x d y , 6 y  epAa  L —  0 ( 0 ,  0 )  Ba 8 ( 3 , 6 )
L

nyKTaJiapHH TyTauiTHpyBMH Typpn mh3h k  KecMacH.

5.19. §ydx xdy, 6y epAa L —  x  =  6cos/, y =  4smt  sjiAHncHHHr

KOHTypHH afi/iaHH6 mhkhlu  f lyHaAHluh MycSaT Sy jiraHAarH  eflH.

5.20. ^ 2 xydx — x 2dy, 6y epAa L —  x = 2 y 2 napaSo/iaHHHr 0 ( 0 , 0 )
L

H yK TaAaH  A (2, 1) H y K T a ra H a  eflH.

5.21. ^ (x, y x)  dx +  —x 2dy , 6y  epAa  L —  y2 =  4x napaSoJiaHHHr
L

A ( 0 ,  0 )  H yK Ta A a H  8 ( 1 ,  2 )  H y K T a ra w a  eflu.

5.22. § ( x 2+ y 2) d x +  ( x 2— y2)dy  , 6y  e p A a  L  —  y n j i a p n  >4(0, 0 ) ,

8 ( 1 , 0 ) ,  C ( 0 ,  1) Sy j iraH  y q g y p w a K  KOHTypH (KOHTypHH a f lA aH H S  h h k h ui 
HyHaAHUiH M y c 6a T ) .

S x2
(xy x )dx -\ - -^dy  , 6y epAa L  —  > 4 8 0 c h h h k  mh3hk: 0 ( 0 ,  0 ) ,

L

^ ( 1 ,  2 ) ,  8  ( — , 3 )  ; KOHTypHH aflAaHHS 4h k h u i  flyHaJinuiH Myc6aT.

5 .24 .  ^ (xy — y2)dx  +  xdy , 6y epAa L —  0 ( 0 , 0 )  HyKTaAaH > 4 ( 1 , 2 )
L

HyKTaraMa Typpw mh3h k  KecMacH.

5.25. ^xdy — ydx ,  6y epAa L — y = x 3 Ky6uK napaScmaHHHr 0 ( 0 , 0 )
L

H yK Ta A a H  >4(2, 8 ) H y K T a ra w a  eHH.

5.26. ^2xydx— x 2d y , 6y e p A a  L  —  y = ~  n a p a 6 o A 3 HHHr > 4 (0 ,0 )

H yK TaA aH  8 ( 2 ,  1) H y K T a ra w a  eHH ( 6y / ia rH ) .

S x2
(xy x ) d x - \ - ~ d y , 6y  e p A a  L —  y =  4x2 n a p a 6 oAaH H H r

L

0 ( 0 , 0 )  H yK TaA aH  >4(1, 4 )  H yK T a raM a  eflH.

5.28. ^ (x-\-y)dx-\- (x  — y)dy  , 6y  e p A a  L — y — x 2 n a p a 6 o j iaH H H r
L

A (  — \, 1) HyKTaAaH 8 ( 1 ,  1) HyKTaraMa eflH.

5.29. §xdy — ydx,  6y epA a  L  —  y q j iap n  >4( —  1, 0 ) ,  8 ( 1 ,  0 ) ,  C ( 0 ,  1)

H y K T a A a p A a  6 y A r a H  y n S y p q a K  KOHTypn (KOHTypHH a f l j iaH H S  v t h u j  
f lyHajiHUiH  M y c S a T ) .

5.30. ^ ( x 2-\-y)dx-{- (x-\-y2)dy  , 6 y  epAa  L —  A B C  ch h h k  mh3hk:
L

A(2,  0 ) ,  8 ( 5 ,  3 ) ,  C (5 ,  0 ) .
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6. BepH J iraH  H(|)OAajiap u ( x ,  y )  (f iyHKUHHHHHr T y j iH K  ,UH(})4>epeHUHa- 
j ih  3KaHJiHrHHH K yp c a T H H r .  3 r p H  h h 3 h k j ih  H H T erp a j i  e p A a M H ^ a  u ( x , y ) 
(J)yHKU,H5JHH TonH H r:

6 .1 .  (10xy3 +  12x3 +  6) d x + ( \ 5 x 2y — 5 )  ydy.

6.2. ( y 2e*y2-\ -6 x—  8 )  dx-\- (2xye*y2— 8y )  dy.

6 .3 .  ( c o s x - c o s y - f  6 x  +  3 )  d x +  ( I 8 y 2 — s i n x - s i n y )  dy.

6 '5 ' ,73775 —  ‘ ) ^ +  (^ZTT^ + 2 y ) r f i /  -

6-6' ( j i v - ' y * + { T ^ - X0) d« -

6-7 - ( 1 ^ + 1^ + ^ + — * « y  ■

6 .8 .  ( 2 c o s 2 x c o s 3 y - ~ ^ j d x +  3 s in 2 x s in 3 y^jdy . 

e - 9 -

6 .1 0 .  {xye^y- f  c o s 2 x  +  x 2)  d x +  e**y+ y ^ d y  .

6. 12 . ( x - \ - y - s m 2y ) d x - \ - ( \ - \ - x s m 2y - \ - x y s m 2 y ) d y .

6 .13 .  ± ^ l X + ± = ± dy,
xy

6 I 4 - ( e ~ ‘ - ^ ) d,,+ ( sin3 “ - i f ) d» -

6.15. (2  x y — L j t o + ^ - L y y .

b h + T ^ ) d* + ^ « y -

6 .17 .  (\ny +  JL— x ^ d x + ( \ n x  +  ± + \ ^ d y .

6 .1 8 .  ( 2 c o s 2 x - c o s 3 ( /  —  ̂ ) d x  — ( y — 3 s i n 2 x - s i n 3 y ^ d y  . 

6 ’ 19’ ( ' ^ ~ + cos2 y ) ^ x  +  ( y ~ x s m 2y)  dy .

6-20- { ^ + \ ) d x + ± f * y = 0 -
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0.21.

6.22.

6 .23.

6 .24 .

6 .25 .

6 .26 .

6 .27 .

6 .28 .

6 .29 .

6 .30 .

(s in 2y  —  y - s in2x) d x +  (xs in 2y  +  c o s2x +  1) dy . 

( ± + \ n y  +  2 x ^ d x +  (\ n x + ~ -\ -  l^ dy  .

( ^ t y +xIh + ( v ^ / +">!/-

1 — y ,  , 1 —  2x ,- ~ - d x - { -------— dy .
* y  y x

y ^ - ^ ) d x + ( i 7 ^ f + j i ) d!,‘

( x - v i ? ) d x + ( - 7 T 7 - ! l ) d!' -

(ycosxy-j~2x — 3y) dx-j -  (xcosxy — 3x-\-Ay) dy . 

(5t/-|-cosx-|-6xy2) dx-}- (5 x  +  6x2t/) dy .

(y — s inx ) dx-\- (x  — 2ycosy2) dy .



12- 6 o 6

B EK TO P  AHAJ1H3H

l - § .  CKajiHp MafiAOH. CaTX. mi3HK,JiapH Ba cwpTJiapn. 
flyttajiHui 6ynHMa xocm ia. rpaflHeHT. BeKTOp MafiAOH.

BeKTOP MH3HK.Jiap

12.1.1. A r a p  <})a30AarH 6 n p op  D  coxaHHHr xa p  6 n p  M  =  M ( x ,  y,  z )  
HyKTacHAa u =  u ( M ) = f ( x , y,  z )  CKajiup ^ h k u h h  SepHJiraH 6 y j ica ,  
y xcuiAa 6y  c o x a A a  CKaAnp M audoH  SepuAsciH  AeHHJiaAH. u =  f ( x ,  y, z )  
c})yhku.hh M a u d on  (p y n tm u n cu  AeHHJiaAH.

A r a p  D  c o x a  TeKHCJiHKKa Tern lhjih  6 y j ic a ,  cKa jinp  MaftAOH hccu

MaudoH ACHHA3AH.
CKa/mp MaflAOHHHHr u ( x ,  y,  z ) — C  ( C  —  y3 rap M ac  c o h )  TeHrjiaMa 

0HJI3H 3 HHKA3 HT3 H KHCMH CCLTX, CUpTU AeHHJiaAH. u ( x ,  y )  =  C TeHrjiaMa 
HCCH CK3AHp MaHAOHHHHr CaT% HU3UFUHU 3HHK.A3HAH.

A r a p  / =  c o s a • i +  c o s p / +  c o s y f e —  6 n pop  I HyHajiHuiAara Shpjihk 
BeKTop S y j ica ,  y  xo j iAa  CKajinp MaftAOHHHHr AHtfxJjepeHLiHajuiaHyBMH

u = f ( x ,  y, z )  (})yHKUHHCHHHHr / flyHaAHUi 6yftHMa xocHAacH KyHHAarn

* L =  ̂ o s a  +  4 “ < o s p  +  4 “ c o s Y 
dl  dx ' dy ' dz

4>opMyjia 6 hji3 h aHHKJiaHaAH.
CKajisip  MaftAOH 4>yHKUHHCH u =  f ( x ,  y )  S y j ica ,  y  xo j iAa

du du . du a
— -c os a  +  ̂ - c o s f i  . 

dl dx dy

6y epAa / =  cosa  • « +  cos|3 • j, P = ^ — a  ■

u. =  f  ( x ,  y,  z )  CKaAnp MaftAOHHHHr rpaAHeHTH Ae6 , KyHHAara

, d u ~ . d u ~ . d u - r  
g ra d «  =  ̂ r - i +  -v~ / +  - t -  «s  dx dy dz

BeKTopra aHTHJiaAH.
u =  f ( x , y, z )  (})yHKUHHHHHr SepHJiraH HyKTaAsrw rpaAHeHTH 6HJiaH 

6y  HyK.T3Aarn flyHajiH iu 6yftHHa xocHJia opacHAa KyfiHAarn MyHocsSaT 

0HJI3H H(})0AaJI3HyBMH SoFJiaHHIU M3B>KyA:
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r p 3AHeHT K,yHHA3TH xoccaJiapra ara:

a ) g r a d ( u i +  W2) = g r a d u i  +  g ra d u 2;
6) g r a d C «  =  C g r a d «  (C  =  con s t ) ;
b ) g r a d (u i  -u2) = u i g r a d «2 +  « 2g ra d u i.

1 - MHCOJ 1 .  u =  xy2z3 (j)yHKU.HH Ba M  ( 3, 2, 1) ,  N  (5 ,  4, 2 )  HyKTa 
SepHJiraH. By (JjyHKUHHHHHr M  H yKTaA ara M N  BeKTop fiyHaJiHUiH

SyHHMa XOCHAaCHHH TonHHr.
E m h  h i. « ( } )yHKUHHHHHrM (3, 2, 1) HyKTaAara xycycn ft xocHJiaJiapH:

= y V I M =  22. l 3 =  4 ;
dx  I m

I = 2 x y z 3\m= 2 - 3 ' 2 ' 1 3= 1 2  ; 
dy I m

I =  3xy2z 2\ m= 3 - 3 - 2 2- 12= 3 6  .
O Z  I M

MN  BeKTOp 6HJiaH ftyHaJIHLUH 6np XHJI 6yjIT3H  1 finpjIHK BeKTop

-J JAN  

~  \HiN\

ra TeHr, 6y  epAa — _

~M N= (5 — 3 ) 7 +  (4 — 2 ) 7 +  (2 — 1) fe =  2 T + 2 7 + ^  . 

| AiJV| =  ~\J22+ 2 2+  1 2 =  3. XleMaK,

-7 2 -r . 2 -r . I T
, =  I ' + I i + T f e '

U lyH Aa f l  k h jih 6,

l = 4 - l + 1 2 - l + 3 6 - | = l  •

2 - m h c o a .  u =  \n(x2 +  y2) (})yhkuhhhhht M  (3, 4) HyK,T3A3 rH
u cj)yHKUH5I rpaAHeHTH ftyHaAHUiHAarH xocHAacHHH TonHHr.

E h h in. By epAa / BeKTop cjiyHKUHHHHHr M ( 3, 4) HyKTaAara

rpaAHeHTH 6ma3H 6hp  xh a  f lyHaAraH, inyHHHr y^yH  |gradu|.

M(3,  4 )  HyKT3A3TH XyCyCHH X0CHA3A3p:

du I __  2x I __ ^ 6 _ .  du I ___  2y I 8

dx I m  x2 +  i f  I M 2 5 ’ I M jc2 z/2 I Af 25

A eM aK ,

g r a d « U = - ^ - 7 + - ^ - / .



U iy H A a f l  k,hJih6 ,

du

~dl

10
25

12.1 .2 .  A r a p  cJ)a30A a rH  D  cox,aHHHr x,ap 6 n p  A f  (x, y, z )  H yK Ta cH A a  

a ( M )  = { P ,  Q, /?}BeKTop ( 6 y  ep a a  P  =  P (x ,  y, z ) ,  Q =  Q (x,  y, z ) , R  =  R{x,  
y ? z ) —  CKaJiap cJ)yHKii,HHJiap) aH H M aH raH  6 y j ic a ,  y  x,OAAa D  c ox ,aA a  

eeK Top  M aud  oh  6epuAeaH  AeftHJiaAH. 
B e K T o p  MaflAOHHHHr eeKTop  h u 3 u f u  jxe6 tuyH Aa ft  4H3HKK3 aHTHAaAH- 

kh, yHHHr x,ap 6 n p  H yK T a cH A a  ypH H M aH H H r ftyHaJiHiiiH u iy  H y K T a r a  moc 

K e j i ra H  a ( M )  B e K T o p h a H r  f t y H a j iw u H  6wiaH 6up x h a  6 y j ia A H .  
C n pT  SyjrarHHHHr H yK T a j ia p H  opKaAH yryB^H x,aMMa BeKTop 

4H3HK,jrap TynjiaMH eeKTop HaunaAapu  AeHHAaAH. 
B e K T o p  MH3HK,jiapH y u i 6 y  AH({ )4>epeHUHaA T eH r j ia M a J iap  CH creM acH - 

AaH aHHKJiaHaflH:

dx dy dz_

P ( x ,  y, z ) Q (X ,  y, Z) R ( x ,  y, z)

K o o p A H H a T a j i a p H  B a K T ra  6 ofjjhk , 6 y j iM a r a H  MaftAOH (cKa/ iHp  eKH 

B e K T o p )  crat i fUOHap eKH ba p i^ ap op  M a u d o n  AeftHJiaAH.

3 - m h c o j i .  a =  — y l + x j + b k  BeKTop MaHAOHHHHr M ( l ,  0, 0 )  HyKTa-

AaH yTaAHraH BeKTop h h 3h fh h h  TonwHr.
E i h u i .  P (x ,  y, z)  =  — y, Q(x,  y, z) = x ,  R (x ,  y , z ) = b  3Ka h a h th h h

X H eo S ra  ojihS, BeKTop  MH3HK.napHHHr y u i 6 y

dx

— y '

dy

x

dz

A H ^ e p e H U H a A  TeHrjiaMaJiap CHCteMacHHH x,ocha  k,h a 3MH3. 

YjiapHH e4aMH3:

dx dy

dy
X

„dz

(  x d x  +  ydy  —  0,

I dz dy . 

h ~  A' ’ ,

\x2 +  y2 =  C l  

| d z __ dy

eKH napaMeTpHK rnaKAAa:

x  =  C icos/, 
y  =  Cisin/,

^ 2  C xcosidt

b CjCos^

' x  =  C jCOs/, 

y  =  C 1sin/, 

z =  bt -\- C2.
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BeKTop Mah a o h h  AHBepreHUHHCHHHHr acocHH xoccaJiapn: 

a )  d i v ( a  +  6 )  =  d i v a  +  d iv6 ;  

6 )  d iv c  =  0, a r a p  c —  y3 rap M ac  BeKTop 6 y j ic a ;  

b) d iv/a  =  / d i v a 4 - a g r a d f ,

6y  ep a a  f  —  f ( x ,  y, z ) — CKaJiap (J)yHKU,HH.

12.2.2. C h p t  opKaAH o k h 6 y raA n raH  o k h m h h  XHCoSjiamra MHCOJiJiap 
Kypa m h 3.

l - M H C O J i .  a =  x i  —  2y j -\ - zk  BeKTop MaHAOHHHHr x- (-2 i/  +  3 z —
— 6 =  0 TeKHCJlHKHHHT SHpHHMH OKTaHTAa >KOHJiaLUraH JOKOpH K.HCMH 

CyHHMa OKHMHHH XHCoSjiaHT.
E m HUJ. TeKHCJIHKHHHr HOpM3J! fiHpjlHK BeKTOpH tt° =

=  (  1. . , — — 5=r ) 6y j i a f l H.  a BeKTop okhmhhh KyfiHAarn (JiopMyjia 
I V 14 V 14 V 14 J

6yflHHa \HCo6AafiMH3:

n  =  ( | x ^ ) a - « 0r f a = — j =  § ( x — 4y +  3 z ) d a  .
a a

By epaa

z = ~ ( 6  — x — 2 y ) ,d a  =  +  ( — i - J +  ( — | J  dxdy =  dxdy . 

I  U lyH A a fl k h a h 6,

f H =  ~ ^ ( x  — 4y +  6 — x — 2 y ) d x d y = ^  ^(6 — 6y)dxdy =
D

6-2y

~ ^ \ d y   ̂ ( ! —  y ) d x = 2  ^ (1  — y)  (6  — 2y)dy =  2  jj (6  —  8y +  2y2)dy =
, 0 0 0 0 

H) 3
=  4 J (y2— 4y +  3)dy =  4 ( j y i — 2y2+ 3 y ^  |® ==

=  4 Ĉ - —  18 +  9 ) =  0 .
TH \ 6 /

2 - m h c o j i .  a =  xz2I-\-yx2] -\-zy2& BeKTop MaflAOHHHHr x2+ y 2 +  
- Z2 =  a2 uiap cnpTH 6yftHMa yHHHr TauiKH TOMOHHra okhmhhh 

x TicofijiaHr.
E  m h ui. CnpT enHK 6y^iraHH y^yH a BeKTop MaftAOHHHHr uiap chpth 

°'HHMa TaiuKH TOMOHHra okhmh II  hh OcTporpaACKHH —  Taycc 
ipMy/iacH SyftHwa TonaMH3:

M( \ ,  n = ( ^ x i ) a - n ° d o =  Q [d ivadxdydz=  ^ \ ( z 2-\-x2-\-y2)dxdydz .
2 .  a Q Q

, j _  h yjmoBAH HHTerpaAHH XHCo6Aaui ynyH KyftHAarn (J)opMyAaAap 
'MHAa ct})epHK KoopAHHaTaAapra yTaMH3:
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; x  =  /-sin0cos(p, */ =  rs in 0  sintp, z  =  rcos0 ,  

dxdydz =  r2sinQdrd<pdQ,

0 < r < a ,
0 ^ ( p ^ 2 j t ,
O < 0 < n .

y  x,0JiAa

n = SSS r ^mQdrd(f>dQ= l r 4dr  fs in 0 d 0  \ d < p = ~ l-
a 0 0 0 5

2 -  d a p c x o H a  T o n iu u p u F u

* |G 3 z )/ +  (x-\-2y-\-z) j  (4x-\-y)k  BeKTop MaiiAOHHHHr 
x ~ r y - r Z = 2 TeKHCjiHKHHHr 6 h p h h m h  OKTaHTAa eTraH  lOKopu k h c m h

6yHHHa o k h m h h h  x,HCo6jiaHr. } K :  — .
— 3

2. a =  8x i -\-1 lyj-\- \7zk BeKT-op MaiiAOHHHHr X-\-2y-\-3z=\ Te- 
kh c j ih kh h h t  6hphhmh OKTaHTAa >KOHJiauiraH khcmh 6 y f i m a  okhmhhh 
XHCoe^aHr. H op M a j j  Oz yKH SnjiaH yTKHp 6ypu aK  xo ch j i  KHJiaAH. ) K :  1.

3. a = ( x y  +  z )i-\- (yZ +  x2)~j-\- ( z x + y  )k  BeKTop MaftAOHHHHr7W(1 3
—  5 ) H^KTaaarH AHBepreHUHHCHHH_*HCo6jiaHr. >K; —  1.

4. a =  (x  y)i-\- (x -\-y ) j -\ -z2k BeKTop MaiiAOHHHHr x2- )-y2 =  1, 
Ba 2 = = 2 cnpTJiap Sn jia ’H MerapajiaHraH uh j ihhaph k  * h c m  ch p th  

oyHHMa TauiKH HopMaji ftyHajiHUiHAa okhmhhh *H co6 j iaH r.  >K: —  4n.

2- MycraKfUA uui

1. BeKTop_Ma0AOHHHHr AHBepreHUHHCHHH TonHHr.
a ) azzxy2i-\-x2yJ-\-z3k, M (  1, — 1,3) HyKTaaa;

6) grad  u, 6y epaa u =  \n(x2+  u2-\-z2) ;

b )  grad  -yJx 2-\-y2+ z 2 .

2. BeKTO|3 MaftAOHHHHr n  o k h m h h h  XHCoSjiaHr:
a) a =  xi-\-3yj-\-2zk HHHr x - ^ y - ^ z — 1 TeKHCjiHKHHHr 6hphhmh 

OKTaHTAa eTraH hdkophth khcmh SyflnMa;

6) a — 3x1— y j — zk  HHHr 9 — z = x 2 +  y2, x  =  0, y =  0, z =  0 Te- 
KHCJiHKjiap SHjiaH MerapajiaHraH  Sn pop  jkhcm Qyvmna TauiKH HopMaji 
iiyHajiHUiHAa;

b )  a — 2xi-{-zk  HHHr z =  3x2-\-2y2, x2-\-y2 =  4, z =  0 CHpTJiap fiyHHMa 
MerapajiaHraH cnpTra TauiKH HopMaji SyftHMa.

>K :  a ) 1; 6 )  b )  20.
O

3- §. BeKTop MaflAOHHflarH hh3hk,jih HHTerpaJi.
U,HpKyJIHUHH. BeKTop MafiAOH pOTOpH. 

C tokc  TeopeMacH. UnpKyjmUHHHH x,HCo6jiaiu.

Z = ip 0  R\ BeKTopH H H r L  a rp n  mh3hk 6ym^a hu3ui âu unrespaAU 
A e 6  6 y  L  a r p n  mh3hk 6yftHMa BeKTop  MaftAOH 6 a > K a p ra H  h luh h  

aHHKJioBMH y u i 6 y  a r p n  t o 3 h k j i h  H H TerpaJ ira  aftTHJiaAH:

^Pdx +  Qdy +  R d z = \ a - d r  .
L 1

A r a p  L  KOHTyp enHK 6 y j ica ,  mh3hkjih HHTerpaJi a BeKTop Mafl-  

noHHHHr 6y KOHTyp 6yflHlia i^upKyAfmuRCu AenHJiaAH.
E n H K  arpn HH3HK L  4>a30Aa f inpop  o  ch p th h  MerapaJiaraH OyjiHO, 6 y

CHDTAa a = \ P  Q W  Be K To p  Se p H Jira H  Sy jiC H H , y  XOJiAa U H p K y jiH U H H  Ba

CHpT HHTerpaJiHHH 6 o f j i o b 1ih yu i6 y  C t o k c  (popM.yAa.cu ypHHJiHAHp. 

^ P d x + Q d y + R d z  =  )  cosa

+  )  cosfi+ ^ ) C°ST )  ’

<5y e p ia  ?  =  (c o s a , cos|) c o s v l -  ' 6 y H / ,S '* a '’up't>in" '  w y

o J ^ e K H C ^ T S r a H  k 6 ^ 6 y
a =  {P, Q, R) BeKT°P wanAPH H H H r poropu  e ^  y h

r o i a  =  7 +  +

i :  i  ■ k 
d- d d 
dx dy dz

P  Q R

BeKZ ? o p t Ta « r a  C to k c  < t ,o p »y ,a c l, K y t a * , ™  « » - “ ''

( ^ )H d r =  ^  n ■ ro toJ 'J

BeK Top  a a i i ; i . i l i »  porop jiH iiH r■ 6 a t3 H  xoccaJ iap it:

J z )  “ a " P
(JjyHKUHH.
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<}>a30HHHr HXTHeDHfi V/{v u Te3J1HK BeKTop MaHAOHHHllHI'

i i = » X  r  —
i ! k
w x wy W.

ZleMaK,

x y z .

-f- (wzx wxz ) j - { -  (wxy — wyx)k.  

'co\v =  2 wxi-\-2 wyj-\-wzk =  2 w.

,  J ' ! s „ C B eK T op  MaH/lOHHHHHT L -  y 2 - L  ,/2__ A

a )  UHpKyjTHUHH Ta-bpH(})HAaH 4)OHAajiaHH6;

E q HTu°|KCit i iu M̂ JIaCH’f:aH 4>OHaajiaHH6 x,Hco6jiaHr.

SfHMHUIHHH M  K',r v 6M r a| ar P" M ""-"-r 6" f’m K  BeKT°P » “ = *
(6 2 - u ia ju i).  aHJiaHHiu HyHajiHUiHHH KypcaTaM H3

a )  AHjianaHHHr napaMerpHK TeHMaMaJiapH:

*  =  2cos/, i/ =  2sin/, 2 =  3, 0 < / <  2n.

H s j ia H a e r ra H  C  Uh p k y j ih u h h h h  r a - b p ^ H  4>ofiAa.naHH6 xonaMHs:

C 2n

C =  tyydx +  x 2dy — zdz =  J [2sin/( — 2sin/d/) +
n o

271
-f-4cos t-2costdt — 3-0] =  8 J cosH d t -

0
2p 2:1

— 4 j s i n 2W/ =  8 J ( I  — sin2/) d (sin/) —
0 0 
2ji

— 2 J (1 — cos2 t )d t  =  8 (sin/— —sin3/)
o 3

- 2 ( t - ± sin 2 t )\ 2 J= - 4 n .

2ji

0
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6 ) U lap T ra  Kypa: ro ta  =  ( 2 * ~  l )J .C r< * (t> o p »y J ia c H ra  K$pa:

c =  t t rot3 -n"<to =  g ( 2» -  1 )dxdy =  ^<2rcos<p- 1 ) rdrd<f =
^  a °xya xy y

2" 2 2r /1 i , \ I 2j
=  ^(2rcoscp— l ) r d r =  }  ( l f r coscp 2̂r / 10 ^

0 0 0

=  J (jco s< p -2 )d < p  =  (| s in q )-2 cp ) |2o" =  - 4 n  .

(Hkkh HHxerpaAHH XHCo6.nawAa kYt6 KoopAHHaxa.apHra 

yTHJIAH.) 

3- dapcxona ronmupuFu

1. a =  x y z r + ( x  +  y +  z ) i  +  ( x 2 +  y2 +  z 2) k B e ^ T o P M ^ o H H ^ r M ( \ ^

— 1, 2) HyKTaAarH poxopHHH TonHHr. >K: rota — — 6i 6] k .̂
9 a - u T - 2 z 7 + x U  BeKTop MaHAOHHHHr 6 h P naJUiaJiH 2x  - y  +  

j .  /?“  rn n ep em o H A H H  y  =  *  xeKHOiHK KecnuiHAaH xo ch a  6y./iraH
™ " T  HaTH>KaHH O 0 K C  * o p „ y -  

e E - “ ~ 7 7 j  ^ K T ^ ^ M a ft f l o K H H H r  , _ ✓  +  , «

nH;  TelcAHK L a «  KecHUiHLU KOHTypH eyHHHa n’ - z  opxra 
HHcSaxaH Myc6ax a H .™ 6  yxHUiAarn unpKyAHUHHCHHH W co6^aHr. 

>K:472f _ _ vr+ 2 /  +  ̂  BeKxop MaHAOHHHHr x2 +  y2- z 2 =  0 KonycHHHr 
z = l‘ 6h , T h  KecHU.HU, .H3HFH L  e y n ^ a  =  *  opx ra  hhc-

6axaH M yc6ax 3 HA3 HH6 yxHiiiAarH unpKyAHUHHCHHH * n c o 6.naHr. >K- n.

3- MycraK,uA uui

! -  =  B eK x o p  MaHAOHHHHr x2-\-y + z  = 4 ^ c ( J ) e p a H H H r

J ^ T ^ = Z  KOHyc 6HA3H KecHUiHUJ HH3HFH L  6ynma n - k  o p x r a  

HHC63X3H M yc6 3 X  3HA3HH6 yXHW AaFH U H p K y A . U H H C H H ^ W C ^ a m -

2. a =  u z t+ 2 x z j+ y 2k B eK x o p  MaHAOHHHHr z — ^2b
, 2 1 ^.2 _ _  1 6  U.HAHHAP 6 h A 3 H  KeCHUIHOI MH3HFH

r « a ™ PaS  o p " "  ™ c6!1Ta"  Myc6aT “ S "3™ ™ 3 aiJla" " 6
yTHUiflarn tt„ p K y ™ ™ » c j . » J  /  +  !/2- 1 rUH/ . H“ P '

A3TH UHpKyAHUHHCHHH X,HCo6AaHr.
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4 - § .  I loTeHUHaji MafiAOH.
.noTeHM Haji MaflflOHflarH h h3 « m h  HHTerpaJi. 

aMHJibTOH Ba J la n j ia c  on ep a T o p j ia p a

H yKT a ' ™ a  S i / T  T  °  c w a c " " » “ 1' « P  <S„p

n o n w u n A  e r a  yjopMucus MaOdon m S m m  " a M ° "  “  “ “

« a i ™ ™ t ' ~ r p a r e™ " " x „ c Z "  t Z ™ ™  “  =  9 ' CKaJ,"P
noTeHUHajiflHp. a  Maft/ioH Q c o xxna 3H BeKTop Mua HAOH x;ap aohm'| 

Mapxa y 3JiyKCH3 A H ^ e p e H U H a j u i a H y B ^ M - T U ^ u  6\m m H  y i,yH ™  I 
M3B>KyA SyjiHUiH 3apyp  Ba e r a n L  Z)  CKaJWPJi>yHKUHfl !
SyjiHuiH KepaK. «  =  « ( / „  ^  J  yHHHr ylIyH a  =  g r a d «  i

(eKH |

y m 6 y  c j iopM yJiaS  ^ h ” h " h p :  MaHA° H y4yH n0TeHIWajiHH TonmiiHHHr j 

u ( x , y ,  z )  .= ,   ̂ Pix. i/ ,  z ) d x + Q ( x , y , Z )dy~\ -R (x ,y ,  z )dz -\ -C
Mf;M ’ 1 »

6 y  ep/ia A i 0 ( x 0, I/. , : i )  —  o  C0*3HHHr CwpopTa TailHH HVKTaru i f ,

’  R vCr “ Hr " XT" Sp" a  " ^ T ac » -  C  -  h x ™ I p „ 8  “ " r a p "a c ^  ‘  

Z a ^ p”=

5 PdxJr Q dy-* rRdz =  u { B ) — u ( A )
'AB  ’  ' . '

S ” » » » r „ x Hp ™

s  B » ™ pp i " r o " 6̂ s r r a ™ , s ^ p ^ y C T M ? d i™ = »
AefiHJiaAH. d i v r o t a  =  0 6 v S  v l  ,  e K H ^ Qi/M C M O H ^ a « d 0H

p o t o p  Mai 4 „ „ „  c i eB0o2 r „ " a \ r o r 6 s ; raH a  BeKrop

w m  noTeHUHaj]Hx a M ^ c ™ ? h ° o t o »  M j i c a ’ j S 1 q  c " P Bal™ " r  S’3 " 113
HyKTacH^a d iv a  =  0 r o ta  =  0 6 w ic a  ’n C0* a„HHHr * a P K3hch

e a p M o u u ,  uaUOon  r a p U ^ ^ a S H H r T n ' ^ ? ^ 8

j? ! f i  i <?2«

<?*2 V  a*2 -

AeHHJiaAH. ’ 4tyHKUHH CapMOHUK (pyHKU,UH
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I m h c o j i . 5  =  {2 x y  +  z ,  x 2 - 2 y ,  * }  B eKTopHHHr MaftAOHH noreH U H -
,1, 1, .neKHH cojieHOH/uiH 3MacjTHrHHH K yp caT H H r .  BepH J iraH  MaHAOHHHHr

norcHHUaJiH u hh TonH H r.
l i  it h lu . K ,y f tH A a rH ra  a raM H 3:

P =  2xy +  z, Q =  x2 - 2 y ,  R =  x, myHHHr yqyH:

7  *i i k

d d d

dx dy dz

P Q R

i

d d a o u __  — - ——
r o t a =  —  - r -  - r -  —  dx <5*

r?* du OZ
2xy  “ j-  z x  2 y 

x ) k  =  0, H"bHH a  —  

a  BeKTop  aeBepreHUHHCHHH T o n a M n a :

_dR

dx ' du ' dz

d
dz

d i v 3 _ 4 f + ^ + ^ - S » - 2  +  0 ^ 0 .

r>HH06apHH, a  —  ccwieHOHAJiH MaftAOH 3Mac. BepHJiraH a MaftAOH 
noTeHUHaJiH U HH KyftHAarn (J)opMyjiaAaH aHHKJiaHMna:

u ( x , y , z ) =  ^ Pdx +  Qdy +  Rdz +  C ,
M0M

MH3HKJ1H HHTerpaJi gou i^aH FH M  M o  (xo,  yo, zo) Ba ox h p fh  M ( x ,  y, z )  
nyK Tara  S o f j ih k .  A h h k  H H T e rp a A ra  yT H 6 TonaMH3:

y ■ z

u(x,  y ,z )  — \ p ( x , y , z ) d x +   ̂Q{xo, y, z ) d y +  ^Rixo, yo, z )dz +  C .

x0 yo 20

M a s K y p  x o j iA a  M o ( x o ,  yo, zo)  H y K ta  c n ^ a T H A a  K oo p A H H a Ta J iap  6 ou :h  

0 ( 0 ,  0, 0 )  HH OJ1HLU MyMKHH. U ly H A a H  KHJ1H0,

u { x , y , z ) =  \ ( 2 x y  +  z ) d x + ( x 2- 2 y)dy +  xdz +  C =

OM

=  \ (2xy +  z ) d x +  U — 2 y ) d y +  \j0dz +  C =  (x2y +  xz)  10—
0 0 0

- y 2\ l + C  =  x 2y +  x z - y 2+ C  .

2- m h c  o j i .  a =  { y z - x y ,  x z - ^ + y * ,  xy +  y2z} MaftAOH n o x e n -  

uwaji  eKH n oxeH U H a j i  3MacJ]HrHHH xeK u iH pH H r,  yHHHr noxeHUHaJiHHH

r i w  / l l l ,  1. 1) Ba 8  (2, - 2 , 3 )  HyKTa.apKH TyramTHpyBiH
HH3HK SyftHMa MOC 4H3HKJ1H HHTerpajiHH X,HCOOJiaHr.
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E  h h ui. BepHJiHLUHra Kypa:

P  —  yz  xy, Q  =  x z — ^ - + y z \  R  =  xy  +  y 2z

UiyHHHT y4yH

r o t a  =
d

dx

i
d

dy

k
d

dz

yz —  xy  x z  —  ~  +  y z 2 xy  +  y 2z

—  ( x  +  2yz —  x  —  2 y z ) i  +  ( y - y ) J - j -  ( z  —  x  —  Z -\ - x ) / i= 0

A eM aK ,  a  — noTeH UH a ji  MafiAOH, 6HHo6apHH, yHHHr noTeHUHaAH 
M aB W yA .  <y hh anAHHrn M H can/ ta rn ra  y x iu a iu  T o n a M H 3:

r $ z
u ( x , y ,  z ) =  \j ( y z  —  x y ) d x +  \yz2d y +  j j o d z  +  C =

“ ( j,» z - 4 L) l » v i ; + c - ^ - 4 L+ - !T i + c -

LUyHAafi k h a h 6,

u ( x ,  y, z )  = x y z - x2y  , i/2z 2
+  C

noTeHU Haji  MafiAOHAa mhshkjih HHTerpaA A Ba B  HyKTajiapHH 
TyTaLUTHpyBMH fty/ira S o f a h k  SyAMaiiAH, myHHHr y^yH  yHH

 ̂ Pdx-\~Qdy -j- Rdz =  u ( B)  — u( A)
AB

cf>opMyAa SyfiHMa x h c o 6a 3 h m h 3:

5 ( y z - xy ) d x + ( x z — ^ + y z A d y + ( x y  +  y2z ) dz =
AB '

=  u ( B ) - u ( A )  =  ( 2 . ( - 2 ) . 3 ~ ^ = ? L + t z ^ ^ _

- (> • '■ > - 4 L + ¥ ) - < > -

12.4.2. BeKTop aHaAH3HHHr acocHH TyujyHHa./iaPH (rna/THPHT 
AHBepreHUHH, Po toP )hh raMUAoroH oneparopu Ae6 a ra S yB ^  ? ’
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v = J ^ l + J L j + 4 - k
v  dx dy dz

A ^ e p e H U H a A  on epa xop  ( c h m b o h h k  V  eeKTop

« H a 6 A a »  Ae6  yKHAyBUH) epAaMHAa BeKTopHHHr cKa/inp Ba
BeKTopHH cKaAHpra  Ky n a HT Hp Hi  ^ ^ . J h h S,

du.
g r a d a  =  i - j ^ + ! =  V « ,

dy dz

,. — d P  i dQ , d R __\7 . a
d , v a = - j r + - ^ + - r —  v  a ,dz

ro t  a  =

i j «

d d d

~dx dy dz

P  Q R

=  V X i

KenxHDH6 vxH Aran  aM a jm a p  6upumu rapmQAU ducpipepeH^uaJi

r , T a T a p S t Tr r B y l Ka T a r T ^ y » “ ^ a  c a i T u .

I o m m k i i  6 y  on ep a T o p  5 U * e p e H M a « a w  o n e p a r o p n w  Ba KynaHT-

“ a "3"  i ? r z r  » KSn a a™ a c » „ „ » r

rpaAweHTHHH TonHHr.
E m h u i . K y f lH A a ra ra  3raMH3:

g r a d  u - v = V u v  =  u V v  +  W u

eKH
g r a d  u v = u g r a d u y g r a d u -

12.4.3. H kkhhmh TaP™CJiH Se rna  Ju,<M*peH.waJi sm sjih h  e3Hm

MyMKHH:

d ivgradw = V  • V « =  V  «  =  Au,

6y epAa

A =  -
dxf- dy ■+

=  V -

n4>0Aa J la ru iac  onepaTopH AeftHJiaAH:

439



r o t  g r a d w =  ( V  X  V ) u ;  ■ 
d i v  r o t a  =  V  • (  V  X  a ) ;  

g r a d  d i v a =  V  (  V a ) ;  
r o t  r o t a =  V  X  ( V  X  a ) .

TaMMJibTOH on epaTopn  V  HHHr BeKTop Ma-bHocnAaH ro t  g r a d  u =  0 
(HKKHTa KcuiJiHHeag BeKTopHHHr BeKTop KynaHTMacHra araMH3) 
s k s h j ih ™  Ba d i v r o t a  =  0  (KoMruiaHap BeKTopjiapHHHr apaJ iam  KynaftT- 
M acnra  araMH3) s k sh j ih th  K e jw 6  miKajw.

4- M H c o j i .  « = - L  (jjyHKUHH, 6y  e PAa r =  ^~x2+ y 2+ z 2, rapMOHHK

4>yHKUHH 3K3HJIHTHHH Ba a  =  g r a d  U —  BeKTop M3HAOH rapMOHHK 
3K3HJIHTHHH HC6oT KHJIHHT.

E m h ui. JJ,acTJia6 6epHJiraH (JjyHKUHH y^yH  J la ru ia c  TeH rjiaM acn
d U d2u , <52«  „
gx2 ' Qŷ  gz2 eKH —  ypHHJIH 3K3HHHH TeKlUHp3MH3. ByHHHT

v q y u  ^2“  d2“ d2U * ,
~dx?’ I h f ’ H J  Ba Xhco6ji3hm h3:

dU _______X_ d u _ ____du _______  2
ex r3’ dl/ ^  - j ;

____L + J f l  a2« _ ___ L i  JyL. ___ L i  3z2 .
d*2 r3 r5 ’ gy2 r3~>~ r5 ' dz2 r3 +  rs !

A u =  — 3_+  M l + y + z 2) = ___ L i l _ o
r  r b r 3 r 3

ZleMaK, Aw  =  0 J la ru iac  TeHrjiaMacn ypHHJIH, 6HHo6apHH, SepHJiraH 

U —  ~ ----  rapMOHHK (JjyHKUHH.

M h c o j i h h  eHHUJAa A 3 b o m  3T3mh3. T o n a M H 3 :

a =  grad u =  —  i +  —  j j r l ± ' b
dx  ^  gy  / “ I" dz *

eKH

a = ~ ' ^ j ( x i + y i + z k )  .

