MHTeMHTHKIii* nacpeapacH, ToulKem j.ioKrpoTcxiiHKa alioKi HHCTHry™|
«CXnnA mtififmhthKa» Ka”eapacH waMoaliapnra, ra\pnp “athi.aimhhul
ab3<viapn, AOUeHTliap E. M. XycaHfioeB, P. >K Hcomob, A|K Qmohob
Hi, P. Xyppa mobjiapra y3 MHHHaTAopMHIinrnmi 6hjiZihpajlii hh yjiap
HHHr fioMHHiiaT Mex,HaT.,'iapnnn 3bTnpoc}3 3THIUHH y3HHHHr flyp'in Ae®
fln;ia;ui. |

/lapcjihk KaMMH~HKlJiapaaH xojih 3Mac, aliCarra. Y hH Huaaa Ta-
KOMHIJiliaiUTHpHiiira KapaTHAraH TaHKHAHH c()HKp Ba MyioXaaaliapHM
cnilKHiiHJiAan SHIJiAHpraH xaMKacS yproKliapra MyajuiHi}) MAHHAan
J/3HHHHr HAHK. xypMaTHHH Ba TallLiaKKypHHH SHIIAHpaAH.

M yaAAucf?

I- 6 06

MH3HMH AJLTEBPA BA AHAJIHTMK TEOMETPHH
3J1EMEHTI1APM

I-§. MkkhhMM Ba yMHHHH TapTHSjIH AeTepMHHaHTJiap.
AeTepMHHaHTjiapHH Xx,HCo6jiaw. AeTepMHHaHTjiapHHHr acocnfi
xoccajiapn. FOkoph TapTH6jiH AeTepMHHaHTjiap.

111 Typrra coHAaH HeéopaT

ail al2
&\ ™2

KBaApaT >K3AB3A UKKUHHU TdpTu6AU KBddpdT MdTpulrd AeHHlJiaAH.

Hkkhhhh tspthSjih KBaApaT MaTpnuara moc KejiyBMH ukkuhhu
raprudAu derepMUHam Aeé6 KyftHAarH 6ej\m Ba TeHrjiHK 6 hjish
HHHKA3HYyBMH COHT3 3HTHII3AH :

aual2
= aua22--
do | Cloo
IllyHra yxuiaui yuiSy
alla\xai3
a2la22a23 _ Qllaza33+ai2a2all+ aliaai

a3\ a32a 33

— 3102271 3— d2\d\2d33— d32d23d ||

M|>ojia y'iUHHu Tapru6Au derepMUHdHT acAhjisah. By HcjjoAara MycSaT
Hlliopa fiHliaH KHp3AHT3H X3p 6np Kyil3HTM3, X3MA3 M3HHH
HliiopallH KynaiiTMSJiap KynaftTyBMHliapHHH 3Aox,HAa-3A0X,HA3  riyHk-
THp MBHKlliap epAaMHAa TyTaLUTHpHS, WWHHVH TapTHdAH AeTepMH-
nanTliapHH \nco6jiaui ygyH xothpaAa ocoh C3KA3H3AHraH «yq6yp-
HaKAap KOHAacH»ra 3ra 6yA3MH3 (1-makKiji).
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kOjihH Mi'n"'
a i, uiliiil'ii,
m r
nnin
fUl,;ialul

JIf In

ilAKHJUt
v ntiuiui

"Jr'H
</ v S <yv>
/v A

A V'H
1- iuaKli

ilo-ropMHiianT mk 3JieMeHXHHHHr M ik Munopu fle6, Iluv fleropMH-
uaHT/taii 6y ajieMeHT xypraH Kaxop Ba ycTyHHH ygHpHm Haxnwaoma
XOtHji 6yjiran /texepMHHaHxra aftxmiaflH.

/IEXt'pMHHaHT Uit 3lieMeHTHHHHr 3JTre6paHK Tyjl/IHpyBHHCH

At = i-\)i+kMik

MynocaSax 6hjish aHHK,JiaHaw.
1.1.2. ZlexepMHHaHXJiapHHHr acocnn xoccajiapH-

cy3tr;v°«rspM™™asM"rgsa“,ja caTpj,ap m

" n >™ @GN o«

y-2 3a™ Z T ®&IFTS "™ T

6 }& "apa" “ ¢ ™pra »™

aeT r 3 °P6*r "* ~

a » i ™ M N r r OP—

KALYBAHAHFAHCANSA £aT°PH™ Hr ~aP 6hP 3"eMeHTH HKKH

S S S AN g N n S S
all~21 blal3 a alanB a3
a2 @2~(-"2a28 = gdaPaB + aAb2<3
ada32+"3a3 aldiaPa3s as\b3a3

6

K) ariip ;uvrepMHHaHXHHHr 6npop Kaxopn 3lieMeHxjiapHra na-
lui.i.ikvi  KiiTopiiHur moc 3lieMeHXliapHHH 6npop y3rapMac coHra
kVim(1thpHfl KyiiiHlica, AexepMHHaHXHHHr khhmbxh y3rapMafiAH. Maca-

aMa2a\3 a,i a, 2 «13
a22a?23 = a 2i a 22 a 23
«;SI a 32a33 a 3\~\~"a W a32lr™ a X2 a334" ~a I3
l.1e («X«) X3 coH/iaH H60p3T yuiby

a, al2- .a
aA az .a
a3 aPe -a

Ladd arg- -a

iHiijtfiHli n- tclptubau Keadpar MaTpui{a nefiHliajui. YHHHr n- Tapru6Au

<h'i'pMUHaHTu ne6 nynnjiarn 6e”~rn B3 xchtjihk 6HJiaH shhmshvbhh

I'onra aftxHIJisAH:
a,, aAi2 * e «|n

_ a2l a2 - = axh
A= — aUA u-\-aA X\ ... -f-alm,,.

a,i ar m am

m.1.2 63HAA3 Ke/ixHpHliraH xoccsjisphhht X,aMMacH HCxajiraH
XapxHSjiH AexepMHH3Hxra xernuiliHAHp. HxraepHH xapxH6jiH AexepMH-
ilanxnH XHCo6jiauiHHHr hkkhxs ycy/iHHH Ke./rrHpaMH3:

1 /lerepMUHaHT TapTuduuu nacaurupuui
finpop K3XOPH 3lieMeHXII3pHHHHr 6HTX3CHfI3H 60UIK3JI3pHHH QIAHH-
;um Honra aHliaHxnpHS ojin6, my Kaxop SyHH”a eiiHiu ycyjiH.

1-MHCOUI.
3 -1 12 8 3 -1 12 8
- "5 3-34 -23 4 0 2 1
1 1 3 —7 4 0 15 1
—9 2 8 -15 -3 0 32 1
4 2 1 4 2 1
( 1y 4 15 1 - 0 13 0 — 0 B3 a
—3 32 1 —7 30 0 -7 0

yCYAU — AexepMHH3HT
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o nyronununm'Hu uhOudvuk KupuHuuiea neATupuui

pHlia/w nil y«ifiy|)miikcHMoH uiaKlira KeliTHpHJiaAH, MacaliaH

avl a2 = &5

0 32 ® . aon

ycyjiu

;io-

PaBiuaHKH yqSypgaK uiamiHAarH AeTePMHHaHTHHHr KHHMaTH 6ow

AHaroHaliliapH SlieMeHTliapH KynafltMacHra xeHr.

A = aw -022- ~CLnn-
2- MHC OlJI-
1 2 3 4 1 2 3 4
0 2 5 9 0- 2 5 9
A = 0 0 3 7 0o 0 3 7
2 _a 6 0 o 0 0 8

l-dapcxona TontuupuFU

1 Ymhhmh t3Pth6jih AeTepMHHaHTliapHH y<i6ypnaK KOHAaCHAaw

4>oiiAaliaHH6 xncoSjiaHr:

3 -2 1 2 -1 3
a) -2 1 3 ;6) "2 3 2 b)
>K: a) — 12; 6) 0; b) 87.

2. AeTepMHHaimiapHH TaPTH6HHH nacaHTHpHiu ycyjiHAau 4)OHAa-

Jiahh6 x,HCo6JiaHr:

>K: a) — 2; 6) 0; b) 16.
8

1.2-3-8

48

3. /Ic'Ti'pMHHaHTJiapHH yHSypnaK maKliHra KejnHpnS XHeoSjiaHr:

2 3 -3 4
2 1 -1 2
a)
6 2 1 0
2 3 0 -5
>K: a) 48;

1 -2 5

1 -1 7
6)

1 3 3

1 2 3
6) 20.

9
4
4
4

4. [JeTepMH HaHTliapHH ojiahh coAAaliauiTHpH6, KefiHH x,HCo6jiaHr:

12 O
X2-\-a2 ax 3 2 3
a) y2+az2 ay 6) o 4 3
z2-\-a2 az 0 0 5
0 0 O
>K: a) a(x

1

a
i)

o & » O O
o o o o o

1 1 1
b c d

a2 b2 c2 d2
a3 b3 ¢33 d3

—Vy) (y—2) (z—X); 6) 640;
b) (b—a) (c—a) (d—a) (c—b) (d—b) (d—c).

I-MycraKfUA uui

.HeTepMHHaHTjiapHH XHeoSjiaHr:

1 2 3 —2
2 -1 0 1
3 4 1 2
2 —1 2 0
—4 -3 5 —2
5 2 3 4
3.
1 8 1 —
5 —2 3 8

>K:120.

>K:24.

>K:192

2- 8 Hkkh Ba yw HOMai=jiyMjiH hh3hmh TeHrjiaMajiap cncTeMacH.
KpaMep K,OHAacH. Taycc ycyjiH

1.2.1. Hkkh HOMaNiyMjiH HKKHTa hh3hkjih TeHrjiaMajiap cncTeMacn

Janxx+ axX2=bh
\a2xl+ a2x2=Db2

HHHr 60Ul AeTepMHHaHTH A

a \i a \2

aZla22

9

== 0 6yjiraHAa,

nroHa e”HMra



ara Ba y KpaMep kohahch fiyftH-ia KyftHAarH

X,HCo6jiaiiaAH:

AX
X, = —— X2
6y epAa
bi A2 la, 6,
A, = A& =
b2 02 l «21 b2
Arap A= 0 Ba uiy 6HliaH finpra Av A*  lJiapAaH

HOlira TeHr 6yjiMaca, CHCTeMa eHHMra ara aMac.
Arap A =

Kyn eHHMra ara SyjiaAH.

cfcopMyijiajiap (Shjihii

aKaliliH

A2

6HTTacH

AN=AN=0 Syjica, y X,0jiAa eepHiliraH CHCTeMa neKCH3

1.2.2. Yh HOMa'bliyMJiH ywa mh3hkjih TeHrjiaMajiap cncTeMacn

QIMI-|-AlK.2+ a13*3= b1,
azi*i+ a22*2+ a2Bx3z=b2

a3IXI-\-a3X2 | a3X3= b 3

HHHr 60iU ACTepMHHaHTH
a,i a,2iz13

A = a 2] ~22 f123

a3ial2ad’

SyjiraHAa aroHa eHHMra ara 6yjiH6, 6y eHHM KpaMep

SnjiaH x,HCo6jiaHaAnN:

xi _Ax « = Axg
K, = ><2—~ A A
6yHAa

bl ax fl13 a, 1l bi
A = b2 420 a2z , A,2= a2 b2
b-i a32 a33 a 3i b3

A, ang az2

a 31 °32

c{)opMyjiajiapH

0 Ba Ax, A, AN AeTepMHHaHTlJiapAaH aKajuiH 6HrracH
iiiuiAUM  (JinpMH 6yjica, y xojiAa SepHliraH CHCTeMa eHHMra ara
rtViiMn fl/m iia 6y CHCTeMa SupeaAuxda dyAMaean cucreMa Aeb
ihmjui/Zui KaMHAa 6htt3 eHHMra ara SyjiraH CHCTeMa 6upeaAiiKdaeu
cm remu 406 aTa”aAH.

I mlleoji. Hh3hkjih TeHrjiaMajiap CHCTeMacHHH eHHHTr:

Amp A

"» Xt— 2% 2\-x3= — 4
m2>X\-\-2x 2— "~ 3= 8,

2x, 3x2-\-2x3= — 6.

I,'i hin. /leTepMHHaHTJiapHH TonaMH3:

1 — 2 1 1 -2 1
— 8 —4
A— 3 2 — 1 — 0 8 — 4 - = 4
2 -3 2 0 1 0 ! 0

/l,eTepMHHaHT A = 4~=0 SyjiraHH ynyH CHCTeMa nroHa eHHMra ara Ba

KpaMep 4>opMyjiacHHH KyliliaS, yHH TonaMH3:

—a 2 1
4 0
= a4 0 0o -—
2 1
2 1 o
1 1 — 4 1
20 -4
1 = 0 20 —4 -
2 0
2 0o 2 0
1 —2 _—a4 1o e
- 8 20
Ag= 3 2 8 — 0 8 20 L
2 -3 .6 0 1 2
2
Mo, = 4 2= =2, x3= 3.,

1-2.3. n Ta hoMaT=liyMjih n Ta hh3hkjih TeHrjiaMajiap CHCTeMaCHHH
n HHHr KaTTa (n > 4) KHftMaTjiapHAa KpaMep koha3ch 6hji3h ennui

P HeHT3 IOKOpH T3PTHOIJIH AHTepMHH3HTII3pHH XHCOSjiaUIHH T3IJI30
aTaah . Illy caoaSjiH, SyHAaft CHCTeMaliapHH ennuiAa Taycc ycyjiHAaH
(poHAajiaHHUj MaKcaAra MyBO()HK- By ycyjiHHHr moxhhth uiyHAaH
yHAa HOMatjiyMliap KeTMa-KeT ftyKOTHjmg, CHCTeMa yHgyp-
uiaKlira KeliTHpHliaAH. Arap CHCTeMa ynfiypqaKCHMOH
y htohs eHHMra ara SyjiaAH B3 yHHHr HOMaiwiyMjiapH
(CHCTeMa tokchs K?n
y TpaneuHH-

HuopaTKH,
H3KCHMOH
ui3Klira Kejics,
oxHprn TeHrjiaMaAaH 6ouuia6 tohhS 60Phji3ah.
eHHMra ara 6yjica, HOMa-wiyMliap KeTMa-KeT ftyKorajiran,
chmoh uiaKlira KeliaAH.)



2-m hooji. .Vinfiy

X|-f~x2-f-5x3+ 2 x 4= 1,
X \-j-%x2-\-3x3-\-4x4= — 3,
2X,+ 3x2+ 11x3 5x4= 2,

2X |-j-x2+ 3x3--2x4= — 3

MH3HMH TeHrjiaMajiap CHOTeMacHHH Taycc ycyjiH 6miaH eMHHr.

Et mh in. Hkkhhmh, ymhhmh, TypTHHMH TeHrjiaMaliapziaH x\ lJiapHH
flyKkOTaMH3. ByHHHr ynyH 6hphhmh TeHrjiaMaHH KeTMa-KeT — 1, — 2,
— 2 ra KynaHTHpaMH3 Ba moc paBHLUAa hkkhhmh, yMHHMH, TypTHHMH
TeHrjiaMajiap SHliaH KymaMH3. HaTH>Kajl,a yiu6y CHCTeMara ara
6yjiaMH3:

Xi+ x2+ 5x3-|-2x 4= 1,
2x 3— 2x4=14,
X2~h X3+ x4=0

— X2— 7X3— 2x4= — 5,

eKH
Xi~\-x2-\-5x3-\-2xi = 1,
x2+ x3-f~ x4=0,
X 27X 3\-2x4"=5,
X3 X 4==2.

Y mhhmh TeHrjiaMaaaH hkkhhmh TeHrjiaMaHH aftHpaMH3:

X t-|-x2-f-5x 3-\-2x4= 1,
X2/+ X3+ X4=0,
6X3+ x4=5,

*3— X4=2,

cyHrpa TypTHHMH TeHrjiaMaHH — 6 ra KynaftrapHS, yMHHMH TeHrjiaMara
KyuicaK, ynSypMaKlJiH CHCTeMa xochji 6yjiaflH:

X j4X2\-Sx3\2x 4= 1,
*2+ X3+ *4=0,
X3— Xx4=2,

Tx4= — 7.

liyiuum,
Xa= — 1,
xz= 2-f-X4= 1,
X2= — X3— X4= 0,
Xl = 1— X2— 5X3— 2X4= -2,

ly H/iaft khjih 6,

Xl = 2, X2= 0, X3=1, X4= — 1
2- dapcxona Tonuiupuru

1. Hh3hkjih TeHrjiaMajiap CHCTeMajiapHHH eMHHTr:

|2X, -)-x2= 3, (3X,—X2=2, (2XI—)—X2= 1,
6)
(8%, + 2x2=4; (6X, —2x2= 1;  {4x]jj-2x2==2:
x,— 2x2=0, 1— x2=2,
r
3x|-)-x2= 0, « E 1 +5x2= 0.
>K; a) xi 2, X2= 1, 6) CHCTeMaHkHr eMHMJiapn hvk' b) X,
HXTHepHH, X2= 1 2xi; r) xi =0, X2=0; a) x,= 1, x2= 1 *

z. whshkjih TeHrjiaMajiap CHCTeMajiapHHH eHHHr:

SXI Xy-— X =0, X\+ %2— 7~3=0,
a) xi+ 2x2+ 3x3=14, 6) Xj 6x2-)- x3= 0,
4x, -|-3x 2-)-2x 3= 16; s5-vI Xy-— X3=0j

3x| + 4x2— x3=8,

b) 2x:+ x2+ x3=2,

3X, x 2-f-2x3=0.
>K: a) *i= 1, X2= 2, x3= 3; 6) xi=0, x2= 0, x3= 0'
B) X|=1, x2=1, x3= — 1

3. TeHrjiaMajiap CHCTeMacHHH Taycc ycyjiH 6hji3h eMHHr:

X,—j-2x24- X3 —8,
J-eXy Xi % X2 3x3-)-2x4=6,
X2+ 3x3-f x4= 15,
Y ax x3f x4= 11, 9 e S
d X2~~ x 3+ 3 x4= 16,
xi~h x2+ 5x4= 23; 2%, — 3x2-j-2x3 =6

~AK.a) X\N— 1, *2 = 2, X3= 3, *4 = 4;
6) Jti= 8, X2= 6, X3= 4, X4= 2.

13



sreeeeeeeeeete-t— = TIBHR-

utu
. UmiiMii i i ' i n p tiim'MaliapmiH KpaMep KOHAacn 6pn'ia
H I I < K111111H1m
« il 13, 3jc|— x2+ 2 x 3— 5,
n e +2xv f 3xa-3, g X I-(-2x2— 4x3= 17,
2% 11 <1*A | m 10 2x,+ 3x2+5x3= 7.
2, IVniliaMaliap cwcTeMacHHH eMHHTr:
3X,+ 2X2— X3— 6,

'2x, X .j3x3=0,

3x ,+ x2— 2x3=0, g) 2%, —x2+x3=0,

5x ,4-x 2— 3x 3= 0 X, — 4x2+3x3=6.

>K: a) xi=0, X2= 0, X3=0; 6) xi= — 1, X2— — 1, X3— 1.

3. Hh3hkah TeHrjiaMajiap cncTeMacHHH Taycc ycyjiH SHliaH eMHHr
Ba TeKUIHpHHTr:

x ,+ 2x2— x3=5, 2x 1+ a2+ X3= 1,
2x ,+ x2— 4x3=9, 6) 3x ,+ 5x2— x3= - 1,
5X| — 2x 2+ 4 x3=4; X j—tx 2-]-3x3= 3;

"X, + 2X2— X3+ 2x4=4, 2X, 44— x3-4~x4=9,
2X, + 3X2+ 4x3— x4=8, 3x2 2x3{-3x4= 12,
S 5X, + Xx2— 3x3= — 7, 2X| §-x2 x3f-x4= 1,
*2+ X3— 7x4= — 5; 5x|-f-2x2— 3x4= — 3.

>K: a) xi=2, X2=1, X3= — 1;
6) xi =0, X2= 0, X3= 1;
b) xi = 1, X2=1, X3=1, X4=1,

r) xi = 1, X2= 2, X3= 3, X4= 4.

14

<1*|, MmpHUUJiap. MaTpwuajiap ycTHfla aiwajuiap.
MUTpHUaHHHr paHTH.
; Mmihmh leiiuiaMajiap CHCTeMacHHH TeKuinpHiu
“M IL  (iMUIHpiiiiiii m ra caTp Ba n Ta KaTopAaH HSopaT TyrpH
mXn yAHaMAu Marput®a AefiHAaAH. By

all a2 fli.
A = a2l a2 a2n
ami amz am

Mil|(MHHIn/iii - iHJiaAH.

Amp "i ' 16yjica, carp Ma.Tpuula, n = 1Syjica ycryn Marput®a, m = n
flyjii 11, MUidpar Marput®a xochji 6yj\aw- KBaApaT A MaTpnua yMyH uiy
MMT [iHiuiiiHiir 3lJieMeHTlJiapHAaH Ty3HlJiraH n-TapTn6jin AeTepMHHaHTHH
KlicoAjlnm MyMKHH. By AeTepMHHaHT det/4 eKH \A\ opKaliH SeArnAaHa-
/in:

a,, al2- .a

adaz- .a
= =

anlar2- -a

Arap delL4 = 0 6yjica, y XxoAAa A MaTpnua Maxcyc, det M5 0 Syjica,
MaxcycMac AeHHAaAH.

Bolh AHaroHaAHAa TypraH 3AeMeHTAapH Snpra, KOlJiraH 3AeMeHTAa-
pn HOlJira TeHr 6yjiraH KBaApaT MaTpnua 6upauk Marpui®a ne6 arajiam
Ba E 6njiaH SejirnjiaHaAH:

1 0 O [¢]
0 1 0 0
0 0 0 1

PaBuiaHKH, detf = 1.

Arap yAMaMJiapn 6np xha m Xn SyAraH hkkh MaTpnuahhht SapMa
moc SAeMeHTJiapH y3apo TeHr 6yAca, 6y MaTpnuaAap Tern AefiHAaAH.

1.3.2. Bnp xha m X « yAMaMAH A Ba B MaTpnuahhht uuFunducu AeS
yuia yjiMaMlin uiyHAaft C = A-\-B MaTpnuara afiTHAaAHKH, yHHHr xap
6np 3AeMenTn A Ba B MaTpnuaAapHHHr moc SAeMeHTAapH hhfhhahch-
AaH nSopaT 6yjiaAH.

m Xn yAMaMlJin A MaTpnuahhht X coma KynauTMacu AeS, yuia
yAMaMAarn B — X-A MaTpnuara afiTHAaAHKH, 6y MaTpnua SAeMeHTAapH
A MaTpnua 3JieMeHTJiapHHH X ra KynanTnpnuiAaH xocha SyAaAH.

15



tit\ It yji'iaMliH A MaTpHuanHHr k'Xn yjmaMlin B Marpuniwa
hifinilUTMacu Ae6, mXn yjinamjih uiyHAaft C=A-B MaTpnuara
iiitrivia/iHKH, yHHHr @ 3lieMeHTH A MaTpHuaHHHr i- caTpn sjieMemviapn-
iiH B MaTpHuaHHHr /-ycTynnAarn moc ajieMeHTjiapnra KynaHTMa.;uil)n
HHPHHAHCHTa TeHr, HtHH

dj= ai\b)j+ a-abu+ .. -\-aikdl.
Arap AB = BA syjica, y xojihAa A Ba B MaTpnualiap ijpnu

aAMauiuHaduaan eKH KOMMyrarue Marput®aAap AeHHliaAH.
1-mh Coji. Yuiby

1 m 2 —r
A 8= -1 3
4 -5 .

MaTpnualiapHHHr AB Ba BA KynanTMajiapnHH TonnHr.
E mh ui. AB MaTpnua 2X2 yjmaMra ara SyjiaAH:

r 2 -r
AB = -1 3 =
4
4 -5

(3-2+ 1(—D+ (—2)4 3= 1)+ 1-3+ (—2) =(—5)
(2-2+ (—4) -(—1)H-5-4 2= 1) + (—4) 58+ 5= (—5)

ik K &
BA MaTpnua 3X3 yjmaMra ara SyjiaAH:
2 -1),
BA =
4 11t2 -4 5"
2-3+ (- )2 211+ (—1)e(—4) 2-(—2)+ (—1).5"
(—1)-3+3-2 ( 1) <1+3(—4) (—1)-(—2)+3-5 =
43+ (—5)2 4-1+ (=5 (—4) 4-(—2)+ (—5)-5 ,
4 6 - 9
= 3 -13 17
2 24 —33.

AB=7"BA fiyjiraiijinni ca6a6jin A Ba B MaTpnualiap KOMMyTaTHB 3Mac.

1.3.3. Arap KiiaApax MaTpnua MaxcycMac Syjica, Yy Xx,0liAa
AA~I—A~'A —I: TCiirliHKiiH KanoaTliaHTnpyB~n jiroHa A~ MaTpnua
MaB>KyA SyjiaAH aa y A MaTpwuara recKapu Marpui™a AeHHliaAH.
A MaTpnuaHHi-ir A 1roCKapn MaTpnuacH KyftnAari-ma annKliaHaAn:

16

Uy ppAa Ak A MaTpnua AeTepMHHaHTn &M SlieMeHTHHHHr ajire6pank
iyjiAupyBMncn.
2-mh c 0ji. BepnjiraH

fl 2 —1
A= 3 0 2
4 -2 5

MaTpnuara TecKapn MaTpnuaHn TonHHr.
Emhui. MaTpnuaHnHr AeTepMHHaHTHHH x,Hco6jiaHMH3:

1 2-1
dt/1= 3 0 2 =1-4-2-7—1e(—6)= —470
4 -2 5

AeMak, A MaTpnua MaxcycMac MaTpnua 3kah. 3hah Aik ajireSpank
TyjlIAHpyBHHJiapHH XHCO6jiaHMH3I

2 2 —1 o oaal 271 L
= = = ——8 Ad— ;
Au=_, g 2 2 5 0o 2

3 2 -1 g t-t ]

Al2— — 4 5 — —7; Az— 4 5 8 3 5 )
3 0 1 2 2

AM3— 6, An — = -6 .
4 _2 4 —2 3 0

TecKapn MaTpnuahh Ty3aMH3:

"4 —8 -4 1 2 1
A~'= —7 9 -5 = 7/4 -9/4 5/4
.-6 10 —6. . 3/2 -5/2 3/2.

AA "= A~IA=E 3K3HHHH TeKUIHpHUI MyMKHH.
1.3.4. n Ta HOMatliyMliH n Ta mhshkjih TeHrjiaMajiap OHCTeMacH



a,x, | a.jyf
anx\r afx2\ = + adx,= b

.anX 1+ fi22+ - & nnX bn

IIH MIIT|)HHa KypHHHIUAa

AX =B
k;i6h (;3hiu MyMKHH, 6yHAa

a ii a 12 e a,n
A= «2l fl22 e« akh

. anl arQ

X b

X2 b
X = , B =

Xn . b

Arap A MaxcycMac MaTpnua, ntshn det/4"=0 Syjica, y xojiAa 6y
CHCTeMaHHHr MaTpnua uiaKjiHflarn cmhmh yuiSy KypHHHUira ara
6yjia/iH:

A~'B.

1.35. A MaTpHuaHHHr pamu ae6, yHHHr Ho/i"aH cbapKJliH mmhoiwihdh-

..him-Karra rap™6,ra aSr*aAH Bay rang {A) KaVto,™ "a S,

pulzPZ T LSZ Mn aAtaa'T™ "'m't< MMenTop a“Mumru-

a) ()aKaT HOJiapAaH HfiopaT caTpHH (ycTyHHH) yHHpmu-
6 HKKHTa CaTpHHHT (yCTyHHHHr) ypHHliapHHH allMaiUTHpHUI;
n) Onp carp (ycTyH)hhht 6apna alieMemviapHHH 6npop KvriaH-

u,ryurlrmjl—, Kylli"m'PPh6>6°ujKa caTp (ycTyHHHHr MOC aneMeHTJlaPnra

I) carp (ycTyn)HHHr 6apna alieMemviapHHH HOJuaH (bapKliH 6hd
xhji coiira Kjhiahth pniu. "
nr 3jlcNle ITal) a”auiTHpHiujiap MaTpnua paHTHHH y3rapTHpMafiAH
lily caoaojiH, a/ieMem-ap ajiMaumipHmyjiapAaH cj)OHAajiaHH6, Ma-rpnua-
hh Awaroiiaji aneMOHTJiapHAaH TauiKapH 6apqga ajieMemviapH HOlira
TeHr oyjia;mraii KypHimuira KejiTHpHM MyMKHH. By Xxojira MaTpnua

6”~aAHAHarOIUi,,i;UlIH HCWra T6Hr 6yjlMaraH 3JleMeHTliapH coHHra TeHr
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1l mncoji Mdipuna paHTHHH TonHHr:

0 2 —4
—1 —4 5
3 1 7
0 5 -10
2 3 0
MIMI.' mh in Ma rpHua ycra”a ajieMem-ap ajiMauuTHpHiujiapHH 6a>Kapa-
"0 2 —4 14 —5"
-1-4 5 2 3 0
3 1 7 3 1 7
0 5-10 0 2-4
.2 3 0. 0 5 -10.
1 4 —5 1 4 -5 1 0 3 1T 0 O
0 -5 10 0O 1-2 0O 1-—2 0O 1 0
0 -11 2 < 0 1-—2 0O 0 O 0O 0 O
0 1 —2 0 1-2 0O 0 O 0O 0O
.0 1 —2 0O 1-2, 0O 0 O. 0O 0 o.

X,ochji KHJiHHraH MaTpHuaHHHr paHrn 2 ra TeHr, AeMaK, SepHliraH

A MaTpHuaHHHr paHrn xaM 2 ra TeHr SyjiaAH:
136. KpoHeKep — Kanejijin TeopeMaCH. N Ta HOMaT.-

jiyMjm m Ta hh3hkjih TeHrjiaMajiap cncTeMacH

Il + a12*2+ - +aIan:b|:

0°2Ix I~\~a 22x 2~\~ “I- ®@2nX n=1b 2?

BRoxl+ amz2 + - + amxn=bm

CnprajiHKAa SyjiHiUH ywyH
rang = rangB

SyjiHUIH 3apyp Ba eTapjiHAHp. By epaa

aw a1 ee CL\n

a2l 422 eem a?2n

,@m\ a m2 me® Omn



CHCTeMciiiHur acocHH MarpHuacH,

all a2 ...aln b{
a2l a2 anh b2
.Om\ @ m2 LR R & mn & m

cHcTeMmaHHiir KenrafiTHpHAraH maTpnuacH. Arap rang A = n (Jyjica,
Y xo/iAa CHCTeMaHHiir AeTepMHHaHTH hqgaa3h (})apK,JiH 6ym6, Y mona
enuMea ara sSyAaAH; arap rang A<cn Syjica, Y xoAAa chctcms
(n — rang/4) Ta HxraepHH napaMeTpra Sofahk SyAraH neKCUd Kyn
cliHMra ara SyjiaAH.

Arap SapMs bt 030A xaAliap Honra TeHr SyAca, y xoAAa TeHrjiaMajiap
CHCTeMacH 6up okuhcau AeHHliaAH. ByHAaft TeHr~aMajiap cncrcMacHAa
Xap Aohm rang”™ = rangS, my caSaSAH 6hp whhcah CHCTeMa
SnprajiHKAa SyAaAH. Bnp =>khhcah TeHrjiaMajiap CHCTeMacmm xi=0,
X2— 0, X, = 0 KHHMaTAap KaHoaTliaHTHpaAH, JieKHH A MarpHnanHHr
panrH HOMai=lJiyMliap cohh n AaH khmhk SyAraHAa yHHHr ACTcpMH nahjh
no/ira TeHr SyAHS, CHCTeMa HOlJiMac eHHMra ara SyAaAH.

4-m hC 0Oji: YrnSy

4Xi+ 3R2—3x3— X4= 4,
3Xi— X2+ 3.X83— 2x4= 1,
3xi + X2 — X4= 0,
5X| +4X2 —2X3+ X4= 3

MH3HKJIH TeHrjiaMajiap cncTeMacH SnprajiHKAajiHrHHH atiHManr.
E4hm BepHAraH CHCTeMahhht A acocHH Ba B KenrafiTHpHAraH
MaTpH UaAapHHH Ty33MH3:

4 3—3-—-1 4 3-3-1 4

A= 3-1 3-2 _ 3-1 3-2 1
3 1 0—1 3 1 0-1 O
5 4-2 1 5 4—2 1 3

Carpjiap._ycTHAa TerHiujiH ajieMeHTap ajiM3iiiTHpHUIA3pHH SalKapnS, 6y
METpw najiapunnr pshthhh TonaMH3:

4 3-3 -1 4 1 2 -3 0 4
3-1 3-2 1 0 -2 3 -1 1
3 1 0—1 0 3 1
2

B
0 ~-1 O
p 4-2 1 3 3 -2 2 3.
1 2 -3 0 4 1 0 0 —1 5
0 -2 3 —1 1 0 -1 4 2 -5
0 -5 9 —1 -12 0O -5 9 —1 - 12
0 -1 4 2 -5 0O -2 3 —1 1

1 0 0—1 5 10 o —1 5
) 1—4-2 5 0 1—4 —2 5
0O 5 -9 1 12 0O 0 1 1n—13
0 2 -3 1-1 0 0 5 5 _11
'L 0 0 —1 5 10 0 0 42/11
0O 1 0 2 3/1 0O 1 0 0 29/11
0O 0 n mn 13 0O 0 1 1 - 13
.0 0 O 0] 56/11 0O 0 O 0 -56/711,
100 O O
0O 1.0 0o O
0O 0 nm1 1 O
.0 0 0O O -56/11

UJyHASH Kkhahs,

rangfi= 4, rangy4= 3, h~hh rangB rang/1.

JLOMaK, CHCTeM3 6npr3AHKAa aMac.

5 mhcoa. ymSy

3xj Ax2—x3= 0,
X1—3x2 5x3=0,
4X|+ x2+4x3=0

6«p >khhcjih CHCTeMaHH eMHHr.
E MHU. A MaTpHUaHHHT paHTHHH XHCo6AaHVHS:

3 4—1 '1-3 5' 1-3 5
A= 1-3 5 3 4-1 0O 13—16
.41 4 . .41 4 . 4 1 4
-3 5 -3 5
1-3 5
13 -16 13 -16
0O 13-16
13 -16 0 0

rmig/4=2<3 (3 —

/,OMaK, CHCTeMa
naiiTH

HOMatAyMAap cohh), MyHKH
1-3

A= = 13 =£ 0.
0 13

HOAMac eMHMlJiaprs ara bs CHCTeMSHHHr AeTepMH-

36+ 80—1—12— 15— 16=80—80=0



fiyjiraim eafiafSjin yjiap mckch3 Kyii/mp. CncreiviaHHHr ,a,acTjiabKH hkkh
TOHMMMNCHIlII CUIMH3:

I3 x|+ 4x2— x3=0,
( xj 32“F6X3=0.
I>y chctomm;ui X\ jih ~a/wiapHH yHr TOMOHra yTKa3aMH3:
|'3x| + 4x2= x 3
Xy 3x2— i)Xq
By CHCTCMaHH KpaMep KOHAacH/iaH (})OHflaliaHH6 eMaMH3:

A= 13 4 __g_4=_13
.1-3 '
Ax. = X3 4
) _53.3 = 3X3+ 20x3= 17x3,
_ 3 Xk
Ax2= = — 15x3—x3= — 16x3.
- Bx-t
i . | 7x0
lllyiuaft kh/in6, X0 T 3. *2= |, X3=13/ syjiCHH (t-  HXTHe-

Phh  MyraHOCHSjiHK KO3(})(J))HUHeHTH). y xojwa x\= — I7t; X2=16/;

X.i— 13< t ra HXTHepHH KHHMaTJiapHH 6epH6, MeKCH3 Kyn cmhMliaphh
XOCHIJI KHIJIBMH3.

3—dapcx0na Tonuiupuru

Arap

2 1 -1
A= g- 210

K 1 —4 3 2 2
Gyjica, 1+ 28 hh xnco6jiaHr.

> +25= 2 ° 3
-6 7
2. YinfSy
1 0 2 o 7 1.
= 0 —13 Ba B= 3 2-4
4 0 5, 1 —3 5.
MaTpmuuiap OcpHliran. AB Ba ZL4 JiapHH ToriHHr.
4 1 1 "6 —7 30
>K AB = 0O —1 19 ; BA= -13 -2 —8
A3 3 29, 21 3 18

A1 Vnifty
3 1 2
A= -10 2
.1 2 1

iMiumt ii't itapH A ' MaTpnuaHH TonHHr.

f—4 2
3 3]
-2 1
4 Anil
4 —1 2
A = —1 1 1
1 3 2 —
0 4 3 0

OV.'ua, A hhht paHTHHH ajieMeHTap a”MaLUTHpHLUjiap epAaMHAa TonHHr.
>K: rang/1= 3.

5. TeHrjiaMajiap cncTeMacHHHHr SHpraliHKXia 6yjiHW-6yjiMacjiHrH-
1M TeKUIHpHHr. Arap CHCTeMa 6HprajiHKAa 6yjica, yHH MaTpnua ycyjiH
OiuiaH eMHHr:

"AX + 2y —z= —9,
a) mx + 2z= 5,
.X—3y+ z=5;
'2x—3y+ 2= 2,
6) 3x+ y—3z= 1
SX—2y —2z= 4.

>K a) x= — 1, 6) CHCTeMa SnprajiHKua 3Mac.
y= -1
z= 3

6. Bnp >khhcjih CHCTeMahh eMHHr:

X, + 2X2+3x3=0,
2Xx|—3x2+ 4X3=0,
3Xx1 x24=7X3= 0.

>K: xi = 17/; X2= 2t, x3= —7t(— 00 < t< + 00).

23



3- Mijcra™uA uiu

1 Arap
1 4 7 -2 1 -1
A = 2 5 -8 , B= 1 0 2
.-3 6 9. .4 -1 0.

(5yjica, (/1+35)2 hh TONHHT.
9% 12 8
=K -18 54 —{

2. Arap
‘2 1 -11
A= 2 -1 1
1 0 1]

'a, A ra TecKapn A 1 MaTpnuahh TonnHr Ba ~M—1=yl
'mjKaHHra hluohh xochji khjihht.

VACES

-1 0
SKo N -t= — 3 _a
1 -4

3. TeHrjiaMajiap CHCTeMacHHHHr SnprajiHKAa 6yjiHUi-6yjiMacjiHrH-
IIH TokuiHpHHr. Arap y 6HprajiHK.ua “yjica, yHH MaTpnua ycyjin 6njiaH
o*hiip: JJ

3F— y+ 2=12,
X+ 2y+ 4z= 6,
y-\-2z= 2.

>Kx=0,y= —7, 2= 5
,5X +

4. Bnp SKHHCIH CHCTeMaHHHT HOJIMac eMHMiiapH 60D-HVKIHHHH
aiiHKJiaiir, arap 60p Syjica, yjiapHH TonHHr:
x\'hx2~\-x3=0,
2x 1— 372+ 4xg=0,
ax: | IX2+ 10x3=0.

>K: X\= — 71, x2= 2t\ x3= b5t.

1- na3opar uuiu

1. Qji/Zihii 6npop Karop ajieMeHTjiapHHHHr 6HTTacHAaH SouiKacHHH
6njlaHPXHCo6jfainHPH6' ;ieTopMHHaHTHH TaPTH6HH, nacaHTHpHUIi ycyjiH
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13.

15

1.7.

1.9.

111.

2
4
3
1

0

1

3
-2

—1
4
3

3 —1 0
—1 -3 3
4 2 2
2 0 4
4 2 1
0 3 2
—3 —1 4
2 4 3
—4 0 3
3 2 3
3 —1 4
2 5 0
—4 0 q
3 2 -3
3 —1 4
2 5 0
-1 0 r
-3 2 4
2 —1 3
0 —4 {
—1 1 -4
5 0 6
—1 2 —1
2 1 o0
0 1 -3
7 1 3
—1 0
3 7 1

1.2

1.4.

1.6.

18.

1.12.

1.14.

25

—3

—2

= N O U

O n w N

W NN

-8

-5

—1
5

—4

-3
-5

-\

N b M w

N

[

-2
-1



4 -3 —4
2 2 0 5 1 —2 4 —3 n 4 24 1 o s .
115 2 11 —1 116 4 1 —1 2 2.5 = ;’ 1.30. 5 > 6
T2 —3 4 _3 o 0O 5 -3 .4 0 -2 75 ) '13 ; . o
1 2 3 -5 -3 2 2 .1 h 3 -
1 [ 0 8 5 —1 1 2 Mhhimh TeHrjiaMajiap CHCTeMacHHH KpaMep (bopMyjiajiapHiiaH
2 6 2 —1 53 1 1 eMHH
1.17. 1.18.
1 - 4 0 0 4 —7 -6 _
4 5 1 3 3 2 _1 0 F2XI\-32-\-4x3=9, 2X|— x24- 5X3= 27,
I.1. 4x24- 1Ix3= 1, 2.2. 5x, 4-2x2+ 13xg= 70,
1 4 -4 2 2 1 -4 4 (7%, 52 —1 3X, —x3= —2
1 2 1 - 2 -7 ) .
119 3 1.20. 0 3 3xj 5x2'}-3x3=46, 4xj | x2 3x3——1,
I 0 > 23 |-j-2x24- x3=8 2.4.  8x|)-3x2—6x3 1
0. XI1-])- — X ’ A X | )-oXL— OXo= —
1 -5 3 0 6 4 7 4 Jmex 1)
X, — 7X2—2x3=5. X1I— x2— X3= — 1
3 -10 3 —13 -1 2 X, — 4x2—2x3=0, 4x| 3x2-fX3= 43,
100 5 14 —7 12 —2t 1 3 25. 3x,—bx2—6*3=21, 26, x|+ x2 x3=3,
5> ~-10 2 e 5 4 3-|]- X2% x3= —4. 2% Xz 213
1 -8 5 3 4 3 0 «3
3x,-f- X2—2x3=6, 3Xj—x2+2x3= 11,
3 —7 2 8 4 -1 1 2.7. 5x,—3x242X3= —4, 2.8. 2x, + 2x2—3x3=9,
-8 3 4 - 2 3 1 5 2 4X, — 2X,— 3X, -2 Xj 5x2—8x3= 23.
123 1.24.
> 05 -3 ' 3 ol 5x! + 6x2—2x3= 12
X! + OX/Z— ) _\— — N—
2 4 1 —5 5 -1 6 0 2X1I\-3x2{-4x"= 15,
2X, + 5x2— 3x3=9, (2 .y *l+ A2+5x3=16,
8 —1 _1 5 5 s 7 & 4x,—3x2+2x3= — 15, ax| 2x2 ( <8= 1.
— )
1.25. towos 126 1 3 1 0 2%,  3x24x3= 11, "2x, —B5x2 = 19,
—2 _ -
= 3 > 6 0 5 3 211, x,+ 2x2—X3= —6, 2.12. 3xj4-5x2—x"= — 10,
3 2 1 0 4 -1 _a 3
X, —A4X2—2x3= 3. x1  4x2“f-2x3= 16.
3 10 4 6 9 4 1 3,4~ X2—2x3=6, 2Nl — 3jc2—2x 3= 16,
322 —2 108 3 4 —3 -1 213, 2x, =9, 214, 3x1-4x2—5x3= — 10,
—7 27 0 -1 —1 7 4xj— 3x2~f~5x3= 19, oxx  —3x3=4
-5 3 1 _p 5 2 0 3

27
26



2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.29.

3 1 Marpmui
AA~ '=A

2| + 4x2—x3= ],
3X, + 5x2— 2x3= 3,
X |—2x2 = —7

X, + 3x2— x3= — 2,
2X,— X2-|-4x3=7,
Xi —3x3=11.

2X| X2+ 5x3= —4,
*i h x2+4x3=9,
2x ,+ 3x2— x3= 14.

X\+ 4x2— 3x3= — 13,
2X|+ x2 x3—0,
4x, + 2x2+5*3=3.

Xi i X2 x3= —6,'
6X, X)-3x3= —2,
5XjH§-2x24-5x 3= 3.

X\— X2+2x3=3,
3x,-f-4x2— x3= — 5,
2Xj+ 3x2—5x3= 6.
3x,—3x2+ x3= — 10,
2x ,+ 5x2—4x 3=5,
x,+ 2x2— x3=3.
'3Xj+ 5x2—x3= — 20,
X|— x2 =2,
4x M\x 3 = —2

2.16. Xj+ x2 x,= -3
3%, + 4x2— 2x3 10.
BXj— 2Xx24-3x3= —7,
218. 2x,+ x2— x3= -5,
3%, + bx2— x3= 38.
Xj— 3x2 10,
2.20. 4x, )-3x3= w7,
5Xi+ 2x2— 4x3==38,
2X,— X2+ 4x3—=7,
2.22.  X\+ x2—4x3= 13
X, + 4x2— xX3= 14
\ 5X|—4x 2+ x3==23,
2.24. *

2.26.

2.28.

2.30.

'A —1: —jKfiiiHhh TeKUInpHHTr:

28

X | —4x248x3= 11,

X, X 2~\~ X 3= :l
2X, + 4x2—OB3F 15

X, —3x2+ x3= —5,
2X,+ X2—3x3=24,
4x,— X2 =18.
'3X| + 5x2— x3=1,
2X, + XX~ Xa=" "3,
X, + 4x2— 3x;j=2.
6X,+ X2+ XxX3=[f>.
X2 3x3= 14,
3%, +-3x2—4x 3=31.

fiopnjiraH. A 1 TecKapn MaTpwuanH Toiinnr
N

J

33.

35.

3.7.

3.11.

3.13.

3.15.

3.17.

3.19.

3.21.

i 2 -n
1 -2 3
4 1 —4
1 -3 51
2 4 0
3 - -1
0 1 —3
1 -5 4
2 3 2
-5 7 -4
8 0O —1
4 -5 0
4 - 2 1
—3 4 1
,1 -1 1
3 -3 4"
-1 -5 -7
o —1 5
1 —1 8
1 -5 5
-2 3 10
5 -1 3
4 -2 0
2 -4 5
5 6 4
2 0 —3
1 3 1
4 1 2
3 1 2
4 2 5
2 15
13 1
1 4 8

3.2

34

3.6.

38.

3.10.

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3 2 —1
7 3 0]
1 2 2
-2 3 3
4 5 1 -
-3 4 0
1 1 3
2 -2 -5
1 4 3
-1 8 1
—1 5 5
o -1 3
1 2 1
1 9 7
4 -3 1.
3 -1 4
7 8 -2
2 -3 3
3 4
13
—7 0 2
1 -3
-2 1
—2 4
3 o
2 1
,6
‘4
1
3 -1
1 -1 3
2 0 1
A 2 2



Lkdfc.

»

7

2 1 -1
-11

-1

4.14.

3.24.

1
2 3 1

3.23.

2

)

7

4.16.

4,(5.

0O -1

3.26.

3.25.

4.18.

117.

1 3
1

3.28.

10

- < o
N o
© 4 on
M|.

3.27

1 —4 1

-2

-5
-1

4 3

4.20.

3.30.

9
17 3.\

3.29.

1 2

-1

-2

4.22.

4.21.

4. BepHliraH /I MaTpnua paHTHHH TonHHTr:

-3 2 3

1

f3

61

0O 1

-2

4.23.

4.2.

4.1.

—1 -6

2

1 3

1

-3

5 1

20

10

17

<

N ©
mn O < '
N Yo N
- 1 o o0 o

|
m < N 1 N
o

N &
<t <
202032

|
= N m 4 N o
< 7N w4«
1
m N T g gm
N

To)

N
<

—
ﬁq_62 ¥
< ™
1322_
N O -
13'
< N

2
< %)
< <
— ™
—

- -
T~ o 9498
[ B |

S~
TP
___517
I
—
0
. o o -
Y] [To)
< <

-10

5

4.30.

4.29.

4.8.

4.7.

14

}

5. Bup ikHHCJiH TeHrjiaMajiap CHCTeMacHHH eMHHr:
3%, + 4x2+ 2x3

4.9.

2X,—3x2+ x3=0,

=0,

X~ X2~
3x1— 2x 2%-2x

5.2.

X|— -@-- 4x3= 0,
5%, + 2x2+ 10x3=0.

51.

—1 2

'3 5

=0.

2 4 —1 3 2

1 3

4.11.

4 0.



53.

55.

57.

5.9.

511.

5.13.

5.15.

517.

5.109.

521.

'3X| + 2%, ~—
2aY‘- 3x3”0,
X1{~3x3 4x3—o.
X|*2 x2} x3=o,
Ox, 14x2-4- 15x3= 0,
x, £2 x2—3 x3= 0.
2x, —3x2+ x3= 0,
xi*H x2~h Xs3= 0,
3x| 2x2+ 2X3=0.
2X,  x24-3x3= 0,
X, + 2X2—5x3=0,
3X, + X2—2X3= 0.
2X| f-2x2—3x3= 0,
4X| —2X2—9%x3= o0,
X, 2X2+7x3=0.
5Xj 2x24-3X3= 0,
2X|)-3x2—4x3=0,
3x| 5x2{-7x3=0.
X,—2x2—2x3= 0,
X |4-3x2—5x3=0,
2Xj X2— 7x3=0.
2X, X2+4x3=0,
2X |+ 3x2—5x3= 0O,
4X|-)-2x2— x3= 0.
2X, — 3x2— 3x3=0,
2x ,+ bx2— x3=0,
2x,+ x2—2x,=0.
X| —3x2—2x3=0,
3X (93— X2-j-4x3=0,
5X|— X24- X;]=0.

54.

5.6.

5.8.

/

Om )

512

5.14.

5.16.

5.18.

5.20.

5.22.

tIUM .Iflt,

2X,— X2-f-3x3=0,
X, + 2X2—5x3=0,
3x, - x2—2x3=0.
3x, + 4x2+2 ~3= 0,
Xi— X2+ 4x3=0,
5xj-2x2+ 10x3=0.
3x|-f-2x2— X3= 0,
2X| X2+3X3= o,
xj [ 3x2 4x3= 0.
3X| 2x24- x3= o,
4X| + 3x2—5x3=0,
X,-|-BX2—e6X3= 0.
3X1— 3x24-2x3= 0,
4x | )-3x2—5x3= 0,
X, + BX2—e6X3= 0.
3X,+ X2—x3=0,
5x[ | 3x2 X3=10,
4X| + 2x2—x3= 0.
2xi x2 5x3=0,
5x, }-3x2 x3=0,
4X| + 2x2—x3= 0.

4x, — 3X2— 2x3= 0,
2X| x 2-|-2x3= 0,
X,— X2—2x3=0.
7X, x2+2x3=0,
XjH-3x2—4x3=0,
3Xj—2x2+3x3= 0.
X, + bx2—4x 3=0,

3X, x2-f-2x3=0,
Xj 3x2+3x3= 0.

4 |'2x2—5x3= 0,

521 *Y—3x2+ x3=0,
2X,— X2—4x3=0.
*I+ *2 + *3=0,
5.25. 3Xi—x2—5x3=0,
Xj X2 3x3==0.
X |— 3jc24-7x3=0,
5.27. 3x|-|-4x2— x3=0,
2xi + 7x2—8x3= 0.
4x,— x2-f-5x3=0,
529. 2« ,-|-3x2— x3=0,

X| — 2x2+ 3x3=0.

X\A x246X3= 0,

5.243 x1--3x2+ 2x3= 0,
X,+ Xx2+4x3=0.
3x[4-2x2 4x3= 0,

5.26. x, 4x2+ 8x3=0,
2X, x2+ 6x3= 0.
2x,+ x2+7x3=0,

5.28. 2xj 3x2 6x3=0,
2%, x2+ »3= 0.
3%,-|-5x2—2x3= 0O,

530. x\ % 4x3=0,

X,-)-3x2+ x3=0.

1- HaMynaeuu %uco6 roniuuput™Aapu

1 BepHliraH aeTepMHHaHTHH yq ycyji SnjiaH x,Hcos6jiaHr.
a) yHH i- caip ajieMeHTjiapH SyftHHa eftH6;
6) yHH /-ycTyH 3lieMeHTliapH SyftHHa eftH6;

b) ojiflHH /-ycTyHflarn

6HTTaaaH 6ouiK,a ajieMeHTJliapHH Hcuira

aftjiaHTHpHd, cyHrpa Uiy ycTyH 3lieMeHTliapH SyftHHa eftH6.

2 -1 3 0
-5 3 1 -2
1.1
—3 -2 0 4
1 5 -4 2
i=2 j=4
6 -3 1 2
—1 0 4
1.3. >
2 7 3 4
0O —5 —1 3
<=3 /=3
-3 1 4 5
0 2 -1
15. 3
4 -2 7 0
-5 0 3 2
i=3 /=2
3 665

3 —2 1 4
0 5 -3 2

1.2.
—4 0 3 -1
6 3 -2 0
t=4 1= 3
-3 5 6 7
14. 0 —2 1 3
4 -3 1 0
2 1 0O -3
/=1 i= 2.
4 —1 3 2
-5 5 --3 0
1.6.
2 1 4 7
0o —2 6 3
i=2 /=3
33



1.20.

|.I».

18.

-2

-2

1

1.7.

2
-5

= 4.

i=4,/
1.22 -

=2 /=3

=2, /= 2.

1.10.

=1
7/

4, /

3
6

1.9.

i=3 /=3

=, /

1.24.

1.12.

1.11.

4.

t=13 /

1/

i=4, /=2

1.26.

1,25.

1.14.

1.13.

1 7=4

/=

i=3 j=2

i=1j=1

1.28.

1.27.

f

1.16.

1.15.

/=4, /=3

i=2, /=1

£'=3, /= 4.

1.30.

1.20.

-5
-2

1.18.

1.17.

=1.

4, /

*—

i=1 /=3

i=2 j=2

i=3 /=1



a4

2. A Ba B MaTpnualiap 6epn.nran.

lm

1
1

2
3

a,ii.

6) A~' hh TonHHr Ba

TonHHT;

KyuafiTMajiapHH

AB Ba BA

I=A JA =E 9Kanmin TeKiuHpHHT:

a)

AA

-2 -1

‘1

— 1"

0O 1

112

-12

0]

21. A

*1

2 1

3

3

1,13, /ir=

—4 4 0

22. A

1

1 —1

u

I.H. A=

= =2

23. A

1

/1=

[.Ifi.

24. A

-1

= 0 1 —1

1nie A

25 A

-1

2)

-5

fi=

0
‘3

2

B.I7. A

5

26. A

1.

1

= -2

a.in.

5
—1
e

10
12

27. A

—2.

rl

—12

-19

0]

1.19./

B-

10

i4

2.8.

—24 13)

0]

g,a0. i

= -4-1

29. A

-3 4)

4

2

821. AN

8

—7

2.10. A

37



H ftppHJii @aN reHr*aMajiap CHCTeMachhhht SnpraliHKaa 3Kahjihthhh
li’KIUMpmii, ;u;ip GHpraliHKAa 6yjica, yjiapHH: a) KpaMep KOHAacHflaH

iiiiCi, 0) MaTpnua ycyjiH, b) Taycc ycyjiH 6miaH e”HHr:

djc| 2 at2—— X3— 5, x14-2x2— x3= 6,

a.i. a) 1372+ 6) 2X14-3x24-6X3= 11,
2X,+ x24+3x3=11; 3X, “j~BX2\x-4X3" 8.
0 3 -15 '
224 A= 5 2 & s 10 Ax%— 3x2+2X3=9, X\ X2— x3= 7,
o L L . B= 1 -2 -—1 2x,-|-5x2— 3x3=4, 6) 2X[+ 8x2+ 5x3= 15,
. 0 3 2 5x! + 6Xx2+ 2x3= 18; 3X[+ 9x2+ 4x3= 10.
'0 1 2 ' 1 _13 4
225. A= 3 -1 —1 5= 2 1 -5 2x, - Xq x3 = 4x! + 6x2+3x3= 17,
1 2 0 _ _3 5 aa a) 3x1~4x2—2x3— 11, 6) 2X[)-6x2t5x3= 12,
' 1 3 -1 ‘4 5 _3 3Xj— 2x2-4-4x3=11; 3x! + 6x2+4x3=9.
2.26. A= -1 2 1 y B = 1 -1 -1 X[+ X2— X3= |, 2X,— X2+3X3:3,
4 0
' ! 0 4 a4. a) 8X, + 3x2— 6X3= 2, 6) xl 3x2—2x3= 2,
1 =3 1 B 4 5' — 4xX,— X2+ 3x3= — 3; Xxj + 2x2+ x3= 8.
227. A= 1 0 2 B= 6 7 1
4 2 -1 9 1 7X[—5x2=31, 5X|]— x2+3x3=2,
0 3 4 r 5 3 a.S. a) 4x, + 1Ix3= —43, 6) — X, + 3x2 2X3=1,
228. A= =2 1 0 ,B= 1 —1 -1 2X, + 3XZ+4x3= —20; 4xl+ 2x2+ Xa=7.
2 -1 1 § 0 X,— 2x2+ 3X3=6, X1—9X2+ 2X3= 5,
5 2 —13 r_lo_] 2x |[4-3x2— 4x3= 20, 6) X1 3xe—ax3= 3,
0 3 8 ,B= -1 4 7 3x, — 2x2—5x3=6; X,— 3X2— 2x3=8.
1 -1 -7 8 1 -1
. *1+*24+3x3= — 1, 3X,— 3x2— x3= —5,
2 0
7 -2 3 B = -3 > 1.7. a) 2X,—x2+ 2x3= —4, 6) 3x,+ 5xe+4x3= 17,
- 20 s 4x]— je2$f4x3= 2: 4x, — 2x2+ 3x3=8.
5 01 0 1 -1. ’
3x1 4x2+ 2X3= 8, 3X,+ X2— X3= 4,
38 a) 2xj— x2 3x3— 1, 6) X, — 2x2+ 2x3= 1,
Xi+ Bx2+ x3= 7 AX,— X2+ x3=3.
XX—4X2—2X3= —7, 3Xx14-2x2— x3=4,
a.». a) 3X,+ X2 Xx3=5, 6) X, —3X2+2X3= 1,

— 3X1H-5x2+6Xx3=7;

39

7%, + x3= 6.



3.10.

3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

a)

a)

a)

a)

a)

a)

a)

*l + 2*2+4*3=31,
5% + *2+ 2*3= 20,
3*|— *2+ *3=0;

*i+ 5*2+
2%, —4*2—3*3= 0,
3*|+ 4*2+2*3=3;

*a=—2

2*]  3*2+2*3= —6,
5*i+ 8*2— *3=0,
*i+ 22+ 3*3=6;

*1—4*2— 2*3=0,
3*i —5*2—6*3=7,

3*j+ *2+ *3= 6;

2% *2+ 5*3= 10,

5*,+ 2*2— 13*3=21,
3% *2+ 5%3= 12;

* sr3= —1,

M+ %2 AZ=—2
4%  3*2+ *3=13;

2% i+

2%, + 3*2+4%3= — 10,
4*1+11*3= —29,
7+ 5*2=T,

2*i-j-7*2  *3= 10,
3*i  5*2+ 3*3= — 14,
1+ 2%2+ *3= — 1,

4*1+ *2—3*3=—§6,
8*l+ 3*2—6*3= — 15,
*ji+ *2 X3= —4;

6)

6)

6)

6)

6)

6)

6)

3%, + 2%2+*3= 4,
*1-3%2- *s=1,
4X|_ X2=6

*j 3*2+ 4*3=2,
2%j+ *2 5*3=3,
3% —2%2— *3= 8.

4%+ 5*2—3*3=5,
2% 1— *2+ *3=3,
31+ 262 *3=7.

3%i 4-5% 24— *3= 2,
5*j—3*2+3*%3=4,

4*i+ *2+2*3=8.

*i *2 *3: 4’
*j+ 3*2—7*3= 3,
*| 5*2+5*3=7.

2%j  *2—5*3=3,
4%+ 3*2+ *3=5,
3%|+ *2—2*3=7.

4*j+ 3*2+ 2*3=2,
2*i+ 2*2  *3= 3,

2%|+ *2+ 3*3=5

6*| + 4*2—7*3= 3,
7*i+ *2  3*3=2,
X 3*2+4%3=T.
3%, —*2— *3= 3
2% + 3*2—2*3=4,
X 4*2+ *3=8.

1,10.

LAM.

It.111.

ILIVA

,1.23.

&IM.

5,85.

lil6.

1.87.

1)

a)

a)

a)

2*2— 5*3= — 14,
1l —2*2+3*3=0,
211 8*2 4*3= — 10;

5% + 6*2—2*3= —9,
2%i+ 5*2—3*3= —1,
4% j—3*2+4-2*3= — 15

12*1_'_ *2_ *3: 9’
2*i —3*2=0,
5% — 4*2— 2%*3=0;

'3*,+ 2*2—2*3=3,
* 4+ *2_ *3=0,
4*i+ *2—5*3=1;

*i+ 4*2— 3*3= —2,
2*i+ 5*2+  *3= — 1,
*1+ 7*2— 10*3= —5;

3*’ _2*2+ *3:5’
2% —3*2—2*3= 6,
4*j— *24+ 4*3=4;

*1 *2+2*3= —3,
3*1+ *2+ 7*3= — 1,
*1+ 4*2+3*3=7;

7*| + 5*2+ 3*3= —1,
2% ,+ *2— *3=4,
* + 8%2—6*3= — 13

*| + 3*2— *3=6,
2*j+ 5*2—8*3= 3,
*] 4+ 4*2+ *3=11;

41
% (

2

6)

6)

6)

6)

6)

6)

6)

6)

2*1+ *2  5%3—
3*| —2*%2+ 3*3= -2,
3*i— *2+ 2*3=4.

'4*1— *2—5*3=4,
S*j 2*%D_ *3_ 5’

* 4+ *2__4*3=8.

4% —3*2+2*3=2,
3*i—2*2— *3=3,
*1l— *243*3=5.

13*,_5*2_'_2*3: 2,
*] + 32— 4*3=5,
2*1— *2— *3=0.

4%+ *2—2*3=3,
2%, — 3*2—4*3=2,
3*i  *2 3*3=6.

2%+ 2*2+ *3=4,
*l —3*2+ *3=3,
3*i— *2+ 2*3= 5.

4*i+ 22+ *3=4,
*] — 3*2+* *3=3,
3Xi+ 5*2+ 2*3= 8.

* 4+ 2%24+ *3=5,
m*,+ *2—3*3=4,
2% i+ 3*2—2*3= 10.

*¥1+2*2—3*3= —
2*1+ *2+ *3=5,
*1— *2+4*3=7!



3.28. a)

3.29. a)

3.30. a)

4. Bnp >*khhcjih HH3HKJIH TeHrjiaMajiap CHCTeMajiapHHH eMHHr:

4.1.

4.2.

4.3.

4.4.

4.5.

4.6.

a)

a)

a)

5% | —@*2+ 2%3— 23,
3FiH~2x2— *3=
* | —6*2H-4*3= 19,

4, 6)

5% + 7*2—3*3= —12.

3%+ 2*2+3*3=5,
*—*2= 3
*j“j *2'1-2*3= 5,

2%, —3*2— *3=5,

4* — *2—5*3=—0

* —2%2+3*3=0,
2*,+ 3*2—. *3=0,
*| + 4*2—2*3=0;
* —4*2+3*3=0,
*1 *2 *3= 0,
3*|+ 3*2—4*3=0;
5%, — *24+ 5%3=0,
2% + 3*2— *3=0,
3*i+ 4*2—3*3=0;
'3*+ *2—2*3=0,

*1+ 2%2+

4%*i— *243*3= 0"

*3=0,

*, —4*2+3*3=0,
3%, —2%2— *3=0,

4*j—2*24+ x3=0;
'5*% + 2*2— 3*3=0;
4*| — *2+ 2*3=0,

* i+ 3*2+ *3=0;

6)

6)

6)

6)

6)

6)

6)

42

2%j 2%2"-3*3=2,
* 4+ 2%2— *3=3,
3%, + 4*2+2%3=0.

3%+ 3*2+ x3= 2
2% —2%2 3,
* 4 B5*2402%3 4

5%i+ 72" 1003 4>

* 3%+ 4*3=5,
2% + 5*2+ 3*3=8.

4 xi—
2%i+ 3*2—5*3=0,

*i— 2*2+4*3=0.

*2+3*3=0,

3*i+ 2*2— *3=0,

4*j+ *2— 2*3=0,

*1— *2— *3=0.

2%,— *22%3=0,
31—5%2+ *3=0,
*] —4*2+3*3=0.

6%, —2*%2+ x3=0,
4%+ *2-3*3=0,
*j —3%2+4*3=0.

3*,+ 5*2— *3=0,

2* —3*2+3*3=0,

*i+ 8*2—4*3=0.

*i+ 2*2—-3%*3=0,

5| —4*2+7*3=0,

2*i— 3F*2+5+3=0.

4,1.

4 )«

4.10.

N)

»i)

n)

D)

3*i+ 2*2= 0,
4%~ *2+3%3=0,
n[3*2 *3=0;
3* —2*2— 3*3=0,
4%+ *2+2*3=0,
*i —3*2+ *3=0;
2%i+ *2+3*3=0,
2*|— *2— *3=0,
3*i+ 4*2 5*3=0;

'3*j—4*2+7*3=0,
*i+ 2*2+ *3=0,
2*%|— *2+4*3=0;

2%+ 2% *3=9,
3*| + 4*2+2*3=0,
* —2%2=0;

3%, + 2*2—3*37 0,
*, —3*2+5*3=0,
4* |+ 52 3*3=0,

*, 2*2 53=),
5*|+ *2—3*3=0,
3*, —2*2+ 4*3=0;

5%, —4*2+2*3=0,
3*2—2*3=0,
4%+ *2 3*3=0,

6*, + 5*2 4*3=0,
* 4 *) *3—f)
3% |+ 4*2— 3*3=0,

6)

6)

6)

6)

6)

6)

6)

6)

6)

4%, — *2+5%3=0,
m2*i+ 3*2— *3=0,
*, —2*2+3*3=0.
*, + 3%2— 5*3=0,
2%,— *2+ *3=0,
*, —4*2+6%3=0.

* —2%2—2%3=0,
3%, F-4*2— 2*3=0,
2%, 4—*2—2%3 0.

2%, —3*2+4*3= 0,

*1— *2— *3=0,
*, —2%2+5*3=0.

2%, — *2+4*3=0,
*1 *2— *3=0,
*,—2*2+5*3=0.

5*1—6*2+ 4*3= 0,
* +2%2 2*3=0,
3F1—2*2+ *3=0.

| 7%2+3*3=0,
*i+ 2%2—2*3=0,
31— 2%2+ *3=0.

5*i“-8*2 3*3=0,
3*i—4*2+ *3=0,
4*,+ 2%2— *3=0.

3*,—2*2+ *3=0,
2* + *2 3*3=0,
*]—3*2+4*3=0.



4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

a)

a)

a)

'3* + 2*%2— *3=0,
4%+ 3*2+4*3=0,
2%i  *24{-3*3=0;

"2%j— *2+ 3*3=0,
*j —2%2—5*3=0,
3*i+ 4*2— *3=0;

6*,+ 5*2— *3=0,
3*|+ 4*2+2*3=0,
2%, — *2+ 3*3=0;

7*i+ 2¥2— *3=0,
2%i— *2+3*37=0,
3*i —4*2—2*3=0;

2*i+ 5*2—3*3=0,
*j 32 2*3=0,
*ji+ 82+ 3*3=0;

3*j+ 2*2m-3*3= 0,
*| —4*2+5*3=0,
2% i 2%2"j-4*3=0;

'5x1—7*2+ 6*3= 0,
3*j+4*2+ *3=0,

2*j+ 5*2—4*3=0;

'6*%,— *24 2%3= 0,
*3=0,
3*, + 2+2—3*3=0;

i+ 2% 2+

*|+5*2— *3=0,
2*i—3*2+3*3=0,

3*i—sg* 24j-5+3=0;

6)

6)

S)

6)

6)

6)

6)

6)

‘4%, + 5*2— *3=0,
2*i— *24-3*3=0,
3*i+ 2*2+ *3= 0.

"6*i+ 2*2—3*3=0,
2%, — *2+ 2%3= 0,
4*| + 3*2—5*3=0.

'3*i+ 4*2—3*3=0,
2*i*“3*2"} *3=0,
*1+ 7*2—4*3=0.

"7*|— *2+3*3=0,
2%, —3*2+ *3=0,
*i+ 7*2—4*3=0.

6*i+ 3*2— *3=0,
2% j+ 5*2+3*3=0,
2%, — *2—2*3=0.

3*|+ 5*2+2*3=0,
*1— *2+ 4*3= 0,

*i + 3*2—3*3=0.

*i+ 7*2—8*3= 0,
W1 — *24 2%3= o0,

*I —4*2+5*3=0.

*1+ 3*2—7*3=0,
2*i— *2~(-4*3=0,
3*, + 2+2— 3*3=0.

*1+ 2*2— 4*3=0,
2*j+ 9*2— 2*3=0,
*i—5*2+3*3=0.

(K] —7x2+2x3=:0

*i+ 2*2— 4*3=0,

425. n) 3* 4+ X2—43=H, 6) 2+i+ 3*2+ +3=0,
*j + 8%2—2*3=:0 3% 4+ 5%2 3*3=0.

3*t— 224 x3- 0, * 4+ 7*2—2%3=0,

4.26. a) 2*, + 4*2—5*3=H 6) 3*j 52 4*3—0,
*I+ 6*2—3x3= 0 *1 — 6*2— *3=0.

2%ji— *24+4*3=9, *| —8*2+7*3=0,

427. @) 3% + 2*2-5*3=H, 6) 2*i+ 5*2—3*3=0,
*i+ x2—2x3- (; 3*, —3*2+4*3=0.

Xj— 8jc2+ 7 x3=:0, *i—sg*2+ 7*3=0,

428. a) 4*i+ 3x2—5*3=9, 6) 2* + 5*2__3*3=0,
2%i+ *2+ 3*3= O 3*j—3*244*3=0.

2%, + 4*2— *3=0, *1+ 5*2+ *3=0,

429. a) 4* —3*2—333=0, 6) o2+, _ 3%+2_4*3=0,
2xi+ 5*2—5*3=0; *1 — g*2_ 5%*3=0.

*I 32 4*3—0, 3*i+ 2+2 +m3* 3= o,

4an. a) 2*i+ 3*2+7*3=0, 6) x1 — 4%*2— *3= 0,

*j+ 2%2+ 53= 0

2*1— x2-\- *3= 0.

4- 8 BeKTopjiap ycTHfla hh3hkjih aMajijiap.
Biimc. Ea3nc Syfiima eHHiu. KoopAHHaTajiap opKajiH SepHliraH
BeKTopjiap ycTHfla wh3nkjin aMajijiap

1.4.1. Boujh A HyKTaAa, QXHpn B HyKTaAa SyjiraH ftyHajiTHpHJiraH
MUMil ncKTop AeS aTajiaAH Ba y AB eKH a KaSn SejirnjiaHaAH. a BeK-

tOpHHiir yayii)THrH yHHHr Modynu AeS aTajiaAH Ba \a\ Ka6H SejirnjiaHa-
AV Oxiipn Soiuh SnjiaH ycTMa-ycT TymaAHraH BeKTop noAb-eeKrop
4<nHHui.ii Ba O SnjiaH SejinuiaHaAH. ByHAaft BeKTop t3hhh ftyHajwuira
#ii *Mm\ yiiHHr MOAyJiH HOlira TeHr.

iV:iiyiuinrH Snpra TeHr BeKTop supauk eeKrop AeHHliaAH. a BeKTop-
MIilll nnpjiHK BeKTopH a0 KaSH SejirajiaHaAH.

Blip ryrpH MH3HKA3 eKH napajuieji Tyrpn
M Kiopjiiip KOAAuneap eeKropAap AeftHliaAH.

Arnp hkkh BeKTop y3apo KOJiJiHHeap, SHp xhji ftyHajiraH Ba
MiuiVJUifipH Tenr Syjica, 6y BeKTopjiap rem eeKropAap AeftHJiaAH.

MH3HKJiapAa eTyBMH
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2- iuakJi 3-mami

Bnp TeKHCIliHKAa eKH napalilieli TeKHCliHKliapAa eTyBHH BeKTopjiap-
HH KOMtlAaHCtp BeKTOplldp AeHHJiaAH.

1.4.2. BeKTopjiapHH KyuiHiu, aftHpHm Ba BeKTopHH coHra Kynaftra-
pHiii_ aMajuiapHHH BeKTopjiap ycTHAa hu3u$au auaAAap AeftHliaAH.

a BeKTopHHHr X coHra Kyn.auTM.acu AeS, a BeKTopra KOliJiHHeap,
KapuiH xaMAa MOAyJiH |A| =]a] ra TeHr SyjiraH Xa (eKH aX) BeKTopra
aftTHliaAH.A

;O— \3\ Shpjihk BeKTop SyjmS, y a SHliaH Shp xhji ftyHaliraH.

a Ba b BeKTopjiapHHHr uuFunducu AeS a Ba b BeKTopjiap SHliaH
KOMiuiaHap SyjiraH a+ b BeKTopra aHTHliaAH. Hkkh BeKTopHHHr
hhfhhahch napajilieliorpaMM  (2- iuaKli) eKH ynSyp~aK (3- uiakKli)
KOHAaliapH SyHH”a TonHliaAH.

Bnp He-iTa BeKTopHH KyuiHUi y~SypHaK kohaschhh KeTMa-KeT
Kyliliaui SHJiaH aMajira ouiHpHliaAH. HaTH>KaAa my BeKTopjiapra
KypHliraH chhhk MH3HKHH enyBMH BeKTop 6np He~Ta BeKTopjiapHHHr
ftHFHHAHCH”yliajIH (4- UiakKli).

Hkkh a Ba b BeKTopHHHi'*auupMacu AeS, b BeKTopra KyuiHliraHAa
a BeKTopHH xochji KHIiyBMH a —b BeKTopra aftraliaAH (5- uiaKli).

a=0OA Ba b=0OB BeKTopjiapra KypHliraH napalilieliorpaMMHHHr

OC AHaroHaliH UC = a-\-b ra, BA AHaroHajiH 3ca BA = a—b ra TeHr
(6- uiaKii).
1.4.3. a= AB BeKTopHHHr | yK SyftHHa touikua aTyenucu (komiio-

HeHTH) AeS, my BeKTop Soiuh Ba oxhphhhht npoeKUHHliapHHH
SHpjiauiTHpyBMH ™ 4, BeKTopra aHTHIliaAH (7-uiaKli).

f dm Aft Ht'KTopiiHHr | yKAarn npoeKi“uncu AeS, A B { BeKTopHHHr

JHM/IMIIH | VK HyHajiHiiiH SHliaH 6np xhji eKH 6np xhji SMacjiHrnra
HXptifl, « | » ckh «—» Hiuopa SHliaH cuiHHaAHraH TauiKHJi stybmhch-
jIMlii y lyiumi lira aftraliaAH.

np, AB = = \A\B{\.
ad P {

u itcKiopiiHHr | yKKa npoeKUHHCH ai AeS SelinuiaHaAH, htshh:
np, a= a,.
| IpiK'KHHHJiapHHHr acocHH xoccaliapn:

ti) up,a = |a] coscp eKH at — \a\ coscp.

tty iizhi iji a BeKTop SHliaH yK opacHAarii Syp”~ak;
5 up, (a+ b) =npid + nptb eKH np, (a+ b) = a,+ 6,;

») up,Xa= Anp,a eKH npiXa= Xai.
1.4.4. a., a2, a, bcktopjiapHHHr mh3hkjih KOM,6uHau,URCu AeS
a= Xia\ \-X2az2 X ... -\-Xnan

ijlopMViJiti SHJiaH aHHKJiaHyBHH a BeKTopra aHTHliaAH, SyHAa A,i, X2,

ceey

Aiap al, ..., anBeKTopjiap cncTeMacn yMyH KaMHAa SHTTacn HOAAaH
()MpMH  uiyHAaft A, Xn coHliap MaB>KyA SyjinS, Aiai+ ...+
4 K,ii,i *0 mapT Sa”apHlica, y CHCTeMa hu3uk,au 6ofauk, cucreMa
At*HhjiiiaheArag IOKopHAara tchtjihk (})akaT Xi= .. = ~,= 0 SyjiraHAa
ypHii.'in Syjica, ai,..., a, BeKTopjiap CHCTeMacH hu3u$au spkau AeftHliaAH.

HuKii'ra KOliliHHeap BeKTop xap aohm mh3hkf/h Sofjihkahp.
Ulyiiiiniaok, yMTa KOMnjiaHap BeKTop xap aohm mh3hkjih Sofjihk-
$ b:h)siih  HxraepHH TypT eKH yHAaH opthk BeKTopjiap Xxap aohm
MH3hk mii Sofjihk. _

rt 1 >ih3hkjih SoFliHKMac BeKTopjiap cncTeMacn e\, e2,...,en SepHlJiraH

arap HXTHepnft a BeKTopHH yjiapHHHr mh3hkjih kom6hh3Uhhch,
HhHH

a= Xlel— .. + Xrbn

HIMKjihah Ht})OAaliaui MyMKHH Syjica, y xcuiAa SepHliraH CHCTeMa 6a3uc
AifIHIIIH.
liy TcurjiHK a BeKTopHHHr gu ei,...,.en Sa3HC SyftH™a euuAMacu
AFFIIIINIAH.
toAa mh3hkjih Sofjihk SyjiMaraH xap KaHAaft yma e\, e2, ez
WKTop Sa3HC TauiKHJi KHJiaAH, uiy caSaSjiH (})a30AarH xap KaHAaft a
m«Kr»p my Sa3HC SyftH”a eftnjiHUIH MyMKHH:

a= X\ X2 f"3"3-



Ai, X2 A) coHliap a iieKTopiiHHr 6epnjiraH 6a3HCAara Koopdunara-
Aapu 6Yy,nNn6, fjyiuian e3HJiaAH:

a = {Xi, A2, ta}-

Arap 6a3HCHHHr BeKTopjiapn y3apo nepneHAHKyjinp Ba 6hpjihk
y3ynliMKKa 3ra 6yjica, 6y 6a3HC opronopMaAAaman 6a.3uc _n.eHH.nn6,
y oprAapjiep aialiyBMH i, j, k BeKTopjiap opKaliH 6ejirnjiaHaAH.

Arap |, j, k moc paBHUiAa OX, OY, OZ yMapHjSyftH”a ftyHajiraH
opiviap 6yjica, y *0JiAa HXTHepnft a BeKTopHHHr I, j, k 6a3HCAarn
eftHliMacH KyHH”arHMa H(})OAajiaHaAH:

a= ax-\-ayl+ azk eKH a= {ax, ay, a2z,

6yHAa ax, ay, az— a BeKTopHHHr KoopAHHaTaliapn. a BeKTop y3yHJinrH

la] = Ajag+al+ a2

OopMyjia 6yHHHa aHHKliaHaAH.

a ftyHaliHUIH yHHHr KoopAHHaTa yKliapn 6HliaH x,ochji khjitbh a, p,
y 6ypMaKliapH 6njiaH aHHKliaHaAH.
a BeKTopHHHr ftyHaliTHpyBHH KOCHHycjiapH

&
cosa = = _-.4a
cosp = = — " .

Ajag+ 4 + a2

cosy = \\ = —I\/a?(f.z

2

+

cjjopMyAajiap 6HliaH aHHKliaHaAH Ba yjiap
C0S2a + cosp+ cosy—1
MyHoca6aT 6HliaH 6orjiaHraH.

1.45. a= axXI-\-ay]-\-azZk Ba b= bJ-\-byj-\-bz BeKTopjiap 6epHliraH
6yjiCHH. y xojiAa

ax b= (cxdrbx)i-)- (ciy+ by)j-]-(az+ bz)k,
Xa= Kax -f~-kayi + Aazk.

Mi (xX\, Y\, zi), ¥2 22) HyKTajiap 6epHliraH 6yjiCHH. Y xQiiAa
M, M 2 BeKTopHHHr opTliap 6yftHMa eftHjmacH

M\ M 2= (x2—xt) i+ [y2—yX/+ (z2—zxX k
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ttf]]MHMiluui  r.vjinAH. M|l Ba M2 HyKTajiap opacHAara Macoc{)la ekH
fIfl Afa itt'Kl opiiimr y3yHliHrm

IM|M*2 = V (*2—*i)2+ ("2—yi)2+ (z2—zi)2
i WiMv.IL1 findiitii - x,HCo6jiaHaAH. .
MtMj K/CVaHH 6epHliraH K HHc6aTAa 6yjiyBHH M HyKTaHHHr
KtjKp/imiaraliapH Kyfl[HAarHua aHHKliaHaAH:

X,-\-\x2 yi+ tyi
X=—j4x Y="THx%x> z-

Xvv “iiii. arap k=1 Syjica, M HyKTa M MM 2 KecMaHHHr ypTacHAa eTaAH
tut vI 1M KOopAHHaTajiapn

X\+)Q R+H/2 . Z1+ z2
= — X_\y zZ =

Ba M 2; -3; 1} BeKTopjiap 6ePHJ,raH.

~ylliyi2 ™ @BeKTopHHHr KoopAHHaTa yKliapHAara npoeKUHHJiapHHH;
O] 2a— b BeKTopHHHr y3yHJinrHHH;
itl 9,d—b BeKTopHHHr iiyHaliTHpyBHH KocnHycjiapHHH.

1, ., a) 25-5=12.3-2; 2-2— (—3); 2-(-5)-1|=14 7;
| 12«—Jl= Vii+7!+ (-11)’ = N6+49+"~1= V186 .
4 Q 7 —
= cosp = , COSy = -
It) rosa P V186 V 1%

4-dapcxona roniuupuFu

1 In'pHliraH a sa b BeKTopjiap 6yftH4a vyjiapHHHr KyftHAarH
MKIHK.JHI KOM6 HHau,HHliapHHH HcaHr:

N) 6) — b) 2a+ j°b; ry ~a—3b.

2. ABC yubypHaKAa A6 = m Ba AC== «"BeKTopjiapj6epHliraH. Yui-

B m+«. *-«. d hzZL- r) —
fly m*KTopjiapHH ncaHr: a) — ~~", o) n 2 2

M ABC vH6ypuaKAa AB tomohh PBalV HyKTajiap 6njiaH ywajeHr
Hhi'miii fiyjiHHraH: \AP\ = \PN\ =\NB\. Arap CA = a, CB = b 6yjica,
Cp ItI'KTOpilH TonHHTr.

>K f;/5= (2a+ fc)/3.



Kvfttn?rkkHTa a= 2’ 3>Ba *={2 -4, 5 BeKTop SepHliraH. i) map d =(),eKH 6=0, ekH d=+b Syjica, a-b= 0 (HOjira TeHr
mSnHHr B?KTOPJiaPHHHr Koop™HHaTa yMapHflarH npoeKiumjiapHHH fov=iM'ii mi iH'KTopjiapHHHr opjoroHaliliHK mapra);

a) 2a+ b; 6) a—3b; b) 3a+ 5b. ;) d-d-\dr ekH a2=\a\ i
r) d*fH= \d\ mplib=\b\nps. ) ) w
0a \23 6 BeKTgﬂHH_Hr7I-Ty?=fléjifH B@HBﬁdaHiiycj%HMl-rTonHHr. 152 KoopAHHaTa. )_/K/lapn opTJla;?HHHHr CKalinp KynaHTMacH.
M: cosa=— Cos|3=y, cosy=y V- I, f=1, £2=1, i-j=0, I-kk=0, j-k=0. a=axX+ay+azx Ba
) ’ ’ H—lij {-byj+bzk BeKTopjiap SepHliraH SyjicHH. Y xojiAa:
orpant ot cea Bk v o
a ncce cac iHga iraH e i eKTo r -b = ax- -
CONHHaTajiapHH TonHHr e Y ) P a-b = ax-bx+ ay+ aZz

a2=\a\2=al+ag+ al
X e=[-——L _®_ _J_1
I va42' "v42' Tv4a2/- . . "
t »a b BeKTopjiap opacHAarn @ Syp”aK yrnSy (JjopMyjia SyHH"a
HinofwiaHaAH:
MyCTaKfUA utu

~a—i) _ gA + ayby+ azbz

mar . i ', f ~ 8 ~A=—<—4 — 11 BeKTopjiapra KypHliraH Q8P = IZTTfl ~ y az+agtaz -V R++12°
napajijieliorpaMm AHaroHajuiapﬁ y3yHJi]F|Kjiapl:HHH Tonﬁhrp P

>K: \a+ b\=6; \a—b\ =14.

2 ,4(1, 2' 3) Ba B (3, —4, 6) HyKTajiap SepHJiraH. AB BeKTop ii Mm 6 BeKTopliaphhht nepneHAHKYyjiapJiHK uiapTH.

. ///y = 0 eKH axbx+a,,by+ azbz= 0O- -
Y3yHIIHTHHH Ba HyHajIHUIHHH TOpHHT. 153. P Kyn *hcmhh | BeKTop HyHaAHiiiAa BC Macoc)ara Ky™H

>K \AB\ =7, cosoc=y, cosO= — j, cosy= —. .. . Sa*apraH hui yuiSy (HopMyjia SHliaH xncoSjiaHaAH:

3 a ={3, 4, — 12} BeKTopHHHr oPthhh Tommr.

>K: a=fx,-L, - JI1 A =f «~BC=\/\ «|-BC\ =coscp,

113 13 13J

4. /1SC yHSypnakfla A5={2, 6, -4} Ba Jc = {4, 2, -2} BeKTop- fiyiinn (p — KyMHin HyHaliHuiH TBa F KyHHHHr Ta-bCHp 4H3hfh opacHAarn
jiap SepHJiraH. C ymAaH yTKasnjiraH MeAHaHa SHJiaH ycTMa-ycT tvuivb™ . . . B
CD BeKTop y3yHJIHTHHH TonHHr. *VI*Mh ¢ oji. Arap ja] =2, b\ =3 SyjmS, yjiap ysapo 60° jih Sypnak

>K: \CD\ = yiO . thiiikiiji 3Tca, 2d— b Ba 2a+ 3b BeKTopjiaphhht CKalinp KynaHTMacHHH

T'oiiniir.

N - - -, r r r ou
I, Mhm (2a—b) =(2a+ 3b) = 2a-2a + 2a->b — bj2a b-3b —
— Aii-d + 6a-b—2d-b—3b-b= Aa-a + 4a<hb—3b<b=4|a\ma\ +
5-8. Cnajmp KynafiTMa. BeKTopHHHr y3yHjiHrn.

BeKTopjiap opacHAarn SypnaK \41d] +|£]cos60° —3|6] N\ = 422+ 4-2-3-y—3-3-3= 16 +
1.5.1. HKKHTa a Ba b BeKTopHHHr ckoahp KynaurMacu AeS, a-b | 12 -27=1.
KypHHHUiIHAa SejirHlJiaHys™ Ba my BeKTopjiap ysyHJWKliapn KynaHTMa-

chhhht yjiap opacHaarn SypwaK KocHHycn SnjiaH KynaHTMacnra TeHr .
SyjiraH coHra aHTHIJiaAH: 5- dapcxona ronuiupuFu

a-b = \e\ = \b\ =00SD. l. Arap \a\ =3, \b\ =4 SyjinS, a Ba b BeKTopjiap opacHAarn Sypga
ip Syjica, KyHHAarHliapHH XHCoSjiaHr:

CKalinp KynafiTMahhht acocHH xoccaliapn:

a) a-b~b-ji (yj3HH ajiMauiTHpHixi KOHyHH); a) a-b; 6) a2z b) b2 r) (a+b)2z a) (a b),

6) a-{b + ¢) =ab+ ac (TaKCHMOT KOHyHH); " (3d—2b) = (a+ 2h).

b) (Xa)-b = a(Xb) =X(a-b) (rypyxjiam KOHyHH); )K: a) —6; 6) 9, b) 16, r) 13 a) 37: e) —6L
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2. Ani]) )A — u m OB— b ucKTOpliap y3apo (p= 60° jih SypiiakK
\ooui lul=2 iia 1B61=4 Syjica, AOB ynSypMaKHHiir

OM Miyi.uaUiii'H fnijiaii OA tomohh opacnAarn O SypwaKHn TonHnr.

> cosO = 2,, 0«41°.
Vv

3 a—{m, 3, 4 Ba b={4, m, —7} BekTopjiap SepHliraH. M hhht
KaiiAaii KniiMaTH.ua Sy BeKTopjiap nepneHAHKyjinp SyjiaAH?
> m=4

4. YnSypMaKHnHr ynjiapn SepHliraH:
A(- 14 -2, 4),B(—4 -2, 0), C@3, -2, 1).

y'ibypgaKHHHr B ywAarn TauiKH SypnaKHH xncoSjiaHr.
/\K'
5 zZr {3, —2, —5 KyHHHHr KyftnjiHHi HyKTacn Tyrpn HH3HK

SyfijiaS xapaKaT khjihS, Mi (2, —3, 5) xonaTAaH M 2(3, —2, — 1) x,0liaT-
ra yTaAH. By Ky~nuiAa F Kyq Sa>KapraH huihh XHeoSjiaHr.

> A= 3l hiu 6npji.

5- MycratyiA uui

1 TypT6éypMaKHHHr y~JiapH SepHliraH:
A (1, —22),B (1,4,0),C (—4 11),D (—5, —5, 3). Lily TypTSyp-

HCSOTJiaHT.
2~ A ( 2, 3, —4), B (3, 2, 5), C (l, —1,2), D (3, 2, —4) HyKTajiap
SepnjiraH. AB BeKTopHHHr CD BeKTopAarn npoeKunncnHH XHeoSjiaHr.

> -6

3 y=i6ypdaKHHHr ynjiapn SepHliraH:

A @ 2 1,B@B -1, 7), C (7, 4 -2).
yHHHr HMKH SypnaKliapHHnNn XHeoSjiaHr.

6- 8. BeKTopjiapHHHr eeKTop Ba apajiaui KynaiiTMajiapH

1.6.1. a BeKTopHHHr b BeKTopra eexrop KynauTMacu AeS c= aX
X.b KypHjHUiAa SejirnjiaHyBHH Ba KyftHAarH mapTliapHH KaHoaTjiaH-
rapyB™ c¢ BeKTopra afiTHlJiaAH:

a) c”BeKTop a Ba b BeKTopjiapra nepneHAHKYyjinp;

6) c¢ BeKTop y~HAaH KapajiraHAa a BeKTopAah b BeKTopra sht
KHCKa SypnjiHLu coaT mhjih ftyHajinuiHra TecKapn ftyHajiHuiAa
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m -iiiuiaAH);

KV KiTHliaAH (a, b, c BeKTopjiaphhht syHaaft woftjiamyBHHH yHr yqjiHK

u) ¢ BeKTopHHHr MOAylin a Ba b BeKTopjiapra KypnliraH napalilie-

BeKTop KynaHTMaHHHr acocHH xoccajiapn.
a) aXb=—bXa;

> (Xa)Xb = aX(kb)="k(aXb)-,

it) aX{b-\-c) =aXb-\-0.Xc\

Jji(iip{immhhht S K>3Hra TeHr, m>HH \c\= S = 1a||61sirup (tpb—a Ba
h iH'KTopjiap opacHAarn Syp”iaK)® (8- uiaKJi).

iy Arap a= 0, eKH 6= 0, eKH a\\b Syjica, y xQiiAa fIX = 0. Xycy-

1,6"2. KoopAHHaTa yKliapn opTliapnHHHr BeKTop KynafiTMacn.

Ix1=o0, JXJ=0, X k=o.
An,,. ?x M J x M E X | #

a=ax-\-Qyj+ a
b= bx + byj + bzk

y XojiAa
1 k
ax b Ny N2
bx by bz

Amp a Ba b BeKTopjiap KOJiliHHeap Syjica, y x,0liAa

bx by bz ’

1.6.3. >Khcm A HyKTacnra KpHJiraH F KygHHHr
Omran M MOMeHTH(9- uiaKii)

m=w XYy

ijiiipMyjia SnliaH XHeoSjiaHaAH.

O HyKTara hhc



1.6.6. Apaliaiu KynafiTMa KynafiTHpHJiyBHH BeKTopjiapra KygHliraH
napajuiejiorraMMHHHTr io3hhh TonHHr. ii/iitiiJiJiwioiimieA xa*MHra Hiuopa aHHKJinrHfla TeHr ht>hh V==abc.
E hhui. a Ba b BeKTopjiapra KypHjiran napajuiejiorpaMMHHHr M hc oji. yNiapn A (1, 2,0), B (—1 2, 1); C (0; 3;2) BaD (1,
iiyKTaliapaa SyjiraH nnpaMHAaHHHr x,3kmhhh x,HCOQjiaHr.

[ rV r f BeKTopjiap BeKTop KynafiTMachhhht MOAyjinra TeHr: (. n
> X b\. BeKTop KynaHTMaHH TonaMH3: H %h ui. FIHpaMHAaHHHr A y~HAaH HHKKaH KHppajiapura moc

10-m hcoji. a—2l—3j Ba B=3i-\~4k BeKkTopjiapra KypHlJiraH

htviyiiMH Be(<TOPJiaPHH TonaMH3:

| 1ok AB = {—2,0; 1), ZC={- 1 -5; 2, AD={0;, -2; 1}.
aXxb = 2-3 0 _—12/-87+96 , : N . o
3 0 4 I liipaMHAaHHHr xa*MH uiy BeKTopjiapra KypHliraH napalilielionnneA
vii>kmhhhht -Jr KHCMHra TeHr SyjiraHJiHrn caSafijiH
HeMan, S= A/ Tr I12p+ (-8)2292= V'44 + 64+ 8T'= 17 kb. —2 0O 1
SHpJIHK. _1 -5 2 = — .4 = — KyS 6hPjink.
1.6.4. a,l), c BeKTopjiaphhht apaAaut Kynati.rM.acu jie6 (axb) o s 1 6 3

BeKTopHHHr ¢ BeKTopra ck3jihP KynafiTMacHra aHTHIJiaAH.
Apajiaui KynaHTMaHHHr xoccajiapn:

a) (o”"< b) ec= a<(5 X c).

By xocca™ah apajiaui KynaHTMaHH abc KypHHHiu/ia SejirHliam

6- dapcxona ronuiupuFu

MyMKHH 3K3HJHTH KellH6 HHKaAH.
. . . . l.a Ba b BeKTopjiap y33po nepneHAHKyjinp 6yjm6, |a|=3 Ba
6) abc= bca.= cab, HtHH KynafiTHpHJiyBHH BeKTopjiap ypHHJiapH \I\ ~ =4 Syjica, KyfinAarHJiapHH x,HCOBA3HT:
AOHpaBHH ajiMauiTHpHlJiraHfla apajiaui KynafiTMa khhm 3th y3rapMafiAH; N
a) |(a+b) X (a—5)1; 6) I(3a—b) X (a—2b)\.
b) a5c= — bac, abc= — cBa, abc= — dcB,
>K: a) 24; 6) 60.

HTjHH  KyuiHH "HKKHTa BeKTOpliapHHHT ypHHliapH allMaUITHpHIJiraHfla B ) o 3
apajiaui KynaHTMa HUiopacHHH y3rapTHpsAH; 2 a Ba b BeKTopjiap y3ago o= 45° lJin 6yPH3K TauiKHJi khjih6,
jr) arap bcktopjiap,ziah anajuiH SHrracH Hoiib BeKTop eKH a 11 32N\ =5 syjica, p= d—2b Ba q= 3a+ 2D BekTopjiapra KypHliraH

yif>ypii3K kwhhh XHCoSjiaHr.

b, ¢ BeKTopjiap KOMnjiaHap Syjica, y xqgjias abc = O SyjiaAH.
>K: 50V2 kb. 6hpjihk.

-1, 2), B @, 2, -1), C (3,2, 1) HyKTajiap 6ePHliraH.

165. Arap (AtbfaC hh Xx,HCo6jiaHr.
a=ax+ ay + axk >K: {6, -4, -6}.
b= bx-\-byj-\-bzk, 4. y 4liaPH A(7, 3, 4), 6(1, 0, 6), C(4, 5, -2) HyKrajiapAaH nSopaT
c—cxi+ Cyj+ cXK yafiypwaK io3hhh XHCo06ji3Hr. s
6yjica, y xojiAa )K: 24,5, kb. 6hPjihk. . =\
(f. A (1,2, -1),B (0, 1,5),¢c (-1,2, 1),D (2, 1,3) HyKTajiap 6np
axayaz TUKMCIIHKAa eTaAHMH?
abc = bxbybz (fh} KyHHAarH BeKTopAap KOMnAaHapMH:
nj a={— 1, 3,2, b=, -3, -4}, c={-3, 12 s}

6) d={3, -2, 13, b={2, 1, 23, c={3, -1, -2}

xQyCz
. . - . >K: a) KOMnjiaHap; 6) HOKOMnNnAaHap.
Arap abc BeKTopjiap KOMnjiaHap Syjica, y XxojiAa n: a:‘e,4,0}, b:{O, -4, 1, c= {0, 2, 5} BeKTopjiap KaHAaH
axayaz VIJIHK TauiKHJi 3T3AH?
bxby bz = 0. >K: Msn yqjiHK.
/f8. riHpaMHA3HHHr yMlispH SepHliraH:
XYy "z "
v A (2 3 1),B @4, 1 -2), C¢, 3 7), D (-5, -4, 8).
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yMGyp'iakHHHr D yMHAau TyuiHpHlirah SajiaHAliHr y3yHIIHTHHH
TOIIHHT.

>K: 11 y3yn. 6np”.

6- MyCTdKfUll Util

la] =3, |6] =26, |a X =72 Syjica, a-b hnh XHCo6jiaHr.
X =%£30.
(8) yHSypgaKHHHTr ygjiapn SepHJiraH:
71 (I, -1, 2),B (5 -6, 2), C (1, 3, -1).

yHHHr B yMHAaH AC TOMOHHra TyuiHpHjiraH SajiaHAJiIHrHHHHr
y3yHIHTHHH x,Hco6jiaHr.

>K: 5 y3yH. 6npji.

& A (4, 2, —3) HyKTara KyiiHliraH F = {2, —4, 5} KywHHHr B ( 3, 2,
— IT HyKTara HHc6aTaH KyM MOMeHTHHH ToriHHT.
M~ ={-4, 3, 4}

M~ynjiapH A (2, -1/ 1), B (5, 5 4), C 3, 2 -1), D (4 1
3) HyKTajiapAa SyjiraH rmpaMHAa X3*%kmhhh X,HCoGjiaHr.

>K: 3 Ky6 6npji. (

2- H.a.3opaT utuu

1 ABCD napajuiejiorpaMMAa P Ba N HyKTajiap BC Ba CD

TOMOHJiapHHHr ypTaliapHAHp. AP=a Ba AN=Db 3Kahjihth MaiwiyM
6yjica, BeKTopjiapHH a Ba b BeKTopjiap opKajiH H(j)OAajiaHr:

11 AS, AD. 12, ~BP,UN .
1.8. 14. AS, AC.
5" dE- 16°

L7 A ~DN,AC-
19. BN, NC. 1.10.~AB,~BD.
1.11. BP, BD. 1.12. UP,TC .
1.13. AD, BZ2). 1.14. UN,~BD .
1-15. BN, BD. 1.16. SC, CD.
I-17- TS,~BN. 1.18. DP, BD .
1.19. SC, 34C. 1.20. BP, AS.
1.21. PD,M4C. 1.22. CD, C .
1.23. AO, DM 1.24. PD, BC
1.25. BC, BD. 1.26. CB, D/V \
1.27. 34£, WS. 1.28. UC,UB .
1.29. CD,'BP. 1.30. AD, STV.
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b/ (I KCKTopjiap 6epnjiraH. a) 3 BeKTopHHHr a, 6, ¢ BeKTopjiap
Mjinn.ni'(lMiuiMi'icnhh, 6) aa + $b BeKTopHHHr yc + M BeKTop HyHalmuiH-
UMIIl lipiK’KHHMCHHH TONHHT:

a.i. a-{3, 2, -4}, b= {—2, -7 1,
c={6, 20, -3}, f={-1. 4, 3}
o=4, p= —3, v=—2-6=6-

22. a={14, 9, —1},)>={(5, 7, —2,
c={—3 1 3, d={l, -4, 6}
o=5 p=3 Y= 4, 6= 2.

23. a={l, -3, 1, |={ -4.3},
c={0, -2, 3, d :{ 8, -10, 13}
0=6, P=—7,7 1, 6=-3.

24. a={—3, —6j 7}, 5={1, 3, 1,
c={4,5 1, d={7, 3, 8}

a= —3, p=4y=5 6= —6.
25. a={4, —5

c={3 -1, Z,d={1 -11, -9}
a= —3 p=5 Y= 1-5= 7-
26. a=1{2 3, 4, 5={-4, 3, -1}
c={3, 1L &, d={4 4, 9
a=5 P= —8,y= 2, 5=3
27. d={4, -3, 2, 5={3, 2, -7},
c={—25 1, d={—4, 22, — 13}
al _ 5 p=—7,v=-3, 6=2
28. a={—6,4,5), b={—5 3 —1
c={l, 2,3, d={3, -9, 2
0=2,p=—6,y=4, 8=5
20. a={—4, 3, —4}, 6={3, —5, 6,
c={7,2, 1}, d={-9, -16, 12}
a=6, p=4y=2 8=-7.
2.10. a={4, -7, 4, b={-3, 2, 1,
c={9 5 3, f={10, 13 - 8}
o=7,P=2y=-6,8=-5
211. a={—4, —2, 7, ?={—3, 3, 4,
c={_1, 1, &, d={2, -14, O}
a=3 P=—2 Y= 5 5=3
212. a={—7, 4, -3}, 6={2, -5, 1,
c=1{, 3, 2}, d={3, 12, 1}
o=3 p=-1, Y— 5 8=4
213. a=1{, -2, lj, b={-2 7, -5},
c*=(3, 5, 4}, d={—5, 26, 5}
a=6,p=2 Y= —3 8=7.
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2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

a={-3, 4 5, b=, 1 -2},
c={7 2, 1, 3={10, 17, 15
a=5 P=—2 v=3 6=4
a={1.7 2 b={-3 4 -5},
c={1, 3 6}, d={-8, -10, -10};
a=4 p=2 7=3,8=-5.
a={-5, -3, - 1, £={3, - 6,3
c={-2, 1,3, d=1{7, 22, 2
a=2 p=5 7= —3 8=4
a={2 -4, 5, £={-3, 1 - 8
c={4, 2, 3, d={5 15 -1},
a:l'p:5,7: -3, 6=2
a:{—l, -3, 4}, b:{—s, 2, 1},
c={6, 1, -3}, d={- 3, -19, 14
a=2 P=—17=3 6=4
q={1, - 2,5, S=[-2, 4, 1,
c={3 1, -'3}, d=[U, 6, 5

a= :L p= 3, 7= —4, 6= —2
a=(3, -4, 2 £={-1, 2, -3},

c={5, 3, 1, d={11,-26, -9},

a= -2, @B=3 7=-3, 8=6.
a={4, -5, -3}, S={—2, 3, 1
c={3 -1, &, d={26 -23, -1}
a=2 p=4,7= -3, 6=5
a={-5, -4, O, £={4, -3, -2},
c={0, 2, -3}, rf={6, -14, -17};
a=5h5p=17=—2 8= —3
a={4 -3, 5, b={-2 1, -3},
c=fp, 1, 2}, <?={—6, 11, -12};
a=5 P=2 7=1, 8= —4
a={-4, 3, 5, S={2, 7, - 3},
c={-3,0 L,d={-7 37, 4

=-2,p=—47=2,6=3.

0

a={-4, 0, 3, S={-7, - 2, - 4},
{8 1 2, 3={0, 5 22

a=wp p= -5, 7= -3, 8= 4.

a={ - 1,0, f={-5, - 3, 4},

c={1, - 1, ,d={-3, - 2, - 3}

a= 3 p=—2 7= —4, 6=5

a={(3 -2, —4,S={-25 0,

c={1 3 4, d={7, 10, -12};

a= 4, P= —6,7=2,6=5

i (28. u~|- It 3, —1, b=), —3, —5,
I 1, 1,2, d={—1 -5, —15;
a 1, P=—3 7= —2 6=5
2.2H |4, 5 -3}, S={—3, 0, - 2},

a {2, -1, 3, £={-3, 5, 2},
r=1{5 4, T, d={— 10, — 11, 11}
a=6,p=3 7= —4, 8= —5

1 AIliCD nHpaMHiiaHHHr ynjiapn SepHJiraH.

i)

I liipaMHflaHHHr  SepmiraH  K,nppaliapn  opacHAarH Syp”~aK

Nih miivithiih TonHHr;
0) mipaMHAaHHHr SepHliraH erw io3hhh TonHHTr;

>0,
3.2
a.;}.
34.
35.
3.6.
3.7.
38.
39.

3.10.

3.11.

312

3.13.

A (6 -4, 1),B 6,3 -1), C(2,57),D (-4, -2, 3);
a) AB Ba AC, 6) DBC.
A 6,4 -7),B (5,7, -4), C (-5, -4, 2),D (4, 2 3);
a) SC Ba BD; 6) ACD.
A(-2,87),S (6 -2, -3), C (8,2 -3), D@3 53)
a) C4 Ba CD; 6) S4D.
4 (4,4,3),S 2, -4,5),C(—13 —4)D 4, -7, -9);
a) Di4 Ba DB; 6) 4BC.
A (-5, -3,2),B 4, -2, -4),C (5,7,2), D (1, 3 4);
a) AB Ba /4D; 6) CBD.
v (-5,64),B (-6, 24),C(9 -5, 3),D (7,2 -8);
a) BC Ba B™; 6) D/1C.
A1 -9,7),B 3 -5, 1,C (-9,3 -5),D (2,4 7);
a) CB Ba CD; 6) 4BD.
/Nl 4, -2,9),B (3,5 -1),C (5 17),D (-6, -3, 5);
a) D¢ Ba DC; 6) 4BC.
A@4 142),B(@1 -5,4),C(9 -7, -6),D (-1, -5, -2);
a) AC Ba i4D; 6) BCD.
A2, -5,1),8B @ -6, -7),C (-9, -6,7),D (7,2,5);
a) BD Ba BA; 6) CAD.
A (2 -5, —3),B (9,7,3), C (8,7, 1),b (-2, -1,7);
a) CA Ba CB; 6) v4BD.
MA(-7,4,3),6 (0,-4,8),C(-3,1,5),D (-5, -6, -7);
a) DB Ba DC; 6) ~BC.
/N (-9,26)B(-7,2,3),C (5, -6, —4),D (4, -4,5);
a) AB Ba =4C 6) DBC.
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314\ (£3.0 " AY B8 < 655) C (4 —4-—3). D (6,3 5 14 a={, 2 -1}, b={-3,0 2 c={, 1 4, d= (-\3, 2 18
3) §c®sa '88; %)% cD) © B f 15 a=(-1, 1 1, b={3, 2,0}, »={1, -1,2}, 2={11, -1, -4}.

315 23 By 12 4) C ~ 753D (5-4, -6 16. a={2 -1, 0, b={1, -1, 2, c={, 3, I}, 3={—1 7, 0.
) c4 o €% BeD? 17 a={4 2 1 b={1 0, 1 c={2 1 0, d=(3, 1 3
316 )y 7m Ba B¥:BefBpacS > C <~7-5>-3), D (4.2 5 18 a={—3 2 5, f={l, —1, 0, c={, 1, 0, d={—9, 3 15
' ' 19. a—{1, 3, 0, b={, -2, I, c={l, 0, 1}, d={8, 9, 4.
3 S Gy o ey Sep 2 € @ 13D (-3, -5, -4 110 a={—1 1 O, b=@ 2 -1}, c={0, 5 L, d={5, 0, -3}.
318. /1 (1,2.3). 8 (3, —3,2). C (7. -5.4), D (-3, -7, -4 ? MIl. a=#, 1, 0, 6= -1, 3} c={0, 1 -2}, 3={1, -4, 1.
a) BD Ba 54; 6) C 112, a={l, —1, 2, 6={—3, 2 0, c={l, 2 —1,d=1{8 8, 7.
319. A (4, —3,1),B (O, —3, —5),C(—3, —2,1) D9 47 113 a={-1, 1L 1, b={3 0 3, ?={1, 2 -1}, d={8 -5, 74
a) CA Ba CB; 6) ABD. 114. a={2 0, -1}, 6={1, 2, -1}, c={0, 1, 3, d={5 -4, 5.
115 a={4, 1 2, b={1, 1 0, c={2 0, 1, d={3, 5, O.
3'20' a, V i &V c 'hCa2'~4ho ~ ~ 5'3> 116. a={2, 5 -3}, ?={—10, I, c={l, 0, 2, 3={—3 -5, 7.
32— asitty - . 8) ciberc R s 117. a={l, 0, 3, b={0, 1, -2}, c={l, 1, O, 5={7, -1, 19
' ' ’ 118 a={0, —1, 1, £={—1 3 &, ¢c={l, 0, 5, 3={5 -15, C.
322 4 (§c7éy BA: 6) Ach: 1> C (3~ 2 - 6).-0 (6, -2,3) 119. a={l, 0, 4, S={—1, 1, 3, c={, -2, 0, 2={—6, 2 0.
’ ' 120. a={2, 1, -1}, 6={0, -3, &, c={l, 1, 4, 2={—6, -14,
3'23’ a, ftjD 3, 2> C <3 ~ 5" ~ 4)"'~° <8 5' ?» -9}-
121. a={1,0 4, £={—1, 1L 3, c={l, -2, @, d={0, 7, 29}
324" % (da\:s 2)’c "m - 5 3hD) (3-6'- 4) 12 a={ 1, —1,6={, —3 Z,c={l, L4, d={4 —9 —14
123 a=}2 0 3, 6={1, 1, -1}, c={—1, 2, 1, 5={—11, 11,
3'2S- a, 4)>C (~ 5' 3" 0 <'4'31 -14}.
326" A G4 ~ 2,8), 6 S 2,2 3) C (6,4, 1),D (-4, -3, -5) 124, a={l, —2, L, £={—1 0, &, c={—3 1 0, d={16, —19
a) BC Ba BD; 6) ACD 10,
3.27. A (_31 21 4)!B (_ y 5! 3)! C (4! _21 _3)1 D (l 4 2) 1.25. a={1,0, 2), b:{3, —3, 4}, C:{O, l, ].},d:{—16, 13, —25}
a) CA Ba CD; 6) 5/4D. 126. d={3, 1 0, b={1 2 2, c={l, 0, -1}, d={6, 7, 9
328. /4 (-4,4,3 S (4, -3, -2),C (6,4 -1), D (1,3 1) 127. a={l, 0, -1}, b={3, -1, 2, c={0, 1 5, 3={— 11, 10, 1.
a) DA Ba DS; 6) CAB 128 a=1{10, 4, b=[-\, 3 1, c={, 0, -2}, d={- 1, 15 33
329-a,(y B~ A "C «-3"5- 2> A (Ao T7) 129 a={l, 2, -1}, $={—3, 0, Z, c={l, - 1-4}, 3={—7 16
-25}.
330" a) 3 ~2)C 2 "e° (543 130. a={l, -1, 1},?={2,3,0},?={-1, 1, 3,d={ 1 -4, 10

2. A, B Ba C HyKTaliaphhht KoopAHHaTajiapH SepHliraH.
i n) d ua b BeKTopjiap opacHAara Syp”iaK KocHHycnHH;
2- HOMynaeuu %UcO6 Tonmupur~Aapu I al_)_p5 BeKTopHHHr a BeKTop HyHaliHixiHAarH npoeKUHHCHHH
< Toiihiii
1 .a, b, c BeKTopjiap 6a3HC xochji khjihiuhhh TeKUIHpHHr. d
BeKTopHHHr uiy 6a3HCflara eHHliMacHHH TonHHr: 21. A OJp )~S (7,61 )N (4,0 -4);
d—2AB —3AC, b=4BC+ AC; a=1,pP=2.
L1 a={0 3 3 5={l, -2, O, c={l, 0 3, d={, 7 5 22. A (072, 1),_fl.(I, 2, O C (073, -1);
12. a= {_ 10, 1}1 B:{31 _112}1 C:{Ov 115}!3:{8! -7, _13} ci=3"1C + 3SC, b= 2AB + SBC, a= —1P= 2
13. a={4, 0, I}, b={3, 1, -1}, c={0, -2, 1, d={0, -8, 9.



23. A (0j.4, 8)"6 X~54-- 2)i-C (_1*4
d=AB-AAC, b=3AC+ 2AB;a=-2, p=3.
24. A 3,0 1),B (-2, 3 2),C (@1 1 -2);

a= SBC AB, b=6BC + 5AC; a=2 p= —3.
25. A 4 1 -3~5 (5,1 -2), C (-1, 3, 3);
5=44C-2CB, 6= 7,4B+ 5BC; = p= 3.
26. A (41~ 1),IL(3, = 2) G (> ~ 2);
a=3BC—4C4, b=6B/f—AC; a=3, p=2.
27. 4 (-3, 4, "5)~5 (0, 1, -2), C (-1, 2 3);
a=4AB —3BC, b=bCJ~2B'A; a= -2, p=5.
28. A (715i —2)UjB.(6, 01)), C (7, 2, 2);
5=44B-3BC, 6=2CB+ 5/4C,a= —4,p=2.
29. 4 (—3_ -7, -3),B (—1 —3. -1), C (2, 3
d=2BC —5AB, b=5AC—CB; d= —3, p=1I.
210. A (2~-1,8i, B (3,0 7), C (2, 0, 7);
a= AB —3BC, b=6CB—2AC; a=5p=6.
211 A (—1-1J]), B (4~-1,2), C (O, -1, 1)
a=6BC+ 2,4B, 6= 24C—5|4f| a= —4, p=3.
212. A (— 4, £2), B (3J, 0~.C (0, 3 -4);
d=3AB-4AC,~b =2BC+ 5CA; a= 3 p="—6.
213. A 4), Bl-2, UJ5), Cl.-1, 3, 3);
a=4AC-2BC, b=2AC+ 3AB; a— —5, p=3.
2.14. 4 (4! 2t 6),jB~N(2, 2, 8), C (-4, 2, 0);
a=5AB—7AC, b=2BC+ 3BA; a=9 p=12.
2-15-~ (150 —1210), B (6, —3, 0), C (9, —6, 3);
a=AC —8BC, b= AB-\-3BC; a= —7, p= 6.
216. A (—1»-5, -2),B (0, —6, 4), C (-1, -8,
a= 3BC + 5AB, b=5AC-3AB; a= —3 p=4.
217. A (-J)J. —100—5),BJ1 —6, —3), C (0, O, '
a= 2BC—3AC, b=4AB -\-3AC; a= 4, p= —6.
218. A (-3%x3,JX, B (—2»3, 6)"C (-3, 2, 6);
d=4AB + AC, b=2BC—3BA; a= —3, p=8.
219. A (2,72, -8)"B (5~-274), C (1, -2, -

a=5AB-3BC, b=4CA+ AB; a=-4, p=I.
2.20. A (I,_2i 4), B~N(—4, j~I1, 6) )C (-1, 1 2);

a=3CA-2AB, b=2BA+4CB;a=3,$= -5.
221. A (UJ, 4)i_BJ-215 Ih_C (-1, 3 3);

a= AB + AC, b=2BC-3AB; a=3, p= —4
222. A (0~ —21"B (3, U_2), Cl.4, 1, 1);

a= 2AC+ 3BA,b =3BC—4AB; a= —2, p=6.
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2.23.

2.24.

2.25.

2.26.

227. A

2.28.

2.29.

2.30.

A (6, -

a= 3AB + QCB,

A © 3

8, 10}, 8 ((>-72,4VC (29

b=2AC-5AB; a=2 P-8 .
~n2), ~(-2, -1, (-5, 3>

a==5BC —2CA, b= QAB+4AC a= -2, P-i>m

A (—U 4, 6), BMNO,"5), C j—
d=8AC —4AB, b= ZBC—6AB, a— 3P

A (1’\2 3 J|(4 N 2,N ( ‘2. 4);
2>A4C+ 3N '3AB-4BC; a—2 1.
v (— cC "73 2

a=4A —SBC b=4C+4B; a=4,p=—6.

éz(]ZA]Cft}s'B'g,J b_:2§AB+ 5CA; a=

L3Rt

(5 —4i.3),B 2jrl, 0).C @

SIRAT

r2 1). ¢~ 4
L RAEZR= ouac+ 3ec: a2l Ep %

-2, 1)
b=2AB-3C _-5 p =3

1, 2)

3 Arana 6 a Bliap Ma-bliyM 6yjica, A\= aia + $\b Ba c2= a A+ fab
ItI'KTOpliapHHT KOWNIHHeap 6yJIHLOH-6yIMaCllHrHHH TeKUIHpHHT.

3.1
3.2
33
3.4.
3.5
3.6.
3.7.
3.8.
3.9.
3.10.
3.11.

3.12.

3.13.
3.14.
nis
S.Id.
8.17.
S.IN.

3.19.
3.20.

5={4, -3, }};b={-50,2;a,= -2, p=5 a*= - 5 P>=2
5={-3,0,5;b={-724;a,= -2, p=6a2= -3, p2-6
a={0,—1, 2; 6={4,3,-1}; oi= -3, pi=1I; «2- 2. P2 [ ]
={7, L, - 3 MB, 0,5}y a.= -9, p.= 12 a2= -4, P2-3.
5={8, 3, -1); 5={6, -1, Z;ai= -5, p.=2;,a2= -2, p2-5
M3, -1. 0; b=, 2 4; ai=-3, p.=4; a2=4,
a={-2, 1, 7 b={3 5 -9}; ai=5, pi=3, a2- 1, P2 2.
M7,0,6};E={-2,-1,5};ai=4,Pi--6;a2- J2J)2 =
a={—6, -7, 33 M4, -1. Z a.= -2, Pi—3; ow- 3"
a={—16, 4; b={0, 7, 3; a,=-7, pi-5, 02-2, 2 =
a={5, 37}b—{4 -2, ai=1, P——2,a2~ _ 3" ’
a-{lO , 5); 7={6, —13} ai=1I,Pi--2, 02- 2, P2 -
M3, L4 M - 138 a =6,p=- 10,02= -"P~N-5-
M3, 46 M —2 0 5; a,=4, p=3; a2—3, p2-
a={345 M-2, %" a'=4Pi=- 1“2 p2~ _
M1, -7-2»M -1. 2, - I ai=1Pi=-3; & 2,p2 b
a={4, -3, 1, MO, 7,3, 0,=1, P.=2, a2=-2, p2-4
a={2 5 -3),M -1, 7, -2}; a,=2, p,=3;,02=3, p2-i.
a={l, -2, } b={ 2, 3 0; «,=5 p,=3;,a,= -2. p2-5
a={3 2 7, b={-1,0, 5; a,=3, P1- - 6, a2- , h
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3.21.
3.22.
3.23.
3.24.
3.2
3.26.

o'oe'
7*2

3.29.
3.30.

4.1.
4.2.
4.3.
4.4.
4.5.
4.6.
4.7.
4.8.
4.9.

4.10.
4.11.
4.12.
4.13.
4.14.
4.15.
4.16.
4.17.
4.18.
4.19.
4.20.
4.21.
4.22.
4.23.
4.24.
4.25.
4.26.
4.27.
4.28.
4.29.
4.30.

—6;a2=1, p2= —2

a 0, -2 (jb={24 —1; a =3, p,
, = - |;a2=9, p2=

« Bo, 1 A-1-2, -3, -2} a=-

w i

-12,6={-1, 43} a,=1,p=-2;a2= -3, p2=6.
a«<=0. —-1,3 6=1{ -2, Ia,=1p = - 2;a2= -2, p2=4
a={—1, 1, 1], b—{—2 4 1 a, =2, p,=4; a2=1, p2=i

a={7,9 5, b= 5, 3 a,= -2, p,=3; a2=1, p2=-2.

“Z1 1~ 1;2II6—< 3'2>}:«i= - 1,Pi= 8;a2= 3, p2= 4
179 2% o= ! =2; 2= 5.
alm 4 % b= b 3R T .55 %052 B

a={-1, 0, 3, B={3, -2, 1}a—3 p=-1; a2=4, p2=2

a, 5Ba c BeKTopjiap KOMnjiaHap 6yjinm-6yjmacjiHrHHH aHHKJiaHr:
a—{9, 5, 8}, B={4, 3, 3}, c={, 3, 4}

a={6, 11, 8}, b={0, 1, I, c={2 4, 3
a={~4, -1, 2,6={-7, -3, ,c={-6, -1, 4
a={, 2, 4, £={-5, -4, -5}, c={0 1, 3.
a={ 1,1, 3,*={,1,8,c={3 0, 3

a={, -3, 1,6={3,0 Lc=4, - 1, 1}
a={, 1 2, 5={—1, -2, -1}, c=4{4, 3, 6}
a={6, 2, 6}, £E={—9, ", —9, c={l, 1, 4.
a={-1, 0, 3, £={6,7, -4}, c={3 3, -3}
a={-1,4, -2}, B={-14 2 0O, c={-5, 10, -7}
a=1{2 2 2, £={-1, 0, -1}, c={1, 3, 2.
a={-1, 1, 3, B={4, 3,2} c={l, 2, 3}

a={l, 1L 4, £={—1 1 —1, c={2 5 I
a={4, 3, 2, 6={1, 2, 3, c={-3, -1, -1}
a={1 1, 1 6=ji, —2, B, c={l, 3 3
a={—1,2,5, B={0, - 1, - 2}, c={—1, 1, 3}
a={2 2 2, 6={1 -2, 3§, c={1 3 4
a={-1, 0 2 6={4, 7 6}, c={1 3 4.

a=1{3 2 1, 8={-7, -3, B, c={, 2 3
a={l, 2, % 6={—1,0 —2, c={2 7, 3
a={17, —6,2,6={,0 1, c={ —2 1L
a={2 1 2 £={1, -2, -1}, c={4, 3, 6}
a=4, 2,4, B={—1, —2, —lj, c=§, 3, 7}
a={—210, 2, 6=1{5, 7, 4, c={2, 3, 2.
£={-1, 0, -1}, c={4, 3, 5.

£ 3 —2, —2, c={5 10, 3.
£={1, 3 4, c={—3, —4 —2
g, B={~ 1,0, 1, c=[-1I, 1, 3}
5={—3, —3, 3, c={2 2 4
h6=62%c=2 14
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(PMIHHH VI'Kit>" 'L H, (> 1) ftopujiraii.
MfiMrNtl ~K hi mini, ft) iinp;imn/iaiihiip / KHppacH Ba SepHJiraH
ifltIH 91yhIIm KcciiM io:mim; ii) nnpaMHuahhht x,3>kmhhh

o, M), /(( 1,2, (), (2, 1 1), D(O, 2, 1);

fty 1—Al), li hi C.

,9). «(l.  22).¢( 1, .1, /2, 0, 1)
'CD, ft) /7*/M, C iml)
ft, 0), /i((. I, 2), C( ,0. 1), />—3 2 1)
*m) AGP, A I~-CH, A iui I)
Avi, 1.1), m a, o, id, ci 2), 1)(-1, 10, 3);
«) AMOi A) I**CI), A m i
4{l, -a, 7), i i, 0 3), a 2D, DY\, 2 -1);
«) AMGL1fl) ImBO 4 U C
“ I,jl)y, A(5, -i. 2), Ccnh , ). I>(1. 3,0);
imAc, n *« i).
0* 1(t, 0,4, 4). 9. 3,00
lIr]p4i, G M/I]_’L
i «I ), f;(2, ,0), A -, -1, -2);
ciff, A 1Y
#(—1, ~30) ¢c W 1,2), D6, -5, -3);
1 9) b< Am a
3,3, (0, -6,5), D(—3, -4,2);

}01;0) ImAD, li m C
ml, «, -4), /i(l, o0, 1,
1) AGO, ft) I-HI), A m C.
-iltf. (4(-4, 2, ™, li(H, 5, — 10), C(O,
a) ABH\ ft) /-/ic, n m d.
1.18. <4(1, 2, -4), li(1, 3, 3), C(—2 -1, 7), D(4, 2 7);
«) AHC\ ft) INAl), B Ba C.

(1, 2, 2), D(6, 3, 1);

-3, 2), D(6, 2, -4);

ft.M. /(> - >), B(2 -3, -7), C(2, 5 -1), D(4 1 2);
1)) net =AB, C Ba D.
1.15. A(T, (i, ) B(-363),C(-3,0 -6), D(2, -5, -1);

h) ACD\ 6) I=CB, A Ba D.
A3, —6 —1),/?2(—9, —5 1), C(5,3 —2),D(—1 — 1,0);
n) Alii); 6) 1= CD, A Ba B.

JIN7. AN\, 1 -1), B(4, 2 1), C(0, 5 2), D(0, 2 5);
n) ABC; 6) I=BD, A Ba C.

I.IH. A(—7,9, -10), B(-6,0,5), C(I, 2 1), D (-2 -1, 2);
n) BCD; 6) I=AC, B Ba D.

»Ive A(6, -4, 1), B(—4, -8, 4), C(I, 7, -1), £>(-4, 0, -2);
a) ACD; 6) I=AB, C Ba D.

AKO. /l (— 1,2, —2),B(—3, -6, —2),C(2, -3,
a) ABD; 6) I=BC, A Ba D.
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“ ".o‘I'ar”-m*/‘ % H» - » 3> £40. 2, i);

- rt) A aa H.
"(1. 2,3),C(—142 1),Db2 -1 2-
} ™M1 B na C. (
: AT S A -2.2),C€C0,12, n m2 1n-
) AC/); ft) a Ba C. [ ¥
A( 3,5 7)), /i(7, 3,6), C(—2 1 4) £n 3
A %) A/if); 6) iI"AC, BsaD (73 2)
2cca * "e *_'e 'e *
C,i «=
/14, 5 2), B(O, —2, —5), C(—4 5 1) D(—7 4 (og]
a) ACD; 6) /=CS, ~ Ba D = 4~ 3);
f * a Ax s > - * -y o«
c<Q’ 'e — 2»' N <=
W i) fcftH)V2-ac!JL'b21'C(3" “m- 2)" D<‘- m=

7- 8 TeKHCIJIHKHHHr TeHrjiaMacH.
TeKHCjiHKHHHr yMyMHH TeHrjiaMacHHH reKoiHpHiu
lyppn HHSHKHMHr TeHrjiaMacjH

Tk eom

w3 ™
Ax+ By + Cz+D=0.

by Teiir.;i,~)Ma TeKMCliHKHHiir yMyMuuremAaMam Jiemjiam Bv en/ra /

Koop/wnaTajiapHAHp. TeKHCIIHKHHHr $33043™ xolLara A R r JnEh!”®
UHemjiapH Ba 030A>\aflHHHHr KHHMSTlJiapHra So fjihk XycycaH, arap:
Jiap Ax + By + Cz = {) Qa TeKHCJIHK KoopAHHara-

hapLLei'6 N '"Ca***" v + ~ + ~ 0 Ba TeM K Oz yKHra
riapalieji ey~/inT' y XOl.nva AX+ Cz+ D =0 Ba tckhcjihk Oy yKHra

By+Cz+ D=0 Ba « 0, yKHra

66

ik.h opKaliHD~Tafl[HC ~ ° 67 Ca’'y Ax + By = 0 Ba TeKHCJIHK Oz

vkh opKajiH*~TaAHO &~jica” y XCMfla Ax+ Cz= 0 Ba tckhcjihk Oy
vkh opK~,iH°v-raAH °  6yjlca’ y xa,/la % + Cz=0 Ba tckhcjihk Ox

hnoggh iffnavi™ ™ tciwT jw thra’na of*K “ ToKHCIHK ‘N2
fiy™aAH; ' X y™a nepneHAHKYyjinp)

rpfgARHaTairap tikh e ™ ™ ra Rafifedi (Era ®yTykka el A Kyjifp}

s ,»>aTSp m > ™ n Qce™ys "m

tckhmhk Oyz TeracjjHK (Sh~h ycTM~ycr

q " 6ep“ ra" »e
A(x x0 -j-B(y—y0 +C(z —zQ =0;
6) TeKHCjiHKHHHr KecMajiapra HHc6aTaH TeHrjiaMacn
++JL+ N {
a b c
KecMajiapH;" " “ TeK'CMKH""r “x “ P » Jmapw a, KecaiHraH
»YKTIMKPABVra™MHIf'TCHMaMa™:1(*I" /r ‘'l
X—X) y—y{ z_ 2]
x2—jti y2—W\ z2—2A\ =
X3—xt y3—yi Z3—Z1
Itin .,aM,(M P" "W" yCyJ1" a KaPa6 V“""r
e N

8fHL™50y ™ aHBeKTO?ra *sVaZzOW S » a"S F,~ B “a $=|/" “
ujaKliAara TeHrjiaMaliapn P qH3HKHHHr K3hohhk



M.HI. tfm(o, Hit i . .
Mot ! ol pi =—6 a2= 1 p2= _
<), 3 —2) ai = —3, ft
Imeg 2 : f vy |, - * -*e ¥k
» W » » e H r'r :4-1:“T 2 ]il=4
JILW. a4 - , Vv . T UoRTE R
- 3 A—{3 —2 I} ai=3, p,==_1 a2=, p_2:' o

'l. «, /£ »a c BeKTopjiap KOMnjiaHap 6yjmm-6yjiMacmnim

- -
4.2.
4.
4.4.
4.0.
4.6.

4.8.
4.0.

4. |.
412
41}

4- 4.
4.15.

417.
4. 8.
4-19.
4.20.

4.21.
4.22.
4.23.

4.24.
4.25.

4.26.
4.27.
4.28.

4-29,
4.30.