Ma-hnyMKH, HcrajiraH u ( ^ h k u h h  ynyH: rot a = r o t  g ra d  u = 0  awn a 
HHHr rapMOHHKJwrHHH aHHKJiauiHHHr 6HPHHHH inapTH 6a>KapHJiraH 
Hkkhhmh m apT: d i v a  =  0 w m  6 a * a P HJiaAH, uyHKH o a * a P ™ r aH-

d iv a =  div grad  «  =  A« =  0.
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4- dapcxona Toniuupuru

1. a  MaHAOHHHHr noTeHiwaJi sKaHHHH KypcaTHHr B3 yHHHr 

HOTeHUH3AH U HH TOnHHT:

a) a = { 2xy, x 2 - 2yz, - y \  
6 )  a =  {3x2y —  y3, x3 -\-3xy),
b )  a  =  {y  +  2, x -\-z ,  y-\-x\,
r )  a =  \yzco&xy, xzcosxy, sin  xy). 
>K: a )  u =  x2y - y 2z +  C ; 

6 )  u = x 3y — +  
b )  u =  xy-\-yz-srXZ-{-  C; 

r )  u =  z s i n x y + C .

2. * 2 , x y }  M3HA0H n 0TeHU,H3JlH U HH TOHHHr B3 

“ f  (yz +  \)dx +  xzdy +  xydz mhshkjih HHTerpsJiHH XHCo6ji3Hr.

(1,1,1)
>K: u =  x +  xyz-\-C\ 12.
3. BepHJiraH (JjyHKUHH r a p MOHHKMn:

a )  M =  ln r ,  6 y  epA3  r = ' \ J x 2-\-y ,

6 )  u =  r  —  x, 6y  epA3 r =  V x2+ ^  ;

b )  y — Ax +  By-^- Cz-\-D.
3 ) X3; 6 )  ftyK; b )  xa .

4- MycraKfUA uui

a BeKTop MaHAOHHHHr noTeHLwaJiJiHrHHH tcku ih  pH Hr, yHHHr 

HOTeHUHSJiHHH TonHHr Ba a BeKTopAah A  (eft 6 ou ih )  B3 B (en  o x n p n )  

HyKT3JiapHH TyTaniTHpyBMH eft mhshfh 6 y f t j ia6  cwiHHran mhshkjih 

HHTerpaJi k,hhm3Thhh x,HCo6jiaHr.

1. a =  {2 xyz, x 2z, x2y),
A (1, - 1 , 2 ) ,  B ( - 2 , 4, 2). >K: 34.

2. a =  {x2 —  2 yz, y2 —  2xz, z2 —  2 xy],
92

A (1, - 1 ,  1), B  ( - 2 , 2 , 3). >K: - y .

3. a =  \2 xy-\-z2, 2xz +  x2, 2xz +  y2},
A (0, 1, - 2 ) ,  B  (2, 3, 1). >K: 25.



9- HaMynaeuu %uco6 ro num pu^A apu

1. u =  u(x, y , 2 ) CKa^inp 
ftyH3J1HLliH 6yftH4a X,0CHJiaCHHH

1.1. M = J X 2Hrf - ^ 2- ( -22)3/2 

l = i — / +  k,
M ( l ,  1, 1).

1.2. u = x + J n { z 2± y 2),
7—  — 2/ +  /—  k,
M  (2, 1, 1 ).

1.3. u =  x 2y — ^ x y  +  z 2 ,

1 = 2 ]— 2k,
M {  1, 5, - 2 ) .

1.4. M = y jn ( l  +  x 2) —  a rc tg 2 , 
l = 2 i - 3 ] - 2 k ,
M (0 ,  1, 1 ).

1.5. u — x  (ln ^  — a rc tg 2 ) ,
7= 87+4/+ 86,
M ( - 2, 1, - 1 ) .

1.6. u =  ln {3  — x 2) +  xy2z, 
l z= i-\-2j — 2k,
M (  1 , 3 , 2 ) .  ____

1.7. «  =  s in (x  +  2 y ) +  , 
7=  4/ -1-3/,

M = ( f ’ I P  3 ) ’

1.8. u =  x2y2z — l n (2 —  1),
7 = 5 l-6 j+ 2^ /5k ,
M (  1, 1, 2 ) . ________

1.9. «  =  x 3 +  -a/i/2+ 22 ,

7=  / —
A f ( I ,  - 3 ,  4 ).

V * _____ yz

MaHAOHHHHr M HyKTaAarn 7 BeKiod
TonH H r:

1.13. u =  z 2-\-2 a r c t g ( x —  y ) ,  
1 = 1 + 2 ] - 2 k ,
M ( \ ,  2, - 1 ) .

1.14. u =  \n ( x 2 +  t/2) +  x y 2 , 
i = i — / +  5£,
M ( \ ,  - 1 ,  2 ) .

1.10. u
y x + ^ j y  ’ 

1 =  2i  +  k,
M  (4 ,  1, — 2 ) .

1.11. u =  y xy  +  ^ 9  —  z2 ,

^== — 2/ —f— 2/ —  k,
M ( l ,  1, 0 ) .

1.12. u =  2 -\jx-\-y +  y a r c t g 2 ,

l = 4 l —3k,
M  (3, — 2, 1).

1.15. u =  x y — — ;

/ =  5 / +  / — &,
A f ( - 4 ,  3, - 1 ).

1.16. «  =  l n ( x +  V ^ + 2 2 ) ,

7= 27 /+ £ ,
A f ( I ,  - 3 ,  4).

1.17. u =  x2 — a r c t g ( y  +  2 ) ,  

l = 3 j — Ak,
M  (2 , 1, 1 ) .

1.18. « = X 2y + J / 22  +  2 2X,

l =  2i +  S j - 3 k ,
M ( I ,  - 1 ,  2 ) .

1.19. «  =  l n ( x y j - y 2 + x z ) ,  

l = 4 i - 2 j - 2 k ,
M ( - 2, 3, - 1 ).

1.20. u =  5x2yz — xy2z-\-yz2,
1 =  8 i 4/ +  8&,
A f ( l .  1, 1 ).

1.21. «  = ---------- _________
x2+ y 2 +  z2+ \  

l = 3 l - 2 ] + 3 k ,
M ( - l ,  2, 2 ) .

1.22. « = ______ *______

x2+ y 2+ z 2 ’ 

l = - 4 l - 3 k ,
A f ( l ,  2, 2 ).

1.23. u =  5x2yz — xy2z +  yz2,
7=1 — 2/+ 2*.
M (  1, - 3 ,  2).

1.24. u =  x2 +  xy2 — 6xyz, 
l = 3 i - ] + 3 k ,
M(  1, 3, — 5).
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1.25. u =  V 1 + ^ 2+ y 2+ z2 ’ 

1=2/ +  /,
M (1, 1, I )-

1.26. m = ln (x 3 +  </3 +  z + 1)*,
7 =  — 5t — 2/ +  3fe,
M (  1, 3, 0).

1.27. u = ^ - + f — >

7 = 3 i  +  2/ +  3fe- 
M (  — 1, 1, 0 -

1.28. u =  x2 -\-y2 -\-z2 — 2xy2,
7 = 4 7 + 2 ^ ,
M ( l ,  - 1 , 2 ) .

1.29. «  =  ln (x 2 +  y2 +  2 ) ,  
7 = 4 7 — / —  2fe,
M (  —  1, 2,  1) .

x y x 
,.30. « = 7 - T - T ’

7=  — 57+2/ — fe,
M (2 ,  2, 2).

2 „  =  « ( * ,  y ,  2 )  cDyHKUHHHHHr A f  HyK.xa.aarH 3Hr K a x x a  y s r a p n w H  

KaxxaJiHTH Ba ftyHaJiHiuwHH xonH H r .

2.1. u =  xyz,
M (0 ,  1, - 2 ) .

2.2. u =  xy 2z,
M {  1, - 2 ,  0 ).

2.3. «  =  x2y22,
M (  — 1, 0, 3).

2 2
u =  xy z  , 
M ( — 2, 1 ,1 )-

2.4.

2.5.

2.6.

2.7.
M (2

2.8. u — “ 2

w =  x2y  +  y 2z> 
M ( 0, - 2 , I)-
w == xty -̂ 2!»
M (  — 1 , 2, 1) .

u =  xy2 ,
M (2, 1, 0 ) .

x2yz,
M (2, 0, 2).

2.9. u =  xyz2,
M ( 3, 0, 1 ) .

2.10. u =  x2yz2,
M ( 2 , 1 , — !)•

2.11. u =  y2z — x2,
M ( 0, 1 , 1 )■

2.12. u =  x  (y  +  z ) .  
M ( 0, 1 , 2 ).

2.13. u =  x2yz,
M ( l ,  - 1 ,  1 )-

2.14. u =  x y z2,
M (4 ,  0, 1).

2.15. u =  2x2yz,
M (  — 3, 0, 2).

2.16. « =  (^  +  y ) z >
M(0, — 1, 4).

2.17. u =  x2 {y2 +  z) ,
M (4, 1, - 3 ) .

2.18.  u =  x2(y +  z2) >
M (3, 0, 1).

2.19. u =  x {y 2 +  z2) ,
M(  1, - 2 ,  1).

2.20. u =  x 22 — y 2,
M(  1 , 1, - 2 ).

2.21. u =  x2y — z,
M (  — 2 , 2 , 1 ).

2.22. u =  y ( *  +  z)>
M ( 0, 2 , - 2 ).

2.23. « = x 2y 2 ,
M ( l ,  0, 4).

2.24. w = ( x  +  z ) y 2,
M ( 2 , 2 , 2 ).

2.25. w = ( x 2 +  z ) y 2,
M ( — 4, 1, 0 ).

2.26. u =  ( x 2 — y ) z 2, 
M ( l ,  3, 0).

2.27. u =  x 2 +  3 y2 — 22, 
M ( 0, 0, 1 ).

2.28. u = x z 2 +  y ,
M ( 2, 2, 1 ).

2.29. u =  xy2 — z,
M(  — 1, 2, 1).

2.30. u =  2 ( x  +  y ) ,  
M ( l ,  - 1 ,  0).



3. u — u (x , y, z)  Ba u =  v (x,  y, z)  CKajinp MaftaoHJiap rpa^HeHTJiapH 
o p a c H A a r a  S yp qaK H H  TonH H r:

3

3.1 .  u = ~ + 6 y 3+ 3  ^/6z3, 3 .8 .  U =  3 ^ 2 x 2------^ - 3 ^ 2 z 2

V2
v = - ^ ~  . .  *

x 2 V = -  2 
xy

M

3 9  ,,_ 4 V 6__________1 A  _  2 _
X %y z ’ 3.9 . u  =  3 ^ 2 x 2------ ~ =  —  3 ^ 2 z 2 ,

v  =  x 2y z 3,

'(H V D - z*

3.3 . «  =  9 a/2 .3______y3 4 z3 M

2 V 2 V 3
( ± s- V R -

3 .1 0 .  i .2 '  w . iu .  ------------------ —-=—
v  —  r » x y ^ 6  z

xy 3 2x3y2

'( i 2- VI)
V ■

^  4 . 2 ,  a / 4  . '•

3 .4 .  u =  6 ^ 6 x 3 —  6 ^ 6 y 3-\-2z3, 
~2xz"

y  = —  
y .

M
(  V ® ' V 6 ’ O '

3 . 1 1 .  « = —  _ _ L _
*  9y y 3 *  ’

V :
X2(/Z

3.5 . W =  j
2y 3z ’ A f ( 2 ,  J L _ L \

,_2 V 3 V  6 /

2x

y = - ^ l
3.12. U =  A + A ____ §V3.

*  y  2 V 2  2

V V 2 V2  V 3 /

3 .6 . u = = ^ - + A ______ U  D ^  ’

y  V 6 z ’
V ■■

M
x 3y2 ’ 3 .1 3 .  w =  * 2 +  9y 2 +  6 z 2,

O’2, ve)‘
v = x y z ,

V ^ '  A f f l . —

3 .7 .  M _ ^ L + 6 y 3+ 3 y 6 z 3 , ^  U = A + _ ^ _ _ V 6

( ' • T T j ) -V 6
J ____

x ^  2y 4 z ’

444

3.15. W =  ^2 ,2 _ lM r  —  e , ^ j 2 z 2
V2

v —  xy z,

a/6 , V 6 _ A
3 .16 .  u = ------^ 7 + ^ 7  3 z ’

t/ 2 ’

„  6 1 2 3 V 3
3 .17 .  m =  Y + 7 _  2 V 2 Z  ’

y2z 3

M ( V 2 .  V 2 ^ ) '

1 2V 2  3V3

3 -18 ‘ W = = ^ / I 7 ~ ' V  2z

y =  -

« ( ^ i - v 2 - ^ )

3 ,19 .  w =  6 y 6 x 3— 6 -\/6 t/3+ 2 z 3

„2 ’

M ( i  ^  ■ )  

3 .20 .  U =  x2 — y2 — 3z\
_ _  yz

3 .21 .  «  =  ̂ — ^ f +  a / 2 ^ 2 . 

-2

2 ,.2  ’

« ( i 2 -

X3 y3 8z3
3 .22 .  u = - 7 ^V2 V2 V3 ’

x2
V = 2 3

y  2

M ( V 2 , V 2 - ^ - )

3 .23 .  w =  -^x2 +  3y2 2z ,
9 ^

v =  x yz ,

M (2- i  1 )

3 .24 .  u =  9 ^ 2 .
4z

2 V 2 3 ’

0 =
xy

M ( i 2^

3 .25 .  u =  V 2
3y - 6 V 2  22

l
u —  2 ’ 

xy 2

3 .26 .  u
__

V 2
2 V 2 3V3_ 

y  2z

y 2z3

3 .27 .  u =

M (  V 2 ’ ^ 2 ’ 2̂ )

4^2 V 2

u =  jc y z  ,

M (2, T ’

3.28. u =  x2 +  9y2 +  6z2

r )

u =

M 0 ’

xyz

1 1 A
3 ’ V 6 /
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4. a  BeKTop MaHflOH/iarH BeKTop TO3HK.JiapHH ToriHHr:

4 .1 .  a =  4 y l — 9xj .

4 .2 .  a =  xi-\-4yj.
4 .3 .  a =  4yl+8zk-
4 .4 .  a =  4 z j ~ 9 y k .

4 .5 .  a  =  5 x f + 1 0 y / .

4 .6 .  a =  yf-\-4zk.
4 .7 .  a =  9yl— 4xj.
4 .8 .  a =  4 x l +  zk.

4 .9 .  a =  2yt+3xj .
4 .10 .  a =  3x l+6zk .
4 .1 1 .  a = y j + 3 z k .

4 .1 2 .  a =  2zj +  3y&
4 .1 3 .  a =  x l + y j .

4 .1 4 .  a =  2 y i + 6 z k .

4 .1 5 .  a =  5zi-\~7xk.

4.16. a =  2xi-\-4yj.

4.17. a =  4zi — 9xK.
4.18. a =  2x1+ 8zk.
4.19. a =  Qxl+\2zk.
4.20. a =  4xi +  yj.
4.21. a = x i  +  zk.
4.22. a =  7 y f + l 4 z l
4.23. a =  9z j~ 4 y k .
4.24. a = x l + 3 y j .
4.25. a =  2 z f+ 3 x £
4.26. a = x l + 3 z k .
4.27. a =  2 x l+ 6 y j.
4.28. a =  hy l+7x f .
4.29. a =  9zi — 4x6.

4.30. a =  2 x l+6zk .

5. a BeKTop MaHAOHHHHr P TeKHCJIHK Ba KOOpflHHaTa TeKHCAHKAapH 
XOCHJ1 KHJiraH nHpaMHflaHHHr TauiKH CHpra 6yHH4a okhmhhh hkkh vcvji 
OHJiaH TonHHr:

а) okhm TaiipH^HAaH 4) 0HAaJiaHH6 ;
б )  OcTporpa^cKHH —  T a y c c  (JjopMyjiacH epAaMHua.

5.1. a =  3 x l + ( y  +  z ) ] + ( x - z ) k ,  
p ■ x +  3y +  2  =  3.

5.2. a = (  3x— 1 ) i + ( y  — x +  z ) j  +  4zk, 
p : 2x — y — 2z =  2.

5.3. a =  x l + ( x  +  z ) ] + ( y  +  z )k, 
p • 3x -j- 3 y -j- z =  3.

5.4. a = { x  +  z ) l + { z - x ) ] + { x + 2 y  +  z ) t  
P •' x +  y +  z = 2 .

5.5. a = ( y  +  2 z ) l + ( x + 2 z ) J + ( x - 2 y ) k ,  
p : 2x + y  +  22 =  2 .

5.6. a =  (x +  z ) l + 2 y ] +  {x +  y — z)k,  
p : x +  2y +  z  =  2.

5 .7 . a =  (3 x — y ) l +  ( 2y +  z ) j +  (2 z — x)k,  
p : 2x — 3y +  2 =  6.

5.8. a =  (2y +  2) T +  (x — y ) J — 2zk,  
p : x - y  +  z =  2^

5.9. a =  (x  +  y )H -3 y /  +  i y ~~z )^ ’
p : 2x — y — 2 2 =  — 2.

5.10. a =  (x  +  y  — 2 )«  — 2 y / + (^  +  22)fe,
p : x +  2y +  2 =  2.

5.11. a =  ( y —  2) 1+  (2x +  y ) i  +  z £>
p : 2x +  y +  z =  2.

5.12. a =  x l +  (y  — 22)/ +  (2x — y +  2z)k,  
p : x +  2y +  22 =  2.

5.13. a =  (x  +  22 )T+  (y — 3 z ) j + z k ,  
p : 3x +  2y +  22 =  6.

5.14. a =  4x l + ( x  — y — 2) / + (3y +  2z)fe,

p : 2x +  y +  z =  4-
5.15. a =  (22 — x ) i +  (x +  2 y )j +  32fe, 

p : x +  4y +  22 =  8.

5.16. a =  4 2 l+  ( x — y — z ) / +  (3y +  2 )£ , 
p : x — 2y +  2z =  2.

5.17. a =  (x  +  y ) T + ( y  +  z )/ +  2(2 +  x)fe, 
p : 3 x - 2 y  +  22 =  6.

5.18. a =  (x +  y +  2)J +  22/+ (y — 7z)i i ,  
p : 2x +  3y +  2 =  6.

5.19. a =  (2x — 2 ) 1+  ( y — * ) / +  (*  +  22)fe, 
p : x — y +  2 =  2.

5.20. c i=  (2y — z ) l +  (x  +  y ) ] + x k, 
p : x +  2y +  2z =  4.

5.21. a =  (22 — x ) l +  (x — y )/ +  (3x +  2)£,
p : x +  y +  22 =  2.

5.22. a =  (x  +  2) ? +  (x  +  3y)/+y&>
p : x +  y +  22 =  2.

5.23. a =  (x  +  z ) j  +  z / +  (2x — y )£ , 
p : 2x +  2y +  z =  4.

5.24. a = (3 x  +  y ) r + ( x  +  2 )/ + y £  
p : x +  2y +  2 =  2.

5.25. a =  (y  +  2 ) / + (2x — z ) J + ( y  +  32)fe, 
p : 2x +  y +  32 =  6.



5.26. a =  (y +  z ) I +  (x +  6 y ) j + y k ,  
p : x-\-2y-\-2z =  2.

5.27. a =  (2y — z ) I +  (x +  2 y ) j + y k ,  
p : x +  3y +  2z =  6.

5.28. a =  (y +  z ) I + x j +  (y — 2z)k,  
p : 2* +  2y +  z =  2.

5.29. c i=  ( x - \ - z ) T + z f + ( 2 x  — y)H,  
p - 3x +  2y +  z =  6.

5.30. £ = z l +  ( x + y ) j + y k ,  
p : 2x +  y +  2z =  2.

6 . a B eK Top  MaHAOHHHHr p TeKHCJIHKHHHT KOOpAHHaTa TeKHCJIHKJia- 
pn  6n ^ a H  KecHUUAaH ^ o c h j i  S y j i r a H  y n S y p q a K  KOHTypn 6 y n m a  
UHpKyjiHUHHCHHH ( 6y  TeKHCJiHKHHHr H o p M a j i  B eK T o pH ra  HHCSaTaH 
aHJiaHn6 yTH iu  ftyHaJiHuiH M y c f ia T  S y j i r a H A a )  K yH H A a rn  h k k h  y c y j i  
6HJiaH ^H C oS j iaH r :

а )  UHpKyjTHUHH Ta-bpH(j3HAaH (J)OHAaJiaHH6 ;
б )  C t o k c  ( j jopM y jra cH  ep A a M H A a .

6.1. ct =  z ! +  (x +  y ) ] + y k ,  
p : 2* +  y +  2z =  2.

6.2. a== ( x  +  z)T-\-zj-\- ( 2 x — y)%, 
p  • 3x  -|- 2y  -j- z  =  6.

6.3. a = ( y  +  z ) T + x j +  (y — 2z)k,  
p : 2x +  2y +  z =  2.

6.4. a — (2y z)i-\-(x-\-2y) j-\-yk, 
p - x -j- 3y -|- 2z =  6.

6.5. a =  (y-{-z)i-\-(x +  6y)j-\-yk, 
p : x-\-2y-\-2z =  2.

6.6. a = ( y  +  z ) J + ( 2 x  — z ) j + ( y  +  3z)k,  
p : 2x +  y -)- 3z =  6.

6.7. a =  (3x +  y ) I +  ( x  +  z )/ + y £ , 
p : x-\-2y-\-z =  2.

6.8. a =  ( x - \ - z ) l + z j +  (2x— y)k,  
p : 2x +  2y +  z =  4.

6.9. a =  (x  +  z)/ +  (x-\-3y)j-\-yE,
P • x-\-y-\-2z =  2.

6.10. a =  (2y — z ) t +  (x  +  y)j-\-xk,  
p ■ x +  2y +  2z =  4.

6.11. a =  ( 2 z - x ) i +  ( x - y ) J +  (3x +  z)k,  
p : x + y -\ -2 z  =  2.

6.12. a = ( 2 x - z ) T + ( y  — x ) j + ( x  +  2z)£,
P '■ x — y +  z =  2.
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6.13. a =  (jc +  y  +  z ) i  +  2z/ +  ( y  —  7 z )k ,  
p:  2x +  3y +  z =  6.

6.14. a = ( x  +  y ) T +  (y  +  z ) J + 2 ( x  +  z ) k ,  
p: 3x  —  2y +  2z =  6.

6.15. a =  4 z i - \ - ( x  —  y —  z)/ +  ( 3 y -\ - z )k ,  
p: x  —  2y +  2z =  2 .

6.16. a = ( 2z —  x ) i - \ -  ( x - \ -2 y )  j -\-3zk, 
p:  x +  4y +  2z =  8.

6.17. a  =  4 * r +  ( x  —  y —  z ) /  +  (3y -\ -2 z )k ,  
p:  2x  —|— y  —)— z =  4 .

6.18. a =  ( x -\ -2 z )  i - \ - ( y  —  3 z ) j - \ - z k ,  
p: 3x +  2y +  2z =  6 .

6.19. a =  x i - \ - ( y  —  2 z ) / + ( 2 x —  y -\ -2 z ) k ,  
p: x -\ -2y -\ -2 z  =  2.

6.20. a = ( y  —  z)/ +  ( 2 x - \ - y ) j - \ - z k ,  
p:  2x +  y +  z =  2 .

6.21. a = ( x - \ - y —  z ) i  —  2 y j ( x - \ - 2 z ) k ,  
p:  x +  2y +  z =  2 .

6.22. a ^ =  ( x  +  y ) I + 3 y j +  ( y  —  z ) k ,  
p: 2x  —  y  —  2z = — 2 .

6.23. a =  (2 y -\ -z ) i - \ -  ( x  —  y )  j  —  2 zk, 
p: x — ,y +  z =  2 .

6.24. a =  (3x —  y ) f  +  (2y  +  z )  j  +  (2z —  x )  k, 
p: 2x  —  3y +  z =  6.

6.25. a =  ( x  +  z)/ +  2y/ +  ( x - j - y  —  z ) k ,  
p:  x +  2y +  z =  2 :

6.26. a =  ( y  +  2 z ) «  +  ( x - \ - 2 z ) /' +  ( x  —  2y ) k ,  
p: 2x -\ -y  +  2 z  =  2.

6.27. a =  ( x - \ - z ) i - { -  ( z  —  x)/ +  ( x  +  2i/ +  z ) k, 
p: x  +  y +  z  =  2.

6.28. a =  x i - f -  ( x - \ - z ) j - \ -  (y  +  z) k, 
p:  3x +  3y +  z =  3.

6.29. a = ( 3 x — l ) i +  ( y —  x +  z)/ +  4z£, 
p: 2x  —  y  —  2z = — 2 .

6.30. a =  3x2+  ( y  +  z)/ +  ( x  —  z)£, 
p : x +  3y +  z =  3.
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7. a BeKTop MaflAOH coji6hohajihm h (1 —  1 1 - BapwaHTJiap ), noreH- 
UHaJiMH (1 2 — 2 5 - BapwaHTJiap), rapMOHHKMH (2 6  30- B a p H a m j ia p )  

9K3HHHH aHHKJiaHTI

7.1. a = { y  +  z ) 7 + x y j — xzfc.
7.2. a =  x 2yi —  2xy2J + 2 x y z k .
7.3. a = ( 2 y z  —  2 x ) 7 + ( x z  —  2 y ) j + x y k .

7.4. a  =  ( x 2 —  z 2) i  —  3xy/  +  ( y 2-\-z2)k .

7.5. a =  2xyzi  —  y ( y z + \ ) ] + z k .

7.6. a  =  ( 2 x  — 3 y ) f + 2 x y / — z 2£

7.7. a =  ( x 2 —  y 2) f +  ( y 2 — z_2) H -  ( z 2 —  x 2)k .

7.8 .  a =  y z i  +  ( x  y )  j +  z k- ^
7.9. a =  ( y  +  z ) T +  ( x  +  z ) /  +  ( *  +  y )£ -

7.10. a =  3x2yi —  2xy2J— 2xyzk.
7.11. a =  ( x  +  y ) T — 2 ( y  +  z ) / + j z  — x ) £ .

7.12. a =  ( y z  —  2 x ) I +  ( x z  +  z y ) / + x y £

7.13. a =  yz i -\ -xz j -\ -xyk .

7.14. a  =  6 x y 7 +  ( 3 x 2 —  2 y ) j + z t

7.15. a = ( 2 x  —  y z ) I + ( 2 x  —  , x y ) j + y z k .

7.16. 5 = ( y  — z ) f + 3 x y z / + J z  — x ) £ .

7.17. a =  ( y  —  z ) f +  ( x  +  z ) f +  ( x 2 —  y 2) £

7.18. a =  ( x  +  y ) t  — 2xz/ — 3 ( y  +  z ) £ .

7.19. a  =  z 2I + ( x z  +  y ) / + x 2y£.

7.20. a  =  x y ( 3 x  — 4 y ) f + x 2 ( x  — 4 y )/  +  3 z 2£

7.21. a  =  6 x2r + 3 c o s ( 3 x  +  2 z ) / + c o s ( 3 y  +  2 z )£ .

7.22. a = { x  +  y ) 7 +  ( z  —  y ) j + 2 ( x  +  z ) k .

7.23. a  =  3 ( x  — z ) f + ( x 2 — y 2)/ +  3 z £

7.24. 5 =  (2 x  — y z ) f +  ( x z - 2 y ) ] + 2 x y z k .

7.25. a  =  3 x2f + 4 ( x  —  y ) / +  ( x  —  z ) k .

7.26. a  =  x 2z l +  y 2/—  x z 2£

7.27. a =  ( x + y ) T +  ( y  +  z ) /  +  ( x  +  z ) £ .

7.28. S = ^ + i ? + ^

7.29. a =  y z i -\ -x z j  +  xyk.
7.30. a =  (y  —  z ) 7 +  ( z  —  x ) j +  ( x  —  y ) k .

13- 6 o 6.

M A T E M A T H K  <l>H3MKAHHHr A C O C H f l  T E H T J IA M A J IA P H

l - § .  T op  Te6paHHiu TeHrjiaMacw y^yH K ouih  MacajiacHHM 
,H,ajiaM6ep ycyjiH 6wjiaH eMHiu

13.1.1. M aTeMaTHK (})H3HKaHHHr KynrnHa M aca j ia j iapn  xycycn ft  
XOCHJiaJiH AH(f)(})epeHUHaji T eH rj iaM aA apra  KejiTHpnjiaAH. B y j ia p a a H  3Hr 
Kyn y ipa ftA n raH H  h kkhh m h  TapTn6jiM TeHrjraMajiapflHp.

YMyMHH KypHHHLUH

A - ^ + B ^ — \ - C ^ + D ~ + E ^ + F u  =  f ( x ,  y )  
dx‘ dxdy @y dx dy

6 y j iraH  xycycn H  xocHJiajm hkkhhmh TapraS j iH  ™ 3 h k a h  AH<j)43eP eHIW ai,T 
TeHrjiaMaHH K,apaftMH3. B y  TeH rjiaM a^a HOMaijAyM u ( x ,  y )  <J)yHKUHH 
HKKHTa y3rapyBHHra 6 o f a h k  6yjw6, TemviaMaHHHr A, B, C, D, E  Ba 
F  Koacj)(|)HUHeHTJiapH xaM yMyMaH a ih ra H A a  x Ba y Jiapra So fahk , 
M a M y M  (J)yHKU,HHAap. TeHrjiaMaHHHr yHr tomoHHAarn  /(x, y )  cJjyHKUHH 
6epHJiraH (})yHKUHH 6yjiH6, y  HOJira TeHr 6yjrca , Tenr j iaM a u k k u h h u  
r a p m 6 A u  6 u p  m u h c a u  hu,3u $a u  x y c y c u u  %o c u a q a u  T e m A a M a  AeftHJiaAH. 

Arap TeHrjiaMaHHHr SepHJiraH coxacH Aa :
B 2 —  4 / 4 C > 0  S y j ica ,  TeHrjiaMa rnnepSoJiHK,
B 2 —  4AC =  0 SyA ca ,  TeHrjiaMa napa6ojiHK,
B 2 —  4 A C < 0  6yjica, T e H r A a M a  sjijihhthk Ty p r a  TernuuiH 6yjiaAH. 
T o p H H H r  KyHAajiaHr TeSpaHHUiH, MeTajui C T e p > K eHH HHr SyfiAaMa 

Te6paHHLUH, C H M A a r H  aJieKTp TeSpaHHUijiap, aftjianyB^H UHJiHHAP Aar a 
a H A a H M a  TeSpaHHiujiap, r a 3 H H H r  T e S p a H H U i A a p H  K a 6 H  MacajiaAap 
r n n e p S o A H K  T y p A a r n  3Hr c o A A a  Tyjikhh T e H r A a M a c H

2 d2u d2u „
a — j ---------^ = 0

dx1 dy2

ra ojih6 KejiaAH.
M c c h k a h k h h h t  TapKajiHUi >KapaeHH, FOBaK MyXHTAa cyioKJiHK Ba 

ra3HHHr o k h ih h  MacaAacH KaSn MacaJiaJiap napa6oAHK T yp A a rn  3Hr 
coAAa h c c h k a h k  TapKaAHLU TeHrjiaMaCH (O y p b e  TeH rAaM acn )

9
2 d u du „

a ----^ ------= 0dx2 dy

ra  ojih6 KejiaAH.
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TeSpaH H iu j iap ,  h cchk j ih k  yTKa3Hin Ba AH(j)<f)y3HH KaSn M a ca j ia j ia p ra  
TerHiujiH CTa im oHap *a p a e H j ia p H H H r  TaAKHKOTHAa s j i j ih i i th k  TypAarH 
TeHrjiaMaJiapAaH (|>OHAajiaHHJiaAH. By TypAarH aHr coAAa TeHrjiaMa 

A u =  ^ + ^ = 0
dxr d if

J la n jia c  TeH rjiaM acH Anp.

13.1.2. YMyMHH KypHHHiiiAa SepHJiraH x y cycn ft x,0CHJiajiH hkkhhhh 
Taprn S jiH  4H3hkjih AH(j)<})epeHU,Haji TeHrjiaMaHHHr x a p a K re p u c ru K  
Tem A dM acu . a e 6

A (dy ) 2 — Bdxdy +  C (dx ) 2 =  0

o a a h h  AH(})cJ)epeHUHaji T eH rjiaM ara  aiiTHJiaAH.
rHnep6cuiHK TypAarH  TeH rjiaM a jiap  y^yH  xapaKTepncTH K  TeH rjiaM a 

(p (x ,y )= c  1 Ba ^  (a:, y ) = C 2 H H Terpajira ara  SyjiaAH . YMyMHH TeHrjiaMa

g =  cp(A:, y) ,  r) =  ijj(x, y)

aJ iM au iTH pH iu j iap  e p A aM H A a

r  /V du du( •r du du \

“ • i f  * r )dldr]  h ’ d l '  dr,

m a K J iA a ra  kclhohuk  K ypH H H iu ra  KeJiTHpHJiaAH.

r i a p a 6 ojiHK T y p A a r H  T eH r j ia M a J ia p  y ^ y H  x a p a K T e p n c T H K  T eH r j ia M a  
6h ™  cp (x, y ) = c  yM yM HH H H T e rp a j i r a  a r a  6y j m 6 , y j i a p  l  =  y( x,  y ) , 
T) =  r ] ( x ,  y)  —  ( t ]  cp r a  6o f j i h k  6y j iM a r a H  H x ra e p H H  c})yHKUHH) a j i M a i u t h - 
pHiu epAaMHAa

d2u du du \

uiaKJiAarH KaHOHHK KypHHHiura KeJiTHpHJiaAH.
3 ju iH n TH K  T y p A a r H  T e H r j i a M a j i a p  y ^ y H  x a p a K T e p n c T H K  T eH r j ia M a  

HHTerpaJ iJ iapn  y u i 6y  K ypH H H iu ra  a r a  6y j ia A H :  <p(x, y ) ± i t y ( x ,  y ) = C i , 2, 
6y  e p A a  <p(x, y) Ba ty(x, y) — ^aKHKHH (})yHKUHHJiap. g =  cp(jc, y) ,  

=  y)  a j iM a u iT H p H iu j ia p  e p A a M H A a  s j i j i h i i t h k  T y p A a rH  T e H r j i a M a 
j i a p  y i u 6y

d2u | dl u du du \

KaHOHHK UiaKJira KeJiTHpHJiaAH.

1 - m h c oji. YuiSy

3*2  +  d x d y +  d!J2 +  d y + 2  d x ~ °  

AH(j)c})epeHii,Haji TeHrjiaMaHH k3hohhk KypHHHiura KejirapHHr.

Em huj. ByHAa A = 4 ,  B = 8, C = 3, A C — — 4 < 0 ,  AeMaK,
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i imepSoJiHK TypAarH  TeHrjiaM ara  araMH3. TerHUJJiH xapaKTepncTHK 
leiirjiaMaHH Ty3aMH3:

4 ( d y ) 2 —  8 d x d y - \ - 3 ( d x ) 2 =  0

i 'MI

4( f ) - 8l + 3 = a

d ~̂ hh TonaMH3: ~ =  4=~ 6yHA3H y = ~  Ba y ' X ap aK T e -  
dx dx 4 J 2 2

3 1
pucTHK TeHrjiaMa HHTerpajuiapn: y — ~ x  =  C i  Ba y — - x  =  C 2 aKaHJiH-

[ Hhh aT>TH6opra ojihS, \ =  y — ~x, r\— y — X- x  y3rapyBHHJiapHH aji-

MaiHTHpHUiHH 6 a * a p a M H 3 .  3 ckh  ysrapyB^HJiap  6yHH<43 xycycHH x o c h - 
JiaJiapHH hhth  y3rapyBMHJiap SyiiHMa xycycHH xocHJiaJiap SnjiaH 
nc(30AaJiaHMH3:

du __  du d l  . du dr] __  du / 3 \ . du / 1 \

dx d l  dx dr] dx d l  \ 2 )  dr] \ 2 / ’

d u __  du d l  . du d r ] ___ du . du

dy d l  dy dr] dy d l  dr]

d2u _ ____ 3 _ d _  / d u  \ ____ 1_ JL  ( d u \  _
g x2 2 dx  \ d l  )  2 dx  \ dr\ )

__  3 / d2u d l  , d2u <5r| \  1 /  d2u d l  . d u <5r) \ __

2 \<?g2 dx dldr\ dx J  2 \ dldr]  dx g^2 dx J

_  3 /  3 d2u 1 d2u \  J _ /  3 d2u 1 d2u \ _

—  2 ^  2 d l 2 2 dldr]  J 2 2 dldr]  2 ,5^2 J

9 d2u . 3 d2u . 1 d2u

4 d l 2 2 dldr,  +  4 dr]2 ’

d2u __  d / du \ - d ( d u \ ___

dxdy dx  V d l  )  dx  \ dr] )

__  d2u dr] . d2u d l  , d2u d l  . d2u 5ri ___

3̂ (?r| dx dx dr)dl  dx  2 dx

__ ______1 d2u ____ 3 d2u 3 d2u ____ 1 d2u _

2 d\d r| 2 g f  2 dr ]dl  2 dt] 2 —

__ _____ 3̂  du „  d2u 1 d2u
2 g f  g i g n 2 5t|2 ’

d2u _  g / du \ .___ / du \ _  d2u d l  .

dy2 dy \ d l  r  dy U r )  ) ~  g f  dy
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<3r] . d2u . d2u dr]
+dr\dl dy dgdr) dy g n 2 dy

+d l 2 dtdr\ d r 2 '

BepHJiraH AH(}) ( } )epeHUH3Ji T e H r j i a M a r s  hkkhhmh T a p r a S j iH  x o cH J ia j ia p  
yMyH T o n n j i r a H  H(j)OAaJiapHH K yn M H 3 :

+
m\  d l 2 dldr]  dr|2 /  V  dl 2 d^dn

+  3^ V  / 1 2 ^ ! « _ 1 6 ^ -----4 - ^ - V
dr]2 /  \  d l 2 d%dr\ dr]2 /

. f  du . du \ . / „  du du \ __ „

+  \ 6 ~ d l ~ ^ ) ~ U’

CoAAajiaujTHpHLLmaH KeftHH SepHJiraH TeH rjiaM a ym 6y

„  d2u , du „  d2u . 1 du „
2 - r - : ----  t— = 0  eKH — —---- — r— t— = 0

”  ‘ dldr]  1 2 dr]

K3HOHHK KypHHHiura (THnepSoJlHK T yp )  KejITHpHJiaAH.
13.1.3. rH nep6o j iH K  T yp A a rn  Ba napa6oJiHK T yp A a rn  TeHrjiaMaJiap 

KynnHMa BaKT AaBOMHAa co a h p  SyjiyBMH >KapaeHJiapHH ypraHHiuAa 
KyjiJiaHHJiaaH. LUy ca6a6 j iH  6 y  xoJiJiapAa H3JiaHaeTraH u 4>yHKUHH 
t BaKTra Ba x  KoopAHHaTara S o f j ih k  6yjiaAH, a tH H  u =  u ( x ,  t ) .

K,yHHJiraH MacajiaHH TyjiHK x,aji s th iu  yMyH 6 y  T yp A a rn  TeHrjiaMa- 
j ia p  6njiaH 6 n p ra  nezapaeuu  Ba 6o iUAaHFm tuaprAap  x,aM SepHJiraH 
6yjiHiiiH inapT.

B o m j i a H F H M  i n a p T J i a p  t =  0 i ia  H3JiaHaeTraH u (})yHKUHH Ba 
yHHHr x,ocHJiacH KHftMaraHHHr SepHJiHiiiHAaH (rHnep6oJiHK TypA arn  
TeH rjiaM a jiap  yMyH) eKH (jjyHKUHH KHHMaTHHHHrrHHa 6epHJWiuHAaH 
(napaSoJiHK T yp A a rn  TeHrjiaM ajiap  yMyH) H6opaT.zi.Hp.

M e r a p a B H f t  u i a p T J i a p ^ a  u ( x ,  t )  HOMa"bJiyM ( } )yh k u h h h h h t  
l^ysrapyBMH x  hh y3rapH in  opajiHFHHHHr oxHp jiapHAarn  KHHMaTJiapn 

SepHJiaan.
A r a p  Kapa j iaeT raH  w a p a e H  yMyH y3rapyBMH x  h h h t  y3rapH iu  

opaJiHFH MeKCH3 A e6  K apa j ica ,  y  xoJiAa M aca jia  (j)aKaT SouiJiaHFHM 
uiapTJiap/iarHHa eMHJiH6, u ( x , t )  cJjyHKUHH yMyH MerapaBHft inapTJiap 
KyHHJiMaftflH. M a c a j i a a a  cfiaKaT 6omjiaHFHM inapTJiap Sepn jica , SyHAaft 
MacaJia K o iu u  Ma.ca.Aacu AeftHJiaAH.

A r a p  M acajia  mckjih opaJiHK yMyH KyftHJica, y  xoaiAa SomjiaHFHM 
uiapTJiap xaM, MerapaBHft uiapTJiap xaM SepHJiHiUH KepaK. B y  xo j i -  
Aa apaAaui  MacaAaea  s ra  6yjiaMH3.

3juiHnTHK T yp A a rn  TeH rjiaM a jiap  oAaTAa CTaUHOHap * a p a e H J ia p ra  
TerHinjiH M aca j ia j iap  KapaJiaeTraHAa KyjuiaHHJiaAH. IUyHHHr yMyH 
t BaKT 6y  TeHrjiaM ajiapAa KaTHauiMaftAH Ba H3JiaHaeTraH eMHM 4>aKaT 
KoopAHHaTajiapra  6 o f j ih k  6 y jw 6 ,  M aca jia  MerapaBHft m ap T j ia pA an iH a
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t MHiiuiAH. LLIapTJiapHHHr 6epHJiHiiiHra Kypa  ,II,HpHXjie M acaJ iacn ,

l l .  i tMan MacaJiacn eKH ap a J ia u i  M aca j ia j iap  k y h h j ih i i ih  MyMKHH.
13.1.4. T opH H H r K yH AaJ iaH r T e 6p aH H iiu iapH  x a K H A a r n  M aca j iaH H  

HyllHf) MHKaftjIHK. 3pKHH 3THJia QJiaAHTaH HHTHMKa Hn Top fl$6 aTaJiaAH .
1. 11nipi nr khmhk KyHAaJiaHr TeSpaHHinjiapH t o p h h h t  Te6paHHUi TeHrjia- 

IVI.II'H (TyJIKHH TeHTJiaMaCH)

d2u 2 d2u

~ d ? ~ a  ^ 7

hh khHoaTJiaHTHpyBMH u =  u ( x ,  t )  4)yHKii,HH 6nJiaH xa p a K T e p J ia H a A H ,  6y

ivH i 'J iaM aAa x  Top H yK T a cn  K o o p A H H a T a cn ,  t —  BaKT, a2 —  T o p  Taft-  

i 'pJ ian raH  M aT ep n a j iH H H r  cj)H3HK x o c c a j ia p H H H  a K c  a r rap y B M H  a o h m h h .  
I 'Hnep6ojiHK T y p A a r n  T e H r j i a M a r a  s raM H 3.  t =  0 n a f tT A a  TopH H H r

JUWiaTH u | (=o  =  <p(x) Ba Top HyKTaJiapHHHHr Te3JinrH 11_ 0=  ^  ( x )

M;ri>./iyM SyjiCHH ( K o u ih  M acaJ iacn ).
TopHHHr Te6paHHinjiapH TeHrjiaMacHHHHr eMHMH y u i6 y  KypHHHiura 

>i a :

x  +  at

u { x J ) =  cp{ x - a t ) + y ( x ± at) + _ L  J y { x ) d X '

x  —  a t  _
- -at

By (} )opMyjia r o p  Te6panuui  r e m A a M a c u  y^yn K o u i u  MacaAacCiHum 
JlaAaMdep eHUMU &e6 a r a j i a m -

2- m h c o j i .  u I = x 2, 1 = 0  Sy j ica ,l ( = 0  ’ dt 1 1=o J ’

reHrjiaMa eMHMHHH TonHHr.
..... "SiOi

rj(«*
■1

E m h ui.' a =  l , 'cp (x )  = x ‘ , i|)(x) = 0 ,  m y g r a ' f t y p a - 0 ^ ' - ^

" 11 ' """ ' 2 2  ̂ '• *' ^  
6yHAa c p ( x ) = x 2. UlyHAaft khjih6, ,u =  ( x ~ t) eKH u = x 2 +  f'.-

1- d ap cxo na ronuiupuFu

1. TeH rjiaM ajiapH H  KaHOHHK KypHHHiura K ej iTnpH H r:

d2u
a ) x 2~ ~ y 2^ =  0;

dy

ez\ U <C - 9 c\ d^Z , o d ẑ n6) — - s in x  — 2wsinx-------- \-u — r = 0;
;  - 9 a dxdy ^  y  dy2
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x d u n d u . d u n
B) ----r  —  2 - ---------- r - = 0 .Ox2 dxdi/ dy2
w .  <?2«  1 du d2z 21 dz d2«  , d2u n
/ K : a )  - ■ ■ — I ®) o"—  — o <T at > ®) 2 —

agar) 25 dr] dr) i  + t|  ^  dl drf

2. Arap  m | (_ o= 0 ,  ~  | (_ 0= *  3K3hh Ma^JiyM 6yjica, ^~y =

TeHrjiaMa

dt

=  4 -^-4- T eH r jia M a  ch h m h h h  TonH H r. >K : u =  xt.  
dx2

3. Arap  «  | <=>0= s in x ,  ^  | (=q=  1 Syjica, ^ = a2^

6hji3h  aHHRJiaHyB^H t o p h h h t  t =  ~  na iiTnarH uiaKJiHHH aHHKJiaHr.

>K: «  =  s in xcosa^  +  ;̂ a r a p  t = ~ ^  6 y j ica ,  y  x,ojiAa u = ~ ~ ,  h m h  

Top a6cuH Cca jiap  yKHra napa ju ie j i .

1- MyCTdKfUA u iu

1. TeHrjiaM ajiapHH k 3 h o h h k  KypHHHiura KejirapHHr:

\ 2 d2z . n d2z . 2 d2z n
a ) x 2— — \ - 2 x y - - — \-y2— r = 0 ;  dx dxdy gy2

5> dx2 dxdy gy2 dx dy

* i (32z . i a2z „

a > $ = ° ’ 6 = ? » = ^  6 > ^ - f = » . 5 = * + ! ' .

o I d2z , d2z . 1 / 1 dz . 1 dz \ «. o 2

2. TeHrjiaM ajiapHHHr e4HMHHH TonHHr:
m

<52 I (=0

2 d̂ u f. | „  duw W 2 °  u -■ ~ OU I
6 =  a 2 — 6yaaa u\  = 0 , - 1  n =  cosx . 

a r  dx2 11=0 dt l i=o

>K: a )  u =  x  (1 —  t ) ; 

6 )  m =  ^ -cosx -s in a^ .
7 rt
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3. Arap u I =  sinx, —  I =  cosx 6yjica, TeHrjiaMa
F ><=o at *~o at2 gx2

fin,ii,in aHHKJiaHyBMH t o p h h h t  t =  n  a a r n  uiaKJiHHH TonHHr.

>K: u =  — sinx.

2- §. H cchkjihk  yTKa3Hiu ( t y j ik h h )  TeHrjiaMacw ynyH apa jiau i 
MacajiaHH 4>ypbe ycyjin 6njiaH eHH in

13.2.1. BepHJiraH So i i i j ish fhm  Ba MerapaBHH m apT jiapA aH  (})0HAaji3- 
u«if), CTep>KeHAa TeM nepaTypa  TaKCHMOTHHH aHHKJiobhh u ( x ,  t )  cj)yHKUH- 
tiiiH TonHiu Ta j iaS  khjihhchh. 

M a c a j i a  u(x,  t) | t^0 =  f ( x )  6ou i j i3 h fh h  B3 u ( x ,  t ) \ x=o =  u(x,  
t ) L = /  =  0  eKH

du I du
dx 1 x—0 dx 1 x—i

'IOrap3BHH LU3pTJI3pA3

2 u2U r\ ^ ^ 1
at = a  --- 0 < X < 1dt dx2
du 2 d u

HCCHKJIHK yT K 3 3 H LU TeHrJ13M3CHHH e ^ H U ira  KeJiTHpHJiaAH.
X ycycH H  X,OCHJiaJlH TeHrJI3M3JI3pHH eHHHIHHHr KeHr T 3 p K 3 J ira H  

ycy ju ispH AaH  6hph y3rapyB4HJiapHH 3>Kp3THiu ycy j iH  eKH O y p b e
oo

ycyjiHAHp. B y  y c y j i r a  Kypa xycycHH e^HM u ( x ,  t )  =  S  b n<q>n( x ) n ( t )
n = l

KypHHHIUA3 H3JI3H3AH. U \ x = o =  U | Xs=i =  0 M er3p3BH H  HI3pTJI3p 0HJI3H 

KyHHJiraH M aca jia  ynyH O y p b e  ycy j iH ra  MyBoc})HK eMHM:

/ ,s vi l il ■ nnx
u ( x , t ) =  2j b ne ‘ - s i n — —

n ~  I

KypHHHiura 6 y j i a r n ,  6yHAa

i
i 2 P p / \ • 71 flX i
bn = ~ j  y ( x ) s m  —  dx,

0

J x_ 0— ^ c | 4erapaBHH uiapTJiap 6nJiaH KyHHJiraH M aca jia

yqyH  sea  eiHMHH

/ j. \ \ V'' P" TtflX I
u ( x , t ) = ±  2i a ne - c o s — -— |- a 0

rtal

( ao= ± \ f ( x ) d x ,  a n= j - \ j f ( x ) c o s ^ d x \  
\  0 0 /

KypH H H IH Aa 0JiaMH3.
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1- M H C O Jl.

-iLO- ( 0 < x < / ,  t >  0 )  TeHrjiaMaHHHr 
at dx2

u\t^ o = f ( x )  =

x, arap 0 < x < y  6yjica, 

l — x, arap y < x < /  Syjica

SouiJiaHTHM inapTHH Ba u\x= o  =  u\x=i =  0 MerapaBHft uiapTJiapHH 

KaHOaTJiaHTHpyBMH eMHMHHH TOnHHT.
E m h u i .  BepH J iraH  M erapaBHft uiapTJiapHH KaHoaTJiaHTnpyBMH 

eMHMHH y m 6y  KypHHHLu,na H3JiaftMH3:

2 2,

SyHAa

i

, v 1 i i2 • nnxu ( x , t ) = 2 j b ne - s in — -j— i
n =  I

bn= - j  \ f i x )  sin ^ - d x  =  ~  $x-sin ^ d x  +
0 0

f s = x ,  ds =  dx,
H-----\ — x )  s in— — d x =  | . nnx , , l m x  
^  I J v ’ I L ^  =  sin — — -dx ,  t —  cos  — —

i / nn I

=  T ( - > s “ + i ? si" “ ) l t  +
2 (  I M I X  , Ix _  nnx I • nnx \

— I ------- cos— — I------COS :--------- T T Sin )
I y  nn I nn I n2n I )

41 ■ nn
=  ‘T T s ln~2~'rt n &

XleMaK, H3JiaHaeTraH eHHm yu iS y  KypHHHiura ara:

n  n t

4/ 1 . JI ft /2 • TlftX
u ( x ,  t ) = ^  2  ^ s i n —  e  - s in  —

I n n =  1

eKH

U { x , t ) =  4  i  ( - 1 ) ^ ------ l— e '2 .Sin £ ^ * ± 1 2 ^ ,
K2 *=0 ( 2 * + 1)2 1

13.2.2. Bnp TOMOH/iaH MerapajiaHraH ( h p h m  neKCH3) CTep>KeH yMyH

du __  2 d2u

dt a dx2
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u ' l i r j ia M a H H H r  « | ( =  0 =  / ( x )  6 ouuiaHFHM uiapTHH Ba u\ x = a =  q>( t )  
M ciapaB H ft  u iapTHH KaHoaTJiaHTHpyBMH eMHMH y m 6y  (J )opM yjia  6n jiaH  

>11111 KJ13H3AH I

- f  oo

“ <*■ '> =  S l w
4 a2 t

0

-  U+J:)2 "1 t *2 _  1 

- e ^  
v 0

d d2u
2 - m h c o j i .  — ' - = — %■ TeHrjiaMaHHHr u\ t=o =  f ( x )  = m  6ouuiaHFHM 

dt dx2

uiapTHH Ba u\x=Q =  0 M erapaBH ft  u iapTHH KaHoaTJiaHTHpyBMH eMHMHHH 

roiiHHr.
E m h  ui. BepHJiraH uiapTJiapHH KaHoaTJiaHTnpyBMH eMHM lOKopHAarn 

<[)opMyjiara Kypa y u i6 y  KypHHHiura ara :

oo r l l~x2) _  (g + r)2 ~i 
u ( x ,  t )  =  o  ̂ u 0l e  41 — e 41 \ d l

2-Jut 
v o

eKH

oo r  { j - x f  __ (6+j) ~[

^  =  -27W  5 u “  4' - e ^ 4' J ^ -
v 0

^n|-  =  [x) d \ =  —  2 ^J~td\k A e6  6ejirHJia6, Shphhmh HHTerpajiHH ajiMaui- 

THpaMH3, HlaHH

6yHAa ® ( x )  = - $ =  [ e ~ ‘2dt,  4 ^  =  ^, d l  =  2 ^~t dy, Ae6  6ejirHJia6,
V n J 2i t0

+  00 (x  +  t ) '2 + ° °

T k r  S “  d l  =  JT .  S « - - W - l [ l - ® ( - 4 7 ) ] ™ 3 r a 6 ^ a -
v 0 *

2 V'
mh3. U lyHAaft  kh jihS, eMHM y u i6 y  KypHHHuihh onaAH:

u(x,  0 = « 0O ) ( - ^ I )
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2- dapcxona  Tonu iupuru

1. y.iyHJiHrH I ra TeHr, TauiKH MyxHT Tai>CHpn,naH Myxo<f)a3aJiaHraH 

Ba u\ t = o —  f ( x )  =  c- ^ y —  SouijiaHFHM TeM n epa Typ a ra  a ra  S y j iraH  6wp

>khhcjih CTepmeH SepHJiraH. CTep>KeHHHHr oxnp jiapH  Hcuira TeHr 
T eM n epa Typa ra '  T y raS  TypnjiaAH. H c c h k j ih k  yTKa3Hin TeHrjiaMacn 
eMHMHHH TonHHr (cTep>KeHHHHr ^ > 0  BaKTAara  TeMnepaTypacHHH 
aHHKJiaHr) .

CO — ( 2 n +  I ) 2A 2I

>K: u (x , t ) =  ^  2  — e '2 sin  <2fi +  1)^ - .
^  n=1 (2n +  1) I

2. Arap npHM ^eKCH3 CTep*eHHHHr x = 0  Man oxhph HCCHKJiHKAaH 
Myxoc})a3ajiaHraH, TeMnepaTypaHHHr SoinjiaHFHH TaKCHMOTH 

' 0, a r a p  x < ; 0 ,  

u\ t=0— f ( x )  =  Uq, a r a p  0 < x < l ,  

. 0, a r a p  x > l  

6 y j ica ,  h cchk j ih k  yTK33Hm TeHrjiaMacHHHHr cmhmhhh TonHHr.

V < /  \ 2 V  ̂

3. Arap CTep*eHHHHr u|<=0 =  /(jc) — sin-^p-x SouiJiaHFHH 

TeMnepaTypacH SepHJiraH Ba oxHpjiapn hcchkjihkash Myxo(})a3ajiaHraH, 

HiiHH 1 = — I = 0  Syjica, y3vHJiHrH / ra TeHr Ba chpth xaM
g x  I x = o  dx I * = <  j j j

HCCHKJiHKAaH My^o(})a3ajiaHraH  CTep>KeHAa T ew n ep sT yp a  TaKCHMOTHHH 
TonHHr.

>K: u ( x ,  t ) = n - \ -  2  -------------- ^
k =  o n (2 fe+  1) (2/e — 1) (2£ +  3)

/ a(2fe+ tin \ 2;
-  ( ----- ;----- )  t ( 2 k - \ - l ) u x

x  e v ; - c o s  - — — .

2 -  MycraKfUA u iu

1- u\t =  o =  x ( l  —  x ) ,  u\x=o =  u\x=i  =  0 uiapTJispAS

d u __  2 d2u
dt ~ U dx2

HCCHKJIHK yTK33HUI TeHTJI3M3CHHH eMHHT.

_,2 oo _  t a(2«+ » ) i  \2 j . .

2. A rsp  y3yHJiHTH I va TeH r c h p t h  h c c h k j i h k a s h  MyxocJ)a3aJi3HraH 

c r e p * e H H H H r  6ouiJiaHrHH T e M n e p a T y p s c H

/ ( * )

2 «n /
— , a r a p  ,

2 «n /
——  ( l  —  x ) ,  a r a p  —  < . x ^ . l

f i y j in S ,  C T e p * e H H H H r  y q j i a p n  xaM  HCCHKJiHKAaH M yxo< } )a3a j ia H r a H  

r ty j ica ,  m y  C T e p * e H A a  h c c h k j ih k  TaKCHMJiaHHiiiHHH TonHHr.

2 (2n +  l )
a 4u “  cos ----- /-----nx■vf r ( j \ 0 0 VI *

>K : u ( x , t ) — —----------2j ------------------------- g—
2 «2 „ = o  ( 2 n + l ) 2

3- §. A^pHXJie MacajiacHHH AonpaAa 0 y p b e  
ycyjiH 6HJiaH emiiu

i ln p H X j ie  MacajiacHHH K ap a f iM H 3 :  A o n p a  H^HAa J la n j ia c  TeHrjiaMa- 
chhh KaHoaTJiaHTnpyBMH Ba AOHpa nerapacH Aa  SepHJiraH (JjyHKUHHra 
TeHr 6y j i raH  rapMOHHK cJjyHKUHHHH TonHHr. 

M aca j iaH H  eMHUi ynyH KyT6 KoopAHHaTajiapHAaH (})OHAaJiaHaMH3. 
M a p K a 3H KyTSAa 6y j m 6 , paAHycn R  r a  T eH r  AOHpa 6epHJiraH  SyjicnH. 
r ^ R  A o n p aA a  rapMOHHK, r  =  R  a ft j iaHaAa u\r = R = f ( < p )  inapTH H  
KaHoaTJiaHTHpyBMH (/(<p) — 6epHJiraH (JjyHKUHH) Ba 6y  aft j iaHaAa 
y 3j iyKCH3 6y j i r a H  u =  u ( r ,  <p) (J )yhkuhhhh  H3JiaHMH3. H 3JiaH3eT ra H  
<j)yHKU,HH A o n p aA a  K y T 6 KoopAHHaTajispHAa e3HJiraH y u i 6y  J la n j i s c  
TeHFJI3M3CHHH KaH0aTJI3HTHpHHIH Kep3K .

9 d2u - du i i/ n
r z--------r --------- ---------=  U.

dr2 ^  dr ^  d(f2

O y p b e  ycyjiHA3H (})OHAajiaHH6 Aonpa  y^yH  /],HpHXJie MacaJiacn 
cmhmhhh  TonaMH3:

i r d2__r2
u( r ,  <p) = —  \ f ( x)  — ------------------------ jdx .

2n J /? — 2/?/-cos(t — cp) + r
— 31

B y  HHTerpaJi YlyaccoH UHTeepaAU Ae6  aTajiaAH.
M h c o j i .  Bhp  >khhcjih ronKa AonpaBHH njiacTHHKaAa TeM n epa Typa -  

h'hht CTauHOHap TaKCHMJiaHHUiHHH TonHHr. rij iacTHHKa paAHycn R  ra 
TeHr, yHHHr iokoph  khcmh 1° Aa, nacTKH khcmh 0° Aa T y ™ 6  TypHJiaAH. 

E u h l u .  M a c a j i a  u ia p ra ra  K y p a :

(  0, a r a p  — n < x < 0  S y j ica ,

{  1, a r a p  6y j ica .
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T eM n ep a T y p a  ‘TaKCHMora

i r 02 — r2
w ( r - <p) = ^ r  \ — >------------------------------2 d T

2n J /?2 — 2/?/t o s ( t  — <p)+/ "

HHTerpaJi 6njiaH aHHKJiaHaAH. 

a )  K>K,opH h p h m  AOHpa ( C K c p C n )  HyKTajiapH yMyH t g  - T~ q> =

2 dt
aji MauiTHpHiiiHH K n p H T a m h 3, 6yH A aH  c o s ( r  —  cp) = ---------dx = ;  1

1 + t 2 ’ 1 -\ -t2 ' 

H h th  H H Terpa j iJ iau i  y3 rapyB 4H C H  t (  —  t g - y ^  AaH  c t g y  r a ^ a  y 3r a p a -  

a h .  U iy H A a f t  k h j ih 6,

ctg-

r}2 J2
«(/■.<P ) = ^  \ --------- 1 — ---------r 2 — ar c  t g ( 4 “^ 0  I11 J (/? — r)2 +  (R  +  r ) 2t2 n & \ R  — r ) \

_ t g J L

[arc te(-|=7ctg i ) + arc ) ]  =
fl +  r / , (f . , <p \

1 0 „  + R — r \  SI T  1 , R2 — r2

= i r a r c t B— ^  « + , j — = - v a r c t s i s S S , r

ctg—

eKH

R2- r 2
tgMJT = ------<  cp <  It. B y  TeHTJIHKHH y H r  TOMOHH M3H(j)HH,

A e M a K  O C c p C x i  A a  u (J)yHKii,HH T eH rc H 3jiHK jiapHH KaHO-

aTJ iaHTnpaAH. B y  xoji ywyH  O C c p C J t  A a  y i u 6 y  euH M ra  a r a  6 y j iaM H 3 :

R2 — r2 1 R2__r2
t g ( n  — u n )  = — — —  eKH U = l —  - a r c t g -

2/?rsintp it 2/?rsin(p

6 )  F lacTKH  hphm  A o n p a A a  JKOHJiauiraH H y K T a j ia p  y ^ y H  ( n < c p < 2 j i )  

c t g  T --(p =  t y p H H ra  Ky ftH i i iAaH  c})0HAaJiaHaMH3, 6 yH A a H  c o s ( t  —  cp) =

t2— 1 , 2  dt „ , / , tp \ 
— — ------ , d x = ------------h h th  H H T e rp a ju ia u i  ys rapyB U H C H  t ^ — c ^ 2  )

araM H 3:

AaH t g - y  rana  y 3rapaAH. Y  x,0JiAa cp HHHr 6y  KHHMaTjiapn yuyH y m 6 y r a
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R2 — r2

-ctgiS2
(/? +  /■)*+

j[arc i)+arc )]
I'KH

l R2- ' 2u = - ^ a r c t g ^ sj^ r , i [ < c p < 2 n .

: -)hah y H r  t o m  oh M y c 6 a T  ( s in  c p < 0 ) ,  i i iyHHHr y ^ y H  0 C u - C y .

3- dapcxona  rontuupuFu

K,yT6  K oop AH  HaTa j iapH H H  k h p h t h 6, l < r < 2  x,aJiKaHHHr h m k h  

k h c m h  y 4 y H  J I a n j i a c  TeH r j iaM acH H H H r

h|f = i = 0 ,  u \ r = 2  =  y 

n erap aB H H  uiapTJiapHH KaHoaTJiaHTHpyBMH c m h m h h h  TonHHr.

>K: u ( r ,  cp) = - | s h ( l n r )  -simp.

3- MyCTdKfUA UIU

A m =  0 J l a n j i a c  T e H r j ia M a c n  y ^ y H  ,H,HpHXjie M acaJ iacHHHHr 

l < / - < ; 2  xaJiKaAa u \ i  =  sin3cp, u \r = 2 =  1 + c o s 2 c p  w ra p a B H H  mapT- 
j iapHH KaHoaTJiaHTHpyBHH b h h m h h h  ToriHHr.
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14-6 o 6

3 X ,T H M 0 J IJ 1 H K J 1 A P  H A 3 A P M J I C H  B A  

M A T E M A T H K  C T A T H C T H K A

l - § .  3x,THM0JlJIHKHHHr KJiaCCHK Ba CTaTHCTHK Tai>pH(j)JiapH.
TeOMeTpHK 3X.THMOJIJIHK

14.1.1. 3x,THMOJiJiHKJiap Ha3apnncn/ia yoduca Ae6, chhob  HaTH>K3CH- 
Aa p y f i  SepHLUH MyMKHH Sy jiraH  x a p  KaHA3fi (jjaKTra afiTHAaAH.

C h h o b  HaTH>KacHAa ajiSaTTa py f i  6 epaaH raH  XQAHca Myt^appap  
( U )  yoduca AeftHJiaflH.

C h h o b  Hara>KacHAa xe^  kbmoh py f i  SepMafiAHraH xoAHca MyMKun  
oyAMaeaH ( V )  yoduca Ae f iH AaAH .

C h h o b  HaTHJKacH.ua py f i  SepHuiH xaM, py f i  SepMacjiHTH xaM mymkhh 
6 y j i raH  XQAHca racodutpud yoduta AefiHAaAH. 

C h h o b h h h t  x a p  KaHAafi HaTHJKacn SAeMenrap yoduca AefiHAaAH. 
A r a p  ^HTTa ch h ob h h h t  y3HAa A  Ba B  t3coah (| )hh xoA H ca j iap  6np 

BaKTAa py f i  S ep M aca j iap ,  y j ia p  6 u peaA U K daM ac (6 a p ea A U K d a  dyA M a-  
e a n )  x ,od ucaA ap  AefiHAaAH. A r a p  chhob Hara>K3CHA3 6np hcmtb 
XOAHcajiapAait (J)aKaT 6HTTacH py f i  S epca ,  y j ia p  %o d u c a A a p m im  ry A a  
zypy^UHU  TaniKHJi 3T3Ah AefiHJiaAH. 

^ A rsp  A  Ba B  xoAnca jiapHHHr xgm 6hphhh h kkh h h h ch ts  HHc6aTaH 
pyfi  6epMiUH MyMKHH AeHHHira a c o c  Sy j iM aca ,  6 y  xoAH caAap  r e m  
UMKOHUHTAU AefiHAaAH. 

A  xoa,HcaHHHr py f i  SepMacAHTHAah nSopaT  Sy j iraH  A  xoAHca 
A  xoA H ca ra  t^apaMa-t^aptuu yoduca, AefiHAaAH. 

" A r a p  A  Ba B  xoAH caAapAaH  Sh ph h h h t  pyfi  fiepnuiH hkkhhmhchhhht 
pyfi  SepHiH eKH py f i  SepM acAHrnra  Ta^CHp 3TMaca, 6 y  xo A H caA ap  y 3 a p o  
apKAU (S o fa u k ,  6 y A M a z a n )  %oduca.Aap  AefiHAaAH. A k c  xoAAa  A.  Ba 
B  xoA H ca j iap  6 o fa u %  y o d u c a A a p  AefiHAaAH. 

14.1.2. CHHam  HaTH>KacHAa TeHr hm koh hh tah  n  r a  3JieMeHTap 
XOAHcajiap py f i  6 eP HUJH MyMKHH SyjicHH. B n p op  A  xoAHcaHHHr pyfi  
SepHUiH ynyH SAeMeHTap xoAH caAapAaH  m  Tacn  KyAafiAHK TyFAHpcHH. 
y  xcwiAa A  xoAHcaHHHr KJiaccHK s x th m o a a h th

Pi ,  A )  =  —
n

(j)oP MyAa 6HAaH aHHKAaHaAH. 
3  X t  h m o a  a  h k h h h r x o c c a j i a p n :
1. M y K a p p a p  xoAHcaHHHr s x th m o a a h th  1 ra TeHr, H"bHH

P ( U )  =  1.
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2 M yM K H H  6 y A M a r a H  x o A H caH H H r 3X t h m o a a h t h  0  r a  T e n r ,  h ^ h h

P ( V ) =  0.

3 TacoAH4)Hft A  xoAHcaHHHr s x th m o a a h th  y ^ y n

0 <  P ( A )  <  1

? P “ u “l 3  a P H» 6eBOCHT3 w c o 6 , a w M  K?n»HHa k o » 6 „ -

J2 S W ?
c „ » »

P n % u H m Z Z p u t u A a P  n x a  x y p A H  x a P KH-

r f  “  s n  s . m ' s -
_______! l _  eKH ^ ;  =  - > ( n - » ( » - 2 ) - ( " - m + 1 )

A n —  ( „ _ m)i

4 ,o p M y A a A a p  6HJiaH ™ nH^  g ^ a r a H A a  6 H r r a  M eM eH T H

”  V — J '  f TPa S e  « .  m  ™ .  Ty3HJiraH K „» (5H H aUH»,-
6HA3H 4>apK KHAyBUH t l  T3  SAeM cn  A 

j iap A H P -  y j i a p H H H r  c o h h

—    r a  TeHr.
n ^,1 / «  ___ m  ̂  1m\ (n  —  m ) !

aHTHJiaAH:

W ( A ) n

6y  e P Aa m  -  XoAHcaHHHr py f i  eepH W AapH  c o h h ,  n  cHHOBAapHHHr

V M y M H H  COHH. g v A r a H A a  X O A H C aH H H r  c t u t u c t u k

m
W ( A ) & P { A )  = —■

„  n  r n x a  D  C OXaHHHT KHCMH

14 .1.5 .  T e o M e T p H K  (yay um rH,  k>3h , m * mh )

x a r s  Ty iuHLH  s x t h m o a a h t h

mesO.
n M  ra  T eH r '

K Tuna 3 t 3  o k  7 r a  Kopa w a p  6op. V h m h  TaBaKKaJinra

™ m " r -
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E  q h m. A  oJTHHraH iu a p  o k  3 K a h j ih t h  x,0AHcacH Sy j icH H . M a 3 K y p  
c h h o b  10 Ta T eH r  h m k o h h h t j i h  s j i eM eH T a p  x o A H c a j i a p A a H  u 6 o p a T  6 y j iH 6 ,  
y j ia p H H H r  3. TacH A  x,OAHcara KyJiafijiHK TyFAHpyBUHAnp. ,H,eMaK,

P ( , 4 ) = ^ = 0 , 3 .  '

2 - m h c o j i . ^  r y p y x a a  12 T a j i a S a  6yj in6,  y j ia p H H H r  8 Had^apH ,

a'bJioMHJiap. P y f l x a T  SyiiHMa T a B a K K a j in r a  9 T a j r a S a  TaHJiaS o j i h h a h . j
T a u / ia S  o j iHHraH/iap  vmvijxa 5  T a j i a S a  atJ ioMH T a j i a S a  S y j iH iu n  ! 
3X,THMOJTJIHrHHH TOnHHr. .1

E q h ui. C h h o b h h h t  6a p u a  MyMKHH 6y j i r a H  TeH r  h m k o h h h t j ih  ■
3JieMeHTap x o A H c a j i a p n  c o h h  C '12 r a  TeHr.  B y j ia p H H H r  HUHAaH C l - C l  \
TacH  TaHJiaS o j iH H raH  T a j i a S a j i a p  h h h a s h  5 TacH a ^ i o m i  T a j i a 6a j i a p  !
X O A n ca cn  ( A )  y n yH  KyJianJiHK T yF A H p aA n .  I I I y H H H r  yu y H  ■

8 -7 -6  14 

12 -11 -10  ~  55 '

3- m h c o j i . K ,npKM a ajin (J )6oHHHr 10 Ta  x,ap<j)HAaH «M a T e M 3 T H K a »  
c y 3 n  Ty3HJiraH. B y  x,ap<})j iap TaeoAH<|)aH c o u h j ih S K eT raH  Ba k s h t s a s h  
HXTHepHH 7ap7u6j ia  HHFHJiraH. ^ H a  « M 3 T e M 3 T H K 3 »  C y3H X.OCHJI 6yjIHUIH 
3X,THMOJIJIHrHHH TOnHHr.

E m h U I .  A  —  « M 3TeM 3THK3 »  Cy3H X.OCHJI 6yjIAH X 0AHC3CH. T e H r  
HMKOHHHTJIH MyMKHH 6y j IT 3H  SJieMeHTap X,0AHCaJI3p COHH « = 1 0 !  6y j u i6 , 
A  x,OAHC3 ra  K y j ia f t j iH K  H p sT yB ^ H j ia p H  m  =  2 ! - 3 ! - 2 !  6 y j i a m . B y  e p h a  
M aTeM aTH Ka c y3 H A a  « m »  2 M ap T a ,  « a »  3 M a p T 3 , « t »  2  M ap T s  
T3KpopjI3HHLLlH X,HC06ra  OJlHHaAH.

p i j [ \  m __  2 !-3 !-2 ! __  1

K ’  n 10! 151200 '

4 - m h c o j i . TejiecjjoHfla HOMep T epseT rsH  aSoHeHT ox u p ra  h k k h  
paKaMHH scAaH qHKapnS KyftAH Ba (})aK3T 6y  paKaMJiap x a p  xhji 
3Kahjihthhh  s c j iaS  KOJiraH xo j iA a  yjiapHH TaBaKKajinra TepAH. KepaKJiH 
paKaMJiap Tepn jiraH jmrH 3X,THM0JiJiHrHHH TonHHr.

E u h i u .  A  —  MKKHTa KepaKJiH p a K a M  T ep n j i ra H j iH K  x ,o a h c s c h  
SyjiCHH. X a M M a c H  6 y m 6 ,  yH T a  p a K 3 M A 3 H  h k k h t s a 3h HeHTa ypHHJiaiu- 
THpHLUJiap Ty3Hin MyMKHH 6 y j ic a  uiyHMa, HI.HH /1k) = 10-9  =  90 Ta TypjiH 
paKaMJiapHH TepHin MyMKHH. I IIyHHHr yuyH KJiaccHK 3Xth m o jij ih kk3 
K y p a

5- m h c o j i . O p 3H u y 3 T36HaTuiyHOCH B io (})(J)oh ( X V I I I  a c p )  TaHraHH 
4 0 4 0  M 3pT3  Tsu i j ia raH  Ba 6yHA3 2 0 4 8  M sp T3  rep6jiH  t o m  oh T ym rsH . B y  
CHHOBJISp M3>KMy3CHA3 TepSjIH  TOM OH TyiliHLUH UaCTOTaCHHH TonHHr.

P ( A )
c 5 • r 48 W

8 -7 -6  

1 -2 -3  ' 

12-11-10 
1 -2 -3
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W ( A )
2048

4040

6 - m h c o j i .  R p aA H y c j iH  A o n p a r a  H yK Ta  T3B3KK3JIHT3 T3U ij i3HraH^ 
rau iJ i3H r3H  HyK T3 H H H r A O H p a ra  hmkh 4H3HJiraH M y n r s s a M  y u 6 y p n a K

n n n ra  T yu iH iu n  axTHMOJiJinraHH TonHHr.  Hr io s h
F q u m  S ( D \ )  —  yu 6ypM aK H H H r io3 h , S ( D ) A o u p a H H H r  10

f iy j icH H  (6 3 -  u ia K J i ) . A  HyKTaH H H r y ^ y p n a K K a  Tyu iH u iu  x o A n c a c H .

Y xoJiAa

P { A )  =
S (D [ )  3V3  R2 =  3V3  

~ S ( D ) ~  4 k R2 411

P ( A )  « 0 , 4 1 3 7 .

63- uiaKJi

7 . m h c o j i .  [0 ,  2 ]  KecMaAaH TaBaKKa jinra  h kkh t3  x  sa y coHJiapn

TaHJiaHra ii .  B y  coH Jiap  x 2<  4 4 x  TenrcHSJiHKHH KaHoaTJ iaHTHpuuiH

3XTHMOJ1. llirHHH TOnHHT.
E  M H 111. ( x ,  u )  HyKTaH H H r K00pAHH3T3JI3pH

I  0 < X <  2,

1 0 < y < 2

TPHTCH3JIHK lap  CHCTeM3CHHH K3H03TJI3HTHp3AH. B y  —  (X,  y )  HyKT3 
TeHr KBaapaT „ y K T aJia pH rJnjiaMHiiaH r a B a K K a ^ r a

TaHJiaHHiun 11 h S h j i a h p s a h .  „ „ „ „ „  t v  Hv k t 3
BH3HH K H3HKTHp3eTT3H A  XOAHCa TaHJiaHaAHTaH [X,  y )  y  

u iTP HXJiaHra 11 < } )H ryp3 ra  TeruuiJiH 6 y j i r a H  XOJiAa Ba 
DVH SepaAH ( 6 4 - UiaKJi). B y  c } )H rypa  K O opAH H aTaJ iapn  x  <  4 y <  4x
f eH f0 H 3 ^ H K „M  K au o a TJ ia H TH p aA H raH
xoch j i  khjih nraH. J l e u a K ,  H3JiaHaeTraH 3Xthm oji j ihk  u iTpuxjiaHraH 

(})Hrypa hd3hhhhf KBaApaT io3Hra HucSaTHra TeHr, H-bHH

2

P ( A )  =
(4 - 1 4 ) 1 1

8
12

X leM aK ,  P { A )  = -
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1- dap cxo na rontuupuFu

1. T aB aK K a jin ra  20 AaH K a r ra  6y j iM araH  HaTypa ji  coh TaHJiaHraHAa, 
yHHHr 5 ra KappajiH  SyjiHiii s x t h m o a j ih t h h h  TonHHr

>K: 0,2.

2. KapTOMKa/iapra 1, 2, 3, 4, 5, 6, 7, 8, 9 p a K a M J ia p n  e3HJiraH. 
T a B a K K a j iH ra  T y p r r a  KapTOHKa o a h h h S ,  y j ia p H H  K a T o p  k h a h S  
T epH J iraH iia  *y c J )T  c o h  x o c h j i  S y j iH i i iH  s ^ t h m o a j i h t h h h  Tor iHHr

T

3. K,yTHfla 12 Ta ok  Ba 8 Ta kh3hji m ap  6op. TaBaKKa/mra
a )  6 h t t 3 m ap cuiHHraHAa yHHHr o k  SyjiHtiiH sx a h m o j ia h tk h h  TonHHr;
6)  6nTTa map  oAH H raH Aa  yHHHr k h3 h j i  6yj inimi  s x t h m o a a h t h h h  

TonHHr;

b ) 2 Ta m a p  OJiHHraHAa yjiapHHHr TypjiH paHrzia 6yAHUiH 
3XTHMOAJIHTHHH TOnHHTJ 

r )  8 Ta m ap  OJiHHraHAa yjiapHHHr 3 Tacn kh3ha paHrjiH SyjmuiH 
3XTHMOAJ1HTHHH TOnHHT; 

a )  8 Ta m ap  0JTHHraH.ua kh3hji paHrjiH m a p j ia p  3 TaAaH Kyn 
SyjIMaCJlHTH 3X,TH MOJIAHTHHH TOnHHTJ 

>K: a )  T ; 6 ) T ; B) l b  r > ~ ° - 3 5 ;  a )  « 0 , 6 1 1 7 .

4. HKKHTa yftHH coKKacH S a pa B ap  TauiJiaHraHAa KyftHA3rn xoAHca- 
JiapHHHr pyft 6 epn m  s^THMOAJiHK/iapHHH to h h h t :  

A  —  T y m r a H  o^KOJiap h h f h h a h c h  8 r a  TeHr. 
B  —  T y m r a H  0MK0Jiap K yn a f tT M a cH  8  r a  TeHr.

C  Tym raH  o^KOJiap S h fh h a h c h  yjrapHHHr KynafiTMacHAaH KaTTa.

>K: P ( B ) = - ± - ;  P ( C ) = jL .

5. T aH ra  2 MapTa TauiJiaHraHAa aKajuiH 6np MapTa r e p 6 jw  t o m o h  
Ty m n m n  s x t h m o j ia h t h h h  TonHHr.

>K: P ( A ) = - j .

6. K yTH ^aA a  6 Ta 6np xhjt (HOMepjiaHraH) K y6 nk 6op . TaBaKKa jiH ra  
6HTTa-6HTaAaH Sapwa KySnKjiap OAHHraHAa KySnKjiapHHHr HOMepjiapn • 
y cn 6  S opn m  TapTHQnAa ' ihkhu ih  s x th m o a j ih h ih h  t o h h h t

7. K,yTHAa 5 Ta 6np  xhji SyioM 6yjin6,  y jiapHHHr 3 TacH Sy^AraH . 
TaBaKKa jiH ra  2 Ta 6yiOM OAHHraHAa y j ia p  opacHAa:

a )  6HTTa dyHJiraHH SyjiHm n;
6 )  HKKHTa S y j i r a H H  S y j iH in n ;

b ) x,eq S y j iM a r a H A a  S n r r a  S y a j i r a H H  SyAHUiH s x a h m o j i j ih t k h h  
TonHHr.

>K: a )  0,6; 6 )  0,3; b )  0,9. 

8. Yq j iapH  (0, 0 ) ,  (0 ,  1 ) ,  (1, 1 ) ,  (1, 0 )  HyKTajiapAa Sy j iraH  KBaApaTra 
(x, y )  H yK Ta  T au i j ia H aA H .  B y  HyKTaH H H r K o o p A H H a T a j ia p H  y<c2x
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I CHTCH3AHKHH KaH03TJiaHTHpHmH 3X,THM0AJIHTHHH TOnHHT.

>K: P ( A )  = 0 ,7 5 .  ,
9. T a B a K K a j iH r a  x,ap 6 h p h  S n p A a H  K aT Ta  S y A M a r a H  HKKHTa M ycO aT  

c o h  oJiHHraHAa, y j ia p H H H r  h h fh h a h c h  x +  y 6 h PA 3 h  KaTTa S y j iM a c j iH r a ,  
nyr ia ftTM acH  xy sea  0,09 AaH  k h h h k  S y j iM a c j in r H  3x , th m o a a h  th  hh

TonHHr.
y ^ .  p  ~  0  2 .