«-{9, 5, 8, £={4, 3, 3, c={5 3, 4.
11, 8}, S={0, 1, 1}, c= |2, 4, 3)
fl*{« 4 _,~2Z~={_ 7= _ 3 lj i
a* 4 2, 4, b=—5 -4, -5(, c={0, 1, A
—1, 1,1, 6=1{6, 1)8}( c={3, 0, 3}

fI»{8, - 3) 13, 6H3, 0, 1, c=§,
a-{2, 1, 2, 6={—1 -2 -1l c={4 3 61
a®r={6, 2, 6}, £E={-9, - 4, -9}, c={I"1" 4}
a—]l—10, 3, b=l6, 7, - 4, ¢c={3, 3, - 3}

| T 2% b= {1, 20}0-{—55 10 —71
«1H' 2., 21, g—)b N I:lOn ']-i-'f—n . (2} ’ }
«H _1,1,3), 6=, 3 2. 2=={1, 2, 3.

LjK*={_1, i, IKc={25 1

» 4,3 2 b={ 2 3, c= 3 i, |

a J;JZ}U I];_Sj}c’{_)_l n).

-1. 2,58, b=f® -11, -21, c=§-1 1 3!
M2, 2,2, 4, - =133 4 h 13
««f{-1. 0. 2, b—{4, 7, 6}, c={l, 3 4
«={3, 2, 1}, b={-7, _ 3, 1 c={ 2 3)
«={1, 2,2 £={-1,0 2L c={2 7, 3
«~ (17, - 6,2, b={l, 0 1}, c=1{, -2 1L

a=£,1,2, £={_i _2 _n ~_rd4d 3 g
a, H, 2 y=;_h _ 2 £=9g' * «
,,=,) | o, 2|, 4——(5 7 4], 3, 2j. !
J2. 4, A _
a»{;}, 4,2, 6={-3, -2, -21 c-15 10 3!
[4, 7,6, iT=1 3 4. j=(-3 v
«-(_2,3 8, Oi i ,
2-12 2,f , 3, _33 24, 2 4
a={_3 LI = 29 -=2> "4

a2=9, p2=
-3, p2=6.

Ca»- 1, p2= 1L

5. nnpaMHAaHHur yMjiapw ,4, 6, C, D SepHliraH.
a) KypcaTHliraH eK io3hhh; 6) nHpaMH/iaHHHr | KHppacn Ba sepHJiraH

HKKHTa yHHil,aH yTyBHH KeCHM 103HHH; B) nHpaMHAaHHHT X,a>KMHHH

XHCoSjiaHTr:

51 =114, o0, -3), fI(-1, 1, 0, C(2, -1, 1), D(O, 2 1)
a) ABC\ 6) I=AD, B Ba C.

52 4(0, 1 2), 6(2, -2, 2), C(—1 2 1), D(2 0 1)
a) BCD; 6) I=BA, C Ba D.

53. A(-4, -5, 0), 6(6, -1, 2), C(14, 0, 1), D(—3 2 1)
a) ACD; 6) I=CB, A Ba D.

54. A2, -1, 1),6(—3, 0, -6), C(-5, 3 -2), D(—1, 10, 3);
a) ABD; 6) I=CD, A Ba 6.

55 A(\, -3, 7),6(—10, 3), C(—4, -2, 1),D(@4 2 -1);
a) ABC; 6) I=BD, A Ba C.

56. i4(—4, 1 3), 6(5, -1, 2), C(2, 1, -4), D{1 -3, 0);
a) BCD; 6) I=AC, B Ba D.

57. M5, 3, -4), 6(1, 0, 3), C(2, —1, 4), D(0, 3, 1);
a) ACD; 6) I=AB, C Ba D.

58. A3 7, -4), 6(—4, 1, 3), C(2 3 0), D(-I, -1, -2)-
a) ABD; 6) I=BC, /I Ba D.

59. y4(—8, 2, -5), 6( , =5, -3);
a) ABC; 6) I=CD, A Ba 6.

510. A(7, -8, -10),6(-3, 3, -1), C(0, -6, 5), £>(-3, -4,2);
a) BCD; 6) I=AD, B Ba C.

«511. A(~3, 6 -4), 6(1, 0, -1), C(, 2 2), D(6, 3, 1);
a) ACD; 6) I=BD, A Ba C.

512. A(—4, 2, —5), 6(8, 5, —10), C(0, —3, 2), D(6, 2, —4);
a) ABD; 6) I=AC, B Ba D.

513. A(l, 2, -4), 6(1, 3, 3), C(-2 -1, 7), D@4, 2 7)
a) /46C; 6) |=AD, B Ba C.

514. A6, -3, -6), 6(2, -3, -7), C(2, 5 -1), D(4, 1 2);
a) 6Cz); 6) /=76, C Ba D.

5.15. 71(7, 6, -10), 6(—3,6,3), C(-3, 0, -6), D(2, -5, -1);
a) ACD; 6) I=CB, A Ba D.

5.16. A (3, 6, 1),6(—9 -5, 1),C5,3 -2),D(- 1, - 1 0);
a) ABD; 6) I=CD, A Ba 6.

517. 4(1, 1, -1), 6(4, 2, 1), C(0, 5, 2), D(0, 2 5);
a) 46C; 6) I=BD, A Ba C

518. A(-7,9 -10), 6(—6,0,5), C(l, 2, 1), D (-2 -1, 2-
a) 6CZ); 6) 7= 4C, 6 Ba 2.

5.19. ,4(6, -4, 1), 6 (—4, -8, 4), C(l, 7, -1), D(-™4, 0, -2);
a) ACD; 6) I=AB, C Ba D.

520. A(- 1,2, —2),6(—3,—6, -2),C(2, -3, —5), Z=(5, 4, 14);
a) ABD; 6) I=BC, A Ba D.
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6) Typpn HH3HKHHHT napaMeTpHK TeHTliaMaliapH

X= Xg# It,
ey = y({Ir mt,
z= z0+pt,

SyHfla t — napaMeTp;
b) SepHAraH hkkh M\(x\, y\, Zi) Ba M i(x2, y2, 22) HyKTaAaH yTyBHH
TyppH mh3hk TeHrjiaMacn:

X—XX y y1 z zj

X2 Xj y2 yi1 z2  zi
r) 4>a30AarH TyppH nH3HKHHBr yMyMHH TeHrjisMaAapn:

| Alx-\-Bly + C%-\-D\= o0,

6yHAa
<V

By TyppH MH3HKHHHT ftyHajirapyBnH BeKTopH S yuiSy

i i k
s=riX«= A, B, C,
A2 B2 C2
OopMyjia SyftHHa aHHKliaHaAH.
17.4. AX-\-By-\-Cz-\-D= 0 Ba z—0 TeKHCJiHKJiapHHHr Kecnmnin

MH3HPH Oxy TeKHCIJIHKAa eTyBHH
Ax+By+ C=0

Typpn MH3HKA3H nSopaT SyjiaAH. By TeHrjiaMa TeKHCIliHKAarn Tyrpu.
nuau“Hum yMyMud TemjmMacu AeftHAaAH. BepHliraH TyppH HH3HKKa
nepneHAHKyjinp SyArsH n= {A, B} BeKTop TyppH mh3hkhhht uopMaA
eeKTopu AeftHIli3AH. TeKHCAHKAsra Typpn 4H3HKHHHr TeHrAaMaAapn:

3) sepHiiran MO(XQ, yO) HykTaAaH yTybmh Ba SepHAraH N={A, B)
nopMajl BeKTopra sra TyppH hh3hk TeHrjiaMacn

A (X—x0) +B{y —yo) =0;

6) TyppH HH3HKHHHP KaHOHHK TeHTliaMaCH

tlyilAa s={/, m)— TyppH mh3hkhhhp ftyHaATnpyBnn BeKTopn, Mo(xo,
i/i) — Typpn 4H3HKAa eTyBMH SepHAraH HyKTa;
b) TyppH HH3HKHHHT SypnaK KO3(j3()HU,HeHTAH TeHTA3MaCH

y = kx-\-b,

fiyiiAa b—TyppH 4h3hkhhht Oy yKAaH KecaAHraH KecMacH, k Typpn
'"1113HKHHHT SypM3K KOSCAHUHeHTH: k= tga (o TyppH MH3HK 6HAaH
Ox ykhhht MycSaT ftyHaliHiiiH opacHAsrn SypnakK);

r) Mo(xo, yO) HykTaAaH yTyBnn Ba K Sypnak Koatjj"HnneHTJin TyppH
IlH3HKHHHr TeHTIJI3MaCH

y—yo= K(X— Xo);

a) TyppH 4H3HKHHHT KeCMaA3pra HHC6aT3H TeHTII3SM3CH

fiyiiAa a Ba b — Typpn hhshkhhht KoopAHHaT3A3p yKAapHAaH
KecaAHraH KecMacn;

c) SepHAraH hkkh M\(x\, y\) Ba M2(x2 yi) HyKTaAaH yTyBnn Typpn

......

X—Xx{ y—yX
x2—x] y2—y

Mhcoji: MO(—2; 1, — 1) HyKTaAaH yTyBMn s= {1, — 1, 2} Bek-
loplil lI3pallAell TyppH 4H3HK TeHTAaMaCHHH TONHHT.
Iliih tu. s BeKTop Typpn nH3HKKa nsp3AAeA SyAraHH ynyH y Typpn
MicdiKiiHHr ftyHa.i rnpyBnn BeKTopH SyAaAH. lily caSaSAH, Typpn
X—Xq y yQ % 0

MH."tiiKiiHHr KaHOHHK TeHrAaMaAapH THTT T T £ ra acocaH,

iM.'iaiiaeTraH Typpn 4H3HK TeHrAaMaliapn

x£-2 y—1 z 1
-1

nvpiiiinuiAa SyjiaAH.



iHm iiinini

kipcxonu mmupuru

mmiiuir™ """ I'"MUKJHK 1 Mgichhh Ty3HHr Ba TerauijiH uiskahh

n) A/n(7, fi) rajian yTyBHH Ba Oxz KoopAHHaTajia
U’Mli),/lllfnrj(l TeK¥|CJ|HK yiy b I FI)—|
fl (K vk isa Ain(—3, 1, —2) HyKTa opKajiH yTyBHH tckhcjihk;

i ax' VKKa napajuieji \aMAa hkkh M .(4 0 —2) Ba Mot5 AN
iivivT.-i'i.,iii yvynwH rekhcjihk; ! o
i) Mii(2, I, — 1) HyKTaAaH yTyBHH Ba Hopiwaji bcktoph n= f1 _2
A( oyjnaii tckhcjihk;
;D) Mo(3, 4, —5) HyKTaAaH yTyBHH xaMAa a= {3, 1, —J) Ba £—| l
J, 1) BeKTopjiapra napajuieji SyjiraH.
>K a) «y-f3=0; 6) x+3y=0;, b) Qy—z—2=0; r) x—2y+ 3z+

mM«=0; a) C+ 4y+ 7z+16= 0.
2. M(—1, 2 1), N(2, 3, —2) Ba P(3, 4, 2) HyKTajiapAaH yTyBHH

(I'KHC.nnK TenrjiaMacHHH TonHHTr.
K: 7x— 15/+ 2z+ 7= 0.

3 Mq(7, 5 1) HyKTaAaH yTyBHH Ba KoopAHHaTajiap yKliapHAaH
TCMir KCCMajiap a>KpaTyBHH tckhcjihk TeHrjiaMacHHH tv3hht

>K: x+y+z—3=0,

4. ft>a30Aa yMyMHH TeHrjiaMaliapH

f x y\-2z234=0, |
I3c+ /—5z—8=10

CHlian flepHAraH TyFpn hh3hkhhht k3hohhk tchtasmschhh e3HHr

& X—i_y-"_2z
K ")~ i~ ~.r

5. Afo(2, 0, —3) HyKTaAaH yTyBHH Ba KyHHAarn uiapTHH ksho-
auiahthpyBVH TyppH mh3hk TeHPAaMacHHH Ty3HHr: a) s={2, 3,

4} BeKTopra napaAAeA; 6) M |(—3, 1, 4) HyKTaAaH yTyBHH.

>K: @) *~.2. 1L—1++ 6) +="=+-1+1

’ 2 —4 —5 1— 7 -

6. BepHJiraH TeHrAaMaJdiapH SyfiHna Tyrpn hhshkhhht maKjiHHH
HH3HHT, yHHHT k  SypHaK  KO3()()HUHeHTHHH Ba KOOpAHH3T3A3p
yMapnAan KecaAHraH a Ba b KecMajiapHHH TonHHTr:

a) 2x—y-f-3=0; 6) 5x+ 2/—8= 0,

b) 3x+ 8(/+16= 0; r) 3x—y= 0.
Hta) k=2 & |16 =3;6)k=~f, a= |;b=4
b) k= -4; a~ — " - _2 ) k=3; a=6=0.
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7. KyffiHAarn TyrpH HH3HKAap TeHrAaMaAapHHH Ty3HHr:

®) MO (3, — 1) HyKTaAaH yTyBHH Ba opAHHaTajiap yKHra napaAAeA;

6) MO (3, — 1) HyKTaAaH yTyBHH Ba aScunccajiap yKHra nspsAAeA;

b) MO (3, — 1) HyKTaAaH yTyBHH Ba a= {3, —2} BeKTopra
napaAAeA;

r) MO (3, — 1) HyKTaAaH yTyBHH Ba b={1 —4} BeKTopra nepneH-
AHKyAfIp.

>K:a) x—3;6) y=—1 b) 2+ 3j/-3=0;r) x-4y-7 =Q

7- Mycrat™uA uui

1 HKKHTa M, (3, — 1, 2) Ba M2 (4, —2, — 1) HyKTa SepHliraH. M,
HyKTaAaH yTyBHH Ba M,M2 BeKTopra nepneHAHKyjiHp tckhcjihk

TCHTAaMaCHHH Ty3HHT.

> x—y—3z+'2=0,

2 Mi 3, —1, 2), M2(4, —1, —1) Ba M3 (2, 0, 2) HyKTajiapAaH
yTyBHH TeKHCAHK TeHTJiaMaCHHH Ty3HHT.

> 3x+3y+z—8=0.

3. YH"NypHaKHHHr yHAapH SepHliraH: M (3, 6, —7), Af (—5, 2, 3) Ba
P @4, —7, —2). P yHHAaH yTKa3HAraH MeAHaHaHHHr napaMeTpHK

TeHTAaM3CHHH Ty3HHT.

'X = 5/+ 4,
=>K: y= —\\t—7,
z= —2

4. YuiSy

X—2i/-)-3z— 4= 0,
3x-\-2y —5z—4=10

TeHrAaMaAap Shabh SepHAraH TyrpH hh3nhkhhht KaHOHHK TeHrAaMa-
JiapHHH Ty3HHT.
X 2 y--1 z

5. 2Xx+ 2y — 5= 0 TyrpH hh3hkhhht a6cu.HCca.iap yKHHHHr Myc6aT
HyH3AHUIH 6HA3H T3UIKHA KHAT3H SypHaTHHH TOIIHIH .

>K: 135°.
6. YnSypnaK TOMOHAapHHHHr ypT3A3pn 6epHAT3H: Mi (2,1), M 2(5,3),

AI3(3, —4). Yn6ypH3K TOMOHAapH TeHrAai”aAapHHH Ty3HHT.
>K 7x—2y—12=0, 5x+y-28 =0, 2x-3y-18=0.
71



7. YMBypqaKHHHr yqgjiapn SepHiliraH: M 1(2, 1), M2(—1, —1)
M 3(3, 2). ygSypwaKHHur SajiaanjiHKjiapH TenrjiaMajiapHHH Ty3HHr.

>K 4x-\-3y— 11=0, x+ ¥+ 2= 0, 3*+ 2«/-13= 0.

8- 8§ TeKHCIiHKliap Ba TyFpn HH3HK,jiapHHHi y3apo woftjiauiyBM.
TeKwcjiHKjiap opacHflarw 6ypqaK. Typpn HH3HKJiap opacHflarn 6yp*iaK.
HyKTaAaH Tyfph HH3HKKaia Ba TeKHCIliHKKa™a SyjiraH Macotjia

1.8.1. TeKHC.TOKJjiap Aix+ Biy+ Ciz+ Di=0 Ba AX+BZ%+
+ CZ+ £2= 0 TeHrjiaMajiap Shjish SepHliraH SyjiCHH. Yjiap opa-
chasth @ SypqaK KyftHAarH OopMyjia acocHfla x,HCoSjianaAH:
nl-n2 AlA2+ BIB2-j-C,C2

A2\ .
an AA]+B\+C]. "Al+Bir'4"

coscp =

syHAa ni={Ai, 61, Ci} Ba n2= {A2 B2 C3 SepHJiraH tckhcjihkjisp-
HHHr HopMaji BeKTopjiapn.
a) Arap TeKHCIiHKJiap nepneHAHKyjinp Syjica, y xcvma n\-n2— 0 £kh
MR+ fiiB2 + CiC2= 0.
0) Arap TeKHCJiHKliap napajuieji Syjica, y xojiAa
i li ii
A 2 2 B2
b) Arap TeKHCIiHKliap ycTMa-ycT Tyuica, y XojiAa

i i ii
An Bn D

r) Mo(xo, yQ zo) HykTaAaH AX+ By + Cz+ D= 0 TCKHCIiHKKaMa
SyjiraH d Macocj)a:

IAXO0-f-ByO+ Czg D |
d =
\Ja 2+ b2+ c2

(J)opMyjia SyftHHa x,HCoSjiaHaAH.
1.8.2. Typpn MH3HKliap
M1 oy—yl_ z—A
~ ‘1~ Pi
Ba
y—y2
p2

KaHOHHK TeHrjiaMajiap shjish SepHliraH SyjiCHH. By TyppH MH3HKliap
opacHAarH <p SypqaK KyftHAarH (])opMyjiaAaH TonHliaAH:

/r 2+ mr m2+ p|./;2
COS(p =
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Ba

a) A/ap TyppH 4H3HKliap nepneHAHKyjinp Syjica, y xojias
si-52=0 eKH N\I2-f~tn\tn2 p\p2=0H.

| ,
6) Arap TyppH HBHKliap napajuieji Syjica, y XxojiAa -|42_: Tr:z: %2 .

b) Arap TyppH MH3HKjiap ycTMa-ycr Tyuica, y x,0jias I\_ mM\_pP\ 7
2 ~2 P

uiy SHliaH Supra

X2 Xj_ y2—y\\ _ z2— =
/, ~ m, ~ P,
r) Arap TyppH HH3HKliap Kecuuica, y xQliAa
X2—x, y2—y, 2—Z
m P =Q
H m2 P2
A) Arap Typpn ra3HKliap aftkaui Syjica, y xojiAa
2 x\ y2 yl z2 zi
/ m p O
» W2 P2

Mi(xi, i/i, zi) HyKTaAaH TyppH 4H3HKK3M3

I m p
SyjiraH Macoc})a KyftHAarH (})opMyjia Syftuua ~hcoSjibHaAH:
Isx AJjAldl
o AL\

SyHA3 Mo(x0, Yo, zo) HyKTS uiy Typpn MH3UKKa TeruuiliH Ba s={l, m,
P} yHHHr ftyH3JTHpyBMH BeKTOpH.
Hkkh aftkaui

y—N\ 6a y—y2
m. P1 i2 p2
'ryppH HH3HKIliap opacHAarn 3Hr KHCKa M3coc})a KyftHAarHHs
3HHKlJiaH3AH:
I 2|
Igx21

6ynAa Mi (xi, Y\, zi) bs M2 (x2, y2, z2) HyKTajigp moc psbhuias Sy Typpn
IH3HKII3pr3 TeruuiliH, si={/i, mi, p3 bs 2= {{2 m2 p2 lJiap aca
yjiapHHHr ftyHajirapyBHH BeKTopjispH.

Mhcoji. x —2y+ 2z—8= 0 B3 x-j-z—6= 0 tckhcjihkjisp opscH-
JUi'H Syp”~aKHH TonHHr.



U ANill. Ukhii u'Kikvihh op.iciuuil h CypMaK (})opMyjTacHra Kypa:

AlL. Enlll) mC,Ci N M+ j-2)0+21 =
im'|m V171" e fif o \la*+4 +d VT+4+ 4w+ 1 2
I>111011 ] COs "™ 45° KellHS MHKaAH.
183 AX \-By+ Cz+ D= 0 tckhcjihk Shjuih >0 y-yo

| m

TyrpH MH3HK opacHAarH (p Syp~aK ymSy (JjopMyjia 'SyftHia

I"l-1sl VA2+S2+ C2.V/2+n+ b’
Hyn;Ui n—{A, B, C}— TeKHcyiHKHHHr HopMaji BeKTopH, s={l, m, p)—
TyrpH MH3HKHHHT HyHajlTHpyBHH BeKTOpH.
a) Arap tckhcjihk SHliaH TyrpH hh3hk nepneHAHKyjinp Syjica, n Ba
s BeKTopjiap KOliliHHeap ekH 2= 8 __ € syjiaaH.
S)_Arap tckhcjihk 6HliaH Tyrpn'"hh3hk napajuieji Syjica, y x,ojifla
N na s BeKTopjiap nepneHAHKyjiap eKH Al-\-Bm-\-C p " O SyjiaAH.
h) Arap TeKHCIiHK SHliaH TyrpH hh3hk ycTMa-ycT Tymca, y x,0liAa
Al-\-Btn~\~Cp = Q my SHliaH Supra Axo+ Bxo+ Czo+ DO Sy.iaaH.
r) Arap TeKHCIHK SHJiaH TyrpH hh3hk Kecnuica, y xQliAa
Al-\-Bm-\-Cp=/=0.
1.8.4. TeKHCJiHKAarH TyrpH MH3HKliap
Aix-\-B\y+}Ci = 0 Ba A2X-\-By C2"=0
Tenrjiaiviajiap SnjiaH SepHliraH SyjiCHH. Yjiap opacHAarn @ SypnaK
ymSy 4>>pMyjia SyftH™a x,HCoSjiaHaAH:
tii n2 AIA2-\-BIB2

Ccoscp =
P A\n{ \-\n,\ ~NJA2+ B2 . N A2+ B2

SyHAa ti\= {A\, Bi}, n2= {A2, 62} — moc paBHiiiAa SepHliraH TyrpH
AH3HKII3 pHHH" HOpMajl BeKTOpjiapH.
a) Arap 6y TyFpH A4H3HKliap y3apo nepneHAHKyjiap Syjica,
y X,0JiAa
A1-A2-\-B\ -62= 0.
6) Arap 6y TyrpH MH3HKliap napajuieji Syjica, y XojiAa
AV/A2 = B\/B2-
b) Arap 6y TyrpH MH3HKliap ycTMa-ycT Tymca, Y x,0jiAa
A\ BI C,
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TeKHCliHKiiarH Tyrpn 4H3HKliap
y = K\x-\-bi Ba y = k2X-\-b?2

TeHrjiaMajiap SHlJiaH SepHlJiraH SyjiCHH. Yjiap opacHAarn <p Syp~ak
yuiSy <|)opMyjia Synnga x,HcoSjiaHaAH:
h_h
tgg>=

By Tyrpn HH3HKliapHHHr nepneHAHKyjisipjiHK map™ k\-k2= — 1
AaH nSopaT, napajuiejuiHK map™ aca k\ = k2 SyjiaAH.
Mo(xo, yo) HyKTa/iaH Ax-\-By-j-C = 0 TyFpH HHSHKKa'ia SyjiraH
d Maco<l=a ymSy
\Axa-\-By0-\-C\
d= —— m —
V-42+S2

(JjopMyjia Syftnna ~HCoSjiaHaAH.

8- du;' xona TonuiupuFU

1 KoopAHHaTajiap SouiHAaH jhyBMH 2x—y-\-3z— 1=0 Ba
X+ 2y + 2= 0 TeKHCJiHKliapra nepneHAHKyjmp tckhcjihk TeHrjiaMacHHH
Ty3HHF.

>K 7x—y—5z= 0.

2 P(—1 1, —2) HyKTaAaH Mi(l, —1, 1), M2(—2, 1, 3) Ba
M3(4, —5 *=2) HyKTajiap opKajiH yTyBiH TeKHCliHKKa™a SyjiraH d
Macoc|)aHH xncoSjiaHr.

)K. d= 4 y3yH. Supji.

3. YmSy

( Xx—y—Az—5=0, ( Xx—6y—6z+ 2= 0,
\2jc)-/—2z—4=0 \2x-\-2y-\-9z— 1=0
TyrpH ~H3HKliap opZCHAara @ Syp~aK KocHHycHHH XHCoSjiaHr.
>K: cos(p=* g-m

4. TyrpH mh3hk SHliaH TeKHCIIHKHHHr y3apo x0liaTHHH aHHKlJiaHr,
yjiap KecnmraH x,0Jiaa, KecHmnm HyKTacH KoopAHHaTaliapHHH TonHHTr:

a) 1xL=JLz1 =" 3x_ 3y+2z-5=0,
6) X+ 2y-4z+\=0,
b) 3X—y-\-2z—5= 0.

>K: a) napajuieji; 6) Tyrpn mh3hk TeKHCJiHKAa eTa™H; ») M(2, 3, 1)
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nyK'raAa KHnma;ut-

5 Mi (5, 4, 6) Bd M2 (—2, — 17, —8) HyKTaliapAaH yTyBHH Tyrpw
'imuiKKa imcGaTaii P(2, —5, 7) HyKTara chmmctphk Q HyKTahh
TOIlIHIir.

> Q @4, - 1, -3).

6. y=i(bypMaKHHHr A (— 10, — 13) Ba 6 (— 2, 3) y”Niapn 6epnjiraH.
Yiihhi- C yg«AaH AB TOMOHra yTKa3HliraH MeAnaHacnra B ynnAaH
ryniHpHliran nepneHAHKyjinp y3yHJinrHHN “nco6jiaHr.

>K: 4 y3yH, 6npji.

8- Mycrai™uA uiu

1 Mi(l, —1, 2) Ba M2(3, 1, 1) HyKTajiapAaH yryBMH x—2y +
-(-32+ 5= 0 TeKHCliIHKKa nepneHAHKyjinp tckhcjihk TeHrjiaMacnHH
Ty3HHr.

> 4x—y—2z—9= 0.

2. Yuiby TyppH 4H3HKJiapHHHr nepneHAHKYyjinpjiHrHHH ncSoTliaHr:

X — 2t-\-\,
y=3t—2, Bap*+*-~ +2-0.
z— 6,+1 y —52+ 4= 0.

3. YuiSy
2x—3y+ 6z— 14= 0 Ba 4x—6y+ 122+ 21 =0

TeKHCIliHKJiap opacHAarH d MacocfjaHn xncofijiaHr.
>K: d= 3,5 y3yHliHK Shpjihth.
4. yuiSy

X+ 2 z— 1 X—3 y—1 z—7
_|_:_y\: ———- Ba — J—
| 4 2

Tyrpn 4H3HKliap | HHHr KaHAaft KHHMaTHAa KecHinaAH?
>K: 1= 3.
5. yuiby

x+7_y+4_2+3bdx 21 U+ 5 2-
3 4 —2 6 —4 —1
Tyrpn 4H3HKliap opacHAarn 3Hr KHCKa Maco(})aHH Xx,nco6jiaHr.
>K: 13 y3yHAHK SnpjinrH.
B X=2=293=2*1 TjppH iH3HKAaH VyTyBHH Ba x4 dy—

— 3Z+ 7:0 TeKH CAHKKa nepneHAHKYyjinp tckhcjihk TeHrjiaMacnHH
Ty3HHr.

>K lIx—17y—19z+10= 0.
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\
(bx —3y+ 2z—5=0

7. <

[2Xx —y —z— 1=0
KHCJIHKAa eTHUIHHH HCSoTliaHT.

8. ,4(5, — 1) HyKTa TOMOHJiapnAaH 6npn 4x—3y—7= 0 Typpn
HHiHKAa eTyBHH KBaApaTHHHr yHHAnNp. Iy KBaApaTHHHr KOliraH
iOMOHlJiapH TeHrjiaMajiapnHH Ty3HHr.

>K: HKKHTa KBaApaT Macajia uiapTHHH KaHoaTligHTnpaAH:

" Tyrpn HH3HKHHHr 4x—3y+ 72— 7= 0 Te-

a) 3x-\-4y— 11=0, 4x—3y-23=0, 3x+ 4/—27= O;
6) 3x+ 4y—11=0, 4x— 3y —23= 0, 3x+ 4y+ 5= 0.

3- Ha3opar uiuu

I. ABC ynSypnaK ygjiapHHHHr KoopAHHaTajiapn SepHliraH. \

a) C y™AaH yTKa3HliraH MeAHaHa TeHrjiaMacnHH Ty3HHr Ba yHHHr
VlyluinrHHH TonnHr;

6) A ygAaH yTKa3HjiraH SajiaHAJIHK TeHrjiaMacnHH Ty3HHr Ba uiy
OalianAliHK y3yHITHrHHN TonnHr;

ii) B SypgaK SncceKTpHcacH TeHrjiaMacnHH Ty3HHr Ba yHHHr
viyiuiHrnHH TonnHr.

11 A4, 1), 6(0, -2), C(—5, 10).
12. A(—7 3), 6(5, —2), C(8, 2).
13. A5, -1), 6(1, -4), C(—4, 8).
(4. A(—14, 6), B(—2, 1), C(l, 5).
15 A (6, 0), 6(2, -3), C(—3, 9).

I A(—9, 2), 6(3, -3), C(6, 1).
17. A(7, —4), 6(3, —7), C(—2, 5).
18 A(—8, 4), 6(4, — 1), C(7, 3).
10. A3, —3), 6(—1, —6), C(—86, 6).
110. 4(—6, 5), 6(6, 0), C(9, 4).

111 A(4, 11), 6 (—1, -1), C(7, 5).
112. A(3, 13), 6 (—2, 1), C(6, 7).

113. A(7, 11), 6(2, -1), C(10, 5).
114. A (6, 13), 6(1, 1), C(9, 7).

115 A4, 14), 6 (— 1 2), C(7, 8).

UB. A(6, 10), 6(1, -2), C(9, 4).
117. A(4, 13), 6 (— 1, 1), C(7, 7).

lLIK. A6, 11), 6(1, -1), C(9, 5).
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1.19. A (4, 10), B( .1, -2), C(7, 4).
1.20. /1((), 14), 6(1, 2), C(9, 8).

1.21. /1(-10, -1), B (- 6 -4), C®6, 1).
1.22. A(18, 8), 6(12, 0), C(0, 5).

123. A(—6, -3), B(—2, -6), C(10, -1).
124. A (14, 10), 6(8, 2), C (- 4, 7).

125 I(—2, -1), 6(2, -4), C(14, 1).
126. A8, 7), 6(2, -1), C(-10, 4).

1.27. A(l, 0), 6(5, -3), C(17, 2).

128 A (20, 2), 6(14, -6), C(26, -1).
1.20. A (-1, 7), 6(3, 4), C(15, 9).

1.30. A(7, 6), 6(1, 2), C(—11, 3).

2. M, N, P, Q HyKTajiaphhht KoopAHHaTaliapn SepHliraH.

a) N, P, Q HykTaliapAaH YTyBHH TekHciliHKkka nepneHAHKyjinp
SyjiraH Ba M HyKTaAaH yTyBMH TYIrpn hhshkhhht TeHrjiaMacnHH
Ty3HHTr;

6) M HyKTaAaH N, P, Q HyKTajiap opKajin yTyBHn TeKHCIiHKKa-
Ma SyjiraH MacocjjaHH TonHHr:

21. Af(1, 7,5), N(2 3, 5), P(-1, 12 -4), Q4, 6, 4).
22. M(2, -4, 3), N(3 1 4), P(6 2 -3), Q(2 -2, 3).
23. M(1 1 1), N(2 2 5), P(3 2 2), Q2, 0, 3).

—2), N2, 4, 4), /*(1, 3, 5), Q(2, 0 2).
-4), P(l, 8 3), Q4, 2 1).

1), P(4 -1, 2), Q(, 1, 1.

6), P(2, 2, 1), Q(5, 2 3).

3), P(5, 2 3), Q2, 2 1).

3), P(l, 1, 3), Q4, 1, 6).

1), P(4, 1 5), Q(l, 1 3).
7), P(5, 4, 7), Q(6, 6, 2).
5
1,

24. M(5,
25. M(5, 2, 6), N(O,
26. M(6, 3, 4), N(2,
27. Af(l, 1, 3), iv(a,
29. Af(2, 2, 1), W(5,
2.10. M (5, 2, 3), N(2,
211. M(7, 3, 0), N(2,
7), /509, 4, 4), Q(7, 5, 3).

, 0), P(4, 6 6), Q(6

212. M (7,

1,
3
2,
3
1,
28. M4, 1 6), N(I,
2,
2,
3
9, 6), yV(4,
2,

N O A2 NN p p O p

213. Af(l, 2, 6), N4, 2).
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2.14.
2.15.
2.16.
2.17.
2.18.
2.19.
2.20.
2.21.
2.22.
2.23.
2.24.
2.25.
2.26.
2.27.
2.28.
2.29.

2.30.

/G, 8 2), N3, 5 10), 233, 8, 4), Q(5, 5, 4).
M(3, 9 8), N(4, 6, 3), P(4, 1, 5), QO, 7, 1).

M6, 9 2), NG5, 7, 8), P(-3 7 1), Q9, 5 5).

M (@3, 6, 7), A4, 9, 3), P(7, 6 3), Q(2, 4, 3).

M(6, 4, 8), yv(i, 9, 9), P(5 8 3), Q@3, 5 4).

M (8, 5 8> /V(, 7, 3), P(6, 9, 1), Q(3, 3, 9).

M@, 4, -1), N(—1 1 6), P(—1 6, 1), Q(3, 1 4).
M(1 3 -1), A/0, 0, 6), P(0, 0, 0), Q(4, O, 4).

M@ -1,3), N(—3, 1 1), P(2 3 -4), ~(-1, -3, 4).
M@, -1, 4), ~(-2, 4,5), P(2, 3, -/), Q(O, 0, 0).
M5, 2, 4), iV(3, 2, —4), P{2, —5, 3), Q(2, 4, —1).
M(3, 4, —2), jV(—6, 2, —3), P{—G 2, —3), Q(2, 2, 4).
W—1 3 1), ™M—4, 1, —4), P(0, —5, 0), Q(O0, 0, —2).
M (6, 3, -3), ~(2, 3, 5), P(3, -2, 6), Q(2 2 -5).
Af(0, —1,2), N5, —2, —1), P(3, 3, 4), Q@E3, —1, —2).
M(3, 3, 4), N(3, -1, -2), P(5, -2, -1), QO, -1, 2).
M (2, -5, 3), N(5, 2 4), P(-5, 6, -1), Q@3, 2 -4).

3. BepnjiraH A HyKTa Ba SepHliraH

X—a__y—b__ z—c
| m p

ryrpH mh3hk opKajin yTyBHH tckhcjihk TeHrjiaMacnHH TyaHHr:

31. A3, -2, 1),

3.3.

34

35

X+3 y—2 2—1

-3 -~ i 4
32. A4, 5 —2), x+1loy—s 2
3 —2
. x—4 y 2+1
A{—3 1 2), ) a3
A(—1 2 1) X+2 y 25
T 4 ~ 2
A(2 1. 2) X+ 7 y—5 2+2
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i t

3.6.

3.7.

3.8.

3.9.

3.10.

311

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

A(—2,3,1),
A(—4, -1, 2
4(—3, 0 2),
4(1,2, 3),
4(1 -1, -2)
4(—3, 2 4),
A4 -3, 1,
4(4, 5, 1),
44, 2, —2),
4(0, 2, 1),
a5, -1, 2),
44, 2, -1),
4(—1 4 5),
4(—4 —1 2),
42, 5, —1),
4(5, 0, 4),
4(-4, 5 3),
4(3, 0, 2),

4 (-5, 3 -4),

X
<

|

S}

+

al

X—5_ 0+2 z—

325. 44 3 1 n —y+|—z+2
( ) 4 y3 -1
326. 4 (—4, 1, —3), —*4+3= ¥~5 z~2
—3 3
3.27. 4(2, 3, 0)7 -£+x1—  z~*
-3 2 2
3.28. 4 (-5, 2, -1)
3 4 ~ -3
3.29.4(6,2,0),
; 6 Il ~ -3 =
330. 4(—6, 3 2 +=|I"L—I x5
.4 2 -3 -

5- HaMynaeuu %uco6 ronmupu”Aapu

I. 46C yHsypgakKHHHr y<mapn 6ep«liraH.
I\viiH ZiarHJiapHH TonHHr: a) AB tomoh TeHrjiaMacuHn;

imrr6r) C yMHAaH AB TOMOHra TymHpmirah SajiaHAJiIHK TeHrviaMa-
o ii) 4 y~HAaH BC TOMOHra TymHpHjiraH MeAHaHa TeHrjiaMacH-

i) «6» Ba «b» SaHAliapAa TonmiraH SajiaHAJIHK 6njian MeAHaHa-
niiiir KeenLuraH HyKTacHHH;

'0 C HyKTaAaH yTyBHH AB .TOMOHra napajiAeji TyFpH mh3hk
ii‘iii'jiaMacHHH;

0) C HyKTaAaH AB Typpn MH3HKKaga SyjiraH Maco”aHH.

11 A4 .-5), 6 (6, 9), C(—4 - 1)

12 A(l, -3), B (-,5 4), C(—2, 10).

13 >11, 8), 6 (-5, -4), C(-1, -3)

14 =10, 4), B (5 --3), C(—6, - 2).

15 4(6, -4), 6 (-8 3), C(—2 -7)

16. 4(2, 3), 6 (-4, -7), C(2, 0

17. 4(—m -8), 5 (4, 1), C(O, 7)

18. A4, -2), 6 (7, 0), C(-3, 1

19 A@4 1), 5 (-2, 8), C(1 -5),

110. 4(4, 0), B (1, --3), C(5, 2).

111 4(7, 10), B (1, 3), C(4, -2).

112. Y18 6), B (1,3 - 8

113 4111, -3), B ( € o ),

it al



114 A (5, 9), B (4 - 1, c (0 1

115. A (7, 3), B (1, 7), C (--2, 1

116. A (1. 6), B (6, 1), C (--3, - 2).
117. A (2, 6), B (6, —6), C (2, - 4).
118. A (10, 1), B (3, 7), C (-3, 4).
119. A (8, 3), B (2 8), C (--4, 4)

120. A (7, 7), B (--7, 5), C (-3, -3).
121. A (3, -3), B (4, 3), C (-6, I)-
122. A (6, 2), B (--6, 8), C (2, - 4).
123 A (7,5), B (-4, 0), C (2, - 5).
124. A (8, -1). B (2, 6), C (-4, 4).
125. A (- 50),B (2, -6), C (8 -3).
126. A (1. -4), B (-1, 10, c (--9, 6).
127. A (-3, 7), B (-1, 3), C (2, -4).
1.28. A (10, 4), B (-4, 6), C (-1, 3).
129. A (2, -6), B (3, 11), C (-1, 3).
130. A (-505),B @ —7), Cc (-2 —7

2. ABCD ntipaMHAaHHHr vyqgjiapH SepHliraH. KyHHAarHliapHH to-
NnHHr:

a) ABC TeKHCIHK TeHrjiaMacnHH;

6) AB KHppa TeHrjia-MacHHH;

b) D y™AaH yTyBHH ABC yKKa nepneHAHKyjinp Tyrpn hh3hk
TeHrjiaMacnHH;

ry C yMHAaH vyryBHH AB KHppara napajuieji TyppH mh3hk
TeHrjiaMacnHH;
A) D yMHAaH yryBHH AB KHppara nepneHAHKyjinp tckhcjihk

TeHrjiaMacnHH;
e) AD Knppa snjiaH ABC eK opacHAara SypnaK cnHycHHH;
>k} ABC Ba ABD eKliap opacHAarn 6yp4akK KocHHycHHH:;
3) D y~raaH ABC ekkana SyjiraH Maco(})aHH.

21. A (7,3 5), B (5 3 2), C (10, 2,4), D (7, -2, 1).

22. A (-8, -6, -3), B (4,2 1), C (0,5 2), D (0 2 5).
23 A (7. - 3 14),B (-6,0,5), C (1,2 1),D (-2, -1, 2).
24. A (5,5 -6,),B (-4, -8,4),C (1,7 -1),D (-4,0, -2)
25. A (7, -8 -1), B (-3, -6, -2), C (2, -3, -5),

D (5 4, 14).
26. A (16, —8, -13), B (6,2 5), C (-3, 0,3), D (0, 2, 1).
27. A (7,3 -5),B (1,2 3), C (-1, 2 1), D 2, -1, 2).

524

8,3 2,B 4 -2,2),C @3 1 -1), D (2, 1 1).

8 4 —5),B (7,3,6), C (-2, 1, 4),D (L 3 2).
& 7—3),B (1,2 3),C(1,32),D (2 1 1.
12,7, —1), B (0, —2, —5), C (—4, 5, 1),

-7, 4,-3).

5 6,1),B (-2, 1,2),C (O -1, 4, D (-3, 2 -1).
-1,0, —7),B (4, -5,3),C(—2 1 -9),D (1, -1, -3).
2,4, -2),B (-1, 1,2),C (3,0 -2), D (1, —1 1)
4 i, 2),B (-1, 1,0), C (2 -1, 1), D (0, 2 1).
16, -9, —5), B (1, —2,2), C (-1,2, 1),£> (2,0, 1).
-9, -2,3), B (6,-1, -2), C (1,0, \),D (-3,2, 1).

-10, 7, - 6), B (-3, 0, - 6), C (-5, 3, -2),
-1, 10 3).

53 -2),B (-1, 0,3),C (-4, -2, -1), D (4, 2, -1).
-5,4,-3),B (5 -1,2), C (2 1 -4),Z> (1, -3, 0).
0,3 4),B (1,0 3), C( -1, 4), D (0, 3, 1.

-16, 20, -21), B (-4, 1, 3), C (2, 3, 0),

-1, - 1, -2).

2,-1,1),B (3,7, -2), C (36,-3), D (-7, 5, 1.
8,—10,2), B (—3,3 —1),C (0, - 6,5),D {-3, -4, 2).
722 -3),B (4 1 1),C 2 1,2), D (2 -1, 1.

5, -4, 5),B (1,0, -1), C (1, 2, 2), D (6, 3, 1).

8 i, -12), S (8,5, -10), C (0, -3,2), D (6,2, -4).
8,1 10),B (-1, -2, —5),C (-2, -1,7),D (4,2,7).
8i, 3),B (2 -3, -7), C (-2, 5 3), D (4,1, 2).
-7, - 8,10), B (-3, 6,3), C (-3, 0, - 6),

2, -5, -1).

I'yi'pH MH3HKHHHT KaHOHHK TeHTlJiaMaliapHHH e3HHT:

31

8.3.

35.

f2x+ 3y-2z + 6= 0,
\3x+ 3y+z— 1= 0,

x—3y+z+43—0,

3.2 2x—3y—2z+ 6= 0.

(2x—4y—2z+ 4= 0,
\6x+ by —4z+ 4= 0.

f3x+ 4+ 3z+1=0,
I6x-5y + 3z+ 8= 0,
(Xx+5y—z+I11=0,

36.
(8x—5y —3z— 1=0.

Jx—3yA-z+-2=0,
I5x+ 3y+ 2z2-4 = 0,

—y-\-2z— 1=0,

X+y+z+ 11=0-

| Xx4-3y+ 2z+ 14= 0,
Imjc+ 3/+ 2z-4 =0,

3.8.
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3.9.

3.11.

3.13.

3.15.

3.17.

3.19.

3.21.

3.23.

3.25.

3.27.

3.29.

j X+ 5y+ 2z—5= 0,
\IX ~5y+ z+ 6= 0,

| 2x—5y—z+ 5= 0,
\Xx+ 5y-2z+ 3= 0,
f 6x—7y—z—2=0,
\ x{-7y—z+ 8=0,

X + 7y—4z—5=0,
[2x—7/+ 2z_| 8= 0,

\X—y+ z—2=0,
6x+y—4z+ 8= (,

(x—2y—z+4=1)
[6x+ 2y+ 3z+ 4= 0,

(x—y—2z—2=0,
(x+ §y+ 2z—6=0,

15x+y—3z+ 4= 0,
[5x—3y —z+ 8= 0,
j 3x+ 4dy—2z+ 1= 0,
\x—4y —2z+ 3= 0,

(Xx+ By+2z+ 11=0,
\3x—y —2z+ 7= 0,

(X+y—z—6=0,
[2x—3y + z—8= 0,

4. BepHliraH TyppH MH3HK
chhh ToriHHr:

4.1

4.2.

4.3.

xX—3 y+2 z—5

0 3 10
1 0+3_ z—2

1 0 -2
Xx—1 o0-2 z—3

2 -3 1’

3.10.

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

328

3.30.

fx+y—2z—2=0,
(6x—y—4z—3=0.

\x~y + z+ 2-17

\7x-\-y-\-z—5= 0.

| 2X—y—3z—2=0,
t3X—y —2z— 1=0.
\(2x—y+ z+ 6=0,
(Bx+ §+ 27— A= 0.
|[4x+y+ z+ 2—0,
\2x—y—3z+ 4= 0.

2x—y —3z—8=0,
2X—by+ 2z—4= 0.

(Xx—2y+z+ 4=0,
{2x+ 2y+ z—4=0.

X—y+ 2z+ 2= 0,
X—3y—z+ 4=0.

p*-4°+3z+4-0
X+ 4y+ z—6=0.

[2x —4y-\-3z-\-4= 0O,
\X-\-4y-\-z— 6= 0.

(3x—y + 2z2—4=0Q,
[2A+ 3y—2z+ 6= 0.

X+ 2y—2z+ 25= 0.

2Xx—7y—3z—21 =0.

B5x—

84

2y—z—13=0.

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.17.

4.18.

4.19.

4.20.

4.21.

1.22.

X+ 2

—2

x+ 5

X+ 1

X—8

x+8

X+ 2

X+ 3

0—1_ z—2
4 3
0-3 z—1
1 6
y z+1

o -2

0+ 2 z—3
-1 1’
y_2 z— 1
T
o+ 3 z—5
5 —1’
0o—1 z—3
—1 1’
0-8 z— 1
-5 8
0-2 z—5
0 -2
0+1 z—3
3 2
0o+5_ z

2 1’
0-* z+ 3
3 2
0-4 z—3
5 -1
0-2 z—2
-1 2
0-2 z+3
-5 1’
0-1 z+2
1 -1
o+1 z—1
0 1’
0-1 z—1
—1 2
0-2 z+2
0 1

4x—y+ 3z+ 6=0.
5x—2y+ 3z—3= 0.
5x—2y+ 3z—3= 0.
4x+ 9y+ 5z= 0.
6Xx—y—4z—3= 0.
5x—7y—3z+ 11= 0
X+ 7y+z+H=0.
3X—2y—z—6=0.
AX—5y+ 22+ 24= 0.
X+ 4y+ 3z— 16= 0.
3x+ 4y —5z+ 20= 0.
7x—3y+ 2z—28= 0.
IX+y—7z—19= 0.
5x—3y+ z—36= 0.
4x—y+ 5z+ 3= 0.
X—2y—z+ 2= 0.
Ix+ 2y—3z+ 8= 0.
X—2y—4z+ |1=0.

5x+ 3y-2z+ 7= 0.



428 *M _u 1 112 3x—y+ 22+ 23= 0,

x- 4 vV 2 z—1 .

424. . _ Ty 5 4x—2y-j-z— 19= 0.
X+ | -3 —2

425 7,0 YT 2T 3x—2y+ 2—8=0
Ji—I — *

4.26. y~_\43 gl 5x+ 2y + z— 15= 0.
x—2 + 2—1

azz. X0 yR4 A 7x+ 3/+ z—25=0.
*x\-3 _1

4.28. 2 3(/) z 1 4x—y+ 2z=0.
x—2 - 2—5

429. © y_|3 ; 5x—y —3z+ 10= 0.
x—3 2+1

ag0. ¥ ypE o x+ 3y —52—21=0.

9- 8 Sjijmnc, rMnepSona Ba napa6ojiaHHHr
KaHOHHK TeHrjiaMa.>iapH
1.9.1. Saauhc jxe6 TeKHCIliHKAaru uiyHAaft HyKTajiap TynjiaMHra

afITHlia"HKH, 6y HyKTajiap HHHr Xa@0 SnpuAaH uiy tckhcjihkhmht
dpoKycAap Ae6 aTajiyBUH hkkh HyKTacHraua SyjiraH Maco({>ajiap
HHFHHAHCH jferapMaC MHKAOpAHp.

OoKycjiapH Ox yKAa KoopAHHaTajiap SouiHra HHc6aTaH chmmctphk
eTyBHH 3JiJiHncHHHTr (lO—uiaKJi) kshohmk TeHrjiaMacn yuiSy Kypu-

HHLura ara:
NV ,

a o a>b-

ByHAa a Ba bajumncHHHr KaTTa Ba khhhk hphm yKliapH y3yHIJiHKliapH.
OoKycjiap opacHflarn Maco(})aHH 2C AecakK, C€2= a2—b2 MyHocasaT
ypHHIH. 3jUIHNCHHHr SKCUeHTpHCHTeTH fle6

ra aHTHliaAH.

SjuiHncHHHr M(X, y) HyKTacHAaH (JjoKycjiapHrana SyjiraH Maco(})a-
Jiap (ri Ba r2 SnjiaH SejirajiaHaAH) yHHHr (pokaA paduycAapu
AeHHliaAH.

TeHrjiaMajiapn

x xan H——OC—Z, a>bi,
e

86

nan HSopaT HKKHTa Tyrpn hh3hk SJiJiHncHHHr dupeKTpucciAapu
uHHJiaAH Ba yjiap yiu6y Xxoccara ara:

-=e.

Arap a<ib 6yjica, y xojiAa ajuiHncHHHr ()OKycjiapH Oy yKAa eTaAH
(1= uiakKli), 2b yHHHr KaTTa yKH, aKcueHTpHCHTera aca e=y Byjia—
in, SyHAa c2= b2—a2 ,H,HpeKTpHcaliapH TeHTJiaMaliapn:

, 6 . b2
y = dz E: H———C—.
Amp a= b Syjica, sjuiHnc paAHycH a, MapKa3H KoopAHHaTajiap SouiHAa
fiViiraH x2+ y2= a2 aftjiaHaAaH HSopaT SyjiaAH.

1.9.2. runepdoAa AeS TeKHCIJiHKAarn uiyHAaft HyKTajiap TynjiaMHra
<ii i HliaAHKH, 6y HyKTaliapHHHr Xap SwpHAaH uiy TeKHCJIIHKHHHr
t>t>igchgp Ae6  aTajiyBHH hkkh HyKTacHrana SyjiraH Macoc))ajiap
miltpMajiaphhhht aScoliioT KHftMaTliapH ysrapMac MHKAopAnp.

OoKycjiapH Ox yKAa KoopAHHaTajiap SouiHra HucSaTaH CHMMeTpuK
MtliAa eTyBVH runepSoliaHHHr k3hohhk TeHrjiaMacn

Jiz_—ﬁz__ I
a2 b2

KypHiimura ara. ByHAa a — runepSoliaHHHF, xaKHKHft npuM yKH
y tyiijinth; b — MaBX,yM hphm yKH y3yHIJiHrH. Arap" (J))OKycjiap opacHAara
Mfil'oc])aHH 2c AecaK, b2= c2—a2 SyjiaAH.

I'miep6ojia 9Kcu<eHTpucuTeTU AeS Y 'V

Na2+ 2

i ;mTHJiaAH.
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rnnop(5(wianHMr (poKaji paduycAapu AeS, yhhhp M (x, u) HyKTacHAan
6yllran Maco$aliapHra (n Ba r2 SHliaH SeArHlianaAH)

dFl |
FniiepScwiaHHHr OupeKrpucaAapu AeS, TemvisMaAapH

X — — = a2

8 c

Aaw wSopaT SyjiraH Ba KyHHAsrn xoccajiapra ara HKKHTa tvfdh

wH3HKKa aHTHJiaAH:

rHnep6ojia TenrjiaMaAapH y= += =+
TOTara ara.

Ba ™ "eP6<Ma Tme TOMMM

X2—y2= a2

a™ ""TOTaMP» ™ ™ «ac Sca j,= %, aa,

Arap rHnepfioAaHHHr acHMrreoTajiapH Oy yKAa koopahhstsasd
SouiHra HHcSaxaH chmmctphk eTca, y jAHHrTeHrjiaMacH

eKH
KypHHHUIHH OliaAH. iHnepSojISHHHr SKCUeHTpHCHTeTH e=—, ah-
b
peKTpHcaliapn y — b acHMriTOTaAapH y= + _ by SyjiaAH.

12- uiaki 13- uiakii

X AaH H(5opaT HKKHTa aCHMn_

42- 452= 1 Ba 4p- 2= 1 rnnepSolia-

wip K,yiuMa eunepSoAdAap AeHHliaAH
112- uiaKA)

19.3. 00Kyc Ae6 aTajiyBMH SepHliraH hYk-
1U1mah Ba dupeKTpuca AeS aTaaybmh Se-
pmiraH Tyrpn  4H3HKA3h reHr ysoKliHKAa
rryBHH TeKHCIJiHKAarH HyKTaAap TynAa mh
napaooAa AeHHliaAH.

y"H  KoopAHHaTaAap SouiHAa eTyB"H
CHMMerpHH yKH OX yKAaH nSopaT SyAraH
napaooAaHHHr KaHOHHK TeHrjiaMacn

y 2= 2px

«£vrHUIra 3ra (13' maKll)- ByHfla P> o (napa6ojia nspsMeTpn)
()OKycAaH AHpeKxpHcaraia SyAraH Macog>a, /~HpeKTpHcaHKHr Tenrjia-

MaCH x- KypHHHiura ara.

— napa6onaHHHr M(X, y) HyKTaCHAaH Naps60ji3 (boKycHraHa

d~ my M (x> HyKTaAaH AHpeKTpncaraga SyjiraH
M,ico({)acH Syjica, y xojiXa yI-SHHry )3Kc3/,el—rrpHC|—|TeTf—)| P d v

Arap

«=ji="-
Yhh KoopAHHaTaAap Souihas, chmmctphh yKH Oy SyAraH napaSoAs-
iimhp KaHOHHK TenrjiaMacH ymSy Kyp,HHUira 3ra (14- iuaKli):
x2=2py (p>0).
Viihht ahpeKTpncach TeHrAaMacH aca-u = 52

Mhcoji. OoKycjiapH opacHAarH Maco~a 10 ra Ba MaB”~yM hphm
vkh 3 ra TeHr SyAraH ninepSoAaHHHr k3hohhk TeHTAaMacHHH tY3hht
hh ui. MacajiaHHHr inapTHP3 Kypa 6= 3 Ba 2c=10, SyHASH
f ~5 Baa= VvV c2~ b2= ij25—9=4 KejinS 4hk3ah. £eMaK, H3AaHa-
i'TI'MIl KaHOHHK TeHrA3M3

le f

KypHIIHUIAS 6yA3AH.
1.94. YmSy

(x—x0)2+ (y—yQ2=a2

(x—x0) 2 (y—y02
=1
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@ arf_ (Il yn2

az2 b2 ~

(y—y0)2= 2p(x— x0),
(x—x"2= 2p(y —yo0)

roiirjiaMajiap moc paBHUiAa MapKasjiapn C(XO, yo) HyKTaAa SyjiraH
UHjiaiia, ajuwnc, rnnepSojia Ba ynn C(X o yo) HyKTaua ctvbmh
napaoojiajiapHH aHHKIiaftAH.

9-dapcxona Tonuiupuru

1 9x -f-25y =225 ajuinnc 6'epHiiraH. YHHHr hphm yKliapHHH
cpOKycjiapH KoopAHHaTaliapHHH, aKcueHTpHCHTera, AHpeKTpncajiapH
TenrjiaMajiapHHH TonHHr Ba iu3kjihhh HH3HHT.

>K:a=5 b=3; F, (4, 0); f2(- 4, 0); e=0,8, x==x"L.
4

2. 16x2—% 2=144 rnnepSojia SepHliraH. Yhhht hphm vkhhh
(pOKyCliapH KOOpAHHaTaliapHHH, 3KCUeHTpHCHTeTHHH, AHpeKTDHCaCH Ba
acHMtiTOTajiapn TeHrjiaMacnHH TonHHr. UiaKliHHH HH3HHr. >K: a= 3
b=4, Fx{5 0) Ba f2(_5, 0); e=4; Xx= , Y=+ £ X.

o 2 J 5 3

6. y =QX napaSojia SepHliraH. Yhhht p napaMeTpHHH, ahpcktph-
CaCH TeHTliaMaCHHH TonHHr Ba UiaKJiHHH HH3HHT.

*:p =3 . F(];0); *=~j.

4. OoKycjiapH aScuwcca yKHAa eTyBHH Ba KyftHAarH uiapTliapHH
KaHoaTjiaHTnpyBHH ajuiHncHHHr k3hohhk TeHrjiaMacnHH Ty3HHr:
8 yHHHr khhhk yKH 24 ra, (})OKycjiap opacHAarH Macocpa 10 ra
TeHr,;
6) AHpeKTpncajiapn opacHAarH Macoc})a 32 ra, aKcneHTpiicHTeTH
U,o0 ra Tenr. r
5. 3jiiHNcHHHr (pokycliapn OpAHHaTajiap yKHAa eras,
a) yHHHr khhhk yKH 16 ra, SKCueHTpHCHTera aca 0,6 ra TeHr
6) yHHHr tjjoKycjiapH opacHAarH Macocjja 6 ra Ba AHpeKTpncajiLpH

opaCHAarn Macotpa 16y ra TeHr Syjica, yHHHr KaHOHHK TeHrjiaMacn-

HH Ty3HHr.

6. rHnepSoliaHHHr (f)OKycjiapH 36cuHCcajiap YKHAa cths,

y||HHr (JjoKycjispn opacHAarH Maco(J))3 6 ra B3 aKcueHTPHCH-
toth 125 ra TeHr; F
6) yHHHr X3KHKHH HPHM yKH 5 ra TeHr, ygjiapn aca MapKag3ii

.. (poKycH opacHAarH Maco”aHH TeHr HKKHra Syjica, yHHHr KaHOHHK
TeHrjiaMacnHH Ty3HHTr.

7. FHnepSoliSHHHr cpoKycjiapH QY ykHAa eras,

a) acHMnroTajiapH TeHrjiaMajiapn y= zh—~x Ba yqgjiapH opa-
CHAarn Maco(})a 48 ra TeHr;
6) (})OKycjiapH opacHAarH Macocpa 10 ra,

Q0

aKcueHTpHCHTem

ra TeHr Clyjica, yHHHr Kahohhk TeHrjiaMacHHH Ty3HHr.

8. riapysoliaHHHr KaHOHHK TeHrjiaMacnHH Ty3HHr:
a) napsScx/isHHHr poKycH F (0O, 4); 6) napaSojia Ox yKKa hhc-
bciTaH CHMMeTpnK Ba v(9, 6) HyKTaAaH yTaAH.
9. 4H3HKlJiap TeHrjiaMaliapHHH coAAajiauiTHpHHr, yjiapHHHr Typn-
iih aHHKJiaHr, napaMeTpjiapHHH TonHHr Ba uiakliHHH HH3HHr:

a) x2+ y2-4x + 6y+ 4= (; )
6) 2x2+ by2+ 8x— Wy— 17=0; |
b) X2—6y— 12*+ 36y — 48= O;

r) *2—8x+ 2y+18 = 0;

a) y —4axf4y 16= 0.

9- Mycrat™uA urn

1 x2-\-4y2= 4 ajuiHnc cpoKycjiapHAaH yryBMH Ba MapKa3H aji-
JiHiicHHHr 10KopH yHHAa SyjiraH aftjiaHa TeHrjiaMacnHH Ty3HHr.

K: x2+ (y-1)2=4
2. a) KaTTa yKH 6 ra TeHr, <)OKycH aca F(”~J5,0) HyKTaAa SyjiraH

wuinnc;

6) MaBxyM yKH 4 ra TeHr Ba (poKycH F( — -y/I3, 0) HyKTaAa
ftyjiraH ranepSojia;
b) AHpeKTpHcacH y = — 3 SyjiraH napaSoliaHHHr Kahohhk TeHr-

.diamacHHH Ty3HHr.

X:a) 4+ 4 =1 T -4 =1, b>*"= [2«
3. X,ap 6np HyKTacHAaH ,4(3, 2) HyKTarana SyjiraH Maco<J)a

//( .:L, 0) HyKTarana SyjiraH Macoc})aAaH 3 MapTa opTHK SyjiraH
'IH3HK TeHTliaMaCHHH Ty3HHT.
= (*+ 1)+ (*+ j)= |
10-8. Hkkhhhh TapTHSjIH cnpTjiapHHHr
KaHOHHK TeHrjiaMajiapn

1.10.1. Hkkhhhh TapraSjiH cnpTliap:

X2 . y2 22 .
a b c 1— yqg YKIiH ajijinncoHA;
i <
X2 1 y2 22 otp najuiajiH rnnepSojiOHA,;
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4o s eeee .. . X
al o hkkh l@jijiajin rHiiep60JiOHA;
X, . .
T 2q 3M1H[ithk  napa6olioHA (P Ba g jiapnnnr
5 5 Huiopajiapn 6np xhji);

N U
z = 2p— 29— rHnep6ojIHK  napa6OJTOHA (p  Ba g  jiapHHHr
Hiuopajiapn 6np xhji);

J+ -]- ——="= 0— KOHyc;

ty L mimnTek Lr.

————=~"-= 1— rnnep60lJiHK uhjihhap;

y2= 2px— napadcwiHK uhjinhaP-

AftjiaHHLIl CHpTlJiapH aaCTlJiaSKH TypTTa HKKHHMH TapTHSjiH CHpTHHHr
XycycHH x,0lIHAHp

xX+y2 2_ o
-=1- maPuiamiui sjijihiicohah;
a
X2+y2 A . . . i,
y 6np najuiajiH aftjiaHHiu rmiepSojioHAH;
B j= — 1— hkkh najuiajiH aftjiaHHiu ranepSojiOHAH;

2+ y2= 2pz — aftjiaHHiu napadcwiOHAH.

10- dapcxona ronuiupuru

1 BepHiiraH TeHrjiaMajiap  SHliaH aHHKliaHyBMH  cnpTliapHHHr
lliaKJIIHHH 4H3HHT.

a) 4X2-j-y2-j-2z2= 2;

6) 2x2-+=9y2— 272= 36;

b) 4x2-j-y2—8z2= — 16;

r) 2y = 4x2-\-zZA

A) x2-j-4z2= 4;

e) y2—42= 0.

2. CnpT TypHHH aHHKliaHr Ba yHHHr uiakKJiHHH HH3HHr:
a) 4x2+ y2—z2—24x—4y + 2z+ 35= 0
6) X2+ y2— 22— 2x—2y+ 2z+ 2=0;

b) x2+ y2—6x+ 6y—4z+ 18= (;

r) x2+y2—z2—2y+ 2z= 0.
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10- MycraKfUA utu

KyHHAarH CHpTliap dnjiaH werapajiaHraH =KHCMJiapHHHr makKJWHH
miH3HHr:

1 z= x2+ y2, xX2-\-y2= 4 Ba z= (;
2. z=Yy2 X2-\y2= 9 Ba z= (;
3. 22= 4 -y Ba x2-\1y2= 4y.

4- na3opar uuiu

1 Mh3hk TeHrjiaMacHHH k3hohhk KypHHHiura KejiTHpnHr Ba yHHHr
lliakKJIHHH  4H3HHT:

11. a) 4x2+ 2y2— 16x+ 4y+10 = (;
6) 5x2—6y2+ 30x-|- 12y+ 9= O;
b) X2+10x—4y+ 33= 0.

1.2. a) 3x -j-5y —+6jc—20y-)-8 = 0;
d) 4x —y +-46c412= 0"
b) Y 438ic+10/4+46= 0.

1.3. a) X2+ 2y2+ 6x—4y+ 9= (;
6) jc2—4y2—2x+16y— 19= 0.
b) X2—A4x-\-2y—2= 0.

14. a) x2-\-4y2 16y+ 12=0;
6) 2x2—3y2— 12x— 18t/— 15= 0;
b) ¥ 8x<{-10yf9= 0.

15. a) 6x2+ 5y2— |0y —25= 0;
d) 5x2—6y2—5x—25=0;
b) X2+ 8x—9y—29= 0.

1.6. a) 5x2+ 6y2— 10x—25= (;
6) 6x2—by2+ 10y—35= 0;
b) Yy2— 16x—6y+ 25= 0.

17. a) 2x2+ 3y2-12x+18y + 39= 0;
6) x2—A4y2— 16y—20= 0;
b) X2+ 8Xx—2y+14 = 0.

18 a) x2+ 4y2—2x— 16y+13 = (;
d) x2—2y2+ 6x+ 4y+ 5= 0;
b) y2+ x-4y + 2=0.
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1.9.

MO.

112.

1.13.

1.14.

1.15.

1.16.

1.17.

1.19.