10. A ft j iaH a ra  T a B a K K a j iH ra  hhkh  y u f iyp M a K  4 h3 h a3 A H .  By y q 6 y p 4 3 K

YTKHp 6ypH 3K AH  6yAHHJH 3XTHMOJIJIHTHHH TOnHHT.

11 T ex H H K  H a 3o p a T  SyAHMH T a B a K K a A H ra  oAH H raH  100 Ta KHToQAaH

5 T3CH HPOKCH3 SKaHHHH 3HHKA3AH. f lpOKCH3 KHTo6A 3pHHHT HHC6HH 

LiacTOTacHHH aHHKAaHr.

>K: W ' ( / l ) = 1 ^ = 0 , 0 5 .

1- MyCTaK,UA UlU

1 HOMHHO TOmAapHHHHT TyAHK Ma>KMy3CHA3H (2 8  Ta T o m ) 
T3B3KKaAHra 6HTT3CH 0AHH3AH. KyHHAarH XOAHC3A3pHHHT 3XTHM0AAH-

THHH TonHHr.
s )  oAH H raH  T o m A a  6 o^iko 6yA H m H ;
6 ) OAHHraH Tom A a 5 omko ckh  4 ohko  6yAH iiiH ,
b ) MHKKaH 0MK0Aap h h ™ h a h ch  7 ra  TeHr 6yAHmH.

>K: a )  -J-, 6 )  — ; b )

2. T a B S K K a A H ra  20 AaH  K aTTa  6 y A M a r a H  H a T y p a j i  c o h  T a H A a H ra H A a  

yHHHr 20 HHHT 6yAyB4HCH gyAHIUH 3XTHMOAAHTHHH TOnHHr.

^K* P __0 3
3. P a K a M J ia p w  x a p  x h a  h k k h  xoHaJin  c o h  y f tA aH ra H .  S^HAaHraH c oh .

а )  TacoA H tbaH  a f tTH AraH  h k k h  x oH aA H  c o h  S y j iH m n ,
б )  p a K a M A a p n  x a p  x h a  6 y A r a H  T acoA H ( } )a H  a f tTH AraH  h k k h  x oH aAH

COH 6yAHmH aXTHMOAAAHTHHH TOriHHT.

K :  a )  6 )  - i .  

4 A j i o m m  K apTO TKB J iap ra  1. 2, 3, 4 ,  5, 6 ,  7, 8 ,  9  p aK aM J iap  e M J i r a H

K a p T o w a A s p  a x m n A a S  spaAam THpHJirsn, TaBa^ ™ ra6 ^ ryaPJ T c 0H 
OAHH3AH B3 KeTM3-KeT K3T0P KHAH6 TepHASAH. XoCHA 6yA r3H  COH 

1234 SyjinmH s x a h m o a j ih t h b h  TonHHr. 
w . rj 000^3
5.- KyTHAa 100 Ta AaM noM K3  6 yA H 6 ,  y A s p H H H r  10 Tacn  npoKCH3. 

T a B a K K a A H r a  4 Ta  A a M n oM ka  oAHHaAH. O A H H raH  j i a M n o ^ K a A a p  hm has-

а )  HpoKCH3JiapH f tyK  o y A H m n ;
б )  a p o K A H A a p n  ftyK 6yAHUJH s x th m o j ia h th h h  TonHHr. 

>K: 0,65; 6 )  ' P « 0,00005. 
6. R  paAHycAH AOHpara HyKTa TamAaHaAH. B y  HyKTa AOHpara hmkh 

>4H3HAraH KBaApaT H^Hra T ym n m n  s x th m o a a h th h h  TonHHr.

2



7. TaBaKKajiHra x,ap 6npn  2 a s h  KaTTa SyjmsraH h k k h ts  x  Ba 
y M ycSaT coh OJiHHrsHAs 6y  coHjiapHHHr KynaHTMacH xy S h p a sh  KaTTa 
SyjiMacjiHTH, y/x 6 yjiHHMa aca h k k h a sh  KaTTa 6 y jiM 3CJiHrH sx th m o j i j ih -  
thhh TonHHr.

>K: P « 0 , 3 8 .
8 . T a H K K a  KapixiH m h h s j i s p  T y p p n  mh3hk 6y f l j i3<5 x a p  15 m  ra  

>KOHJiaLUTHpHjrraH. 3 h h  3 m S y j i r a H  t b h k  6y  T y rp H  MH3HKKa n epneH A H - 

KyjTHp flyH3JIHLUA3 KeJTM0KA3. T sH K H H H r MHH3T3 A y q KeJlHLUH 3XTH- 
MOJIJIHFHHH TOnHHT.

>K: P  =  \ .
5

9. ByiOM napTHHCHHH CHH3LHA3 HpOKJIH 6yK)MJ13p HHCfiHH UaCTOTaCH
0,9 ra T eH r  6 y j iA H .  Arap x s m m s c h  6 y j iH 6 ,  200 t s  S y io M  TeK iunpH J irsH  
Syjica, h p o k j ih  6y ioM J iap  c o h h h h  TonHHr.

) K :  180 Ta.

10. Bapna eKJiapH Syn j iraH  Ky6 1000 Ta TeHr «K y 6 q 3 »J ia p ra  
appa jiaH raH . TaB aK Ka jin ra  QJiHHrah «K y6 q a »H H H r  h k k h t3  ern  SynJiraH 
SyjlHUIH SXTHMOJIJIHTHHH TonHHr.

>K: P  =  0,096.

11. H uIH KA3  31 Ta 6HpHHMH H3B B3 6 Ta  HKKHHMH HaB A e T 3JIb 6op. 
T a B a K K a j in r a  3 Ta AeT3Jib  o j i h h 3 A h : a )  o j iH H raH  y n a na  AeT3Jib  6hphhmh 
■H3B SyJiHUJH; 6 )  OJiHHraH AeTaJU iapH H H r x e q  6y j i M a r 3HA3 6h t t 3Ch 
ShPHHMH HaB SyjIHLHH 3XTHMOJ1J1HFHHH TonHHr.

>K: a) P « 0 , 5 8 ;  6)  0,9974.
12. TaB3KKajiHr3 o j i h h f s h  Tejie<J)OH HOMepH 6 e u n a  psKSMAaH 

H S o p a T .  Y h a s :

3 )  X3MM3 p3K3MJ13p X3p XHJI 6yjlHLUH;
6 ) X3MM& p 3 K3 MJI3 p TOK SyJlHUIH 3XTHMOJ1J1HTHHH TOnHHT.
>K: 3 )  0,3024; 6 )  0,03125.
13. I l l s p r s  K y6  hhkh mh3h j i t 3 h. H y K T a  t s b s k k s j i h t s  rn s p ra  

Taii lJ13H3AH. HyKTSHHHT K y 6 r 3  TyLUHIilH SXTHMOJIJlHrHHH TOIlHHr.

>K: 0,368.
n V 3

2- §. X,OAHcajiap a j ireSpacH .

SXTHMOJiJiHKjiapHH KyuiHiu Ba KynaHTHpHiu TeopeM ajiapn .

UlapTJIH 3X.THM0JIJIHK

14.2.1. H K KH Ta A Ba B x o a h c 3h h h f  uuFunducu A e 6 A xoAH caH H H r,  
eKH B XOAHC3HHHT, eKH 6y  HKK3JI3 X0AHC3HHHT p y f l  6epHIUHA3H « 6 o p 3 T  
C =  A-\-B  X0AHC3T3 3HTHJ13AH.

BnprajiHKAa 6y j i M a r 3H HKKHTa A Ba B xoAHca h h f h h a h c h h h h f  
3XTHMOJU1HTH 6y  xoAHcajiap 3XTHMOJiJiHKJiapHHHHr HHFHHAHCHra TeHr:

P  (A +  B ) = P  ( A ) + P ( B ) .

B n p  HeMTa *yt})T->KycJ)TH S h j i s h  6npr3J iH KA3  6 y j iM a r a H  x o A H c a j i s p  

HHFHHAHCHHHHr 3XTHMOJIJ1HTH 6 y  X0AHC3J13p 3XTHM0JIJIHKJiapHHHHr 
HHFHHAHCHTa TeHr:
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p{ Ai  + ^ 2 +  . . . + A n )  = P ( A i ) + P ( A 2 )  +  . . . + P { A n )  •

T v jia  rpynna TauiKHJi STyBUH Ai, A 2, .... A n XOAHcaJisp W h -

1 ra  T e " r - 

P{A\)  +  P ( A 2) +  — +  P ( An)  —  1-

K a p a w a -K a p u iH  xoAH ca j iap  3\THMOJiJiHKJiaP HHHHr h h fh h a h ch  1 ra 

TeHr, H"bHH

P ( A ) + P ( A )  =  l.

u  a oa R xoiiHcaHHHr KunauTMacu  Ae6 , 6y  X0Anca-

w  H6opaT C = " - B w a r a
3HTHJI3AH. xo A „caHHHr 6HP raJTHKAa pyft SepHUIH 3XTHMOJIJIHTH 

6y  x o ™  apP ^ ^ T H M i — apHHHHr Kyn3HTM3CHr3 Tenr: 

P ( A B ) = P { A ) - P ( B ) .  

n].jttj 6vJir3H 6hp He4T3 x o a h c s h h h t  pyfl SepnuiH 
\oaMCaJiap  s x t h  m w i j ih  KJia pH hh Hr K y „ a i , ™ a c „ r a  TeH r:

P ( A i  • A 2 An) = P ( A ,) - P { A 2) ■...■P{An).

& xn/iHoa DVH 6epAH AersH  m spTAS  XHCoSjiaHraH
« T „ M a n , „ K

KyftHAarH43 6eJ\THJiamm-

P A(B)  eKH P ( B/A) .

HKKHTa 6 0 FJ.HK X,OAHCaHHHr 6 h P F3JIHKA3 P P  6 e P HlUH 3XTHMOJlJIHrH 

yqyH  KyfiHAarH (},opMyiiaJiap ypnHJin: 

P ( A B ) = P ( A ) - P a (B)  eKH P { A B ) = P b- P b( A) -  

k  n HeuTa 60FJ1HK xoAHcaJiapHHHr SnpraJiHKAa pyfl  SepHLU 

3 X t h m L j i h ™  KyflHAarn ( } )opMyjia 6yHH4a xmco6ji3H3Ah.

P { A r A2. . . . - An) = P ( A i) - P Al( A 2) - P AlAl( A 3) . . . . - P AlA!. ^  t( A n). 

14 2 3 A  B3 B T3COAH(j)HH XOAHC3J13P HHFHHAHCHHHHF SXTHMOJIJlHrH 

yqyH .  KyftHASFH (})0pMyJi3 ypHHJIH:

P (A +  B)  = P ( A )  + P ( B )  —  P ( A B ) .

. 1 ' “ a V T U M O J l J I H K  (h O p M y  JI 3 C H . £ i ,  B 2, ■■■, Bn Jiap
H  2 1 ' J h h ?  TYJia rypyxHHH ts u ik h j i  3th6 , A xo a h c 3  yjiapHHHr 6 h P h

P ( A ) =  2  P ( B k) - P Bk( A) -
k=\
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14 .2 .5 .  B e f t e c  c { ) o p M y j i a c H .  A r a p  A x o A H c a  p y f t  S ep ra H H  

Ma b jiyM  S y j ica ,  y  xo j iAa  P(Bk) ,  k = l , n  sxraMOAJiHKAapHH KaftTa 
o a x o A a u i  MyMKHH, h t.hh  P A{Bk) mapTjiH 3x,THMOJiJiHKJiapHH yrnSy Beftec  
(popMyjiaCH epAaMHfla TonHUi MyMKHH:

P ( B . ) - P R (A)
P A B k) = P(A)

1 - m h c o j i . U e x f l a  Snp H e m a  c t 3 h o k  HUiJiaftAH. CMeHa _aaBOMH.ua 
OHTTa CT3HOKHH C03JiaUIHH TaJiaS 3THIH 3XTHM0AJIHTH 0,2 ra  TeHr, 
HKKHTa CTaHOKHH co3JiauiHH TaAaS  3t h u ] s x t h m o a a h t h  0 ,13 ra  TeHr! 
CMeHa AaBOMHAa HKKHT3A3H OpTHK CT3H0KHH C03AaUIHH T3J130 3THIU 
3XTHMOAAHTH 3C3 0,07 T3 TeHT. CMeH3 A3B0MHA3 CTaH0KJI3pHH 
C03JI3LUHH TaJiaS 3THAHLUH 3XTHMOJIAHTHHH TOIlHHr.

E 4 H UI . KyHHAarH )^0AHC3JI3pHH K3paHMH3.‘ A —  CMeH3 AaBOMHAa 
0HTT3 CT3H0K C03JI3UIHH T3A3S 3T3AH XOAHCaCH;

B CMeHa AaBOMHAs h k k h t s  c t s h o k  co3ji3 u ih h  T aAaS  aTaAH 
x,0AHcacH;

C CMeHa flaB0MHA3 2 TaAaH o p ra K  c t s h o k  co3JiauiHH TaAaS  sTaAH 
XOAHCaCH.

A, B, C x,0AHcaAap y s a p o  SnpraAHKAa 3Mac. B h 3 hh KyftHAarn 
XoAHca K,H3HK.THpaAH: (/1 +  B  +  C )  — CMeHa a aBOMHAa co3A am  3 ap vp  
Oy/iaAHraH eraHOKJiap:

P ( A  +  B +  C ) = P ( A )  + P ( B )  + P ( C )  = 0 , 2  +  0,13 +  0,07 =  0,4.

2- m h c o  ji . HKKHTa obmh Snp naHTAa Snp-SnpHra S o f a h k  SyAM araH  
XOAAa KyeHra K apaTa  yK  y3HiiiAH. OBMHAapAaH x,eM SyAM araH Aa Snpn 
YK hh HHuioHra TeKKa3ca, KyeH o t h S OAHHraH SyjiaAH. B h ph h m h  
OBHHHHHr HHuioHra y P Hui s ^ t h m o a a h t h  0,8 ra ,  h k k h h m h c h h h k h  0 ,75 ra 
TeHr S y j ica ,  KyeHHH o th S oahlh  3x,t h m o j ia h t h h h  TonHHr.

E m h l u . K yH H A ara  xoAHcaAapHH KapaftMH3:
A —  Sh p h h m h  obmh HHiuoHra TeKKa3HiiiH;
B  —  HKKHHMH OBMH HHHIOHTa TeKK33HUJH.
A Ba B 3P KAH X,OAHC3JI3p. BH3HH (/4 +  B )  ^OAHCa KH3HKTHpaAH.
\A-\-B)  Sy j iM araH Aa S n r ra  obm h h hh t  HHiuoHra TeKKa3HUiH

y  x,cwiAa

P ( A  +  B)  = P ( A )  + P ( B ) - P ( A - B )  = 0 , 8  +  0 , 7 5 - 0 , 8 - 0 , 7 5  =  0,95,

P ( A  +  B ) = 0 , 9 5 .

3 - m h c oji . KoM 3H AaAa  12 cnopTMH Sy jm S, yjiapHHHr 5 Tacn cnopT  
ycTacH. CnopTMHASp h m h a s h  Kyp"b3 t s i h a s u i  opKajiH yM cnopTMH 
TaHJiaHaAH. TaHJiaHraH cnopTMHAapHHHr ^aMMacn cnopT  ycTacn  
OyAHUIH 3X,THMOAJIHTHHH TOnHHr.

E ' f H i u .  A,  —  Shphhmh cnopTMH —  cnopT  ycTacn ;
A 2 —  hkkhhmh c itoPtmh —  cnopT  ycTacn ;

A 3 y^HHHH cnopTHH —  cnopT  ycTacn ;

472

,4 = A i  - A i - A i  — y n a j i a  c n o p T M H — c n o p T  y c T a c n .

,4i, A2, A3, x,0AH caAap  —  S o f j i h k  x o A H c a A a p .  H e M a K ,

P ( A )  =  P ( A l A 2A 3) = P ( A 1) P Ai( A 2) P AiA2 (/t3) = ^ - T T ' ^ r = i -

4 - m h c o j i .  T a A a S a  y 3 H ra  KepaKAH  (J)opMyAaHH 3 T a  Ma-bJiyMOTHOMa- 
aan K H AnpaAH . O o p M y A a  Shphhm h, hkkhhmh, yMHHMH MaT.AyMOTHOMaAa 
f iyA H ih h  3XTHMOAAHTH m oc  paBH iH Aa  0 ,6 ;  0 ,7 ;  0 ,8  r a  TeHr. O o p M y j i a :

a )  4>aKaT 6 h t t 3 MaijJ iyMOTHOMSAa S y j iH u iH ;
6 )  (|)aKaT HKKHTa M stJ iyM O TH O M aAa Sy jiH iUH ;
b )  yM 3A3 M3'bJiyM0TH0M3Aa SyjIHLUHJ
r )  x,eM S y A M a r a H A a  6 h t t 3 M3"bJiyMOTHOM3Aa 6yAH iu H  s x t h m o a a h t h -

IIH TOnHHT.
E M H HJ . K y f tH A a rH  X.0AHC3J13PHH K ap3H M H 3:
A\ —  4>opM yji3  6hphhm h Ma'bJiyMOTHOMaAa S o p ,
A 2 —  ( { )O pM yAa HKKHHMH M 3"bAyM 0TH0M 3Aa 6 o p ,
A 3 —  ( } )O pM yAa yMHHMH M3"bJiyM0TH0M3Aa Sop.

3 ) A  =  A ,A 2A 3 A 1A 2A 3 +  A 1A 2A 3 —  ( } )opM yA3 c{)3 K3T S h t t s  M3 "bAy- 
m o t h o M a A a  S op .

AjA2A3, A\Az , A_3 , A 1A 2A 3 x,0A H c a j i a p  S n p ra A H K A a  3M ac  Ba A h 
A2, ^ 3; At, A2, A 3; A\, A 2, ^ 3x .o A H ca A ap  S o f j i h k  3Mac. A e M a K ,

P ( A )  = P ( A i ) P ( A 2) P ( A 3) + P ( A , ) P ( A 2) P ( A 3) + P ( A , ) P ( A 2) P ( A 3) =  
i =  0 ,6  • 0 ,3  • 0 ,2  +  0 ,4  • 0 ,7  L0 ,2  +  0 J  ■ 0 ,3  • 0 ,8  =  0 ,1 88 .

6 ) A = A i A 2A 3+ A , A 2A 3 +  A ]A 2A 3 —  c } )opM yAa  c })aKaT HKKHTa M a i -  

j i y  m o th  OMaAa S o p .  A e M a K ,
P(A)  = 0,6 -0,7-0,2 +  0,6 -0,3-0,8 +  0,4-0,7-0,8 =  0,452.
B) A =  A ,A 2A 3 —  cf)opMyjia ynajia MatjiyMOTHOMaAa Sop.
P(A)  = 0 ,6 -0 ,7 -0,8 =  0,336.
r )  ^ 4 = ^ 4 !  + A 2 +  A3 —  c } )opM y j ia  x,eM S y jT M a raH A a  S h t t s  M a t ^ y -  

MOTHOMaAa S o p .  M a 3 K y p  x,0JiAa A x o A H c a r a  K a p a M a - K a p u iH  x oAH caH H  

K a p a iu  KyAaft.

A —  (J)opMyAa xeM S n p  Ma"bAy m o th  OMaAa nyK- 

A = A , A 2A 3, y XOJiAa P ( A )  =  l — P ( A ) .
P ( A )  =  l — P ( A )  =  \— P ( A i A 2A 3) = \ — P ( A l ) P ( A 2)P(A3) =

=  1 — 0,4 - 0,3 - 0 , 2 = 1 — 0,024 =  0,976.

l i l y H A a f i  kh j ih S ,  a )  P(A)  = 0 , 1 8 8 ;  6 ) P(A)  = 0 , 4 5 2 ;  b )  P(A)  = 0 , 3 3 6 ;  

r )  P(A)  = 0 , 9 7 6 .
5-  'm h  c  o  ji . Bh phh m h  KyTHAa 2 Ta o k ,  6 Ta Kopa ,  hkkhhm h KyTHAa s e a

4 Ta  o k ,  2 Ta Kopa m ap  Sop. B h p hh m h  KyTH A aH  T a B a K K a j iH ra  2 Ta  m ap
OJIHS, HKKHHMH KyTHTa COJIHHAH, m yH A a H  KeHHH HKKHHMH KyTH AaH

T a B a K K a A H ra  SHTTa m a p  o a h h a h .
а )  O A H H raH  m a p  o k  S y A H in n  s x a h m c x /i a h j i h t h  K aH Aa ft?
б ) Hkkhhmh KyTHAaH OAHHraH m ap  ok  Sy j inS  mhkah. Bhphhmh 

K yTH AaH  oahS hkkhhmh K y r a r a  c oA H H raH  2 Ta m ap  ok  S y j in u iH

3XTHMOAJIHTH K aH A a ft?
E m h u j .  a )  K y f t H A a r a  S e j i r H A a m j ia p H H  KHpHTaMH3:
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A  ---  HKKHHMH KyTHAaH OJIHHTaH Ulap OK,
B i — Shphhm h K yTH AaH  hkkhhmh K y T n ra  2 Ta  o k  m a p  co j iH H raH ,
B 2 —  Shphhuh KyTHflaH hkkhhmh KyTnra 2 Ta TypjiH pa H ra a rn  m ap  

co/MHraH, 
B 3 —  SnpHHUH KyTHAaH HKKHHMH KyTHT3 2 Ta KOpa m ap  C0J1HHT3H.
B i, B 2, B 3 —  xoA H ca j iap  r y j ia  r y p y x  Taii ikhji 3Ta.nn. Y  x o j ia 3  Ty j ia  

3XTHMOJ1JIHK cjjopMyjracnra Kypa

P ( A ) = P ( B l) P Bi( A ) + P ( B 2) P B2( A ) + P ( B , ) P Bi( A ) .

Bk, /fe =1,3 rHnoTe3ajiapHHHr sx th m o j i j ih k j isp h h h  Ba P Bi( A ) mspTJiH 

3XTHMOJlJlHKJiapHH KJiaCCHK CXeMa 6yHHMa XHC06jiaHMH3:

Co I Cl-Cl  12
P ( B , ) = - J - = ^ r ; 2) 2 6

2 8 ’ v 2'  r? 28

P * SA ) = ^
8

j y x ) = | .

TonHJiraH H3TH>KaJiapHH T y j i a  sx th m o jij ih k  ( j jopM yjiacn ra  Ky«MH3:

+  +  =  ''-'.s.
V ’ 28 4 28 8 28 2 16' ; ir »

6 ) P a (B\)  s x t h m o j i j ih k h h  Befiec (J jopM yjiacH  Sy i iH H a  T o n a M H 3 :

P a W x) ' P (A )  _9V  21'
16

2- dapcxona T on iuu p u F u

1. K ypcaH T  o th u j  SyftHHa « c h h o b »  TonmnpHiiiH yqyH  4 jxan nacT 
Sy jiM araH  6 a x o  ojih lhh KepaK. A r a p  Kypc^HT oTraHHra « 5 »  SaxoHn 0,3, 
« 4 »  SaxoHH 0,6 3XTHMOJ1JMK 6m iaH  ojihiU'M MatJiyM 6 y j ica ,  KypcaHTHHHr 
« c h h o b »  TonmHpa ojihlh sx th m o j i j ih th h h  TonHHr. >K: p — 0,9.

2. HKKHTa MepraH HwrnoHra KapaTa 6HTT3AaH yK  y3HUiAa. B h ph h m h  
MepraHHHHr HnmoHra TeKKa3Hm s x th m ojij ihth  0,6 ra ,  h kk h h m h c h  yqyH
0,7 ra  TeHrjiHTH MatJiyM S y j ica ,  KyHHAarn xoAHcajiapHHHr s x t h - 
MOJIJIHKJiapHHH TonHHr:

a )  MepraHJiapHHHr <J)aKaT SnpHHHHr HHmoHra TeKKa3Hmn;
6 )  MepraHJiapHHHr xeM Sy j iM araH Aa Snpn HHmoHra TeKKa3HmH;
b ) HKKajia MepraH HHmoHra TeKKa3HUiH;
r )  x eq  6np  MepraHHHHr HHmoHra TeKKa3a o j im sc jih th ;
A )  MepraHJiapHHHr xeu Sy jiM araHAa 6npH HHmoHra TeKKa3a 

ojiMaraHH. 
>K: a )  0,46; 6 )  0,6; b ) 0 ,42; r )  0,12; a )  0,58.
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3. H n F yB H H ra  3a p y p  AeTaJib  Shphhm h, hkkhhmh, yHHHMH, TypTHHMH 

au iH KAa  SKaHJiHTH s x t h m o j i j i h t h  m oc  p a B H m A a  0 ,6 ;  0 ,7 ,  0 ,8 ,  0 ,9  r a  TeHr. 

3 a p y p  A eT a j ib :
а )  K yn n  6 n j ia H  3 Ta au iH K A a  6 y j iH m H ;
б )  K3MH 6HJiaH 2 Ta HUlHKAa SyjlHUIH 3 XTHMOJIJIHTHHH TonHHr.

>K : a )  0 ,6 9 7 6 ;  6 )  0 ,9 57 2 .
4. T y p y x A a  10 T a j i a S a  6 y j iH 6 ,  y j ia p H H H r  7 Hac})apH aTaJionHJiapj l y p T  

r a j i a 6 a  A e K a H a T ra  m s k h p t h p h j i a h . YjiapHHHr Sapn acn  s 'w i o m h  Sy j iH iuH

3XTHMOJ1J1HTHHH TOnHHr. >K: -jp

5. y ^ T a  3aBOA c o a T  n m j i a 6  MHKapaAH Ba Mara3HHra >K yH 3TaA H . 
Bhphhmh 3 3 b o a  6 y T y H  M axcyJ ioTH H H r 4 0 %  hhh, hkkhhmh 3 3 b o a  4 5 ^  
hhh y^HHMH 3aBOA a c a  1 5 %  HHH T a f tep j ia H A H . Bhphhmh 3aBOA M H KapraH  
COaTJiapHHHT 8 0 %  H, HKKHHMH 3a BOA COaTJiapHHHHT 70/ b  H, yMHHMH 
3a b o a  coaTJ iapH H H H r 9 0 %  h HJirapHJiaS KeTaAH. C o t h S ojiHHraH 
coaTH H H r HJirapHJia6 kc th lh h  axTHMOJiJiHrHHH TonH H r.  > l v  0 ,// .

6. CaM O J ieTra  KapaTa  y w a  y K  y3HJiraH. B h p h h m h  o t h l h a 3 H H iuoH rs  
T e r n m  s x t h m o j u i h t h  0 ,5  ra, h k k h h h h c h a 3 0 ,6  r a ,  yqHHMHCHAa 0 ,8  r a  TeHr. 
BH TTa VK  TeK K aH Aa  caMOJieTHHHr y p n 6  Tym npH J iH m H  s x t h m o j i j i h t h

0 3 r a  HKKHTa y K  TeK K aH Aa  0 ,6  r a  TeHr.  Y m t 3 y K  T e r c a ,  caMOJieT y p n 6  
Tym n pH J iaAH .  CaMOJieTHHHr y p H 6  Tym n pH J iH m  axTHMOJiJiHraHH TonHHr.

>K :  0 ,594 .
7 C n a p T a K H 3 A a A a  6 h p h h m h  r y p y x A 3 H  4 T aJ ia6 a ,  h k k h h m h  r y p y x A a H

6, yqHHMH r y p y x A a H  5 T a j i s f i s  K a T H a m a A H .  H H CTHTyT  T ep M a  * a M o a c H r a  
6 h p h h m h  r y p y x A a r n  T a A a S a  0 ,9  s x t h m o j i j i h k  6HJiaH, h k k h h m h  r y p y x  
T a j ia S a c H  0 ,7  Ba yqHHHH r y p y x  T aJ ia6 acH  0 ,8  s x t h m o j i j i h k  6HJiaH K a o y j i  
k h j i h h h l u h  MyMKHH. T a B a K K a j in r a  TaHJiaHraH  T a j i a S a  T ep M a  > K aM oa ra  

K a S y j i  k h j i h h a h . B y  TaJ iaSaH H H r K a f tcn  r y p y x A a  y K n m n  s x t h m o j i j i h t h  
Ka r r a p o K ?  >K: T a j i a 6 a H H H r  h k k h h m h  r y p y x A a  yKHiHH s x t h m o j i j i h t h  

KaT T a p o K -
8. U ,e xA a  T a w e p j ia H a A H ra H  AeTaJiJ iap  HKKHTa Ha3opaTMH t o m o h h a 3 h  

TeKLUHpHJiaAH. JJeTajiHHHr Ha3opaT yqyH  6hphhmh Ha3opaTMHra 
T y m n m H  ^XTH^^0J1JIH^H 0 ,6  r a ,  hkkhhm h H a3 opaTM H ra  T y m n m H  0 ,4  ra
TeHr. 51poKJiH AeTaJiHHHr S h p h h m h  Ha3opaTMH TOMOHHAaH HpoKCH3 A eo  
TOriHJ1H1I1H 3XTHMOJ1JTHTH 0 ,0 6  r a ,  HKKHHMH H330paTMH yMyH 3Ca 0 ,0 2  T3 
TeHr. HpoKCH 3 Ae6  T o n n j i r s H  AeTaJiJiap TeKmnpHJiraHAa y j i a p  h m h a b h  
HpoKJiHJiHTH m h k h 6 k o j i a h . B y  AeT3JiHH S h p h h m h  Ha3opaTMH TeKm npraH-

J1HTH 3XTHM0J1J1HTHHH TonH H r:  >K :  -jj--

2- MyCTCLKfUA UUl

1. BHTTa yK  y3HiiiAa HHmoHra Ternui s x t h m o j i j i h t h  6hphhmh MepraH 
y q y n  P  ra, hkkhhmh MepraH y q y H  0 ,7  ra  TeHr. M epraH J iap  6np BaKTAa 
y K  y3Hm raHA3 p o c s  6HTTa yKHHHr HHmoHra Tern iu  s x t h m o j i j t h t h  0 ,3 8  ra 
TeHrjiHTH MaiiJiyM 6 w ic a ,  P  hh TonHHr. 0,8.
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2. M epraHHHHr S u r ra  yn. y3HLUAa 10 omko ypHiu 3XTHMOAAHrH; 
0,05 ra, 9 omko ypnu i s x t h m o a j i h t h  0,2 ra , 8 om ko ypu iu  3^ t h m o j i a h  th

0,6 ra TeHr. B u r r a  y K  y3HAAH. K ,y ft«AarH  xoAucaAapH HH r s x a h m o j i j ih th - I  
hh TonH H r:  |

A  —  8 a a H  KaM S y A M a r a H  omko y p H A ra H ;  i
B  —  8 AaH  K yn  omko ypHJiraH .

) K :  P ( A )  = 0 , 8 5 ;  P ( B )  = 0 , 2 5 .
3. Y cT a x o H a a a  y m a  CTaHOK HmjiaanTH. CMeHa AaBOMHAa Shphhmh: 

CTaHOKHHHr co3Jiau)HH TaAaS  3THUI s x t h m o j i j i h t h  0,15 ra, hkkhhmh! 
CTaHOK yMyH 0,1 ra, yMHHMH CTaHOK yMyH sea  0,12 ra  TeHr. CraHOKJiap; 
S a p a B a p n r a  ( S n p  n a f tT A a )  C03JiauiHH T a A a S  s t m s h a h  AeS x,HCo6j i a 6,; 
CMeHa aaBOMHfla x,eM Sy jiM araH Aa S n r r a  CTaHOK co3JiauiHH TaAaS 
s t h u ih  s x t h m o j i a h t h h h  TonHHr. >K: «  0,3268. I

4. f luiHKfla 15 Ta AeTajib  SyAuS, yjiapHHHr 10 Tacn SynAraH. 
H h r y BMH TaBaKKajiHra 3 Ta aeTa j ib  OAaAH. OjiHHraH AeTajuiapHHHr 
SapM acH  S yn jiraH  S y jw u iH  s x t h m o j i j i h t h h h  TonH H r.  >K: P « 0 , 2 6 4 .

5. B u p op  (J )h3hk3bhh K a rra j iH K H H  S n p  M a p T a  y j iM a u i^ a  S ep H A raH  
aHHKJiHKaaH K aT Ta  S y j i r a H  xaTOJiHKKa f ty j i  KyftHAHii iH  s x t h m o j i j i h t h

0,4 ra  TeHr. YM Ta S o f j i h k  SyAM araH  y j iM au i yTKa3H A Au .  B y  y j iM a in j ia p -  i 
h h h t  (J)aKaT S n r r a c H A a  S y j i  K y f tu A ra H  x a T o  SepHJiraH  aHHKAHKAaH | 
K aTTa  SyjiHUiH sx th m o j i j ih th h h  TonH H r.  >K: 0,392. j

6. T a j ia S a  25 Ta h m t h x o h  caBOJiJiapHflaH 20 T a cn ra  TaftepAaHHiura , 
y jirypAH . T a j ia S a  TaBaKKajiHra OjiHHraH yMTa caBOJiHHHr KaMHAa |

HKKHT3CHHH ShJIHIUH S^THMOAJIHTHHH TOnHHr. >K:
345

7. H h fh iu  u exn ra  yMTa aBTOMaTAaH A eTa ju iap  kejinS TyiuaAH. 
Bhphhmh aBTOMaT 0 ,3 % ,  hkkhhmhch 0 ,2 % ,  yMHHMH 0 ,4 %  npoKCH3 AeTSjib 
HiiiAaS MHKapHiiiH Ma"bAyM. A r a p  Shphhmh 3 B to m 3 ta 3 h  1000 t s ,  
hkkhhmhchash 2000 Ta, yMHHMHCHAaH 2500 Ta AeTa jib  KejinS TyuiraHH 
Ma"bJiyM S y j ica ,  h h fh u i  u exn ra  npoKCH3 AeTaAb kcahS  TyiuraHAHrn 
3XTHM0AAHTHHH TonHHr. >K: 0,003091.

8. BeH3HH KyHHLu SeKaTH eHHAaH c h t h a  Ba iok  MamuHaAapH £t h 6 
TypaAH- YAapHHHr 6 0 %  hhh  iok  MauiHHaJiapn t s u j k h a  3T aA « .  Y t h S 
KeTaeTraH M auiHHaHHHr SeH3HH ojihuj yMyH TyxTau i s x t h m o a a h t h  iok 
M auiHHacH yMyH 0,1 ra, eHTHA MauiHHa yMyH sea  0,2 ra TeHr. BeH3HH 
KyHHin S eK a ra ra  SeH3HH KyftnS ojihuj yMyH MauiHHa k c a h S TyxTaAH. B y

Q
IOK M 3 UIHH3CH 3K3HAHTH 3X,THM.0AJIHTHHH TOnHHr. > K :  y .

3-§. BoFjiHKMac CHHOBjrap KeTMa-KeTJiHTH. BepHyjuiH (JjopMyjiacn. 

M yaB p  —  J lan jiac  Ba FlyaccoH TeopeMajiapH

14.3.1. A r a p  CHHOBJiap HaTH}K3J13PHHHHr X3p K3HAaft kom6hh3Uhhch 
6oFJIHKM3C X0AHC3A3P TynjI3MHA3H HSopST SyjIC3, 6 y  CHH0BA3P ' 
6oFAUI^MaC AeHHJI3AH.

MeKJIH COHA3TH tl T3 K eTM 3-K eT  S0FJIHKM3C CHH0BA3p y T K 33HAT3H 
SyjiCHH. B y  c h h o b j i s p h h h t  x,sp SupH h s th > K 3 c h a 3  Ma"bAyM Snp x o A H c a
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pvii SepniiiH MyMKHH SyA ca ,  c h h o b j is p h h h t  SyHA3H KeTMa-KeTJiHJiwrH

Ik'PHUAAU CXeMdCU AeHHJiaAH. „ „
B e p H y A A H  i j i o p M y j i a c H .  X a p  SnpHAa x,0AHcaHHHr p yn  SepniiiH 

iXTHMOJiJinrH p ra TeHr n Ta SoFJiHKMac CHHOBAapAa 6y  x,0AHcaHHHr 

poca m  MapTa pyft SepHinn s x th m o a j ih th

p n( m)  =  C™pmqn~ m, 6y  epA a  q =  l — p,

C m =  _____^ _____
" (n — m)\m\

i (i TeHr.
P n (mi  ^ . m ^ L m 2) — n ra SorjiHKMac CHHOBAapAa A  xoAHcaHHHr 

KaMHAa m T B a ^ y n H  Shabh  m2 MapTaraMa pyft Sepnui sxTHMOJiAHrH 

fiyACHH. Y  x,0AAa KyftHAarH (j^opMyjia ypHHAHAHp:

m2

P n ( m | < m < m 2) =  2 . L np q
m =  m,

n Ta CHHOBAa xoAHcaHHHr KaMHAa Snp MapTa pyft SepniiiHHHHr

iXTHMOAJIHTH

Pn  ( l < r n < n )  =  l —  q \  <7=1 P

,d  A r aFp xoAHcaHHHr CHHOBJiap H aT H *acH A a  mo MapTa pyft SepnuiH 
3XTHMOAAHTH KOJiraH CHHOBAapHHHT MyMKHH SyAraH  Ha™ * a JIa P H 
3x,THMOAJiHrHAaH KaTTa S yA ca ,  mo coh 3Hr s x th m o a a h  AeHHAaAH. 

Y  KyftHAara (j jopMyAa SyftHMa x,HCo6AaHaAH:

rip —  q ^ m o ^ n p  +  q-

a)  a r a p  n p - q  —  Kacp coh  S y j ica ,  6 h t t 3  3Hr sx th m cw a h  mo coh

M3B>Ky A^ap  —  6yTyH coh  S y j ica ,  h k r h t b  3Hr s x t h m o a a h  coh

mn Ba m o-\-\  MaB>KyA;
b ) a r3P np —  SyTyH coh SyAC3, 3HrsxTHMCWAH coh mo =  « p  SyjiaAH.

14 3 2. J l 3 n A 3 C H H H r  J i o K a J i  T e o p e M a c H  (KaTTa n A a p A a ) . 
X,sp SnpHAa xoAHcaHHHr pyft SepHiu s x th m o a j ih ™  p ra  TeHr OyjirsH 
n T3 SoFJiHKMac CHHOBAapAa xoAH ca p o c s  m  MspTa pyH 6epHiu 

3XTHMOAJ1HTH TaKpnSaH KyftHAarHra TeHr:

6 y  e p A 3

m — np 
x =  <f (x ) =

Cp(^) 4>yHKUHHHHHr KHHM3TA3pH >K3AB3J1H H A0B3A3  KeJITHpHATSH, 

SyHAa cp(x) —  * y ( } ) T  (J)yh k u h h  3KaHHra 3-bTHSop SepHHr.
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14.3.3. J1 a n j i a c H H H r  H H T e r p a J i  T e o p e M a C H  (KaTTa n Jia pt 
A a )  ■ X a p  SupuAa xoAHcaHHHr py f l  Sepnu i axTHM ajum ni p ra TeHr Sy j ira i i  
n Ta 6or j iHKM ac CHHOBJiapAa xoAucaHHHr KaMHAa m\ MapTa Ba Kyni| 

Sh j ish  m. 2  MapTa pyw 6epHin s x th m o j i j ih th  TaKpHSaH KyHHAarura TeHr: |

Pn ( mi  < m < m 2) »C D  ( x 2) — (D ( x x) , !
6y  epAa

m,  — np m 0 —  np I
X x= -----X = 2 ^

y n p q  yj npq

0

CD(x) — J Ia n j ia c  <})yHKUHHCn. 

(D ( x )  (J)yHKU,HHHHHr jc6 [0 ;  5] ynyH KHHMaTJiapH x.ajxBajiu HJioBa.ua 
oepHJiraH. x > 5  yuyH ( D ( x ) = 0 , 5  Ba <D (x ) — t o k  ({tyHKUHH 3 K3 hh 
3'bTHOOpra OJlHHaAH. 

3  c ji a t  m a . JlaruiacHHHr Tai^pudHft cf)opMyjiajiapHA3H npq^>  10 
Sy j iraH  xo j iA a  (})OHAajiaHHjiaAH. A r a p  n p q c  10 S y j ica ,  6 y  (J)opMyjiajiap 
KaTTa xaTOJTHKJiapra ojih6 KejiaAH.

14.3.4. r i y a c c o H  T e o p e M a C H .  K aTTa  n Jiap Ba khmhk p  j iapAS 
KyHHAarn TaKpHSuft (fiopMyjia ypHHJIH:

Xm
P n i m ) ^ - rnYe ~ x, 6 y  e p A a  X =  np. 