120.

a) X'+ y2+16x+12 = 0;

6) 3x2—by2+ 6x+ 20y—32= 0;
b) X2+ 6x+ 5y—6=0.

a) 5x2+ 6y2+ 30x— 12y+ 21=0;
6) 4x2—2y2—8x—4y+ 6= 0

b) Y2—2x+ 6y+17=0.

a) 16x2+ 9y2+ 96x-18y + 9= 0;
6) 16x2— 9y2— 160x— 36y + 220 = 0;
b) X2—4x+ 5y+ 14= 0.

a) 4x2+ 5y2-24x + 70y+181=0;
6) 4a2— 16y2— 72x— 64y +196 = (;
b) y2—6x+ 2y —11=0.

a) 3x2+ 2y2—6x— 2y + 15= (;

6) 4x2—9y2— 16x— 18y —29 = (;
b) x2—8x— 3+ 19= 0.

a) 2x2+ 3y2—4Ax+ 6y—7=0;

6) 2x2—y2-f-4x-j-4y— 10= (;

b) y2—5x+ 6y+ 4= 0.

a) 4x2+ 3y2—8x+12y—32=(;

6) 4x2—25y2—24x— |00y — 164 = 0;
b) X2—6X+ 5y—6=0.

a) 6x2+ by2+ 12x—20y—4=0;

6) 25x2— 9y2— |IOOx— 36y— 161=0;
b) Y2—3x—2y+ 7= 0.

a) 5x2+ 3y2+ 20x+ 24y + 53= 0;

6) 5x2—8y2+ 30x+16y—3= 0;

b) X2—7y+ 12x+ 50= 0.

a) 3x2+ 4y2— 12x— 16y + 16= 0;
6) 8x2—9i)2— 16x+ 36y— 100= 0
b) y2—4x+ 4y+ 8= 0.

a) 4x2+ 5y2+ 24x+ 10y+ 21 =0;
6) 9x2—by2— 36x—30y—54= 0;
b) x2—3y— 14x+ 31=0.

a) 16x2+ 9y2—64x— 18y—71= 0;
6) 9x2—4y2+ 18x+ 24y—63=0; "'
b) y2+ 2x—6y+11=0.

1.21. f

122.

1.23.

124.

1.25.

1.26.

127.

1.28.

1.29.

1.30.

©T OO © O

)

D T O QD

L)

a
6

B

Ox2+ 4y2+ 18x—24y+ 9= 0;
16x2—9y2— 64x + 18y—62 = (;
X2+ 4y + 10x—3= 0.

9x2— 5y2— 18x+ 30y + 36= (;
4x2—5y2+ 24x— 10y + 11 = (;
y2+ 3x+ 10y+ 28= 0.

8x2+ 9y2— 16x— 36y —28= (;
3x2—4y2— 12x+ 16y— 16= (;
X2+ 4y —Ax+ 24= 0.

5x2+ 8y2+ 30x— 16y+ 13=0;
6X2— 5y2+ 12x+ 20y—44 = (;
y2+ 5x+8y+ 1= 0.

25x2+ 9y2— 100x+ 36y —89= 0;
5x2— 3y2+ 20x—24y—43= (;
X2—4y+ 2x+ 9= 0.

4x2+ 9y2—24x+ 36y + 36= 0;
16x2 25y2—32x+100y —484= O;
y + 6x—8y+ 22=0.

5x + 6y2+ 20x— 12y —4= (;
Ox2— 16y2—54x— 32y —79= (;
X2—4y—6x+1=0.

X2+ 4y2—Ax—8y+ 4= (;
8x2— 5y2—32x+ |I0y— 13= (;
y2—3x+ 10y+ 16= 0.

Ox2+ 16y2—5Ax+ 32y — 47 = O
5x2— 6y2+ 20x+ 12y— 16= O,
X2+ 3y+ 10x+ 19= 0.

16x2+ 25y2— 32x— 100y—284 = (;
Ax2— 9y2— 36x— 36y — 36 = 0;
y2+ 5x+6y— 1=0.

2. Chpt TypHHH aHHK-naHr:

2.1
23.
25
2.7.

X2+ 2y2+ 4z2= 4. 2.2. X2+ 4y2= 4
X2— 2y2— 4z2= 4. 24. 4Ax2—5z2= 20.
9x2— 2y+ z2= 18. 26. y2—4x=0.
4x2+ 2z2—y = 0. 28. 4x2+ 5y=0.
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2.9. 3y2— 222+ 3* —0. 2.10. 6y Z O.

2.11. 6x2+ y2+ 3z2= 18. 2.12. x2+ 4z= 0.
2.13. 4x2+ y2—3z2= 12. 214. 52 —x—o0.
2.15. 5x2-y2-22=5. 2.16. 2z + 5y = °-
2.17. 3x2+ y2—2z=0. 2.18. 4x + 3z —12.
2.19. 2y2+ z— 3x2= 0. 2.20. 2y + 5z = 10.
2.21. 9x2+ 3y2+ 5z2= 45. 222. 3z —4y = 12.
2.23. 6x2— 3y2+ z2= 6. 224, x —4y = 4.

2.25. 4x2—9y2—2z2= 18. 2.26. 3y —* =3.
2.27. 3y2+ 5z2— 15x = 0. 2.28. 4y2-5z =20.
2.29. 422— 3x2— 12y = 0. 2.30. 3z2— 4x — 12.

4- HaMynaeuu %uco6 roniuupuKfAapu

1 K,yHHAarHJiap MauiyM:
A B — arpH MH3HKAa eTyBHH HyKTajiap;

F — cboKyc; u .

a _ KaTTa apHM yK (eKH x,aKHKHH hphm yK),

i — khihk (eKH MaBxyM) apHM yK',

0__ 3KOU,eHTpHCHTET:;

Y= = kx — rHnepdana acHMiiTOTaliapH TeHiviaMaliapH,
£) — 3rpn MH3HK AHpeKTpHCaCH;

ar«H H "a;05r™nep6ol.a»KHr; b) ™apa6anaH»Hr KaHOHHK
TeHrjiaMacHHH Ty3HHr:
11. a) a=9 e=-~-; 6) 6=7;, F(- y 130, 0); b) CHMMexpH* yKH

oy, A (— 4, 32). g

12. 6= 3, F {- V55*°);6) a= 8" E= "~ : B)

>.3.4(5, ivrn .8 *-4- ~ L * =t -'=]J¥"m

B) (-4, f);<5>

MeTpHH yKH Ox, /4 (— 6, 10). —

1.5. a) 20=18, e= - ip . 6) fc=T ; B> D ;!"- 5’
a) 6= 5, «= 2 «) *=T ;2“= 14B) D~ = - 3'
1.7. a) 0= 6, « = N #; ») »=>e n
Oy, A{— 4, — 10). AT3. X n-r= 8
18. a) 6= 4, F(—3,0); 6) a= 3, e— 3 , B)
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19. a) A (—375, 4) Ba 6(6, —2-7/5); 6) fe= —jp e= —
b) D:y= — 16. _

1.10. a) e=~-,A (-4, ~-); 6)A(-6,~ ) Bab (-~-,5),
b) CHMMeTpHH yKH Ox, 4 (— 3, 6).

1.11. a) 2a= 12, e= ~-; 6) fe=y, 2c= 4yIl0; b) £>Zy= 8.

112. a) 6= 2, z= Jj~\ 6) k=-j, 2a=18; b) £):x=-5.

1.13. a) a=09, e= ; 6) 6=4, f(—475, 0); b) CHVIMeTpHH
yKH Oy, A (—3, 4). _

114. a) 6=2, F (- 2”15, 0); 6) a=5,8="® ; b) D:x=\.

1.15. a) 4(-3, yvVTO) Ba 6(-~-"5, -2); 6) *= -1, e=-"°;
by 2):y=—

1.16. a) e= " ; 4(6, - ™~ ); 6) 4 (-~ -, 4) Ba 6(3,
— 8V310); CHMMeTpHH yKH Ox, 4 (— 3, 8).

1.17. a) 2a= 16, e= " ; 6) fe=-|, 2c= 2V73; b) £y= 6.

1.18. a) 6=2, 8="-, 6) = 2a= 12; v) Z?7:x=--1.

1.19. a) a=4,e= -~-; 6) 6=3, F(—V34, 0); b) chmmctphh
yKH Oy, /4(— 3, —4).
1.20. a) 6=6, F(VI3, 0); 6) a=9, e= "~ -; b) £x=6.

121. a) a4, — Ba 3); 6) £=], e="-;
b) D:y= —6.

1.22. a) 8= ~11, 4 (—3, -~-); 6) 4(8, -V ~ Ba 6(10, 4);
b) D:y= —8.

1.23. a) 2a=6, e= ’\j—; 6) k= ’2;, 2c= 2N4\\ b) CHMMeTpHH yKH
Oox, 4 (—2, 6). _

124. a) 6=5, z= M~ - ; 6) fe=-|-, 2a=18; b) D:x=—5.

125. a)a= 8, e= o 6) 6= 5, — -V/89,0); b) chmmctphh yKH Oy,

/1(—2, 6).
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126. a) b -2 F{—4yj2, 0); 6) a=6, € = " ; b) D:x-9.

1.27. a) A(6, —\/5) Ba 2), 6) k=n,e="-;
) 128 a) A . 6) 41’ © (B~ ~ 2);
b) I):y= 9. _

1.29. a) 2a= 10, e= "~ s 6) £=y, 2c=4VI7; b) chmmctphh

yKH Ox, A (3, —5).
1.30. a) b= 1 8=~ -; 6) /2=y, 2a=14; b) Dix= —~.

2. Xap 6np Af HyKTacn KyftHAarH mapTliapHH KaHoaTliaHrapa-
AHraH MH3HKIIBpHHHT TeHTII3MaCHHH Ty3HHT:

2.1. N HyKTa ,4(0, —4) HyKTaAaH Ba ¥+ 2= 0 Typpn mh3hka3H
6hp xhji y30KliamraH.
2.2. N HyKTaAaH A(— 1, 3) Ba 6(7,3) HyKTajiapraga SyjiraH

Maco(j)aliap hhfhhahch y3rapMac mhkaop, x,aMAa C(6, -~-) HyKTa H3-

jiaHaeTraH HH3HKK3 TerHUJJiH.

2.3. N HyKTaAaH .4(8, 0) HyKTaraMa SyjiraH ' MaccxJja yHAaH
X_ 2= 0 TyrpH MH3HKKaMa 6yjiraH M3CO(})3AaH hkkh MapTa KaTTa.

2.4. N HyKTaAaH KoopAHHaTajiap SomHrana Ba A (0, — 4) HyKTa-
rana SyjiraH Macocl)aliap KBaApaTliapn hhfhhahch 16 ra TeHr.

25. N HykTa A(—4, 3) Ba 6(1, —2) HyKTaliapAah 6np xhji
y30KliaiuraH.

2.6. N HyKTa ,4(0, 2) HyKTara 6(0, 6) HyKTara KaparaHAa
HKKH MapTa hkhh TypaAH.

2.7. N HyKTa jc+ 6= 0 Typpn mh3hk Ba KoopAHHaTajiap oouiHAaH
6np xhji y30KliaiuraH.

2.8. N HyKTaAaH 71(0, 4) HyKTaraMa SyjiraH Maco<pa yHAaH
u—36= 0 Typpn MH3HKKaMa 6yjiraH Maco”aAaH yn MapTa khmhk.

2.9. N HyKTaAaH ,4(0, — 1) HyKTaraMa 6yjiraH Macoc})a yHAaH
w+ 9= 0 TyppH MH3HKKaMa 6yjiraH Macocl)aAaH yM MapTa opraK.

2.10. N HyKTa opAHHaTajiap yKHAaH Ba ,4(2, 0) HyKTaAaH 6np xhji
y30KlJiauiraH. .

2.11. N nykTa ,4(5, — 1) Ba 6(0, 4) HyKTajiapA3H Onp xhiji
y30KliauiraH. .

2.12. N HyKTaAaH A (0, 1) HyKTaraMa SyjiraH Macogia yHAaH 6 (0, 4)
HyKTaraMa SyjiraH Maco(f)aAaH hkkh MapTa khmhk.

2.13. N HyKTaAaH KoopAHHaTajiap 6ouiHraMa Ba A (5, 0) HyKTara-
Ma SyjiraH Macoc()aliap hhc63Th 2:1 ra TeHr.

2.14. N HyKTaAaH v4(— 1, 1) HyKTaraMa SyjiraH uacofya yHAaH
X+ 4= 0 Tyrpn MH3HKKaMa 6yjiraH M3co(j53AaH hkkh MapTa khmhk.

2.15. N HyKTaAaH X— 1=0 Typpn MH3HKKaMa 6yjiraH Maco(J)a
yHAaH A(4, 1) HyKTaraMa SyjiraH Maco(})aAaH hkkh MapTa khmhk.

2.16. N HyKTaAaH ,4(2, 0) HyKTaraMa Ba 5x+ 8=0 tvfph
MH3HKKaMa oyjirsH Maco4>ajiap hhc63th 5:4 ra TeHr.

2.17. N HyKTa KoopAHHaTajiap 6ouiHAaH Ba jc+ 4=0 tvpdh
MH3HKA3H 6np xhji y30KJiauiraH.

2.18. HyKTaAaH A(- 8, 1) HyKTarana SyjiraH Maco”a yHAaH

oin TyFpH gH3HKKaMa SyjiraH M3Co<})aAaH hkkh MapTa KaTTa.

2.19. N HyKTa A (2, 2) HyKTaAaH Ba a6cu,Hccajiap yKHAaH 6np xhji
ysoKliaiuraH.

2.20. N HyKTaAaH A (3, 0) HyKTaraMa SyjiraH Maccx})a yHAaH
opAHHarajiap yKHrana SyjiraH Maco(f>aAaH hkkh MapTa KaTTa.

2.21. N HyKTaAaH KoopAHHaTajiap SouiHraMa Ba 3x+16 = 0 Typpn
MH3HKKaMa SyjiraH M3Co<f)ajiap hhcSsth 3:5 ra TeHr.

2.22. N HyKTaAaH A(\, 0) HyKTaraMa SyjirsH Maccx})a yHAaH
" 2, 0) HyKTarana 6yjiraH Macoc|)a,a,aH hkkh MapTa khmhk.

2:23. N HyKTaAaH KoopAHHaTajiap SouiHraMa Ba A (0, 5) HyKTara-
Ma Maco4d»ajia’lp HHc6ara 3:2 ra TeHr.

2.24. HyKTaAaH ,4(0, 1) HyKTaraMa SyjiraH Maccx})a yHAaH
y ® Tyrpn MHSHKKana dyjiraH Macocf)aAaH hkkh MapTa khmhk.

2.25. N HyKTa A (4, 2) HyKTaAaH Ba opAHHaTajiap yKHAaH 6np xhji
y30KliauiraH.

2.26. N" HyKTaAaH ,4(4, 0) HyKTaraMa SyjiraH Maco$a yHAaH
*—1=0 ryppn MH3HKKaMa 6yjir3H Maco(})aAaH hkkh MapTs KaTTa.

2.21. N HyKTaA3H "A (I, 4) HyKTaraMa SyjiraH M3co4>3 yHAak
X-{~7 — 0 MH3HKKaMa SyjiraH Maco(f)a,a,aH yM MapTa KaTTa

2.28. N HyKTaAaH ,4(4, 0) Ba 6 (-2, 2) HyKTajisp'rana SyjiraH
Macocpajiap KBaApaTliapn hhfhhahch 28 ra TeHr.

2.29. N HyKTaAaH ,4(— Xy 7) HyKTaraMa 6yjiraH Maco(})a yHAaH
X 8= 0 Typpn MH3HKKaMa SyjiraH MacocliaAaH hkkh MapTa khmhk.

~ HyKTaAaH A (3, —2) Ba 6(4, 6) HyKrsjisprsna Macod=3li3p

HHCO3TH 3:5 ra TeHr.

3. Cnpr nhomhhh aHHKJiaHr Ba uiskjihhh mh3hht:

32' al ~ t 22 + «Z2~ 20=0: 6) 9*2+ 4&/2= 36.
a) 5x + by — 6z —30= 0; 6) 22=4X_ 3
33 a) N~ - 3y2f2,?7-24 =, ol 2~ -3 2= 6.
34. a 5*+, -3z=0; 6) S=2,+4
« "o 6) ix2+ 3z!=\2.
37 8 + fe + 32="°i 3N+ 22*= 6.
37. a 6* +5#-10]!'-30=0; 6) 5~-421=20.
. a] ~"-29 +5z -10=0; 6) 4z!+ 3jr=12.
39. 3) 3y +52 —5x=0; 6) z2—2u-i-3=Q
In 2l «) <*+#-<0-0.
a) 3x +5</ — 42= 0; g) 5x2 , 4z2= 9f)

315 3 R 7§ 2187 760=% &yl ¥
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a, 14.

115.
1. 1.
il. 17.
8.18.
3.19.
3.20.
3.21.
3.22.
3.23.
3.24.
3.25.
3.26.
3.27.
3.28.
3.29.
3.30.

li,r? -=:\ij 2x'-—18=0;
za+ 27=(;
—2i/=0;
/2 6z2= 3Xx;

4x2— 12i/2+ 3z2— 24 = (;
2X2+ 4y 2—572= (;
7x2-f2y24-6z2—42 = 0;
2x2—3y2—5z2+4-30= (;
X2—6y2)-22— 12= 0;
3z22+F9y2—x= (;

y —4z2= 3x2,
8x2—y2—272—32=(;
6x2-f*2+ 6z2— 18= 0;
3x2H-12y2+ 4z2—48=
X2— 7y2— 1472—21 =0;
3x2+ y2+ 9z2— 9= (;
4x24 9y2-»36z2= 72;

3y2—4z2= 12

X2—4z2=10.
j2=x+ 3.
z2= xX—4.
3x2+ z2= 30.
7x2—5y2= 35
X2+ 4z2= 4.
3z2—2x= 6.
2x2— 3z2= 6.
3x2452z2=15.

. X2—4z2= 4.

2X2+ 3z2= 6.

2x2— 6y2= 12.

2j/2+ 3z= 6.
4/2+ 3z2=12.
3y9—2x2= 6.
24/2—3x= 12,

2-606
MATEMATHK AHAJIH3TA KHPHUI
I-8. SjieMeHrap c]yHUHHigp

Kuitli:.é&r«P * M5IW?PHHHr 6hPoP D TynjiaMAaH OAHHraH *ap 6hP
KHHMaTHra 6npop £ Tyo/iaMAaH OAHHraH™y mhkaopHHHr 6hpa3h-6hp

LV o SINE RGN B n &P AHHiaan. Y TtrapyBM? mhkaop

U X mhkaop apioiH yarapyBHH eKH apeyMenr, u mhkaop aca Sofjihk
yarapysMH eKH fy n ~ u fi AeHHJliaAH. OyHKUHHHH SeArHAaui yqgyH yuiSy
e3yBAapAaH (])OHAaAaHHJiaAH:

y=1(x), y=y(x), P(X)
Ba k.
™ PyB4r HHr f()ﬁ'%_| ANyHKUHH Ma-bHora ara SyjiaAHraH KHHMaTlia-
pH TynjlaMH (YJyHKUHHHHHf = aHUfyiaHuui coqacu ~AeHHAaAH Ba D(f\

™pS™ T X , 7 T m-,]=M
f“fyp\ (/). 4)yHKUHHHHHTr xycycuu I"UdMaTU AeHHAaAH Ba m eKH
N

/(Xo) KypHHHiUAa SeArnAaHaAH. IUyHAaft khah®6,

yo—f (x0) eKH =

OyHKUHHHHHr KaSyA KHAaAHraH KHHMaTAapH TyruiaMH yHHHr meaDuiu
coyacu AeHHliaAH Ba £(/) fiHAan OejirHAanaAH

N OHV™  CIHKHHr  y==fty My Hoca6aTHH KahoaTlia hthpy bdm
TynjiaMH i¥= /(x) (})yhkuhhhhht apaOueu AeHHliaAH.

212 Aran
" AraP y = f(x) JyHKUHH £>(/) coxaHH £(/) co*ara vaapo 6hd
y « * « * ™ W
* _—'p(12)-

0 S« / lIs gl iyHK™ W »/>«

0-/(x) Ba x= (p(f/) cfiyHKUHHAap ysapo Tecmpu (])yHKUHHAapAHp.
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irqt/7) TC(CKilPK (ftyHKUHWIIH, OAai'Aa, x Ba y lJiapHHHr ypHHliapHHH
;uiMaiijTH|iHi fiHJiau-miiiAapr KypHHHiiiAa e3HliaAH.
y = (H(x).

.V'tapo TCCKapH Yy=Tf(x) Ba y= ip(X) (J)yHKUHHJiapHHHr rpa<j)HKliapH
HKpKI‘H 83 yMHHMH KOOpAHH3T3 HOpaKII3pHHHHr 6HCCeKTpHC3CHT3
IIKCfi.'Vrail CHMMeTpHK. y = f(X) ({jyHKUHHHRHr 3HHKI3HH11l] coxacH
// mcp(x) Teckapw OyHKUHHHHHr KHHMaTliapH coxacu SyjiaAH.

M™(p(x) (jyHKUHHHHHr 3HHKJIBHHUI COX3CH D, KHHMaTjiap COXaCH
V 6yjiCHH, y = f(u) <j)yHKUHHHHHr aHHKJiaHHUi coxsch V 6yjiu6, y3r3pum
COX3CH 7/ 6yjICHH, y X0JIA3 y = f((p(x)) 3HHKliaHHUI COX.3CH D Ba y3rapHIU
cox,acH / SyjiraH MypaKK30 (liyHKUHH eKH / B3 <p <J>yHKUHHIi3pHHHr
KOMti0O3imuncu AefiuliaAH.

u y3rapyBHH opcuiuK, yszapyenu AeftHJiSAH. y=f(x) KypHHHiIUHAarHs
(DyHKU.HH  OUIKOP (pyHKU,uR AeHHA3AH. F (x, y):0 KypuHHUiIAam
TeHrjiaM3 xaM, yMyM3H 3ihr3HAa x Ba y y3rapyBMHliap opscHAsru
(J)yHKUuoH3lJi 60fji3hhuihh 6ep3AH. By xojiAa T3"bpH(})r3 Kyps y y3ra-
pyBMH X HHHr OIUKOpMCLC ({jyHKUHHCH SyjiaAH. MaC3J13H, x2+ y2= 4
TeHrI3M3 y HH X HHHr OUIKOpM3C (J)yHKUHHCH CH(})3THAa 3HHKI13HAH.
AHHKA3HHUI cox3cH D(f) KoopAHH3Taliap 60UIHr3 HHCfiaTaH CHMMeTpHK
6yjIT3H f(x) (JyHKUHH X HHHr X3p K3HA3H X ££>(/) KHHM3TH yiyH
/(—x)=/(x) (eKH/(—x) = —/(x)) MyHoca6aT63>KapHjica,3«;i/Or (eKH
TOK) <]|)yHKUHH AeHHliaAH.

AKy$T (jyHKUHH rpa()HrH 0pAHH3TI13p ykHra HHC63TaH CHMMeTpHK,
tok (J)yHKUHH rpa(})HrH aca KoopAHHaTjiap Souiura hhc6st3h chmmct-
pUKAHp.

Arap T> 0 y3rapMac coh MaBJKyA 6yjiH6, Xap Sup XE£D(f) Ba
(x+T) £D(f) Aa ,f(x-\-T) = /(X) TeHrjiuK 6awapHlica, f(X) <J)yHKUHH
daepuO. (pyrnmuH AeftHliaAH.

AftrajiraH xoccara ara 6yjiraH T lJiapHHHr sht khhhth TO (pynKt“uR-
num daepu AeftHliaAH.

2.1.3. KyftHAarH (HyHKUHHJiap acocuu sAeMenrap (buHKtiuRAap
* T -/\’

AeHHliaAH.:
a) y= XaAapa*ajiH (JjyHKUHH, 6yHAa a £R; D(f) Ba E(f) Jiap ct ra
Sofjihk;
6) y = ax KypcaTKHMIJiH (JjyHKUHH, syHAa a> 0 Ba a~ 1; D(f) = R Ba
E(f) = (0, + °0);
B) y=\ogaX JiorapH(})MHK cjyHKUHH, SyHAa a> o, a"=I- D(f) = (o
+ o00) Ba £(/)=177?; , K
r) TpuroHOMeTpuK 4=>yHKUHHliap:
y=sinx, D(f)=R Ba £(/)=1[_1I, 1]; TO= 2n;
y=cosx, D(f)=R Ba £(/)=[-1, 1]; TO= 2n;

y=1tgx, D(f)?={x~f+nk, k£Z) Ba E(f) =R; TO=m
y = ctgx, D(f) ={x~nk, k6Z\ Ba E(f) =R; TO= n.
y= secx, D(f)={x~~+nk, KEZ} Ba

£(/) = (— o0o. — 1]JU[1, +o00); To= 2n.
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y = cosecx, D(f) ={x~nk, k£Z] Ba
£(/) = (- oo, —1JU[1, +00); 70= 2ji.

a) TecKapH TpnroHOMeTpHK (})yHKUHHIliap:
= arcsinx, £)(/)=[—1, 1] Ba E(f) =

y = arccosx, D (f)=[- 1, I] Ba E(f) =[O0, n];

y = arctgx, D(f) =R Ba E(f) = N B

i/= arcctgx, D (f)=R Ba £(/) = (0, n);

y = arcsecx, D (/) = (— oo, -1]JU[1, +o00) Ba E(f) = Jo, K1
/= arccosecx, M ("~ (-cx,, -1JU[1, +o00) Ba E(f)= [~f,0)u
u(o.f].

3jieMeHTap (JjyHKUHH Ae6 acocHft ajieMeHTap (J))yHKUHHlJiapAaH
weKJiH coHAaru apH(j))MeTHK aMajijiap epAaMHAa Ty3HliraH MypakKas
(pyHKUHHJiapra aftrajiaAH.

1- dapcxona TontuupuFu

1. KyftHAara (J))yHKUHHJiapHHHr aHHKliaHHiu coxacHHH TonuHr:

a) */=- _ i= ; . 6) /= arcsin”™"n;
-3N+2
B) y= V 25~"*2+ Igsinx.
>K: {~ (22 +°e); 6) [0, 4]
9 K - ’ U(—V5 V3)u(Vv®, 2); r) [—5 —I)u (o, n)

I. KyuHAarH_$yHKUHHJiapHHHr ysrapnui coxacHHH TonHHr:
a) </=V 16—x2 6) y = 3cosx— 1 b) y=3-~.
>K: a) [0,4]; 6) [-4, 2, b) (0; 1],

aHHKliakKHrftHAarH (})yHKUHHIJIaPHHHr *y~T eKH TOK OyHKUHH 3K3HHHH

a) «/=* sin 3x; 6) y= x4—x2-f-x; b) y = Igcosx.
TOK: ' TOK ~aM 3Mac, >Ky(j)T xaM smsc; b) >Kyd)T.
4. KyuuA3rH (})yHKUHHIi3pHHHr AaBpjispHHH TonHHTr:
a) y = Sinbx; 6) y = Ilgcos2x; b) y = tg3x+ cos4x.

>K: 3) 6) it; b)

5. Myp3KK30 (J)yHKUHHIJI3pHH 3COCHH 3lieMeHT3p d)yHKUHHI3DHHHr
KOMnO3HUHHJI3pH Tap3HA3 H(J)OA3JI3Hr:

a) y= VarctgV3"2; 6) y=intg-"—
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/- MycTa™uA uw/
1. OyHKUHfliapHHHr aHHKliaHHUJ COX<t IpHHH TonHHr:

a) i/= Igf(34t—9); 6) y=
2 _6*+5

B) y=1Ig(-x2-4x+5).
M: a) (I1’7°°)i®6) (-°°> Du( 4 v b) (-5, 1).

2. BepHliraH <}=yHKUHHAapra moc KejiyBMH TecKapn (byHKUHHJiapHH

TonnHr. BepHliraH Ba TonnjiraH TecKapn (Jjyhkuhh rpa(J)HKjiapHHH
MH3HHT =

a) y= x2 arap 0;

6) y =/ arap x<1"
{ x2—2, arap *>1,;
fx arap 0;

B) y_ ] 2,arap *>0;

r) y= -Nl—x2 arap x£[— 1, O];
X, arap *<1,

a) y = x2 arap | 4,
2x, arap x>4 .

3. KyHHflarn ()yHKUHHJiapHHHr *y(J)T eKH tokahthhh aHHKliaHr:

a) y=\I(l-x)2+ {j(Il+x)2;
6) , =

a) y—W\n (x+"Jl+x2) .
r) y—2x-\-2~x.
K=" a) >Ky)T; 6) tok; b) tok; r) =Kg)T.

2-8. SjieMeHTap (=yHKUMHjiapnHHr rpa<|)MKjiapM

f(x) JyHKUHH rpa()HrHHH HH3HUiAa xap xhji ycyjuiap KyliliaHHJia-
Ah: HyKTajiap SyftHMa, rpa</))HKliap SHliaH aMaluiap 6a>KapHUi, rpa-
(pHKliapHH  ajiMauiTHpHiu. f(x) JyHKUHH rpa(j))HrHAaH 4>0HAajiaHH6
coAAa aliMauiTHpHiiuiap epAaMHAa MypaKKaSpoK (})yHKUHHliap rpa-
CpHKliapHHH XOCHJI KHIIHLU MyMKHH.

a) y=f(x a) (})yhkuhhhhht rpa()HrH y —f(x) JyHKUHH rpadiHrn-

AaH, oy rpa()HKHH Ox yK 6yftjia6 a> 0 Aa yHrra, a < 0 SyjiraH™a aca
nanra a Shpjihk cypnui SHliaH xocha khahhszah.
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rno™ y + N?27 HKIHH rPat>HHy = f(x) tjjyHKUHH rpacbnrHAaH 6v
YK yHJla6 b>0 roKopnra, b< 0 Aa nacTra b 6hﬁjihk

rvnwiTr |

CypHIU OHJiaH XOCHJI KHJIHH3AH.

m A y= f(kx) (k~20,k~"1) 4>yHKUHHHHHr rp3()HrH y = f(x) d)YHKUHH
rpa<})HrHAaH, yHHHr HyKTajiapH opAHHaTaj,ap,HH i L X Sa
11 <1 Aa aScuHccajiapHHH MapTa ny3HUi 6ha3h, \k\>\ Aa aca

aScuHccaliapHHH N\ MapTa chkhui SHliaH xochji KHIiHHaAH.
r=>y—mf(x) (m="=0, m=£ 1) 4)Yhkuhh rpadwrn u= f<x) (bvHKrmw
rps™HTHAaH, yHHHr HyKTSjiapn moc agcuHccajiapHHH caKAaran

XcuiAa opAHHarajiapHHH |m| <1 Aa MaPTa khchui, |m|>1 Aa
3ca \m\ MapTa My3Hui opK3AH xocha khahh3Ah.

rDa*HKH A n 7 XL t yHKUH« rpaHH y = fW  4>HKUHH rpacljurHAaH, 6y
3la“ C'""elP"K » “ »T«P«»

rDa*»?™ ma<sHY U—IW rpacjmrHMH, 6y
aH c"""eTPl< epAaMMa

*) y— \f(x) | JyHKUHH rpacjwrn Ox yKHHHr f(x)”~ O SvjiaAHraH
K § al53< 0 eynaArifhciid=ziEy BEAHKAHPUE f(x) (bvhkiifE

rpa,|,Hr" HH
u= <9r-Uo m'py™*™ ﬁacfg]HTHAaH 4,0HAaAaHHG,
J n2x + 2) (f>y|—KUHH rpaCJ)HrHH h3hui  KyHHAarn uiaKli

fiAMauiTHpnuiAap opKajiH aMa”~ra ouiHpHjiaAHm=
W= sin2xi, y2= — 2sin2x2,
J/=-2sin2(x+1) = -2sin(2x + 2).

TeoMeTpHK HyKTah Ha3apAaH 6y 15- maKAAarn acauiAapra ojih6
KOlJiaAH.

1 2ji opaAHKAa y = s\nx CHHycoHAaHH MH33MHS.

2. CHHycoHA3Aa'6np HenT3 HyKTa 6eArHAafIMVH3 B3 opahhstsjisph-
iih y3rapiHpMaH, aficuHccaAapHHH hkkh MapTa KaMaHTHpaMH3.-

Xi= Y x’” yi= ym Xochji 6yAraH HyKTaAapHH <chaahk mh3hk 6hji3h
finpjiamTHpHS, i/ = sin2xi (jjyHKUHHHHHr rpa()HrHHH MH3aMH3.

3 X.0CHA syAraH rpachHKAarH HyKT3A3p aScuHccaAapHHH V3rap-
thpMah, opAHHaTaAapHHH 2 MapTa opTTHpaMH3 Ba yAapHHHr HinopaAa-
pmiH aAMauiTHpaMHs: y2=-2yi, X3= Xxi. Xocha 6yAraH HyKTa-
JmpilH CHAAHK HH3HK SHliaH 6HpA3UITHpHG, W2= — 2sinjC2 (byHKUHH-
lMlir rpa@Q)HTHHH HH3aMH3.

4. OxHprn rpa4)HKHH aScunccaAap yKH 6yfiyma (— 1) ra Ky4HpaMH3:
X —X. 1, y= y2- Xochji KHAHHraH HyKTaAapHH chaahk mh3hk 6HAaH
ransvviaui'l};lj_p))HC, y = - 2sin(2*+ 2) ~hkuhh rpa®nrHHH MB3MH3

-ma 1).
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Sphi

2- dapcxona TonuiupuFu

OyHKUHHJiap rpat})HKjiapHHH mhshht'.

1 y= 2sin (2 *-1). g VvV ?2"N+ 4
2. y= —ctgx-\-11 » \Y
.y=1+ lIg(*+ 2). 6. 0=1-3I1

4. y= log211—x |. 7. y— XX —7x+12].

2- mycTaK,UA uiu

OyHKUHHJiap rpa”HKJiapHHH hh3hht:

1 y= |3+ 4—x2\ 4. y= 2cos— 1L
2. y= llog2(2x— 1)
3 y=2(x 1)l 5y sinX

6. y=1—2

3- 8. Hkkh $yHKUHfi hhfhhahch, afinpiviacH,
KynafinviacH ea SyjiHHiwacHHHHr rpa(J)HKJiapH

Acochh 3JieMeHTap HyHKUHHJiap xoccajiapHAaH (})OHAajiaHHG,
yjiapHHHr rpac})HKjiapHHH SHJiraH X,cuiAa, KaTTa XHCoSjiaiu nuiJiapHHH
SajKapMaft TypnS, SouiKa (J)yHKUHHJiapHHHr MypaKKa6 rpacJ)HKJiapHHH
MH3HIUHH  rpat})HKJiapHHHr KoOMfiHHaUHHCHra (hhfhhahch, aHHpMaCH,
KynaHTMacH Ba SyjiHHMacHra) KeJiTHpHUIi MyMKHH.

2.3.1. UiyHAaft x,ojuiap SyjiaAHKH, y= f(x) (I>yHKU,HH rpa(J)HrHHH

rpa()HKJiapH ocoHTHHa MH3HJiafl[HraH y\=f\(x) Bay2= f2(x) (jtyHKUHfiJiap
hhfhhahch uiaKJiHAa H()OAadiaui MyMKHH SyjiaAH. YHAa y= f(x)
(JjyHKUHH rpa({)HrHHH uh3hui moc opAHHaTaJdiapHH reoMeTpHK KyuiHLura
KeJiTHpHJiaAH: y = y\ -\-y2.
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16- uiaKli

UlyHH Ta"bKHAJiaHMH3KH, HKKH ()yHKUHH 3HHpMaCHHH HKKH (byHK-

HHHHHHr TerHIUJIH - HHFHHAHCHT3  KeJITHpHLU MyMKHH.
y=h (x)-h(x)=fi(x) + (-f2(x)).

1-m h ¢ 0 ji. YUiby

y= X+ sinx

(DYHKUHH rp3())HrHHH HH3HHT.

Euh hi. y\=x Ba j2= sinx Ae6 o0jihS, Shtts HH3MaHHHr y3HAa
Ky LUHJiyBHH ()yHKUHHJiap rpa(j)HKJiapHHH 4H3aMH3 (nyHKTHp HH3HK-
Jiap).

LUy (PYHKUHHJiap rpa(J)HKJiapHHH KecaAHraH 6np KaTop BepraKaJi
lyrpn HH3HKJiap yTKa3aMH3. IUyHAaH kchhh 6y rpa()HKjiapHHHr moc
opAHHaTaJiapHHH reoMeTpHK KyuinS, H3JiaHaeTraH rpa<J)HKHHHr 6np
KaTop HyKTadiapHHH TonaMH3, 6y HyKTajiapHH y3JiyKCH3 arpn mh3hk
fiHJiaH 6HpjiaiuTHpH6, H3JiaHaeTraH rpa<jHKHH HcaflMH3 (16- maKJiAarn
ryTaui uh3hk). Xochji SyjiraH rpac}))HK, TaKpn6HH 6yjiaAH.

2.3.2. OpAHHaTaJdiapHH reoMeTpHK KynaflTHpHiu aHMa khhhh. Am
myura KapaMaft, arap <= /i (x) Bay2= f2(x) (ffyhkuhhjiap rpa(j)HKJiapH-
1n  OJIAHHAaH HCaS OJIHHCa, HKKH  (JjyHKUHHHHHT y= fi (X) «f2(X)
KynaHTMacHHH Tax,JiHJi khjihui KynHHHa ocoHJiauiaAH. Ta”JiHJi KHJiHUiAa
//i Ba i/2 ()yHKUHHJiap 0, 1 Ba — 1 ra TeHr 6yjiaAHraH HyKTaJdiap-
ra aJioxHAa a'bTHSop 6epHiu Kepak.

2- mh c 0ji. y=x- sinx (yHKU,HH rpa(jjHrHHH hh3hht.

Emhui. BepHJiraH (JjyHKUHH HKKHTa tok (J)yHKUHHHHHr KynaftTMacn
i'HCj)aTHAa >Ky(j)T (JjyHKUHH SyjiHUIHHH naHKaHMH3 Ba uiy ca6a6jiH
rakJiHJiHH jc~ O Jiap ynyH yTKa33MH3. y\ =X Ba y2= sim: rpa()HKjiapHH
(lyHKTHp MH3HKJiap) 6HTTa MH3MaAa MH33MH3 (17- UiaKJi).
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17- maKJi

t2= sinx=0 SyjiaAHraH HyKTadiap,n,ay=y\ *y2= 0 ra ara 6yjiaMH3.

j2= sinx= 1SyjiajwraH HyKTadiapMay —yi-y2= X ra ara 6yjiaMH3.

y2= s\nx= — 1 SyjiaAHraH HyKTadiap,aa y= yl.y2= —yi= —x
(y3=z—x (QyHKUHH rpa(J)HrHHH MH33MH3) .

BHp KaTop uiyHAaft HyKTadiapHH 6eJinuia6 Ba opalJiHK HyKTajiap
ygyH YA = |jcsinx] <CW\ 3K3hhhh XHCo6ra o0jih6, x~O Jiap yMyH
H3JiaHaeTraH rpacfwKKa (TyTaui mh3hk) ara 6yjiaMH3. x<cO aa
SepHJiraH Oyhkuhh *yOT (JyHKUHH SyjiraHH ynyH rpa(JHK Oy
yKKa HHC6aTaH CHMMeTpHK aKCJiaHTHpHLU SHJiaH XOCHJ KHJIHHa™H
(17- uiaKJi).

2.3.3. Hkkh OyHKUHHHHHr KynaiiTMacH xaKH”a aiiTHJiraH Myjio-
xa3aJiapHHHr xaMMacn hkkh OyHKUHHHHHr
fi(x)
y~ f2(x)

SyjiHHMacH yMyH xaM 6np XHJiaa TerniujiHAHp.
BHTTa MH3M3HHHr y3Hfla y,=fi(x) Ba y2= f2(x) OyHKUH”ap

rpa(J)HKJiapHHH  mh3h6, yjiapHH tsxjihji  khjihui fiyjiH SnJiaH y= ~y~

6yjiHHMa X ra 6ofjihk xoJdifla KaHAaft y3rapnuiHHH TeKuiHpaMH3 Ba my
ftyji 6hji3h H3JiaHaeTraH rpaOnKHHHr yMyMHH KypHHHUiHra ara
6yjiaMH3. TaxJiHJi KHJinuma acocnft avrHSopHH Y\ Ba y2 OyHKUHHjisp
KHHMaTJdiapH 0, 1 Ba — 1 ra TeHr SyjiaflHraH HyKTajiapra, yjiap y3apo
TeHr fiyjiafl[HraH eKH HiiiopajiapH SnjiaH 0aPK KHJiaAHraH HyKTa-
jlapra KapaTHiu KepakK.
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3-MHCOJI y = mOyHKUHH Tpa(d)HrHHH MH3HHT.

Emhui. OyHKUHH tok, My caé6a6jiH x~ 0 Jiap yMyHTHHa TaxJiHJi
KHJI3MH3.

yi=Xx Ba y2= X2— 1 Ae6 o0jih6, 6y OyHKUHHjiapHHHr X~ O narn
rpa()HKJiapHHH (nyHKTHp MH3HK) MH33MH3.

3cjiat ma: a) x=0 Aa yi= 0, uiy ca6a6jiH, — =0 -
y2
6) Snpop X= a Aa y\=y26yjiHO, y = — =1 SyjinuiH paBiuaH;
y2
b) 6npop x— b Aa YA\= —yi 6ymi6, y = ~ = — i SyjiHIUH paB-
iuaH; 42
r) Xx=1 Aa #2= 0, #i= |, uiy cababjiH x = \ TyrpH mh3hk BepTHKaji

acHMnTOTaAHp.

u A) X 00 Aa y->-0 MycbaTJiHrHMa KcuiaAH, HbHH aScuuccajiap
yKH ropH30HTaji acHMnTOTa SyjiHuiHHH KypaMH3. By OnKpjiapHHHTr

x,aMMacHHH 6HpjiauiTHpH6 rpacJ)HKHHHr yMyMHH KypHHHUiHra (TyTaui
'IH3HK) ara 6yjiaMH3.

Yy~~X2_ X OyHKUHHHHHr TOK aKaHJIHTH TyOaftjiH X<0 Aa rpaOHK

KoopAHHaTajiap SouiHra HHcfiaTaH CHMMeTpHK aKCJiaHTHpHumaH
HOopaT SyjiaAH (18- uiaKJi).

3- dapcxona roniuupui-u
OyHKUHHJiap rpaOHKjiapHHH MH3HHTr:

1 y=x3-\-2x2 4. y= XZO0sX.
2 y=- 2*+ sinx r __ sin*
3. y= sin2x+ 2cosx. ! \+x2 "'
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3- Mycra”™uA uui

OyHKUHHJiap rpacf)HK.napHHH mh3hht:

1. = jc-(-arctgjc. 4. y= X-COSX.
2. y=Ue*+e~*). 5 y=A~~.
* sinx

3. y—X+COSX.

4-§. KeTMa'KeTjiHKHHHr jihmhth.
4>yHKIIHSHHHr  JIHVHTH

2.4.1. HaTypaji coHJiap TyiyiaMHAa auHKJianraii 4>Yhkuhh cohau
KerMa-KeTAUK AeftHJiaAH Ba {xn\ KypHHHiura 6ejirH.JiaH.ajiH.

Arap uiyHAaft M MycSar coh Maswyj; 6yjin6, xap Kaima.fi
HaTypaji coh n yqyH

NX\N< AT

TeHrcH3JiHK ypHHJiH Byjica, {xa HeeapaAdHeaH KeTMa-KETAUK AemMaMM-
Arap xap KaHAaft HaTypaji coh n yMyH

Xnf-1 %

TeHrcH3JiHK Ba*apHJiga, {x.} ycyenu KeTMa-neTAUK AeftHJiaAH.
Arap xap KaHAaft HaTypaji coh n ynyH

X1 Xn

TeHrcH3JiHK 6a)KapHJica, {x,} KaMatoenu KeTMa-KeTAUK AeftHJiaAH.
OaKaT ycyBMH eKH KaMaioBHH KeTMa-KeTJiHK mohotoh KerMa-
KeTAUK AeHHJiaflH.
Arap HCTajiraH e >0 coh ynyH uiyHAaft jv= /V(e) >0 coh MaBwya,
SyjicakH, Gapga n ~ N Jiap yMyH

\xn— a\ < e

TeHrcH3JiHK 6a>KapHJica, y3rapMac a coh {xn} KeTMa-KeTJiHKHHHr aumutu
AeftHJiaAH Ba By KyftHAaruMa e3HJiaAn:

limx,=a.

Arap {Xn\ KeTMa-KeTJiHK jiHMHTra ara Syjica, y H”uuAauiyeHu, aKC
X0JiAa y30K,AauiyeHu KeTMa-tcerAUK AeHHJiaAH.
Xap KaHAaft MerapalJiaHraH Ba mohotoh KeTMa-KeTJiHK JiHMHTra ara.

1- MHCOJI. lim

= 1 aKaHJIHTHHH HCdOT KHJIHHT Ba yv(e) HH
n-00 2n+1 2y

aHHKJiaHr.
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E mh ui. Arap hxthcPhh e>0 yMyH uiyHAaft jV(e) cohh MaBwyA
GyjicaKH, 6apMa n”~ N (e) Jiap yMyH

| | | N 11
= br+r-11l<e

TeHrcH3JiHK 6a>KaPHAca, jihmhthhht Ta"bpHcJHra Kypa  KyftHJiraH
Macajia xaji 6yjiaAH. 10KopHAarn TeHrcn3JiHK KyftHAarura TeHr
KyMjiH:

2
e,
2n+1
6yHA3H
2 .
2n+ 1> = ékH n
e 2e
TeHrcH3JiHKKa ara 6yjiaMH3. ,Zl,eMaK, N = mMN€\ = - UiyHAaft
2e
khjihe, Iim g - 1-
2.4.2. Arap xap KaHAaft e >0 coh ynyH uiyHAaft S= S (e)>0 coh

iviaBJKyA ByJiH6, \x— a | <8 Aa [f(x)— b\ <e TeHrcH3JiHK BGa>KapHJica,
b cohn f(x) 4>YyHKUHHHHHr X-"~a Aara jihmhth AeftHJiaAH Ba SyHAaft

C3HJiaAH:

lim/~x) =
x*a

Arap HXTHepHH e > 0 yMyH uiyHAaft N = N(s) > 0 coh MaB>KyA 6Yjih6,
6apMa W\ > N Jiap yMyH |f(X) — b |]< e TeHrcu3JiHK 6a>KapHJica, b cohh
f(x) (JjyHKUHHHHHT X—>-00 A3TH JIHMHTI® AeftHJiaAH Ba 6yHAaft e3HJiaAH:

lim f(x)=b.

Arap HXTHepnft M > 0 yMyH uiyHAaft 5= 8 (M )>0 MaBmyA 6yjiu6,
\XX—a\ <8 Aa J/(jc) |> M TeHrcH3JiHK 6a>KapHJica, f(x) JyHKUHH x-*-a
Aa neKCU3 Karra AeftHJiaAH Ba 6yHAaft e3HJiaAH:

lim/(;t) = oo .
x-*a

Arap X-~a aa X>a Syjica, y xcuiAa Xx-+a-\-0 fiejirn, arap Xx-~a Aa
X<ia Syjica, y xojiAa — 0 6ejiru KyJidiaHHJiaAH. f(x) (jjyHKUHH-
iiHHr a HyKTaAarn nan Ba yne AUMurAapu Ae6 moc paBHiUAa

/(a—0) = X—’I‘-ianlOf(X) Ba f(a+ 0) = )(‘Iai\-T-Of(X)

coHJiapra aHTHJiaAH.



f(x) @jyHKUHHHHHr x-*~a flarH jihmhth MaB>KyA SyjwuiH yMyH
f(a—0)=/(a+ 0) 6yjiHUIH 3apyp Ba eTapjiH. %

2.4.3. JInMHTJiap xaKHAa KyftHAarH TeopeMadiap ypHHJIH (jih-
MHTra yTHiu KOHAadiapn):

a) Arap C y3rapMac Syijica,

limC=cC.

je-*-a

6) Arap lim/(x) Ba lim(jp(x) MaB>Kya, 6yjica,

X-*-a X-*-a

lim (f(x) +cp(x)) =lim f(x) -flim cp(x) .

X--a X-*-a X-*-a

b) Arap lim/(jc) Ba lim <p(x) JiHMHTJiap MaBJKya Syjica, y x,0jiAa

x-*-a X~*-a

lim f(x) -g>(x) =lim f(x) -lim <p(x)

X-*-a X-*-a X-*-a

T6HIVIHK ypHHJIH,
r) Arap lim/(x) Ba lim <p(x) :#0 Syjica, y x,UiAa

lim f(x)
lim f(x )x*—a
(P(x) lim <p(i9

TeHTJIHK ypHHJIH.
Arap 6y TeopeMajiapHHHr uiapTJiapn 6a*apHjiMaca, Yy xojiAa

Qo 0 N « . « 0., .
— , —, 0-00 KypHHHUiHAarH aHU~MacAUKAap naHAO OyjiHuiH MyMKHH.

By aHHKMacJiHKjiap 6aT>3H xojuiapAa ajireSpaHK ajiMauiTHpHiujiap
epAaMHAa omhji3Ah. H

2-mhcoji.Jlhmhthh x,HCo6jiaHr:

lim 3"'2+ 5" -1
n2+ 3

E mhui. By MHCOJiAa KacpHHHr cypaT Ba Maxpa*H MeKCH3JiHKKa

HHTHJia4H, HTdHH Ki}pHHHiHAaTH aHHKMaCJIHKKa 3raMH3.

KacpHHHr cypaT Ba Maxpa>KHHH n2 ra SyjicaK:

3+ A --L
lim 372,#5n-1 = Hm_ » " 3
o n?-f-3 o ij 3 1

tI2

3-mhcoji. Jihmhthh XHeoSjiaHr:

E mh ui. ByHAa KypHHHUiAarH aHHKMacjiHKKa 3T3mh3.

(n+2)\=(n+ I)'.(n+ 2) Ba(n+ 3)= («+ H!(n + 3) (n+ 2) ajwaui-
THpHUiAapHH 6a>KapcaK:

(*+1)(»,£3)_ = Jim q .
(i«+ I(n + 2)(f»+ 3) n+ 2

N+ 2)1+(n+1)! j
(n+ 3)! J "

4- dapcxona Tonuiupuru

L {x, }={ at?} KeTMa-KeTAHK a= 3 JiHMHTra ara SKaHJIHTHHH hc-
—

6ot khjihht Ba N (& hh aHHKJiaHr.
2. KyftHAarH AHMHTJiapHH TOIIHHTr:

a) lim (“+ 256+ ("-23 >K: 0.
nm ti-zri —1
6) fim A% 8 5>k oo .
n-*-00 4ti -j-5/i—9
A n\-f- (ti 2)! ‘wre 1
B) ji™ (n-I)l+(n + 2)r

lim 3+ 6+ 9+ ...+ 3n N3

n +4 2
Ort 1 <ti
A) lim -——- p. >Ki —7.
! 2n— 7n~

e) lim -\jn( y/n+ 2 — y/n—3). >K: -y e

4- MycraKfUA uiu

KyftHAarH JIHMHTJiapHH TonHHTr:

i lim {/rt,:rl)S— (n+ 1)2 K — oo
,n-0 (tl—1) — (n+ 1)
2. lim -——- 2 N\------———- 3. >Ki 1

3 lim (2n+ DI+ (2'+ 241 ~K; o

2n+ 3)I— (2n+ 2)!
4 lim (n+ 4)l-(n + 2)I n n
(«+ 3)!
nil ott
5 Ilméh:rTR« )K 3

6. limy «3+8 (y«3+2 — ~n3—1). >K:
-
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5- 8. OyHKUHHHHHr JIHVHTHHH XHCoSjiaUl 4-mh coli. JiIhmhthh xnco6ji3Hr:

OYHKUHHHHHr jihmhthhh aMaJdiAa XHCo6jiaui cviflHHrH naparpatjwa Hm V2+ - - V1.
(5aen- KHJiHnraH TeopeMadiap Ba 6ai>3H uiaKJi ajiMauiTHpHiujiapra jr*o X -j-2x
acocjiaiiaAH.

1-MHCOJi. Jlhmhthh XHCoSjiaHr:

E q h ui. KypHHHiiiAarH shhkmscjihkks arsMH3. KacpHHHr cypaTH
h SXx—2 Ba Maxpa>KHHH (~j2-\-x7J2) H(j)OAara KynaHTHpcaK,
2 X+ 1
i V2+ x —jj2 _ ,.m (¥2+ x —V2)("2+ x+ "N2)
E mh ui. x->-2 Aa KacpHHHr cypaTH 3-2 — 2= 4 ra, MaxpajKH aca x!H-O J o+ ox X(x+ 2) (A2 + x + V2)
22-(-1=5 ra hhthji3Ah. .ZleMaK, XD N
JX— | —
= '™ x(x+2)(V2+x+a/2) ~ xP0Xx(x+ 2)("2+ x+ N2)
s 3X—2 4
Pm — - = — _ _ 1 /i
x-*2  XT+ 1 5 |IIEI .
(et 2) (v 2+ * + v2) 2-2V2

2-mh coji. JIhmhthh XHCo6jiaHr:

5- dapcxona ronwupuFu
x3—x2—x + |

lim % o JIHMHTJiapHH  XjHCo6jiaHr:
x—»1 X —3-X — X— 1
) . T oam 3@l W o
E hhui. By MHCOJiAa KacpHHHr cypaTH xaM, Maxpa>KH xaM " e 2# -3-3a _}_5' ’
i . 0 . -
x~-I aa HQJira hhthjiaah. — KypHHHuiAarn shhkmscjihkks araMH3. 2. lim { + 3 — A\IX2-$-4x-§-$ 3K 2
2.0
KacpHHHr cypaT Ba Msxpa>KHHH KynaHTyBMHAapra a”~paTcan:
3. lim if-r—-—me Y 2K — 1-
X1Vi-* i-X3J
Iim J-f-x+1 = Ilim~-1)-(,-1) = . e
X 1 X+ X —X—\ X X (x+ 1) —(*+1) 4. I|mx3-x23:!2-t|. >K: --I_3
(x—li(xZ—:D .oox—I 0
= hm *----= = lim—— = —= 0. ; .
Xt (x+1) @2—1 XN x+I 2 S lim 73~ 32e-- >k 1.
3- mh c oji. JiIhmhthh XHCoSjiaHr: 6. Iim 1— 2K —-N o
V8x—7~ 3
lim
X+2 5- MycraKfUA utu
Eih m 00— 00 KypHHHUiAarH shhkmscjihkks araMH3. X,hco6- JIHMHTJiapHH XHCoSAaHr:
JIBHMH3! X2 g4 g |
1  lim- >K: >
**2 x2- -8+ + 127
*D__T7* 3
2. lim- 27710 >K:
x-+2 X2- —-8a:+ 12 4
3. lim * >K: 3.

0 Vi+rx —1
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4. lim V 1+ * t *24 V 1— x+'x2
2 22>k -1

Xm X B
5. lim >K: 1
*3 ®»-9 148 *
6 1 vV ~C: 0
\* —5Bx+ 4 3(jt—3x+ 2) J
7. lim f-—-- I e b \ >K- oo
XA2 \x(x — 2)2 *2— 3%+ 2/

6-8 Bhphhhh ea hkkhhhh awofiH6 JIHMHTJiap

KynrHHa jihmhtjisphh TonHiuzia KyftHAarH Ma-bJiyM (bopMVJia-
JiapAaH (poHAaJiaHHJiaAH:

g_gb a — 6upun.Hu aoKOuu6 aumut;

im A--—Y = lim (l+a)*“ = e— ukkuhhu aowouué aumut.
s X [0 240)

MHca/uiap ewrauaa KyHHflarii xeHrjiHKJispHH Ha3ap~a tvthui
(poHAajiH:

1
lim (1 -\-ka) * = lim (\-j-—Y = ek;
a-0 jc-*-00 V X )
un M !+2~- = |
jc0 X
Vim &= 1- 11
X-*-0 X
I i m = lIna, (a>0).
M X

1- mhcoji. Jlhmhthh x,HcoSji3Hr:

sin3x

x-*0 X

o o .,
t, HH 11l — KypHHHUI/iarH aHHKMaCJIHKKa 3raMH3. BHpHHMH a>KOHH6

JiHMHT aH fj)oflii.ajiaHaMH3:

.. Sin3x . 3-sin3x i sin3jc ,
fim ———- = lim— ——-—-= 3lim—-— = 3.

x-+(i X X_"0 0X x"q OX

2- mh ¢ oji. Jlhmhthh x,HCo6jiaHr:

Ccosx
ji— 2x

T
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i- o
b mh ui. — KypHHHUiAarH aHHKMacjiHKKa araMH3.y —x= z Beji-

I'HJiaui KHPHTC3K, y x,0jiAa x-+j- fla z-+Q SyjiaflH. Xhco6ji3hmh3:

A
cos (7L z)

m— — =

lim-iSH- = lim 2 i —
d 20L 2 ~ 30 ll—n+ 22

z-*~0 2 2."q z 2

3- mhc oji. JIhmhthh Xx,HCo6jiaHr:

m r

E g h uj. KacpHHHr cyparaHH Maxpawnra Syjmfi, SyTyH khcmhhh
awpaTHS anaMH3:
2Jc+ 1 _ (2x — 3) + 4 J 4

2x — 3 2x — 3 ~ 2x — 3 '

UlyHAaH khjihS, x-+o0o &a SepHJiraH Oyhkuhh acocn Snpra
miTHJiyBMH, KypcaTKHHH aca HeKCH3JiHKKa HHTHJyBVMH Aapa*aHH
nc)OAadiaHflH, hi.hh 1 KypHHHUiAarH aHHKMacjiHKKa araMH3. OyHKUHH-
HH hkkhhmh 3*ohh6 JiHMHTflaH ({johasjishhiu MyMKHH SyjiaAHraH
KhjihS y3raprap3MH3:

253 - 44—
X3
44-3)
%3
4
X—" 00 Aa 7)2---5—»-0 SyjiraHH caSaSjiH hkkhhhh a>KOHH6 JiHMHTra
Kypa:
ZA
lim
*~p+m
4(4- t )
lim =8 3K3HHHH XHCoSra 0JIh6, y3HJI-KeCHJI
X—1D 2----

X

/3G Y X "= e83K3HHHH TOn3MH3.
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6- dapcxonaronuiupuru

iIHMHTJiapnH x,HCOGjiaHr:

P N . f . .o
1. Ilrni*-ZSiIETSX >K: 45. 5. lim g3t f%tX fK. L3
1* sin3jc ~/ 3 4
Z- iy Sin27-  '*e 2 6. lim (3-2x) >K:
X+r 2
3 i doSig) . 7.1im 454, *: bl.2
4. lim In<'+ 41 . >K: ,
, .n 3x

6- MycraKftiA uui

b S0 . 3

im - .7 . —
x~o  tg5jc
i~ 1—sin* 1
5. ||m—:————§lr—]rj—. ﬂ(:
i (f-')2
3 JI= (S rfr t-

4. lIim (2x+1) (In(3jcf-1) —In(3jc—2)). >K: 2.

7- 8§ SkBHBajieHT geKCH3 khhhk (J)yHKUHHJiap
Ba yjiap epaaMHfla jiHMHTjiapHH x,Hco6jiauj

Arap a (x) m p(x) x~ x OxoJdiaa MeKcn3 khhhk (J)yHKUHSiJiap 6ym 6,

xXXQ PM
Syjica, y x,a/iAa yjiap dKeueaAenr AeftHJiaAH Ba x->-xo Aa a (x)~p (x)
Kabn 6e/irHJiaHaflH. MacajiaH, lim sl--= 1, uiy caSaSjm x-»-0 Aa
*) X
sinx~ X.

IUyHra yxmaiu x->-0 Aa KyfiHAarn vieKCH3 khmhk (jjyHKUHHJiap
3KBHB3JieHTAHP =

. x
arcsinx~x, 1— cosx-—-- —, tgx~Xx,

arctgx~ X, ex— l~x, ax— l~xlIna,
n(l+x) ~x, l+x)m—1"miBa x. k.
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HKKHTa MeKCH3 khmhk (yHKUHHJiap HHcSaTHHHHr jihmhth vyjiapra
JKBHBaJieHT HeKCH3 KHMHK (j)yHKUHHJiap HHCBaTHHHHT JIHMHTHT3 TeHr,
mi.hh arap x->-xo fla ot(x)~ai(x) B3 |3(x)~pi(x) 6yjica, y x0JiAa

a(jc 1- aj
hm Q?’ = lim -jM—r

XX PE9 x50 n
1- mh ¢ oji. JIhmhthh x,HCoGjiaHr:

) 1— cosédjc
lim
0 torsSx

E MHUL Yuiéy 1— COs4x~8x2 tg23x~9x2 3KBHBaJieHT HeKCH3
KHMHK (J)yHKUHHJI3pA3H (})OHA3Jia HC3K:

Iim --—- =——-= IIm—5= —
X"No tg 3x X-*0 9x "

2- mhec oji. JiIhmhthh *HCoBjiaHr:

3,-

-2
*+0 716+ 5 —2

Eqgarn. KacpHHHr cypaT Ba Maxpa>KHHH 2 ra 6yjiH6, cyHrpa yjiapHH
WBHBaJieHT geKCH3 khmhk (J)yHKUHHJiap SnJdiaH ajiMauiTHpaMH3:

3 \/l+7~-X -1
lim = nmT4 = L — =
N6+ 5N -2 ~0A H ~ x -1
\Y 16
e i 1T X301 i 1t Tt - 8
, 5 XTI s + . — X
O +le*) _ 4 16

7- dapcxona ronuiupuFU

KyHHAarH JIHMHTJiapHH 3KBHB3JieHT MeKCH3 KHHHK (J)yHKUHHJiapA3H
(1)OHAaJdiaHH6 XHCoSjiaHr:

) @Ex 1
11 sinax—2) k. 4. 4. lim 3 -1 >K: In3.
iz x2-3 x + 2 Vi1+4x -1
. arcsin2x 2
2. lim e S 5. lim s | ' 31n2
. - . . x—~0 7%
ro Tk M5
. In( 1— 4x)
3. lim ]
sin8«

jovO

119



7- MyCTQKjUA UIU

. 2xsliix . Incos2x
lim 4, 4. lim . >K:
* 'e *  COSX x*n Incos4x 4 '
5. lim .
t »(1+ f >K:
90+ h) SK: f X*n (38 mjy 21n23
2-1'S m:+tt Tz 2$X_ox
6. lim .
3. lim SK: 5 x*0 sin7x— sin2x’ >Ke 1in]
©ox+n tg3x ’ 3"

8- §. HeKCH3 KHVHK ()yHKL(H(IJiapHH TaKKOCJlaill

X-*-x0 Aa a(x) Ba p(x) MeKCH3 khmhk OyHKUHHJiap SyjiCHH. By
(JYHKUH53JiapHH TaKKocjiaiu yMyH vyjiap HHcSaTHHHHr X->-X0 nan
jihmhth XHCoSjiaHaAnN:

a
a) Arap lim -%XA=O 6yjica, y xoAAa a(x) OyHKUHH O(x) ra

HHcGaTaH tOKfOQpu Tapm6AU neKCU3 kuhuk <pyHKU,un AeftHAaAH Ba
a = o(p) Kaén 6ejirHJiaHaAH.

6) Arap lj = o0 Syjica, y xoaas a(X) OyHKUHH p(x) ra
¥ Py

HHcdaTaH $yuu TapmdAU neKCU3 kuhuk cpynKU,UH AeftHAaAH. PaBixiaHKH

6y xcwwa lim =0 eKH p= o(a).
x>  a X)
b) Arap lim ~~-‘=.4=~0 Ba A mckjih coh Syjica, y xojiAa a(x) Ba
X¥q  PW

P(x) 6up xua Tapm6AU HeKCU3 kuhuk (pyuKi~ufiAap AeHHJiaAH.
XycycaH, arap A= 1 eyjica, y X0AAa akKBHBaAeHT mckch3 khmhk
(DyHKUHSIJiapra ara 6yAaMH3.
r) Arap a(x)kBa p(x) 6np xhji TapTHSjIH mckch3 khmhk OyHKUHHAap
6yAH6, £ >0 6yAca, y xX0AAa p(x) MeKCH3 khmhk (JjyHKUHH a(x) ra
HHcSaTaH fe-TapTHfira ara AeftHAaAH.

M hcoji. Aa y=-y/1-(-xsinx— 1 MeKCH3 khmhk OyHKUHH-
hhHr x ra HHc6aTaH TapTHSHHH aHHKASHr.
E mh m. HHcSaTHHHr x-vO Aarn ahmhthhh KapaftMH3 Ba k HHHr

6y ahmht MaBJKyA Ba hojia3h (J)apKAH SyAaAHraH KHftMaTHHH aHHK-
A3HMH3:

yi+xsinx -1 Jim N1+ xsinx — 1) (-V1+ xsinx + 1)
lim-—, = I|im -
.0 Xk 0 X O X o (-\/I -f-jcsinje +1)"
. 1 xsinx- . XsSinx
= lim- = lim
x-+0 x1(y 1+ xsinx + 1) x»0 X (y 1+ xsinx +1)
sinx
— lim - — lim* , MyHKn
xfO xk 2(V 1+ xsinx + 1) - x-<0
. sinx i i
lim - 1, lim ( -JI-f-xsinx +1) =2

x->0 X x-*-0
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PaBUiaHKH k= 2 Aa limx2 *=1. ZleMaK, lim -~-=-/, UiyHAaft
*-0 x*0 XT 2

Khah6, y Ba x2 MeKCH3 khmhk MHKAOpJiapHHHr TapTH6n 6np xha. Uiy
ca6abjiH y mhkaop X MeKCH3 khmhk MHKAopra HHcbaTaH ukkuhhu
rapm6AU (k= 2) MeKCH3 khmhk mhkaop SyjiaAH.

8- dapcxona ronmupuFu

1. x>~0 Aa a=xsin2 Ba p=2xsinx MeKCH3 khmhk <f>yHKUHHA3pHH
raKKocAaHr. >K: a= o(p).
2. x->-0 Aa a= X In(l+x) Ba p= xsinx MeKCH3 khmhk (JjyHKUHH-

jiapHH TaKKOCAaHr. >K: a~p.
3

3. x—=*1 Aa a = |—x Ba P=1— -y; MeKCH3 khmhk OyHK~H”"ap-
hhht 6np xhji Tapra6jiH 6yAHiuHra huiohm xocha khahh¥f. Byjiap
SKBHBaAeHT 6yAaAHMH?

4. x->-0 A3 MeKCH3 khmhk 6yAraH u = — - HHHr x ra HHc6aTaH
TapTu6HHH aHHKAaHr. = 10.

8- MycraKfiA uui

1 x= 0 A3 a=x2sin Ba p=x-tgx mckch3 khmhk OyHKUHHAapHH
laKKocjiaHr. a= o(P).

2. x=0 Aa a= ax— 1 Ba p= x Ina MeKCH3 khmhk 4>yHKUHHAapHH
raKKocAaHr. >K: a~p.

3. x*~y aa a= secx—tgx Ba p= n—2x (ffyHKUHHAap 6np xha

liipTHSAH MeKCH3 KHMHK SyAHIUHTa HUIOHM XOCHA KHIHHT. YAap
wKBHB3AeHT 6yA3AHMH?
4. a) y=~J 1-]-Ar3— 1 Ba 6) y— 1— cosx MeKCH3 khmhk ()yHKUHH-

JrdpHHHT X MeKCH3 KHMHKK3 HHC6aTHHHHT TapTHSHHH aHHKAaHT.
)K: a) k= 3; 6) k= 2.

9- 8. 4>yHKUHHHHHr y3JiyKCH3JIHTH.
OyHKUHHHHHr y3HJiHiu HyKTajiapH Ba yjiapHHHr Typjiapn.
4>yHKIL.HHHHHr HQJIH

2.9.1. Arap Xo Ba yHHHr aTpo(})HAa 3HHKAaHraH y = f(x) OyHKUH(fl uiy
nyKTaAa mckijih AHMHTra ara 6yAH6, 6y ahmht OyHKUHHHHHr xo
nyK'iaAarH KHftMarara TeHr, HtHH

lim/(x) =7 (x0

fiyjica, y xanAa 6y Oyhkuhh x0 HyKTaAa y3Aykcu3 AeftHAaAH.
vl



iHfaUitStifcWilfcfclifci

OyiiKUHHHHIir y;uiykch3jihph x,akKHAarH KyfiHAarH T3-bpHclj roKopHAa-
ih rai»])Hg)ra Tour KyuiHAHp.

Arap y—f(x) (J)yhkhhh xo HyKTaAa Ba yHHHr aTpotJjHaa 3HHKJiaHraH
fiyjiHfj, apryMOHTHHur 4eKCH3 khmhk oprrapMacHra ({jyHKUHHHHHr
M'KCH3 KHVHK OpTTHpMaCH MOC KeACa, HTjHH

limAy =0
AX"O

S~Jica, y xoaas (JjyHKUHH X0 HyKTaAa y3Ayncu3 AeftHJiaAH. By epAa
Ax= x—x0 Ba Ay= f(x0+ AXx) —f(x0) — moc paBHiiiAa apryMeHT Ba
JyHKUHH opTTHpMajiapn.

f(x) (QyHKUHHHHHr xo HyKTaAa y3JiyKCH3 SyAHUJH ywyH y3JiyKCH3-
AHKHHHr KyfiHAarn uiapTJiapn 63JK3Phahiuh 3apyp Ba eTapjiHAHp:

a) JyHKUHH X0 HyKTa Ba yHHHr 3Tpo(}jHA3 aHHKJiaHraH;

6) AYHKUHHHHHr X=XO0 HyKTaAarH Man Ba yHr JiHMHTJiapH TeHr:

f(xo-0)=f(xo + 0);

b) x=xo0 HyKTaAara 6np tomohjih ahmhta3P f(Xo) ra TeHr, ht>hh
f(xo—0)=f(xo + 0)=f(xo0).

2.9.2. f(X) cjiyHKUHH X0 HyKTaHHHr 3Tpo(]jHA3 aHHKJiaHraH, aMMO
Sy HyKTaHHHr y3HAa y3JiyKCH3JiHK mapTJiapHAaH 3K3aah Shttsch
03>KapHAM3C3, By (JyHKUHH X0 HyKT3Aa y3UAuutaa aea AeftHJiaAH.

Arap f(x) (@JyHKUHH ynyH neKAU 6np tomohah f(xo—0) Ba
/(xo+ 0) AHMHTJiap MaB*yA Syjics Ba, uiy Shash 6npra, f(xo0),
f(x0—0), /(xo+ 0) coHJiap y3apo TeHr SyAMsca, y xanfla xo HyKTa
1- Typ y3ujiuiu HyKfTacu AeftHJiaAH.

XycycaH, arap f(Xo—o0) = f(Xo+ 0) ¥*f(Xo) SyAca, y xcwAa x06apra-
pa<p K'UAUHaduea.H y3u.Au.iu ny”~racu AeftHJi3AH.

Arsp f(X0—0) eKH /(jto+ 0) 6up TOMOHJIH AHMHTA3pA3H 3K3AAH
Shttsch oo ra TeHr SyAC3, jto HYKTS 2- Typ ysuAum ny~Tacu AeftHJiaAH.

2.9.3. Arap JyHKUHH opajiHKHHHr xaMM3 HyKT3CHA3 y3AyKCHS3,

Syjica, y uiy opaJiHKAa Y3AyKCU3 AeftHJiaAH. SjieMeurap (JjyHKUHH-
AapHHHr x,aMMacH y3JiapHHHHr aHHKJiaHHUi cox3AapHAa y3AyKCH3-
AHP-

2.9.4. Arap f{x) Ba cp(X) (jjyHKUHHJiap X0 HyKTaAa y3JiyKCH3 oyjica,
y XxojiAa:

a) f(x)xq>(x); 6) f(x)-<p(x); b) (cp(x0) ~=0) JjyHKUHHAap xaM

X0 HyKTaAa y3AyKCH3 SyjiaAHJiap.

Arap f(x) (JyHKUHH [a, b] KecMaAa y3JiyKCH3 SyAcs, y

a) uiy KecMaAa MerapaAaHraH;

6) uiy KecMaAa 3Hr khhhk Ba 3Hr KaTTa KHftMaTAapra apnuiaAH;

b) SepHJiraH HKKHTa khhmsth opacHAarn 6apua KnftMaTJiapHH
KaSyA KHAaAH, HTjHH arap f(a) =A, /(P)=B (a <a<P ~ 6) BaA=£B
6yAac3, y x,0jia3 A B3 B 0p3CHA3 eTrsH C cohh x,ap KaHAafi 6yjiraHAa
XaM X hhht aKaAAH SHTTa X—VY (a<Y <P) khAmsth tohhasahkh,
f(y) = C syAaAH.

XycycaH, arap /(a) Ba /(p) xap xha

/(a) /(P) <0 SyAca), uiyHAaft xX=y (a<7<p)

yiiAa f(y) =0 SyAaAH.

HiuopajiH SyAca (ht>hh

KHftMaT ToriHAaAHKH,

/7 (y)= 0 syAaAHraH x= y HyKTa (JjyHKUHHHHHr hoau AefiHAaAH.

By arap /(a)-/(P) <0 SyAca, f(x)= 0 TeHrAaMa

JiHKAa 3K3AAH SHTTa HAAH3T3 3r3 SyAHIUHHH SHAAHpSAH.
By xoccsAaH f(x) (jjyHKUHH hoahhh y3 mura

ronHuiAa cf)OHAaJdiaHHJiaAH.

9- dapcxona TonmupuFu

oJdirsH

(a, P) opa-

opaAHKHH

1. y.= y Xm cfiykKUHHHHHr y3HAHUI HyKTaCHHH TONnHHT Ba y3HAHUI

rypHHH aHHKAaHTr.

2. y= arctg-~-y (JjyHKUUHHHHr y3HAHIU

y3HAHUI TypHHH aHHKAaHTr.
3. a HHHT KaHAafi KHHM3TA3PHA3

i?7—9

3
f(x)=i x 3 rap

1 a, arap

ic=

3,

x=3

(YHKUHH x= 3 HyKTaAa y3AyKCH3 SyAaAH?

'"IH3HHT.
4. YiuSy

fw= { —r- araP
I X, arap

X>2

OyHKUHH

HyKT3CHHH TOnHHT Ba

rpacJjurnHH

(DYHKUHHHHHr  y3HAHUI HyKTaA3pHHH TOnHHT Ba y3HAHIU TypHHH

allHKA3HT. OyHKUHH rp3(jjHTHHH 1H3HHr.

5. x5— 3x=1 TeHrAaMa [1; 2] KecM3A3 3K3aah SHTTa HAAH3ra ara

ilOHHra HUIOHM XOCHA KHAHHT.

9- MycTaKfUA uui
1. YuiSy
27jx , 3rsp
f(x) = 4

1

— 2X,

srap

2x—7, 3rap 2,57~x< + 00

l<a:<2,5,

(DYHKUHHHHHr  y3HAHUI  HyKT3A3pHHH TOnHHT Ba yAapHHHr TypHHH

iillHMaHr. OyHKUHH rpa(JjHTHHH HH3HHT.
2. a HHHT K3HA30 KHfiM3TAapHA3

X-\-\, 3T3p

3 — aX2arap
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(DyiiKnmi y:)jiyKt'H3 CymiAu? O yhkuhh ipa”m'HUH 4H3hhi\
U. Ymfiy

2* +1

(JjyuKUHHHHHr y3HJiHiu HyKTajiapH TypHHH aHHKJiaHr.

4. f(x) = — — OyHKUHHHHHr y3HJiHHi HyKTajiapHHH TonHHr Ba
AT+ X
yjiapHHHr TypHHH aHHiyiaHr.
5. Xx-2x= 1 TeHrjiaMa aK,ajuiH 6Hrra 1 ,naH KaTTa SyjiMaraH Myc6aT

HJiflIH3ra 3ra SyjiHuiHHH KypcaTHHTr.

5- Ha3opar uuiu.

1. JIHMHTJiapHH TonHHTr:

1.1. lim- j +4*~6 . 1.2. lim *4~ f+ '

X-00 2 X — 7x~+ 2 - X+ 3x2+ 2x4

lim 3f + 2x~ 5,
o x4+ 5jT+1

1.3. lim Zf~ 3x+ 1. 1.4.

X-i-00 x~+ 2x— 3

lim—+ 3~ ~4*2.
jcp»o 2jt—x+ 4

1.5. lim 2x4~ 3x2+x . 1.6.
X*m 4x -j-3x—5

lim-3— 2x+ 4x*
6+ 5x— 3X2

1.7. lim 6x"~ 2x+1 , 1.8.
**m00 2x + jt + 5

1.9. lim .5*3~ 3*2+ 4 110. Ijm — -.
*-00 6x + x—5 X—00 X2— X + 3x4

1.11. lim 142+3x . 1.12. lim-fe4-4*2-15
*00 7x +2x—8 x—= @ 2x3— 3x2+1

1.13. lim— — 7 - I-<4. \im_ 3 ~ 2x+3 .
X 3x f-4x —2 —3jc-j-2
1.15. lim-7-47 2x2+2 , 1.16. lim-32~ 4*+5

*-»00 X — 3x A*00 6x3+ 3x— 7

1.17. lim-- 2~ x4 . 1.18. lim-8 ~ 7x\ 5.
x-+0c 4-\-x -\-5Xx x><io 2+ X — 4X
1.19. lim 37~ 4/'+ 3, 1.20. lim 4~ ~ 3*~ 1,

X->00 X+ 3 X — 6Xx x-*a0 3X +5x—2

1.21. lim- 8*8-1 . 1.22. lim 5*3~ 2jc2+ 3
*p» 00 4x4— 5x5 x*<x> 3— 4x— 10x3
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1.23.

1.25.

1.27.

1.29.

2. KypcaTHJiraH JIHMHTJiapHH TonHHTr:

2.1

2.3.

2.5.

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2x +x —5

lim

4x3—7
; 9x3-4 x + 1
lim

3x3+ 2x2— 5 '

) 8x4— 4x2+ 3
lim

2x4+ 1
. 10x5— 5x2+ 7
lim

1— 2x— 5x5

B 2X—7x+ 4
lim

. 7x2+ 4x—3
lim
*p—| 5x2+ 4x— 1
j- x2— 12x+ 20

2 W+ 6

. 2x2+ 3x-|-1
lim

‘| 3x +x —2
. Xx2— 5x+_6
lim— 5--—-—--- 31—
X*2 2xA—9x + 10
. x2+ x- =20
lim
x-*# X2— 3x— 4

. 3X2— x — 10
lim
*>2 x2—3x— 10
. 3x2—x — 2
lim — 55—

X-+i  4Xxr —x — 3

4x2-{- 3x-I- 15

lim
Xx<— 3 2x +5x —3
. 4X +7x—2
Jim
— 2 Bbx +3x— 14
. 3x2+ 2x—2
lim
. X2—3x—4
lim

x-t-4 40+ 2x— 3x

1.24.

1.26.

1.28.

1.30.

2.2.

2.4.

2.6.

2.8.

2.10.

2.12.

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.
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lim ~x*~ 3x2+ |
1+3x2-x "

lim— ~ 4x+ 2
*.00 5X2+ 3x— 8

) 4x — 3x-f-2
lim
o 5x3+ 4x2— 3

. X2+ 4x — 2
lim
6 —2x— 3X2

lim *1=Z £ +i.
*H x — 27
Ilim J~ex-45

x-*5  xr— 2x — 15

i- 3x2— 7x— 6

2+ X —x2

I x3— 3x2— 2

. 2x2— 3x — 35
lim
X+5 x —3x— 10

lim.m; -3x+2
x~+2 3XT— X— 10

. x2—2x—3
lim_
-1 x3+ |

. 12+ x— x2
lim
*3 2x —3x—9

lim £~ + Sx+ 4
x->-—2 3x -\~X— 14

. 3x2+ x — 4
lim
-1 x + 3x+ 2



2.29.

hm — - .

’
x-4— 3 3j*T+ 10X+ 3

3. KypcaTHJiraH jiHMMTJiapm tothHr:

3.1.

3.3.

3.5.

3.7.

3.9.

3.11.

3.13.

3.15.

00

3.19.

3.21.

3.23.

3.25.

3.27.

. -2 1
lira -
x—1 -y/x-f8 —~10—X
yjx—2 — ~4 —x
hm
*_43 X2+ 2x— 15
h 3x2+ 4x+1
m
N 8- *w ' w8z
V3x+17 - V7+x
hm
X% 5 X2+ 4x-"-5
. L *D—' '6
lim
ot 2= N2 —X — "X+ 6

. 4x2—3X—1
P sj3+ 2X — -UX+ 4

Vx+ 3- V5+ 3x
hm
Xx%— 1 4ar+ 3x— 1
ijx + 4 —V2x—1
hm
X-*-5 X2—4x—5
i V2x+1 - V9 —2x
lim
X—2 3Xx2—2x— 8
V4x-3 — V2x+ 3
hm
x>3 X2—2x-3
. X2— 10x+9
lim -

xi-9 V2x+ 7 — -\/3x—2
i 3x2—2

lim

x—1 V7+2x —3

Vx—1—-\3x— 11

hm

X-*-5 x2+ 3x —40

) -\/x+17ysx75
lim

x2— 9

3.2.

3.4.

3.6.

3.8.

3.10.

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

3.28.

2x2-f3x — 9
3 y*+ 10 —v4—*
hm v~Ap-y~+i,
2 jt+Sjc—14
Zic2— 7x — 15
*.5  V-*+4 — \l2x—\
2>?—x—21

im VE+2-V6-X

x—2 AT— 3x+ 2
) A+ X—12
vc+i-4-

A2—8jc+ i5

lim V-t+ 20 V12 x
X2+ 3x—4

lim wA+:U'— VI+f,

J3—8
-2 Vdjct+ 1- VA+ 7

lim V5+ V \V2ICG+ 9.
— 4 X +64

X

itm 3x2+ 5x+ 2

— | Wd—3* —ve—=

399 fim A

3a— 10
. t=

X2-\-x — 2

3.30. Iim

—2 -\j83—x — "jl—2x

4. KypcaTHJiraH JiHMHTJiapHH TonHHr:

4.1.

4.3.

4.5.

4.7.

4.9.

4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

4.23.

4.25.

4.27.

4.29.

I — cos6x

t o»» 4a

cos5x— cosx

lim
X »0 22
. 1— COS X
lim
*-0 *_tg*
. 5x
lim
0 sinx+ sin7x
. tg4x
lim
X--0 3sin3x
R sin22 x — sin2x
lim
3x2
1— cos22x
hm
x-y-0 X-arc sinx
arc tg2x
hm=""Z.
X -0 tgS*

Y et igh )

lim (1 —x) tg -

cosx— sin*

lim

1 tgx

1— cosé4x
hm
O 1—,cos8x
) ~"cosx — 1
lim
. cos X — cosX
lim-

1— cos3x
. V 1+ sinx — 1
lim
)(_O 1— cos2x

- cosx — cos X
4.2. lim
x—0 3x
sin3x — sinx
4.4. hm
*—0 4x

4.6. lim tg2x~ sin2t .

X—0 X2
4.8. lim~» cos2n
x—==0 X2
4.10. lim—-csin3* .
Xx-*0 sin5x
4.12. lim cos4* —cos34*
X—0 4x2
4.14. lim T %
x »O 3x
4.16. hm -cos* - cos *
X~ o X-sinx
4.18. lim -~ sin*-.
x™N0
4 20 “m arc sin5x
x—0 X — X
4.22. lim —'7 2%
' ’ ~0 sin3x + sinx
4.24. hm
4.26. lim <7
*.+0 COSX— COS X
4.28. lim '
it—2x
4.30. lim %

X-0 arc tg3*

5. KypcaTHJiraH JiHMHTJiapHH TonHHTr:

5.1.

. "AX—1\3x+2
im (-£=1T)"

x—»00 \4x + 3 7/

52. Ilim(3x—2)
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M. _lira(4,-3) |.,.(x+2)_
5.4. lim fI3Nzl)2]

x*00 \5x-f-2 / 5- HdMyHaeuti %uco6 ronuiuput”™Aapu

~In(j:— i)j.
5.6. lim (x+ 2) [In(2x + 3)
— In(2x — 1)]. 1 KypcaTmiraH JIHMHTJiapHH TonnHr:
5-8. lim (3 —2x)1~t. 11, lim (x2— -\/x4+ x 2+ 1).
X-+1 * p)
59-  lim (2x+ 3) [In(x+2)~
x oo 510. lim 3 = i'f-5 1.2. i NjX2—5x+ 6 —X).
. |nX] x—»o0 V -2/ )é!'TOO ( J X X)
& 5.12. lim (3x+5) [In(x+ 5)- 1.3. i \/x2— 2 6 — -\/x2+ 2 X — 6).
5-11. \\m(2x~3)~~ X300 A, (Mxe— 2x \xzr2x—6)
X-+2 - Inx],
513. lim /2=3£.Y*+3 . ) 2x 1.4. Ijm (M"x2—2x+ 3 — a/x2—x+ 4).
e s 5.14. 1'_5.*1 (2—x) I~x x-*-00
515- (2x-7) [INn(3x+4)~ 5:16. lim (A = I\ 2\ 15 Jm (y xar3x2+r I —x2).
~ In3x] 3@ \3jcj-5 /
' 16. i A/t x — 1— 2—x+ 2).
) 5.18. lim (3x—2) [In (2 x -1) 6. Jm (~\e+ x a/x2—x+ 2)
X-*--j- 00 '
5-17. lim (4 — 3x) xX~' '
X-+1 -Iln(2x+1)]. 1.7. lim ("\/x2+ 1 — a/x2+ x).
x X-*-00
5.19. lim (£ L\ tt+s 5.20. lim (2x+ 3)7+r.
X200 \2 —5x J x—m—1 1.8. )'é\m X( -\x4+ 3 — a/x4—2).
3 i =
5-21. lim (3—jc) (In(l —X) - 5.22. lim /3f+Z\4+3
oo «—=® V3t 5) 1.9.  lim  y/x+ 2 (-y/x+3 — \x—4).
In(2—x)1]. )
5-24. Jim,(x—3) [In(2 —3x) — 1.10.  lim (x— -Jx (x— 1).
H L *_7 X -+ «
5.23. XI|>r{1 (ba—4) N5 —3%)].
a 1.11. Um (y (x4+ 1) (x2— 1) — -v/x6— 1).
5.25. lim i 5.26. lim (3 — Sx)1*37 i
x-+00 \3x-f-4 / "5
5 5 3 1.12. lim I (x2+ 1) (x2+ 2) — aV(x2— 1) (x2—2) ).
527-J™ ~~1)[In 1~ - x%- 00
(2x==1 [In 1 ~3x) 5.28. lim (+ ~ )3
-In (2—3%)]. XTHONS 2 1.13. lim (y ~ + 1) (x2+3) - VX (x4+2) ).
ax 5.30. lim (x—4) [In(3 —2x) — xkoo
5-29. lim (4aH-5 X .
Xh— | (42 ) — In (5 — 2x)]. 1.14. Xllror; Y x3+8 (a/x3—2 — a/x3— 1).
1.15. lim ( -yjx (x + 5) —x).
x—> -+ 00
1.16. im y/XxX(Vx+ 2 — -IJx—3).
XJ‘- Y ( )
1.17. lim (yj(x+ 2)2— -\/(x— 3)2).
X->@D
1.18. Ilim x(a/5 + 8x3— 2x).

9— 665"

00
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1.19.

1.20

1.21.

1.22.

1.23.

1.24.

1.25.

1.26.

1.27.

1.28.

1.29.

1.30.

lim ( Jx (x+ 2) - "IJx2—2x+ 3).

X =00

. %("jx (x+ 2) - Jx*-2x+ 3).

lim (x + ~4—x3).

X-*-00

lim (a/*5- 8 —x~Ix(x2+ 5)).
X—+00
lim (~\jc2— 3jc-{-2 —a).

®
i + — —_ N .
Illm (V (jc2+ 1) (x2—4) *x4—9)

lim (x— -IJx3—5).
X-*-00

lim je( yjx(x —2) — a/*2— 3).

X-*-00

lim jo( Mj2+ 1 —"*Mjc2— 1).

x-"-00

Iim yFfT (-yjx-2 - sIx+ 2).

X~*-00

Hm (jc -yjx — /X (x + 1) (x+ 2) ).

X —~00

lim (jc- -J(X—2) (x+ 3)).
Tr+t ®

2. KypcaTHJiraH JiHMHTJiapHH TonHHTr:

2.1.

2.3.

lim-y .tif— 5__. 2.2.  lim -
x-)— 1 jc — 3w

x-i-i jc +2jc —jc— 2

lim f +2*+3 . =m 2.4. lim x"~ 3x+2
x-i— 2 jt + 3jc-f2

*— -1 X + 3ac — 4

. 2x3— jc2— 4x — 4
2.11. lim 2**7! x

X-+-2 3a2— ac- -10

x4-3 x2+ 2

2.13. lim

*--1 a3+ 2a2— 3a—4

2.15. Iim— 3yi—2t+ 1

4jt3  2jc2— jc-j- 1

217 lim a3+3jc2— 4
*— 2 2at+ 3jc— 2

2.19. lim
X-*-\ 3x — 2x— |
. 3— 3x2— X+ 2
2.21. lim”~ *
x—2 3ac —4jc— 4
. 3a4— 2a2
2.23. lim
I 4a + 3 jc-
. 8a:3— 3a2— 5
2.25. lim **

x~*1 4x — 3x2— 1

xd— 2x— 1

2.27. lim
x*—1 x -j-2x -} 1
2.29. lim 7372
I jco —4a—>5

9jt— 3a. — 4a:— 2

2.12.

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.

2.26.

2.28.

2.30.

U. KypcaTHJiraH JiHMHTJiapHH TonHHTr:

iin -~ -.s

c4 VD 12_ V3ot 4

1.8. lim 3. v'6- !
vV 8+ a3
¥T_ 9
o % 111
*M ........... 3 ......
\JIx2+ x4
Aid. lini ~x- — L
*4 \/1 2jc—3

- 3.4.

3.6.

3%.

a {A
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lim *1+2x+ 12 .
x--2 a -)-3a —4

ijm-84- 6+2- * -

jc —3a +2

lim-~~ 3x2+4 .
x<-2 3at— jc— 10

. 5a3— 3a2— 2
lim
X" 4x3+ x2—5

lim -fe3~ 2x+ 3,
*p—1 3ad4—x1— 2

. 6a3— 5a:2
lim ml/

1 5x3+ 2x2— 4x — 3

lim — *3+2*2

Xx—»—2 4x -[-3x— 10

. 3jcd— x2— 2
lim-

x->i 2jc —jc— 1

. 2a —jc— 1
lim !
Jt-V x3+ 2x2—x—2
-2-C+l

I x —x2-j-x— 1

lim

yjc —9
lim ~ - N
1AM Ga% X aox—1
li V27~*
fim

v'3jc— 2

1- V6+ a — y'10-f3a:

X -r-2 sj2—x — 2



3.11.

3.13.

3.15.

3.17.

3.19.

3.21.

3.23.

3.25.

3.27.

3.29.

lim ~ +x
*p oy je2+ 2 v'je

*— 2 y4 —2x-2

lim-~ 27~ 3jc+*2~ 3 .

-»0 X2— 3x
lim V9+2JC
*-8 X —2
lim— =22=1L

/8~ *

\2x2—3x+5 —2

iimz+z=yT+ "
4 yx —2

lim V2*+i3 -ys+x
y4—x —3

w5

lim V4*~3-V *+6

3 V*+ 3 —-V3*—3

lim j/Z9+~~VvQ~n
—VIi—x

yi+ X

lim 3x2+ 4 x + i

jot—i y*+3 —y5+3x

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

3.28.

3.30.

4. KypcaTHJiraH JIHMHTJiapHH TonHHr:

4.1.

4.2.

4.3.

4.4.

>a0 W3x + 2x+1 J

lim (V. z w vy
*<> \3x + 2Xx—r J

lim (*?+**-* r~ 2

*—° \2x —3x+ 4 /

Iim ('J4+3£=LY "+i.

X-+00 \4x —2x+ 9)

. lim V o-.
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4.5.

4.6.

4.7.

4.8.

lim -~ ~*~"jtE
*—0 yi-X -y i+ x

lim ]

*—8 AX+2

l~x~"2x+ 25

\Nm~  3x2~ 2x+4 ~ 2 .

x—'0 V9—x —3

lim- ~2+3-3
**3 y4x-3-yx+6

lim J 72+ 1 -
1 X3+ X 2

ijm V2t+ 9~ V3jc+6

*-3 xX2—9

lim V5-*-yi=3

3+ 2x

N yx—2 —y3x— 10"

lim V5+ * -V 6+ 2%

p—1 ys-x —3
lim V2*~ ‘' ~y~+4
X5 3f-f-1—4

lim _Vy+ 12 ~ V4~
y5-x-yi_2x

X--4

lira
x->00 \2jr 4 3jc—5 7/

lim
\6x +3x—5 7/

lim (4 = 4x+3T
Xtao \x + 3x—4 /

lim ~ +
jevoo \5x—2x+ 3 7/

/ N N Y N

5

3,-2y -.

4.9.

4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

4.16.

4.18.

4.19.

lim

/*2-3x+6 \ ~ 3

* oD \x2+ 4x—5 /

£-*00

lim
X >00

lim

lim
*-»00

lim

lim
X-*- 00

lim
X-*- 00

lim
X~+Q@D

lim
A *00

lim

/5x2+ 3 x-1 W +

\5x2+ 3x+ 3 /

/ Ax2—x+ 5 V ~ 2
\4x2—2x+7 )

/ 7x2— 4ax+ 5 \N3™-7
\7x2+8x—5 /

/ 2x2+ x—5 \At2+4
\2x2—3x+7 [/

/ 7x2+ 10x—6 V -

\7x2-6x+16 )

/ 6x2—3x+ 8 W ~ a
\6x2+ 4x—9 /

/ 3x2—3x+ 1W -~
\3x2+ 5x—6 7/

/ 3x2+ 8x—6 V-3~
\3x2—9x+ 7 /

/5x2—4x—9 V —
\5x2+ 6x—8 )

/ 6x2—9x+ 8 V -4
\6x2+ 9x—4 /

4.20.

4.21.

4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

4.30.

R. KypcaTHJiraH JIHMHTJiapHH XHeoSjiaHr:

8-1-

fl.8.

8.8.

03X o2

A0 sinBx+ Bx

lim-

*+0

lim-

i -g ;(a\rcg'g‘(if !

e2x- ex

* -0 X+ tgx3

|-m_sin3-r-sinx

X ¥)

exx—e~X

5.2.

5.4.

5.6.

5.8.
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lim

X~*-00

lim

lim

lim

lim

lim

lim

&

lira
X-»00

K—ao

lim
<

lirn
ir— 00

(4~ xx)~:
\x +3x—8 7/

/X2—4x+ 5 V-3%2
\x2+ 5~_4 ]

/ X2+ 4x— 4 \3-"
V*2—3x—5 7/

/ x2+ 9% - 6 V - 20
\x2+ 8x+ 8 /

(* £ =g5+8
\6x2+ 2x—7 /

/ 4x2—5x+ 4 Y *+1

\4x2+ 9%+ 3 /

/ 7x2—8x—9 Y ~*
\7x2+10x—8 /

\3x — 8x+ 8 /
/ 7x2+ 3x— 8 \'¢ 3

\7%2+ 8X— 10 J

(=¥y+ 16" &\
\5xt— 16x+ 8 /

(**x**-9 r~\ -
\6x —4x—3/ O

lim In(1+ siny)

sin4dx

Jim sin7(x+ J)

x-*-0

lim—

e3x— 1

~ cos*
X-*0 COS2X — COSX

lim 2sin2jt(x+ 1)

x*0

In(1-j-2x)



59. lim , = 5.10. lim
t,0 sin,k—Ig2* X0 4darc tg4x
52, 25, )
5.11. lim- - 5.12. lim— ~COX
**0 sin*+sin* X0 &[_1
7 52* .
5.13. Im------——e 5.14. lim 2resinz
**0 2arcsin* —x2 lo Ine—*) —1
5.15. 5.16. lim—" -~ sin't
—»0 2tg* — arc tg* 0 *(l —cos2*)
5.17. lim- L*”sin*—cosz*
"0 sinZ 5.18. lim—  ----- 1
F x*0  In(*-f-1)
5.19. lim Ir(1+2j:)
wo  2r—1 520. lim ~ A
x-0 tg*
. X
5.21. |lim--——-- — 5.22. lim~ - 7n*
x“r:] H— x X*1 sin8n*
. in5*
5.23. |im "
tg3* " *5.24. -
“»l tgjl
5.25. lim oo 1-*2
X*2  sin2n* 5.26. )I(LT sinn*
5.27. imo2on
x4 sinitx 5.28. )I('_T 2In*2
. Incos2*
5.29. | im—
M cosa* 5.30. ||rjp g~ 6

6. BepHJiraH ()yHKUHHHHHr y3HJiIHUi HyKTadiapHHH

MaBJKy/i, 6yjica) TonHHr. YHHHr MH3MacHHH hh3hht.

*» arap x~O Syijica,
6.1. /(x)= X3 arap 0 <x <1 Syjica,
x-\-1, arap x> 1| Syjica.
COSX,  agrap x<0 Syjica,
6.2. f(x)_ 1y, arap 0<x<2 Syjica,
U2 arap x>2 Syjica.
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6.3.

6.4.

6.5.

6.6.

6.7.

0.8.

6.1).

B. 12.

8.13.

x—1, arap x”"O Syjica,

f(x) = x2 arap 0<x<2 Syjica,
2X, arap x”"2 6yjica.
X —3, arap x<0 6yjica,
/(x) = x+1, arap 0~x~™4 Syjica,
3+ -y/jc, arap x>4 Syjica.
x2+ 1, arap 1e 6yjica,
/(i) = 2Xx, arap 1<x<3 Syjica,
X+ 2, arap x>3. Syjica.
X+ 4, arap x< 1 Syjica,
f(x) = x2+2, arap 1<x<3 Syjica,
2X, arap x>3 Syjica.
1—x2 arap x<0 Syjica,
f(x) = 4 arap 0<x<2 6yjica,
X—2, arap x>2 6yjica.
x+1, arap x”~O 6yjica,

/(x)=< (x+1)2 arap 0<x”"2 6yjica,

4—X, arap x>2 Syjica.
X+ 2, arap x< —1 Syjica,
f(X) = x2+1, arap — 1< x< 1 6yjica,
3—x, arap x> 1 6yjica.
—X, arap x”"O Syjica,

- f(X) = —(x—1)2 arap 0<x<2 Syjica,
X—3, arap x>2 Syjica.
2(*+1), arap x*C —1 Syjica,

f(x) = (AT+1)3 arap —I<x<O0 Syjica,
arap x”"O Syjica.
— X, arap x<0 Syjica,
f(x) = arap 0<x”"2 6yjica,
X+ 1 arap x>2 6yjica.
Xx—3, arap x<0 Syjica,
Ax)="'x+1, arap 0<x<4 Syjica,
3+ X, arap x>4 6yjica.
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6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

v/

6.21.

6.22.

6.23.

6.24.

\[1—x, arap x<0 fiyjica,
f{x) = \ 0, arap 0O<x<?2 Gyjica,
-2, arap x> 2 6yjica.
—X, arap x”"O Syjica,
f(x)= x3 arap 0O<x <2 6yjica,
X+ 4, arap x>2 Syjica.
2, arap xc¢ — | Syjica,
f(x) = |l—%x, arap — 1< x< 1 B6yjica,
Inx, arap x> 1 Syjica.
— 1, arap x<0 Syjica,
fix) — cosx, arap Syjica,
d—x, arap x> ji Syjica.
0, arap xsgl — 1 6yjica,
f(x) = x2— 1, arap —1<x<2 Syjica,
2X, arap x> 2 6yjica.
X+ 3, arap x”"O 6yjica,
/(X) = _—x2+4, arap 0<x<2 6yjica,
Xx—2, arap x”"?2 Syjica.
x—1, arap x"I Syjica,
f(x) x2+ 2, arap I< x <2 Syjica,
— 2X, arap x> 2 Syjica.
X, arap x ™1 Syjica,
f(x) = (x 2)2 arap |I< x <3 6yjica,
.6 —x, arap x”"3 Syjica.
'3x+ 4, arap x< —1 Syijica,
f(X)_ x2—2, arap —1<x<2 Syjica,
X, arap x> 2 Syjica.
2 —x, arap x< —2 6yjica,
f(x) X3 arap —2<x <1 Syjica,
2, arap x> 1 6yjica.
x—1, arap x<0 Syjica,
f(x) inx, arap O0~x<ji Syjica,
3, arap x” ji Syijica.
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—X + 1, arap x< —1 6yjica,
6.25. f(x) = x2+ 1, arap —I< x <2 Syjica,
2X, arap x> 2 6yjica.
1, arap x”"~O fiyjica,
6.26. f(x) 2X arap 0< x "2 6yjica,
X+ 3, arap x>2 Syjica.
sinx, arap x<0 Syjica,
6.27. f(x) = X, arap 0< x "2 Syjica,
0, arap x> 2 6yjica.
cosx, arap 6yjica,
6.28. f{x) = °, arap y <x <it 6yjica,
2, arap X”™n 6y;ica.
— X, arap x<[0 6yjica,
6.29. f(x) = x2+1, arap 0<x <2 6yjica,
X + 1, arap x~ 2 6yjica.
X+ 3, arap x<I!0 6yjica,

6.30. f(x) _ 1, arap
-2, arap
7. OyHKUHHHHHr  y3HJIH HI

0<;x”"2 6yjica,
X> 2 Syjica.

HyKTaJdiapHHH  TOnHHTr.

yMHJiHui HyKTacn aTpotJwflarH uiaKJiHHH hh3hht.

7.3. fix) = 3 /.
7.5. fix) =4 7=r.
7.7. fix) =5 7.
7.9. fix)= 4T=r.
7.11. fix) =9 T=r.

7.13. f(x) = 7 ~ .

7.2. fix)=75x
7.4. fix) = 8 ~

7.6. fix) = e
4
78. fix)=53x
2
7,10. /(x)=47zr
1
7.12. /(x)=6 ttf

2
7.14. fix) = 7*45
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7.15.

7.17.

7.19.

7.21.

7.23.

7.25.

7.27.

7.29.

f(x) =6* 1.

f(x)=577.
f(x)=4*~15.
f(x) - s AQA
f(x)=5~ .
f(x):ﬁi.
flic)=4 ~ .
f(x)= 6~ .

7.10.

7.18.

7.20.

7.22.

7.24.

7.26.

7.28.

7.30.

f(x) =9 '+
3
f{x) =6 *+
1
f(x) = 8*+4
3
f(x) = 5 X4
4
f(x) =5 '3 .
/7 ()= 5 "N,
2
f(*)=3 "+l .
3
f(x) =4 X2 .

3-6 06

BMP SftrAPyBMH 4>yHKUHS5ICHHHHT
AH4AXDEPEHU.HAJ1 \MCOBM

1-§. X,ocwjia. \ocHJiajiap waABajiH
(JjyHKUHHHHHr xo HyKTaflarw opTTHpMacn Ay HHH

ra HHcSaTHHHHr Ax HO/ira HHTHJiraaaarH
(PPYHKUHHHHHr xo HyKTaaarH

3.1.1. y=f(x)
ypryMeHT opTTHpMacn AX
jihmhth MaB>Kya Syjica, 6y jihmht y=f(x)
XfFOCUAacii nefmnajw-

XocHJiaHHHr SeJirHJiaHHUIH:

y' eKH f'(x0) eKH eKH

dx dx
LLIyHAaH khjin6, TatpH”~ra Kypa:
. A . f(x0+ Ax)-f(x0)
f'(xg = Y iim f(x0+ Ax)-T(x0)
Arap y= f(x) (JyHKUHH xo HyKTa.ua xocHJiara ara 6yjica, y xodJifla

f(x) c)yHKUHH xo HyKTaAa ducpcpepeHi®uaAAaHyenu AeHHJiaAH, xocHJia-
iih roiiHiu >KapaeHH du<p(pepeHt~uaAAaui flefimiaflH.

3.1.2. TeoMeTpHK HyKTan Ha3apflaH y= f(Xx) (jjyHKUHHHHHr xo HyK-
rn;i.arH x,ocHJiacH yHHHr rpac})Hrnr;i M(xn, f(xo)) HyKTa.ua yTKa3HJiraH
yPHHMaHHHT OX yKHHHHT MyCUUl HyH<j 11H 6HJiaH XOCHJI KHJiraH

Oyp'iarHHHHr TaHreHCHra TeHr (19 -uiaKJi).
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y~f{x) wvrpH MHHKKa Mo(xu, yo) nyKTajia yTKa3HAran ypuHMa
Ti'Hi'AaMacti ym6y KypHHHiura ara:

y —yo= f'(x0) (x— xo0),
flyiwa yo=f(xn).
y=f(x) @@yHKUHH rpa()HrHra ypHHHUi HyKTacu M 0O(x0, yo) aa
yTKa3H;iraH hopmciahuhz reneAaMacu yuiSy KypHHHiura ara:

y—yo= — (Xx—x0), arap f'(x0) ~=0 Syjica,

x = X0, arap f'(x0) = 0 6yjica.

y=fi (x) Ba y=f2(x) arpu MH3HMap Mo {xo, yo0) HyKTaAa
KecHUICHH, oy HyKTaaaru yjiap opacHAaru SypgaK Ae6 Mo (x0, yO) aa
yjiapra yTKa3HJiraH ypuHMajiap opacHAaru SypnaKKa aHTHJiaAH Ba
y KyftHAaru (j)opMyjiaAan TonHJiaAH:

tg<p= f2 (xo) ~f'i (x0)
I~hf 2(*0 1 (-0
3.1.3. X spKAH y3rapyBMn, u= u (x) Ba v= v (x) AH])(])epeHUH

aAJiaHyBMH (JiyHKUHHJiap, C — y3rap\iac coh 6yjicHH, y xojiAa KyftHAaru
AH(})(})epeHUHajiAaui KOHAadiapH ypHH;jiH:

1- C'= 0. 5. (Cu)'= Cu
2. X =1. ! g /«V__ uv—vu
3. (w-£;v)'= u'x O. ! V2
4 (u-v)'=u'-v-\-Uu-v7 (—Y— Ccv'
gvj V2 e

Syjicafy”~ojina.~""U= (p~ 'HBHHy==f(w(x)) ~ MypaKKa6 (jjyHKUHH

y '=f'(u)-<p'(x).
9. Arapy—f (x) Bax=<p (y) yaapoTecKapu (JjyHKUHHjiap Syjica
y x<MAa f'{x) = —
<Ly
3.1.4. Xocujiajiap *aABajiH:

1. (u«)'= aU«-".u' (ce€/7?)- 5. (e*)'= eu-u'.
2' 6- (u°Y= v-uv x.u'+ Uu,.\nu-v
3. (—]= -—- L.,/ 7- (logax)'= —J— u>
U} 5 (loga«) _
4. {au)' = au-\na-u'. 8'
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10.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24

(sina)'= cosu-u'.

(cos«)'= —sinu-u’'.
(tgu)'= — u
cos U

(ctgu)'= ———.u".

sinu
(secu)'=-~-.u'= tg«-sec«-u'.

cos U

(cosecu ) ' = ----- u'= —ctgw-cosecu-u'.
(arcsin«)'=— - mu

Vi-«2
(arccos«)' = --——--— u

Vi-u2

(arctg«)'= — % .u.

1+ «
(arcctgM)'= ————- __Nmey,

I+u

(arcsec«)'= — 1 ou.

uV«2—1
(arccosecu)' = L

w «2- 1

(sh«)'= A_ A= chu-u'.

(chu)'= (~ +f U)=shu.u'.

<« n)'

(=1ii—

I1'"'Mhcoji. XocHJia Ta'bpuijjHAaH (J)OHAaAaHH6, ¥ = 2x+1

x+5'3

UHHHHHr X,0CHJiaCHHH TonHHTr.
limhUl. X ra Ax OpTTHpMa 6epH6, Ay oprrupMaHH TonaMH3:

Au= 2+ Ay)~1_ 22—1 _
X §-Ax£-3 x+-3

_(2x+ 2Ax—1) (x+ 3) —(x+ AT+ 3) (2x—1) TAX

{ictAact 3) (*+ 3) (a+ Aa+ 3) (x+ 3)

(Q)yHK-



Ay nmir AX ra HHcOarw

AV 7

AXx (je+ Ajct+ 3) (x + 3)

AX-*-0 Aa my HHcSaTHHHr ahmhthhh *Hco6AaftMH3:

[im Y = [im ! !
A*-*0 A*>-0 (X + & X+3) (x+ 3) (jic+ 3)2

UiyHAaft khah6, xocmiahhht TatpHCjjHra Kypa:

/2x—LV -J—
\ x+3 ) (x+ 3)2

2-mhcoji. Y— W\ (jjyHKUHH xap KaHAaft X Aa y3JiyKCH3. x=0 Aa
6y <})yHKUHH AH”"epeHUHaJUiaHMacJiHrHra hluohm xocha KHAHHT.

Ehhiu. x — 0 HyKTaAa apryMeHTra AX oprrHpMa 6epaMH3, y x,0AAa
(JiyHKUHH Ay opTTHpMa OJdiaAH:

-Ax, arap Ax<O Syjica,
Ay = 1Ax]
| Ax, arap AXx>0 6yAca;

f_—1 arap Ax<O0 6yjica,
| 1, arap Ax>0 6yAca.

ZleMaK, jc= 0 HyKTaAa y=\x\ (yHKUHH xocHAara ara aMac, HyHKH
HHCfiaTHHHT A*-»-0 A3TH JIHVHTH MaBJKyA 3M3C.

3-mhcoji. y= 8—x2 Ba = x2 napaSoJiaAapHHHr KecHiiiHiii
SypnaKAapHHH TonHHr.

E hhin. llapaSoJdiajiap TeHrjiaMaJdiapHHH SnpralJiHKAa eMH6, yjiap-
HHHr KecHUJHUi HyKTaAapn A (2, 4) Ba B (— 2, 4) hh TonaMH3. Flapa6oA3-
Aap TeHrjiaMaJiapHHH AH({)4)epeHUHaAAafiMH3: y'— —2x, y'= 2x. By
XocHAaAapHHHr A Ba B HyKTadiapAarn KHftMaTAapHHH x,Hco6AaftMH3 Ba
arpH HH3HK lap opacHAarn SypnaK (JjopMyjiacHAaH c})oftAaAaHH6
TonaMH3:

4+4 8 , -4 -4 8
— i—1]g i5 Ba *8722— 1— 16 15 *

ByHAaH: <pi= arctg”"— ~ )Bag2=arc tg _15_

3.1.5. y= f{x) (QyYHKUHHHHHr AoaapiupMtiK Xfocujiacu Ae6,
CjjyHKUHHHHHT AOrapH~"MHAaH OAHHTaH X,0CHAara aftTHAaAH, HtHH:
£ (x)
In '= £ .
(Iny) v fix)

OyiiKUHHHH 0JiAHHAaH jiorapH({)MAaujAaH (fiofiAaAaHHUi 6at3aH
YHHHr xocHAacHHH  ToriHiiiHH ocoHAauiTHpaAH. <BEyHKUHHHH Aora-
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pm|)MJilUii  »fi  AH(})4)epeHUHaAAaiiiHH KeTMa-KeT KyAAain AosaputpMiiK
iltitfHfiepeHUtUaAAaiu Ae6 aTaAaAH.
4- M HC OA. OyHKUHH XOCHA3CHHH TOIlIHHT:

3

I— X . [¢]

VX% l--——---—SIn;{X-COSX.
1+x"'

HmHLU. By (JjyHKUHHHH AorapH(])MAaHMH3:
Iru/=-=-Inx+ In(1 —x) —In(1+x2) +31n sinx+21n cos*.

TeHTAHKHHHr HKK3A3 KHCMHHH X SyHHHa AH(})(})epeHUHaAAaHMH3:

A N I 2%___ 4 3 OSIC----2sinx
y ~ 3 X | —x 1+Jt2
OyiiAaH
r=7 p~r+3cts*—2'g*)-
/- dapcxona ronuiupuFu
42 1
1 X,0CHAa Ta"bpH4>HAaH C|)OftAaAaHH6, y = — — (JjyHKUHH X.OC

JIIICHHH TonHHTr.

K } Wx
>K: --
Y (x2+ 1) 2

2. y= "X (JYHKUHHHHHr x — 0 HyKTaAa y3JiyKCH3 Ba AH(f)(})epeHUH-

{i9idiaHyBHH 6yAHin-SyAM3CAHIHHH aHHKAaHr.

3. y= (x+ 1) {/<— x arpn HH3HKK3 36cuHCcacH xo0= — 1 SyAraH

HyKTaAa yTKa3HAraH ypHHMa Ba HopMaA TeHTAaMacHHH Ty3HHr.

>K:y= mw? (x+1) Bai/ = Nt(je+1).
V4
4. y=sinx Ba y—cosx arpn HH3HKAap KaHAaft fiypnaK ocTHAa

KecHiuaAH?

>K: arctg2”«70°30".
5. KyftHAarH (jjyHKUHHAapHHHr XOCHAaAapHHH AH(J)4>epeHIIH3AA3 I

KOHAaAapH Ba (J)opMyAaAapHHH KyAAaS TonHHTr:

b) /= sindx+ cos4x; r) y=~Jl+cosX;

A) e) y= tgXx— 3tgx+3x.

v cosJc

143



y:

3rpw MH3HKKa xg=2 HyKTa”a yTKa3HJiraH ypHHMa Ba

I - MyCTdKfUJI urn

HOpMajlHHHr TeHTJiaM3CHHH Ty3HHT.

2-y=Tx+7

TonHH

r.

>K:

3. KyHH”arH

b)

KyftHflarH

1.

y =— J-+2 Ba y= 2x— 3.
2n_2
4>yHKUHH  XOCHJiaCHHH  Ta"bpH(j)AaH
29
(4*+ 7)2

(J)yHKUHHJiapHHHr xocHJiacHHH TonHHTr:

y=a+JL -
VAN +2 V 1+ V*
y = 3xsin& + 3cosx— cos3; r) y= tg4]— ctg4]-;
/ sinx \2

i

y~ Vl+cosx J

a)

B)

Y = X Xin2x;

e) y=cosec2~.

2- dapcxona rontuupuFu

y= Nx3+tsinX

Y= 3 -cos®3*;

4>yHKUHHJiapHHHr
KOH”"ajiapH Ba (j)opMyjiaJdiapHAaH

Yy = (3x3—ctg4)3;

i/= In tgVvV”";

y = sh23;

y = (2'3_tg42*)3;

= 1g (* —sin2x)y
Y — (sin2x ) cos4j;

1)5JC

311

xocujiajiapHHH
(1)OHAajiaHH6 TonHHr:

6) y= edxtg2x;

r) y=-\Jx2+ 1| -ctg3x;

g) Yy = e~ arcsinvV”_
6) i/= In3(S/r—2~x2);
r) f/= <?-V /N -3N+3.

,e) y= arc tg-y/l-j-x2.
6) y= *3th3;

r) y=arcctg 1 / .

e) y==~" 2j_~"ctgiu

6) ~
al(*+2)2+V (*+ 3);
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<}))OHAaJiaHH6

An<I>(I>epeHUHaJiJiam

2- MycTaKjuA utu

KyftHAarn (J)yHKUHS5iJiapHHHr xocHJiajiapHHH TonHHTr:

I. a) y= X2-cos32x; 6) y-
VvV f -|-sin jc

b) y = (3sin— cos3jc)2; r)\ y= ejclcoszx.
2. a) y= x3me’\gz", 6) y= (sin8x+cosPx)2

b) #= Inarctge_JC, r) t/=sin3Bx-tg22x.
). a) y= Xx-ctg24x; 6) y=(x3+ ctgx2*)2

b) y=cos(x4—tg4*); r) y= cos2x-e~2x.

*

4. a) y = 1In Va+ | 6) y= ex-\jJ\— e2x— arcsine

Vjcd+1 + x2
, 2*e(x +1)3
b) y= x Ny
(x-\)z~r2x+\
2- 8 K>K,opH TapmSjiH x,ocHJiajiap

eKH  UKKUHHU
OjiHHraH

UKKUHHU TOpTUdAU
TapTuSjiH xocHJiacHAaH

3.2.1. y= f(x) ({yHKUHHHHHr
~(H'UAacu ne6 yHHHr Shphhmh
SUXHJiara, HtHH (y')r ra aHTHJiaAH.

Hkkhhmh TapTH6jiH xocHJia KyftHAarHJiapHHHr 6npH SHJiaH 6ejirajia-

iiiiah:
y\ I'M. J

y= f(x) (yHKUHHHHHr n-rapTudAU eKH n-x,ocuAacu Ae6 yHHHr
(it — 1) mTapTH(5jiH xocHJiacHAaH OjiHHraH xocujiara aHTHJiaAH- n- Tap-
THfiJiH xocHJia yMyH yui6y SejirHJiaiujiapAaH 6hph KyjiJiaHHJiaAH:

dry

yw, rn,(x), dxn

Bejirujiaiura K,ypa
y(«) (yin-"Y .

1- MHc OA. y = InX (JjyHKUHHHHHT n- T3pTH6jIH XOCHJiaCHHH TonHHTr.
E mnh ui. n MapTa KeTMa-neT AH<})4>epeHUHajiJia6, KyHHAarnra ara
0J>jiaMH3:
r<y >y y - PO
_ N+
yM = (.1)77 (w
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<1.2.2. x jtorapyiiMHHHHr y cflyhkuhhch ouiKopMac uiaKAAa F(Xx,
y) iiciiluuiMa Gwjiah OepHJiraH 6yjica, y “cxn”a y' ~ocmiaHH TonrnLi
y'lyn h(x,y) =0 TeHrAHKHHHr HKKaAa khcmhhh jt SyifriHa AH(f)c{)epeHUH-
uajuiG, cynrpa xochji SyAraH y' ra HHcSaTaH hh3hkah TeHrjiaMaAaH

XOCHJiaiiH ToriHUi KepaK. Hkkhhhh Ba yHAaH K)KopHpoK T3PTh6jih
XOCHJiajiap xaM my KaSH touhasah.

2- mhc oji. OuiKopMac xoji*a

X2+y 2= 64

TeHrjiaMa SHAaH SepHJiraH Yy ()yHKUHHHHHr y' Ba Yy xocHJiajiapHHH
TonHHTr. r

E hh ui. Y y3rapyBHH * HHHr & hkuhhch Ae6 xncoSAaS, SepHJiraH
TeHrjiaMaHHHr HKKadia khcmhhh X SyftHHa AH<})(])epeHUHaAAaftMH3:

2x-j-2y-y'= 0. ByHAaH y = — ~ . TonHJiraH Shphhhh y' xocHJiaHH
y

HHa x SyftHHa AH4>(}))epeHUHajiJiaHMH3:

y"= (y) =
y
3hah y = — — 3K3HHHH XHc'oSra 0jihS,
HH XOCHJI KHJI3MHS3.
: - " e ] 64
UiyHAaft khjih6e, y"— _ﬂ_;_ eKH y = nyHKH uiapTra

Kypa x2+y 2= 64.
3.2.3. Arap y (JjyHKUHHHHHr x apryMeHTra SoFjiHKJinrH

fx=x(t),
y=y(t)

TeHrjiaMajiap-SujiaH napsMeTpnK ui3KjiAa SepHJiraH Syjica, y xoAAa

ytxt- x ttyt
y}= -V
xt \ xt }i
3-m h COji. YUiSy
X = 8cos/,
{t/= 8sin/

napaMeTpHK TeHrjiaMajiap SujiaH SepHJiraH <J)yHKUHHHHHr Shphhhh Ba
HKKHHHH TapTHSjIH XOCHJI3JiapHHH TonHHTr.
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K'lhin. 10i<,opHAa  KediTupHJirah  (})OpMyjiaAaH  (J)oftAaAaHHG,
aylliiAiirHJiapiiH ocgh TonaMH3:
x't= — 8 sin/, y't= 8 cos/,

Vt 8cos/ )

Xi

8sinf 8-sin3<

3- dapcxona TonuiupuFu

1, y= \n(x-\- -\j\-\-x2) 4>yHKUHHHHHr Shphhhh Ba hkkhhhh TapTHS-
AH XOCHAaCHHH TOIIHHr.

2. y= (JQ)YyHKUHHHHHr n -TapTHSjIH XOCHJI3CHHH TOIHHT.

it. KyftHAsrH TeHrjiaMsjiap SHJiaH ouiKopMac xoJiAa SepHAraH

lliyiilKUHHJiapHHHr Shphhhh bs hkkhhhh tspthSah  xocHAaAapHHH
tniimir:

a) y2= 2px\ 6) y= x+ arcigy.

4. FlapaMeTpHK tchmsmsasp Shash SepHAran i|>vhkuhhasphhht

HKKIMMH TapTHSjIH XOCHA3CHHH TONHHr:

(x=In@a+ /72, ix=a{t —sin/),
ly= t2 U = a(l-cmcost).
fi. YuiSy
%
1+t2'
512

HIpiiMGTpHK TeHrAaMaAap SuAah SepHAraH arpn HH3HKKa Afo(2, 4)
HyKTfiAa yTK33HAraH ypHHMa Ba HopMaA TeHTAaMacHHH TonHHTr.

3- MycraKfUA urn

X2
I. a) y = — (21nXx— 3) (J)yYHKUHHHHHr hkkhhhh TapraSAH xocHAa-

#HH roiiHHTr.
fi) YiuSy
fx = arccos Nt,
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uapaMexpHK TeHrjiaMajiap 6HJiaH CepHJiraH c})yHKUHHHHHr hkkhhmh
TapTHfijiIH XOCHJI3CHHH TONHHT.

b) ex+ ey— 2Xy— 1 =0 TeHrjiaMa 6njiaH ouiKopMac xcxriAa OepHJiran
Yy (J)VHKUHHHHHr HKKHHMH TapTHfijilH XOCHJiaCHHH TOnHHTr.

2. a) y=x2Xin(5x — 3) 4>yHKUHHHHHr hkkhhmh TapTH6jiH xocHJiacn-
HH TOHHHTr.

6) Yuifiy

(x:Int,
y=1

napaMeTpHK TeHrjiaMajiap SHJiaH SepHJiraH (J)yHKUHHHHHr hkkhhmh
TapTHfijiIH X,0CHJiaCHHH TonHHTr. 20- uiaKJi
b) X -\-y — 3xy= 0 TeHrjiaMa SnjiaH ouiKopMac xojiAa SepHJiraH
y 4>yHKUHHHHHr HKKHHMH TapTHSjiH XOCHJiaCHHH TonHHTr.
3.3.2. Arap u= u(x) Ba v= v(x) cjyHKUHHJiap AH(f)<}>epeHUHajiJia-

8. a) y—"1InZ (Hy HKUHHHHHr - HKKHHMH - TapTHSjIH - XOCHJiaCHHH ilyiiMH Syjica, y xonAa AH({>(j>epeHUHajiHHHr TatpH”~H Ba AH(])<j)epeHUH-
TonHHTr. HJiJiaui KOHAajiapH”~aH SeBocHTa AH(j)(])epeHUHajiHHHr acocHH xoccajia-
6) Yuifiy pHra ara SyjiaMH3:
(jc= shz/, 1. d(C)=0, dyHAa C — y3rapMac.
2. d(Cu)=Cdu.
3. d(utv) ==duzdv.
4. d(u-v) = udv -f- vdu.
napaMeTpHK TeHrjiaMajiap SnjiaH SepHJiraH (jjyHKUHHHHHr hkkhhmh 5 (li) ~ vdu~ udv, SyHAa v=£0.
TapTHSjIH XOCHJiaCHHH TonHHT,
b) X —Xy-j-y4=1 TeHrjiaMa SnjiaH ouiKopMac xojiAa SepHJiraH 6. df(u) —f'u(u) mu'dx= f'(u)duyr
()yHKUHHHHHr HKKHHMH TapTHSjiH XOCHJiaCHHH TOnHHr. emmhcoji. y= tg*2x <JyHKUHH AH<{)<j)epeHUHaJiHHH TonHHr.

E MH UL OjIflHH 6epHJiraH (jlyHKUHHHHHT XOCHJiaCHHH TOnaMH3I

3- §. 4>yHKUHHHHHr AH(J)cj)epeHUHajiH yr=8tg2x «— \— = Stg”~xsec”™x .
cos 2x

3.3.1 {y= f(x) ()yHKUHHHHHr AH({)()epeHUHaJiH AeS, yHHHr opTTHpMa - V xoJita dy = 8tgRx ssec2xdx.

chhhht apKjiH y3rapyBMH x hhht opTTHpMacnra HHc6aTaH mh3hkjih 3.3.3. y =f(x) (YyHKUHHHHHr ukkuhhu mpTiiSAU du<p(pepeHU,ua,Au AeS
GyjiraH Sorn KHc"MHra aHTHJiaAH"- flwpHHMH  TapTHSjIH  AH<j)(j)lepeHUHajiAaH OjiHHraH AH(})(j)epeHUHajira

y= f(x) (JyHKUHHHHHr AH<})(J)epeHUHajiH dy 6HJiaH SejirujiaHSAH. HfltHjiaAH  Ba

4A\_d)yHKUHHHHHr AH(j)(j)epeHUHajiH yHHHr xocHJiacn SHJiaH apKJiH y3ra- _
dZ = d(dy)

pyBMH opTTHpMacHHHHr KynaftTMacHra TeUr:
Kh6h 6ejirHJiaHaAH.

dy= f' (X)AXx eKH dy=y mAX. y= f(x) (J)yHKUHHHHHr n- Tapru6AU du(p(pepeHU,uaAU AeS (n — 1)-Tap-
ThSjih AH”epeHUH ajiflaH OjiHHraH AH<})(j)epeHUHajira aih-HJiaAH, H"bHH:
PaBiuaHKH, dx = Ax. Illy ca6a6jiH
dny =d {d n~ ly).
dy= f'(x)dx ekKH dy= y'dx.”
y= f(x) c)yHKUHH SepHJiraH SyjiwS, SyHAa X — apKJiH y3rapyBMH

ilH(J)(})epeHUHaji reoMeTpuK JKHXaTAaH y = f(x) (jjyHKUHH rpa”Hrnra fIndica, y xcwiAa yHHHr iokoph TapTHSjiH A«(J)cj)epeHUHajidiapH yui6y
M(x, y) HyKTaaa yTKa3HJiraH ypHHMa opAHHaT3CHHHHr oprrupMacHra (fxipMyjiaJdiap SyftHMa XHeoSjiaHaAH:
TeHr (20-iuaKJi).

OyHKUHHHHHr AHtJxjjepeHUHajiH dy yHHHr Ay oprrupMacHAaH AX ra dy=y"dx2 d3yy=y'"dx\ .., dny=y(n)dxn

HHC6aTaH IOKOpH TapTHSjIH MeKCH3 KHMHK MHKAOpra <}apK KHJiaflH.
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2 mhc oji. y—x(Ilnx— 1) 4>yiiKku,HHHHHr hkkhhhh TaprHGjiH AHtbcbe-
IH'HIUHIIJIHHH TOIIHHTr.

h 3h iu. Bepnjiran f*yHKUHHUHur Shphhhh Ba hkkhhhh tspthOjih
XOCHJiajiapHHH TonaMH3:

"= \nx— 1+ e — = Inx, — .
y % X % X

ZleMaK, dy = \nxdx, dy=~"dx2.

3.3.4. OYyHKUHHHHHr dy AH”epeHUHaJiH yHHHr Ay opTTHpMacH.uah
AX —dx ra HHc6aTaH K)KopH TapTHSjIH 4eKCH3 khhhk MHKAopra cbapK,
KHJia"H, uiy caSafijiH Ayxdy #kh

f(x + Ax) —f{x) ttf'(x) Ax,
6yHziaH
f(x+AXx) «/ (x) +f'(x)AX

(JjopMyjiaj-a ara 6yjiaMH3, 6y <}opMyjia (JjyHKUHH KHHMaTjiapHHH
Takphohh XHCoSjiaiujiapAa KyJiJiaHHJiaAH.
3- M Hc OJIl. arcsin 0,51 HHHr TaKpHfiHH KHHMaTHHH XHCofijiaHr.
Ehhui. <= arcsinx (QyHKUHHHH KapaftMH3: x=0,5, Ax=0,01 Ae6
cwihG Ba arcsin (x + AX) «arcsirix + (arcsinx)'Ax (bopMyjiaAaH cboftAa-
JiaHHS TONn3MH3!

arcsin0,51 « arcsin0,5 --——-- —1 . 0,01 ==
V 1— (0,5)2

==-8§- + 0,011 » 0,534.

UiyHAaft khjih6, arcsinO,51«0,534 psahsh.

4- dapcxona rontuupuFu

1 y= 2x3+ 5x2 ()yHKUHH SepHJiraH. yHHHTr:
a) OpTTHpMaCHHH TONHHTJ
6) OpTTHpMaCHHHHT 60U KHCMHHH TONHHTr.
>K: a) Ay= (6x2+10x)Ax+ (6x+ 5)Ax2+ 2AxS3;
6) dy= (6x + 10x)Ax.
2. KyftHAarH (J)yHKUHHJiapHHHr Shphhhh TapTMfijiH AH<j)()epeHUH-
ajuiapHHH TonHHTr:

a) y="~1+x2, 6) y= arcsin-; b) y= In(x+ ~1 + x2).
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3. KyftHAarH cjjyHKUHajiapHHHr hkkhhhh TapTHfijiH AH(J){)epeHUH-
ttjijiti piithh TonHHTr:

ii) y= e~*\ 6) y=x{Inx— 1); b) i/= arccosx.

4. KyHHflarH (j)yHKUHHJiapHHHr yHHHHH tspthSjih AH~”tJjepeHUH-
ilJI3Li)HHH X,HCo6jI3HTr:

ii) y= cos2x; 6) y=(2x-3)3 b) y=~"~

1n KyftHAarH <])yHKUHHJi3pHHHr TaKpHSnft KHHMaTjiapHHH Bepryji-
/tllll KCftHHTH HKKH XOH3CHT3H3 3HHKJIHKA3 XHCoSjlsun

;i) x=1,03 aa Yy =X 3— 4x2+ 5x-+-3;
6) x= 0,2 A3 y— l+ x
>K: a) 5,00; 6) 1,10.