1- m h c o j i  . B u p op  MepraH yqyH  S u r ra  yK  y3HUiAa HHmoHra Teruiuu 
3x,THMo/uiHrn 0,8 ra  TeHr Ba y K  y3Hiu T a p ra d u ra  (HOMepHra) S o f j ih k  
3Mac. 5 MapTa yK  y3HJiraHAa HHiuoHra poca  2 MapTa Teru iu  sx th m o ji j ih -  
FHHH TonHHr. 

E m u lu . re =  5, p —  0,8, m  =  2, q =  0,2. BepHyju iu  (JJopMyjiacn 6yfluMa 
X,HC06jiaHMH3: 

P 5( 2 ) = C 25 • 0 ,8 2-0 ,2 3= 0 , 0 5 1 2 .  

2 - m h c o j i .  T a H ra  10 MapTa TauuiaHraHAa rep g j iu  tom oh :
а )  4 T aA a H  6 M a p T a r a u a  Tyu iu tu  s x t h m o j i j i h t h h u ;

б )  xeu Sy jiM araH Aa 6up MapTa Tym uui sx th m o j i j ih th h h  TonHHr. 
Emhui .  « = 1 0 ,  m i = 4 ,  m2 =  6, p =  q =  0,5.

а) P l0( 4 < m <  6 ) = p |0( 4 ) + / > 10(5 )+ / > ,0(6 ) =

C] „• (0 ,5 )4- (0 ,5 )6 _|_ C f0(0 ,5 )5- (0,5) 5+ C , 0(0,5) 6(0,5) 4=

=  (0 ,5 )10 (C l0+  C?0+  C%)  =  • >K:

б )  P l0 ( l < m <  10) =  1 - ( ' - 1 Y ° = i -------0 / j  1Q24 1024.
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:j- M H C OJI. a  KOAHcaHHHr 900 Ta 6oFJiHKMac c h h ob h h h t  x a p  6 h p h a s  

i i\h fipnMlLI 3XTH M (VUIHrH p =  0,8 T3 TeHT. A. X,0AHC3.
;i) 750 MapTa, 6 )  7 1 0  a s h  740 M apTaraua py f l  6epnu i axTHMOJiJinrH-

" "  r ipq =  9 0 0 - 0 , 8 - 0 , 2 =  144 >  10 Of^raHH y«yK a| & » » » «
N m jia cH n H r tloK aJ i T e o p e M a c iu w H  (.0 «A a J ia H a M H 3 , 6 )  6 a  h a m

JlaiuiacHHHr HHTerpaJi TeopeMacHAaH c})OHAaJisHaMH3.

7 5 0 - 9 0 0 ^ 8  = 2 5 >  <p( 2 , 5 ) « 0 , 0 1 7 5 .
' ^900-0,8-0,2

P 900( 750) « - j y - 0 , 0175^0,00146.

710 —  720 n 8 Q  7 4 0 - 7 2 0  _ , fi7
t>) x ,  = ------ jg----- « —  0,83,  X 2—  ,2 ~ i , o / .

0  ( —  0 ,83 ) =  —  <D (0 ,8 3 )  »  —  0,2967.

0 ( 1 , 6 7 )  « 0 , 4 5 2 7 .

P 9o o (7 1 0 < m <  740) « 0 , 4525 +  0,2967 =  0,7492.

>K: a )  0 ,00146, 6 ) 0,0236, b ) 0,7492. _
4- m h c oji  TeJiec})OH c t s h u h h c h  400 a6oHeHTra x h 3M3t  K yp caT aA  • 

A ran  X3D 6 hd a 6oHeHT yqyH  yHHHr 6np coaT  h 4h a 3 CTaHUHHra KyH rnpoK  
l i '  s Z l r H  W  ra  xen r  S y j ica ,  KyftnAarH xoAHcaJiapHHHr

^XTHMOJlJlHKJiaPHHH TOriHHT.
“ T ^ h p  c o s t  AaBOMHAa 5 aSoHeHT CTaHUHHra K yn rn p o K  ™ ah

6) 6np c o s t  AaBOMHAa 4 Ta AaH Kyn 6y j iM araH  afioneHT KyH rnpoK

m J l s ) \ p  c °a T  AaBOMHAa KaMHAa 3 a6oHeHT CTaHUHHra KyHFwpoK

T , .  P = 0 , 0 1  * y A a  k h m h k , n =  400 aca KaTTa SyjiraHH y y n  
X, =  400 -0 ,01  = 4  Aa r iyaccoHHHHr TaKpHSnfl 4)opMyjiacHAaH $OHAaJia-

H3MH3.

a ) P 4o o ( 5 ) « 4 e '  ~ ° ’ 156293-

6) P 4 o o ( 0 < m < 4 )  « 0 , 018316  +  0 ,073263 +  0 ,146525 +  0,195367 +  

+  0 ,195367 =  0 ,628838;

b ) P 4 o o ( 3 < m <  400 ) =  1 — ^400( 0 < m <  2)  =  1 — 0,

—  0,073263 —  0 ,146525 =  0,761896.

>K- 3 )  0 156293; 6 ) 0 ,628838; b ) 0,761896.
5 M H C O J I  B n p o p r a  KypHJiMaHHHr 15 T3 sJieMeHTHHHHr X3P 6 h Ph

cuiaAHraH 3Hr KaTTa sxTHMOJiJinrH coh h hh  TonHHr.

E m h u i .  n = 1 5 ,  p =  0,9, <7 =  0,1.
3 ht  3X,th mojijih  mo c ohhh  y u io y

np  —  q ^ m o ^ n p  +  p 
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Kyui TeHrcn3jiHKflaH TonaMH3. BepHJiraHJiapHH k y h h 6,

1 5 - 0 , 9 - 0 , 1  < m 0 <  1 5 - 0 ,9  +  0 ,9

eKH

1 3 , 4 ^ m o ^  14,4 ra s ra  6yjiaMH3. ;

m .  =  i r S f X "  C0"  6 f j , r a H "  y “ y "  H3JlaHa®TraH 3 » r  3XTHMOflJIH cort 

> K :  14.

3- da pcxon a Ton iuupuru  '

1. K a f t c H  xoAHcaHHHr 3XTHM0JuwrH  KaTTa :

H ? )  Ty! p7a“Yl “ p7

a )  T  B a "32 ~  4 Ta  n a P ™ « a a H  3 T3CHHH IOTHUI SXTHMOJlJIHrH

K aTTa ;
5 93

^  16 Ba 256 8 Ta  nap-THHAaH K aM H Aa 5  t 3 c h h h  i o t h S  o j ihu j 

3XTHMOJIJIHTH KaTTa.

9fi72» yHHH C0KKaCH 800 MaPTa TauiJiaHraHAa y q r a  KappajiH omko  
267 Mapxa TyUIHLUH 3X,THMOJIJIHrHHH TOIIHHr.

^ K :  P 50Q ( 2 6 7 )  « ? 0 ,0 3 .

3. 100 Ta CTaHOK 6H p -6H p n r a  6 o f j i h k c h 3  h i u a s h a h  iuv  6h j i3h 6Hnra

r apr r mp <s"p"™"rm  o j i j ih  th  0 ,8  ra  T e Hr. C MeHa ASBOMHAa 75  A a H 8 5  Tarawa c t ^ h o r  
6 e T y XTOB HIUJiaUIH 3XTHMOJIJIHTHHH TOnHHT. 0 7 8 8 7

4. 3 a B O A u 0M60P ra  5 0 0 0  Ta  ch<})3t a h  6y i o M j i a p  io 6o p a h  X a o  6nn 
yioM H H H r u y j iA a  u iH K acT j iaH H iu  s x t h m o a j i h h i  0 ,0 0 0 2  r a  T eH r  5 0 0 0  Ta

o y io M  h h h a 3 h  n y j i ^ a :  u Ta

a )  p o c a  3 T a c n  lu h k3 c t a 3 h h i u h  s x t h m o a a h t h h h '

G d  t ^ h  K yu  S y j i M a r a e n  luuKacT j iaH H iuH  s x t h m o a j i h ™ ;

* :  a ) T 0 ^ V 3 r 6 ) “ “ B )H0 , S i r B " O" J," r " H"  T 0 " " " "
5. T ex H H K a  H a s o p a r  S y jw M H  10 Ta A e T 3 A A a H u S o p a T  n a p t h h  hh 

eKLuupa/iH. /JeTa jiHHHr e r a H A a p T  6 y m w u  s x t h m o a a h h i  0 75  r a  TeH r

T on H HT Pi : ^ 0J 8 nHJIaAHraH a e T a j lJ ia P HHHr 3Hr O T m o ^ jih c o h h h h

6. YsyH J iurH  15 cm S y j i r a H  AB  KecM a C H yK Ta  6h j i3H 2-1 H H cSsTna

h k “  CY r a r a  T a B a K ”  4 Ta « y & a  T 3 I ,J I3 H 3 A[! .  Y , 3 P™  
h KHTacH C  HyKTaAaH uanpoKKa, h k k h t s c h  VHrpoKKa tvu ih iu h  
3X,THM0JIJlHfHHH TOIMHr. H y K T a H H H r  K eC M ara  TyiUHHI 3*THMOAAHrH 

K ecM a ysyHJiHrara nponopuHOHaji Ba yHHHr JKOHjiamuuiHra 6 o f j ih k

3M ac  Ae6 (papa3  k h a h h s a h .  > K '  —
2 7 '
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3- MycTdt^uji uui

1. yftHH coK K acu  10 MapTa TauuiaHraH/ta y u ra  KappaJiu 0UK0Aap 
KaMHfla 2 M apTa ,  Kynu Sh jish  6eui MapTa Tyuiuuiu s x th m o a a h th h h  
TonHHr. )K :  0 ,488.

2. B u r r a  y K  y 3HJiraHAa HHiuoHra Teruiu 3X,thmoaahth 0,8 ra  TeHr. 
100 MapTa yK  y3UJiraHaa HuuioHra p oca  75 MapTa Teru iu  s x^ h m o a a h th -  
hh TonuHr. >K: P i o o (7 5 )  = 0 ,0 4 5 6 5 .

3. t BaKT uuuAa S u rra  KouneHcaTopHHHr h u iash  hhkhuih 3X,th- 
m oaah th  0 ,2 ra  TeHr. t BaKT unuAa 100 Ta 6up-dH pu ra  6 o fa h k c h 3
HIUAOBHH KOHAeHCaTOpAaH:

b ) KaMHAa 20 Tacn uiuAaB uhkhujh;
6 )  28  TaAaH KaMU uuiAaH u h k u u i h ;
b )  14 TaAaH 28 TaranacHHHHr uuiAaH uhkhuih 3X,THMoaJiHrHHH 

TonuHr. >K: a )  0,55; 6 )  0 ,98; b )  0,9.
4. ZI,^koh 1000 uiuuia Ma^AaHJiH cyB ojiah. T a u iu 6  KejiTHpuuiAa 1 Ta 

LUHUiaHHHr cuhhS koah u ih  3X,THMOJiJiHrH 0,003 ra  Tenr. j l^K O H ra  
KeJiTupHJiraH uiuuia HAHUiJiapnuHr:

a )  poca  2 Tacu ;
6 )  2 TaAaH KaMu;
b )  2 TaAaH KyrrH; 
r )  x,eu SyAM araH Aa SuTTacu CHHraH S^jihuih  s^THMOJiAuruHH 

Tonuur. >K: a )  0 ,224; 6 )  0 ,1992; b )  0 ,5768; r )  0,95. 
5. T oB ap iu yH oc  SyioMJiapHHHr 24 Ta HaMyHacuHu Kypu6 uuKaAH. 

X a p  6up HaMyHaHHHr coTu iura  apoKAU Ae6  TonuAuui 3X,THMOAAHrn
0,6 ra  TeHr. T oB a p iu y H oc  coTu iura  npoKAH Ae6  TonraH  HaMyHaAapHHHr 
3Hr s x t h m o j ia h  co h h h h  TonuHr. m o = 1 4 ,  m o " = l 5 .

6 . Y 3y HJiHrH a Sy^ raH  AB  KecMara TaBaKKajiHra 5 Ta HyKTa 
Taiu jiaHaAu. ByHAa 2 Ta HyKTa A HyKTaAaH x  AaH khhhk Maco( } )aAa, 3 Ta 
HyKTa sea  A AaH x  AaH KaTTa Maco<£aAa § th iu  s x th m o j ia h th h h  TonuHr. 
HyKTaHHHr KecM ara  Tyiunui s x th m o j ia h th  KecMa y3y HJiHrHra npo- 
nopuuoHa ji  Ba yHHHr jKOHAauiuuiura S o f j ih k  3Mac.

>K: P 5( 2 ) = ^ ( - f ) 2 [ ^ ^ - ] 3.

4-§, /I,HCKpeT TaCOAHCj)HH MHKAOpjiap.

Bai>3n TaKCHMOT KOHyHJiapn

14.4.1 C h h o b  HaTH>KacHAa oj iahHAah M a^AyM 6 yJiraH KHHMaTjiap- 
A3H 0HPHHH KatfyA KHAaAHTaH MHKAOp, TaCOdutpUU MUKfdop AefiHAaAH. 

JXucKper Tacoducpud MUK,dop A e6  MyMKHH SyA raH  KHHMaTAapH 
UeKAH eKH HeKCH3 COHAH KeTMa-KeTAHKAapAaH HSopaT MHKAOpn 

aHTHAaAH.
X  AHCKpeT T3COAH(J)HH MHKAOpHHHT MyMKHH S^AraH  KHHM3TAapH 

6HAaH y A3pHHHr SXTHMOJIAHKAapH OpaCHAaTH 60FA3HHUI TaCOAH(})HH 
MHKAOpHHHT TaK,CUMOT OHyHU AGHHA3AH.

X  AHCKpeT T3C0AH(})HH MHKAOpHHHr T3KCHMOT KOHyHH KyHHAaTH 
ycyAAap 6 h a s h  SepHAUuiH mymkhh:
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a )  Shphhmh caTpH MyMKHH S y jiraH  Xk KHHM3TJi3 pAaH, hkkhhhh 
caTpn  pk 3x,THMcwjiHKJiapAaH H6opaT oicadeaA epdctMuda:

X XI x2 xn

p Pi P2 Pn
, 6 y  epAa 2  p k=  1;

k=\

6 ) rpa(})HK  y cy jiA a  —  6yHHHr yqyH  TyppH 6ypM3KJiH KoopAHHaTJiap 
CHOTeMacHAa ( Xk, Pk)  HyKTaJiap aca jiaA H , cyH rpa  yjiapH H  TyppH mh3h k  
KecM ajiapH  6HJiaH TyTau irapH S , ra^cuMOT Kyndypnaau ne6  3T3JiyBMH 
(})HrypaHH xo ch ji kh jih h 3ah ;

b ) aHaJiHTHK ycyJiAa ((})op M y jia  KypHHHiiiHAa):

P ( X  =  xk) = y { x k)

eKH unreepaA (pyHKU,UHAap (TaKCHMOT (j)yHKii,HHJiapH) Ae6 3T3JiyBHH 
(})yHKUHHJiap epAaMHAa. 

14.4.2. X a p  6hp  x £ ( — oo;  +  oo)  ywyH X  TacoAHcJ)HH m h kaoph h h t
X AaH KHMHK KHHM3T K aSyjI KHJIHUJ 3XTHM0JIJIHTHHH 3HHKJIOBMH 
F ( x )  = P ( X < L x )  (JjyHKUHH TUKgCUMOT CpyHKUfUHCU AeHHJiaAH.

T a K C H M O T  (J) y  h k  u h h c h h h h r a c o c H H  x o c c a j r a p n :  
1. TaKCHMOT (JjyHKUHHCHHHHr KHHMaTJiapH [0; 1] KecMara TerHiujiH- 

AHp: 

0 < -  F ( x )  <  1. 

2. TaKCHMOT (})yHKUHHCH KaMaiiMaHAHraH (J)yHKUHHAnp, htihh a r a p  
X2 > X \  S y j ica ,  F ( x 2) ^ F ( x i ) .

3. X  TacoAH(J)HH m hkaophh  Hr [a,  b\ opa j iH KAara  k h h m s t j isp h h  KaSyji 
KjHJIHUI 3XTHMOJIJIHTH TaKCHMOT (^yHKUHHCHHHHT 6y  OpSJIHKAaTH 
opTTHpMacnra TeHr, H'bHH 

P ( a < x < . b ) = r ( b ) - F ( a ) .

4. A ra p  X  TacoAH(j)HH m h k a o p h h h t  Sapna MyMKHH 6yjiraH  
KHHMaTJiapH (a,  b)  opajiHKKa TerHiujiH 6y jica , y  xcuiAa

x ^ a  A a  F ( x )  = 0 ,  
x ^ b  A a  F ( x )  =  1,

/l,HCKpeT TaCOAH(J)HH MHKAOpjiap T3KCHMOTHHHHT 6 a t3 H  KOHyHJiapH- 
HH K apaS  MHK3MH3.

14.4.3. X  AHCKpeT t3coah(|)hh m hkaop  —  x,QAHcaHHHr n Ta S o f j ih k -  
Mac CHHOBJiapAa pyfl 6epHiujiapH cohh, p  —  x,0AHcaHHHr x,ap 6np ch- 
HOBAa pyn SepHui sx th m o j i j ih th ,  j c i = 0 ,  x 2 = l , . . . , x n+ i  = n  —  X  AHCKpeT 
TaCOAH(j)HH MHKAOpHHHT MyMKHH 6yjIT3H KHHMaTJiapH 6yjlCHH. By 
KHHMaTJiapra moc sxTHMOJUiHKjiap y in6y BepHyjuiH (})opMyjiacH 6 y m n a  
XHCoSjiaHaAH:

P n( m ) = C ”p mqn- m, q = \ - p .

BepHyjuiH  tj)opM yjiacH  epAaM HAa 3HHKJi3HaAnraH s x th m o j ij ih k j is p  
TaKCHMOTH 6u.HOM.UaA TCli^CUMOT AeHHJiaAH.
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I )H H 0MH3J1 KOHyHHH >K3AB3JI KypHHHUIHA3 TaCBHpJI3LU MyMKHH.'

X 0 1 2 n

p -7" c y - 1 c > V -2

14.4.4. A ra p  CHHOBJiap cohh >KyA3 k s t t s  6 y jw 6 , xo A H caH H H r  x,ap 

K.fltlCH CHHOBAa p y fl SepHLU 3XTHM0JIJIHTH p  >KyAa KHMHK 6y j IC 3 ,  y  XOJIAa 
AHCKpeT TaCOAHCj)HH MHKAOpHHHT MyMKHH 6 y j IT 3 H  KHHM3TJI3pHT3 MOC 

i\ ,thm ojijihk ji3Phhh BepHyjuiH  ( j j o p M y j is cH  SyiiHMa 3M3C, 63 jikh  y m S y  
I l y a c c o H  4 >op M y j ia cH AaH  4)OHAaJiaHH6 Tor iH in  KyJia i i :

j  m

p n K = n P-

ITyaCCOH (|)OpMyJI3CH H(j )OAaJiaHAHraH 3X,THMOJIJIHKJiap TaKCHMOTH 

I lyaCCOH TCLKfCUMOTU AeHHJiaAH.
I lyaC C O H  T 3KCHMOTHHH >K3ABaJl KypHHHLUHAa H(J)OAaJiaUI MyMKHH:

X 0 1 2 m

p e ^
\ e ~ x

1!
y?e  ̂

2! ml

1 - m h c o j i .  K ,yTHAa 7 Ta  m a p  6 y j in 6 ,  4 TacH ok ,  KOJiraHJiapH a c a  
K o p a .  K ,yTHAaH T a B a K K a j in r a  3 Ta m a p  o j ih h 3AH.

X  AHCKpeT t 3Coahc|)hh  m h k a o p  —  ojiHHraH ok  u iap j iap  COHH 6yJIC3,
3 )  X  AHCKpeT T3C0AH(J)HH MHKAOpHHHT T3KCHM0T KOHyHHHH TOIIHHr;

6 ) X ^ 2  X,0AHC3HHHr 3X,THM0JIJ1HTHHH TOnHHr.
E m HLH.  X  AHCKpeT T3C0AH(} )HH MHKAOP K 3 6 y j l  KHJIHmH MyMKHH 

d y j i r a H  KHHMaTJiap: 0, 1 , 2 ,  3.
a )  M o c  3x,THMOJiJiHKJiapHH KJI3CCHK ycy ji 6nJiaH TonaMH3:

P ( X  =  0) =

P ( X = l )  =  

P ( X  =  2 ) =

P ( X  =  3 ) =

/■>0 /-*3 C4U3

C 3 35'

c\-c\ 12

C 3 35'

C24-C'3 is

Cj 35'

Cl-C°3 4

XleMaK, X  —  AHCKpeT TaCOAHC|)HH MHKAOpHHHr TaKCHMOT KOHyHH:



X 0 1 2 3

p 1 12 18 4
35 35 35 35

3K3H.
/'r 1 I 12 i 18 i 4 < \
( T e K i i i H p H U i :  _ + _ + — + — = 1 .  )

18 4. 99
6) P ( X ^ 2 ) = P ( X = 2 ) + P ( X  =  3 ) = ^ + - ^ = - g - .

2- m h c o j i .  H H iuoH ra  K apaTa  4 Ta yK  y m n a m  (6 o f j ih k c h 3  x ,o jm a ),  
6yHAa x,ap Kancn yK  y3HiuAa HHiuoHra Tera i i i  s x th m o j i j ih th  p =  0,8 ra 

TeHr. K y H H A a r n j ia p H H  TonHHr:
a )  HHiuoHra TeramJiap coHnra TeHr SyjiraH X  AHCKpeT Taco,a,H(})HH 

MHKAOpHHHr TaKCHMOT KOHyHHHHJ
6) 1 <  3 Ba X > 3  x,oflHcajiapHHHr sxtumojijihthhh;
b )  TaKCHMOT K y n 6y p q a rH H H  mh3hht;
r )  X  —  AHCKpeT TaCOAH(})HH MHKAOpHHHr TaKCHMOT (JjyHKUHHCHHH 

T on H H r Ba yHHHr rpa<}>HrHHH m h3hht;
a ) TaKCHMOT (})yHKUHHCH.uah c{)OHAajiaHH6 X < 3 ,  1 ^  4 xoAHca-

JiapHHHT 3XTHMOTlJlHrHHH X,HCo6j iaH r .
E m h ui. a )  X  TacoAH(J)HH MyKflopHHHr MyMKHH 6y j iraH  K H H M au iapu : 

0, 1, 2, 3, 4. M o c  3X,THMOJUiHKJiapHH BepHyjuiH <})opMyjiacH SyftHMa 

XHCo6;iaHMH3:

P ( ^  =  0 ) = C 3  0 ,8 ° -0 ,2 4 =  0,0016,
P ( X = l ) = C l  0 , 8 -0 ,23 =  0,0256,

P ( X  =  2 ) = C l  0,82-0 ,22 =  0,1536,

P ( X  =  3) =  Cl  0,83-0,2 =  0,4096,

P ( X  =  4 ) = C l  0 ,84-0,2° =  0,4096.

X  AHCKpeT TaCOAH(})HH MHKAOpHHHT T3KCHM0T KOHyHH —  6HHOMHaA:

X 0 1 2 3 4

P 0,0016 0,0256 0,1536 0,4096 0,4096

(TeKiunpHui: 0 ,0016+0 ,0256+0 ,1536+0 ,4096+0 ,4096=1 . )
6) P ( 1 < X < 3 )  =  P ( X =  1) +  P ( X  =  2)  +  P ( X  =  3) =  0,0256 +  

+  0,1536 +  0,4096 =  0,5888.
P ( X > 3 )  =  P ( X  =  4) =0,4096.
b ) TaKCHMOT KyngypMaruHH ncaflMH3 (6 5 - iu a K J i ) .
r )  F ( x )  HHHT T3KCHMOT KOHyHHASH <})OHA3AaHH6, TaKCHMOT 

(J)yHKUHHCHHH Ty33MH3.
x <  0 yMyH F ( x )  = P ( X < x )  =  0,
0 <  x  ̂  1 yMyH F ( x )  = P ( X < x )  = P ( X  =  0 )  = 0 , 0 0 1 6 ,  
l < x <  2 y M y H F ( x ) = P ( X < x )  = P ( X  =  0) + P ( X =  1) = 0 , 0 0 1 6  +  

+  0 ,0256 =  0 ,0272,
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0 1 2  3 4 X 0 1 2 3 $ S  X

65- maKji 66- maKji

F ( x )

2 < x ^ 3  yMyH F( x )  = P ( X < x )  = P ( X = 0) + P ( A =  1) -\ -P{X— 2) — 
=  0,0016 +  0,0256 +  0,1536 =  0,1808,

3 < x ^ 4  yuyH F ( x )  = P ( X < x )  =0 ,0 016  +  0,0256 +  0,1536 +  
+  0,4096 =  0,5904,

X > 4  yMyH F ( x )  = P ( X < x )  = P ( X = 0 )  - \ - P ( X =  1) +  P ( X = 2 )  +
+  P ( X  =  3 ) + P ( *  =  4) =  1.

ZleMaK,
0, s r a p  x ^  0,

0,0016, a r a p  0 < x <  1,

0,0272, a r a p  1 < x ^  2,

0,1808, a r a p  2 < x <  3,

0.5904, a r s p  3 < x <  4,

1, 3 ra p  x > 4 .

T3K C H M 0T  (JjyHKUHHCH rpa(J)HrHHH MH33MH3 (6 6 -  IU3KJl) .

a )  F ( x )  = P ( X < . x ) S y j i r s H H  y u yH :

P ( X <  3) = F (  3) =0,1808.
14.4.2 A3TH 3- x o c c a r a  K yp s :

P ( 1 < I < 4 )  = P ( 4 )  — F ( l )  = 0 ,5 9 0 4 -0 ,0 0 1 6  =  0,5888.

4- dapcxona roniuupuFu

1. 6 T a  A e T a j iA S H  n 6 o p a T  n ap TH H A a  4 Ta c t s h a s p t  AeT3Jib  6 op .  

T a B a K K a j iH r a  3 T a  AC Ta j ib  o j ih h3 AH . O A H H raH  AeT3JiJmp HMHAaru 
C TaH A apT  A e T a A A a p  coH H A ah  u S o p s T  S y j i r a H  X  AHCKpeT t s c o a h 4 > h h

MHKAOpHHHT TaKCHMOT KOHyHHHH TOnHHr.

J K :
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2. HKKHTa yHHH coKKacH 6nprajiHKAa h k k h  MapTa t 3 ih ./I3H3Ah :
a ) HKKaJia yHHH coKKacHAa * y 4 ) T  o^Kcwiap TyiUHiUH coh h a3 h  H6opaT 

X  AHCKpeT T3COAH(J)HH MHKAOpHHHT 6HHOMH3.JI TaKCHMOT KOHyHHHH 
TonHHr;

6 )  TaKCHMOT Kyn6ypMarHHH HcaHr;
b )  TaKCHMOT (J)yHKU,HHCHHH TOFIHHr Ba yHHHT rpSCfjHTHHH MH3HHr; 
r )  X < 2 ,  1 2 x,oAHcajiapHHHr 3x,THMa7uiHKA3pHHH TonHHr.

X 0 1 2
>K: a) p 9 6 1

16 16 16

6) 67- uiaKJi; 

Pi

67- uiaKJi

B ) F ( x )  =

0, arap  x= ^  0,
9

— , arap  0 < x <  1, 

15
— , arap  1 < x <  2,

R x )\

1
15
16

9
16

0 / .? X

68- uiaKJi

15

16 ’

7

16 ’

1, a r a p  x > 2  (6 8 - m a K A ) ; 

r )  P ( A r< 2 ) = P ( ^  =  0) + P ( X = l ) = -  

P ( 1  2 )  = P ( X = \ )  +  P ( X  =  2) =

3. A B TO M aT  TejiecJ)OH eraH U H H  1000 Ta Tejie ( } )OH a S o H e H r a r a  XH3MaT 

KypcaTaAH. 5 MHHyT AaBOMHAa A TC  ra  afioHeMeHTAaH MaKHpnK k c j ih u i  
s x t h m o a j i h t h  0,005 ra  TeHr.  5 MHHyT AaBOM HAa A T C  r a  K e j i ra H
MaKHpHKJiap COHHA3H H6opaT X  T3C0AH(J)HH MHKAOpHHHr TaKCHMOT 
KOHyHHHH TonHHr:

а )  5 MHHyT AaBOMHAa A T C  ra xen SyAMaraHAa Snrra mbkhphk
KeAHUJ 3XTHMOJ1AHTH KaHAafi?

б ) 5 MHHyT AaBOMHAa A T C  ra  4 T3A3H Kyn qaKHpHK KejiHiu
SXTHMOJIAHTH-MH?
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M:.

X 0 1 2 1000

P 1 5 52 5 iooo

e5 e6 2e® lOOOIe8

a) 0,993; 6) 0,561,
4. X  AHCKpeT T3C0AH(|)HH MHKAOpHHHT T3KCHM0T <j)yHKUHHCH 

fii'pHJiraH:

0, arap x <  1,

F ( x )  =

arap  x- 

0,25, arap  1 < x <  3, 

0,4, arap  3 < x ^  4,

0.8, a rap  4 < x <  5,

1, a rap  x > 5 .

;i) X =  2; 2 < X ^  4 xoAHCaJiapHHHHr s x t h m o j i a h t h h h  TonHHr;
6 )  S ep H A ra H  TaCOAH(|)HH MHKAOpHHHT TaKCHMOT KOHyHHHH TonHHr.

>K: a) P ( X  =  2)  = 0 ,  P ( 2 < X <  4) =0 ,1 5 .

6)
X 1 3 4 5

P 0,25 0,15 0,4 0,2

4- MyCTQKfUA UUl

1. H kkh MepraH 6 h t t 3  HHiuoHra SapaBapHra 6 h t t3 A 3 h  y K  y3aAH. 
B h t t s  yK  y3HUiA3 Shphhmh MepraH yqyH  HHLUOHra TerHiu 3X,thmoaahth
0,5 ra , hkkhhmh MepraH yqyH  0,4 ra  TeHr. ^HCKpeT t s c o a h ^ h h  
MHKAOP —  HHLUOHTS TerHLUAap COHH.

3 )  X  T3C0AH(} )HH MHKAOpHHHT T3KCHM0T KOHyHHHH TOIlHHr;
6 )  T3KCHM0T Kyn6ypH3THHH HC3HT;
B) T3KCHM0T (JjyHKUHHCHHH TOriHHT B3 yHHHr rpacJjHTHHH 4H3HHr; 
r )  X ^  \ XOAHC3HHHT 3XTHMOAAHTHHH TOnHHr.

m :  a)
X 0 1 2

P 0,3 0,5 0,2

6 )  69- UI3KA.
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0,8

1

B) F ( x )

0, a r a p  x ^  0, 

0,3, arap O c x - ^ "  l, 

0.8, arap l < x ?

1, a r a p  x > 2  (7 u - a iaK J i ) ;

f  2  X

70- wann

r)  P ( X ^  1) = 0 ,7 .
2. Ma"bJiyM 6 up napTHHAa HoCTaHAapT AeTaAJiap 10% hh TauiKHA 

3TaflH. TaB aK Ka^H ra  4 Ta AeTa jib  TaHJia6 cwiHHa^H. Ey 4 Ta AeTajib  
opacHAa HocTanaapT AeTajuiap coHHAaH ndopaT SyjiraH X  AHCKpeT 
TaCOAH<j)HH MHKAOpHHHT fiHHOMHaA TaKCHMOT KOHyHHHH TOflHHr.

M :
X 0 1 2 3 4

p 0,6561 0,2916 0,0486 0,0036 0,0001

3. MnATHKAaH OTHJiraH x,ap 6 np yKHHHr caMOJieTra rerH iu  
s x t h m c v u ih t h  0,001 ra TeHr. 3000 Ta y K  y3HJiaAH. OTHJiraH yKJiapHHHr 
caMcwieTra TeKKaHjiapw coHHAaH n6opaT X  ts c oa h cJ jh h  MHKAOpHHHr 
TaKCHMOT KOHyHHHH TOnHHT.

X 0 1 2 3000
M :

P 3 32 33000

e3 e3 2e* 3000Ie3

4. X  AHCKpeT TaCOAH(j)Hft MHKAOpHHHr TaKCHMOT (f)yHKU,H3CH 
6epHJiraH:

F{ x )  =

0, arap x <  2, 

0,3, arap 2 < x <  3, 

0.5, arap 3 < x <  4,

1, arap x > 4 .

а )  1 ^  3 xoziHcaHHHr sx th m o j i j ih th h h  TonHHr;
б ) X  T3C0AH(j)HH MHKAOpHHHr TaKCHMOT KOHyHHHH TonHHr.

)K :  a ) P (1  <  3) = 0 ,5 ;

« )
X 2 3 4

P 0.3 0.2 0.5

5 - §. y3JiyKCH3 TaCOAH<})HH MHKAOpjiap.
AiipHM TaKCHMOT KOHyHJiapH

14.5.1. B n popTa  neKJiH eKH MeKCH3 opa jiH K n arn  SapHa KHHMaTJiapHH 
ica6yji khjih luh MyMKHH 6 y j i raH  T3Coah<J)hh m hkaop  y3Ayncu3 
TdCodlKpUU. MUKfdop AeHHJiaAH.

Y3JiyKCH3 TaCOAH(j)HH MHKAOp:
1) HHTerpaJi (})yHKUHa (TaKCHMOT (JjyHKUHH) ch opKaJiH,
2 )  3XTHMOJUlHKJiapHHHr TaKCHMOT 3HHJIHTH (AH(j)(f)epeHUHaJI <J)y HK- 

U.HH) opKaJiH 6epHJIHlUH MyMKHH.
TaKCHMOT (JtyHKUHflCHHHHr TS'bpHtJw Ba x o c ca jia p n  4 - §  Aa 

KeATHpHJiraH.
X  y3AyKCH3 TaCOAH(f)HH MHKAOp 3XTHM0JlJIHKJiapHHHHr TCLI^CUMOT 

3UHAU2U Ae6 , TaKCHMOT 4>yHKLW HCH F  ( x )  HHHT SHPHHMH T3pTH6jlH 
XocHJiacn S y jiraH  f ( x )  (JjyHKUHara aiiTHJiaAH.

X  y 3JIy KCH3 TaCOAH(})HH MHKAOpHHHr ( a,  b )  OpaJIHKK3 TeTHLHJIH 
KHHMaTHH K a6 y j i  khjihujh 3XTHMOJiJinrH KyHHAarn TeHrjiHK SHJiaH 
3HHKJ13H3AH:

b

P ( a < . X < . b )  —  ^ f ( x )  dx  .
a

3 h MJWK (j)yHKUHHCH / (x )  HH 6 hJ1T3H X.0J1A3 yU lfiy  (f)0pMyJI3 6yHHM3 
T3KCHM0T <J)yHKUHHCHHH TOnHUl MyMKHHI

X

F ( x )  =   ̂ f  ( x )  d x  .

14.5.2. 3  h m ji h k  ( j i y H K U H f l C H H H H r  x o c c a j i a p n :
1. 3hMJIHK 4>yHKUHHCH M3H(|)HH 3M3C, S"bHH f  ( x )  ^  0.
2. 3 hmjihk  4>yHKUHHCHAaH —  oo a s h  -f- oo ra<4a opajiHKAa OjiHHraH 

XOCM3C HHTerpaJi 0Hpra  TeHr:

+  oo

 ̂ f ( x )  d x =  1 .

—  oo

X ycyca H , a ra p  TacoAH(f>HH MHKAOpHHHr 6 apua MyMKHh 6y jiraH  
khHMaTJiapH (a ,  b)  opaJiHKKa TerH injiH  S y jic a , y  xoJiAa:

b

^ f ( x )  d x  = }  .

a

y3JiyKCH3 T3COAH(})HH MHKAOpHHHr 6a"b3H T3KCHMOT KOHyHJiapHHH 
KVPh6 MHKaMH3.

14.5.3. Arap X  y3AyKCH3 T3Coah(})hh MHKAOpHHHr MyMKHh Sy j iraH  
Sapua KHHMaTyiapn TernuiJiH S y j iraH  opaJiHKAa 3\THMCwuiHKJiapHHHr 
TaKCHMOT 3H4/IHTH y3rapM ac , HTsHH (a,  b)  Aa f ( x )  =  C  6 y j ic a  Ba 6y
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o p a j w K f l a H  T a u iK a p n A a  a c a  f ( x ) =  0  ( C  — y 3 r a p M a c )  6 y j i c a ,  X  T a c o -  
AH(}>HH MHKAOP TaKCHMOTH TeKUC AeHHJiaAH.

f ( * )

0, a r a p  x ^ a ,

1 ,
—------ , a r a p  a c x ^ b ,

0  — (X

.0, a r a p  x > b .

x

F { x )  =   ̂ f ( x ) d x  ( } )opMyjia acocHAa t s k c h m o t  cfiyHKUHHCHHH TonHUi
—  oo

MyMKHH:

0, a r a p  x < a ,

F( x )  =
x — a

, a r a p  a < x ^ 6 ,b — a
1, a r a p  x > b .

X  y3JiyKCH3 TacoflH(J)HH MHKilopHHHr (a, b)  opajiHKKa Tern lu jih  ( a ,  p ) 
OpaJlHKAa TyiUHUI 3X,THM0JIJIHrH

£ p
P ( a < Z < p )  =  \ f ( x ) d x =  \ _ J U r f x  =  l = f L

J J u  d  0  — Cl
a a

ra TeHr.
14.5 .4 .  A r a p  3 h m jih k  (J)y h k u h h c h

( x ~ a ) z

f ( x )

( 6 y  epAa a,  a  —  apKJiH napaMeTpjiap) KypHHHiiiAa 6epHJiraH 6yjica, 
X  y3JiyKCH3 TaCOflH(j)HH MHKAOpHHHT TaKCHMOTH H O p M a j i  AeHHJiaAH.

H o p M a j i  TaKCHMJiaHraH X  y3JiyKCH3 T3Coah(J )hh MHKAOpHHHr 
SepHJiraH  o p a j iH K K a  T yu iH in  s x t h m o j i j i h t h  y u iS y  (J )opM yjia  dyfiHMa 
XHCoSAaHaAH:

P  ( a < X < p )  =  0  ( - ^ ) -  (D ( ^ ± ) ,  6y epAa

J X _
( x )  =  --■■_  ^ e  2 d t — J l a n j i a c  (J)yHKUHHCH.

^ o

HeTJiaHHiiiHHHr a6cojiK>T KHHMara 8 M yc6aT coHAaH k h h h k  dyjiHUiri 
3X,THMOJIJIHrH

P  ( I X  —  a\ < 6 )  = 2 0  0 )

ra TeHr.

14.5.5. Arap 3 h h j ih k  (f>yHKU,HHCH

f ( * )  =  i .
0, a r a p  x < 0 ,  

Xe~Xx, a r a p  x ^ O

(fly epA a  X —  s pk j ih  n apaM eTp ) KypHHHiiiAa 6epHJiraH 6 y jic a ,
V V‘WiyKCH3 TaCOAH(J)HH MHKAOpHHHT TaKCHMOTH KypCCLTKUHAU AeHHJia- 

/llt

X

F ( x )  —  ̂ / (x )d x  (})OpMyJia aCOCHAa TaKCHMOT (JjyHKUHHCHHH TonHUi
—  oo

MyMKHH:

JO, x < 0 ,  

{  1 —  e ~ Xx, xF { x )  "  - ‘ - , , > 0 .

X y3JiyKCH3 TacoAH(j)HH m h k a o p  KypcaTKHMJiH TaKCHMorra a ra  6 y j ica ,  
fiepHJiraH ( a ,  p )  opajiHKKa TyuiHiu sx th m o j ij ih ™  ynyH  y u i6 y  (Jj'opMyjia 
ypHHJIH:

P ( a < ^ < P )  — e~

A r a p  T  —  d n p o p  sjieMeHTHHHr TyxTobch3  Hiujiaiu AaBOMHHJinrH, 
X aca TyxTa f i  KOJiHimiap HHTeHCHBJiHTH (Te3JiHrn) hh H(f>oAaJioBHH 
y3JiyKCH3 TacoAHcfiHH m hkaop  6 y j ic a ,  y  xo j iA a  6y  ajieMeHTHHHr 
l'yXTOBCH3 HLUJiaUI B3KTH t HH TaKCHMOT (J)yHKU,HHCH
F( t )  = P ( T < t )  =  1 — e ~ u , X > 0  6y j iraH  ( y  t BaKT AaBOMHAa 3Jie- 
MeHTHHHr T y X T a S  KOJIHIU 3XTHM0JIJIHTHHH aHHKJiaHAH) KypCaTKHHJIH 
KOHyH 6yiiHMa TaKCHMJiaHraH TacoAH(J)HH m hkaop  AeS XHCofijiaiu 
MyMKHH.

H uJOHMJIHJIHK (JjyHKUHHCH R( t )  3JieMeHTHHHT t BaKT HWHAa TyXT0BCH3 
HUIJiam 3XTHMOJIJIHTHHH aHHKJiaHAH:

R ( t ) = e ~ u.

1- MH C O J I .  X  T3C0AH(J)HH MHKAOp y i l l f iy  TaKCHMOT (byHKUHHCH 
opKajiH SepHAraH: ^

F{ x )  =
0, a r a p  x <  0, 

x 2, a r a p  0 < x <  1, 

1, a r a p  x >  1.

a )  4 Ta 6 o f j iH K M a c  c h h o b  HaTHJKacHAa X  y3AyKCH3 T a c o A H * H H  
m h k a o p  p o c a  3 ' M a p T a  ( 0 ,2 5 ;  0 ,7 5 )  o p a j iH K K a  TerHUiJiH k h h m 3 t  K a 6 v A  
KHJIHU1H 3X,THM0JIAHrHHH TOIlHHr;

6 )  3HHJ1HK 4>yHKUHHCH / ( x )  HH TOIIHHT;

b )  F ( x )  Ba f  ( x)  JiapHHHr rpa(j)HKAapHHH HH3HHT.
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E m h ui. a )  ,H,acTJia6 6 mr a  chh ob  H araw aC H A a X  y3JiyKCH3 
TaCOAH(J>HH MHKAOpHHHr GepHJiraH opaJiHKKa TyiUHUI 9X,THMOJIJIHrHHH 
TonaM H3:

P  (0,25 <c A '< 0 ,7 5 )  =  /7(0,75) - F ( 0 , 2 5 )  =  0,752 -  0,25* =  0 ,5 6 2 5 -  
-0 ,0 6 2 5  =  0,5.

3 h a h  4 Ta SoFJiHKMac chhob  H a T H *a cH A a  X  y3JiyKCH3 TacoAH(f)HH 
m hkaop  p oca  3 MapTa 6epHAraH opaAHKra TeruuiJiH khhm 3thh  KaSyA 
KHAHUI 3X,THMOJIAHrHHH TOU3MH3. ByHHHr yMyH BepHyjUIH (f)0pMyA3CH- 
A3H (j)0HA3JI3HaMH3:

P 4 (3 ) = C \ p 3q =  C\-0,53-0,5 =  4- (0,5) 4 =  4 -0,0625 =  0,25.

LLIyHAaH k h a h 6, P 4 ( 3 ) = 0 , 2 5 .
6 ) f ( x ) = F ' ( x ) ,  AeMaK,

f ( x )  =

0, a r a p  xsg; 0, 

2x, arap 0 - < x ^ ;  1, 

.0, a r a p  x >  1.

b ) 71- maKJi.
2- M H c O A. X  y3JiyKCH3 TaCOAH(j)HH MHKAOpHHHr 3HUAHK (jtyHKUHHCH

f ( x )  =

0, a r a p
6

3sin3x, a r a p
O O

0, a r a p
<>

SepHJiraH. T s k c h m o t  (})yHKUHHCH F ( x ) hh TonHHr.
X

E m h u i . F ( x ) =   ̂ f ( x ) d x .

Arap 6 yjica, f ( x )  = 0  6yji3AH, asm sk ,

X

F ( x )  =   ̂ 0dx = 0
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Arap 6yAC3, y x,ojiAa
6 o

F ( x )  =   ̂ 0 - d x +   ̂ 3sm3xdx =  0 — cos3*H  =
—  oo Ji/6 6

=  — (cos3x — cos-^) =  — cos3x .

Arap x > 4 r  6yjica, y x,oAAa
O

F ( x ) =   ̂ 0 -dx-\-  ̂ 3s in3jtdx+  ̂ 0-d;c =  0 — cos3x | ^ + 0  =
—  oo jt/6 Jt/3 6

=  ^ — COSJX +  COSy^ = 1  .

IUyHA3H k h jih 6,

F ( x )  =

0, 3 T 3 p

—  COS3X, 3 T3 p  — C X ^ . ^ - ,
D o

1, a r a p

3- M H C OJI. X  y3J]yKCH3 T3COAH(J)HH MHKAOpHHHr 3HMAHK (j )y  HKUHHCH

SyTyH Ox yKHAa

2 C
f i x )

e“ +  e~

TeHrAHK S u j ia h 6epHJiraH. S ^ r a p M a c  C napaMeTpHH TonHHr.
oo

E M H UI. 3HHJIHK (})yHKUHHCH  ̂ f ( x)  dx =  1 UiapTHH K,aHOaTJI3HTH-

—  oo

P h uih  KepaK. IUyHHHr yuyH

OO CO

\ ^ — dx =  2C \ — —— = 1 ,
J ex +  e ~ x J ex +  e ~ x

6 y  epAaH C = ----------- ---------- • KyiiH AarH  aHHKMac HHTerpaAHH Kapafi-
2 J  . .. dx.—

- o o  ex +  e~ x

MH3:

r dx f  exdx f  d(ex)f  _e_dx __ r d(e  ) aTC^ ex 

)  1 4- e 3 1 4- (ex)ex +  e~ x J I -j-e J \ +  (exV 
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X o c M a c  HHTerpajiHH x ,H C o6 j iam ra  yTaM H 3:

o
dx i C  dx , __ P dx

l im  \ ---------------- 1- l im
J ex +  e ~ x a-*—  oo J ex +  e - x oo J ex +  e ~ x— oo a O '

=  l im  a r c t g e * | ° + l i m  arctg<?*| £ =  l im  ( a r c t g l  —  a r c t g e " )  +
a—►—oo b-*-oo a—►—oo

- H i m ( a r c t g e * - a r c t g l ) =  ( f - o ) +  ( f - - f - ) = - | . 

U ly H A a H  k h a h 6 ,  t  ------d x _ _ =  n ^ e M a K (  £ _
ex +  e - x 2 ja

' 2

>K: C = -
Jt

4 - m h c  o j i .  Bnp c o a T  ( 0 ^ ^ ^  1, / S h p a h t h  coaTJiapA3 x n c o 6 j i a H r a H  
B a K T )  HHHAa SexaTra 4>aK,aT dm ra  a B T o 6 y c  k c a h S  T y x T a i iA H .  BaKTHHHr 
t =  0 n aH TH fla  6 e K a T r a  K e j i ra H  f t y j io b m h h h h t  aB To f iycH H  10 MHHyTAaH 
OpTHK KyTMaCJIHK SXAHMOAAHTH K aH A a ft?

E ' J h u i .  B ex a T ra   ̂=  0 na,HTA3 KejiraH f ty j io b m h h h h t  aBToSycHH 
KyTHIU B3KTHHH [0; 1] 0 p3 A H K A 3  TeKHC TaKCHMJiaHraH X  TaCOAH(})HH 
MHKAOP CH(f)3THAa KapaiU  MyMKHH. By TeKHC TaKCHMOTHHHr 3HHJIHK 
(})yHKUHHCH KyHHflarH KypHHHuifl3 6yA3AH:

f ( x )  =

0, 3 T 3 p  X S ^  0,

1, 3 T 3 P  0 < X ^  1,

0, a r a p  x > 0 .

b — a =  1— 0 = 1  — T3COAH(J)HH MHKAOP X  HHHT KHHMaTJiapH >KOH- 
jiau iraH  [0, 1] opajiHKHHHr y3yHJiHrn.

o 1 n 1p —  a ~ - § — 0 =  — — KyJianjiHK TyFAHpyBMH 3JieMeHTap H aTH *aJ iap  

>K0HJi3inraH |0; opajiHKHHHr y3yHjinrH. IIIyHHHr yqyH

p ( ° < * < l ) = - &

l

5- M H C O J I .  X  y3JiyKCH3 T3C0AH(})HH MHKAOp KypC3TKHHJIH KOHyH 
6y i iH H a TaKCH M A3H raH :

[ 0 ,  a r a  

~ { 2 e ~ 2x,

a r a p  x < 0 ,
f ( X) = \ n -9 ,

a r a p  x ^ O .

494

ChHO B H3TH>KaCHAa X  T3COAHCj)HH MHKAOpHHHT (0 ,3 ;  1) 0p3JIH K K 3 

IVLUHIU 3X,THM0AAHrH HH TOnHHT. _ 2

E m h u i . P ( 0 , 3 < X < 1 )  =  e - ° . 6 - e  “  

- = 0 ,5 48 8 1  —  0 ,1 3 5 3 4  »  0 ,41 .

f ^ M H ^ C O A .  SAeM eH TH H H r TyXTOBCH3 H W AaU I 3X,THMOAAHTH 
( , a  _ q  0 2 e ~ ° ’° 2<( / > 0 )  K ypcaTK H H A H  KOHyH S y iiH H a  TaK C H M A aH raH .

! l i e M e H T B H H r  Ty x T o b c h 3 50  c o a T  HUijraii iH s x t h m c w ia h h ih h  TonHHr.  
t E m h u i .  H iu o h m a h a h k  4>yHKUHHCH R ( t ) = e  a s h  ( j )OHA3A3HcaK , 

| P ( 5 0 )  = = e - 0'02'50= e ~ ' « 0 , 3 6 7 9

^ T m ' h C O J I .  X  T3COAH(})HH MHKAOP 3X.THMOJIAHKA3P T3KCHM0THHHHr
u =  0 a  =  2 n a p a M e T p A H  H opM aA  KO H yH H ra 6 y fic yH C H H . X  t 3 C o a h $ h h
M HKAOpHHHr ( _ 2 ;  3 )  0 p 3 A H K K 3  TyUIHUIH 3X,THM0AAHTHHH 3H HKA3Hr.

E m h III. ym 6y

P  ( a < X < p > = 0 )  ( ^ ) - ( D  ( ^ )

(J)O pM yAaA3H (J)0HAaA3HC3K:

P  ( —  2 < X < 3 )  = 0 >

=  (D ( 1 ,5 )  —  <D ( —  1) =  ®  (1 ,5 )  +  ®  ( ! ) •

(D ( x )  cbyHKUHH >KaABaAHAaH: 
®  ( 1 , 5 )  = 0 , 4 3 3 1 9 ,  0 > ( 1 )  = 0 , 3 4 1 3 4 .

i Ie M 3 K ,

P (  —  2 < X < 3 )  = 0 , 4 3 3 1 9  +  0 ,3 4 1 3 4  =  0 ,7 7 4 5 3 .  

> K :  0 ,7 7 4 5 3 .
8 - M H C O J I .  X  T3COAH4)HH MHKAOp H 0pM 3A  KOHyH G yH H ^a  T a K 

C H M A aH raH , a  Ba a  n a p s M e T p A s p  m oc x o A A a  2 0  Ba 10 r a  Tenr. A 6 c o a io t
KHHM3T SyHHMa MeTAaHHIU yM A3H KHMHK 6yAHUJ 3X,THMG7IAHrHHH TOnHHr.

E q h ui. P{ \X — a\ < S )  = 2 0 ^ )  (})0 p M yA 3 A a H  4>0H AaAaH aM H 3.

U l a p T r a  K y p a  8 =  3, a  =  20 ,  a  = 1 0 .  A e M a K ,  P{ \X  2 0 1 < 3 )  

_ 2 c D ^ - ^ = 2 ( D ( 0 , 3 ) .  > K a A B a A A a H  ( D ( 0 , 3 )  = 0 , 1 1 7 9 .  Z le M a K ,  H 3AaH a-

e T ra H  s x ,t h m o a a h k :

P ( \X  —  2 0 1 < 3 )  =  0 ,2 3 5 8 .

5- dapcxona ronmupuFu

1. X  TacoAH({)HH m h k a o p  [0 ;  n ]  K ecM aA 3 f ( x )  = v 4 s i n x ,  6 y  K ecM 3A 3H  
T3LU K 3pH A a f ( x ) = 0  3X,THM0AAHKA3P SHMAHTHra s r a .

а )  A h h  a H H K A a H r;
б )  TaKCHMOT (JjyHKUHHCH F ( x)  HH TOnHHT",
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r )  f ( x )  Ba F ( x )  (J)yHKii,HHJiapHHHr rpa<j)HrHHH h h 3 h h t .

^0, a ra p  xsg ; 0,

b ) P ^---- y 11)  3XTHM0JIJ1HKHH TOnHHT;

>K: a ) A =  f ,  6 ) F ( x )

r )  72 -  rnaKJi.

2

1, a r a p  x > ji.

s i n 2— , a r a p  0 < x < j t ,  b ) 3/4 .

ffx) F(X)

A

A \
O &  ft X 0 

2
7C n  K 
2

72- maKji

2. A B T o C y c j i a p  5 MHHyT o p a A H K  SHJiaH KaTHaHAHJiap. B e K a T A a  
a B T o S y c  KyTHLu b s k t h  X  TeKHc TaKCHMJiaHraH A e 6 , K yH H A a ra j ia p H H  

TonH H r:
а )  F ( x )  TaKCHMOT ( j )y  h k u h h c h  hh;

б ) 3X,THM0JIJIHKJiap 3HMJIHTH f ( x )  HH J
B )  KyTHLLl BaKTHHHHT 2 MHHyTflaH OUIMaCAHK SXTHMOJUIHrHHH 

TonH H r;
r )  f ( x )  Ba F ( x )  c{)yHKUHHJiapHHHr rpa(})HKJTapHHH 4 h 3 h h t.

( 0 ,  a r a p  x <  0;

0,2x, a r a p  0 < x ^  5, 

J ,  a r a p  x > 5 .  

0, a r a p  x < :  0, 

0 ,2 ,  a r a p  0 < x s g l  5, 

0, a r a p  x > 5 .

> K :  a )  F ( x )  =  

6 ) f ( x ) b )  P ( X ^  2 )  = 0 , 4 - ,

r )  7 3 -  maKJi.

fwt

0,2

73- uiaK^
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3 X TaCOAH(j)HK MHKAOP 3XTHMOAAHKJiap TaKCHMOTHHHHT n a p a -  

ivn'TpjiapH a  =  2 0 ,  0 =  5  S y j i r a H  HopMaJi KOHyHHra SyftcyHCHH. C h h o b  
ii i iTHHcacHAa X  T a c o f lH ^ H H  MHKAOpHHHr ( 1 5 ;  2 5 )  o p a j i H i u a  w o H J ia u ira H  

lu it iMaT K a 6y j i  k h a h lu  3X th m o j i j i h ™ h h  TonH H r.  >K :  P { 1 5 < X  <Zt>)  —
0 6826
4. B n p o p  MOAAa CHCTeM3THK XaTQJiapCH3 TOpTHJiaflH. TopTH U JAarH  

i. icoflH tbHH xaTOJiHKJiap y p T a  K B a f lp a ra K  qeTJiaHHiuH o  =  2 0  r  O y j i ra H  

impMaJi KOHyHra 6yn c y H a A H .  T o p T H iu  aScoJiiOT k h h m 3 T  6yH H ua 10 r  a s h  
OlllMaHAHrSH X3T 0J1HK fiHJiaH 6a>KapHJlHLHH s x t h m o j i j i h t k h h  TonHHr.

>K : P (  I X\ < 1 0 )  = 2 0 ( 0 , 5 )  = 0 , 3 8 3 .
5. TeJ ieBH3opH H H r 6y3HJiMafi  HUijia iUH s x t h m o j u i h ™  y m o y  K y p c a T -

khiuih KOHyH 6y HH4a TaKCHMAaHraH:

f ( t )  = 0 ,0 0 2 e - ° ' °02' ( ^ > 0 )  .

|'c.rieBH3opHHHr 1000  c o a T  6y3H A M a ft  h u ia s u jh  s x th m c w ia h th h h  TonHHr.

>K :  R (  1 0 0 0 )  =  e ~ 2 « 0 ,1 35 9 .

5- MyCTdKfUA uuc

1. X TaCOAHtjjHH MHKAOpHHHr SXTHMOJUIHKJiap 3HMAHTH 6epHJiraH.

0, a r a p  x <  0, 

f ( x )  =  l ax,  a r a p  0 < x <  2 , 

0, a r a p  x > 2 .

а) a hh aHHK/iaHr;
б )  TaKCHMOT (J)yHKUHHCH F  ( x)  HH TOnHHT;
B ) f ( x )  Ba F ( x )  (JjyHKUHHAapHHHr rpa(f )HK.napHHH UH3HHT.

r0, a r a p  x <  0, 

0 , 2 5 x 2, a r a p  0 < x <  2,

.1 , a r a p  x > 2 .

b ) P ( X > l ) = 0 7 5 i . -
2. X  TacoAH(|)HH m h k ao p  [0, 2 }  KecMaAa t c k h c  TaKCHMOT KOHyHHra s ra ,

a )  SXTHMOAAHKAap 3HMAHTH f ( x)  Ba T3KCHM0T (JjyHKUHHCH F ( x )  HH 
T on H H r ;  6 )  0 < X < 0 , 5  x o A H caH H H r  3 X t h m o a a h t h h h  TonH H r,  b )  f ( x )  
F ( x )  (J )yKH UH «AapH H H r rpa ( { )H KAapH H H  UH3HHr.

0, a r a p  x <  0, 

0.5x ,  a r a p  0 < x <  2,

1 , a r a p  x > 2 .

>K : a )  a  =  0 ,5 ;  6 )  F ( x )  =

>K : a )  F ( x )  =

0, a r a p  x < !  0,

/ ( x )  =  0 ,5 ,  a r a p  0 < x <  2, 

.0, a r a p  x > 2 .

6 )  P ( 0 < X < 0 , 5 )  = 0 , 2 5 .
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M e r j L V ^ S n " 8 1 H^ ° P  t 3Kchm o thhhhf napa-
X  L i n n  n n \ r n ~  6 yjiraH nopMaA KOHyHHra Qyucyuam.  
?YT . P  ̂ opajiHKKa TernuijiH khhmst Ka6yA khahluh
3XTHMOAAHTHHH TonHHr. H

>K :  P (  1 0 < Z < 5 0 )  = 0 , 9 5 4 4 .  . !

4. X  TacoAH(J)HH m h k a o p  H o pM a j i  TaKCHMJiaHraH. B y  m h k a o p h h  Hr! 
Y P T a  K B aa pa TH K  4eTJ iaHHU i„ 0 ,4  r a  Te Hr. T a c o A H c M  m h S o d h h h J 1 

a6cOJlIOT KHHM3TH SyHHMa a  A 3 H  MeTJiaiHHUJH 0 ,3  A 3 H  KHHHK 6yjlHUIHl 
3X,THM0AAHrHHH TonH H r.  uyjlHUIHj

> K :  0 ,5 4 6 8 .  j

„ r „ 5 ' ^ e M eH T H H H r  TyXTOBCH3 HUIJIaiU B3KTH KypcaTKHHJIH TaKCHMOTra
-31 d .

^ ( 0  =  1 —  e - om2‘ ( t > 0 )  . 
t =  2A c o a T  AaBOM HAa SAeMeHTHHHr:

а )  HUIJiaMaft KOAHW 3X,THM0AAHrHHH; I
б )  HUlJiaS TypHLU 3XTHM0AAHTHHH TOnHHT
>K :  F ( 2 4 )  = 0 , 3 8 1 2 ,  / ? (2 4 )  = 0 , 6 1 8 8 .  ’ ;

6- §. AHCKpeT Ba y3JiyKCH3 TaCOflHCjjHH 
M H M ,o p j ia p H H H r  M aTeM aTH K  K y m n m i i H  Ba AHcnepCHHCH

M l  AHCKpeT TaCOAH(f)HH MHKAOpHHHT MdTeMaTUK KyTUAUlUU
M ( X )  ae6 yHHHr m Y m k h h  Sy j iraH  6 a p q a KHHMaTJiapHHH yjiapHHHr 
3XTH M cw jiH K jiapH ra  K y n a H T M a j ia p n  h h f h HAHCHr a  T eH r  c o H r a  aiiTHJiaAH.

M ( X )  = X , p i  +X2P2 +  . . . -\ -Xnpn=  2  X/fib.
k = \  \

P \ + P 2  +  . . . + p n= \ .

A r a p  HXTHepHfi x b 3 y coH Jiap  x a M A a  X  Ba Y t 3C o a h (J)h h  M H K A o p j ia p  ■!

P ( X < x ,  Y c y ) = P ( X < x y - P ( Y < : y )

I t Z l l l l Z 7 4 ^ p ’J « ‘ sJ .  TiCOm‘S" ' <'  " " K' l0p-’ ap 6oFM *‘Mac ■:
M a T e M a T H K  KyTHAHUIHHHr X0CC3J13pHHH KeJlTHpaMH3‘ '

y 3H ra  Te3Hr:PMaC MHKAOpHHHr ^ T e M a T H K  k Y t h a h i u h  y s ra p M a c H H H r

M ( C ) = C .

„ v m ’ -HKflOJW iap HHFHHAHCHHHHT M aTeM aTH K  . KyTHJIHUIH
KyuiHJiyBHHJiap M aTeM aTH K  KyTHJiHUuiapHHHHr HHFHHAHCHra T e Hr:

M ( X + Y )  = M ( X )  + M ( Y ) .
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3 BOFJIHKM3C TacoAH({)HH M H K A op jiap  KynaHTMacHHHHr MaTeMaTHK 
KyTHJlHLUH Kyn3HTyBMHJ13p M3TeM3THK KyTHAHLUJiapHHHHr KynaHTMacH-

I a T eH r:

M ( X Y ) = M ( X ) - M ( Y ) .

4. YsrapMac KynaHTyBMH MaTeMaTHK KyTHAHiu SejirHCH cwiAHra

lIH K3pHJ13AH:

M ( C X ) = C M ( X ) ,

C  —  v 3 ra p M a c  c o h . ,  . -
14.6.2. X  TacoAH(})HH M H K A opH H H r ducnepcuncu  A e o  TacoA H (pH H

MHKAOpHHHr y3HHHHT MaTeMaTHK KyTHAH LUHA3H qeTAaHHIIIH KB aApara -

IIHHr M3TCM3THK KyTHAHLHHTa 3HTH A3AH.
A r s p  [X  —  M { X ) \  T3COAH(|)HH MHKAOpHHHT qeTA3HHHIH  0yAC3,

y x,OJiAa
D ( X )  = M [ X  —  M { X ) f .

AMaJiAa 6 o luk3 (J)opMyji3AaH (} )OHAaAaHHm KyAaft:

D ( X )  = M ( X 2) - [ M ( X ) ] 2.

JI,HCnepCHHHHHr XOCCaAapHHH KeJITHp3MH3:
1. y 3 ra p M a c H H H r AHcnepcHHO H HO Jira T eH r:

D ( C )  = 0 .

2. S ^ r a p M a c  KynsflTyBMHHH KB3ApaTra o lh h ph6, AncnepcHH 6ejirH- 

CHAaH TauiKapnrs qHK3pHiu MyMKHH:

D ( C X ) = C 2D ( X ) ,  C  — y 3 r s p M a c  c o h .

3. BoFJiHKMac TacoAH(})HH MHKAopJiap hhfhhahch (aHHpMacn) HHHr 
AHCnepCHHCH K yu iH A yB ^ H J isp  AH CnepCHHAapHHHHr HHFH h a h  c n r a  TeHF:

D ( X ± Y )  = D ( X ) + D { Y ) .

14.6.3. 1. A H C K peT  T3C0AH({)HH MHKAOpHHHF 6 h H0MH3J1 TaKCHMOTH 

y q y H

M ( X ) = n - p ,  D ( X ) = n - p - q .

2. I l y a c c o H  TaKCHMOTH y q y H :

M ( X )  = K  D ( X )  = K .

14.6.4. Y 3 A Y KCH3 TaCOAH(})HH MHKAOp MyMKHH 6 yA T a H  K H H M 3TJI3pH - 

HH 6yV yH  COH yK H A a  K a 6 y j i  k h j ic h h ,  f ( x )  yHHHr 3H q jiH K  4>yHKUHHCH

SyACHH.
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Arap J \x\f (x)dx HHTerpsji M3B*yA Syjica, \ x f ( x ) d x  nme-
1 — oo

—  oo

rpa j l  X  y3JiyKCH3 TaCOAH(f)Hfi MHKAOpHHHr MaTeMaTHK KyTHJIHUIH 
AeHHJiaAH, H-bHH

oo

M ( X )  =   ̂ x f ( x ) d x  .
—  oo

Arap MyMKHH SyjiraH 6aPM3 khAmstjisp (a, b)  opajiHKKa TerHiujiH 
oyjica, y x o j ia s

v

b

M (X )  == ^x f ( x ) d x .
a

H s o x -  M aTeMaTHK KyTHJiHiUHHHr AHCKpeT TscoAucjjuft MHKAopjiap 
yMyH xo c ca j ia p n  y3JiyKCH3 t s c o a h ^ hh  MHKAopjisp  yMyH xaM ypHHJiu.

14.6.5. X  y3jiyKCH3 tscoahcJjhA MHKAOpHHHr MyMKHH S y j irsH  
KHHMaTjiapH Ox yKHAa eTca, yHHHr AucnepcHHCH KyftHAaru tchtjihk 
opKa^H 3HHKJiaHaAH:

D ( X ) =  J [ x - M ( X ) f f { x ) d x
—  oo

eKH

D W =   ̂ x 2f ( x ) dx  — [ M ( X ) f  .

A ra p  X  y3JiyKCH3 TacoAHcfwft mhkaophhhi MyMKHH SyjiraH  SapMa 
KHHMaTJiapH (a, b)  opajiHKKa TerHiiijih Syjica, y  xcuiAa

D ( X ) =  \ [ x - M ( X ) ] 2f ( x ) dx
a

eKH
b

D ( X ) =  \x2f { x ) d x - [ M { X ) ] 2.

H 3  0X : ZlHCnepCHHHHHr AHCKpeT T3COAH(})HH MHKAOpjiap yqyH 
xoccajiapu  y3JiyKCH3 TacoAH(J)HH MHKAopjiap yMyH xaM ypHHJiH.

14.6.6. TacoAH^HH m h k ao ph h h t  ypra KeadpaniK HeTAanuiuu &e6 
AHcnepCHHAaH OjiHHraH KBaApaT HJiAH3ra aftTHJiaAH:

a ( X ) =  ^JD(X)
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14.6.7. MsTeMaTOK KyTHJiHiu B3 AHcnepcHH:
1) TeKHC T3KCHMA3Hr3H y 3JiyKCH3 T3C0AH(})HH MHKAOp yMyH:

M ( X ) = ^ ,  D ( X )  =  y = § ? - ;

2) KypC3TKHMJlH T3KCHMOT yMyH I

M ( X ) = y .  D ( X ) = -

3) HOPM3JI T3KCHM0T yMyH:

M ( X )  = a ,  D ( X )  =  a2.

1 - M H C O J l .  X T3C0AHt{)HH MHKAOp yU l6y  T3KCHM0T KOHyHH 6HA3H 

fiepHJrrsH:

X 0 1 2 3 4

p 0,2 0,4 0,3 0,08 0,02

M ( X ) ,  D ( X ) ,  a ( X )  JiapHH TonHHr.
E m H LU. T acoA H ( } )H H  MHKAop AHCKpeT S y j i r a H H  yMyH 14.0.1 Ba 

14.6.2 A a r n  ( } ) o p M y j ia J ia p ra  K y p a :

M ( X )  = 0 - 0 , 2 +  1-0,4 +  2-0,3 +  3-0,08 +  4 -0 ,0 2 =  1,32.

X2 0 1 4 9 16

P 0,2 0,4 0,3 0,08 0,02

M ( X 2) = 0 - 0 , 2  +  1 -0 ,4  +  4 -0 ,3  +  9 - 0 , 0 8 +  16 -0 ,02  =  2,64. 

D( X)  = M ( X 2) - [ M W ] 2 =  2 , 6 4 -  ( 1 , 3 2 ) 2 =  2,6 4 -  1,7424 =  1,8976; 

o ( X )  =  t / D { X )  «  1 ,3775 . 

LLIyHAaH khjihS, M { X )  =  1,32; D( X )  =  1,8976; a  ( X )  «  1,3775. 

2 - M H C O J I .  HKKHTa SoFJiHKMac CHHOBAa A  XOAHCaHHHT pyft 
SepHIUJiap COHHA3H HSopaT X  AHCKpeT T3C0AH(j)HH MHKAOpHHHr 
AHcnepoHHCHHH TonHHr, SyHAa xoAHcaHHHr 6 y  CHHOBJiapAa pyft Sepnui 
3XTHM0JIJIHKJiapH TeHT Ba M (X ) = 0 , 9  3K3HH MatJiyM.

E M H UI. X AHCKpeT  TaCOAH(j3HH MHKAOp 6HHOMHajI KOHyH OyHHMa 

T 3KCHMA3HT3H, uiyHHHT yMyH M (X ) =  n-p- L U a p T r a  K y p a  M ( X ) = 0 , 9 ,  

n =  2. ZleMaK, 2p  =  0,9, p  =  0,45, <7 =  1 — 0,45 =  0,55.
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D{X\,  =  npq =  2 - 0,45 • 0,55 =  0,495.
U lyH flaH  k h jih 6 , D ( X )  = 0 , 4 9 5 .

3- M H C 0  JI. X  y3JiyKCH3 TaCOAH(f)HH MHKAOpHHHr 3HMAHK (byHKUHHCH 
SepHJiraH:

f ( x )  =

0, a r a p  x < - ^ ,
6

3s in3x ,  a r a p
o 3

0, a r a p  x ;
3 '

X  TacoAH(J)HH MHKAOpHHHr c o h j ih  xap aK T ep H C T H K a j ia p H  —  M ( X ) ,  D ( X ) ,  
a ( X )  JiapHH TonHHr.

E  M H LU.
b n/3

M ( X )  =  f ( x ) d x =   ̂ x-3sin3xdx =
a n/6

" f3 /  i \
=  3 J x-sin3xc/x =  3 f - - x c o s 3 x  J cos3xdx )  =

" / 6 \  n/6 /

M =  X

dv =  s in 3 / i ix

du =  dx

:o s 3 x

=3- ( - i ) ( l COSJt- i €OSf ) + 3| sin3x If
1 3T— 1

=  - ( - f - ° ) H ( sinn- sinf ) = f

D ( x ) =  \j x 2f ( x ) dx  — [ M { X ) f = 3   ̂ x 2sin3xdx— ( ^ ~ J .

KeHHHrH HHTerpaAHH xncoS jiaG  0JiaMH3:

u =  x du =  2 xdx
1dv =  sir\3xdx v = — 5-cos3x
O

3 \ x 2sin3xdx =
n/6

f  . n/3 - i

=  3 - x ^ o s S x  |^63 + J -  $ xco s3 x d x  1  =  -
L n/6 J

n/3

+  2  ̂ x c o s 3 x d x  =  —  ^ - c o s j i  — |^fcosy )  +  2 ( y x s i n 3x  | *
Ji/fi '

x 2c o s3 x  1 ^  +

n/3

c/6

n/3 ,

—   ̂ s in 3 x d x  )  =  \ U
n/6 '  U dv =  cos3xdx

du =  dx 

u = -| - s in 3 x
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= 4 + 1 ( 1  sin* - i r sinf  H t - i h 053* D  =

=  j i _ - J + | ( c o s . , - c o s f ) = ^ — | + t ( - d

.2 _  o / t t__I \2 re2 —  it —  2 ji2 —  2 j i +  1

9

Jt2- n - 2 - Ji2 +  2 n - j _ _ .
—  9 9

a ( X )  =  =  a/ ^ T 5 5  « 0 , 1 2 4 5  .

4 - m h c o j i . TeKHC TaK C H M A aH raH  X  t 3Co a h 4>h h  m h k a o p  shm ah k  

(JjyHKUHHCH 6H AaH  6epH J iraH :

f ( x )  =

0, arap x ^ a  — /,

arap a — / < x ^ a  + 1, 

.0, arap x > a  +  Z.

M (X )  Ba D ( X )  hh TonH H r.  u
E m  h ui. 14.6.8 A a rH  4 )o p M y j ia J ia p A a H  4>oHAaAaHaMH3:

n A - h  t t / v \  a  —  / +  a  +   ̂ 2 a ____
M ( ^ ) = . £ i - ,  AeMaK, A f(X ) —-------j------ —~ T ~ a '

D { X )  =  -(fe7 2a- ,  AeMaK,

D  ( X )  =  4Ĵ - -12 12 12 3

/2
I l l y h A a h  khah6 , M ( X ) = a \  D ( X ) = —  .

5 - M H C O J l  X  TaCOAH(J)HH MHKAOP HOpM3JI T3KCHMA3HT3H 6 yA H 6 ,  
M aTeM aTH K  k y t h j i h w h  a =  10 ra  TeHr.  X  t 3 C o a h ( } )h h  m h k a o p h h h t  

(10 ;  2 0 )  o p s A H K K a  Tyu iH in  s x t h m o ju ih x h  0,3 r a  T eH r  o y j i c a ,  yHHHr
(0- 10) OpaAHKKS TyUlHLU 3XTHMOJIAHrHHH TonHHr. u

E  M H UI. H o p M 3 J i  s r p n  m h 3h k  ( T s y c c  3 rpH  m h s h f h )  x  =  a =  10 T y r p n  
MH3HKK3 HHC63T3H CHMMeTpHK 6yJir3HH yMyH IOKOPHA3H H 0pM 3A 3rpH  

MH3HK 6HA3H, n a c T A a H  s e a  (0 ;  10) x,aMAa (1 0 ;  2 0 )  opaJiHKJiap S h a s h  
Me r a p a ^ a H r a H  io3Aap f iH p -S n p H ra  TeHr.  B y  K>3Ji3p c o h  >k h x ,3T A3 h 
X  TaCOAH(f)HH MHKAOpHHHr TerHUIAH 0 p a A H K J I3 p ra  TyUlHUI 3X.TH- 

M O A A H K A apn ra  TeH r.  U ly H H H r  yMyH:

P ( 0 < X < 1 0 )  =  P ( 1 0 < X < 2 0 )  = 0 , 3 .
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6- MH C O J I .  3hHJIHK (})yHKUHHCH f ( x )  = l O e - m ( x ^ z O )  0HJ13H 6e- 
PHJiraH KypCaTKHMJIH TaKCHMOTHHHr MaTeMaTHK KyTHJIHUIH, AHcnepCHH
CH, ypT a  KBa^paTHK MeTJiaHHiiiHHH TonHHr.

E H H IU. k =  10.

M W = T = l V = 0- ' -

D w = i = l k = 0 ’01-

o ( x )  =  = x = ° > i  •

7- MHCOJI. TaKCHMOT 4>yHKUHHCH F  (x )  =  1 — e - 0jx ( x >  0) GHJiaH 
SepnjiraH KypcaTKHMJiH TaKCHMOTHHHr M ( X ) ,  D ( X ) ,  a i X )  JiapHHH 
TonHHr. 

E h h  ui. *, =  0,1, M ( X ) = — =  — = 1 0  
v ’ x 0,1

D m = i = w = 100- » ( « = ! = 10 ■

6- dapcxom roniuupuFu

1. X  T3C0AH(J)HH MHKAOP —  yHHH COKK3CHHH 0Hp MapTa TaiUJiaHraH- 
Aa TyuiaAHraw owKOJiap cohh. M ( X ) ,  D ( X ) ,  <j ( X )  JiapHH TonHHr.

M :  M { X ) =  3,5; D ( X ) =  2,92; <j{X)  =  l , 7 l.
2. HnmoHra KapaTa xap 6hp othhias TerHiii sxthmojijihth 

P — 0,8 S y j iraH  4 Ta yK, y3HJiaAH (6 o f j ih k m 3 c  x o j iA a ) .  H H m oH ra  
TerHiujiap c o h h a s h  HSopaT Sy j iraH  X  AHCKpeT T3coahc|)hh MHKAopHHHr 
cohjih xapaKTepHCTHKajiapw M ( X ) ,  D t X ) ,  a ( X )  JiapHH TonHHr.

>K: M i X )  = 3 ,2 ;  D ( X ) =  0,64; o f * )  = 0 ,8 .
3. X  Y3JiyKCH3 TaCOAH({)H H MHKAOP 3HHJ1HK (J)yHKU,HHCH f  ( x)  6HJiaH 

SepHJiraH:
0, arap  x ^  — —,

f i x ) Q,5cosx, arap <n> Ti
Y < X< T '

0, arap x >
2'

M ( X ) ,  D i X ) ,  o i X )  JiapHH TonHHr. 
>K: M i X ) = 0 -  D i X )  «0 ,4 6 4 9 ;  o ( X ) » 0 , 6 8 .
4. X  y3JlyKCH3 TaCOAH(})HH MHKAOP 3H4JIHK 4>yHKUH51CH f i x )  6HJI3-H 

SepHJiraH;

'0, arap x < :  2, 

f i x )  — '0 ,5 , arap 2 < x <  4, 

0, arap x > 4 .

M ( X ) ,  D i X ) ,  ff(A ') JiapHH TonHHr.

M :  M  i X ) =  3; D ( X ) = - I ;  a ( * ) = 0 , 5 8 .
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5. X y3JiyKCH3 TaCOAH(})HH MHKAOP 3HHJIHK (jjyHKUHHCH / (x )  6HJiaH 

Cit'pHJiraH:

JO, arap x < 0 ,  

^ X  ̂ \5e~5*, arap x ^ 0 .

M I X ) ,  D i X ) ,  a i X )  JiapHH TonHHr. 
>K: M i X ) =  0,2; D  ( X ) = 0 , 0 4 ;  0 (X )  = 0 ,2 .  
6 Arap M { X ) =  3, Z>(X) =  16 sKaHJiHrw Ma"bJiyM oy,ica, HopMaJi 

T a K C H M J i a H r a H  X TacouuKjmft MHKAopHHHr shh jihk  cjjy hkuhhchhh 

ronHHr. 2

6 - Mycm^uA uiu

1. K y T H A a  7 Ta m s p  6 y m 6 , y j i s p H H H r  Typrracn o k ,  KOJiraHJiapH 
K o p s .  K y T H A a H  T 3 B3 KK3 JIHra 3 T3 U ia p  0J1HH3AH. X —  OJIHHTaH 

o k  u ia p j i a p  c oh h .  M i X ) ,  D i X ) ,  cr(X) hh ToriHHr.

>K: M ( X ) =  1-|; D ( X ) « 0 , 4 9  ; o ( X ) &0 , 7 .

2. H r k h t s  yftHH c o K K a c H  S a p a B a p H r s  2 M a p T a  Tau iJ iaH aAH . X  —  
HKK3J13 yHHH C0 K K 3 CHA3 TH TyLUraH >Ky(})T OMKOJiap COHH. M ( a ) ,  D  (A  ) , 
o ( X )  JiapHH TonH H r.

>K: M ( X ) = 0 , 5 ;  D ( X ) = - 1 = 0 , 3 7 5 ;  <j ( X ) « 0 , 6 1 2 .

3. X y3JiyKCH3 TaCOAH(j)HH MHKAOP 3 HMJIHK 4>yHKUHHCH 6HJiaH 

6 epHJiraH :
f 0 , a r s p  0 ,

/(x ) = •  2x, arsp 0 < x <  1, 

0 , arap x >  1.

M ( X ) ,  D iX ) ,  o i X )  JispHH TonH H r.

>K: M  ( * ) = - § - ;  D ( X ) = - ^ \  a{ X)  = 0 ,2 3 6 .

4. (2; 8) opaJ iHKA3 TeKHC TaKCHMJiaHraH X TacoAH <}m fi  M HKAopHHHr 

M ( X ) ,  D i X ) ,  o ( X )  JiapHHH TOHHHr.
>K: M ( X )  = 5 ;  D { X )  = 3 ;  a (X )  =  V 3-
5. X  y3JiyKCH3 TaCOAH(J)HH MHKAOP 31W IH K  (pyHKUHHCH

0 , a r a p  x < 0 ,

0,04e_ °'04x, arap x ^ 0f ( x>

6 HJ1 3 H SepHJiraH . M i X ) ,  D i X ) ,  o ( X )  JiapHH rommr.
>K: M  (X )  = 2 5 ;  D i X ) =  625; o ( X ) = 2 5 .



6. HopMaJi TaKCHMJiaHraH X TacoAH(})HH m h k a o p  3hmjihk ( ^ yh k u h h ch

/ w = Ts7 E

u - i r

SnjiaH SepHJiraH. M ( X ) ,  D ( X )  j i apHH TonHHr. 
>K: M ( X )  =  1, D ( X )  =  25.

11- Ha3opar utuu

1.1. U,exfla 7 apnaK Ba 6 aeji HuviaftAH. TaBaKKa jiH ra  8 khlu 
a>KpaTH^raHAa, y j ia p  opacHAa yM aeji  SyjiHLUH sx th m o j i j ih th h h  TonHHr.