4

0. y 17 HHHT T3KpHOHft KHHMaTHHH BepryjlA3H KeftHHTH HKKH

HtiilacHrsHa aHHKJiHKAa xncoSjiaHr.
>K: 2,03.

4- Mycra”™uA uiu

1 Arap

a) y= x3lnx; 6) y= e~3x-cos2x
ftyjica, dy, d2y, d3y AHt})<}epeHUHadiJiapHH XHCO06ji3Hr.

2. OyHKUHHJiapHHHr TaKpHSnft KHHMaTjiapHHH BepryjiAaH KeftHH-
ni hkkh xoHacHrana 3hhkjihka3 xhco6ji3Ht:

<0 ,-0.1 m

6) x=0,98 A3 y= -yjx2—7x+10
>K: 3) 1,03; 6) 2,09.

4- 8. Pouji, JlarpaH*, Kouih TeopeMadiapH.
JlonHTajib KOHAacH

3.4.1. Pojiji TeopeMaCH. Arap y— f(x) (@JjyHKUHn [a, b] KecMaAa
y:wiyKCH3, (a, b) opsjiHKAa AH(})({)epeHUHajiJi3HyBHH Ba f(a) =f{b) 6yjica,
v xo0jiAa aKaJdiJiH Surra uiyHAaft x —c (a < ¢ < b ) HyKTa MaB>KyAKH, yHAa
/'(c) =0 6yji3AH. j.

By TeopeM3 xocHJiaHHHr HOJiJiapH eKH HJiAH3Jiapu xaKHAaru
Tt'opeMa xaM AeftHJiaAH.

JlarpsHJK TeopeM3CH. Arap y= f(x) (QyHKUHH [a, b] KecMaAa
y:uiyKCH3, (a, b) opajiHKAa AH(fx{>epeHUH3JiJi3HyBHH 6yjiC3, y xojiAa
HKfuuiH 6htt3 luyHAaft Xx= ¢ (a<ic<Lb) HyKTa MaB>KyAKH,

f(b)-f(a)=f'(c).(b-a)
ftyjiaAH~
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,By Tcopcivta mgkjih aftnpMajiap xaKHAarn TeopeMa xaM AeHHJiaAH.

Koinh reopemach. Arap y=f(x) Bay= g>x) (jjyHKUHHJiap [a,
b | KecMara y3JiyKCH3, (a, b) opajiHKAs AH(j})epeHUH3JiJi3HyBHH, uiy
fiHJiaii 6npra 6y opajiHKAa g>'(x)=?£=0 Syjica, y xojias sksjijih Surra
uiyHAafl x = c(a<ic<.b) HyKTa MaBwyAKH,

f(b) —f(a) = f'(c)
g>(6)—<p(a)

SyjiaAH, SyHAa <p(6) ="<p(a)x

1- mh c oji. [1,5] KecMaAa f(x) = x 2— 6 x+ 100 ({jyHKUHH ynyH Pojiji
TeopeMacH yphhjihmh? x hhht KaHAafi KHHMaTHAa f'(x) = 0 SyjiaAH?

E MH LU f(x) @jyHKUHH X HHHT 6ap43 KHHMaTAapHAa y3AyKCH3,
AH(})4)epenuHaAAaHyBMH Ba yHHHr [1, 5] KecMa oxnpjiapHAarH KHHMaT-
jiapn TeHr: /(1) =/(5) =95 SyjiraHH ywyH P ojiji TeopeMacH uiapTJiapu
6a>KapHAaAH. x hhht f'(x )= 0 SyjiaAHraH khhmsth f'(X) =2Xx—6= 0
TeHrjiaMaAaH 3HHKJi3HaAH, hTjHH x = 3.

2-mhcoji. f(x)=2x —x2 arpn mh3hkhhht AB eftuAa myHAafl
M HyKiaHH TonHHrKH, 6y HyKTaAa arpn uh3hkk3 yTKa3HJiraH
ypHHMa AB B3Tapra napajuieji SyjicHH, SyHAa >4(1, 1) Ba B (3, — 3).

EHHIL f(x)=2x —x2 @QiyHKUHH X HHHT 6api3 KHHM3TJiapHAa
y3jiyKCH3 B3 AH(J>4)epeHUHaJdiJdiaHyBHH. H3Ji3Ha§TraH M HyKTaAa
yTKa3HAraH ypHHMaHHHr  SypuakK KO3(j)<j)HUHeHTH rnapTra Kypa

ra TeHr> tomohash, JlarpaHJK TeopeMacura Kypa
HKKHTa a = 1 Ba 6= 3 KHHMaT opacHA3
f(b)-f(a)=f'(c)(b-a)

TeHrjiHKHH  KaHoaTJiaHTHpyBHH x= ¢ KHHMaT MaB*yA, SyHAa
f'(x)= 2— 2x. TernuijiH KHHM3TJiapHH Kyftcak,

/(3)—/(1) = (83—
eKH
(2-3 —32) — (2-1 —12)= (3— 1) (2-2c).

By oxuprn TeHrjiaMaHH ¢ ra HHcSaTaH encaK, c= 2, f(2) =0. UiyHAafl
Khjihé, M HyKTa (2, 0) KoopAHH3T3Ji3pra ara.

3- MHCOJI f(x) = y (x— 8)2 @JjyHKUHH yMyH [0; 10] KeCM3A3
JlarpaHJK TeopeMacH yphhjihmh?
E MHUIL. f(x) (@JjyHKUHH X HHHT SapMa KHHMaTJdiapHA3 y3JiyKCH3,
' 2

aMMO yHHHr / (x) = — xocHJiacn (0; 10) opsjiHKHHHr x =8 HyK-
3\V/x—8

TacHAa MaB*yA aMac, uiyHra Kypa JlarpaH* TeopeMacH ypHHJIH
aMac. f

3.4.2. AHHKMacJiHKJiapHH oinuiHHHT JlonHTajib

KOHA3CH (-jj- 8KH KypHHHUIAarH aHHKMaCAHKAapHH OMHUI). f(x)
B3 (p(x) @JjyHKUHHA3p Xo HyKT3HHHT SHpOp 3TpOMHA3 (iCo HyKT3-
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iimir y3HA3H TauiKapn) AH”XjiepeHUHaJiJdiaHyBHH Ba (p'(x)™O SyjiCHH.
Arap lim/(*) =lim (p(X) =0 £kh lim f(x) = lim cp(*) = oo Syjins,

X-*-Xq X-*-Xq X-*-Xq X-*-Xq
Inn MaB*yA SyjiC3, y xojias lim = lim Syji3AH.
* er O (jc) X~*X0 X-*XQ ty (m*)

t >00 A3 xaM JlonHTSJIb KOHA3CH ypHHJIH.
0«00 eKH OO — OO UiaKJIHA3TH aHHKMaCJIHKJiap 3Jire6paHK 3JIMaiU-

o . a «
mpHiujiap opKaJiH — eKH — KypHhhiimarw aHHKMacjiHKJiapra kcjith-
lihjih6, cyHrpa JlonHTajib KOHAacHAaH cj)OHAaJdiaHHJiaAH.
0°, o00° eKH 1¢ KypHHHiuAarH aHHKMacJiHKAap Aor3pH(]jMAaui
I1)K3AH 0 eKH o KypHHHUIA3TH aHHKMaCJTHKAaprS KeATHpHJI3AH.

. ; __sinjc
4-mhcoji. lim - 5— hh TonHHr.
& X

E mh ui. H(}joAaHHHr cypaTH Ba Maxp3*H x-»-0 Aa Honrs hhthasah,
my C36a6AH — uiaKJiHAarn aHHKMacJiHKKa araMH3. JlonHTaAb KOHAa-

(*HA3H (jjoflA3JiaHCaK,

. X — sinx ) 1— cosx R sinx 1
lim ------- —" = lim - — = lim -——= —.

J—0 X3 je-*0 3x x"Q 6

liy epA3 JlonHTaAb KOHAacu hkkh MapTa KyJiJiaHHJiAH.

5-mhcoji. limx2nx hh TonHHTr.
x%)
E hh ui. 0- 00 1U3KJIHA3TH aHHKMacAHKKa araMH3, x \nx KynaHTMa-

iih 6yjiHHMa uiaKAHAa H(]jOAaAac3K, H3TH>KaAa uiaKJiHAarn

oiiHKMacjiHKKa ara 6yAaMH3. JlonHTaJdib koha3chhh KyAJi3fIMH3:

i IR g 0 = S
X2 XT

6-mhcoji. lim(sinx)x hh TonHHTr.
*/\O

i; HH IlIl. 0° UiaKAHAarH aHHKMaCJIHKKS ar3MH3. BepHAr3H (fiyHKUH-
jiiiii 'y 6hji3h SeATHAaS: i/ =(sinx)j:;, 6yHH jiorapu(]jMJiaHMH3:

. . In sinx
Iny =x Insinx = — }—



JI OlIHTaJIb KOHAaCHHH KyJiJiaHMH3:

cos*
om i = Insiruc . sinx
limlrn/ = ||m— — = lim-——-- - =
X“+0 x-*-0 x-*-0 J_
X R
— — lim x2gosx — — lim fx ¢-4— <cosx)= 0.
X*0 sinx \Y% sin* )

UiyHAaft khjihe, \[my—e)= \.

X-+0
5- dapcxona Toniuupuru

1 [— 1, 0] Ba [0; 1] KecMajiapAa f(x )= x—x3 c|)yHKUHH yMyH Pojiji
TeopeMaCH ypHHJIHMH? Arap ypHHJIH Syjica, y xojiAa X HHHr TerHuuiH
KHHMaTjiapHHH TonHHTr.

2. f(x)=x2—4x-\-3 (JjyHKUHH HJiAH3Jiapn opacHAa xocnjiaHHHr
HJIIAH3H SopjIHTHHH TeKIUHpHHT.
A

4
3. [— 1, 2] KecMaAa — Ba | — ~Jx2 4>yHKUHHJiapra JlarpaH>K Teo-

peMacHHH Kyjwia6 6yjiaAHMH?

4. K,aflcH HyKTaAa f(x)= 4—x2 (j)yHKUHHra yTKa3HJiraH ypHHMa
A(—2,0) BaS(l,3) HyKTadiapHH topth6 TypyBMH BaTapra napajuieji?

>K: (— 0,5-3,75) HyKTaAa.

5. f(x) = x Ba tp(jc) ==jc2 4>yHKUHHJiap ynyH Kouih 4>opMyjiacHHH
e3HHr Ba ¢ HyKTahh TonHHr.

6. JlonHTajib KOHflacHflaH 4>oftAaJiaHH6, jihmhtjibphh TonHHr:

x3-7 x2+ 4x+ 2 .

a) lim a) —
X— i x3— 5x + 4
lim f9*— s lim (tgjc)sinir
6) XI_T X_ sin* e) om (tgjc)sinjr;
ebx— 1 lim
b) «o Sin3x ") e 0+ AT
ry lim(
x—0 "N ex- \ )
*K:3) w3ie) 3;B) 1: 1A 0 o) L
5- Mycrai™uA uui
3_
1 [—1;, 1] KecMaAa /(x) = 1— yx*yHKUHH ynyH Paaji TeopeMacH-
hh Ky.zi.na6 6yjiaflIHMH?
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2. yuiby

a) /(x) =arctgx (JyyHKUHH ynyH [0; 1] KecMaAa;

6) f(x) = arcsinx (QyHKUHH yMyH [0; 1] KecMaAa;

b) f(X) =\NnX 4>yHKUHH yMyH [1; 2] KecMaAa JlarpaH* (J)opMyjiacHHH
(w'tHiir Ba X= € hh TonHHr.

3. YiuSy
a) sin* Ba cos* 4>yHKUHHJiap yMyH [0;-"] KecMaaa;

6) x2 Ba -yjx (jjyHKUHHJiap yMyH [1; 4] KecMaAa Kouih (})opMyjia-
CHHH 83HHr Ba X= ¢ HH TonHHr.

4. JlonHTajib  KOHflacH/iaH (j)ofiAadiaHH6 KyftHAarH jihmhtjibphh
i‘oiihht:
nx

«, wnp

a) S nt+l) = 6M L Tmi~n ;
b) lim arcsinx-ctgx ; r)y lim (~ —ctgxyY
x— 0 x—0 \ X /
1
A) lim (ji— 2X) cosx; e) lim (x+ 2x-~.
>K: a) 2; 6) o00; b) 1; r) a) 1; e) 2.

5- §. Tefijiop <{)opMyjiacH

3.5.1. Arap y—f(x) (@yHKUHH xo HyKTaHHHr 6npop aTpcx})HAa
(n -f-1) - TapTH6rana xocHJiaJiapra ara Byjica ((n + 1)-thpthSjih xocHJia
Kum KHpaAH), y xojiAa Oy aTpo()HHHr xap KaHAaft x HyKTacn yMyH
n- TapTHSjIH Teftjiop c{)opMyjiacH ypHHJin:

f(x) =f(xQ+ # ~ (x—x0+ (x—x0 2+

f@ (*n)
o (x__*o "+ H(e*) .

155



f>yn;u» Rn (x) = (Xx —x0" +1Teftjiop 4>opMyjiacHHHHTr,/larpaH>K

iii;ikjih;i,clilh KOAduK, %adu AeHHJiaAH, £ HyKTa x Ba x0 HyKTajiap
opaCHAa eraah, htjihh g= jo0 O(c—x0) Ba 0<6<1.

1-Mhc:oji. f(x) = x 3— 2x2-f-3x-(-5 KynxaAHH (x — 2) HKKHXaAHHHr
oyryii MycoaT Aapawajiapn SyftHHa eftHHTr.

E 4hin. MacajiaHH xaji khjihlu ynyH KynxaAHH Ba yHHHr
XOCHjiajiapHHHHr xo0= 2 HyKTaAarn KHHMaTJiapHHH ToriHiu KepaK.
TerHUijiH XHcoSjiauijiapHH 6aa<apaMH3:

f'(x)=3x2 4x+3; f"(x) = 6x—4; f'"(x)= 6; n~4 ywyH fw (x)=0.
AeMaK"™ /(2)= H: f'W = 7' r(2)=8: /"(2) =*6.

f(X) =X32X243x+5= 11+~ (X_2)+ % (X-2) 2+ £ (X- 2)3

eKH

f(x)=x3-2x2+ 3x+ 5= 1l1+7(x-2)+4(x-2)2+ (x-2)3

2-mhcoji. Xo= — 1 Aa f(x).*=e* (fyHKUHH y~yH yHHHWH TapraSjiH
lenjiop (popMyjiacHHH e3HHTr.

Emhui. Bapga n Jiap ywyH fM (x) = e * Ba 3KaHH
paBiuaH. e

/leMakK,

N = _ _ N H _ . _i- N
=-L+ J_r‘|+ e {,C2+!1)21r iz +3!U 3+| n (x) ’

my 6hji3h 6npra R3(x) = e ~ 4 }\ Oy epaa g HyKTa x Ba — | opacHAa
eTa”H eKH
£E=-1+0(x+1), O<0< 1
3.5.2. Arap Teftjiop (flopMyjiacHAa xo= 0 OJiHHca, Yy x,Qua,

n- TapTHSjiH MaKjiopeH (})opMyjiacH xochji 6yjiaAH:

f{x) =/(0) + ~-X+ £/r-X2+ ..+ fAM.Xn+Rn(x)t

f(t+ ) A\
OyHAa An(at) = — - Xn+x— kojiahk x,af, £ HyKTa je Ba 0 HyKTajiap

opacHAa eTaAH, HbHH £= 0*, O <0< 1
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1ISai*H (J)yHKUHHjiapHHHr MaKjiopeH (JjopMyjiacH SyftHMa eftHJiMacn-
1H KeJITHpaMH3:
*= ]+ —+ — + + n+l
~ 1~ 2 e AT\ (n+ 1)1*
X —1
S s -1 - o+
+ (- |)'cosej:-(STTT! ;
r4 v2n 2n+ 1
COSX=l-m—- | — (_")" _E - L/7_ n'Xlcosfw * .
2! 41 A (2n)M 1} C°S0* (2n+ 1)]°
(r+*)"= 1+ -X + ?2(2=il41=2.3t+ , +
+ + , . F (i+ajt)- ..
f(x) = (1 + x)m })yHKUHHHHHr eftHJiMacH 6uhomuoa e&UAMa AeHHJia-
AH.
3-mhcoji. MaKjiopeH cJiopMyjiacH epAaMHAa 7/ (x) = In (1-f-.it)

((yHKUHHHH x hhht Aapa*ajiapH SyftHMa eftHHTr.

E hhin. 7(0)=0 3K3HH paBmaH. BepHJiraH (JiyHKLiHHHHHr xocHJia-
JlapHHH XHCo6jiaftMH3:

1. f/.\ 1 \Y 2
row - N row - N r w - N ;
m w —
UlyHAaii khjihe,
/'(0) = 1 /" (0)= —1; f*'(0) =21; /dv)(0) = -31,
|
/w (0)= (-1)n+>-1)"; /<"+'>(x) n
d+2)'1+1
ByjiapHH MaKjiopeH (})opMyjiacHra KyftcakK,
. L o )
Inflh «h =« Y22 G0
OKH
In(1 H-jg n — 4"+ -+ (- 1)n+'-7r+ /?n(*)' By epAa
X+ 1 [
k(wiahk xaA Rn(x) = (— 1 ) .N .1 nyKTa aca 0 Ba x HyKTa-

JKip opacHAa eTaAH.
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6- dapcxona ronuiupuru

N T772x™ 3*2+ 5x-f-1 KynxaAHH x-\-\ HKKHxaAHHHr ,iapa-
wajiapH oyHHMa eftHHHr.
>K: f(x) = 9-f-17 (je-(- 1) — 9 (je-f-1)2-f-2 (jc+ 1)3-
2. xg— \ HyKTaAa f(x)=y[x @@yHKUHH ynyH yMHHMH Tadth6jih
| CHJIOp (pOpMyjiaCHHH e3HHTr.

>K: f(x) = 1 ~ o+ -] (x_ i)2_

6y epAa R3(x) = -~L

S2
3. f(x)=tgx <QJyHKUHH ynyH hkkhhhh Tap™6jiH MaKJiopeH (bopMv-
JiacHHH e3HHr. J

m f(x)=x+4-.J+ e
3 cos |

3HI‘—1|' f(x)=xe (PFYHKUHH ynyH n- TapTHSjIH MaKJiopeH (bopMVJiacHHH
e r.

>K: /(i9 ot £ + 79 Ty] (g+ n + i)eE~

5- MycraiuA uiu

1 KynxaA”iap eftHJiMacHHH e3HHr:

a) f(x)=x5— 2x4-j-x3— jc2-f-2jc— 1 hn (X — 1) HKKHxaA Aapa>Ka-
JiapH 6yflHHa;

6) f(x)=x4—5x3+ x 2— 3x+ 4 KynxaAHH (X — 4) hkkhxba Aapa>Ka-
JiapH SyftHHa.

2. a) xo= 2 HyKTaAa f(x) = ~ (JjyHKUHH yMyH yMHHMH TapTH6-

Jih Teftjiop (])opMyjiacHHH e3HHr;

6) xo=I| HyKTaAa f(x )= —= ()yHKUHH yMyH yMHHMH TapthSjih
Teftjiop (J)opMyjiacHHH e3HHr.

3. a) f(x) =arcsinjc (QYHKUHH yMyH yMHHMH TapTHSjIH MaKJiopeH
(popMyjiacHHH e3HHTr;

6)
HH §3HHTr.

6-§8. TaKPHSHH XHCo6jiauiJiapra
Teftjiop (])opMyjiacHHHHr t3t6hkh

Teftjiop 4>OpMyAaCH HXTHepHft f(x) (j)yHKUHHHH

fix) »/(*>)+ £ ~ (x-x0 + (X_ X0) 2+ +

f(x) =sin 2 <JQyHKUHH yMyH 2n- Tap™6jiH MaKJiopeH (bopMyjiacH-

Kj/nxaA uiaKAHAa TaKpwfiHft H<j)OAajiaiu hmkohhhh 6epaAH. By
KynxaA tl- TapTHfijiH TeuAop Kijngadu AeftHJiaAH. XycycaH, jco= 0 Aa
«-TapTHG6jiH MaKAopen Kijngaduza arg 6yjiaMH3.

Bai>3H 4»yHKUHHJiapHHHr MaKJiopeH KynxaAH maKjiHAarn TaKpn-
fHft H(j)OAadiapHHH KeJITHp3MH3:

I x 1 *2 1 (I
* o~ |+ T\+2\ + - +
J> L2 «-1
sin*«X——+ — - ..+ (_1)-+>15_ Tvi ;
>? x4 XN
COs x «| + (-1)nW 1
(I+x)»~1+~Ax+ ~N~~"N-x2+ ...+ xn”

n—1 2, 3 Ae6 o0jih6, KyftHAarH TaKpnCHft (})opMyjiajiapra 3ra
fiyjiaM H3:

ex= I+ x; c«l+ ji+y; <?*1+ x+ \ + \\
o . x3 x3 XS
sinjc«x, SiNXSsX----—- —; SMXZ&X------ — -
2 2 4 2
. XT , . X . X .
COS X«l--—-- —; COSX«l----- .+ "24> COS X«l--—--- p +
X6 ,
24 720
(I+ x)me 1 -\-mx\ (I+x)m | -\-mx-\- X2;
/i o \m i i Im—1) 2. -1 —2) .3
i +ac) P mox LT N MM =2 xd.

Ko~iTOpHJiraH (J)yHKUHHJiapHHHr xap finpn yMyH TaKpnSHft c{)opMyjia-
M> HHHKAHKHHHr opTH6 SopHUIH TapTH6HAa SepHJiraH.

Teftjiop (MaKJiopeH) 4>o0pMyjiacH  4)YHK]"HHJiaP  KHftMaTJiapHHH
Or[>HJiraH aHHKAHKAa xhco6jiamJiapAa Ky~ iJiaHHJiaAH.

MacajiaH, f(x) (JyHKUHHHHHr x = a HyKTaAara KHftMaTHHH xaTOJwra
I ahll KaTTa dyjiMaftAHraH aHHKJiIHKAa xnco6jiaui yMyH Teftjiop
K$>nx,HAHHH uiyHAaft k- TapTH6raMa ojihlu Kepakkh, By k coh |Rn(a) | < e
TVHITH3JIHKHH  KaHO03TJiaHTHpyBMH tI  JiapHHHT 3Hr KHMHTH KHJIH6
T«hjiuiihah.

I mhc oji. e cohhhh 0,0001 rana aHHKJiHKAa XHCoGjiaHr.

Hmh ui. x= a=\ 3KaHJiHTHHH XHCoSra ojicaK, MaKJiopeH (})opMy-

fl«i‘nin Kypa:
e= f(1) =1 +"NT + ]
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n iimir RJI) — w1 < 0,0001

khmhk KHftMaxH k= 6 SyjiaAH, SyHAa 0 < | < 1 AeMakK,

uiapTHH KaHoaTJiaHTHpyBMH  3Hr

e*l+ Ti+ i+ "+i=2.718"

3

2- MHCOJI. y29 HHHr KHHMaTHHH 0,001 raMa aHHKJiHKAa XHCO<5G-

JiaHr.
E mh m. BepHJiraH hjiah3hh SyHAafi H(})OAaJiaHMH3:

~r29  N\I2f+2 = 3 ~ + ~ - 31 +-Irf.

YuiSy 6HHOMHaJi eftHJiMaAaH 4>oftAaJiaHaMH3:

(Il+*)"=1+fo + m(w~ 1) X2+ - +
+ m{m- 1) -§ - n+ I)xn+ R n(x) .
By epAa
Rn(x) = m{m~H+\” ~n) x,+1(l+i)mn 10< ] <I

Rn(x) HHHr KHHMaTHHH ypHHra KyHHS,
(i+ XxXr«i+ A~ x + TdIn=}Lx2+ ..+ m(m-LI-:(j~JL+J.) x»

6hh TeHrjiHKKa ara 6yjiaMH3. Rn(x) xaTOJiIHKHH W\ < 1 Ba eTapjiHMa KaT-
Ta n JiapAa HCTadiraHna khmhk khjihlu MyMKHH.

2

l *
X = — Ba m= — Aeo oJicak,

A29=3(1 +x-- ~1,-+ .. +R.(ir))~-

XHCoSjiauijiapHHHr KeTMa-KeT xaTOJiHKjiapn KarraJiHrH 31/?« hh
6ax,cwia6, TonaMH3:

3 /7l < 0,002, 3J/72] < 3‘2"I 2+-<0,0003.
8l o]

JJeMakK, SepHJiraH aHHKJIiHKAa
(k= 3) ojihui eTapjiH 3KaH, jrbHH

XHCoSjiaui ynyH yMTa xaAHH

~/29 «<3 (1 +0,024-0,0006) =3,072 .
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7- dapcxona roniuupuFu

1- y = —2.1 cjjyHKiiHH yMyH x0= 2 HyKTaAa yMHHMH TaprafijiH

Teftjiop KyuxaAHHH e3HHr. BepHJiraH @JjyHKUHH Ba yHHHr KynxaAH
I'pa(])HKJiapHHH MH3HHT.

X2 1
2. exm 1+ x+ — TaKpnGHH (J)opMyjiaAaH cj)OHAaJiaHH6 — - hh to-

V*
HHHr Ba xaTOJiHKHH SaxojiaHr.

>K: « 0,78; e<0,01.

Ve
3. KyHHAarHJiapHH 0,001 rana aHHKJiHKAa xnco®jiaHr:

a) cos41l°; 6) ~/121.
>K: a) 0,754; 6) 4,946.

7- Mycrai™uA uiu

1 f(x) = arcsinx 4>yHKUHH ynyH yMHHMH TapraSjiH MaKJiopeH

KynxaAHHH e3Hnr. BepHJiraH (JjyHKUHSI Ba yHHHr KynxaAH rpacfwKJia-
PHHH HCaHT.

2. KyHHAarHJiapHH 0,001 raMa aHHKJiHKAa xncoSjiaHr:
a) ~e; 6) ~/129;
>K: a) 1,395;

b) sin36° .

«) 2,002; b) 0,587.
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4-6 06
AYHKUHTfIJIAPHM \OCMJ1AJIAP EPfIAMHfIA TEKIUHPHW

1-8. Bhphhmh TapTHSjiH xocHJia epAaMHAa
(JjyHKHHHJiapHH Hr 3KCTpeMyMJiapHHH TeKUIHpH Ul

4.1.1. Arap (a, b) opajiHKHHHr X2>x\ TeHrcH3JiHKHH k,3ho-
aTJiaHTHpyBUH HKKHTa HXTHepHH X, Ba X2 HyKTa.iapH yMyH f(x2) > f( x].)
TeHrcH3JiHK 6a>KapHJica, f(x) (})yhkuhh (a, b) opaJiHKAa ycyenu
AeHHJiaAH.

Arap (a, b) opajiHKHHHr -%>x\ TeHrcH3JiHKHH KaHoaTJiaHTH-
pyBMH HKKHTa HXTHepHH X\ Ba X2 HyKT3JiapH yMyH f{X2)<f(X][)
TeHrcH3JiHk 6a>KapHJica, f(x) c[)yHKUHH {a, b) opadiHKAa KaMatoenu
AeHHJiaAH.

OpalJiHKAa ycyBMH eKH KaMaiOBMH (})yHKUHHJiap mohotoh. <pyHKu,u.H
Aap AeHHJiaAH.

M oHOTOHIHKhHHYr 3apy pHH uiapTjiapn:

1 Arap (a, b) opaldiHKAa AH(])cj)epeHUHajidiaHybmh y = f(x) 4>yHKUHH
ycyBMH Syjica, y xoJiAa f'(x) > O

2. Arap [a, b) opalJiHKAa AHcj*epeHunadiJiaHyBMH y = f(x) (pyHKUHH
KaMaioBMH Syjica, y xaiAa f'(x) < O

M ohotohjihkhhht eTapjiHJiHK wuiapTJiapH.

1 Arap (a, b) opadiHKAa AHcj)(})epeHUHadiJiaHybmh y = f(x) cjjyHKUHH
MycSaT xocHJiara ara Syjica, HbHH 0, y xoJdiAa cJjyHKUHH uiy
opaJiHKAa ycyenu (pyHKu,un 6yjiaAH.

2. Arap (a, b) opalJiHKAa AH(})(j)epeHUHajidiaHyBMH y = f{x) cpyHKUHH
MaH(j)HH xocHJiara ara Syjica, HbHH f'(x) <10, c¢jyhkuhh uiy opadiHKAa
KdMafoenu (pyHKi{UR Sy/iaAH.

OyHKUHHHHHT 6HpHHMH TapTHSjiH XOCMJiaCH HOJira ~ TeHF eKH
y3HJiuuira ara SyjiaAnraH HyKTaJdiapw KpuruK Hy”ranap AeHHJiaAH.

3 ht coAAa x,0JidiapAa y= f(x) (}))yHKUHaHHHr aHHKJiaHHUi coxacH-
hh MeKJiH coHAarn kphthk HyKTajiap SnJiaH MerapajiaHraH mohotohjihk
opajiHKJiapra 6yjmm Mymkhh.

4.1.2. Arap X0 HyKTaHHHr uiyHAaft aTpo<JH MaB>KyA oyjicaKH, oy
aTpod)HHHr xap KaHAaft x”~xo0 HyKTach yMyH f(x)<f(xo0) TeHrcH3-
jihk ypHHJIH 6yjica, y xojiAa y= f(x) cJyHKUHH xo HyKTaAa mclkcu-
MyMea apuuiadu AeftHJiaAH.

Arap xo HyKTaHHHr uiyHAaft aTpo4>H MaB>KyA oyjicaKH, oy
.aTpotjjHHHr xap KaHAaft x=£x0 HyKTacn yMyH f(x)>f{xQ TeHrcn3-
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'nn' vpiiiuiH fiyjica, y xojiAa y= f(x) cjjyHKUHa xo HyKTaAa MUHUMyMea
*>uiiiti<)u  AOHHJia/iH.

*l'viikhiim MUKCHMyM eKH MHHHMyMra apumaAHraH HyKTajiap yHHHr

iprmt/M iiyicraJiapH AeHHJiaAH. OyHKUHHHHHr aKCTpeMyM HyKTajia-
I»M(lalll  KHHMaTJiapH 4>yHKUHHHHHr SKCTpeMdA (MCLKCUMCIA eKH MUHU-
Mu 1) inNiifiMurAapu AeftHJiaAH.

IKI'TpCMy MHHHT 3apy PHft UiapTH. Arap y= f(X) (jjyHKUHH
#n nv'k liiila 9KCTpeMyMra ara 6yjica, y xojiAa f'(x0) HOJira TeHr eKH

OyjiMaftAH.

Ammo xap KaHAaft kphthk HyKTa xaM aKCTpeMyM HyKTacn
ftV.Udut' pMjiWAH.

lhcipcmymhhhr eTapjiHJIiHK uiapTH. Arap xo HyKTa
/7 /(") (fyHKUHHHHHr KpHTHK HyKT3CH 6yjIH6, (i)y HKUHHHHHr XOCHJia-
M fiy HyKTaAaH yTuuiAa nuiopacuHH y3eapTupca, y XxcuiAa X0 — 6y
«liyiiMiimiiHHr SKCTpeMyM ny“racu SyviaAH, my 6HJiaH Snpra:

I Arap X0 HyKTaAaH ManAaH yHrra yrauiAa f'(x) y3 HUiopacHHH
Myi nji iajiii  MaH(j)Hftra ysraprapca, y xojiAa X0 HyKTaAa PyHKUHH
WMKiiiMyMra apuuiaAH.

Ai'ap X0 HyKTaAaH ManAaH yHrra yrauiAa f'(x) y3 HUiopacHHH
Mmih liiim;uih  MycdaTra y3rap™pca, y xcuiAa X0 HyKTaAa (fiyHKUHH
MHHiiMVMi'a apnuiaAH.

IllyiiAafi khjih6, mohotohjihk opajiHKJiapHHH Ba PyHKUHH aKCTpe-
MvMiy)m TOIHUI  yMyH OJIAHH (J)yHKUHHHHHr aHHKJiaHHUi COXaCHHH
hliniiiK HyKTajiap epAaMHAa mohotohjihk opajiHKJiapHra SyjiHiu Ba
yjitiiDia xocHJia HUiopacHHH TeKiiiHpHiu KepaK.

1M1v luian KeftHH mohotohjihk Ba aKCTpeMyMhhht eTapjiHJiHK uiapTJia-

ptiZuiii (li()HAaJdiaHH6, ycHUiIi Ba KaMaftum opajiHKJiapHHH, MaKCHMyM Ba
Milnfimym nyKTajiapHHH Tonuui xaMAa (JjyHKUHHHHHr 6y HyKTa-
i/IMpdiii ii KHHMaTJiapHHH xHCo6jia6, HaTH>KaJdiapHH TerHiujiH *aABaJi-
hi viiiiii KepakK.

| MIl00J. y= x3— 3x2 (}))yHKUHHHHHr MOHOTOHJIHK OpaJlHKJiapH-

HM Ml jKCTpeMyMJiapHHH TonuHr.

11'i urn. BepHJiraH (JjyHKUHHHHHr aHHKJiaHHUi coxacn — 6yTyH Ox
j>*H OyjmO, yiiHHr xocHJiacH y'= 3x(x — 2).

Xin‘iljiaiih  HOJira TeHrjiauiTHpHS, kphthk HyKTajiapHH TonaMH3:
#»m() iia X2— 2. OX yKH 6y HyKTajiap SuJdiaH yMTa opajiHKKa 6yjiHHaAH:
(— 0), (0; 2) Ba (2; +o00).

liy opajiHMapAa xocHJiaHHHr HUiopacHHH TeKUiHpnS, HaTH>Ka-
AHpim KyftH/iarH >KaABajira e3aMH3:

* (-00;0) 0 (0;2) 2 (2; +00)
+ — 0 +
max min
\ 0 —4



4.1.3. y ‘f(X) (jjyukHHH [a, b\ KecMaAa y3nnnnr 3m kuhuk (m —yvnw)
okh 4tir = Kal) KHftMaTjiapwra (a, b) opa.ziHK.Aa exybmh
kphthk iiyKTa”apHAa eKH [a, b] KecMaHHHr oxnpjiapHAa apnuiaAH.

2- MHCOJI. y= x4—2x+3 (JjyyHKUHHHHHr [— 3; 2] KecMaAarH 3Hr

KHMHK Ba 'JHI' KaTTa KHHMaTjiapHHH TonHHTr. 3
li g h ui. BepHJiraH cjjyHKUHHHHHr xocHJiacH: y'= 4(Xx — X).
(/ —O0 uiapTAan X\—0, X2=| Ba X3= — 1-

Kphthk HyKTadiapHHHr xaMMacn (—3; 2) opajiHKKa TerHiiiJiH.
BepHJiraH (J)yHKU.HHHHHr 6y HyKTadiapAaJH Ba KeciwaHHHr oxnpjiapHAa-
TH KHHMaTjiapHHH XHCo6jiaHMH3:

/0 =3, y(1)=2, y(—1) =2, y( 3)=66, y{2) = U.
UiyHAaft khjihe, [— 3; 2] KecMaAa t/ Ka— 66, Kq f=

1- dapcxona roniuupuFu

1 OyHKUHHJiapHHHr mohotohjihk opajiHKJiapHHH TonHHTr:
a) y=2-3*+ x3 6) y=x(\+ V*);
B) y= x—2sinx, 0< x < 2jx

K, a) (— o0, —1) ea (1, + 6 °) Aa ycaAH, (— 1, 1) Aa KaMaHAM;
6) [0, +00) Aa ycyBHH;
B) 9. fla ycyBMH; (o, Ba 2n) Aa KaMaiOBMH.

2. OyHKUHHHHHr 3KCTpeMyMJiapHHH TonHHTr: !

r2 1 \ In*

a) 6)y=x+ T,; B) y==TT"

>K: a) x= 0 Aa ax= 0; x= 4 Aa nmm
6) x= 1Aa ymneE 2; d= 0 Aa ynexc

B) x= e Aa ynmx= y -

3. Ymeéy

a) y— cJ)yHKi],HHHHHr [0, 4] KecMaAarH;
X -j- 1

6) y= arctg-~= "-4)yHKUHHHHHr [0, 1] KecMaAarH 3Hr khhhk Ba 3Hr
1-j-X

K3TT3 KHHMaTjiapHHH TONnHHT.

>k:a) M= 06, m= —1;, 6) M= ~, m= 0.

1- MycraKfUA uiu

1. OyHKUHHJiapHHHTr mohotohjihk opaJiHKJiapH Ba 9KCTpeMyM
HyKTaJdiapHHH TonHHr:

a) Y= X-\JTA72;6) y=* - 2:irur; b) y= Inx-arctgx.
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fi) (0, 2) Aa KaMaiOBHH; (2, +o0o0) Aa ycyBMH; ynw=
-//(:>) =2(1 — In2) «0.61;

u) (0, +o00) Aa ycyBHH.

YinGy
A y=1 HHHr [0, 1] KecMaAarn;
1+x—Xx2

3 3
0) /= \jx-\-1— 1 hhht [0, 1] KecMaAarn;

i) y3Fx-(-2\fx HHHr [0, 4] KecMaAarH 3Hr khhhk Ba 3Hr KaTTa
hiuiMaTJdiapnHH TonHHTr:

iK-«) y™M*= 1 *mn= 0,6;

6) YmMax=2, i/min \
n ymax=8, ynir=0-

2- §. <t>yHKUHSIHHHr KaBapHMHTH Ba 60THMHTrH.
3ihjihui HyKTajiapH. AcHMntorajiap

4.2.1. y = f(x) (YHKUHHHHHr rpa(j)HrH (a, b) opajiHKHHHr HCTajiraH
Hvin liii'HAa yTKa3HJiraH ypHHMaAaH nacrda eTca, y xojiAa (JjyHKHHH
i pji(Inii ii t™aeapuK, AeftHJiaAH.

U f(x) (yHKUHHHHHr rpa()HrH (a, b) opajiHKHHHr HCTajiraH
MyKnn’HAa yTKa3HJiraH ypHHMaAaH tot“opuda eTca, y xojiAa (})yHKUHfI
rh)HtDI I'M OoTUK, AeHHJiaAH-

OyiiKUHH rpacJd)HrHHHHr KaBapHK khcmhhh 6othk khcmha3h a*pa-
tyit'iii /Mu (xo0, f(xo0) HyKTa rpatl)HKHHHr arHJiHui HyKTach AeftHJiaAH.

< yii Kuhh rpa”HTHHHHT KaBapHK eKH Sothk
8viihhhhhr eTapjiHJiHK uiapTJiapH. Arap (a, b) opa-
NHKAI# AH(Y)cJd)epeHUHajidiaHyBqH y = f(x) (f>yHKUHHHHHr kkkhh~h TapraS-
jlii x,0i'itdiacH MaHcjjHH, htjhh f" (x) <. 0 Byjica, y xojiAa Oy opajiHKAa
i)>Vhkii,h>i rpa<})HrH KaBapHK SyjiaAH.

Aiap (a, b) opajiHKAa AHQJ){)epeHHHaJiJiaHyBHH y = f(x) (})yHKUHH-
iiiiiii  iikkhhhh TaprafijiH xocHJiacH MycSaT, htdhh f"(x)> 0 6yjica,
y Minaa fiy opajiHKAa (JjyHKUHH rpat})HrH 6othk SyjiaAH.

IvaiilapnMHK opadinrHHH Sothkjihk opadinrHAaH a*paTH6 TypyBMH
ii,mini nyKTacHAaH yTHinAa (})yHKU,HHHHHr HKKHHgn TapraSjiH xocHJia-
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ch HUiopacHHH y'M'ap'mpaAH. ByHAafi nyKTajiapAa (J)yHKUHHHHHr
hkkhhmh rapthCjih x,ocHJiacH e HOJira TeHr, CKH MaB>KyA 6yjiMaHAH.

f"(x) —0 eKH f"(x) MaB>KyA SyjiMsftAHrsH HyKTajiap ukkuhhu Typ
KpuniK Hy”rcuiap AeHHJiaAH.

3 r hiji h ui HyKTadiapn mab>ya ¢ yjiHiiiHHHHTr eTap-
jiiijihk uiapTH. Arap xo HyKTa y= f(x) JyHKUHH ynyH hkkhhmh Typ
kphthk iiyKTa 6yjica Ba f" (X) hkkhhmh TapraSjiH x,ochji3 6y HyKTaAaH
yTHiiiAa HUiopacHHH y3rapTHpca, y x,0JiAa 6y ({jyHKUHH rpa(j)HrHHHHTr
X0 adcuHCcaJdiH HyKTacn arajiHUi HyKTacH SyjiaAH.

JleMaK, JjyHKUHH rpa(}))HrHHHHr KaBapHKJiIHK Ba Sothkjihk opaJiHK-
jiapHHH, arHJiHin HyKTaJiapHHH TonHiu ynyH ojiahh 4>yHKUHH aHHKJia-
hhin cox,acHHH hkkhhmh Typ kphthk HyKTajiap SnJiaH opajiHKJiapra
s yjiHiu Ba 6y opajiHKJiapAa hkkhhmh TapraSjiH xocHJia HUiopacHHH
TeKiUHpHiH KepaK. UlyHAaH kchhh eTapjiHJiHK iuapTJiapHAaH (J)OHAadia-
hhs , KaBapHKJiHK, Sothkjihk opaJdiHiyiapH Ba arajiHin HyKTaJdiapH
aHHKJiaHaAH.

1- MHCOJI. y= xex (J)yHKUHHHHHr KaBapHKJiHK, 60THKJIHK OpaJlHK-
jiapHHH Ba srHJiHin HyKTaJdiapHHH TonHHr.

E hh ui. BepHJiraH (ftyHKUHHHHHr aHHKJiaHHUi coxacH syTyH OX
yKAaH ndopaT. Bhphhmh Ba hkkhhmh t3Pth6jih x,0chji3j13Phh Ton3MH3.

y'= ex(\ + x); y" = ex(2+ x).
Hkkhhmh TapraSjiH xocHJiaHH HOJira TeHrjiauithphS, hkkhhmh Typ
kphthk HyKTaHH TonaMH3: x = — 2. Ox yK 6y HyKTa 6HJiaH HKKHTa

opajiHKKa SyjiHHaAH: (— 00; —2), (—2, + 00).
By opaJiHKJispAa hkkhhmh tbpthSjih xocHJia HUiopacHHH TeKiun-
Ph6, yuiSy *aABajiHH Ty33MH3:

X (-00,-2) —2 (-2 .+ 00)

X = —2 Aa rps(})HKAa opAHHaTacn Yy = —2e 2 SyjiraH sthjihlu
HyKTacHrs ara 6yjiaMH3-

4.22. Arsp y= f(x) ({yHKUHH rpa()HrHAarH HyKTa uiy rpacjjHK
6yfijia6 MeKCH3 y30KJi3UiraHAa yHAaH Snpop Tyrpn MH3HKK3M3
6yjIT3H M3CO(J)3 HOJIT3 HHTHJIC3, 6y TyFpH MH3HK y= f(x) (J)yHKUHH
rpa(J)HrHHHHr acuM/iToracu Ae6 aTSJiaAH.

Arap lim/(x) = oo gyjica, x=a TyrpH hh3hk y= f{X) ~hkuhh
x"a

rpac))HrHHHHr eepruKciA acuMnroTacu AeHHJiaAH.
Arap
== iim l”~"L Ba b= Iim (f{x)—kx)
X++CO * *-+»
eKH
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k -Jim Ba b= 1lim (f(x)—kx)
V- O x X—»— 00

minmml,lap Mau>KyA Syjica, y x,cuiAa y— kx-\-b TyrpH mh3hk y = f(Xx)
i]iviiKiiiniiiHiir of'Ma acuMnroTacu AeftHJiaAH.
\v«'vcan, k= 0 Aa aopusoHTaA acuMnroraza ara 6yjiaMH3.

.2_2x L3
MHCOJI. U = -—-——-- —  m thyHKUHHHHHT aCHMNTOTaJI3pHHH TonHHTr.
J X+ 2
I Lh 1l 1lim y = 00 SyjiraHH ynyH x= — 2 BepTHKaji acHMnTOTa

X*_Z

ftyj]MAH. OrMa acHMnTOTadJdiapHH toii3mh3:

£= )Ié*-i(I)m 6}0 - xl’{,rH) )Q>Z(~x—%-2$ =5
b= lIi f(x) —kx) = i X
x—lbn&)(( ) ) x—i«mx)\ X~rN /
= lim ~4+3=-4

IllyiiAaH khjih6é, opms acHMnTOTahhht TeHrjiaMacn y= X—4 Kypn-'
i a -jra.

2- dapcxona Tonuiupufu

1 KyHHAarH (JtyHKUHHJiapHHHr KaBapHKJiHK, 6othkjihk opajiHK-
m1mm Ba 3THJIIHUI HyKT3JI3pHHH TonHHTr: .

() U xr+ 5x—6; 6) y= (x—4)5+ 4x+ 4, mb) y=¢e 2.

>K: a) (— 00, 0) Aa KaBapnK; (0, + 00) Aa 6othk; sihjihui
Hyk lai'w: Mo(0, 6);

ft)y (— 00, 4) Aa 60thk; (4, + 00) fla KaBapHK; arHJiHiii HyKTacn: Mo(4
am,

1) (— 00, — 1) Ba (1, + 00) Aa 6othk; (— 1, 1) Aa KaBapHK,;
VI'Hjiii I nyKTajiapn: M,(— 1, e 2) bs M2{\, e 2).
2, KytiHAarH (})yHKUHHjiapHHHr schmutotsjisphhh TonuHr:
») //-m \J~2 ' 67My= 3x+ arctgbx] b) y= In<G 1> _|_2x.
>K:a) X= 2 bs y= 1,
6) y= 3x+ y (Xx2>-00 Aa) Ba y= 3x— (Xx-~— 00 Aa) ;

) x=0, y=2x, x= — 1| (x>~ 1+0 Aa).
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2- Mycra”™uA uiu

1 KyHHAarw (ynKHHHJiapHHHr KaBapHMHK, Sothkjihk opaJiHK-
jlapmm Ha srHJiHiu HyKTaJdiapHHH TonHHTr:

a) y= In(1-\-x2); 6) y= arctgx — x.

>K: a) (— oo, — 1) Ba (1, + o00) aa KaBapHK.; (— 1. 1) Aa Sothk;

whijihiii HyKTajiapH: Afi(l, In2) Ba M2(— 1, In2).

6) (— oo, 0) Aa KaBapHK; (0, -f- oo) Aa Sothk; aruJiHUi HyKTacn: 0 (O, 0).
2. KyftHAarH (})yHKUHajiapHHHr aCHMnTOTaJdiapHHH TonHHTr:

a) y= — 6

)y V2o 1 )y 4(*+|)2
>K: a) je=+1, i/=+Xx; 6) x= — 1, y= ~-x-\-1.

3- 8. 4>yHKi(HnJiapHHHr rpa(})HKjiapHHH hh3hui

y = f(x) 4>yHKUHH  rpa(]>HrHHH  HH3HLUAa QJIAHH yHHHr aCOCHH
xycycHHTJiapHHH aHHKJiaS ojihlu KepaK. ByHHHr ynyH KyfiHAarHJiapra
aMaji KHJiHHaAH:

1. OyHKUHHHHHr aHHKJiaHHIU 'COX,aCH TOnHJiaAH.

2. OyHKUHHHHHr >Ky(J)T-TOKMNIHrH Ba AaBpHHJIHTH T6KLUHPHJ13AH.

3. OyHKUHH rpac})HmHHHr KoopAHHaTa yK/iapH 6HJiaH KecHiuHin
HyKTajiapn TonnJiaAH.

4. OyHKUHHHHHr HUiopacH y3rapMaftAHraH opajiHKnapn TonHJiaAH.

5. OyHKUHH rpa(})HrHHHHr acHMnTOTajiapn TonHJiaAH.

6. OyHKUHHHHHr ycHiu, KaMaftHiu opajiHMapn Ba yHHHr aKCTpe-

MyMJiapH TonHJiaAH.
7. 3rpn HH3HKHHHr  KaBapHK”iHK, Sothkjihk opajiHKJiapn Ba

yHHHr arHJIHUJ HyKTajiapH TonHJiaAH.

N\

xN14
Mhcoji. y=— ~— (JyHKUHHHH TeKiiiHpHHr Ba yHHHr rpatpnrHHH
X

AH3HHT.
E mhui. 1. OyHKUHHHHHr aHHKJiaHHiu coxacn:
D{f) = {-<*>, 0) U(0, +e»).

2. OyHKUHH >Ky(f>T x,aM, tok WM aMac, AaBpnn xaM aMac.
3. rpacj)HKHHHr KoopAHHaTa yKJiapn SnJdiaH KecnuiHiu HyKTadiapn-
hh TonaMH3:

Ox yK SnjiaH: SyHAaH x — — \j4, hmh A(— /4 ,0) —
Ox yK SnjiaH KecHLUHUi HyKTacn.

X="0 SyjiraHH ynyH rpa(})HK Oy yK SHJiae KecnuiMaftAH.
4. OyHKUHHHHHr HiuopacH yarapMaHAHraH opajiHKJiapHHH Tona-
4

o}
mh3: x < — y 3 Aa 4>yHKUHH MaHtjjnn (rpac}))HK Ox yKAaH nacTAa
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4
luiiuiaiiiilaH); x > — y3 Aa c*yHKunn MycSaT ($yHKUHH rpa~nrn Ox

stv uill ioKopHAa >KOHJiaiuraH).

) OyHKUHHHHHr aCHMnTOTadiapHHH TOnaMHS3.

Oy yK, htihh x= 0 Tyrpn hh3hk arpn hh3hkhhht BepraKaji
m MMiiroTacHAnp, nyHKn

¥ hx-\-b orMa acnMnTOTaHH aHHKnam ynyH k Ba b hh TonaMH3:

k= lim = lim --1~4= 1,
*.%.00 X x— 00 X
b= lim (f(x) —kx) = Ilim (x ~|4—at\= lim
X”"oo x~oc \ X \] 00 X

HfMi'iK y = x HH3HK orMa acHMnTora aKaH.
li 'I'YiiKUHHHHHr ycHiu, KaMannui opajiHKJiapHHH Ba yHHHr aKCTpe-

_Q
MVMMIpHHH OHpHHMH TapTH6jIH XOCHJia y = ——  ~H  (})OHAaJiaHH®,

(/ O isa y'— oo TeHrjiaMajiapAaH aca kphthk HyKTajiapHH TonaMH3:

<l- Plia X2= 0 (OyHKUHHHHHr y3HJIHH) HyKTacn).
KyiiHAarH *aABaJiHH Ty3aMH3:

mit —1
M (—00;0) 0 (0; 2) 2 (2 ;+ 00
- * o - *
K ___________ N _— _——— N 3 ———
y3HJirm )
HyKjacH min
/, Il = —  HKKHHHH TapTHSjIH XOCHJiaAaH (})OHAaliaHH6, arpn

elU ui kminr Ka BapHKJiHK, Sothkjihk opajiHKJiapHHH Ba arHJiHiu HyKTajia-
Dliiiii roiiamh3. Hkkhhhh TapraSjw xocnjia xaMMa jkoha3 MycSaT, my

fillin' iliyiikUHH rpacfiHTH Sothk, arnjiHm HyKTajiapH ftyK. y= xt4
X2

QVIKIIM I'pa(|)HrHHH HH33MH3 (21-makKJi).
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21- uiakJi
3- dapcxona roniuupuFu

OyHKLiHHJiapHH Tyjia TeKUIHpHHr Ba yjiapHHHr rpadjHKJiapHHH

4H3HHTr:

1 y- _ = A = x-e~
o4 2-y (x + 3)x2. 3. y= x-e Y-

3- Mycrat™uA utu

OyHKUHHJiapHH Tyjia TeKUIHpHHr Ba yjiapHHHr rpacftHKJiapHHH HH3HHr:

ly= - e 2.y —In(x2-\-2x-\-2). 3.y = (3 —x)e2—x

6- na3opar umu

1 OyHKUHHHH Tyjia TeKUIHpHHr Ba rpac3HrHHH MH3HHr:

i j,=3(4-7). 1.11. y— — 4x-\-x ®
112. y=(x+ 1)(x-2)2
1.13. y= x3— 3x2+ 4.

1.14. y= x3— 9x2+ 24jc— 7.
b4 y= 2x3+ 3x2— 12x —5. 1.15. y= xA— 8x2+ 16.

15 y=(x-3)2(x- 2).
16. y= x4—8x3+ 16x2.

1
L7 y=x%% yXQ * 1-17. y= X3— jX2-4 x-\-2.

12 y= x —9jc2+ 24x— 15.
1.3 y=x5—] x 3.

1.16. ¥y = —4x3+ 6 x2-3 x- "

18 y~+n (2x3—6x2— 18x+ 15). 118 y= (x4~ \2x).
1.9. y= x5—x3—2x. 1.19. y= x34—2x2+ 3.

1.10. y= 1 120 y=(x + 2)(x-1)2
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121 = \-
y = x3—3x2-\2. 1.26. y = 2x3+ 3*2-1.

1.22. y= 8+ 2x2—x4.
1.27. y= x4— 10x2+ 9.

1.23. y = + XS_ 4x2.
1.28. y= "~ _ 4 x 2.
1.24. y= 2x3— 15x2-f- 36x.
1.29. y= 3x4+ 4x3+1.

= SRS
1.25. y A4 _ 2Xx2 4 _
1.30. y= (*+ 3) (x—2)2

2. OyHKUHHHH Tyjia TeKuinpuHr Ba rpac})HrHHH mhshhf:

2.1. Yy *—1 2.16. y (*-I)Z
X2— 2% o
X2+ |
2—4x2
22,y X3+ |
2.17.
1—4x2 Y *
2x2
2.3. y: 2.18. y X
4x2— 1 3—x2 "
L (1
2.4. y: 2.19. «= (x+|)52*
(x—1)
2.5. y = x
2.20. w=
X2— 9 (X_]_)z*
4x2
26. y.. 221 y =
x2- 1 (*-1)2
27. vy = 2.22. y o
x3—1 2(*+1)
28 y= X2—x—; 2.23. j,
X2—2x A
29. y= (x=3)2 224 y==_ % _
4(x—1) - A1
210 y = X 4xd Sl
4x
211, y = x2*16 2.26. y = (_)gfz |2\2
4x \x—1
212, «,= X
3—x2
2.13. y — 2.28. « = 4
(x+1)2
5x2
2.14 =
7T e 2.20. y = EHET
~ x—1
215, = X271 2.30. y = 4
X -j-2x— 3
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li <>yilKUVHIIH Tyjia reKiuHpHur Ba rpa<t>nrnHH mubhht:

a.i.
3.3.
g9
37

3.9.

3.5,

3.13.
8.45.

3.17.

3.19.

321

3.23.
3.25.

3.27.
3.23.

y
y

u

<

<

KK <o

—-7,—- 32. y=1Ini4 i-2-
= (x—2)e3~x. 3.4. y = In(2x2+ 3).
= ' 36. y = x—In(a—).
e*—1
i
= e*2 _ 3.8. y = jclnx.
= xse~*. 3.10. y = In(x2-4).
ez~Xx 3.12. y= 2In—31-"3 .
= Y N -
= (4—x)ex~3- 3.14. y= In(x2—2x+ 6).
- 5> _ 3.16. Y= x — Inx.
e - |
1
, 33
= x2*. 3.20. y = In(x2-4) +*.
2{x—\) s ‘X 1
= — (2x+ 3)e2<*+2> 3.24. y = —xInX.
= _é;:l . 3.26. y = x In(I-]-x2.
= e . 3.28. y = xaArtx.
= xV +1. . 3.30. y = x2— 21nx.

5- 606

X,AK,MK,MPI y3rAPYyBHHHHHr BEKTOP BA
KOMFIJIEKC <&yHKU.HfIJIAPH

1-§. Ckaliap apryMeHTHHHTr
BeKTOp (j)yHKUHHCHHH AncljtljepeHUHaliJiaui

51.1. Arap t £ D

a BeKTop Tyrpn Keldica, y x,0JiAa 6y BeKTop t CKadiap apryMeHTHHHr
eeKTop cpyHKi~uficu AeftHJiaAH Ba SyHAafi SejirnjiaHaAH:

a==a(t).
a= a(t) BeKTop OyHKUHHHHHr SepHJiHiHH ywa CKajinp Oyhkhhh:
ax(t), ay(t), az(t) — a BeKTop KoopAHHaTajiapHHHHr 6epHJiHiUHra TeHr
KyqjiH:
a= ax{t)l+ ay{t)j+ a2(t)k
ckh KHCKana: a— {ax(t), ay(t), az{t)\.

Arap y3rapyBHH a BeKTopHHHr Souih KoopAHHaTajiap 6oluh SnjiaH
ycTMa-ycT Tymca, HbHH y M (X, Yy, z) HyKTaHHHr paflHyc-BeKTopH
Syjica, y x,0JiAa BeKTop OyHKHHH SyHAaft SeJinuiaHaAH:

r=r(t) =x(t)l+y(t)j+z(t)&.

r BeKTopHHHr oxnpH <fa30Aa HH3aAHraH L hh3hk r= r(t) BeKTop
<j)yhkuhhhhht aodoepatpu. AeHHJiaAH. KoopAHHaTajiap 6ouih eodoapacp
i“yrdu AeftHJiaAH.

Arap r BeKTopHHHr MOAy~inrHHa y3rapca-io, ftyHajiHHiH y3rapHiucH3
KQJica, roAorpac}) KyT6AaH HHKaAnraH Hyp SyjiaAH-

Arap r BeKTopHHHr moay~ih y3rapHIHCH3 (17~1=const) Kojica-io,
yiiHHr™ HyHajiHiIHHTHHa y3rapca, y xojiAa MapKa3H K,yTOAa, paAHycn
-x-a N\ ra TeHr SyjiraH cc}epaAa eTyBHH hh3hk roAorpat}) SyjiaAH.

Oa30Aarn xaMMa hh3hkhh Snpop BeKTopHHHr roAorpa(})H AeftHiu
MyMKHH.

roAorpat)HHHr napaMeTpHK TeHrjiaMajiapn yuiSy KypHHHiiiAa
i'3HJiaAH:

x= x(t), y=y(t), z= z(t),
6y epAa t y3rapyBMH napaMeTp AeHHJiaAH.
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5.1.2.

ai'.id(t) bcktoj) ()yHKUHHHHHr | riapaMeTp 6yhma x,ocHJiacH
miii'h

IK'KTop (JyHKUHH 6yjin6, yLiiSy TeHTAHk 6\\\aw aHHKAaHaAH:

. Aa . a(t+ At) — a(t)
= lim = lim
dt ALo A< 4(_o Af

a= a(t) — {ax(t), ay(t), a2(t)\

Bcktop (J)yhkuhhhhhp Xx,0cHJiacH yuiSy 4>opMyjia SynH”a x,HCOOjia-
iiaAH:

cTa _ dax~ dOy-r dan ~
dt dt 1 dt 1 dt

BeKTop 4>yHKUHHHH AHcJxJjepeHUHaAAauiHHHr acocHH KOHAaAapHHH
Ke/iTHpamh3 (SyHAa a= af(t), b= b(t)):

L 9Catp) = 92 ¢

. 0, 6y epaa ¢ — y3rapMac BeKTop.
t

3. M(cifl) = a-"~, 6y epAa a — y3rapMac coh.

4. A(g>a) =a~t-+ <P~. BY ePAa ¥= <P(0 ~ * HHHr CKallflP

4)VHKUHHCH.

5. ifa-b) =5 - + f

6 S<*“X':>= (# X '5)+ (S X #)-

7. ~a(<p(0) =-"j-- 6y epAa p= cp(0 t hhhtCKaJdinp c|])yHKUH-

HCH.
Arap }=r(t) ={x(t), y(t), z(t)} SyAca, y xoAAa

Top 6yjiH6, r(t) BeKTop ({fyHKUHHhhht roAorpa(})Hra yTKa3HJiraH ypHHMa
SyfljiaS t napaMeipHHHr ycnuiH Tapacjwra ftyHaAraH SyAaAH.

1- MHCOJI. r={t2— 1)1+ (t+\)j+t3k BeKTOp (JyHKUHHHHHr

xocHJia BeK-

t= 1 Aara SnpjiHK ypHHMa BeKTopHHH TonHHTr.
Eh h ui. r BeKTopHHHr roAorpatfwra ypHHMa Qhpjihk BeKTopHH
TonaMH3:

By BeKTopHHHr MOAyAHHH XHCo6jiaHMH3:

Il = VATTTOF.
Idr | o .
I~df |,hhht t= 1 AarH khhm3th 714 ra TeHr, | =2i+ j+3~k
UlyHAafi

khahS, H3AaHaeTraH Shpjihk BeKTop SyHAaft e3HJiaAH:

(2i + j+ 3k)

2-mhcoa. r(t) =icost+ jsint+ k Ba ~ BeKTopAap y3apo nep-

neHAHKyAnp BeKTopAap 3K3hahthhh KypcaTHHr.
E g h ui.® BepHAraH CKaAHp apryMeHTAH (fiyHKUHH

xocha3chhh
TonaMH3. — = — isint+ jcost. 3hah r(t) Ba ~ bcktopAapHHHTr
-~dr " " dt
CKaAHp KynaHTMaCHHH XHCo6AaHMH3.
r ' = cos”esin/-f-sin/ ecos/ = 0 . ZleMaK, r Ba BeKTopAap

y3apo nepneHAHKyAnp sksh.

1- dapcxona ronuiupuFu
1 BeKTop 4>yHKUHHAapHHHr x,ocHAaAapHHH TonHHr:
a) r= sin/-/+ cos2/-j+ sintcost mk\
6) r= (t+ cost)i+ tj+ sint-K,

b) r=elJ+cost-j+ (i2+1)k.

>K: a) = costi — s\n2tj + cos2tk ;
6) ~ — (1 —sin/)i+ /+cosf- k;
o~
B) — eri — sin//-f2tk .
2. XagaKaT KHAaeTraH™ moaahh HyKTaHHHr t BaKTAarH paAHyc-
DCKTopH r(t) =a (t — sin/)T-)-a(l — cost)J TeHrAaMa 6ha3h SepHAraH.
| —~2 Ba ~= n ”~ap ynyH ~ bcktophhh TonHHTr.

>K: a(l+J); 2at

4

3. r= e2ti— (t+ 8) 3 BeKTop JyHKUHH roAorpa()Hra (= 0 AarH
f)IHpAHK ypHHMa BeKTopHH TONnHHT.
>K: 0,6 1— 0,8 J
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J- MycraKfUA uiu

1 IKKTOp OyHKUHHHHHr XOCHJiaCHHH TOIIHHTr:
r= tch2™+ Jshtcht -j-ksh 2t

>Ki N =sh2”~r+/ch”~+fesh2”.

at
2. Arap 7=Isht + Jcht+ k ~/chZ2—3sh2 Syjica, hh TonnHr.
>K; °« d7 -
3. Arap h=Tt + Jt2+ kt\ r2= it2+ Jt3+ kt Syjica, hh to-
riHHr.

;o rf(riX”)_= 3{t2 _2ts)-J+{5t*_21t)-j.

at

4 r= 2t.J-\-J\nt-\-k-t2 BeKTop OyHKUHHHHHr ”"=1 AarH YPHHMa

BeKTopHHHHr ftyHSJirapyBHH KOCHHycjrapHHH TonHHr:

2- 8. CKaJdinp apryMeHTJiH BeKTop <|)yHKUHH
X,0CHJiaCHHHHr TaT6HK,H

5.2.1. KHHeMaTHKaAa moaahh HyKTa x,apaK3THHH ypraHHiiiAa
yHHHr r paflHyc-BeKtopH t BaKTHHHr Oyhkuhhch SyjinS, r= r(t)
TeHrjiaMa ”~apaKar remAaMacu AeHHJiaAH, r= r(t) BeKTOp-OyHKUHH~
hhht roAorpa(J)n x,apaK3T ftyjiHHHHr iiiskjihhh (TpaeKTopHHCHHH) 3hhk~
jiaftAH.

Arap t CKajinp apryMeHT BaKT Aes Kapajica, y x0JAa — = v —
7 BeKTop OXHpHHHHTr Te3JIHK BeKTOpH, = W 3Ca Te3JiaHHIIl BeKTOpH
AeHHJiaAH.

-nit
1-MHCOJI. Moaahh HyKTaHHHr xapaKaT TeHrjiaMacn r=2Z(t —

— s\nt)J+2(\ — cost)j KypHHHLUAa SepHJiraH. HxraepHH BaKTAara Te3-
JHK Ba Te3JiaHHIUHH TonHHTr.
E hhui. v Te3JiHK ymSy 4)°PMY,,ia SyftHHa xjico6jiaHaAH.

n = 2(1 —cos-i()7+2sinf e+ .
dt
Te3JiaHHUi sea,
N = INL = — = 2sin*7+2cos*/ .
dt2 dt
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r>22. r= x(t)7+y(t)j+z{t)k 0a30BHft srpH hh3hkhhht to napa-
Mnpra moc KeAaAHraH Mo(xo, yo, 20) HyKTacHAarn ypHHMa TeHrjiaMacn
ymhy KypnHHUira sra:

X Xq y yo0 % 2q

X0 "0 z0
fiy t'pjia xo= x(to), yo= y(to), zo= z(to),

Codx | Ty ' |

x°—lit I<=V y°~ dt 0 dt I‘=9"

», M, 2 — ypHHMa HyKTacHHHHr y3rapyBHH KoopAHHaTajiapu.

iVpHHHin HyKTacHAaH yraS, ypHHMara nepneHAHKYyjinp SyjiraH
II'KIICJIHK HOpMCLA TeKUCAUK AeftHJiaAH.