1.2. H u iH K A a ra  AeTaJurapHHHHr 2 0 %  h ap o K C H 3. O j iH H raH  3 t|i 

A eT a j iH H H r KynH  6HJiaH S H TTacn  HpoKCH3 6y j in6  m hkhu ih  s x t h m o j i j ih t h -  
HH TonHHr.  t

1.3. B h ph h m h  KyTH Aa 12 T a  m ap  6yj\w6,  y j ia p H H H r  8 T a c n  okL 
h kk h h m h  KyTH A a 15 Ta m ap  Sy jinS , y jiapHHHr 4 T a c n  o k . B hphhmh  
KyTHAaH HKKHHMHCHra 2 Ta m ap  co/iHHaAH. H k khhm h  KyraAafl  
T a B a K K a j iH ra  cuiHHraH m ap  Kopa 6yj iHUiH s x t h m o j i j i h t h h h  TonHHr.

1.4. p ( A )  = 0 , 6  6yjicHH. A xoAHcaHHHr 2400 6 o f j ih k c h 3 c h h o b a 3 poc£ 
1400 MapTa pyft 6epHiUH sx th m o j i j ih th h h  TonHHr.

1.5. I l a p T H H A a  12 %  H o cT a H A a p T  AeTaJiJ iap  6 o p .  T a B a K K a j iH r a  5 Ta 
AeTajib  oJiHHaAH. OjiHHraH AeTaJiJ iap  hmha3 H o cT a H A a p T  AeTaJiJiap 
COHH X  AHCKpeT TaCOAH(j)Hft MHKAOpHHHr TaKCHMOT KOHyHHHH B3 
M ( X ) ,  D ( X ) ,  P ( l  < c X ^ 2 ) , F ( x )  j iapHH T o m m r .

2.1. K,yTHAa HOMepjiaHraH cwiTHTa Ky6 6 op. TaBaKKa jiH ra  6HTTaA3M 
x,aMMa KyS jiap  OJiHHraHAa x o c h j i  Sy jiraH  c o h h h h t  6e m r a  6 yjiHHHmH 
3XTHM0JIJIHTHHH TonHHr.

2.2. ByiOMHHHr CTaHAapT 6 yjiHuiH s x t h m o j ih  0,8 ra  TeHr. T y p r r a  
SyioMHHHr xeM 6 y j iM araHAa S h t t s c h  CTaHAspT S y j iH m n  s x t h m o j i j i h t h h h  
TonHHr.

2.3. YMTa KyTHHHHr x a p  SnpHAa 6 Ta Kopa Ba 4 t s  ok  m ap  6 op.
BHpHHMH KyTHAaH T3BaKK3JIHra  6HTT3 m s p  OJIH6, HKKHHMHCHT3 
c o j i h h s a h ,  myHA3H cyHr hkkhhm h KyTHAaH TaBaKKajiHrs S h t t s  m ap 
o j ih h h 6 , yMHHMH K yTH ra  ccuiHHaAH. Ymhhmh K yTH AaH  t s b s k k s j i h t s  
OjiHHraH mapHHHr o k  S y j in m n  s x t h m o j i j i h t h h h  TonHHr. 

2.4. $HrH TyFHJIT3H 70 MaKaJIOKHHHT K3MHA3 40 B3 KynH 0HJI3H 
65 H3(J)3pH y fh j i  6 o j i3  S y j inm n  s x t h m o j i j i h t h h h  TonHHr.

2.5. B n p - 6H p H ra  S o f j i h k  S y j iM a r s H  x o j i a s  H in jm f iA H raH  4 Ta 
3c6o6A3H  H6op3T KypHJiMs TeKmHpHJi3AH. A r a p  ac6o6 jiapHHHr
6y3HJiH6 ^KOJinm s x t h m o j i j i h k j i s p h  p , = 0 ,3 , p 2 =  0 ,4 , p 3 =  0 ,5  b s  
P 4 =  0 ,6  S y j i c s ,  6y3HJin6 k o j i t s h  s c 6 o 6 j i a p  c o h h a b h  H6 o p 3 T X  AHCKpeT 
T3C0AH(} )Hft MHKAOpHHHr TaKCHMOT KOHyHH F ( x )  HH Ba P ( 2 < l X < : 4 )  
M ( X ) ,  D ( X ) ,  a ( X )  JiapHH TonHHr.

3.1. 52 Ta K a p T a A a H  H S o p a T  Ty j iH K  A a c T 3 A a H  T a B a K K a j in r s  4 T3 
KapTa cuiHHraHAa p o cs  2 t s c h  FnmTHH SyjiH i i iH  s x t h m o j i j i h t h h h  TonHHr.
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3 2 KVPHJIM3 6HP -6HP Hr3 60FJIHKCH3 HUlJI3HAHr3H yMTa 3^e 
MH.TAaH H6 0 P 3 T. YjI3pHHHr 6y3HJIH6 KOJIHmH 3XTHMOHJI3PH 0,05, 0,08,
I I 07 rs  TeHr. H k k h t s  s jieMeffr  6y3Hjm6 KonHUiH sxthm ojijihthhh  TonHHr.

1 3  10 T3 MHJ1THKHHHT 4 T3CH OHTHK HHHIOHTS OJIHm M0CJ13M3CHr3

„ a  B y l ™  M o c L » a ,H  » « . « . .  H H - o . r a  y p -u i
(!<) ra VCH3 0 7 T3 TeHr. TaB3KK3JIHT3 0JIHHr3H MHJ1THKA3H 1 3 Y 

™ r a H A r a p  » e p r a H  K K K a ^ i a  * < « a  u >  H - w c r a  y p ^ x a r a H  6 yJ1c a ,  

L i t h k  n o c j i a x a J i H  m i m t h k  T a H . j a H M a r a B . i i i m  M i  H i u v n H n n i H  t o i i h h i .

3 4 YftHH C0KK3CHHH 50 M3pT3 T3mJI3Hr3HA3 «OJlTHJIHK» K3MHA3
10 KynH 6HJI3H 25 M3pT3 TymHiun s x th m o jij ih th h h  TonHHr.

S S S . 3 S
" " f t :  20 Ta K0M3HA3 HKKHT3 ry PyXr3  6yjlHH3AH. HKKHTa 3HP KyMJIH 
K0M3HA3 6 om K 3 -6 o m K 3  r yp y x J isp ra  TymniiiH sx th m o j i j ih th h h  TonHH .

4.2. T v p t  MeprsH h h m oH rs  K3p3T3 y K  y 3Hm3AH. H i im o H rs  Tern m  
'*XTHM0J1J1HKJ13PH moc  X0J1A3 0,4; 0 ,5; 0,6; 0,7 r s  TeHr. a ) y n j a  
im m oHra yprsHH; 6 )  h h uioh  M y jm s j i r s  oJiHHraHH s x t h m o a j ih t h h h

' 0n4 H3r.‘ Bhphhmh k y t h a s  12 Ta m ap  6yjiH6, yjiapHHHr 7̂ r a c H  ok  
HKKHHMH Ky THA3 15 T3 m ap  6 fjlu6,  y JI3pHHHr 5 T3CH OK- X a p  K3HCH 
KyTHAaH 6HTT3A3H m ap  o j ihhah , c yH rpa  6y  hkkh^ m apAaH  TaBSKKaJinra 
6HTT3CH OJIHHAH. A r s p  TaHAaHraH m ap  Kopa 6 y j ica ,  OjiHHraH HKKaJia 

m apH H H r KOpa 6yjlHULIH 3X,THMOJIJlHrHHH TOnHHT.

4.4. napTH H A3 3 0 %  HPOKCH3 AeT3JiJiap 6op . 50 Ta a c t s j ih h h t  
HMHA3H 10 T3A3H KynH HpOKCH3 6yjIH6 MHKHmH 3X ™ M 0JIJIHrHHH TonHHr.

4 5 H k k h t s  TynAaH HaB6aTMa-H3B63T HHiuoHra K a p sTa  TynJiapA3H 
6 h P h HHmoHHH M y jm a j i r a  oJiryHMa y K y3HJiaAH. H n m o ^ a  Tern m  3Xt h - 
MOJiJiHKJiapn Tyn j iap  yMyH moc  xoJiAa 0,7 b s  0,3. B h p h h  y  y
VKJI3P C0HHA3H H6op3T AHCKpeT TaCOAH4>Hft MHKAOpHHHr T3KCHM0T 
KOHYHHHH B3 F  ( x ) , M  ( X )  , D  ( X )  , O ( X )  , P  ( 2 <  5 )  JI3PHHH TonHHr.

5 1. YsyHJiHKJiapH 1, 3, 5, 7 Ba 9 cm Sy j iraH  6 e m Ta KecMa MSBwyA- 
TaBaKKa jiH ra  OjiHHraH yMTa KecM3A3H yngypM aK Tysn m  MyMKHhjihth

3XTHMOJIJIHTHHH TOnHHr. „ T-IumnHHUHr
5 2 Ym t3  MepraH HHmoHra K apaTa  y K  ysHmAH. HHmoHHHHr 

6h P hhmh Mepran TOMOHHAan « h k c o h »  KHJinnnm ^ T7HM̂ n% Hra° ’8TprHa ’ 
HKKHHMH B3 yMHHMH MePraHJI3P yMY H MOC XOJ1A3 ° ,7  B3 0,9 T31 TCHT. 
HKKHTaAaH Kyn 6y j iM 3rsH  MeprsH HHmoHHH « h k c o h »  KHJinmH 

3XTHMOJIJIHTHHH TOnHHT. „ 5 „ .
5 3 HMHAa 10 T3 m ap  6y j i raH  KyTHrs o k  m ap  co j ih hah , myHAaH cyH

T3 B3KK3JIHra 2 T3 III3p OJIHHAH. HKKaJI3 m 3p  OK SyJIHlIIH SXTHMOJIJIHrn- 

5°4. p ( A )  = 0 , 8  SyjiCHH. A x o a h c s  21 Ta c h h ob h h h t  KynMHJinrHAa pyft

SePHmH 3XTHMOJ1JIHTHHH TOnHHT. o n ^ou
5.5. KypHJiMa 1000 Ta 3JieMeHTAaH H6opaT 6 Yjih6, HCTaJiraH



3JieMeHTHHHr 7 bskt AaBOMHAa HUiAaH mhkhlh sxthmojiahth 0,002 ra 
TeHr. MmAaH mhkksh sjieMeHTjrap cohh SyAraH X  AHCKpeT TacoAHtbHfi 
MHI^OpHHHr TaKCHMOT KOHyHHHH, F  (x)  , M ( X )  , D  ( X ) , o ( X )  
" ( a > 1 0 0 )  JiapHH TonHHr.

6.1. 52 Ta j iH K  K a p T a j i a p  A a c T a c H A a H  T a B a K K a j in r a  3 Ta KapTai 
0J1HH3AH. B y j i a p  « y 4 » ,  « eT T H J lH K » ,  « T y 3 »  SyJIHIUH SXTHMOJIJIHrHHK 
T o n H H r. '

6.2. T3B3K K3J IH ra  0J1HHT3H SyiOMHHHr (OKOPH H3BJ1H SyjIHU I 
3X,THM0JIJlHrH 0,7 T3 TeHr.  O jIHHrSH T ypT T S  SyiOMHHHr (j)3K aT  HKKHTaCM 
iOKOpH H3BJIH SyjIHIHH 3XTHMOAJIHTHHH TOnHHr.

6.3. J lsSopaTopH H Aa  6 Ta a b t o m a t  Ba 4 Ta h ph m  s b t o m s t  Sop. By- 
3HJ1H0 K0J1HLU (HU1A3H HHKHUl) SXTHMOJIJIHTH 3BT0M3T yMyH 0,1 Ta, Hp HM 
3BTOM3T yqyH  3C3 0,2 T3 TeHT. TaBSKKSJIHTS 0JIHHr3H M3 LHHH3 3BT0M3T 
o y j ic a ,  yHHHr h u ia 3 h  ^ h k h u ih  s x t h m o j i a h t h h h  TonHHr.

6.4. p ( A )  =  0,7 SyjicHH. A x o a h c s  50 Ta c h h o b a 3  10 AaH  25 M s p T s r a -  
4a p y f l  SepHHIH 3XTHMOAAHTHHH TonHHr.

6.5. OBHHHHHr 3 T3 yKH Sop. y  HHLiioHra K apaTa  S h p h h ™  y K ! 
TeKKyHMa crraAH. A r a p  x a p  k sh ch  y K  y3HUiAa xaTO kc th u i  sx th m o j i j ih th  
0,2 ra TeHr S y j ic s ,  csptj) KHJiHHraH yKJiap c o h h a 3h h S o p s t  X  AHCKpeT 
T3C0AH(})HH MHKAopHHHr T3KCHM0T KOHyHHHH, F  ( x )  , M  ( X )  , D  ( X )  < j (X )  
P ( X >  2 )  J13PHH TonHHr. ’ ’ ’

7.1. K y T H A s  12 m ap  S y jw S  .yjiapHHHr 5 t s c h  o k  B3  7 t s c h  K o p a .  
T a B S K K a j iH ra  3 T a  m ap  oJiHHaAH. OjiHHraH mapjiapHHHr 2 t s c h  K o p a  Ba 
1 TacH OK SyjIHUIH 3XTHM0JIJIHTH K 3H A3H ?

4 Ta eor j iH KM ac xoAHcaHHHr x a p  Shph moc xo j iA a  0,012; 0,01; 
0 ,0 0 6  Ba 0 ,0 0 2  3x,THM0Ji./iHKjiap 6HJiaH p y n  6epH ii iH  MyMKHH. Xpn 
6 y j iM a r a H A 3  S h t t s  x o a h c s h h h t  p y n  S ep H o w  s x th m o a j ih th h h  TonHHr.

7.3. JlaMno^KSJiap n apran cH A a  100 t s  J i a M n o < « a r a  0 AaH  5 T a ra w a  
HpoKCH3JiapH T y r p n  Kejinu iH  mY mkhh. 100 t s  j i a M n o ^ K a A a H  T a s a K K a j iH -  
ra  10 TacH  o j ih h a h .  O j iH H raH  S a p q a  10 Ta j iaM n oH K a  h p o k j ih  sKaHJinrn  
M a tJ iy M  S y j i c a ,  n a p T H H A a rn  x aM M a  J iaM n oH K a j iap  h p o k j ih  S y a h u ih  
3XTHM0JlJIHrHHH 3HHKJ13Hr.

7.4. T eH r  Kyqj iH  m a xM aT 4 H J iap  y q y H

а )  70 Ta yHHHAaH 60 TacHHH io th u j ;

б )  KaM HAa 40 Ta Y h h h h h  k>thuj s x t h m o j i a h t h  k s h a s h ?

7.5. A B T 0M06HJlHHHr S yT yH  HyjlH ASBOMHAa T y p T T a  CBeTO(J)Op S op .  
y j i a p H H H r  x a p  S h p h  0,5 s x t h m o j i j i h k  S h a s h  e  h Yj ih h  o h s a h ,  e  x a p a K a T H H  
T3KHKJI3HAH. ABT0M06HJTHHHr S h p h h h h  T y x T a  u iH rs  qa  j h r a H  CBeTO- 
(J )opjiap  coH H AaH  H S o p a T  S y j i r a H  X  AHCKpeT t s c o a h (1 )h h  m h k a o p h h h t  
TaKCHMOT KOHyHHHH B3 F (x)  , M ( X )  , D ( X )  , O ( X )  JiapHH TOHHHr.

8.1. HLUHKA3 90 T3 CH(|)3TJIH B3  10 T3 HPOKCH3 SyiOM Sop. 
13 B 3 K K a j in ra  o j iH H raH  5 Ta SyiOMHHHr 2 T aA S H  Kyn  S y A M a ra H H  HpoKCH3 
3K3HJ1HTH 3XTHMOAJIHTHHH TOnHHr.

8.2.  K ypH J iM a  y w a  SJieMeHTAaH H S opaT .  B h p h h h h ,  hkkhhmh, yHHHMH 
SJieMeHTJiapHHHr TyxTOBCH3 H m j ia m  axTHMOJUiHKJiapH m oc  x o j iA a  0,6; 
0,7; 0,8 r a  TeHr.  X e q  SyAM araH As S h t t s  a j ieM eH T  h u i a s h  4h k h u jh  
3XTHMOJIJlHrHHH TonHHr.

8.3. 3 t s  KyTHh h h t  xap SnpHAa 7 Ta Kops B3 3 T3 ok uisp 6op. Xap
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KattcH KVTHAaH T a B a K K a j in r a  6 h t t 3 A 3 h  m a p  o j i h h s a h ,  c y H r p s  6 y  
m a p A a H  6 h P h o j ih h 3 AH. B y  m s p  K o p a  p a n r A a  6 y j iH m H  axxHMOJiJiHrHHH

TOn8 H4r. yftHH C0KK3CH 60 MapTa Tam ji3Hr3HAa « y q j iH K »  15 a s h  k s m  

M3DT3 TVmHmH 3XTHMCWIJIHTHHH TOnHHr.

8.5. KypHJiwa a e r a ^ a p H H  M

6 j ™ 6  m h k b b h  a „ CKPeT T a c o m O M a  MHWtopHHHr
hpoKCM3Ji3 pn hh coHHflaH hiSopaT A  AHCKPerr p^ < x <  8 ) M pH H
TaKCHMOT KOHyHHHH B3 F  ( x )  , L ) \  )  » V /*

T0™ T '  TasaKKaJiHra  o j in n ran  h k k h  xoHaAH c o h h h h t  paKaMJiapn 

h h f h h a h c h  9 ra  TeHr SyjiHm n s x th m o jij ih th h h  TonHHr. 

9.2. B h P h h 4h TaAKHKOTMHHHHr x s T o ra  flyji Kyftnrnn « ™ ^ « ™
0 1 ra ,  hkkhhmh Ba y^h h ^h  TaAKHKOTMHJiap y n y n  aca 0,2 Ba 0,3 ra TeHr. 

a\ xeq  SvJTMaraHAa fiHTTa TaAKHKOTqHHHHr;
6 )  HKKHTa TaAKHKOTMHHHHr X3T0ra fly j l  KyHHmH 3XTH MOJ1J1HTH

TOI19 H3r ’ Be iir ra  k Y t h  6op :  1-, 2- Ba 3- KyTH JiapAa 2 t s a s h  o k  Ba 3 T 3 A 3 H 
KOD3 rnsp Sop, 4- B3  5- K yTH J ispAa  1 T3A 3H  o k  Ba 1 T aA a H  K opa  m ap  6 op. 
H v q  K e ^ ra H  S h t t s  KyTH A aH  T a B a K K a j in r a  S n r r a  m ap  o j ih h 3 A h • P 
S r a n  m ap  Kopa S^Jica, t ^ t h h ^ h  k Y t h  x s H A s n r s H A H r H  3x ™ m « . Ji h -

THHH TOnHHT. 
9 4 Ms-bAVMOTHH yssTH m A a  S h t t s  SejiraHHHr 6Y3hah m  sx th m w ih  

0,1 ra  reHr. 10 t s  SejirHASH h 6 o P 3T MS-bJiyMOTAS 3 t s  SysHJiHiu S o p a h th  

3XTHMOAAHTH KSHASH?

kmL ™  s.poKCHa.apH c o » « .  H6opaT m c K p e r  ™ c o M > h »
AOpHHHT TaKCHMOT KOHyHHHH Ba F ( x)  , M  ( X )  , CT ( A  ) , F  { A  >  ) P 

TOn 10ri 8 Ta SHP xh a  KapTo^Kara  2, 4, 6, 7, 8, 11, 12, 13 coHAap esHAraH. 
TaBaKKSAH^S HKKHT3 K3PT0MK3 0AHH3AH. OaHHTSH HKKHTS KapTO TM - 

S ™  « « . »  Ty3HJiraH K a c p  K H C K a p y B , „  

TOnHHT. 3aH>KHp HAarH ySHAHIII R  SAeMeHTHHHT eKH HKKHTS n  

( B y  SAeMeHTASpHHHT HIUASH MHKHUIH SXTHMOAAHKASpH , , ,

T 0 h p  J
HJKHDHHHT Y3HAHm 3XTHM0AAHTHHH TOnHHT,

6 )  6HPHHH»r HHiM H HHKHU1H 3\TMMCWIJlnrHHH

TO” “ o r3. HHryBHH 3 a e r a ^ b  w  6 » P » » ™  ‘‘ “/ “ . o T a M
6 , ^ 6 .  5 TacH « J M r a » ; . h k k h h , 50 i »  m

TaBaKKa jinra  . e T a . B

6 }z a:  ^  ^
25 Ba K yn n  Shabh  35 tb h h  TamKHA 3THmH s x th m o j ia h th  KaHAaH.
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10.5. HapCAHK^ 100000 H ycx aaa  won STHAraH. XI,apcAHK HOTyFpW 
MyKOBajiaHraH SyAHUiH s x th m o a a h th h h  0,0001 ra  TeHr. XaMMsI 
KHToSjiap  ̂ opacHflarH  HpoKCH3AapH coHHAaH HSopaT X  AHCKpeT 
TaCOflH(}3HH MHKAOpHHHr TaKCHMOT KOHyHHHH Ba F  ( x ) , M  ( X )  D  ( X )  (T (JO 1 
P (  1 0 0 < * <  1000) J ia p H H  TOHHHr.

11.1. Y h h h  coKKacH TauuiaHa^H. Ty6 coh  TyuiHiUH sx,thmcx/ii4 
KaHAaft? I

11.2. H u iH K A a  100 A e T a A b  6 yn n6 ,  y j ia p H H H r  10 T a c n  n poK C H 3i 
TaB aKKa jiH ra  4 Ta AeTaJ ib  OjiHHraH. OjiHHraH A eT aJ iA a p  h m h a3 :

а )  HKKHT3CH HpOKCH3;

б )  xeM 6y j iM araH Aa  6 h t t 3 ch npoKCH3 SyAHUiH sxTHMcuiAHrHHH 
TonHHr.

11.3. Z leTa ju iap  S hphhm h napTHHCHHHHr 2/3 kh cm h  h p o k c h 3, 
hkkhhmh Ba yMHHMH n a p ra n A a  Sapna  f leTa ju iap  h p o k j ih .  TaBaKKajiHra 
OHTTa f leTa jib  o a h h 3a h .  OjiHHraH AeTajiHHHr HpoKCH3 Sy j iH U iH  
3X,THMOJTJIHrHHH TOnHHr.

11.4. A jTOKa K a H a ju iap H  opKaJiH 1000 Ta S e j i r a  roSopHJiaflH. BHTTa 
SeJirHHHHr 6y3HJiHLu s x t h m o a a h t h  0,005 r a  TeHr. P o c a  50 Ta Se j irHHHHr
6y3HJIHLUH 3XTHMOJIAHTHHH TOnHHr.

11.5. 3 Ta ac6o6  TeKiuupHAaAH. X ap  Kaftcn ac6o6 yHAaH o j i a h h ™  
ac6o6 HpoKJiH ( h u io h m j ih )  SyjinS MHKK3HA3rHHa TeKLUHpHAaAH. X a p  
6np ac6o6 y n y H  CHHOBra S a p A o m  6epHui sxTH M O AAH rn  0,9 ra  TeHr. 
Ac6o6jiapHH CHHauj coHHAaH n6opaT S y j i r a H  X  AHCKpeT TacoAHcbHft 
MHKAOpHHHHr TaKCHMOT KOHyHHHH Ba F  ( x ) , M ( X ) ,  D  ( X ) , P ( X > \ )  
JiapHH TonHHr.

12.1. TaBaKKa jiH ra  TaHjiaHraH hkkh xoHajiH SyTyH cohhh KBaApaTra 
oii iHpraHAa TypT  SHJiaH TyroBMH coh  xo ch a  SyjinuiH s x th m o j ia h th h h  
aHHKJiaHr. r

12.2. M e p r a H  M apKa3Hft A o n p a  Ba HKKHTa k o h u c h t p h k  x s j i k s a s h  j 
H 6opaT H H uioH ra  K a p a T a  S h t t s  y K  y3aA H .  J\ o n p a  Ba x ,a j iK a j ia p ra  v k  I 
TerHHiH 3XTHMOAJIHTH m oc  paB H i i iA a  0,2; 0,5; 0,1 ra  TeHr.  y k h h h t  j 
x a j i K a r a  T ern u iH  3 x t h m o j i j i h t h h h  TonHHr.  |

12.3. BeH3HH KyftHUi c t 3 h u h h c h  > K o f t j ia m ra H  m o c c e  6y f t j i a 6 ! 
y T a e T r a H  iok  M au iH H aAapH  c o h h h h h t  c h t h a  M au iH H a A a p  c o h h t s  j 
HHCSaTH 3 .2  K 36 h .  I O k  MaUIHHSCHHHHr 6eH3HH OAHUI yMyH CTaHUHHra 1 
k h p h u i  3XTHMOAJIHTH 0,1 ra ,  e H ra j i  M au iHHa yMyH 0,2 ra  TeHr.  B eH 3HH ! 
o j ih u j  yMyH k h p h 6 K e j i ra H  M auiHHa —  iok  M au iH H acn  S v a h u ih  3X th -  
MOJIJIHTHHH TonHHr.

12.4. T a H r a  T a u u ia H a A H .  T a H r a  11 M a p T a  T au iJ iaH raH A a  rep S A H  
TOM OH 3 MapTa TyiJJHIUH 3XTHMOAAHTHHH TOnHHT.

12.5. C oK K a  3 MapTa TauuiaHaAH . « O j it h a h k »  TyuiHUiJiapn c o h h a s h  
n S opaT  Sy^raH  X  AHCKpeT TacoAH(|)Hft m h k a o p h h h t  TaKCHMOT k o h Y hhhh  
Ba F ( x ) ,  D ( X ) ,  o ( X ) ,  P ( X < ^ 2 )  AapHH TonHHr.

13.1. B h t t s  TO KM aAara  10 Ta k h t o S  T aB a K K aA H ra  K y3A a H  K ennpH A-

HnTH. YMTa M3"bAy M KHT06HHHr eHM3-eH T y p r 3HAHTH 3XTHM OJIAH THHH 
TonHHr.

13.2. M e p r a H H H H r  6h t t 3 y K  y 3HuiAa HHuioHra T eK K a3Hiu s x t h m o a h
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i <1 TeHr. B e u iT a  yK  y3HUJAa HHiuoHra KaMHAa TypT M3pT3 tc t h u i

j t i n m o a j i h f h h h  TonH H r.
13.3. H K K H Ta  3BT0M 3T  A e T 3 A A 3 p  T a f tepA aH A H . BnpHHMH 3BTO- 

Mi l l l l HHr  H 0CT3HA3PT A e T 3 A b  T 3H epA 3U I 3XTHM0AAHTH 0 ,0 7  T3,

II It KH HMHCHHHKH 3C3 0 ,0 9  T3 TeHr.  HKKHHMH 3BT0M3THHHT H HJA30 
' in K a p n u i  y H y M A o p A H rn  Shphhmh s b t o m s t h h h t  yH yM A op A H T H A aH  y M 

M.ip'i'a KDKopH. T a B a K K S A H ra  OAHHraH AeTaAH H H H r CT aH A ap T  6 Ya h u ih

! iXJ’HMOAAHTHHH TOnHHr.
13.4. T s h t s h h  8 0  M ap Ta  T a m A a H r a H A a  50  M a p T a  « r e p o »  T yu jn u iH  

(\ l  HMOAAHTHHH TOnHHr. 
13.5. K y p n A M a  yMTa 3AeM eH TAaH  Ty3HJiraH. BH TTa c h h o b a 3 xap 

U;IHCH SAeMeHTHHHT HIUA3H MHKHHJ 3XTHMOAAHTH 0 ,4  T3 TeHr.  HllIAaH
1 '(HKK3H 3AeMeHTA3p C0HHA3H H6opaT 6yAr3H  X  AHCKpeT T3C0AH(}>Hft 
! MHKAOpHHHr TaKCHMOT KOHyHHHH Ba F ( x ) , M ( X ) ,  D ( X ) , a ( ^ )  Ba 

: P ( X >  1) AapHH TonHHr.
14.1. Y H T a  6Hp XHA K3pT0M K3r3  HOAA3H TyKKH3TaM3 T ypA H  COHA3p 

i ’HHJIT3H. B y  K 3p T0 M K 3 A ap  ep A 3 M H A 3  T3B3KK3AHT3 Ty3HAT3H yM X0H3AH 

COHHHHT 36  r a  SyAHHHlUH 3XTHMOAAHrHHH TonHHr.

14.2. Y h T3 Ky^ie3M3 3 0  T3 H3HK3T3 >KOftA3Uir3H (6H TT3  KyAe3M ar3
3 T3 n s n K s ) . T 3 B 3 k k 3 a h t 3  0AHHT3H 6 T3 n a n K a A a  S n p o p T a  xaM KyJie3-

M3 SyTyHHMa >K0ftAaiHM3CAHK 3XTHMOAAHTHHH TOnHHr.

14.3. A B T o 6y c  n sp K H A 3 H  1 -H O M e p A a rn  6 Ta  3 B To 6y c ,  2 - HOM epAarH

4 Ta aBTo6yc B3 3- H O M epAarH  5 Ta aB ToSyc HXTHepHft T 3 p T H 6 A a  mhkhS 
KeTAH. H k k h h m h  6 y A H 0  MHKKaH 3BTo6ycHHHr 2- HOMepAH 6yAHUJH 

’̂ XTHMOAAHrHHH TOnHHr.
14.4. 0 h a 3 A 3  5 T3 4 )a p 3 a H A  6 o p .  Y A a p H H H r  3 T a A a H  K yn  O yA M araH H  

y f h a  6 0 JiaJiap 3KaHH s x t h m o a a h f h h h  TonHHr.

14.5. H u im h  3 Ta CTaHOKKa xh3M3T K ypc3T3AH • B n p  c o s t  hmhab
CTaHOKHHHT HHJMHF3 «3XTHe>KH 6 y A M 3 C A H K »  3XTHMOAAHTH I CTaHOK yMyH

0,9 r a ,  II CTaHOK yMyH 0 ,8  r a ,  II I  c t 3 h o k  y q y H  0 ,7  r a  TeHr.  B n p  c o a T
HMHA3 HHJMHHHHT a p a A a iU y B H  T a A a S  3TH AM aftAH raH  CT3HOKA3P COHHA3H 
n 6 o p 3 T  S y A r a H  X  AHCKpeT TaCOAH(})Hft MHKAOpHHHr TaKCHMOT KOHyHHHH, 

F( x ) ,  M { X ) ,  D ( X ) ,  B3 a (X )  AapH H  TonHHr.

15.1. « 3 6  AaH  5 »  cnopTA O TO  yftHHHAa MyKO(})OT o a h u i  s x t h m o a a h t h  

KaH A a f t?  (M y K O ( } ) a r  o a h u i h  yMyH KaM HAa 3 Ta  p a K 3 M  T y rp H  t o h h j i h u j h  

K e p s K . )
15.2. H n FyB M H ra  K e p a K  S y A r a H  A e T a A b  oh ph h m h , hkkhhmh Ba 

yMHHMH H iu H K A apA a  SyAHUiH 3XTHMOAAHTH moc x o A A a  0 ,6 ,  0 ,7 ,  0 ,8  ra  
TeHr.  3 a p y p  A eT aA H H H r KaM HAa HKKHTa nu iH K Aa  6yAHUJH s x t h  m on a h  th  - 

HH TonHHr.
15.3. H u iH K Aa  1 - 3aBO AAa T a f t e p A a H ra H  10 Ta  A e T a j ib ,2 - 3 a B O A A a  

T a f t e p A a H ra H  5 t s  A e T a A b  Ba 3- 3aBO AAa T a f t e p A a H r a H  15 Ta  A e T a A b  S o p .  
H h f Y bmh  A eT a A A a p H H  S H T T aA aS  cwiaAH. H k k h h m h  oAH iuH Aa 2- 3aBO AAa 

T a f t e p A a H ra H  A e T a A b  m h k h u i h  s x t h m o a a h t h h h  TonHHr.
15.4. p ( A )  = 0 , 2 5  SyACHH. A  h h h t  x o a h c s  2 4 3  T a  c h h o b a 3 70  M ap Ta  

p y f t  SepHUIH 3XTHMOAAHTHHH TOnHHr. 

15.5. H k k h  T y n A a H  HHuioHra K a p a T a  r a A M a - r a A  T y n A a p A a H  6 h p h  

HHuioHra TeKKa3ryH M a y K  y3H AaAH . X a p  KaftcH TynH H H r HHuioHra



TeKKa3Hiu sxthm ojijih th  moc paBHuiAa 0,3 Ba 0,7 ra TeHr. Hkkhhhh Tyn 
captj) KHJiraH* yKJiap cohhash  HSopaT SyjiraH  X  AHCKpeT TacoAH({)Hfl 
MHKAopHHHr TaKCHMOT KOHyHHHH Ba F  (x) , M  ( X ) , D ( X j , a (X ) , 
P ( ^ > 1 0 )  JiapHH TOnHHF.

16.1. TyKKH3 HyjioBHH TpaMBaHHHHr 3 Ta BaroHHra hh khS >k o h - 
JiauiAHJiap. X ap  Sap fiyjioBHH Ba tohhh TaBaKKajinra TaHJiaft^H. Bnp 
BaroHra TypT nyjioBHH, Soii iKacH ra  yn, ynnhhh BaroHra  3ca hkkh nyjioB- 
HH HHKKaHJIHTH 3X,THM0JIJIHrH KaHAaft?

16.2. H kkh TynAaH SapaBapnrs o thjitshas  HHiuoHra TerHUi 
3XTHM0JIJIHTH 0,46 ra TeHr. A ra p  hkkhhmh TynHHHr HHiuoHra TeKKa3HUl 
sxthmojijihth 0,7 ra TeHr Sy jica , Shphhhh  Tyn ynyH 6y sxthmojijihk 
KaHAaft SyjiaAH? TynjiapHHHr xen Syjm araH As SnpH hh uiOHra 
TCKK33HUIH 3XTHM0JIJIHTHHH TonHHr.

16.3. HKKHTa KyTHHHHr xap SnpnAa 7 Ta Kopa, 3 Ta ok map Sop. 
H kkhhhh KyTHflaH TaBaKKajinra HKKHTa m ap ojihhah Ba Shphhhh  
Ky ra ra  cqjihhah . B hphhhh  KyTH/iaH ojiHHraH map ok SyjiHuiH 
3XTHM0JIJIHTHHH TOnHHr.

16.4. yHHH coKKacHHH 90 MapTa Tauuiam aa 3 ra KappaJiH 
cohhhht KaMHAa 100, Kynn SHJiaH 170 MapTa hhkhiuh  sxthmojijihthkh  
TonHHr.

16.5.^ HKKHTa MepraH rajiM a-rajm aH HHmoHra KapaTa yK y3HinaAn. 
BHTTa yK y3HiuA3 xaTO KeTHin,. sxthm ojijih th  Shphhhh MepraH ynyH 
0,2 ra, hkkhhhhch yn y H  0,4 ra TeHr. A ra p  Typrra.uah opTHK yK 
y3HJiMaraH Syjica , HHmoHra TeKKyHHa OTHJirah yKJiap coHHAaH HSopaT 
SyjiraH X  AHCKpeT T3coahc|)hh m hkaophhht TaKCHMOT kohYhhhh Ba 
F  ( x) ,  M  ( X) ,  D  ( X) ,  a ( X) ,  P  ( X > 2 )  JiapHH T o n H H r .

17.1. KypHJiMa 3 TacH sc k h ph S KOJiraH 5 Ta 3JieMeHTAaH HSopaT. 
KypmiMaHH TacoflH(|)aH Hinra TyuiHpHJiraHAa 2 Ta 3JieMeHT h iu jish a h . 
KypHJiMaHHHr Hmra TyuiMaft kojihujh sxthmojijihthhh  TonHHr.

17.2. XoAHcaHHHr xap Snp chhobas  pyfl Sepnrn sxthmojijihth 0,2 ra 
TeHr. CnHOBjiap SnpHH-KeTHH, xoAHca pyft SepryHHa yTKa3HJi3AH. 
HRKHTa^aH Kyn SyjiMaraH chhob yTK33HJinm sxthmojijihthhh  to iih h f .

17.3. 12 Ta m hjithkhhht 5 Tacn otithk HHmoHra ojihiu MOCjiaMaCHra 
sra. ByHAaft MocjiaMajiH m hjithkabh  HHmoHra TeKKa3Hm sxtbmojijihth 
0,9 ra, MocjiaMacH3 MHJiTHKAaH sea 0,75 ra TeHr. M epraH  TaB3KK3Jinra
OJiraH MHJITHKA3H HKKHT3 YK y3AH. Y  HKK3JI3 XOJIAa X3M HHmOHTa
TeKKa3raHJiHrHHHHr sxthmojijihthhh TonHHr.

17.4. BHTTa yK y3Hm,na hhuioHra TeKKa3Hm sxthmojijihth 0,8 ra 
TeHr. 5 Ta yK  y3HJiraHfla 4 TacH HHUiOHra TerHixiH sxTHMa/uiHniHH 
TonHHr.

17.5. H huioh  1- HOMepjiH a  oh pa xaMAa 2- Ba 3- HOMepjiH koh - 
ueHTpHK xajiKaJiapaaH n S o p a r  1- HOMepjiH Aonpara TeKKa3Hmra
10 ohko, 2- HOMepjiH X3JiK3ra —  5 ohko Ba 3- HOMepjiH xa jiK ara  
TeKKa3nmra ( —  1) ohko SepnJiaAn. H on p sra  Ba xaJiKajiapra TeKKa3Hin 
3X,THMOJiJiHKJiapH moc xo jias  0,5, 0,3, 0,2 ra TeHr. YnTa yK  y3njiraHAa 
TynjiaHraH OHKOJiap coHHAaH HSopaT SyjiraH X  AHCKpeT t3Coahc})hh 
MHKAopHHHr TaKCHMOT KOHyHHHH, F  ( x ) , M  ( X ) , D ( X ) ,  a (X)  Ba 
P  ( ^ > 1 0 )  JI3pHH TonHHr.
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i k> I ■ K y n a a a  y n p a ra n  S h p h h h h  aBTOMOUiHHamii. i  un.uepH Snp xhji

-  i vmapAaH n O o p a T  S v j ih lu h  3X,THMOJiJiHrHHM aiimcjin in ,
IK 2. 100 Ta SyiOMAaH HSopaT napTHHAa 20 ra c i a i u a p r  SyiOM Sop. 

I i K K a j i n r a  3 Ta SyiOM o j ih h a h . YjiapHHHr s i ' i iua  KaMHfla h k k h t 3 ch 
liUI/iapT SyJIHIUH 3XTHM0.1JIHTHHH TOnHHT.

18.3. T n p A a  Sem Ta m h jith k  Sy jinS, yJiapAan HHmoHra TeKK33Hm
i iTMMOJiJiHKJiapH 0,5; 0,6; 0,7; 0,8; 0,9 ra Tenr. T aB aK Ka jin ra  ojiHHraH 
*,in i' inKAaH Snp MapTa v k  V3KmAa HHmoHra TeKKa3nm sx th m o j ia h th h h  
u i u  K.ia Hr.

18 4. p(A)  = 0 , 7  S vj ic h h . A xoAncaHHHr 2100 Ta c h h o b a s  1000 MapTa
>ii SepnuiH 3X'rHMauinrHHH t o *:h h '\

' ’ ■ MKKiira viiHH coKKaoH Gup iiaSi/ia i . i f :M ( i ;ia;Ui- H'-rtaJiacHjxa 
■ , , > j ;y rv  ohko  h h k h m coHHAaK HSopaT Sy,nran > i i icK p .T  •:',:riH;|)HH 
ill!1 K/;ODHHl-ir Ta K C H M O T  KOHyHHHH, F( x )  , ' M  (A  ) . I )  (A | ! ' :  i<;> 
/>(A ’ l > 2 )  JiapHH TOIIHHF.

19.1. « 4 5  AaH 6 »  cnopTJioTO VHHHHAa io th S o j inm  sxthmojljihi 'h 
ivaiiAafi?  (MyKO(j)OT oj inm  ynyn  KaMHAa 4 r a  paKaM TyrpH to iihjihhih  
KcpaK. )

19.2. H kkh  cnopTHHHHHr xa p  Snpn ynyH Sn pop  MauiKHH hxush 
o;i>KapHui s x th m o j i j ih th  0,5 ra T en r .  CnopTHHJiap MamKHn HaBSax 
OHJiaH 6 a *a p a A H J ia p ,  SyHAa x a p  Snp cnopTHH yn MapTaAaH ypnHaAH. 
('.nopTHHJiapHHHr xen Sy jiM araHAa Snpn MyKO(J)OTHH ojihuih 3X,th- 
MOJiJinrnHn TonnHr.

19.3. B h p h h h h  KyTOAa 1 Ta o k  Ba 9 Ta Kopa m ap , h k k h  hhh KVTHAa
1 Ta Kopa Ba 5 Ta ok  m ap  S o p .X a p  Kaflcn KyTHAaH SnTTaAaH m ap  ojihS 
ram jiaHAH Ba KOJiraH xaMMa mapjiapHH ynnHHH KyTnra c o j ih h a h . 
.Vhhhhh  KyraA aH  ojiHHraH m ap  o k  Sy jmuiH 3Xt h m o a j ih t h h h  TonnHr.

19.4. yftHH coKKacn  70 MapTa Tam jiaH raH Aa t o k  OHKOJiap 50 a s h  
65 M apTarana  Tym nm n sx th m o jij ih fh h h  TonnHr.

19.5. A r a p  X  TacoAH(J)HH m hkaop  HKKHTa x i < c . x 2 KHHMai r;i j ra  
SYahS, P ( X  =  x , )  = 0 , 3 ;  M ( X )  = 3 , 7 ,  D ( X )  = 0 , 2 1  SyAca ,  Sy  Ta< ^is{)hh
MHKAopHHHr TaKCHMOT KOHyHHHH TOnHHT.

20.1. TaBaKK3JiHra TaHJiaHraH h k k h  xoHajin co h h h h t  iy . coh 
S yAHmn s x t h m o j ia h t h h h  TonHHr.

20.2. HrnnKAa 15 Ta AeTajib  Sy jinS , yjiapHHHr 10 Tacn S ya j i ra n .  
TaB aK Ka jin ra  5 Ta AeTa jib  oAHHaAn. Y jiapHHHr opacn A a  KaMHAa 4 Tacn 
SyHJiraH S y j in m n  sxTHMOJiAnrnHH TonHHr.

20.3. A b t o SY c napKHAaH 1- HOMepAarn 6 Ta, 2- HOMepAarn 4 r a  Ba
3- HOMepAarn 10 Ta aB ToSyc  h h k h S k c t a h . H k k h h h h  S y jm S  W K K a n  
aBToSycHHHr 1- HOMepjin SyAHmn s x th m o jij ih th h h  TonHHr.

20.4. p ( ^ l ) = 0 , 8  SKaHAnrn Ma'bAyM. A  xoAHcaHHHr 100 Ta cv a 
KaMHAa 75 MapTa p y n  Sepnm n sxTHMOJiJinrnHH TonnHr.

20.5. H k k h t s  SoMSapAHMOHHn caMOJieT HHmoHra TeKKyHHa ra,; 
raJiAaH SomSs TamAafiAH. Bhphhhh caMOJieTHHHr hhhiohhh 3 hhk, 
M y j im aA ra  OAHm sx th m o j i j ih th  0,7 ra, hkkhhhhchhhkh sea  0,8 ra Tenr. 
A r a p  caMOAeTjiapHHHr xa p  SnpHAa 3 TaAaH SoMSa S y j ica ,  Tam jian raH  
SoM SaAap C0HHA3H HSopaT X  AHCKpeT TaCOAH(})HH MHKAopHHHr 
TaKCHMOT KOHyHHHH, F  ( x ) , M  ( X ) , D ( X ) , o ( X ) ,  P ( X >  2 )  JiapHH TonHHr.
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21 .1 .  BoJ iaJ iap  yMy H c a H a T o p n f t r a  12 Ta ,  c a f t e x A a p  j i a r e p n r a  8 Ta  Ba 
c n o p r  J ia r e p n r a  5 Ta f iy ju ia H M a  a w p a T H A A H .  A r a p  3 vpTO KH H ur oTa-  

onaJ iapH  S h p -S h p h a s h  S e x a 6 a p  S H i r a A a H  H y jL iam via  o A ra H  S y A c a ,  

S y  3 y  pTOKHHHr S h t t s  A a re p ra  t v u i h o  k o a h i i i h  s x t h m o a a h t h

K aH Aa ft?
2 1 .2 .  B h p h h m h  c i a n o k h h h t  6n p  c o a r  AaBOM HAa y3./i>KCH3 H iu jiau i 

s x t h m o a a h t h  0 ,7 5  ra ,  h k k h h m h  c T a h o k h h k h  g ca  0 ,8  ra  TeHr. A r a p  

CTaHOKJiap S n p - S H p n r a  S o r j iH K  S y A M a r a H  x o A A a  H iu j i a c a j i a p ,  6 n p  c o a T  
AaBOMHAa 4>aK,aT SHTTa CTaHOK TVXTalHH 3XTHM0AAHTH K3HA3H?

21 .3 .  A c 6 o 6 j i 3 p  h k k h t s  3 a B 0 A A a  T a f iep A a H a A H .  B h p h h m h  3 a b o a  
S apMa MSXCyJIOTHHHT 2 /3  KHCMHHH T a f tepA a f tA H ,  VAapHHHT  5 % H  
HpOKCH3, HKKHHMH 33B0ZI 1/3 KHCMHHH Ta f tepA aH A H , y j ia p H H H r  7 % H  

HPOKCH3. HpOKJIH A e T a A b  0AHHT3HH 3XTHM0AAHTHHH TOHHHT.
21 .4 .  T a H ra H H  45  M ap T a  T a i i iA 3 H ra H A 3  « r e p 6 »  15 M ap Ta  T y ljjhluh

3XTHM0AAHTHHH TOnHHT.
2 1 .5 .  Obmh n a p p a H A a r a  K a p a T a ,  y K  TeKKyHMa OTaAH, a c k h h  

T yp T T a A 3 H  K yn  S y A M s r a H  y K  y3 H U ira  y A r y p a A H ,  x o a o c .  A r a p  S h t t s  y K  
y3HHIA3  HHLU0HT3 TeKK33HIU 3XTHM0AAHTH 0 ,7  T3 TeHT S yA C a ,  y3HAT3H 
y K A 3 p  C0HHA3H H S o p a T  S y A r a H  X T3C0AHf|)HH MHKAOpHHHT T3KCHM0T 

K0HyHHHH^B3 F  (x), M(X) ,  D (X) , o(X)  AapHH TOHHHr.
22.1. Y KyBMHHHHr S h p h h m h  h m t h x o h h h  t o h l h h p h h j h  s x t h m o a a h t h  

0 ,9  ra ,  h k k h h m h c h h h  TonuJHpH-ui s x t h m o a a h t h  0 ,8  ra ,  Y m h h m h c h h h  

TOIlLUHpHHI 3XTHMOAAHTH 0 ,7  ra  TeHT. Y  KyBMHHHHT: 1) 03pM3 
HMTHX0HA3PHH; 2 )3KaA A H  6HTT3 HMTHXOHHH TOnLUHpHLH 3XTHM0AAHTH 

K3HA3H?
2 2 .2  A B T o S y c A a  5 ftyjioBMH S o p .  K o a t s h  5 T3 SeK3THHHr x a p  S n pH A a  

SH TT3AaH  ftyAOBMH TylHHS KOAHUJH 3XTHMOAAHTHHH TOnHHr.
22 .3 .  AcSoS  HKKH XHA T 3p 3  ( pe>KHM) A3  HHJA3HAH, H lU  >KapaeHHHHHT 

8 0  % H A 3  O AaTAarH  (H 0 P M 3 A )  HLU T3p3H KY 33TH AaAH , 2 0  % H A a  OAaTAaH 
T a u jK a p n  ( h o p m s a  S y A M a r a H )  h o i  Tap3H  K y33TH A3AH . O A a T A a r a  T ap 3 A 3  
3c6o6HHHr HUJA3H MHKHHi 3XTHMOAAHTH 0 ,2  T3, OAaTAaH T3LHK3pH 
T 3 p 3 A 3  HHJA3H MHKHHI 3XTHMOAAHTH 3C3 0 ,7  T3 TeHT. Ac6o6HHHr HLUA3H 

MHKHHJH 3XTHMOAAHTHHH TOnHHr.
22 .4 .  K a f tcH  S h p h h h h t  s x t h m o a a h t h  K 3 T T 3 p o K :  t s h t s h h  T y p T  M 3pTa 

T 3LUA3r 3HAa « r e p S » H H H i '  2 M3pT3  TyUUHHJHHHHrMH 6KH 8 M ap Ta  TaUJAaH- 

raH AS  « r e p S » H H H r  4 M apT3  T y  l u h ii iHHHHrMH?
2 2 .5 .  K,h3 b s  yFHA Scw iaAapHHHr TyrHAHHi s x t h m o a a h k a s p h  T eH r  A eS

(J)3p33 KHAHH3AH. T y p T  S0A 3A H  OHASAaTH y rH A  S o A a A 3 p  C0HHA3H 
n S o p 3 T  S y A r a H  X TacoA H (} )H h  m h k a o p h h h t  t s k c h m o t  k s t o p h h h  Ty3HHr. 

F  (x) , M (X), D (X), o ( X )  A3PHH TonHHr.
23 .1 .  3 T3 CT3H0K HUUA3MOKA3. B y  CT3HOKA3PHHHT SHp C03T 

A3B0MHA3 C03A3LUHH T 3 A 3 S  KHAM3CAHK 3XTHMOAAHKA3pH MOC pSBHHJAa
0 ,95 ;  0 ,8 ;  0 ,8  r a  TeHr. B n p  c o a T  h m h a s  xeM S y A M a r a H A a  S h t t 3
CT3HOKHHHT C03A3HIHH T 3 A 3 S  3TM3CAHK 3XTHMOAAHTHHH T O n H H r.

2 3 .2  Y m ypTOKHHHT h k k h t s c h  y n p a m y B r a  k c a a h . A r s p  yA sp H H H r  

y M p a u iy B ra  k c a h l u  3X t h m o a a h k a 3 P h m o c  p3BHU iAa 0 ,1 ;  0 ,3 ;  0 ,5  ra  TeH r 
S y A c a ,  yM p sL u y B rs  S h p h h m h  b s  yMHHMH ypTOKHHHr KeAHUiH s x t h m o j i a h - 

t h h h  TonHHr.
23 .3 .  Y m x h a  h a h h j a 3 P  S v a h S, 1 -X H A A a  3 h a h  h i , yHHHr x a p  S n p n
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iiMHAa 5 T3 ok  B3 3 T3 Kopa Hiap Sop. 2- XHAAa 3 h a h h j , yAapHHHr x a p  
t wpn HMHAa 6 Ta o k  Ba 2 T3 K ops  m sp  Sop. 3- XHAAa 4 h a h h j , yAapHHHr 
Kap SnpH HMHAa 7 T3 ok  B3 9 T3 K ops  HJ3p Sop. T3BaKK3AHT3 T3HA3HT3H 
IIJIHHIA3H T3B3KK3AHT3 HJap OAHH3AH. B y  HJ3pHHHT KOp3 SyAHUJH 
iVPHMOAAHTH KaHAaft?

23.4. H hth TyrHAraH 200 MaKaAo k h h h t  KaMHAa 90  Tacn yrHA
t io A a A a p  S y A H U J H  3XTHMOAAHTH K3HA3H?

23.5. YMTa MepraH SHTTa hhluoHra KapaTa  yK  y3HLuaAH. H h u jo h t s  
IX'KK33HLH 3XTHMOAAHTH SnpHHMH Mepr3H VMyH 0,8 T3, HKKHHMHCH yMyH
0,6 ra, yMHHMHCH yMyH 0,5 ra TeHr. H n u joH ra  TeKKaH yK A ap  c o h h a s h  
i iSopaT S y A ra n  X  TacoAH(|)HH m h k a o p h h h t  TaKCHMOT k o h v h h h h  Ba F ( x ) ,  
M(X) ,  D(X) ,  o(X)  AapHH TonHHr.

24.1. ABTOMaT CTaHOK AeT3AA3pHH HJTaMnA3HAH. Bnp  C03T HMHA3 
Snpopxa X3M h p o k a h  AeTaAb h h i a s S MHKapM3CAHK 3Xt h m o a a h t h  0,9 r3 
renr. 3 c o s t  HMHAa MHKapHAraH SapMa AeT3AA3pHHHr npoKAH SyAH hjh 
•-JX,THMOAAHrMHH TonHHr.

24.2. P l n r y B  uexHra 3 Ta uexA3H AeT3AA3p k c a t h p h a a h : Sh ph h m h  
HeXAaH 6 T3; HKKHHMH UeXASH 7 T3, yMHHMH HeXA3H 8 Ta. T3B3KK3AHr3  
Snp naftTAa OAHHraH HKKHTa a c t s a h h h t  1- uexAaH eKH 2- uexAaH 
SyAHLUH 3XTHMOAAHTH KaHAaft?

24.3. H k k h t s  CT3H0KA3 AeTaAAap  TaftepAaHaAH, SyHAa S h ph h m h  
CTaHOK HKKHHMHCHTa HHCS3T3H 3 M3pT3 Kyn AeT3Ab T3HepA3ftAH.
B h ph h m h  CTaHOKHHHr HpoKCH3 AeTaAAspH 2 ,5 % h h , h k k h h m h c h h h k h  
1,5 %  HH TaUJKHA 3T3AH. TaB3KKaAHra 0AHHT3H AeTaAb HpOKCH3 SyAHS 
m h k a h . B y  AeTaAHHHr h kk h h m h  c t s h o k a s  T3ftepAaHraH SyAHUJH
3XTHMOJ1AHTHHH TOnHHT.

24.4. H hth TyrHArsH  200 MaKaAOKHHHr 100 t s c h  yrHA S o n aA ap
S y A H U J H  3XTHMOAAHTH K3HA3ft?

24.5. T y n A a n  y3HAraH Sh t t s  y K  S h a s h  h h u io h h h  MVA>KaAra o a h u i  
3XTHMOAAHTH 0,4 Ta TeHr. YMTa yK  y3HAT3HA3 HHUI0HT3 TeKKHSUHJAap 
C0HHA3H HSopST SyAT3H X  T3COAHCj)Hft MHKAOpHHHr T3KCHM0T KOHyHHHH
B3 F  (x),  M  ( X ) ,  D (X),  a ( X )  a s p h h  TonHHr.

25.1. T3B3KK3AHT3 0AHHT3H TeAe(f)OH HOMepH 6 Ta paK3MA3H 
Ty3HAT3H. BspM3 paK3MA3pHHHr TypAHMS 6yAHUJH 3XTHMOAAHTH 
KaHAaft?

25.2. KyTHAa 9 Ta 40 b s t t a h , 11 Ta 60 BarrAH 3AeKTp AaMnoMKa- 
A ap  apaAaiHTHpnS KyftHAraH. TaBaKKaAH ra OAHHraH 2 Ta AaMnoMKa- 
HHHT Snp XHA KyBB3TAH SyAHUIH 3XTHMOAAHTH KaHAaft?

25.3. P lnryB  u exn ra  1- uexAaH 600 Ta, 2- uexAaH 500 Ta, 3- uexAaH 
900 Ta AeTaAb k c a h S TyuiaAH. 1 - uexHHHr HpoKCH3 AeTaAA apn  5 % h h ,
2- UeXHHKH 8 %HH, 3- UeXHHKH 3 %  HH TaUJKHA 3T3AH. T a B 3 K K 3 A H T 3  

OA HH T3H  AeTSAHHHr HpOKCH3 S y A H U J H  3XTHMOAAHTHHH TOnHHT.

25.4. A r s p  p(A) = 0 , 2 5  SyAC3, A x o a h c s  6 T3 ch h o b a s  3 MapT3
pyft SepHUIH 3XTHMOAAHTHHH TOnHHT.

25.5. Hm has 5 Ta ok  Ba 7 Ta Kopa m ap  SyAraH  HAHUiAaH 4 Ta m a p  
OAHHaAH. OAHHraH ok  m ap A ap  c oh h a b h  u S o p a T  SyAraH  X  TacoAH(})Hft 

MHKAOpHHHr TaKCHMOT KOHyHHHH Ba F  (x) , M( X) ,  D (X) , a ( X )  A a p HH  
TonHHr.

26.1. KyTHAa 5 Ta o k , 10 Ta k h 3h a  Ba 6 Ta Kopa m ap  Sop.
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TaB aK Ka jin ra  2 Ta m ap  ojiHHa/iM. O jiHHran uiapjiapHHHr onpu 
OK, HKKHHHHCH KOpa SyJIHIUH 3XTHM0AAHTH KaHAaft?

26 .2 .  M e p r a H  HHinoHra K apaTa 4 MapTa yK  y33AH. X a p  k s h c h  y K  
y3Hin/i,a H H m oH ra  TeK Ka3H m  s x t h m o j i a h t h  0 ,7  ra  TeHr.  Y h h h t  x,el ( 

S y j iM a r s H A a  6n p  M ap Ta  h h i i i o h t s  T eK K a3H m  s x t h m o a a h t h  K3H A3H ?

26.3. KyH H A arn  xoAHcajiapHH KapafijiHK: gpTara  hxluh o6-x,aBO, 
KOHHKapjiH o6 -xaBo , Sm o h  o6-X 3 bo  6yjia/iH. Y jiapHHHr s x t h m o a j i h k a s p h  
moc x o a a 3 0,3; 0,4; 0,3 ra  Ten r .  H x u ih  06 -xaB0Aa 0,9 s x t h m o a a h k  SnJian, 
KOHHKapjiH od -x aB o ^a  0,7 3x t h m o a a h k  6 h a 8 h , cm  oh o6-xasoAa 
0,2 3XTHMQ/1JIHK Sm a s h  ca ftp ra  HHKHAaAH. 3 p Tara  ca ftp ra  h h k h u i

3XTHMOAAHTHHH TOnHHr.

26.4. Y hhh  coKKacH 960 MapTa Tam jiaH raH fla  3 ra  KappajiH  c o h h h h t  
600 MapTa h h k h iu h  s x th m o jij ih th h h  TonHHr.

26.5. HKKHTa TaHra yn MapTa^aH TamjiaHaflH. Tep6 jiH  t o m o h  
Tym H in j iap  c oh h a s  h HSopaT Sy j iraH  X  TacoAH<})Hft MHKAopHHHr 
TaKCHMOT KOHyHHHH Ba F ( x ) , M( X ) ,  D ( X ) ,  a (X)  JiapHH TonHHr.

27.1. OjiTHTa 6np  xhji KapTOHKara 2, 4, 7, 8, 12, 14 coHJiapn e3HJiraH. 
HKKHTa KapTOHKa ojiHHaAH. X ochji KHJiHHraH Kacp KHCKapaAHraH 
SyJIHIUH 3XTHMOAAHTH KaHAaft?

27.2. « n »  Ta KOHBepT Ba y j ia p ra  moc  « n »  xaT  6op. XaTJiap 
KOHBepTJiapra TaBaKKajinra c o a h h 3a h . X en  6y j iM araH Aa duTra  xaTHHHr 
Ternm jin  KOHBepTra TyuiMacjiHK s x t h m o a a h t h h h  T o n H H r .

27.3. T yp y x A S  3 a t j ioHH , 4 « ’rypTHH», 6 «yHHH» Ba 1 « h k k h 4h »  6op. 
BuJieTAa xaMMacu Sy jinS  20 caBOJi Sop. AtJioHH Qapna 20 Ta caBOJira 
>KaBo6 6 epa  OAaAH, « t Y p t h h »  16 Ta caBOJira, « y H H H »  10 Ta caBOJira, 
« h k k h h h »  5 Ta caBOJira >KaBo6 6 epa  o a a h . T aB aK Ka jin ra  HaKnpnjiraH 
Ta j iaS a  3 Ta csB cw ra  >KaBo6 SepAH. B y  TaJiaSaHHHr « h k k h h h »  3K3HH 
3XTHMOAAHTHHH TOnHHT.

27.4. BHTTa yK  y3nm A a HnmoHra TeKKa3nm s x t h m o a a h t h  0,8 ra 
TeHr, 100 Ta yK  y3.raHAa 75 M apTS  HnuioHra Tern m  s x t h m o a a h t h h h  
T onHHr.

27.5. A r s p  6HTTa y K  y3H iU A a  h h u io h t s  T e r n m  s x t h m o a a h t h  3/4 ra  
TeH r 6 y j i c 3 ,  3 t s  y K  y3HLUAa H H m oH ra  T e rn rn j i s p  c o h h a 3 h  H S o p a T  6 y j i r 3 H  

X  T3C0AH({)HH MHKAopHHHr T3KCHM0T KOHyHHHH B3 F  (x) , M  (X)  , D (X)  , 
a(X)  JiapHH TonHHr.

28.1.  M e p r a H  y H ra  K ap a6  x a p a K a T  KHJiaehraH H H inoH ra  KapaTa yK 
y3aAH. B h p h h h h  yK  y3Huma HHmoHra T e r m u  s x t h m o j i j i h t h  0,4 ra TeHr Ba 
y  x a p  6up KeHHHrn yK  y3HiUAa 0,1 ra  opTaAH. 3 Ta yK  y 3HuiAa hkk h  
MapTa HHmoHra TeKKa3H in  s x t h m o a a h t h  K aH Aa ft?

28.2. Typ j iH  6np xoHajiH’ coHAap 6HAaH HOMepjiaHraH 9 Ta 
>KeTOHHHHr 3 Tacn OAHHaAH. YAapHH KeTMa-KeT KyftraHAa e3HJiraH 
HOMepAapHHHr ycu6 Sopnm  T a p th 6 h a 3  *OH/iamHiUH s x th m o a a h th h h
T o n H H r .

28.3. T y p y x A a  2 «ai>AOHH»,5 «T ypTH H »,18  «KOHHKapAH» yKHHAHraH 
Ba 2 Ta « h k k h h h »  Ta j ia6a  yKHHAH. Bnp T aA a6a  HaKHpuAaAH. A r a p  
« a ,bAOHH» (} )aKaT 5 6axo ,  «T y p TH H » SnpAaft s x t h m o a a h k  SHAaH 4 eKH

5 6 a x o ,  k o h h k s p a h  yKHHAHran TaAaS a  sea SnpAaft s x t h m o a a h k  S h a s h

4, 3, 2 6 a x o  o a h mu M atA yM  6 yA ca ,  naKHpuAraH TaAa6a  5 eKH 4 63x0
OAHllIH 3XTHMOAAHTHHH T O n H H T .
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28.4. p ( y l ) =  0,7 6yACHH. A  x o A H c a h h h t  2100 c h h o b a 3  1000 M ap Ta

11V)i fiepHUIH 3XTHMOAAHTHHH TOnHHT.
28.5. HAHiu.ua 4 T 3 o k  B 3 6 Ta  K o p a  m a p  6 op. Y H A a H  K o p a  m a p  

■ H iK M a ry H H a  6H p H H -K e ra H  rn a p A a p  o j ih h 3A h ( K a H T 3 p H 6 coA H H M a cA3 H ) . 
l iy i iA a  H H K K 3 H o k  m a p A a p  c o h h a s h  n d o p a T  S y A ra H  X  t 3 Coahc[)hh 
Iv lllK A O p H H H T Ta K C H M O T K O H yH H H H  Ba  M (X) , D (X) , O (X) , F  ( x )  J ia p H H

lo l im ir .
29.1 Bnp  x h a  K ap T o^K aA a prs  1 AaH 25 ra n s  6yA raH  HaTypaA coHAap 

I'tHJirail. TaB3KK3AHra HKKH MapT3 6HTT3AaH (KaHT3pH6 C0AM3H) 
Kd pT04K3 OAHHaAH. X a p  HKK3A3 K3pT0HK3A3 T y 6  COHAap e3HATaH 
< IHI1IH 3XTHMOAAHTH KaHAaft?

29.2. 4 TaAa63  6np x h a  Aa6opaTopHH nmHHH xHCo6AaftAH. 
.VjiapHHHr x a T o ra  ftyA Kyftnm 3x t h m o a a h k a 3 P h moc  x o a a s  0,2; 0,3; 0,1; 
0/1 ra TeHr. A m a a h  6nTTa TaAaSaHHHr x a T o rs  ftyA KyftnmH s x t h m o a a h -

I HHH TOflHHT.
29.3. 9  t s  KyTHra 10 TaA3H m s p  myHA3H c o a h h t s k h k h , h k k h t s c h a s  

.r> TaAaH o k  m ap , yMTacwAa 4 T3A3H ok  ui3p, T y pTT3CHA3 3 T3A3H o k  u isp  
fiop. T3B3KKaAHra 0AHHT3H m ap  OK 6 Ya h 6 HHKAH. B y  m ap  3 T3 o k  m ap
>K0HA3mTHp HAr3H HAHIUA3H 3K3HAHTH 3XTHMOAAHTHHH TOnHHT.

29.4. Y hhh  coKKacHHH 1000 MapT3 T s m A s rs H A a  t o k  OHKWiap 
700 MapTa Tym nm n s x t h m o a a h t h h h  TonHHr.

29.5. Y h h h  coKKacH 4 MapTa TauuiaHaAH. C o k k b h h  4 MapTa 
lau iAaHraHAa 6 o 4 k o h h h t  T y m n u i  coHHAaH H6opaT S y A r a u  X  TacoAH({)HH 

MHKAopHHHr TaKCHMOT KOHyHHHH Ba M ( X ) , D (X), a (X),  F  ( x )  AapHH
I OHHHr.

30.1. T y A 3  AOMHHO T0mA3pHA3H (28  T 3 ) T3B3KK3AHr3 6HTT8CH 
OJlHHaAH. Y hA 3TH 0HK0A3P HHFHHAHCH 10 AaH KHHHK, 3 A3H K3TT3 
fiyAHIUH 3XTHM0J1AHTH K3HA3H?

30.2. H A « m A 3  10 t s  o k , 15 t s  K ops  Ba 20 Ta k h 3h a  m ap  6op. 
KeTMa-KeT 3 Ta m a p  (KaHTapnS coAHHMaft) o a h h 3a h . U IspAapH H H r o k , 
KH3HA, OK KeTMa-KeTAHKAa HHKHUIH 3XTHMOAAHTHHH TOnHHT.

30.3. A c 6 o 6 A 3 p H H H r  30 %HHH lOKOpH M 3A3K3AH , 7 0 %  HHH ypT3Ha 
M3A3K3AH MyTaXaCCHC HHF3AH■ lO K O pH  M 3A3K 3AH  MyT3X3CCHC HHFTaH
ac 6 o 6 H H H r  HmoHHAHTH 0,9 r a ,  y p T a n a  M yTaxacoHCHHKH s e a  0,8 ra  TeHr. 
O AH H raH  a c 6 o 6  h iuohm jih  6yj\w6 h h k a h .  Y h k h t  i o k o p h  M aAaK aAH  

MyTaXaCCHC T a f t e p A a ra H H  s x t h m o a a h t h h h  TonHHr.
30.4. A r a p  p ( / l ) = 0 , 8  6 yA ca ,  A  xoAHcaHHHr 100 Ta c h h o b a 3 

80 MapTa pyfl 6 e p HmH s x t h m o a a h t h h h  TonHHr.
30.5. HHHAa 4 Ta ok  Ba 6 Ta Kopa m ap  SyAraH  HAHUiAaH 5 Ta m ap  

OAHHaAH. MHKKaH ok  m a p A a p  coHHAaH H6opaT SyAraH  X  TacoAH(})HH 
MHKAopHHHr TaKCHMOT KOHyHHHH Ba M (X) , D (X) , O (X) , F  ( x )  AapHH 

T O n H H T .



7- §. EoFJlHK,MaC TaCO,HH(|)HH 

MHKAOpjiap HHFMHilHCMHHHr TaK,CHMOTH.

Ta c o a H (})H H  a p ry M e H T  ( f jy H K iiH s iC H

14.7.1. A r a p  X  t s c o a h ^ h h  m h k a o p H H H r  xa p  6np  M yM K H H  S y j iran
KHHM3THT3 Y  TaCOAM (})HH M H K A O p H H H r  6 H T T a  M y M K H H  S y j i r a H  KHHM3TH 
m o c  K e j ic a ,  y  xcu iAa Y  hh  TacoAH(j )HH a p ry M e H T  X  h h h t  (byHKUHHCH 
A eH H J ia A H  B a  Y = ( p ( X )  K y p H h h i h a 3 m h j i s a h .  1

J .  X  A H C Kp e T Ta c o A H tjjH H  M H K A o p , x k —  y H H H r  M yM KH h  Q y j i r s n  
K M H M a T jia p H  S y jiC H H , y  x o jiA a :

а )  a r a p  K = t p ( A ' )  —  m o h o t o h  (| )y  h k u h h  6 y j i c a ,  y  x o a a 3 K  T a co A H c b H H  

M H K A O p H H H r  M yM K H H  S y j i r a H  K H H M a T J ia p H  yk =  y(xk) T e HrA H K A 3 H  

TOnHJIHO, A  Ba  Y  J I3 p H H H r  MOC K H H M a T J ia p H  3X TH M 0J IAH K J iaPH  T e H r  
o y j i a A H ,  h t>hh

P { Y  =  y k) = P ( X  =  x k).

б )  a ra p  Y  =  < f ( X )  —  m o h o to h  S y jm a r a H  c fiyH K U H H  S y j ic a ,  X  h h h t  
T y p j iH  K H H M a TJ ia p H ra  Y  h h h t  6h p  x h j i  K H H M a TJ ia p H  moc k c j ih h jh  
M yM KH H . B y  x,0JiA a Y  h h h t  M yM KH H  6 y j i r a H  K H H M a TJ ia p H  sX T H M O J U iH K jia -  
P h h h  ro m im  y n y H  X  h h h t  Y  6h p  x h a  K H H M a T jia p  K a S y j i  K H J ia A H ra H  
M yM KH H  O y jira H  K H H M a TJ ia p H  3X TH M O JIJ IH K J ia p H H H  K y U IH L U  Ke p a K .

^  y3JiyKCH3 TaCOAH(})HH MHKAOp 6y j iu 6 ,  3HHJIHK (} )VHKU,HHCH f ( x )  
o y j i c H H ,  y  x o j i A a :  '

a )  a r a p  y  =  cp(x) m ohotoh ,  AH(J>(j5epeHUHajJAaHyBHH (byhkuhh 
6 Yjih6, TecKapn 4>Y hkuhhch x  =  ̂ ( y )  Sy j ica ,  Y TacomH(})Hft mhkaopHHHr ! 
g ( y )  3HMJIHK (pyHKUHHCH K y H H A a  TH T e H T A H K A a  H T 0 H H A 3 A H : !

s ( y ) = f [ ^ ( y ) ] - W ( y ) \ .  j

3 r a p  y  =  i^ X )  M H K A O P  X  HHHT M y M K H  H S y j i r a H  !

0 P 3 ™ H P(H r r f r F H i l a  M 0 H 0 T 0 H  S y ^ a r a u  c ^ h k u h h  S y j i c a ,  y  x o j i A a  6 y  ' 
Z n  ( f a n  t  m o h o t o h  S y j i a A H r s H  o p a j i H K / i a p r a  S y j i H i u  B a  !

° PaJ7HFH y4yH 3HqjIHK 4>yHKUHHCHHH TOI1HIH, 
C y H r p a  g ( y )  hh  HHFHHAH UJ3KJ1HA3 T a c B H p . i a u i  K e p 3 K ,  H-bHH

g ( y )  = 2 g k ( y ) .

K,  A r a p  \  Ba Y  T a C 0 A H ( }) HH M HKAOpjiapHHHr MyMKHH S y j i r a H  X 3 P
6 « P  * y ( , T „ r a  Z  T a c o m a  » » K f l o p „ H H r  « y „ K „ «  S i „  2
K H H M 3TH  MOC KeJICa, Z  M H K A O p  H KK H Ta  X  Ba Y T c t c o d u c b u u  d t tP U  

M e H T J ia p H U H Z  <pyH KHU X C U  A eH H JI3A H  B3 6 y  K y H H A 3 r H H3 e S H A B A H :

Z  =  CP ( X ,  Y ) .

7  ^ HCKP eT TaCOAH(|)HH MHKAOpjlSp 6 0 FAHKM 3 C SVACHH
(J )yHKUHHHHHr T3KCHM0THHH TOHHUI y q y H Z  HHHT MYMKHH 

S y j i r a H  6 a p q a  KHHMaTJiapHHH t o u h u i  K epaK , 6 y HHHr y q y H X  h h h t  x s p  

6h p  MyMKHH f i y j i r a H  k h h M 3t h h h  Y h h h f  C a p u a  mymkhh s L S S

Ky qHKHUJ KHC})0H- Z  HHHr TOnH ^ ra H MyMKHH S^jiraH 
K 3 T J I3PH  3X,THMQnAHKJI3pH X  Ba Y  HHHT K y U J H J ia e T r a H  K H H M aT J iap H  
3 X T H M 0 J iJ ia p H H H H f K y n a H T M a c H r s  T e H r  6 y j i 3 A H .
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2, X  Ba Y  —  y3AyKCH3 6 o f a h k m 3 C  TacoAHtJjHH m h K A o p A a p  6yjiCHH Ba 
,i H r>v j iM araH A3  y j i s p A a H  6h p h h h h t  3 h h j ih k  4>yHKUHHCH ( —  00, +  00) 

up iu iH KAa 6h t t 3 ( } ) o p M y j i3 S h j i s h  SepH J irsn  6v j i c h h .  Y  x ;o j ia3 Z  =  X - \ - Y
l l l l l  M HAH HHHT 3HH JIH K (J)yHKU,HHCH K Y H H A3 rH  4»0 p M y A 3 0p K 3A H  T O n H J ia A H :

g ( z ) =  J f i ( x )  - f 2{z — x ) dx
--- X)

«*l' H
00

g ( z )  =   ̂ f i ( z - y )  - h ( y) dy,
— cxj

n v  c p A a  f i ( x )  B a  f 2 ( y ) — X  B 3 Y  h h h t  3 h h a h k  c f iy H K U H H J ia p H .
H 3 0 X -  A r a p  a p r y M e H T J ia p H H H r  M yM K H  h 6 y j i r a n  K H H M a T J ia p H  

m ;i h (J)h h  Q y .T M a c a , lO K o p H A a rH  c {)o p M y ji3 .J ia p  K y f lH A a rH H a  e 3 H J ia A n :

z

g ( z )  =  \f l (x) f,2(z — x ) dx
0

OKU
2

s ( z )  =  \f i ( z — y)  ■f2{y)dy.
0

1- M H C O J 1 . X A H C K p e T  T a C O A H (j)H H  M H K A O p  y m 6 y  T 3 K C H M 0T  K O H y H H  

O H A a H  6 e p H J ir a n :

X 3 6 10

p 0,2 0,1 0,7

а) Y =  2 X + \  TaCOAHC^HH MHKAOpHHHr TaKC H M O T KOHyHHHH TOHHHr;

б ) T a K C H M O T  ( py HKUHHCH G (y)  HH TOHHI IT.

E u h lii . a) Y =  2 X +  1 T a c o A H ( f ) H H  M H K A O p H H H r  M y mkhh H yjiran 
KH ii M 3 T .1 a  p H H H t  o n  a  M H 3:

y, = 2 - 3 +  1 = 7 ,  ^  =  2 - 6 + 1  =  13, 1 / 3 = 2 - 1 0 + 1 = 2 1 .
Y =  c p ( x ) = 2 x + l  (j)v hkuhh mohotoh ycyBMH, my hhh f yqyH x  irnur 

TypjiH MyMKHH SyjiraH KHiiMax.iapurs Y hhh f TypAH KHHM3TJiapH moc 
Ke.naAH. Y hhh f MyMKH h S y /ira ii KHHMaTJiapH 3X,THM0JiJiHKJiapHHH 
t  on a m h 3 :

P ( Y  =  7) = P ( X  =  3) = 0 , 2  
P ( y =  13) = P ( X  =  6) =0 , 1 ,  

P ( y  =  2 1 ) = P ( X = 1 0 ) = 0 , 7 .

Y HHHT Ta K C H M O T  KOHyHHHH e 3 a M H 3 !

Y 7 13 21

P 0,2 0,1 0,7
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6 ) TaKCHMOT 4)yHKUHH('H (/'(//) !iH IO i ia M H 3.

G ( 7 ) = P ( K < 7 ) = 0 ,
G ( 1 3 )  =  P ( K < 1 3 )  = P ( Y  =  7 )  = 0 , 2 ,

G ( 2 1 ) = P ( r < 2 1 ) = P ( K  =  7 ) + P ( y = 1 3 ) = 0 , 2  +  0 , l = 0 , 3 ,  
y > 21, G ( y ) = P ( Y <  2 1 ) = P ( y = 7 ) + P f K = l 3 ) + P ( y = 2 1 ) = 0 , 2  +  
+  0 , 1 + 0 , 7 = 1 .  r

UlyHAaH k h j ih 6,

0, a r a p  ;/ s ^  7,

0,2, a r a p  7 < / / s C  13,
G ( u } —

0.3, arap 1 3 < t / ^  21,

1, a r a p  / / >  2 1 .

2- MHC OJ I .  X  TaCOAHCfjHH MHKAOp KyHHAat'H TaKCHMOT K,OHVHHI'a 
a r a :

X 0 1 2 3

p 0,1 0,3 0,4 0,2

а ) 'Y— TacoAHcj pHi i  MHK/iopHHur TaKCHMOT ko h yh h h h  

T o n H H r .

б )  M ( X ) , D ( X ) ,  o ( X ) ;  M ( Y ) ,  D ( Y ) ,  a ( 7 )  JiapHH x n c o fijia n r.
E  H H III. Y H H H r  M y M K H H  S y j i r a H  K H H M a T J i a p H H H  T O I i a M H 3 :

y .  =  s i n ( ~ . 0 j + i  =  1, y2=  s i n (— • 1 j +  1 = 2 ,

«/ 3 = s in (-| -2 )+ l  =  l, «/4 =  s i n ( y . 3 ) + l = 0 .

uKypH H H6 TypHfiflHKH, X  HHIII' TypjlH  KHHMaTJiapHTa Y  HHHT 6np  XHJI 
KHHMaTJiapH MOC KeJIflriTH.

0 , 1,2  Y  HHj-ir MyMKHH S y jira H  KHHMaTJiapH. B y  KHHM aTjiapra moc 
3XTHMOJIJlHKJiapHH TOnaMH3 :

P ( y  =  0 ) = P ( X  =  3 ) = 0 , 2 ,

P ( Y = l ) = P ( X  =  0 ) + P ( X  =  2) = 0 , 1  + 0 , 4  =  0 ,5,
P  ( Y  =  2 ) =  P  ( X  =  I )  = 0 ,3 .

Y HHHr H3JiaH aeTraH  ts k c h m o t  K onyiin  KVHHAarn KypHHHLUAa 
S y j i a A H :

Y 0 1 2

P 0,2 0,5 0,3
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,, i|| A' t = 0 - 0 , 1 + 1  • 0 ,3  +  2•  0,4 +  3 • 0 ,2  =  ! ,7.

i m M  =  A1 (A " - )  — M 2( X)  = 0 + 1  ■ 0 ,3  +  4 - 0 , 4  + 9 •  0 ,2  —  1,72 =  0,81

ii i — y0,81 =0 ,9 ,

,\11}  ) — 0 + 1  • 0 ,5  +  2 • 0 ,3  = 1 , 1 ,

M l  Y)  = 0 +  I 2 -0 ,5  +  2* - 0 , 3 —  1,12 =  0 ,49,

,,, y , == o,7.

A i'i h c o j i  . X  Taeo;uu j}M H m h k a o p  (  -  y ,  y ^  o p a j iH K A a  rcK.nc T aK -

, a . i r a n .  Y =  s in  X  raco A H (j)H H  M H K j,o p F in n r 3 h 1u h k  ({jy n K U H flc n  g(y )  
s i\ ), iniir.

1; ’ ! H  IU . X  TaCOAH<j)HH M HKAOp ^ —  £•, —  ̂  O p a J IH M a  TeKHC T3 KCH M-

: m n a n ,  m y h h h t  y ' l y i i  X  TacojiHcJjufi m h k a o p h h h t  ;ui(J)(|)epennHa.Ti 

‘ pVIIKUHHCH f ( x )  ( 3H4JIHK (|)y HKU.H5ICH) 6 y  opaJIHKAa KyHHAaTH KVpH- 

t ' l i ' i i r a  a r a  f iv j ia zu i :

/ W = T = r =  , ■HO
f>y opa . iH K Aa H rau iKapHAa sea f  (x) =  0 SyjiaAH. y = s i n . Y  ( } )yh ku h h  

(  ~  V  y ) ° P a *1HKA a m ohotoh , aeMaK, Tccnapn (f>yHKUHHra ara, htjHh:

x =  t y ( y ) =  a rc  s in  y. 

if)(f/) xocHJiaHH TonaMH3:

V ( « / ) ( 7 4 -  maKJi).

g(y )  3HHJIHK c[)yHKU,HHHH g(y )  =  /[l|)(y)]X 
X l V ( y ) !  4)opM y-,ia 6yHHHa x,HCo6jiaH-
MH3:

g ( y )  = -
V  i ■ n V 1 —y2

y =  s in x  e a  —  y < x < y  S y j i r a H H  yn yH :

— \ < y < L \ .  U iy H A a f t  k h j i h 6 ( — 1, 1) 
opaJ iH KAa:

g ( y )  = -----J = = ,
n V 1 — y

6 y  opaJ iH KAaH  T a u iK a p H A a  g(y) = 0 .

521