)I'PH HH3HKHHHT Mo (x0, yo, Zo) HyKTaCHA3TH HOpMaJdl TeKHCJIHK
iiMiuiaMacH yuiSy KypHHHiura sra:

X0(x—x0 -\-yo(y—yo0) + zo(z— z0) =0*

mhcoji. llapaMeTp t— ra TeHr SyjiraHAa Xx= asin2t, y—

=- /Jhin/cosif, z= ccos2t OasoBHft srpH hh3hkk3 yTKa3HJiraH ypHHMa Ba
1 1pMilJl TeKHCJIHKJiapHHHT TCHTJI3 M3JiapHHH Ty3HHT.
1Y'i h hi. TerHiujiH x,ocHJiaJiapHH TonaMH3:

X = a-sm2t, y= bcos2t, z = — csm2t.

t~ uyKTaAa xO=y, yO= Y ’'Z2°= T ' *0= a’ yo= No=—c Syjis-

Aii, /Umbk, ypHHMaHHHr TeHrjiaMacn:

a b c

niipim;i.:i TeKHCJIHK TeHrjiaMacn:

Kl

IllyuAaft khjihS, ypHHMa Oy yKKa nepneHAHKyjinp, HopMaji
irKiii-JiHK 3Ca Oy yKKa napajuieji 3K3h.
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2- dapcxona Tonuiupuru

1 XcipaKaTAarn moaahh HyKTaHHHr paAHyc-BeKTopn r—4ti— 3fj
Ti'iir/iaMa Shjish SepHJiraH. XapaKaT Te3JiHTH Ba Te3Jiahhhihhh TonHHr.

*ooN §=47-3/7; ~"=#=0.

2. Mo/uuih HyKTaHHHr xapakKaT TeHrviaMacH r= 3tl-\-(4t_t27
KypHHHUJ”a 6epH~raH. yHHHr Te3JIHIPH Ba Te3JiaHHHIHHH TOnHHf.

*J = 1 = 37+2(2-07;

3. r= acosti-\-bsintj x,apaKaT TeHrjiaMacn SepHJiraH. XapaKaT
Te3JIHTH Ba Te3A3 HHHIHHH TONHHT.

>K: v= ~ = —asmt-I-\-bcost-~j;
w = = —acosti—bs'mi-J.

4. BepHJiraH HyKTaAaH yTyBMH ypHHMa Ba HopMaji TeKHCAHK
TeHrjiaMajiapHHH Ty3HHr:

a) x= 4sin2/, y= 2sm2t, z=.2cos2, t= 0 Aa;
6) X=\t2 y=~t3 z= \t\ t= 2 Aa;

b) x= a-cht, y= a-'sht, z= at, t= 0 Aa.

a) (ypHHMa),
y=20 (HopMaji TeKHCAHK);
_ 8
6) JLT1 = — = 3x+ 6i/+12z-70= O;
B) J=+=JL= %
0 1 1"
y+27Z= o

2- Mycrat™uA urn

1. r= 2costmi-\-sint-k x,apaKaT TeHrjiaMacn SepHJiraH. XapaKaT
Te3JIHTH Ba Te3AaHHHIHHH aHHKJiaHT.

>K: v= — 2s'mt-I-\-cost-k,

w = — 2cos,t-I— s\nt-k.

2. XapaKaT TeHrAaMacn SepHAraH: r= (2t2— 3)I—3tj+ (4t2— 5)k.
X,apaKaT Te3JiHTH Ba Te3Jiahhhihhh aHHKJiaHr.

>K: v= 4tl— 6tj+8tk\
w=4i—6j+8Kk.
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3. Moaahh HyKTa xapaKaTHHHHr r= cos3/-/+ sin2/-/ TeHrjiaMacH-

iiii SmiraH xojiAa, yHHHr napaMeTpHHHr t=~ Ba t= — KHHMaTJiap-

Llin Te3AHK Ba Te3JiaHHUI BeKTOpjiapHHH TonHHTr.

r

/K t=T Aa: v=- 2t 3AL

— 3a/3-t 15—+
a>=--—-——6Y7;
f=1 Aa: 0=_ N "*t+ {7/,

— 3v2-r , 3V 2-

4. 3rpn  HH3HKKa SepHAraH HyKTaAa yTK33HJiraH ypHHMa
im)MaJl TeKHCAHK TeHTJiaMaAapHHH Ty3HHT.

a) x= cosd, y= sint, z= siny, (= nAa;
6) x=t y= 12, z= /3, t= 1 Aa.
a1 =1 =~ /="°,;

6) JLzL = JLzL = -£z+, x-\-2y-\-3z 6= 0.
6- naMynaeuu x,uco6 Toniuupu”~Aapu
I. Bhphhmh TapTnSAH xocha3hh TonHHTr:
1.1, y= "Njx2+3x — N (6x— 1)

2- I's -vfc-4VT+A"

u. y- - ,,+"

14. y= "jx+ "Njx .

15 y= -\Ix2-\-\ + -\jx3-\-l
16. y—x-\jl + x2.

17 t/=5> X+ 3 ———-- r? = -
V*2+ %+

115- y- 4,
v (2—x2);
18. = 33" i5+5x4 " - 1.16. y="~-V x2+4

m3\ 2
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2.27. y= e2x(3sin2x — eos2x). 2.29. ~= T~ 'T=Tg"

1.18. \JIx \IX' j- 1.24. y= -~
2.28. y= VI+sin47- yl*"sindx . 2.30. y= —
U». if
— 125,y = (~J 1
\/ix-x2 \ X+ A\ny
1.20 I +x* 3. Bhphhhh TapTHSjIH / xocHJiaHH TonHHTr:
20- Y. e 126. y= y (2x—3) (3 -x)2. atnx
3.1. = arctg *x — ~Xx . 3.17. v=
127 _ V2x—1 y 9 1— Inx
1.21. vy, el Y= X+ | 32 y -X IXE +2x
NO9-x2 - ’
1.22. y= v 'm28- 3.3. y= arcctgy.
79x+ 4
V*3+ io

1.29. ~ (Vi + D ~j-1). 3.4.. y= 302'.
1.23. y= -

Va- 351 y= Inctg”/x.
V x2— 4x — 5

41n2(3ctgbx + 2) .
36. y=:(<&Gr—1)s

2. Bhphhhh TapTHSjIH y' xocHJiaHH tohhht: 3.7. y=x"J-

1+ tgx 1
21. vy 1-tg* -« 2.15. y= ytgX—tgx+ a. T
38. y
2.2. y—sin3®x. 2.16. y = In :IL+ttgx x 39, y= o o = \n"J\+e2x+ e 4 .
— g*
2.3. = el+[n2x. .
y [ 3.10. y= x °arctg3sx+ Intgx. In -yjitgn + 4
. 1— sinx
24. y=ig\n~"x . 2.17. y = In _ X7
l+cosx 3.11. y= In(x In(y 2x + T - ~2x
2.5. = s\n"J\-{-x2 .=
y { 2.18. y= \n(ex 3.12. y- =X2e_2X. (L+ Insin2x)2-
2.6. y= coslnX. 219, y= . '™ 3.13. y= 2° InyeX+en .
27 y. 7 sin3x V*2—i 3.14. y= x-In2x.
I — sin3x
= 3.29. y- In3(l + e 3).
2.20. y= tg2(x3+ 1) 3.15. y= 3es Y ( )
28. y=-\J1+In2 A
- X -
i1 2.21. y= i/tg3Bx . 3.16. y= In Lo 3.30. y- Inctg(f-]).
2.9. y = xarcsin 1

2.22. y= 5 siA .
2.10. y= e 0s3(2x4-3) 4. Bhphhhh TapradJiH y' xocHJiaHH TonHHr:
2.23. y = sin610x+ cos610x.
211. yr-xt?y
1—& 224. y= ytg6x+ 1.
4.1. y= XX. 45, y=Xx =n
2.12. y= sinBx. 2.25. i/= e«nx_co« . (SiNX + coOsX) _ 46. y= (Inx)J

4.7. y= 2X

4.2. y—x/.
2.13. y= 1—In3 . 2* 4.3 Yy = Xarcsinx «
4iru 2.26. y=-

.. 4.8. = (cosx)Jd
2.14. «,= i i cos2X 4.4. t/= (cosx)1l y= )
— InXx 4
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49m //
‘1*10, #/

(Niu*r) ,
(tirdff~x)drc

4.11. y ;rsjdifaas

4-12. //ssjfK*.

4.13. </-= (ln(SX— 4)) arcctg*
4.14, *,= (sin(7x + 4)) aws*

4.15.
4.16.

4.17.

y =: (arcsin2x) ctg*+1>
y= (Sin3X) arccos*
y= (~37M+2 ymt&x

4.18. y = (arccosx)

4.19.

5. OuiKopMac xon”a
¢ yHKUHHJiapHHHr ShPHHMH TapTHSjiH

5.1
5.2.

5.3.
5.4.
5.5.
5.6.

5.7.

5.8.
5.9.

5.10.
5.11.
5.12.
5.13.
5.14.
5.15.

5-16.

*/= (ctg2x3 sinv*

xsin2y -~cos2x = 10.
(er»~x)2= x2+ 4
X-tgy — x2+ y2= 4

y ~X =arctgw.

N ~x2+y3=0.

Yy — X-j-Xsiny.
=1.

ey+ 3x2e-y = 4x.

In (x2-j-y2) _]_arc”g -0
y
xsiny —ycosx=0
3x+y — Xy\n3=- 15
eX[~x2+y2= 0.
ysmx-\-cos(x~y) = cosy.
cos(x~y)-2x + 4y= 0.
xeU~\-yex= xy.
cosxy= Y
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KyHH”aru
TeHrjiaMajiap
Y XOCHJiaCHHH TonHHTr:

4.20. ;/= (cos(x-]-5)) acsir3*
4.21. y= (tg3x4) ™M+3

4.22. y= (In(x-f-3)) dn\*
4.23. y = (arctg2x)drr.

424, y = (In(7jc+ 4))gk
4.25. y= (In(7x—5)) at&*
4.26. y~ (arcsin(2 + x)) In<+43)
4.27. y ~ (arccos (x-f-2)) w3
4.28. y = (arcsin5x) tg™x_
4.29. y==(ctg(7x+ 4)) v¥7+3.
4.30. y= (ctg3x4 Yrr3.

6hji3h SepHJiraH

5.17. xy + Iny-2\nx= 0.
5.18. ex+y= s[nt
519. (x+ y)2- ( X__2y)3-

5.20. y\nx —x\ny=x+y.
521. jf —3y+ 6x= 0

522. "x+”/~y=5y.
5.23. x2+ y3— \0x+ y= 0.
524, x2= 6y~y\

5.25. x2—2xy -j-y3—]
526. V x + N =3 + i.y2

5.27. y3 3x3 f-9= 0
5-28. i/sinx=cosi/.
5.29. y4—4x2y i 9==0

530. y*3+y~r=n/4.

6. BepHJiraH cj)yHKUHHHHHr Shphhmh

rapraSjiH Yy' Ba hkkhhmh

TapraSjiH y" xocHligjiapHHH TonHHr:

6.1. y=In(x+~ 1l+;
6.2.

6.3. y= x3\nx.

6.4. y= arctg- 2
!

-x 2"
6.5. y=1Intg(j+1]).
6.6. y=xe*’

6.7. y=x-arctgx.
6.8. y= x—arctgx.

6.9. y= cosx— "-cos3 .

6.10. y = arcctgx.

6U-y = N - x-
6.12. y= arctgx2
6.13. y = x 2nx.

6'4-»= a/s N u

7. llapaMeTpHK KypHHHiiiAa
Shphhmh tbpthSjih y' Ba hkkhhmh

7.1.
7.2.
| —t
X = -
7.3 12
e I+t
[x= sin3¥,
7.4.
(y={cos3v.

6.15. y=Inctg4x.

6.16. y = 1—x)2.

6.17. y = cos2x.
i

6.18. y= x-ex.

6.19. y= x-e x
6.20. y = In(Inx).
6.21. y = (1 + x2 arctgx.

6.22. y= e”X.

6.23. y-

6.24. y= N4 —x

6.25. y= —-

y 4+ vV
6.26. t/=y 1- mrcsinx .
6.27. y= XX

6.28. y = sin4x+ cos4x.
6.29. y= In(x+ -yjx) .
6.30. y= e~xsinx.

SepHJiraH Y (jjyHKUHHHHHr x SyfwMa
Tap™SjiH y" xocHJiajiapHHH Tonnur:

\X — ~W3-\-t,
7.5.
U= In/2+1).
~x=igt,
7.6.
NY =4 E
77 fx=1In(1+/2,
{y= t—arctgt.
sint
A
738. 1+sin
cost
Y5 1+sinn
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x4 T
<« f o
3+ A+t
arcsin(/2— 1),
arccos2/.
2+ t+ 1
2—t
tg/ + ctg/, 7 29 2+r
21nctg/.
2+ f
7.19. . 7.30. X— 2cos2/,
yy=e y = sin/.

3- 8. KoMiuieKc coHJiap Ba yjiap ycTnaa aMajuiap.
Sftjiep (J)opMyjiadiapH

5.3.1. z= x+ iy KypHHHumarH H<Il>0Aa KOMtiAeKc coh AeftHJiaAH
6yHAa * Ba Yy xaKHKHft coHJiap, / 3Ca /2= _ 1 TeH™ 6 ™
aHHKJiaHaAH Ba y MaeyyM 6upauk AeS aTaJdiaAH.
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x Ba y coHJiap z KoMnjieKC cohhhht moc paBHiufla ~a”~ut®"uu Ba
komhaskc KfUCMii AeftHJiaAH Ba x = Rez, y = Imz KypHHHiHAa SelJirHJiaHa-
AH.

Arap y= 0 Syjica, z= x — x,aKHKHH coh, arap x—O0 Syjica,
z= iy — coJ) MaBxyM coh SyjiaAH. UiyHAaft khjihS, xaKHKHH Ba
MaBxyM coHJiap z KoMnjieKC cohhhht xycycnft xojiHAHp.

Arap 2\= x\-\-iy\, Ba Zz2= J2+ nf2 hkkh KOMnjieKC cohhhht
moc paBHiiiAa xaKHKHH Ba MaBxyM KHCMjiapH tcht Syjica, ht>hh
x\=%2 Ba y\— 12 Syjica, 6y KoMnjieKC coHJiap TeHr AeHHJiaAH, mDHH
Zl=22-

MaBxyM  KHCMJiapHHHHT HUIOpaCH SHJiaHTHHa 4>apK KHJiyBHH
z= x-\-iy Ba z— x — iy KOMnjieKC coHJiap KyuiMa komhackc coHAap
AeHHJiaAH.

5.3.2. Arap z\=x\-\-iy\ Ba 72 —X2+ iy2 HKKHTa KOMnijieKC coh
SepHJiraH Syjica, yjiap ycTHAa ajireSpaHK aMajuiap KyftHAarHHa
6a>KapHJiaAH:

zZi+22 = (x\-\-iy\) + (x2-\-iy2) = (*i+*2) + [(yildry2),
2,-22= {xitiyi) — (X2+ iy2) = (XI—X2) +i(y 1—y2),
zZi ®Z2= (x\+iyi) m(x2+ iy2) = (x\X2 —yiy2) +
\-i(x\y2-\-X2y\)

z, zr z2 _ (xi B(X2—iy2) _ Xix2+ yiy2 ~
22~ 22-22 _ (x2+ iy2) (x2-iy 2) X2+ y2
- x2y{—x{y2
+ l_x5+ry|2

KoMnjieKC coHJiapHH Aapaxara KyTapnin hkkh”~"3Ahh Aapa*ara
KyTapHLu kbSh 6a>KapHAaAH, SyHAa / cohhhhht Aapa>K3JiapH KyftHAarH
cfjopMyjiajiap SyftHHa aHHKJiaHaAH:

/'=/, 2= — 1, B= —/ i4= 1 Ba x- k.
YMyMaH, #*= 1, A+ 1=/, i4k+2= — \, iik+3= —I.
1-MHCOJi. YiuSy zi=3 —/, z2= — 2+ 3/, 23= 4+ 3/ KoMnjieKC
coHJiap SepHJiraH SyjiCHH. = —» ——- hh XHCoSjiaHr.
zl + z3

E h hin. KeTMa-KeT xHCoSjiaftMH3:

22*73= (—2+ 3/)(4+ 3/)= (—8—9) + /(12—6) = — 17+ &,

zi —22-23= 3—/) —(— 17+ 6/)= (3+ 17)+ /(—1 6)=20 /;
z?= 3—/)3=27—21/+ &/ —/= (27-9)+/(-27+ 1)= 18-26/;
2?7+ z3= (18—26/)+ (4+ 3/)= (18+ 4)+/(—26+ 3) =22-23/.

UiyHAaft khjinS,

20— 7/ _  (20-77/7) (22+ 23Q _ (440+161) +t(460— 154)
22-231 ~  (22—230 (22 + 230 222+ 232
601 , . 306

— 1013 + 11013 °
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5.3.3. Xap Snp z= x-\-iy KOMn-
jieKc con reoMeTpHK >KHx,aTAaH Oxy
KOOpAHHaTajiap TeKHCAHTHHHHT (X,

y) HyKTacH eKH ON BeKTopn Sh-

(jJopMyAaCHAaH 4>oftAaJiaHH6, KOMnAeKC COH e3HAHHIHHHHr KypCaTKUH-
au uiaKAUza 3ra SyA3MH3:

jiaH TacBHpjiaHaAH. KoMnjieKC coh z=r".

TacBHpjiaHaAHraH Oxy TeKMCjmrH

KOMriAeicc TetcucjiuK AeHHJiaAH Ba 2-MHCOAAa z— — ~3+1 KoMnAeKC cohhhht MOAyAH r= 2 Ba
(z) Kabn  SejirajiaHaAH. z—x 5ii

x,aKHKHH coHJiap “~aK,uKfUU yK, AeS apryMeHTH o= -~- SKaHHHH aHHMaraH sjxhk.

aTaJiyBHH Ox yK HyKTajiapH Shjish
TacBHpAaHaAH. Coc]) MaBxyM z= iy
coHAap MaeqyM yk, AeS aTaAyB"H
Oy yKHHHr HyKTaAapH Shabh Tac-
BHpjra Haah.

UlyAapHH HHoSaTra o/icaK, Sy cohhhht tphtohomctphk Ba KypcaT-
KHHAH LUaKAAapH MOC paBHLUAa KyHHAaTHMa SyAaAHI
5n
N(cos-N"+isin-"N-z = 2¢ 6

2 KO.vin.ieKc coHHra moc Ke.iyBMii V HyKTammr \aiamHH r Ba
@ KyTS KoopAHHaTaAapn SHJiaH xaM aHHKJiaiu MyMKHH (22-makKa).
ByHAa KoopAHHaTaAap SouiHAaH N HyKTaraMa SyjiraH Macocjiara TeHr 5.3.5. KoMnjieKC coHJiapHH KynaftTHpHiu, SyAHin, Aapawara KyTa-
r— \ON\ COHH KOMIABKC COHHUHZ ModyAU AeHHAaAH Ba A\ 6ha3h pnin, yAapAaH haah3 MHKapnuiAa KoMnAeKC coh  e3HAHUIHHHHT

.. i TpHTOHOMeTpHK Ba KypCaTKHHAH IlliaKAJiapHAaH (J)oftAaAaHHA3AH:
SejirHAaHaAH; ~ON BeKTopHHHr Ox yKHHHHr MycSaT ftyHaAHiiiH Shj~h

XOCha KHAraH @ Bypnak komhackc cohhuhz apzyMeuru AeftHJiaAH Ba

Arap
y Argz AeS SejirajiaHaAH. zi = n (coscpi f'sincpi),
Xap KaHAaft z= x-\-iy KoMnjieKC coh yqyH KyftHAarH OopMyAa- )
Aap ypHHAHAnNp: Z2= r2(COSCP2+ tsincp2)
x = rcoscp, Y= [sincp, Syjica, yuiSy c})opMyA3A3p ypHHAHAHp:

r= V*2+y2-tS<pP=7-> zi *Z2==ri=f2(cos (cpi+ o®) +/sin ((pi + 92)) = n er2eiP+P2

SYyHA3 @= argz HHHr Sohj khhmsth O7argz<2jx inapTHH KaHo- o -7rz-(cos(cp,—q:2)+/sin(cp,—cﬁZ)): '>\2/ (PLHD) ,
3TJI3HTHpaAH. . . B .
2-mhcoa. zZ— — KOMnAeKC cohhhht MOAYAH Ba apryMeHTH- z'l= rn(cos«cp + Jsinrtcp) = r n-emf.
HH TonHHTr.
Emhui. X= — \B, y = 1 SyjiraHAHTH yayH r= Ajx2-\-y2=2 . OxHprH cj)opMyAa Myaep (popuyAacu_AeftHAaAH.
TpHTOHOMeTpHK eKH KypcaTKHMAH inaKAAarH KoMnAeKC coHAaH
tgcp = - TeHrjiaMaAaH @ apryMeHTHH TonaMH3: n Aapa>KajiH haah3 MHKapHixi ygyH yrnSy (JtopMyjiaAaH <j)oftAaJdiaHHJi3-
V3 Ah:
L+ n- 5n w,= Nz = ANr(coscp+ isincp) = \jr{cos-~i"-+
. . “ram
tsind»x2ni =y
5 re
UiyHAaft khjihs, r= 2, @= _. n v
5.3.4. KoMnAeKC cohhhht z= x-\-iy KypHHHixiAarH H(})OAacH kom- k va 0, 1, 2, ..., n— 1 KHftMaTAap SepnS, haah3hhht n ts xap xhiji
njieKc cohhhht a.Aze6pauk uiakAU AeftHAaAH. N KHHMaTAapHra sra SyjiaMH3 (SyHAa -\Jr apnch)MeTHK hjiah3).
KoMnAeKC cohhhht =z= r(coscp+ isincp) KypHHHixiAarH H({)OAacH
yHHHr rpuzoHOMerpuK maKAU AeftHJiaAH. HjlAH3HHHT Sap4a n Ta KHftMaTAapHHH TaCBHpAOBHH HyKTa-

3ftAepHHHT jilapHHHT reoMeTpHK t3akhhh MapKa3H KyTSAa, paAHycn vyr 6yAT3H
coscp + f'sincp= elp aftjjaHara hhkh 4H3hat3h MyHT333M n SypnaKHHHr  yMAapHHH

o6 MHTJiaTHHIHAaH HSopaTAHp.
1
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3 mhcoji. ( \j3 1/)” »n x,HcoSjiaiir. ) 3 )
i 3 2/, za= 4+ [/ 23= — 2+ / KOMnjieKC coHJiap SepHAraH.

K 'l I lll. 2- mhcoji ua MyaBp (JiopMyjiacnAaii 4>0HAaJdiaiiH6 KyfiHAarH
®iiiMin "*ra 6yjiaMH3: 5o HE2—20
zh=e=2e(cosf-6+ /sin®.6)=2V-'I = Z3+ ZI
= 64(cos5k + isinsn) = — 64. mi ‘uicoSjianr.
45 87 .
4-mhcoji. ~\3—1 hh TonHHTr. a- 4t
Ani ’ -\ ) 3. (2) KOMnjieKC TeKHCJiHKAa KyftHAa SepHJiraH inapTAapHH KaHo-
E 4hin = — 1 coh y4yH 1=\, ®= n- IUy caSaSjm yHHHr M, i;iiirHpyB4H z — x + iy HyKTajiap coxacHHH aHHKJiaHr:
TpnronoMeTpHK uiaKJiH K,yHHAarH4a e3HJiaiiH:
5. Ao -
z = 1e(cosjT + tsinjx) e n) O<Re3z/<:2; 6) 1m (s2)72;
n- Aapa>KaJin hjiah3 4HK,apHui cjlopMyjiacHAaH (})OHAaJiaHH6, yuiSyra ) 12—3+ 471<3; N I<lz—/712
ara 6yjiaMH3: A) 2 < |2|<3’
3 ooy - U+§k|l
wk= ycosjx + Jsinn = c0S-------——---f-Jsin----- — O<argz<-].
In+28
- e 3 SyHAa k= 0 12 1 K,yHHAarH KOMnAeKc coHJiapHH TpnrohOMeTpHK Ba KypcaTKHMJin
' T iiiiiiuidJiapAa Hc)OAadiaHr:
k ra KeTMa-KeT 0, 1, 2 KHHMaTJiapHH SepnS, hjiah3hhht ygaAa a) 2i= 3— 3/ 6) 22- _ 1\ b) 23= y r z4= — 2.

KHHMaTHHH TOliaMH3:
Kia) z,= 3722 (cos(—-"yWsin(—-"))=3y2e 4;

JT | A 31 T 1 I al3
ickO=cos— +«sin—=e = ~2'~2~" 3
xal= cosn+ isinn= elR= — 1, 6) 22= V2 (cos(— y-)+/sin(—y-))= ~2e 4 ;
A
5 . s 5 "3 1 ; 6 .
0:2=fos—g--(-7sin-Ae=g ° — 3 { 2 B) 28=cos(—-")+/sin(—y)=e * \
. r) z4= 2(cosjx + /sinjt) = 2eJuU.
5.3.6. SfljiepHHHTr ) ( ] )
eip= coscp+ /sincp 5. KyiiHAarHJiapHH xncoSjiaHr:
4)opMyjiacH Aapa>Ka KypcaTKHMH KOMnjieKC y3rapyB4HAaH HSopaT a) _6\]-’:“1 . 6) _BW b -4y— 19)- yia/
KypCaTKH4AH (J)yHKUHHHH TpHTOHOMeTpHK (fly HKHHHJiap OpK3JIH H(})OAa-
jiaflAH. TpnroHOMeTpHK cjjyHKHHHJiap coscp Ba sincp KypcaTKHA4jiH 3
. . . >K: a) k= 0, wo= cos-"-+ /sin;
4>yHKHHHAap opKaJdiH KyHHAarnna H(j)OAajiaHaAH: b 6
L 1 N X
coscp= - 2 ' sIn(P= % - K=1, ®| =COS -y + iSIn Y
1 5\ 5i , .
. k=2, w<e= cos 2 + fsin _SX_;
3- dapcxona roniuupuFu D b
> 7x 1. . 7X
. . N k= 3 i"3= cos ®m /sin - — ;
1. Arap 2A= 1—i, zZ2= 3+ 4i, 23= — 1+3/ Syjica, z= — - — 6 6
1] _ 3n ... 3ji
HHHT KHHM3THHH X,HCoSAaHr. «=4, W= cos ——-sin — ;
w. 227 1 99 . | r 1131 I
274 274 r=5 wbd= cos —5 T-isin b
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g /' 0, ®o0 cos J f /sitl g ;

1. 5t

. ji
Wi— cos \{)— +*sin -
6 6
/eTMé\y W2~cos X4 i's'in-%-;
b) k= 0, wo= "2 (cos™ +/siny”";
k=\, w\= N2 (cos~-+is'm~-y,

k=2, W2— ~]2 (cos ~ L+i'sin

k—3, ®3:-A2(cos-y—+/sin—y—y

3- Mycra”™uA uui

1 Arap z\=i—1, z2= —2+ t, z3= 3—4i Syjica,
z, (z.2+ zl)
T -2
HH TonHHTr.
>K:
5 5
2. Arap zi= —3+ i, z2= 4—1t, z3= 1+ 3i Syjica,
Z1+2273
A T
zZ2-2 3

HH TonHHT.

w-. 396 . 812 .
5101 5101

3. (Z) KoMnjieKC TeKHCJiHKAa KyftHAarH mapTjiapHH KaHoaTJiaHTH-
pyBHH Z= x-\-iy HyKTajiap coxacHHH aHHiyiaHTr;

a) Rey>I; 6) Im(2/z)>3;

b) 3< Jz+ 1—2i\<4; r) y<argz<n,

3< Iz <4. m'

4. KoMnjieKC coHliapHH TpHTOHOMETpHK Ba KypcaTKHHIIH uiaKli®a
H(J)OAajiaHr:
a) zi= 7T7: 6) z2= — N3 —i;

190

u z3— —vy;
>K: a)
6) z2=2
b) z3=vy

r)

z,= V2 (cos(-~)+isin(-y))V2e 4,

r) z4—1+"3i.

(cos~M+isin-|"N)=2e'ir';

(cosji-Msinn) = -~ eM;

,

z4= 2 (cosy+isiny”~=2e3 .

5. KyHHAarHJiapHH x,HCo6jiaHr:

a)

>K: a)

6)

b)

6) \Ix ; b) ~/— 1.
k=0, wO=cosy+jsiny;
fe=Il, o= cosiit—'(—i'sr'n 2
k= 0, zoo= cos0°+ tsin0°;
k=1, w{= cos -*-+isin ~ ;

4 4
k= 2, ay2=cos Y +isiny;
6= 3 w3= cos Il jisin 2
&= 4, te;4=cosjt+ isinji ;
Ez .’-[>r w5= cos—SJt— -£S?n—
6= 6, we= cos—= hasin->'
k—7, w7= cos —2—+/sin
k= 0, oy0=cos y+('siny
k=\, WA= cos -"+j'sin —-

4 4
6= 2, "2=cos —4—|—zsin
6= 3,

&3=cos -"-f-isin ~
4 1 4

5jl



6-606

BMP y3rAPYBHH <I>yHKUHFfICHHHHTr
HHTETPAJI X.HCOBM

1-§. AHHK,Mac HHTerpaldi Ba HHTerpadijiauiHMHr
coAAa ycyjuiapH

6.1.1. Bnpop opaAHKAa aHHKAaHraH f(X) cjjyHKUHH yMyH Sy,
opajiHKHHHr x,aMMa KHHMaTAapHAa

F'(x)=f(x) ekH dF (x) =f(x)dx

mapT SawapHAca, y xoAAa F(x) JyHKUHH f(x) hhht 6ouiacihfuh
(pynKtMuHcu AeftHJiaAH-

Arap f(x) @jyHKUHa F(x) SouiAaHFHM cfiyHKUHHra ara SyAca,
yu XOAAa .F(x)-]-C f(x) hhht xaMMa SouiAaHFHM ()yHKii.HHJiapH
TynjiaMH Qynam, SyHAa C — HXTHepnft y3rapMac. UlyHra Kypa
SepHJiraH f(X) 4>yHKUHHHHHr Xap KaHAaft HKKHTa SoUlIAaHFHM (flyHKUHH-
ch 6np-6HpHAaH HXTHepnft y3rapMacra (})apK khjisah.

f(x) (em f(x)dx H()OAa)AaH cuiHHraH aHHKMac HHTerpali AeS, 6y
4>yHKUHHHHHr Sapna F(x)+ C SouiAaHFHM (JiyHKUHHAapn TynAaMH-
ra aftTHAaAH Ba SyHAaft Qejimnauaw- \ (x)dx-F(x) -j-C.

AHHKMac HHTerpaAHH Tonnm wapaeHH UHreapaAAaui AeftHAaAH.

6.1.2. AHHKMac HHTerpaAHHHr acocHH xoccaAapn (HHTerpaAAaiu
KOHAaAapH):

a) (Of(x)dx)" = f(x);

) d(\j*(x)dx) =f(x)dx;
) \dF(x)=F(x)+C-
) \kf(x)dx = KNf(x)dx (k — y3rapMac);

) 5(f(x)x (X(x))dx=\f(x)dxt\g>(x)dx",
arap \f(x)dx= F(x) {-C Ba u—(b(x) xap KaHAaft Andxbe-
peHUHaAAaHyBHH (jjyHKUHH SyAca, y xoAAa:

o o

-

o>

\f(u) du= F(u) -j-C.
6.1.3. AHHKMac HHTerpaAAap xanBajw:

1 \du= u-\-C.
2. ﬁuadu: a+1_fC‘ a=f£ — L
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3. +C.

4. =2Vi+C.

5. BaLdu= ~|n;r (O

6. ie“du = eu-\-C.
7. Jsinudu= — cosu-fC.

8. ~cosudu = sin«+ C.

9- J-~-=tg«+ C.
J COS «

10- $-~-=-ct + C.
%sma g«
11. ~tgudu= — In]cos«] +C -

12. Jctg«du = In]sinu]-)- C.

13 t-~-=1n jtg-2 1-]-C= In 1-D-mm ctgul+C .
J sinu JI%ZLZII i g 11

14 G gdy T InfteCR s ) e = In g l-fge [+ C
15. arc ctg—+ C = — —arcctg-+C.
J a2+ u2 a a a
16 ¥ya22m2-=3a M 14~y 1F C°
17. (—~L= = arcsin—+ C= - arccos-+ C.
J Vaz2-«2

A= In Ju -j- ~\Ju2+z Q? |"I- C.

HHTerpaAAaiu H3TH>KacHHHHr Tyfphahth TonHAraH -SoiiiAaHFHH
(J)yHKUHHHH AH(})<j)epeHUHaAAaill SHAaH TeKOIHpHAaAH. KeATHpHAraH
>K3AB3AAa U apKAH y3rapyBMHHH, inyHHHrAeK, AH@J)(})epeHUHaAAaHyBMH

(JjyHKIIHHHH H(j)OAaAaHAH.
6.1.4. HHTerpaAAauiHHHr KyftHAarn coAAa ycyAAapHHH KeATHpa-

MH3:
a) HHTerpaA oCTHAarn c|)yHKUHHHH coAfla (JjyHKUHHAap ftHFHHAHCHra

eftnui Ba HHTerpaAAaphhht xoccaAapnAaH (JjoftAaAaHHin ycyAn;
6) AH®)(l)epeHUHaA SeArncn ocrara khphthui ycyAH. MacaAaH:

dx= ~d (kx-j-a), arap a, k — y3rapMac SyAca;
xdx="d(x2, cosxdx= d (sinx),

N-=d(\nx),

-N
X cCosX

-=d(tgx),-AT =
|+ X

= d (arc tgx) Ba X- k.
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lemllc OJ. [ ! [I2jc, dx aHHKMac HHTerpajiHH TonHHr.
i/U +x1)

liMHiu. HiiTerpadi ocTHAarH Oyhkuhhhh uiaKjiaH ajiMaurrnpHG,
aiih Kiviac HirrerpaJiHHHr a) xoccacHAaH OoHAaJdiaHCan:

Jiv S , $ r a > =

2-mhcoji. ”~4cos2ydx aHHKMac HHTerpajiHH TonHHTr.

Emhui. Hurerpadi ocTHAarn OyHKUHHHH flapa*aHH nacaHTHpHiuj
OopMyAacHAaH (j)OHAaJdiaHH6 ajiMauiTHpaMH3: J

2cosd = l+cosx.

CyHrpa aHHKMac HHTerpajiHHHr r) Ba a) xoccajiapHAaH (JjoHAa-
A3HC3K,

54cos 22dx= 52(1 + cosx) dx= 2 $(1 -fcosx) dx=

= 2~7cfjt+*2~cosje d x = 2* 4-2sinx + C.
3-mhcoji. AHHKMac HHTerpajiHH TonnHr:

N 3* ee3xdX.

Emhui. \ 3Xmeddx= \(3-e3)xdx= +
J J In (3e3)

4-mhc oji. AHHKMac HHTerpajiHH TonHHr:

f dx

JV@Bjc—b5 = [ ]

Emhuu. ,D,H4>(})epeHUHaji ocrara khphthui ycyjiHHH KyJiJiaftMH3.

ByHHHr ynyH dx=~d{3x — 5) Ae6 o0jihS, *aABaJiAarH (4) HHTerpaji-

AaH (])OHAaJiaHaMH3:

) V3a:—5 3j V3*-5 3 v "

5-mhcoji. AHHKMac HHTerpajiHH TonHHr:

B mh ui. EAhui Ba AH({)(})epeHUHaA fiejirncH ocTHra khphthui
ycyjuiapHAaH 6uprajiHKAa <})0HAajiaHaMH3:

Sx—arcsinx f xdx f arcsinx A
vit? iK=zy ~ rr}-yn

\arc sinxd (arc sinx) =

— y i_ Xx2— L arc sinx+ C.

6-mhcoji. AHHKMac HHTerpajiHH touhht:

3X2— 4x
dx.
b 3 2x2+ 4
f  3x —4x f d(x8-2x2+ 4)
E MH Ul
J x3—24 + 4 J  x3—2x2+ 4

=sIn [x3— 2x2+ 41+ C.

I- dapcxona roniuupuFu

AHHKMac HHTerpadidiapHH TonHHr, HHTerpaldiJdiaui HaTH>KajiapHHH
AH<}>({)epeHUHaJdiJdiaiu 6«JiaH TeKuinpHHTr:

2- S(tgx + ctgx)2dx. 9- J~ °8x xdx.
1+x2
) 2,
3.\ I~L—dx:) io. dx.
J cos je*sin x \ J cos' x
4 [Alx£I1L dx li. (— dx
o xfl+x2) J (x-2)2+ 4
dx
f dx 12 I
5. = O + gxt is
Br T
13. [ dx
6. ~tgaxdx. J Vs + 6x—9x2
14. Jcos3xdx.
f x2rfx

J 1+X3 = 15. Jsinxdx.



/- Mycrat™"UA urn

AmiKMac HHTerpalUiapHH ToriHHr, HHTerpaliliam HaTHmajiapHHH
;Uli])Oc>peiiii,Ha/i/iau] 6njian TeKiimpHHr:

5. L8 ax,

J cos 3*

sin3xcosxdx.
4x2—5x+ 4

2-§. AHHKMac HHTerpajiAa- y3rapyB4HHH ajiMauiTHpHiu.
ByjiaKjiaS HHTerpajuiaui

6.2.1. AHHKMac HHTerpajiaa y3rapyBMHHH ajiMaumipHiii KyHHfla-
rHHa aMajira ouiHpHJiaAu:

a) X= o (t), 6yH”a @ (/) — HHrn y3rapyBMH 7/ hhht A«<])(})epeHUHaJi-
jiaHyBHH ()yHKU,HHCH SyjiCHH. By xojiAa y3rapyBMHHH ajiMauiTHpHin
(HopMyjiacH yuiéy KypHHHiura ara:

NF(x)dx~f((p(t)) < (Ddt’,

6) W (x)=t, 6yHfla t— HHrn y3rapyBHH. By xojiAa y3rapyBHHHH
a/iMauiTHpHUI (})opMyjiacH yuiSy KypHHHiura ara:

\f(~(x))ty'(x)dx=~f(t) dt.

HKKajia xcwiAa xaM HHTerpadiJiauiAaH kchhh y3rapyBHH X ra
K,3HTHUJ KepaK.

1-mhcoji. ~ -\jJa2— x2dx aHHKMac HHTerpajiHH TonHHr.

E4hm. x= assmt AecaK, dx—acostdt Syjia®H Ba aHHKMac
HHTerpadi yui6éy KypnHHUiIHH ojiaaH:

N\Ja2—x2dx = ~"Nja2— aXx\n2X ~acostdt =

N NJa2-cos2t macostdi = a2\ — € s-tdt=

= 1T s S COs S cos2N =

196

=T *+ 4 ‘i ~os2td(2t) = A t+ A sin2t+ C.

3 hah

t= arc sin— Ba sin2”= 2sin/cos™ =
a

= 2sin/-\/l —sin2x= 2-~ ‘N1l — ~

reHrjihkjiapAah ({)OH,nadJiaHH6 bckh y3rapyBMH x ra KaftTaMH3:

Jra2-x2dx=\zresin-]+7-2,-] + -

_ @ X X a2 2]
= arc sma+12 jal X +d.

2-mhcoji. AHHKMac HHTerpajiHH TonHHTr:

V*2+ a2
dx
J X2
E mh in. x = atgt fle6 SejinuiacakK, dx= adt- 6éyjiaflH. ByHH
cos t
ra ojihS aHHKMac HHTerpajiHH TonaMH3:

V * 2+ q2dx= } Vaart + g2 adt
S X2 aztg2t

r V'+V<rf(=t _ j«_ =

J sin t J sin cos/
cos /+ sin / dt
. O -
-s sin t-cost cost
d(sint) , f dt
S d ) . _11g]
sin2t j cost sin/ cost
A h i
uln + C=
-y P+ i+
+ X

3- MHc OJ. AHHKMac HHTerpajiHH TOHHHr:

S dx

xtJ2x — 9
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ocTHAarH H<])OAaHH t2 SHJiaH SejirHAacakK,

K 'i h ui.
2X— 9= t2 t=-yj2x—9;
tIx
SX”“‘§ X="A-(t2+49)-, dx— tdt
f tdt r dt

larctg 4 + C -
y (/ 2+ 9)-f 2' 9+ 2

2 , "2x—9
~~3 arc tg-"—g--—---—- bc.

4- mh c 0ji. AHHKMac HHTerpajiHH TonHHTr:
f dx

(*+0 V*2+ *—j

E ghin. t= _>(-4r| hhth y3rapyBMHHH KHpHTaMH3:

1 1 1
f 1Y e I+ r X-1 ;
J Gy efitnx—1  gx= ' gt
-S - —i y V 1 2t\-t2-{-t— 2t2
t)—
=arc cos -Cc=
jH
2
+ 1
= arc cos-2» 1+ C = arccos *+1 -c=
V5
= arc cos—Jji ® 3— \-C.
N5 (x+ 1)

6.2.2. ByjiaKJia6 HHTerpaliJiaui ycyjiH

\udv = uv — Jvdu
OopMyjiara acocJdiaHa™H, SyHAa u Ba v —X HHHr HHTerpaAAaHVBgH
(pyHKUHHJiapH.

By ycy-4 “aP XHtl
HHTerpajiAauiAa (j)OHAajiaHHJiaAH:

\Pn (x)e«xdx, \Pn (x)cosaxdx, \Pn {x)s\naxdx,
JPn {x) arc tgx dx, JPn (x) arc sinxdx,
\Pn (x)cosx dx, \Pn (x) \nxdx.
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CHH(j)AarH  (jj)yHKUHHAap  KynaiiTMaAapHHH

HHTerpajiAa U ynyH Pn{x) K$mxaA KaSyA

/lacTAaSKH yHTa
HHTerpaAAa sea U ynyH arctgx, arcsinx,

(viuiHiiaAH, oxnprH Typrra
hieoosx, Inx KaSyA KHAHHaAH.

Ba'b3H xo0AAapA3 SyAaKAaS HHTerpaAAaiu t})opMyAacHHH Sup Heqga
Map'ra KyAAaui 3apyp SyAaAH.

5-mhcoji. \xe~bxdx hh TonHHTr.
Eghiu m=x Ba dv= e~5xdx Ae6 0JiaMH3, y xawa

'u= X, du—dx,

\xe-“4x=\dw -s,dx,v = \e-s,ix= I p-—5
5
o X ~—5x * A —Baj_
~ ~ 12 "25*

a hh TonuuiAa HHTerpaAAam aohmhhchhh xap aohm HOJira TeHr AeS

X,HCo6AaUJ MyMKHH.
6- MHCOJI. 5arc % xdx HH TonHHr.

Ehhiu. « = arc tgx AeS 0JiaMH3, y xcuiAa
, dx
u— arc tgx, du— ,
L/
~arc tgxdx = 1
dv —dx, v= ~dx=
10d (i+x2)

= x-arc tgx — \Y~J=x "arctgx~ tS '+ /7 —

=x-arctgx— ~-In]l+x2]+C.

l)cosxdx HHTerpaAHH TonHHTr.

7-mhcoji. $(*2+
(jJopMyjiacHHH hkkh

E g hui. By MHCOJiAa SyjiaKAaS HHTerpadiJiaui
MapTa KyAAaiura TyFpu KeAaAH.

9/§>-j‘ hoagesgA = )>\ = X+ 'mdu~ 2xdx-1=
Y, dv = cosxdx, u= sinx J

= (x2+ I)sinx —2(—x-cosx+ ~cON N ) =

= (x2+ 1)sinx+ 2xcosx— 2sinx+C =

==2xcosx+(x2— Il)sinx + C-
8- mhc oa. AHHKMac HHTerpaAHH XHeoSAaHr:
~ealcospxdx.

E q h ui. By HHTerpaAHH hkkh MapTa SyAaKAaS HHTerpaAAaHMH3.

u= eax, du= aeadx\ \Y

(
N e@kospxdx= | i ¥
J | "o===cospxdx, U==—sin|3x ]
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{®&7siriBjc— — \ e*“*sinpj<dx —
P PJ
T u= eax du= a-eaxdx 1

| dv = sm$xdx, v— — ~-cospx J

= -£m‘*esinOx— A— N Mc 0o s p x + eacosfixdx'j=

Bax ) n2 C )
= —— (BsinBx-(-acosBx)-—--- -\J eaxcosfixdx.
ByH.ua

/= ~e~cosfixdx

Aeb ym 6By TeHTJiHKKa ara 6yjiaMH3:

/= ~-r-(]|3sinBx+ acosBx) —
P

By TeHrjiaMaHH / ra HHcSaTaH encak,
c eax .
I=\ eacos$xdx=- 2 2 (psinpx-]-acosOx) +C .
« 4p
2- dapcxona TonutupuFu

AHHKMac HHTerpaJdiJiapHH TonHHTr:

2 J
Yo S o-e-0p = m f(*+ 1)T-3(x+1)~+31n]|lI-f~+ 1
J i+ vr+i * v
9 C—ide_ % X+'£xt6+|-f3:xt3+2x2+3x3+
tgx — X

+ 6X6-j-61n I{ij—l I+ C

3. \—— % = . M: £ - -VA+4

J x2VN2+ 4 4*
4. \ I dx . >K C - -arc sinx

1 , 1, V 1—x—x2

S PV e n XA 2 x--1
6. Jx-arctgxdx N Z = larctgx— | +C.
n f xdx

J sin2 C—x-ctgx + In]sinx].
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8. ”arc sinxdx >K: xarcsinx+ \NJ1—x2+ C.
o 3y )JK: C—j (InX+ 31nX+ 61nx+ 6).
X2
10. ~Ax2sinxdx. }K: C—x3cosx+ 3x2sinx+ 6xcosx —6sinx.
11. ~sin Inxdx )K: -y(sin Inx—cos Inx)+C.

12. ’\-\j4+x2dx. SKe f ~M4+72+2 In|x+ M4+ x2\+C.

2- MycTaK,iui uui

AHHKMac HHTerpaJiJiapHH TonHHr

I Sr— 1 dx. SK ] (x-1)2+ | (x-1)2+ C.

dx
2 S yx 4 g)x >K: 2 iJx —4 {jx +4 In11l-- \jx |+C.
3. MX2MNA —x2dx. >K: 2) \Nf4—x2+2arc sin-~+C.

T (x+1) Vet 2410

r + VvV i~ +1
5 ~MIn(x2-)-i)dx. JK: x In(x2+ 1) — 2x+ 2arctgx+C.
6. >K C-]f-V+ctg”™\
z \'sin jc /

J sin x
X

>Ki C-2e~2(x2+4x+8).

X

7. Ne 2mAX.

8. ~cos Inxdx. >K: (cos Inx + sin Inx) +C .

3-8. Kacp-pauHOHaji ~yHKitHHHH 3Hr coAAa Kacpjiapra efiHiu.
PauHOHaji 4>yHKUHHJiapHH HHTerpadiJiam

6.3.1. HKKHTa KynxaAHHHr HHcSaTHra TeHr

R(x) = O™
Pn(v)
il)vhku,hsi Kacp-pau,uoH,aA <pynKU,UH eKH pau,uonaA Kacp AeHHJiaAH, SyH-
Aa m Ban Qm(*) Ba Pn(x) KynxaAliapHHHr Aapa”a KypcaTKHMAapH
r>yjiH6, Yyjiap HaTypali coHJiapAnp. m <n Aa R (x Kacp-pauHOHali
(byhkuhh ryFpu Kacp, m ~n Aa aca noryFpu Kacp AeHHAAH
KyiiHAarH TyrpH Kacpjiap am codda KacpAap AeHHAaAH:
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1 A .
vV a
. A ,, 6ynaa — ByTVH coh.
(x-a)"
1. PAXx+B-~-, SyHAa D = p 2— 4<7< 0.
X+px+q
V. — 6yniia s~2 — SyTyH coh, D —p2—4q<zO0.

(x2+ px+ q)s

IOKopHflarn Kacpjiapaa A, B, p, g, a — xakhkhft coHJiap.

6.3.2. Xap KaHAaft xaKHKHft KO3<t>(J)HUHeHTAH tt-Aapa*aAH Pn(x)
KynxsA xaKHKHft coHJiap TymiaMHfla yuiSy KypHHHiura TacBHpAa-
HHIUH MyMKHH:

Pn(x)=aQ@x -0l)*1. ... e«(x—apk(x2 ptx qi)se.. -«
. (x2-\-ppc-\-qt) *,

SyHfla ai, a2,..., ap Pn(x) KynxsAHHHr moc paBHiuA3 k\ ..., kp KappajiH
xaKHKHH HJTfIH3JiapH, X3MMa KBaApaT y~xaAJdiap yuyH,AHCKpHMHHaHT
A <0 (i=1, /); Ki+...-\-kp-\-2s\+...+ 2s(=n; Kk\,..kp, si,.., Si
HaTypaJdi coHJiap; a0— Pn(x) Kyux3AA3 x" onflHflarn KO3({(>HUHeHT.
Q.. (x)

Arap R(x) — TyppH paUHOHaA KacpHHHr Maxpa>KH Iﬂn(x)
KDKopHfla KypcaTHJiraHfleK H(j))J)OA3AaHraH Syjica, y xoaas SyHflaft
KacpHH | — 1V KypHHHiuAarH 3Hr coAAa paUHOHaA Kacpjiap ftHFHHAHCH-
ra eftHiu MyMKHH. By eftHJiMa.ua P n (x) Kynx3AHHHr xap 6up k KappajiH
a HJiAH3Hra, ht>hh (x —a )k KypHHHiuAarH KynaftTyBUHra, yrnSy k Ta
Kacpjiap hhfhhahch moc KeJdiaAH:
AT M2 | |
ST o
(x—a)2 (x—a)k

Pn (*) KynxaAHHHr s KappajiH KoMnjieKC KyuiMa HAAH3HHHHr xap
6np >Ky<j)THra, HtHH (X2-\-pXx+(Q)s KypHHHiuAarH KynaftTyBMHra ymeéy
s Ta KacpaaH HSopaT Ahphhah moc KeJiaAH:

AfIX+ A, i M2+ N2 i Ms-)-Ns
i | ee*

X2+ px-\-q (x2+ px+ )2 (x2+ px+ q)s

EftHAMaAarH At, Nit Mi KO3{)<)HUHeHTJiapHH TonniUAa xycycnft
KHftMaTAap ycyjiH eKH HOMatJiyM KO3({)(t>HUHeHTAap ycyAHAaH (JjoftAa-
AaHHAaAH. Ba'b3aH 6y nkkh ycyjr fiupraAHKAS KyAAaHHAaAH.

R (x) — - paUHOHaA Kacp HoryFpu Kacp SyAraH xoaas SyTyH
Pn(x r

khcmhhh a>KpaTM6, cyHrpa TyrpH Kacp khcmh IOKopHAarn KaSn sht
coAAa KacpAapra eftHAaAH.
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l-mhcoa. Yiuby

15x2—4x— 81

R(x) = (*-3) (x+ 4) (x-1)

paUHOHaA KacpHH 3Hr cc.aAa KacpAapHHHr ftHFHHAHCHra eftHHr.

E h h ui. EepHAraH R(X) paUHOHaA Kacp TAFpH Kacp. Maxpa*HHHHTr
xaMMa HAAH3AapH (3, —4, 1) 6up KappaAH (oaahA) Ba xaKHKHft,
uiyHHHr yuyH

15x2-4 x -8 \ A

n, ., , B , C
R(X)

(x—3) (x+4) (x-1) (x-3) ™~ (x+ 4) ™~ (x-1) "
fiyHAa A, B, C — aHHKAaHHiiiH KepaK SyAraH KoaOOnUHeHT”aP-
TeHrAHKHHHr yHr khcmhhh yMyMHft Maxpa*ra KeATHpuS, HKKaAa
KHCMHHHHT XaM M3Xp3>KAapHHH TaUlAaS K)60pC3K:

15x2-4x-81="1(x + 4) (x— 1) +
+ £(*—3) (jc— 1)+C(* —3) (x+ 4).

a) Xycycuu t~uuMarAap ycyAunum M33MyHH uiyHAaKH, yHAa xocha
SNAraH 3ftHHHTT3 X HHHT Xap XHA (OAaTAa M3Xpa>KHHHT X3KHKHft
HAAH3Aapn) KHftMaTAapH KyftHAaAH. Kap3A3eTraH MHCOAA3 6y
KyftHAarHHa aM3Ars ouihphasah:

x= 3 42= 14/4,
X= —4 175= 35B,
x—1 70= — 10C.

Xocha KHAHHraH TeHrAaM3Aap CHCTeM3CHAaH /4= 3, B= 5, C— 7.
UiyHAaft khah®6,

p. . 15jc2— 4jc— 81 3 . 5 . 7
~ (x—3) (x+ 4) (x—1) — x-3 ' x+4 "' x-I
6) HoManAyM KO3(p(puu,ueHTAap ycyAunum moxhhth uiyHAakh,

yiiAa xocha SyAraH aftHHHTAa X hhht yHrAarn Ba nafiAsrH 6np xha
Aapa*aAapH OAAHA3rH KO3(J)C)HUHeHTA3pHH TeHTA36, A, B, C KO3(})(j)H-
UHCHTA3PHH TONnHUI yHyH TeHTA3MaA3p CHCTeMaCH Ty3HA3AH, H'bHH:

X2 \5=A + B+ C,
X : -4 = 3A-4B + C,
x°: 8l= —4/4+ 36— 12D.

.Kocha 6yAraH TeHrA3M3Aap cucTeMacHHH enuS, /4= 3, B—5,
("= 7 3K3HHHH TON3MHS3.

2-mhcoa. Yui6y paUHOHaA KacpHH coAAa KacpA3p ftHFHHAHCHra
iI"ftHiir:

R (X)= ——mmrm moe - 2.
(x-1) (x+i)2
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K'i Hid. T3/tpw paHKoiiaJi KacpHH KyHHAarnMa eHMH3:
X A , B , C

R (x
(x) (X— 1) (IC+1)" 1 x\-1 (*+1)"

Byiuum
=/1(x+1)2+ .B(x-1)(x+1)+C (x-1).

KO3t})(j)HHHeHTJiapHH ToriHiii y~yH IOKopHAa SaeH KHJiHHraH HKKadia
ycyjiAaH x,aM GupraJiHKAa (H)OHAaJiaHaMH3:

Xx=1 1=4/1,
x= —1 -1= —2C,
x Aa 0=A + B.
CHCTeMaHH encakK, A= ~,B = ]4'1 C - >
He MakK,
1 1

R(x) (x-1)(x+1)2  4@fc—1)  4(x-1) 2(jc+ 1)2°

3-mhcoji. KyHHAara paunoHaui KacpHH coAAa Kacpjiapra eftHHr:
x4+ 4x3+ 11x 2+\2x + 8
R(x) =
(x2+ 2x+ 3 f(x+1)
E mh ui. PauHOHaji Kacp TyppH Kacpanp, yHH 3Hr coAAa Kacpjiapra

eHMH3:

A+ 453+ 1U 2+12;e+ 8 A Bx+ C
R(x) +
(x2+ 2x+ 3)2(x+1) *+ 1 x2+ 2x+ 3
Dx-\-E
e (x +2X+ 3)2.
ymeéy

X4+ 4x3+ 11x2+12x + 8=,4(x2+ 2x+3)2+

+ (Bx+ C) (x+1) (x2+ 2x+ 3)+ (Dx+ E) (x+1).

reHrjiHKAaH <J)OHAaJdiaHH6 HOMa'bJiyM KO03(J){)HUHeHTJiapHH TonHiu ynyH
TeHrjiaMajiap CHCTeMacHHH Ty3aMH3:

X= —1 =

x 4Aa 1=A+B

x3 Aa 4= 4A+ 2B+ C,

<2 Aa 1= 14+ 3B+ 3C+ 2

x Aa 12=12,4+B + 5C+ 2)+ £.

TeHrjiaMajiap CHCTeMacHHH encak,
4=1,B=0 C=0 D=1 E= —1
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/1,.eMakK,
X+ A3+HIIX?+12Xx+ 8 _ 1 X—I1

(je2-f-2jc+ 3)2(jc+ 1) ~ x+1 (/ + 2x+ 3)2"

6.3.3. TyrpH pauHOHali
jlapHH HHTerpajidiaiura KeJdirapHJiaAH.

I r _AdX™ = Ax\x—a\ C
J X—a

u r Adx A n
J x-a)k~ (\-k)(x-a)k-x

111, [ 2Ax+B- dx="\n\x2+px + g\ +

KacpjiapHH HHTerpaliliam 3Hr coAAa Kacp-

J x -\px-\q
+ (B~ f ) - J-T™ tg -123+ C
vV '-r Y

ly f (Ax-\-B)dx Af (2j:+p)dx Ap \f d(x+ 2)

J (x2+ px+q)s 2) {xi+ px+qy "\ 2.3~ ,PJ N P2y
SyHAa

2
az2=<7 - p t= x-\~Y SeArHJiauuiap khphth6, hkkhhmh HHTerpaldi
peKyppeHT

r [ dt
*s= j'"2_|_a2»s KypHHuuira KedirapHAaAH Ba y KyHHAarn

cf>opMyjia epAaMHAa TonnjiaAH:

, t . 2s—3 j
s 2 (s— \)a2(t2-\-a2)s~i 2(s— a2 s
oy __ 1
8—5 —————————— dx
E MH III. X +oax+ 8
f o o3x— 1 f2M + 6 -12J
Jx2-4x + 8dx=J x2-4 x + 8
dx

4x+ 8 ANt ,jJ x2—4x+ 8

=-]In|x2_4 A+ 8] + 5% (x-2)2+ 22

— 2 1InU2— 4x4*81+ JLarc tg -)- C.
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f) MH( 0J. .UITCrpadIHH Toil Hilr:

3+ 2 dx.
(N + 2*+10)2

-l(2x+ 2)—3+ 2

E MH L1 { - 3xN 2-—-2d x = 5 2 dx=
J (x24-2¢% 10)2 (x2+ 2x+10)2
— JLf (2x + 2)dx f dx _ 3 f rf(*2+2x+10)
_ 2 J (*2+ 2x+10)2 J (jc2+ 2jc+ 10)2 2 ' (x2+ 2x+10)2
d (x + 1) 3 1 Irn.
S [(je+ 1)2+ 32]2 2 *24+ 2jc+ 10
ByHAa /,= 7 , 8= 2, u—x-+-1 Ba a2= 9 Aeb 6eJirHJiab,

J[(*+ 1 +3]
IOKOpHAarH penyppeHT (J)opMyjiaAaH (})0ftAadiaHaMH3:

=Tr»(t +9+ ST+s)” Ts ("7+9+ 1"arclgT )m

y3rapyBMH x ra KafiTca-K,

/I-~ (T ~ T fe + *5-arCtgnr ) =«

= “iw i
UiyHAaft khjinS,
f (3*+2)dx 3 X+ 1
J (j2+ 2x+ 10)2 ~ 2(x?+ 2x+10) 18(j+ Zc+ 10
1 X1 fy
5?23 ~ 3 ,

6.3.4. QMW

pauHOHaji KacpHH HHTerpaJdiJiauiAaH (wahh KyHHAarH
ajireBpaHK ajiMauiTHpHiujiap Ba x,Hcobjiauuiap SajKapHJiaAH:

a) SepHJiraH Kacp TyppH Kacp 3K3hhhh TeKHiHpHui; arap Kacp
HoryrpH Syjica, y X,0JiAa yHHHr SyTyH khcmhhh a>KpaTHiu, HtHH

5

SUCTIPASINIC
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T(t)

o
. sea TyppH pauHpHaji
“nwW

&
uiaKlira kcjithphlu, SyHAa q(x) — Kynx,aA,

Kacp;

6) KacpHHHr Maxpa>KH Pn(x) hh (x— a) Ba (X +px + <?)s Kypn-
HHUiAarH MH3HKJIH Ba KBaApaT KynaHTyBMHJiapra awpaTHin
(p2—47?<0);

b) Tyrpn pauHOHaji KacpHH 3HrcoAAa Kacpjiap HHFHHAiI'CHra eHHUI;

r) eHHJIMaHHHr KO3(}){)HIlI,HeHTJiapHHH XHCOSjiaUl.

6-mhcoji. HHTerpajiHH TonHHr:

x4t -dx.
S x4—8X2+ 16

Ehhui. BepHJiraH pauHOHaji Kacp HoryrpH Kacp SyjiraHJiHrH yqyH
yHHHr 6yTyH khecmhhh a*paTaMH3:

X5-f- 1 x4— 8jc2+16

X5—8x3+ 16*

83— 16jc+ 1
/XeMakK,
x5+ | _ 83— 16¢c+ 1 =
x4— 8a2+16 X x4—8a2+ 16
N ENcoc o I

Tyrpn KacpHH 3Hr coma Kacpjiap ftHFHHAHCHra Shmhs:
8a3— 16*+1 A B c . D
(*—2)2(*+ 2)2 x—2 @a—2)2 *+2 (a+ 2)2

Maxpa>KjiapAaH KyTyjicaK,
8xs- 16*+ 1=A (x+ 2)2(x-2) + B(x+ 2)2+
+ C(x—2)2(x+ 2)+ D {x-2)2

HoMa"bjiyM Ko03(})(J)HUHeHTJiapHH Tonnui yqyH TeHrjiaMajiap CHcreMacH-
HH Ty33MH3:

x= 2 33=16 5,

x= —2 w3l = 16D,

x 3na 8=i4+ C

X 2Aa 0=2A+B —2C+ D.

By CHCTeMaHH eHH6, KO3tj)()HU,HeHTJiapHH TonaMH3:



/U'MFIK,

127 33 129
f (/'+\)dx f( 32, 16 ,3 2
3N _82+16-J V x 2 {x—2)2 x-\-2
3\
16 I, x2 . 127, nl 33
li+2)5 -TeT”™ +
132 1 1 1P 1" YgHRdoyr T T~ + C
3- dapcxona TonuiupuFu

BepHJiraH aHHKMac HHrerpajuiapHH ronHHr:

1 jsftai+ = In ui! +c
X —X —2X 2 3 (x—2)2(x+1)
2 [*p~ptadx. M: C e
gxg-2>92+x x-1 T | x-1]
3. \-A++£”" dx. K; ¢ - JL_ .Inigzl)l
Ix(x-1)3 - (x~\f Ul [ ]
4 >K: C+ ] In -~"~+ -~arctg-"
J x3+ | 6 (x+1)2 3 s V3
(x + 1)dx 9 ov i i i
S (x2+x+2)'(x2+ 4x+5) wK: C+ TV 7 arctg~ V “ - y arctg(x+2).
5 f w-. f | 1lin (*+<)2 i
3(X+DIN+~N+1)*- *e C+ 2,nJ +x+I1 +

N+ N W o -c tg-2+ ]
3(x2+ x + 1) 3v3 s V3

<3 MycraKfUA utu

AHHKMac HHTerpaJiJiapHH TonHHTr:
1. fj£ 3t N 2- 22 -8 dx yN: Bx+ Inx2(x+ 2)4] x-2]|3+C.
J X —4x

2 f dx N . 9x2+ 50x+ 68
J (x+1) (x+ 2)2(x+ 3)3 ' 4(x+ 2) (x+ 3)2

. (x +1)(x+ 2)16
+1iln
(x+ 3)17

3. $— : . >K: C-————-  —arctg(x —2).
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4. f *L- K, C—-i/rr +~In (I1+~MT +
J (I+x) (I+x2) (I+x3) 6(1+*) 6 1— X+ X2

s arc’tgjc—’\ly arc'tgixj_j—1 .

5 f d+? dx- *: —'-p— + 2arctg*+ In-fctL + C.
J (x+1) (~+1) 2( + = *\Ix2+ 1
/I ii\4jv 3 5x3+ 1+ 1Sx+ 8 | f>

4-8 ~(sinx, cosx)dx KypHHHiUAarH HHTerpajuiap

V? (sinx, cosx)dx KypHHHiiiHAarH HHTerpadidiap (R — sinx Ba cosx
ra HHceaxan paunonadi c*hkuhh) tgaJiMauiTnpHOJ epAaMHAa

paUHOHaJi  (JjyHKUHHJiapHHHr HHTerpaldiJiapnra (3-8) KeJiTHpHJiaAH.
MyHKH,

2tg| 2t

[N R oI T — - )
i+tf-f 1+<

Ctff _%2
COSX = =—mmmmmmmm — - j
|+tgq * ok

2dt
x= 2arctgf; d x=-j-".

ByHAafi aJiMauiTHpHiu Kyn xoJiJiapAa MypaKKaG xHCofoiauidiapra
ojih6 KejiaAH. Illy ca6a6jiH 6at3H xycycnft xan”apAa KypcaTHJira"H
xHJiAara HHTerpadidiapHH TonnmAa KyHHAarn coAAa ypHHra KyHHiu

Na?a” arap”™”sinx”~cosx) H<>OAa sinx ra HHcSaTaH tok (J)yHKUHH, ht>hh
R( — sinx, cosx) = — i?(sinx, cosXx)

gyjica, y XOJiAa cosx =t ypHHra KyHHiu 6y cJjyHKUHHHH paiwo-

n ~arTS n *. cos*) “t053 cosxra HHc6aTaHTOK4>Yhkuhh, ht>hh
R (sinx, — cosx) = — R (sinx, cosx)

Syjica, y xojiab HHTerpadi sinx=~ ypHHra KyHHiu 6HAaH pau,Hohbji
(hvHKUHHAapHH HHTerpaAJiauira KeATHpHAaAH;

b) arap% (sinx, cosx) H(@)OAa sinx Ba cosx ra HHcbaTaH * y(J)T
(J)yHKUHH, H'bHH

R (—sin —cos.v) —R (sinx, cosx)
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KWim = 6] 'y |IKUHL =t HHra KyflHUJ 6HJI3H UHO-
iitijuiaiinH DI iui, 8y Whjia yp y pa

cosc=
1+tg2* 1+ t2
*
sin2: tg2 t2
ii+tg * I+t2
dt
*= arctg/; dx=
1+/2

r) arap /?(tg*) Syjica, y xcwfla HHTerpadi

ocTHflarH Htbona HHa
tg* =

/ ypHHra KyHHiu 6HliaH paiwoHajHiauirapHjiaflH
1- mhc oji. HHTerpajiHH TonHHTr:
dx

4sinx+ 3cos*+ 5 '

Emhui. tgy=7/ ypHHra KyfiHumaH (})OHflajiaHH6,

HHTerpajiHH
TonaMH3:

tgd=1t, sin* = 21
dx i+r
S 4sin*+ 3cos*-f5 p odt | —
X-- cos*=
I+r i+ t2
2dt
dt dt
2t +8/+ 8 N LR+ 4+ 4
1+t2 \+r
dt
2 + c=c-
(t+ 2Y t+ 2

tR-f+ 2
2- MHc olJl. HHTerpajiHH Tommr:

f (sin*-j-sin3*)
J €c0S2Xx

Ehhiu. HHTerpali ocTHAara (JjyHKUHH

sin* ra HHcdaTaH tok
4>ymkuhh, UiyHHHr ynyH cos* =

/ ypHHra KyimuwaH (})OHaajiaHaMH3:
sin*+ sin3 j.. /cosnh= 7

cos2* dx —\smxdx=

sin2x = 1—t2

—dt; cos2*==2/2—1 -

Hf en—a)n
J 2t2—1 J 2/z- 1 23 ono g

(L+ sin2) sin* ~ r o (2-t2(-dt) rofi-2
L'0Os2x
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3- mhc oji. HHTerpajiHH TonHHr:

1
f cos3 + cosb5*

dx.

sin2*+sin 4*

E hhui. HHTerpali ocTHAara (JjyHKUHa

cos* ra HHcSaTaH tok
OyHKUHH, uiy ca6a6jiH sin*=

/ ypHHra KyftuuiAaH (J)OHflaliaHaMH3:

eos3*+cosb5 N __ r cos2(l + cos2*) cos*
S sin2* + sin4* J sin2* + sing*
[sin*=/, COSZ =1 — 72 f (1—<2—< ftA—3t2+ 2 g
icosxdx = dt j_J ? + S+ 2

3 hah HOTyrpH pauHOHaji KacpHHHTr
Tyrpn pauHOHaji KacpHH 3Hr
TonaMH3:

SyTyH khecmhhh a>KpaTH6 Ba
coma Kacpjiapra eHHfi, HHTerpajiHH

=5(‘'+41-T ~ ) dt=~1l-6arc.gl+ C.

UiyHAaft knhjin6, sckh y3rapyBHHra KaHTcaK:

r_cos™+co£x dx==sinx_ 2 6arctg(sinx) _|_C.
J sin x+sin * sinj::
4-mhcoji. HHTerpajiHH TonHHr:
f dx
sin2* + 3

Emhui. HHTerpali ocTHflarH <J)yHKUHH sin* Ba cos*

ra HHc6aTaH
>Ky4>T OyHKUHH, uiy ca6a6jiH tg* =

/ fle6 ojiaMH3:



5- M HCOJI. I'iT<,I'|>adil'H TOIIHHTr:

dx 7. A — >K: 47X —AIn|tgx + 2
h +tg* 1[74+—t§x+ 4ctgx 25 I 2% I 5(tg*+ 2)
li Mh in. HurerpaJdi ocTH.uath c])yHKUHH 4>aKaT tgx ra Sotjihk 6yji- — Jrinjcosx] +C.
raiiH yiiyu tgx = / Ae6 0JiaMH3:
™ n x=arclgi, j ~ 8. f.(2tg*+3>fL . >K: in(tgx + 2 )+ ~ f arctg~] + C.
J sin x+ 2cos j \od
Ji-i-tgir | = | J @+/721 +/)
4- Mycra”uji uiu
HHTerpadi ocraAara Oyhkuhhhh sht coAfla Kacpjiapra euné6,
HHTerpajiHH TonaMH3: BepHJiraH aHHKMac HHTerpajuiapHH TonHHTr:
dt Stgn-+ 4
S (i+/2(i+o S U + o0 2d+7)) > h-p,r- >K: fgrctg ----- % ————— + C.
. 2- l-ia+ cosxl+~jarctg”~tgf)+C .
—"NInl 1-M1 — ~ In] 1-M 2]-f-yarctg”-|-C.
3. \___e ™ >Ki £inf--sn + C .
3 ckh y3rapyBMH X ra KaHTcaK, J sinXx—~6sinx+ 5 4 ' dnc
4. t dx , «*: Jarctg(5f)fC.
J 1+3 i 2 \ </
$7~= |InH+tgxl-]In(l+tgX)+ |x+ C= Toces e
5. .
}?sinzxi\ 5c032‘ ° arct&J ™ ir i~
= ~Nlin | I+ T*+ C=:YIn Jcosx(l+tgx) |+

6. f 1+tg*rfx- >K: C— In] cosx — sinx].
3 1—tg*

+ yX + C= yx + -]-InJcosx+ sinx|] +C.

5-§. TapKHOHAa TpHTOHOMeTpHK (JtyHKUHSIJiap

4- dapcxona roniuupuFu SyjiraH 6ai>3H HHTerpajuiap
BepHJiraH aHHKMac HHTerpaldiJiapHH TonHHTr: 6.5.1. $sin"xcosnmkdx KypHHHUiHAarn HHTerpajuiap KyHHAarnua
TonHJiaAH:
1- * e )K: 4-In | 5tg4+3 1+C a) arap n> 0 tok Syjica, cosx= t, sinxd x=—dt ypHHra KyftHiu
3+ 5sinx+ 3cosj: ' 5 1 2 i

HHTerpajiHH pauHOHaJdiJiauiTHpaAH.
1-MHCOJi. HHTerpajiHH TonHHr:

o ) 5sin3-cosXdx.
in|sinx] —sinx+ C.

J sin jt+ siru Emhui. sin Aapa>KaAa 6nTTa sinx KynaftTyBHHHH a>KpaTaMH3 Ba
yHH AH(J)({)epeHUHaA ocrara khpht3mh3:

2- St =8§SF- jarctg(2tgf)+C.

4. Nemzoon*L oo >Ke N | g 4| 4 -i=dn J it AP + C .
J sinjc2cos je—1) =2 V2 1=V JsinX-coskdx= JsinXcossinxdx =

5 A 2X,, m2 « N~ yarctg(3 tgx) -)-C. = — bBsinXcos2xd (cosx) = — 5(1l— cosk) coskd(cosx) =
J

J 4— 3cos x + 'Bsin x
. - . . = — — = — + .
‘ Sinoxcosxdx W Lii - i i _ /. s , J(cos2x —cos4)d(cosx) C —yCOSX+yCOSK;
N - —In 'sinx+ cosx — -cosx(sinx + cosx) 4-C.
J sinx+ cosx 4 71 6) arap m > 0 tok Oyjica, y x0JiAa sinx= /, cosxdx= dt ypHHra
212 Kyftnui HHTerpajiHH paUHOHajiAauiTHpaAH.
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2- mh C oji . MiiTerpajiHH ToriHHTr:

V sirgs
E MH UL

cosxdx__ f cos2*cosxdx
S sin473jc J sin3/4*

f (1 —sin2)d(sin*) fo( . StV -
J  — = J”Sm * ~ sin */rf(smx)

= —3sin Xx— !—sin&(+1 C= C-—zmmmmm- 5 Vsin5<.

b) arap m,n”0 >KycJ)T 6yjicajiap, y xojiAa
sinacosa=-iysdin2a, sinA = zqz(l — cos2a),

cos2a =y (l+cos2a) 4>opMyjiajiapAaH <})OHAajiaHraH xojiAa hkkh-

JiaHraH SypHaKJiapra yra6, CHHyc Ba KOCHHyoHHHr Aapa>KacHHH
nacaHTHprnii KepakK.

3-mhcoji. HHTerpajiHH TonHHTr:

- Jsin4xdx.
E Mh ui.

J sin*xdx= J (sinX)dx= J (£~™gs2xJdx==

= 0 — 2c0s2x+ cos2x)dx = N-(X — sin2x +
+ $cos2xdx) =y (x —sin2x-f~i-J (1 + cos4x)dx) =

=N (Xx-sin2x+yx + -isindx)+C==

173+ Con i - \,
= j [~2— sin2x+ — Sin4xj+C.

r) arap m, n~0O Ba yjiapAaH 6npH tok Syjica, y xojiAa cypaT Ba
Maxpa>KHH sinx ckh cosx ra, SyjiapHHHr K3hchhhch tok Aapa>KaAa-
JiHrnra Kapao, KyuiHM”a KynafiTHpHiu ycyjiHAaH (])OHAaJdiaHHmM KepaKk.

4-mhcoji. HHTerpajiHH TonHHr:

r dx
J sin*'
tMHUI.
f dx f sin*dx f d(cosx)
J sin*= J sin2» = ~ J

1— cos2*
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a) arap m-\-n<zO Ba *ycf)T Syjica, y xojiAa tgx—t eKH C*SX t
ypHHra KynmuAaH 4>0HAajiaHHUi MaKcaAra MyBo4)HK. Arap OyHAa
m <0 Ba rt<0 Syjica, y xojiaa cyHtHH ycvJi KyjuiaHHUIH MyMKHH,
gvHHHr ynyH cypaTAarn 1 hh (sin2a + cos a) =1 «TpHrOHOMeTpHK

t, u \m+ n\
6Hp»ra alJiMaLUTHpHUi KepaK. by cpopMyjiaAa k— n i
5-mhcoji. HHTerpajiHH TonHHr:
1
sin3* ,
S— Indx.
cos 3 *
Em hlu. ByHAa m—”" , n ~ — y-, 4<0.
dx 1
tgx= t,— r = di\
s T tg3xdx t3dt
-dx=< %( 1 cosZacos 1 —
cos X cosm = __i_:_rT 1+/2
= NtT(l + t2dt= ~ (t3+t3)dt= ~t3dt+ ~t3dt= —t3+
D o - i (o] D

+ 10 ti + ¢ =T tg3x+I1F tg3jc+C -

6-mhcoji. HHTerpaAHH TonHHr:

dx
sin2*cos4*
Emhui. ByHAa m~ —2, n— —4, m+ n = —6<0,
k= Nm+n\ 1= .]-_1= 2. IllyHAaH khjih6:
dx f (sin2* + cos2x)2 , _ r (sin4*-]-2sin2*cos2* + cos4*)<i*
.9 4. ==\ ~2 4 v \ “ o 4
sin jccos * J sm”~cos * J sm *cos *

J-A""N"+2tgx-ctgx + C=
j QoS Jos *

= 5tgXd (tgx) + 2tgx —ctgx+ C= i-tgXx+ 2 tgx —ctgx+ C.

6.5.2. $tgrx dx Ba Jctg"x dx iuakKJiAarH HHTerpaldiJiap, 6yHAa n> 0 —
SyTyH coh.



I>y Xhii HHTtM'pajiiiapHH ToriHUi“a tg2x ckh ctg2x KynafiTyBHHJiap

a>K|)aTHJi{i/iH ea yjiap tgXx = — - 1Ba ctgk = — Lo | <bOpMyjia-

Jiap CyflnMa aJiMauiTHpHJiaflH, 6y (JjopMyjiajiap TaHreHc Ba KOTaHreHc

AapawaJdiapHHH KeTMa-KeT nacaHTHpaAH. By xhji HHTerpaldiJiapHH

tgx — t eKH ctgx = 7/ ypHHra KyftHiujiap epAaMHAa xaM Tormm mymkhh.
7-mhcoji. HHTerpajiHH TonHHTr:

5tg 4= dx.

E mh in. By MHCOJira I0OKopHAarn ycyjiHH KyjuiaHMH3:

1-ycyn. ~tgkdx= \tgXx-tgxdx= \tg&k——-—--\tgXdx=
J J J cos X J
= Ugxd(tgx)- \ (— - — *&*+ *+ £o
J J-\ cos X /
2- ycyA.
ftgx = t,

|x= arctg”, dx-
I i4r

—tgx+x + C.

S(/2_213rT+ ?)dt=\ ~ /+ 3rctgh+ c=::- N

6.5.3. ~secrkx dx Ba ~cosecrk dXx KypHHHiiuarH HHTerpadiJdiap. HK-

KHTa xojihh KypaMH3:

a) arap n tok Syjica, y \ojiaa tg-~-=~ ajiMauiTHpHiu”aH cj)OHfla-

JiaHHJiaAH;
6) arap n »y(d)T Syjica, y xojiAa tgx=t YypHHra KyfiHiu"aH

4>0HflaJiaHHJiaAH- eKH secX, eKH cosec KynaHTyB™ a>KpaTHJiH6,

secxdx=d (tgx) eKH cosec = d(ctgx) ne6 ojiHHam, KOJiraH aapawa-
Jiap aca
secx = 1+ tg2x eKH coseck = l+ctgx
cjsopMyijiajiap SyfiHHa ajiMauirapHJiaflH.
8—mhcoji. HHTerpajiHH TonHHTr:

dx
\7,

Ehhui. tgy=/ yHHBepcaji ypHHra KyftnuwiH (]>OH,fl,ajiaHaMH3:

T(-17 +2InN11+ T )+ C* Thlil+ -1?1+ C*“

?2In I'Kf I+ ~ r-+ c=1 |nl‘'g# I+
8tg2a
EsﬂﬁZLcosz—X)\-&
+ N2 N 2)'+ c=]InJtg]l]- ~-"-+C.
2 2sin*

cosX¥.8tg 2] .cos2|

9- mhcoji. ”~-AX HHTerpajiHH TonHHTr.
J COS X
E mnh ui. — KynaHTyBHHHH a>KpaT3MH3 Ba dx = d(tgx) n.e6
cos X cos X
0JiaMH3.
—————— HT= \(* Y d(tgx)=\(1+ tgX) A (tgx) =
J COos X J COS X COS X J&cos / ( g ) J( g ) (g)

J(I+2tgXx+ tg&k)d(tgx)=tgx + -]Jtgxx+ N-tgx+C.

6.5.4. Jsinmx-cosnxdx, ~cosmx-cosnxdx, \sin/nx-sinnxdx Kypn-

HHUiAarn HHTerpaldidiap KyHH”arH MauiyM TpnroHOMeTpHK cj)opMyjia-

JiapaaH <})OHflaJiaHHJica, ocoh XHCoSjiaHa"H:
sina-cosp=y(sin(oc + p) +sin(a —p));
cosa-cosp=y(cos(a + p)-f-cos(a—P));

siria-sinp= y(cos(a —P) —cos(a + P)).

By (HopMyjiajiap TpnroHOMeTpHK cjiyHKUHHJiap KynaflTMacHHH

hhfhh”~h uiaKJiHfla HcJjoaajiaiu hmkohhhh 6Gepaj,H.
10- m h c 0ji . 5sin2xcos5xdx HHTerpajiHH TonHHTr.
E 4HUL TpHTOHOMeTpHK (J)yHKUHHJiap KynaHTMaCHHH

6HJiaH aJiMauiTHpaMH3:

HHFHHfIH

Nsin2xcos5xdx=-i-N (sin7x+ sin (—3x)dx—y ~sin7xdx —

-—j "sin3xdx= — cos7xH—" cos3x-f- C-
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N

8.

I Mhc OJI. HuTorpadiiiH ToiiHur:

\cosxecos2xmcos4xdx.

Y 'i hiu. KediTnpHJiraH cj)opMyjiajiapHH hkkh MapTa KyJiJiaHMH3i

ANCOSX-C0S2X-Cc0s4xdx=“?" (cos3x+ cos (— X)) cos 4xdx —

=y”~co0s3x cos4dx+ -]-* cosxcos4xdx =

=y ~(cos7x+ cos(—x))dx + y ”~ (cosbx+ cos (—3x)) dx=

=+ ("J-sin7x+4-sin5x+4-sin3x+ sinx)+C =
7 § /

4 \

5 . K]

=y (y sin7x+y sin5x+ y sin3x-]-sinx)+ C.

BepHJiraH aHHKMac

5- dapcxona TontuupuFu

HHTerpadidiapHH TonHHTr:

— J_ycosXx+C.

\ cosX-sin&dx. K: C+-—"N

j 3sin x 5sm x

N sin-\/cosXdx. >K: — -\Jcos'x — cos&
~sjnX-cos&dx. >K: -AX —-"sindx + -~-sin2x+ C.

[ dx >k;-
J sinaxcosax

(tg2* ~ 1) (tg4* + 10tg2t+ 1)
3tg3x

ttgXx+ JtgX+ c.

ytg X+In]cosx] +C.

q

>K: C-ctgx-]JctgX-yctg .

>K:
J Ccos x
JtgXdx. >K:
J sin x

N cosx-cosBxdx. >K: c+ysinx+-"sin7x +-"-sin5x.
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5- MycraKfUA uui

BepHJiraH aHHKMac HHTerpadiJiapHH TonHHr:

3
1 ~sin&Xdx. >K: C—cosxH—Q -- C.

2. Jcos4Ndx. SK: ~ + A~ + A jfA + C

3. [—rr-g-. >Ki C——72+31n|tgx]| + ytgx+ ytg&k.
1 4

J sin x-cos x 2iEx

4. M: -"+~2A~"~"_-+~\Xn\ig x + secxX\ +C.
J cos x 4C0s X 8 COSs X 0

5. >K: tgx+ ytgXx+ C.
J cos X S

6.Jsinx.sin2je.sin3xdX. >K: ~ 0 s 6x - 1"0s4x-"0s2x+C.

6-8. HppauHOHaji nt])OAajiapHH HHTerpadiJiaui
/ _m *2 \
*(*(m=&)'e (=&)mmm>
KypHHHiu/iarH HHTerpadiJdiap (R — pauHOHaji (JjyHKUHH Ba mi, n\, m2,
n2 _ 6yTyH coHJiap) ~+rf'— ts ypHHra KyuHiu epAaMHAa HHTerpali-

jlaHaAH, SyHAa s — ti\, n2, ... coHJiapHHHr sht khmhk yMyMHH KappajiHCH
(3KYK), fl-bHH s= 3KyK (ni, n, ...).
m, m

XycycaH, JR(x,(ax+ b) "2, {ax+ b) "2,...) dx KypHHHUiAarH

Hurerpajuiap ax+ b—ts ypHHra KyuHiu epAaMHAa TonHJiaAH,
ul m

~R(x, x"'" .x '"2,...) dx KypHHHUiAarH HHTerpaJdidiap aca X= f ypHHra

KyftHiu epAaMHAa hhth yarapyBHH t HHHr pauHOHaji c~hkuhhch
HHTerpaAHra KeJiTHpHJiaAH, 6yHAa yMyMHH x.oJiAarHAeK, s — dIlw M rti,

«2, ..)m
1-MHCOJ1. HHTerpajiHH TonHHr.

r dx
V (2x+1)2—V2ct+ 1
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M1 Hill. 3KYK (2, 3)=6, uiyHHHr y-iyn:

r * J 2* + 1~ ' 1
] V. r~ s-VK+T | N=T «e-1); N =
r 3fat r ?dt r (t2-i) + \dt_
= jt4t3 J o ox-i i
= 3 "N/ + 1+ t ("~"0 2+ 'nit~ 1l + C=

=={r"="r/"Tl=1(V2x+1 + 1)2+In] "/0oT+T-Ilt+C.

6.6.2. ~# (*, \Jax2+ b x + c)dx KypHHHiiiAarH HHTerpaJiJiap (/?
KBaApaT yqg~aflAaH Tyjia KBaApaT a>KparaAra-

pau,Hohsji (JjyHKUHH)
OAHHraHHAaH kchhh KyfiHAarH

HHAaH Ba y3rapyB4H z= x+ ~~*
KypHHHLUAarH HHTerpaJdiJdiapAaH SHpnra KeJdiTHpHJiaAH:

a "R (z, \NJm2>—z2dz,
6) ij R (z, -\jm2+ z 2dz,

b) ij R (z,-\jz2— m2dz.

Arap
a) z= msint eKH z= mcost;
6) z= mtgt eKH z= mctgt;
b) z= msect eKH z= mcosect

TpnroHoivieTpHK ypHHra KyHHUijiapaaH (})OHAaAaHHAca, 6y HHTerpadiJiap
j/?(sin”, cost)dt KypHHHiiiAarH HHTerpaldiJiapra KeJiTHpHJiaAH.
2-mhcoji . HHTerpajiHH TonHHr:
r dx
V(-2+ 4a+ 7)3
Ehhlii. KsaapaT YyHX,aAAaH Tyjia KBaApaT a>KpaTaMH3 Ba hhth

z y3rapyB4HHH KHpHTaMH3. 11lyHAaH kchhh roKopHAa KeATHpHJiraH
6) TpHroHoMeTpHK ypHHra KyHHUiAaH (J)OHAajiaHaMH3:

dx f dx — (x+2=21
V u 2+ 4x+ 7)3 d Qil{x +2)2+313 \dx=dz J
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dz S
S V(3tg”n+ 3)3

V (z2+ 3)3
V3 r dt __1_¢cC dt
3v 3 J COS2/V (1+tg203 3 c0s2/--—-—--
cos3t
z
= -U c<*«= -Uinf+ C= + # t +C.
3J 3 3 y 1l+tg2t 1
+ T
_L ? J'Qz _|6 [ *+2 o+ c=- ’/*9+.2. . +C.
3 A3 + z2 ~ 3 V3+(*+ 2)2 3a/x2+ 4x+ 7

6.6.3. " m- - KypHHHLUAara HHTerpadi KBaApaT yMx,aAA3H
~\Jax? -\-bx-\-c j

eryjis KBaApaT awpaTHin iiyAH 6HAaH ~ = cKH *aA -

B3Ji HHTerpsJiJdiapHAaH SnpHra KeATwpHAaAH.
3-mhcoa. HHTerpajiHH TonHHr:

dx

Emhiii. KsaApaT yq~raAHH yuiby KypHHHiura KeJiTHpaMH3:
X2+ 2x+ 5= (x+ 1)2+ 4. ByHAaH cj)OHAaAaHH6, HHTerpaAHH TonaMH3:
f dx f d(x+1y— _ | n| | -Jx24-2x4-5 | -4-C.

JVA+2/M5 J V(~A+1)2+ 4

6.6.4. \— = -—— KypHHHiimarH HHTerpajiAap cypaTAaH KBaApaT

\Jax2+ bx-\-c

x,0ocha3Chhh a>KpaTHiu HaTH*acHAa HKKHTa HHTerpaAra

N |—>KaAB3Jl HHTerpaAH, HKKHHMHCH 3C3

yux,aAHHHr
KeATHpHA3AH: yA3pA3H 6npH

6.6.3- 6aHAA3 KapaAraH HHTerpaAAnp.

[— -3x+4 m= dX HHTerpSAHH TonHHTr.
J Vex—x2—8

4-mhcoji.

Eghui. CypaTAa HHTerpaA ocTHAarn H(})OAaHHHr x,ocHJiacHHH

a>KpaTaMH3:
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3

f 3x+4 , r — 2 (- 2jc+6) + 13
>7 ~ " > ) ~ I~ "~ r ~ dx=
— I-S—r = = -*+ i3 ( f tx~ 3>
"BX—X -8 V 1— (jc—3)2
= —37"j6x—x2—8 + 13arcsin(x—3) +C.
\
6-6.5. \ R e = - KypHHHUiAarH HHTerpadidiap — — _ 7/

(j[-a) V « + ™~ + ¢ X — a

ypHHra KyftHiu epAaMHAa 6.6.3- SaHAAa KapajiraH HHTerpajira KejiTHpH-

5- MHCOJIl. \rmmmmmmme- -
J (x+#1) V *8+ 3X-3

HHTerpajiHH TOUHHTr.

NqHMMm g-f41 = ~.ypHHra KyflHuiaaH <J)oftAajiaHaMH3:

dx x+ Y=1t'" X~1 1
(x+1) V *2+ 3x+ 3 X+ l=y; dx= - —
t il
dt
- dt
= -. S— el r = C—In] *+-£+"
jV<2+ N+ J -yl(t+xJ m3
+ ~4
N = J— _ — - - i
+ V /2+ ™M+ 11 c In li-i t)2+1 X)2(-i_-'_3|jc+3 %

6.6.6. \xm(a-jr bxn) pdx KypHHHUiAarH HHTerpadidiap (m, n, p —
pauHOHaji coHJiap) AH(})(})epeHUHaJdi SnHOMJiapn HHTerpajuiapn AeS
aram6, yMTa xojmarHHa a/ieMem-ap <|)yHKUHHJiap opKajm H(])OAajiaHa-
Ah:

..a) araP P-~6yTyH CcH Syjica; y xojiAa HHTerpali x=/s ypHHra
KyftHiu epAaMHAa (SyHAa s — Kacpjiap Maxpawjiapn m Ba n HHHr 3Hr
khmhk yMyMHH KappajiHCH) pauHOHaji 4>yHKUHH HHTerpajiHra KeJiTHpH-

JiaAH;
6) arap SyTyn coh Syjica, y xoJiAa HHTerpadi a+bxn—f

ypHHra KyftHiu SHJiaH pauHOHaJuiauiTHpHjiaAH, SyHAa s — p KacpHHHr
Maxpa>KH;
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b)

Jilt L ) p — SyTyH coh Syjica,

y XxojiAa a+ bxn= ts-xn AeS

oJiaMH3, 6yH.ua s — p KacpHHHr Maxpa>KH.

6- mhcoji. 2 + N x)2ax HHTerpajiHH XHeoSjiaHr.

Emhui. p= 2— SyTyH coh, AeMaK, Shphhhh

a) xojira araMH3:

3 (s= 3K.yKk(2, 3)=6, x—t',dx=6t'dt)1_

= \t2(2+ t3 Btjdt= 6\(4t7+ M 'O+ t 13dt =

==6(i"8+ Tr" +i7~4H)+c="= 7

=3 ~ + - f~ =1 ~ + C.
7-mhcoji. HHTerpajiHH XHeoSjiaHr:
fv*+ vi dx.
S 3/
V*2
2« 1 1 +1 /
Emhui. ByHAa m — — n=y>P=Y'—n—= V—
1_ 6yTyH COH. Hkkhhmh 6) xoJira 3raMH3:
1+ x*=t2 —~ = 2tdt
aft*  dx= 3a/%2
s 33—
V*2

X3= t2— 1

J6/2 = 2/3+ C= 2 Y (1 + {/jc)3+ C.

d
8-MHCOJ *

S v+ x4

E mnh ui. ByHAa p

5 Kacp coh, aM Mo

Ymhnhmh b) xojira araMH3:

HHTerpajiHH TonnHr:

-3

— 1+ 1

— SyTyn

coh.



l1+jc4= t2-x4 8. ~ \/2+ -Vx2dx

AXT (L -]t ldx = . dx- tdt
2(t2— 1)5/4 .. A
(<*-1)1 (Vv o2+ (Vv + ) +C
q f dx .o (2x2— 1) \NjlIl+x2 .~
IX4VT+7" o~ 3x3 n
(t2- 1)4 jo. 5y ? —4dx. >K: -y "jx2—4 — 21n|x+ -\»2— 4 |+ C.
dt _
= -yS (tzD 3At= 5- MycTaKfUA utu
(t2- 1)4
AHHKMac HHTerpadiJiapHH TonHHr.
=c¢c_ JL+ A __L=c¢c_ Vu+*45 , V (itx43 a/i+*4
1Ox1T 3x° %2 1- ( K4 -\N/%-]-3+4 In | -y/x-]-3 —1]+C.
JV*+3 ('VA+3 - 1) v
X —1
6- dapcxona ronuiupuFu o s ax.
( + 1) Vx
AHHKMac HHTerpajuiapHH ToriHHTr:
K -fVA2—3V* —6V*+ 3Inl1Vx+ 11+ 6arctg \Ix +C.
| f dx
2x - \jT7~2i' 3" SAVAHTHT" A V x2+ x+ ! —YIn x+ Y + IV x2+ x+ ! | +c-
>K: C - alY"2x —27MjI™2x-2 In |\jT*"2x —\ /Ny [ r=T = -
(*— 1) V6 je— X2— 5 2
9 r Vxdx 5. \sjT~r27?2dx. ~ .« ~ V '~ A~ + arcsin”iL + C.
>K: -fV~5~~2V* + 6 a/x — 6arctg NIX +C.
I+ fc SK:C + -~
— J V(x2+1)5 3V (lI+x23
X dx Inlj/ i+ iV L~ + 2arctg -C. (x ) (1+x2)
M VrsS X | v1 + Vi—
7- 57~ aA+ AlMdx. >K:J iY (7 + N j8+ ¢
~ C 3jc+ 2
=dx.

\jx2+ x+ 2
7-8. Ahhk HHTerpaJdi. Hisiotoh — JlefidHMU c|}opMyjiacH.

JK: 3 X2+ x+ 2+ —In |x-j-—+  /2H --f-2j-j-C. Ahhk, MHTerpajiAa y3rapyBMHHH ajiMauiTHpnm.
ByjiaKjiaS rtHTerpajuiam

dx
5. S 6.7.1. f(X) (I)yHKUHH [a, b] KecMara aHHKJiaHraH Ba y3JiyKCH3 6yjiCHH.
V3 By KecMaHH a—X0<Xi < X 2<...<;XN= b HyKTajiap SHJiaH n Ta khcmtb
6yjiaMH3. Xap 6np (X,-_i, X,) opaJiHKAah HxraepHH HyKTaHH 0JiaMH3 Ba
«. ] SK: C+ yiiiSy HHFHHfIHHH Ty33MH3:
(x+ 2) Vx2+ 2x X+ 2
7\ dx i 1 s fd~x.
. io- >K: C -
Vx (V-*+0 2(~/x+1).8 9(~M/x+,1)J
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6yHiia Ax,= X,—X, | YiuSy £ /(E;)AXx
<=i
KypHHHUiAarH ,HHFHHAH UHTeZpCIA UUFUH-
du, 6y HHFHHAHHHHr maxAxr-~O Aarn
jihmhthhh, arap 6y jihmht MaB>KyA
Syjica, f(x) (})yHKUHHA3H a AaH b rana

OAHHraH anuK, unreepaA AeftHJiaAH Ba

~ n

Ef(x)dx— lim 2 f(h)&xi
mexAM0

KypHHHUiAa 6ejirHJiaHaAH. By xojiAa f(Xx) cjyHKUHH [a, b\ KecMaAa
uHreepaAAanyeHu (pymmun. AeftHAaAH. a Ba b coHJiap moc paBHUiAa
HHTerpajuiatuHHHr t"yuu Ba tOK,opu HeaapaAapu AeftHJiaAH.

OyHKUHH [a, b] KecMaAa HHTerpaldiJdiauyBHH SyjwuiH ynyH yHHHr uiy
KecMaAa y3JiyKCH3 SyjiHiUH eTapjift. N

Arap [a, b] KecMaAa f(x) >0 Syjica, y xojiAa ~f(x) dx HHTerpadi

a

reoMeTpHK >KHxaTAaH y — f(x), y= 0, x= a Ba x— b HH3HKJiap 6HJiaH
lerapaAaHraH arpn hh3hkjih tpaneuHH KypHHHiuHAarH iuaKJiHHHr
k)3hhh H4)OAajiaftAH (2 3 -uiaKJi).

6.7.2. A hhk HHTerpadihhht acocHft xoccadiapHHH KeJdirapaMH3.

b a
a) ~Nf(x)dx=— ~M{x)dx\
a b

6) ~f(x)dx — 0O;

b c b

b) ~{x)dx= ~f(x)dx-\- ~f{x)dx;
a 0 c
b b b

r) ~M(F\(x) ydx = ~M\(x)dxdtz ~f2(~)dx.
a a a
b b

A) ~"kf(x)dx = k ~f(x)dx, SyHAa k -yarapMac;

b
e) arap [a, b] KecMaAa / (x)>0 6yjica, y xojiAa "/ (x)dx>0;

a

b
>%) arap [a, b] KecMaAa f(x)~g{x) Syjica, y xojiAa ~f(x)dx~»

b
Nznhg(x)dx;
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3) arap m Ba M moc paBHUiAa f(X) OyHKUHHHHHr [@, b] KecMaAarH 3Hr
kh~hk Ba 3Hr KaTTa KHHMaTH 6yjica, y X“ojijxa

b
m(b—a) < \M(x)dx~"M (b —a)

a

TeHrcHaJiHK ypHHIJIH (aHHK HHTerpaAHH 6axoJiaui xaKHAani TeopeMa);
b v

h) \f{x)dx= f'(c) (b—a), SyHAa c£(a, b) (ypTa KHHMaT xaKHAarH

TeopeMa).

6.7.3. Arap F{x) [a, b] KecMaAa y3JiykCH3 f{x) OyHKUHHHHHr
SoiujiaHFHH OyHKUHHJiapHAaH Shph Syjics, y xojiAa HbiOTOH —
i/leHOHHUHHHr KyHH”arH (J)opMyjiacn ypHHJIH:

b
$f(x)dx = F(x) IB=F (b)-F(a).

By OopMyjiaAaH 3hhk HHTerpaJdUiapuH xncoSjiauiAa 4>0ftA3Ji3HHJI3AH.

1-mhc oji . HHTerpajiHH xhcoSjisht: * dx

E<hi“' S tL“ S~ =1 " |Inr]f=l,,Ine)-In(M=,In2

e

Ji

T
2-mhcoji. A sin*xdx hh *HCo6jiaHr\
0
2 2 T
Ehh m. fsinkdx~ (sinXsinxdx= — f (1 —cosZ)d(cosx) =
o o i
-cosx 1*+ | cosX |@= _ (cos]— cosO)+ -lI(cos3y — COS30)=] .
P [a>b] KeCM3A3 y3JiyKCH3, X = O(n (byHKUHH

aca AH(})(flepeHUHajiABHyBHH SyjinS, uiy Shjish Supra a= m(ct) &=
Syjics, y xojiAa yuiSy TeHrjiHK ypuHAu:



KyiiHiiMa ypmira kPhui ypHHra t= ty(x) TetKkapi ajiMaluth-
pmiuuiii (t)oflfla”anHJiaAH. By xoji.ua HHTerpajuiauiHHHr huth qgerapajia-
pn a ua p GcDOCHTa d= t]|3(a) Ba p= op(f>) TeHrjiHRjiap/iaH TonmiaAH.
liyn/ia miTerpaldiJiaui uerapajiapHHH aliMaluthph luhh KyHHAarn waABaji
inaKJiHAa e3HUi KyJiati:

X t
a a
b P
1 /2
3. MHCOJI. f v X dx HHTerpajiHH xncoSjiaHr.
J X

s

E 4 h ui. x= sin”™ ypHHra KyftHuiAaH 4)oiiaajiaHaMH3:

- X = sin”®, B
Vi- ~dx = £ ji
5 dx = oostdt, 2 4
! «
2
r _Vij-shtLcostdt= \~ dt= \ dt -
J sin ( J sin < J sin t
T T
= (—ctgt—t) '= (-ctgf-f)-(-ctg™ f)= 1-
8
xdx B B
4- MHCOJ. ~ . HHTerpajiHH xncodjiaHr.
N\

Emnhin. t= ~jx+ 1(])opMyjia 6y\ima y3rapyBMHHH ajiMaumipaMH3:

X f

[ A=\t AX«+ldx=2tdt
Vi'+l u =121,

8 3

j (fa—1)2W<= 2 (t21)dt= 2 (j--

32

,2(9-3) -2 (f- 2= .
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liithi

6.7.5. Arap u= u(x), v= v(x) (JiyHKUHHJiap Ba yjiapHHHr xocHJiaJiapu
l«, b] KecMaAa y3JiyKCH3 Syjica, y xcviAa

vdu

UMirjiHK ypHHJiH (ByjiakJia6 HHTerpaJdidiam (})opMyjiacH).
e

5- mhec oji . ~ xXxfxdx HHTerpajiHH TonHHr.
i n

Emhui. ByjiaKJia6 HHTerpadiJiam (fiopMyjiacHHH K.yJiJiaftMH3:

u= \nx, du= 2\nx- o
x\n xdx = A(?n% '|e [XInxdx-

dv= xdx, v= -

d
u= \nx, du= x
!
= Te2~ (t-InxI>~Y xdx
du= xdx, v=-
12 12 5 \xdx=\ |:=~(e2-1)

7- dapcxona roniuupuFu

MHTerpaJdidiapHH xwcoSjiaHr:

1 3_ 19
L \(y* + \Jx2)dx . >Ko e
0
9
Wx_ll >K: Y In3 «
3. S - K
x(1 + In) 4
dx
>K:
V2 + 3je—2x2 2V2 '’
dx

|+ V3*—2 ' *: 43+ In]).
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6. I' 3f 2cosjc
Iro .
7 &x\j/-2
2 ~eX++2
8. . di
W I{+ 4/

4
i

4

9.  AeBsingouckx,
0
1

10. arctg*d x.

7-

Ahhk HHTerpaliJiapHH XHeoSjiaHr:

9 [ dx -
0 4x2+ 4x+ 5

3. N osin2k*l*;,

dx

J x+ V2x— 1"~

V*2-+ 7

d*
J I+2sinX

4

N jtzos2xdx .
0

>K: -3% arctg _\/V\é

>SK: 4 —ji .

>K: In ™2

>K: (e 4.+1) «
w . n _ L
N4 2

MycTaK,UA uiu

N -+ 710In 2.

>K: -J-arctgy.

aw. 2-\/3 n

il
>K: 3a/3
K.: it2-*

h 32
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njiitiillaij)jLijjnj oo e ef (W FFww

H r arcsinxdx_

joVieer

ANA2 -4

8- §. Jlcch (J)HrypajiapHHHr io3JiapHHH xncoSjiaiii

6.8.1. y= f{x) (JjyHKUHH rpa(j)HrH, x = a, Xx — b HKKHTa Tyrpn mh3hk

Da OXx yK SHJiaH gqerapajiaHraH cjwrypa azpu hu3uk,au rpaneifUH
Al'fiHJiaAH. ,
ByH”aH arpn HH3HiyiH TpaneuHHHHHr io3h f(x)”~ 0 Syjica,

b b
s = "(x)dx = ~ydx

(flopMyjia dyHHMa x,HCo6jiaHaflH (24 -uiaKJi).

y= fi(x) Ba y= fi(x) ih(x)>fi(x)) arpw HH3HKJiap Ba x= a
xaMfla X= b HKKHTa Tyrpn HH3HK SHJiaH nerapadiaHraH 4>HrYPaHHHr
103H

b

s = \[f2(x) — f\(x)]dx

a

OopMyjia SyftHHa XHCo6jiaHa;w (25-makKJi).

Arap srpn mh3hkjih TpaneUHH x= f(y) <J>yHKUHH rpatfwrH, y= ¢,
y—d TyrpH MH3HKJiap Ba Oy yK SHJiaH HerapaldiaHraH Syjica, yHHHr
io3h f(y) >0 ynyH n

d d

S = \f(y)dy = ~xdy

Cc c
OopMyjia SyftHHa xncoSjiaHaAH (26 -uiaKJi).

Xi=fi(y) Ba X= fs(y) (h(y)>f\(y)) 3rPn ~HSHKJiap, y= ¢ Ba
y= d HKKHTa TyppH hh3hk SHJiaH HerapadiaHraH (})Hrypa k>3h

24- uiaKJi 25- maKJi
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26- UJsKI1 27- UJ3KJ

d

s = \(fi(y)—fi(y))dy

c

c|)opMyjia 6yOH4a x,HCobjiaHaAH (27- iuaKJi).

6.8.2. Arap arpH 4H3hk x = x(t), y= y(t) napaMeTpHK TeHrjiaMajiap
6HJiaH SepHJiraH 6yjica, y x,0jiAa uiy arpH mh3hk, x= a, x—b TyrpH
4H3HMap Ba Ox yK SnjiaH nerapajiaHraH arpn 4h3hkjih TpaneuHH-
HHHT K)3H

(JjopMyjia 6yftHMa  x,HCo6jiaHaAH, SyHAa A\ Ba fa a= x(t\),
b= x(t2) (y(f)ZstO) TeHrjiaMajiap~aH aHHKJiaHaAH.

6.8.3. r= r(<p) (J)yHKU,HH rpacJdjHrn Ba o= a, cp=]i HKKHTa Hyp 6HJiaH
MerapaJdiaHraH (})Hrypa aepu hu3uk,au cenrop AeHHJiaAH, OynAa ipBa r —
KyTS KoopAHHaTajiapn (28-iuaKJi). 3rpn mh3hkjih ceKTopHHHr io3h

s =y 5r2rfp
c()opMyjia 6yftH4a XHCofijiaHaAH.
I-m hcoji. y= ~Y naPa6ojia, X= 1, Xx= 3 TyrpH gMSHKJiap Ba OX

yK SnjiaH gerapajiaHraH c})HrypaHHHr io3hhh x,HCo6jiaHr.
EIH Ul. ABBaJl IliaKJIHH MH33MH3 (29- makji). M3JiaHaeTraH 103
ym6y (fiopMyjia 6yfiHHa x,HCo6jiaHaAH:

r r 2 3 . .
S= Wdx= \~~dx= " |,= -i-(33—13 = (kb. Snpji.).

a |
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28- iuakJi 29- iuaKJi

2- mhcoji. X—2—y—y2srpn 4H3HK Ba opAHHaTajiap vkh 6hjiaH
werapajiaHraH cj)HrypaHHHr k>3hhh xncoSjiaHr.
E™ h in. Onrypa Oy yKKa ennuiHO TypaAH (30- iuaKJi), yHHHr io3h

5 = ~xdy (JjopMyjia SyftHMa xncofijiaHaAH.

[

s=Ydy= S((2-y -y 2dy= (zy--"— 4)I1U =

= (_4~1+1) = 1 (KB-

3-MHCOJI. y= 2—Xx2 Ba Y3= X2 arpn MH3HKJiap SnjiaH gerapa-
JiaHraH (}))HrypaHHHr k>3hhn TonHHr.

E nh in. BepHJiraH TeHrjiaMajiap cncTeMacHHH ewnS, arpn mh3hk-
JiapHHHr KecHuiHiu HyKTaldiapHHH TonaMH3: A — 1, 1) Ba B(1, 1)
HHTerpaJdiJiam HerapajiapH 6yjwb6 X= — 1 Ba X =1 XH3MaT KHJiaAH.

d

Onrypa i03H S = ~(f2x) —fX{x))dx (}>opMyjia 6yHH4a xncoSjiaHaAH
[

(31- makJi).

30- makdi 31- iuaKJi
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- H + i+ 4 ): 1 + 1 “ 1 (u _SUPJ..)_

4- m h ¢ 0 Ji- 3jiJinncHHHr

fx — acost,
{[y = bsint

napawexpHK xeurjiaMaJdiapHAaH (J)0HAaJiaHH6, y HHHr_ioshhh |1 Q™ ™ .

E h h ui. 3juiHhcHHHr cHMMexpuKJiHnaaH x|l ™ £t
SxraH K)3HHHr TVpTflaH SHpHHH X,HCo6jiaHMH3 (32- UiaKJi). x — acosr
tchrjiaMaaaT=0 Bax= aU OJicaK, yuiSy HHxerpajuiaui nerapaJdiapu-

ra ara S™JiaMHs: ~Ni=y> h — 0- X,HCo6jiaftMH3.

h 0 ‘
L5 = [ ydx = \ bsini(—as'mt)dt= ab \s'm tdt =
1 ! }m o]
2 > i 1 nf) N KClb
= "N J (1l—cos2t)dt=~Y({t 2sin20 J0=-2""T = -r-

0
JleMaK, 6yxyH (jjnrypaHHHr ro3H

S—nab (kb. 6npji.).

5-mhcoji. r2= 2cos2cp BepuyjuiH JieMHHCKaxacH 6hji3h nerapa-

jiaHran Onrypa kwhhh xonnHr.

W uiiiKli
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Ehhiu. 3rpn hhshkhhhf CHMMexpHKjiHrHAaH (j)OH,a,ajiaHH6, ojiahh
H3JiaHaeTraH i03HHHr xypx~aH 6hphhh xonaMH3 (33-uiakKJi). H3JiaHa-

eiraH K)3HHHr TypTflaH 6np.khcmh @ HHHr O AaH -j ra”a y3rapHUIH-

ra xyppn KeJiaAH.
Ourypa k>3hhh KyHHAarn OopMyjia 6yHHMa x,HCo6jiaHMH3:

i

P T A
T5==T ]r2dkf= -2 j2cos2cpd(p= i-sin2(p”~=y.
a 0

IUyHAaH khjihS, H3JiaHaexraH 103: S =y (kb. 6hpji.).

8- dapcxona roniuupuFu

BepHJiraH HH3HKJiap 6HJiaH MerapajiaHraH (})Hrypajiap i03JiapHHH
XHeoSjiaHr:

2 3.
1. y= 4x—x Ba Ox yK fiHJian. M: -y (k%. 6hpji,).

2.y =(x-1)2sa *2- ~ = 1| K: i0+-22 In(3+ y g )«

«4,58 (kb. Supji.).

x= 2(t— sint)

y= 2 (l—cost) apKacn) Ba y—0. >K: 12n (kb. 6npJi.),
4. r=2acos(p Ba r= 2asin<p, 0<qgq><y. *

>K: I~a2 (kb. finpjr.) .
5'y=T+ 7"’ y=="2~ (KB'
6. y= x2-\-4x, y —x-\-4. >K: (kb. Snpji.).
7. X2-\-y2= 4, x2+y 2= 9, y=x, y= —x~™N3. )K: (kb. Snpji.) .
8. x= 3t2 y—3t—1t3 >K: (KB- 6«P-"-) =

o

8- MycTaKfUA uiu

BepHJiraH HH3HKJiap SHJiaH nerapajiaHraH (bnrypajiap Ks3JiaDHHH
XHeoSjiaHr: r
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1L y=3—Xx\ x+ y+ 2= 0. >K: 4,5 (kb. SHpJi.).
2. xy— 20, x2+ y2= 4 (IlnopaK). >K: -~-arcsin— +
+ 20 In0,8 (kb. Snpji.).

3. X= aco$3t, y= asm3t. )K: (KB- Gnpji.).

4. jc= 2f, y= 4t2-& Bay= 0. >K: -8 <KB-
2
5. r= asin3cp (6htt8 x7jiKa). >K'- Jy~- (kb. 6hpji.).

6. r = acos<p, /A= 2acoscp. >K: y ™ 2 ~kb' MHpJi.)-

9-8. SrpH 4H3HK eftjiapH y3yHjiHKJiapMHii x,nco6jiaui

Arap TyFpH SypnaKJiH KoopAHHaTadiapAa y= f(*)__ (Jjyhkuhh [a, b]
KecMaaa chjijihk (fltHH y'= f'{X) xocHJia y3JiyKCH3) Syjica, y xojiAa 6y
arpH 4H3HK MOC eHHHHHT y3yHJIHTH

/= J-yjl + (y")2dx

a

tjjopMyjia 6yHHMa XHCoSjiaHaAH.
3rpH 4H3HK
(x = x(t)

I'y=y(t)

napaMeTpHK TeHrjiaMajiap 6miaH SepHJiraH Syjica, 6y arpn 4h3hkhhht

tE[t\, l2] napaMeTpHHHr mohotoh y3rapHiiiHra moc eiiHHHHr y3yHJiHra

2
i— A~ AJ(x) 2~ (y ) 2dt
h

(bopMyjia SnjiaH xwcoSjiaHaAH.
Arap chjijihk arpH hhshk KyT6 KoopAHHaTaldiapAa r= r(<p) (a *
<<P<P) TeHrjiaMa Shjibh 6epnJiraH 6yjica, y xojiAa en ysyHJiwrn

/= ~-\Jr2+ {r')2dcp

cjlopMyjia 6nJiaH xHCoSjiaHaAH.
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34- iuaKJi 35- aiaKji
1-mhcoji. Yy2= x3 hphm KySHK napaSojiaHHHr KoopAHHaTajiap
SouiHAaH A (4, 8) HyKTara”a 6yJiraH eflH y3yHJIHTHHH TonHHr.

E mh in. ABBaJdi uiakKJiHH MH33MH3 (34-iuaKjij. FlapaOoJdia TeHrjia-
MacHHH AH(])(j)epeHUHajiJiaHMH3:

P
<

1l
<

X

| |

y =X
OopMyjiara Kypa:
9
c=ivo o+ (1) = A E
n 314
olf ("+ 1x)210=" (10V10- 1)(y3yH-6hp--) m

2- MHCOJI. BHTTa UHKJIOHAa y3yHJIHTHHH TonHHr:
'X= a(t— sin®),
y= a(l— cost).

E mh ui. UhkjiohAahhht SapMa apKacn 6hp xhji, KaficH apKa 6yHJia6
t napaMeTp 0 AaH 2jt rawa y3rapca, yuia apKaHH 0JiaMH3 (35- iuaKJi):

x'= a(l— cos”), y'= asint.
Lily caSafijiH:

2costdt
3 . . gl
S sin—dt = — 4acosy = 8a (y3yH. 6hpji.).
0 0

3-mhcoji. r= asin4-~ enHK arpn 4m3hkhhhf y3yHjmrHHH xhcoS-
JiaHr.

E 4 h ui. BepHJiraH (jjyHKUHH >Kyc{T (JjyHKUHH. Illy ca6a6jiH SepHJiraH
arpn mh3hk KyTO yKHra HHcSaTah chmmctphk. HyKTa SyTyH arpn



4H3HKHH g0 O AaH 4n rana yarapraHAa nmam, uiyHra Kypa arpn
gqH3HKHHHr HpMH P 0 A3H 2jl raTO y3rapr3HA3 HH3HJI3AH (3b- IU3KJI).

r'= asin® ecos— . ,fleMsK,
4 P

n ri -~ “ 1 ~
-L = N -W a2sin8]-+aXxin6jCos2— dtp =
o
yal 21 , X
= a t sin3~*gp=-4a J sin2Jd(cos-J-) =
0 0

2ji / COs3T \

= _4a f(i_cosq])d(cos])=-4a\cos| -——-- — J

= 4a(l—~-)=-la. AeM3K, I==-~-a (y3yH. 6npn.).

9- dapcxona TonuiupuFu

3rpn MH3HKJiap eiuiapH y3yHJiHKJiapHHH XHeoSjiaHr:

1. y= Insinjc, *= yAaH rana. X : yin 3 (y3yH. 6npji.)-
2. y= Mx\/Nc— |-\Jx3 aScuHecaAsp yKH Shjish KecHuiniu HyKTajiapH
op3CHAath. >K: -y- (yayH- 6npJl.).

3. X= £t3—t,y=it2+ 2,t= 0 AaH t—3 raMa.)K: 12 (y3yH. 6npA.).
3

4, x= e‘cost, y —el-sin/, t= 0 AaH /=Injt raia. >k v2 (11 — 1)
(y3yH. 6npA.).

5. r= 2, q>=0 A3H <= n F3H3. >K: [(n2+4) V ~+ 4 - 8]‘T

6npji.).

6. r= asin0. >K: na (y3yH. 6npji.).

9- Mycrat™uA uui ;

3rpn HH3HKJi3p eftjispn y3yHJiHK.napHHH XHeoSjiaHr:
1. y=~Y, x=Q AaH x— | rana. >k: 0,5 fV2+ In(l +'\~)](y 3yH. 6hpji.).
Jl 1 .
2. y=\ —lIncosx, *= 0 AaH x= — raMa. >K: y In3 (y3yH. 6npji.).

3. x= 8sin/-]-6cos/, y= 6sin/—8cost, t= 0 AaH t= y rana. )K: 5n

(y3yH. 6npji.).
4. x —a(2 cost—cos2/), y= a(2 sin/ —sin2/). >K: 16 a (y3yH. Snpji.) .

5. r= acos® @@= 0 AaH (p=4 raMa. >K: -~(2n + 3-\/3) (y3yH. 6npA.).
] 2. ¥

'

6. r =\ — coscp. >K: 8 (y3yH. 6npji.).
10-8. X,a>KMJiapHH \HCOOJiam

6.10.1. Arap S(x) k3 jkhcmhhht Ox yKKa nepneHAHKyjinp tckhcjihk
SnJdiaH KeeninnuinAaH xochji 6yjiraH kcchmh 6yjm6, [a, b] KecMaAa
y3JiyKCH3 OyHKUHH dyjica, >khcmhhht xa*MH

b
V = ~S(x)dx
a ]
OopMyjia OHJiaH xncoSjiaHaAn.
6.10.2. y= f(x) arpn hh3hk Ba Xx—a, Xx—b, y= 0 Tyrpn MH3HKJiap
SnjiaH MerapadiaHraH arpn m«3hkjm TpaneuHH OXx yKH arpoOnAa
aHJiaHTHpHJica, y x,a/iAa aHJiaHHUi >KHCMHHHHr x,a>KMH

b i
V—n ~yax ]

a

OopMyjia 6HAaH XHCobjiaHaAH.
Arap uiy t))nrypaHHHr y3H Oy yKH aTpocj)HAa anJiaHTnpHJica, y xojiAa
aHJiaHHLU JKHCMHHHHr xa>KMn

a

OopMyjia SnjiaH xncoSAaHaAH.

6.10.3. Arap yx=f\{x) Ba y2= f2{x) (6yHAa f\(x)"tf2(x)) arpn
4H3HKJiap xaMAa X= a, X= b Tyrpn HH3HKJiap SnJiaH MerapaJiaHraH
Onrypa OX yKH aTpoOHAa aftjiaHca, aftjiaHHiu >KHCMHHHHr xa>KMH

b
V= n N (yt—y\)dx

a
OopMyjia SynHHa xncofijiaHaAnN.
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Amp my cf)ni'ypannnr ~3h Oy yK aTpoc}))HAa aftjiaHca, aiiAaHHmM
X(ICMHIHHr X,a>KMH

b
1/=2ji "x(y2—yi)dx

a

(JjopMyjia SyHHMa x,HCoSAaHaAH.

6.10.4. Arap arpn 4H3HKAH TpaneUHH x = f(y) (JjyHKUHH rpacjjnrn,
y—c¢, y—a TyrpH 4H3HKAap Ba Oy yKH SHJiaH nerapajiaHca, Sy
(WHrypaHHHr Oy yKH aTpo(J)HAa afijiaHHiiiHAaH xochjt SyAraH >khcmhhht
W*MH d

V= n ~xdy

[

()opMyjia SyftHHa x,HCoSjiaHaAH.
Arap my ()HrypaHHHr y3H OX yKH aTpot)HAa aftjiaHca, aftjjaHHmM
>KHCMHHHHT MOC X3>KMH

(HopMyjia SyfiHHa aHHKAaHaAH.

6.10.5. Arap x\=fi(y) Ba X2= f2(y) (SyHAa x2”~xi”~0) arpn
MH3HKJiap Ba y= ¢, y= d TyrpH HH3HKJiap SnjiaH nerapajiaHraH c[)Hrypa
Oy yKH aTpocfwAa aftjiaHca, y x,0AAa aftjiaHHmM jkhcmhhhht x,3>kmh

d
V=n ~(x\—x2dy
[
(H)opMyjia 6yHH4a ToriHJiaAH.
Arap my <jHrypaHHHr y3H OX yKH aTpocJ)HA3 aftAaHca, y xoAAa
aff]TSHHm >KHCMHHHHr moc x,3>kmh yiuSyra TeHr SyAaAH:

d
V=2n "y(x2—xt)dy.

[

6.10.6. Arap arpn mh3hk napaMeTpHK eKH KyTS KoopAHHaTaAapAa
6epHAca, y xoAAa KeArapHAraH <])opMyAaAapAa moc ypHHra KyHHiiiAap-
hh Sawapnm Kepuk SyAaAH.

[ ] X2 . y2 . 722 . .
1- M HC OA. b -= 1 3AJIHriCOHAHHHr X,a>KMHHH TOnHHTr.
a
Eihi. SAAHncoHAHHHr OX yKKa nepneHAHKyAHp Snpop TeKHCAHK

6ha3h KecHmAaH x,ocha SyAraH KecHMHHHHr apHM yKAapn
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37- rnakJi

SyAraH

/) “( «s)
3AAHHCAHP. AeMaK, KeCHM K)3H (8- 8, 4- mhcoa) :

S(x) =nb>x\= nbc M —

SyHAa x yarapyBMH - a Aan a rana yarapaAH. UlyHra Kypa aAAHnNco-
hahhht x,a*MH ymSyra TeHr:

1/= | S'(x)dx=nbc j (\—~\dx= xbc(x ~
a -a
(— + - £ )]-> * (Ky~»P->
2- mHc 0Ji. y= sinx c»yco”~H»Hr a) to
yKHHHr [0, n] Kec«a« SHjaH * xochji 6yJ.ra»

S ¢S tr *“J U -~ asr (37-

E4hm. a) v=nWdx= n\smxdx = -f- \{\-cos2x)dx =
J 0 0
(Ky6 6hPji.)
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HH
n n
6) I/= 2it ~xtjdx —2n ~x-sinxdx =
0 0
—X,du —dx ) in r
, . . f=2n(—x*cosx L-f- \ cosxdx) =
dv = sinxdx, u= —cosx J 0 J
= 2n(—jxcosji+ sinx |*) =2 n 2(Ky6. 6npji.) .
3- mhcoji. x2+ (y—b)22.R2(b > R) AOHpaHHHr Ox yKH aTpot})H,na

afljiaHHiiiHflaH xochji SyjiraH tophhht X3>kmhhh TonHHr (38- uiaKJi).
E mh iu. x2-)- (y— b)2— R2 afljiaHa TeHrjiaMacH"aH:

yx b— -VR2 -x2
y2=b + ~\jR2—x2,

IyHHHr ynyH

V=n ~y\—y2dx=n ~[E+ "R2—x2)2— (b— ™~ R2—x2) 3dx--

a —R

- (x = Rsint, X t

= 4nb ~ -\jJR2—x2dx- —R

dx = Rcostdt, n
R

= 4nb " -\jJR2—RZX'm2 ~Rcostdt =

~T
a J

T T
= 4jibR2 ~ cosadt= 2nbR2 ~ (l+cos2/)d/ =

2

2jxfe#2(/+-ysin2/) 2nDR2(Ky6. 6hpji.).
4-mhcoji. Y= X2 Ba 8X—Y2 napa6ojiajiap dHJiaH nerapajiaHraH
chHrypaHH Oy yKH aTpot})HAa aftjiaHTHpHUiflaH xochji SyjiraH *hcm
xa>KMHHH XHeoSjiaHr (39 -uiaKJi).
E mnh ui.
(y=+*2
\y2= 8x

TeHrjiaMajiap CHereMacHAaH napafioJiaJiapHHHr kcchuihui HyKTaJiapHHH
TonaMH3: 0(0, 0) Ba A (2, 4).
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-a<”™ o

40 lueKn

X2{y)="y >Xi(y)=J3 ra 3raMH3, yarapyBHH Yy O mn 4 ra~a

y3rapaAH. XleMakK, n 4

V =n MNxl—x\)dy==n"N(y—-~"dy==

= *(4 -4)1 H 8- n

5-mhcoji. fx- acos”™’ acTpoHAa Shjibh werapadiaHraH <}>Hry-
t y= asin¥
paHHHr Ox yKH aTpo(})HAa aHJiaHTHpHJiHUIHAaH xochji SyjiraH jkhcmhhht
xa”MHHH XHCpfijiaHr (40- uiaKJi).
E g h ui. H3JiaHaeTraH xa>KM OAB <{)HrypaHH aHJiaHTHpHiu/iaH xochji
SyjiraH xa>KMHHHr HKKHJiaHraHura TeHr. IllyHHHr yMyH

a

V—2n "~y x.
0

y3rapyB4HHM aJiMauiTHpaMH3:

X t
'x= acos3

n
V= 2n Ayalx ~dx= —3acosZ-smtdt, 0
y'= asin3. a 0

= 2n Q asmH(— 3acosZsmt)dt:6na3;\sm7tc032tdt=

1 o]
2
= —6na3”~ (1 —cosZ)Xosad(cost) = —6na3*cos¥— |cosH+
0
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10- dapcxona roniuupuFu

1 x~2 Ba x= 3 TeKHCJiHKjiap SHJiaH x2+ y2+ z2— 16 mapAan

KnpKHJiraii map KaTjiaMHHHHr X3>kmhhh xncoSAaHr: >K: (KyS.

onpit) 11

2. KoopflHHaTa yK/iapn Ba x2+ t/2= a 2 nspaSoJia SHJiaH ~erapa-
JiaHraH k)3hh Ox yKH aTpo(})Hfla aftAaHTHpHiiiAaH xochji SyAraH *hcm

jiccr
x,a>KMHHH XHCo6;iaHr. >K: 2= (Ky6 Sapji.)

3. y= sinx CHHycoHAa eftH, opfl[HHaTajiap yKH Ba y = 1 TyrpH mh3hk
SHJiaH MerapadiaHraH (J)HrypaHH Oy yKH aTpocf)]HAa aftAaHTHpHiiiAaH
xochji SyjiraH >khcm xa*MHHH XHCoSjiaHr.

>K: ~ 8- (Kyb6 Snpiji.)

4- y—~x2-\-2 napaSo/ia Ba 5x— 8*/-f 14= 0 TyppH mh3hk Shjish
MerapajiaHraH (J)nrypaHH Ox yKtf aTpotJjH”a aftjiaHTHpHmM/iaH xochji

SyjiraH >khcm xsjkmhhh xncoSjisHr. >K: -y|]A™ (KyS. Snpji.) .

(x = a(t— sin/"),
0. .ymoy j y= a”\_ COst) UHKJ1OH"aHHHr 6np apKacHHH OXx yKH aT-

poc)Haa aftjiaHTHpHmflaH xochji SyjirsH >khcm xawMHHH XHCoSjiaHr.
)JK: 5a n (KyS Snpji.).

10- Mycrat™uA uux

1 * 1y 1
*e 7 — '~3/~ Ba 2==* CHpTJiap OH/iaH ~erapajiaHraH >khcm

xa*MHHH XHCoSjiaHr. >K: n”~/2 (KyS Snpji.).

2. a) y= — Ba Xx2= 8y, 6) y2= X Ba X2= y 4H3HK/iap Snjian

4erapajiaHraH (fwrypajiapHH Ox yKH ajpofymxa aftjaHTHpnmAaH xochji
SyAraH >khcm xbjkmhhh XHCoSjiaHr.
>K: a) (5ji+ 8) (KyS. Snpiji.) ;6)0,3ji (Ky6. Snpji.)

3. a) y= x3,y=0, x= 2; 6) x2—y2= 4, y= £ 2 4H3HKJiap SHJiaH
HerapajiaHraH (JwrypaHH Oy yKH aTpocJjHAa aftjjaHTHpHiuAaH xochji

SyjiraH * hecm xb>*mhhh xncoSjiaHr. >K: a) (KyS. Snpji.);
6) (KyS. Snpji.) .
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4. Xx= a(t—sin/),y = a (1—cos/) UHKAOHAaHHHr Snp apKacn Ba OX
yKH SHJiaH gerapajiaHraH (J)HrypaHH: a) Oy yKH aTpoc|)HAa; 6) (})Hrypa-
hhht chmmctphh yKH aTpocj)HAa aftjiaHTHpHmAaH xochji SyAraH >khcm

Xa>KMHHH XHCoSjiaHr. 3

>K: a) 6jx3a3(KyS. Shpji.); 6) -~-(Qji2— 16) (KyS. Snpji.) .

11-8. XocMac HHTerpadidiap,
nKHHjiaiUHUIH xocMac HHTerpajiHH xHcoSjiaui.

HHTerpajiJiaHHmM “erapajiapn MeKCH3 ' SyAraH HHTerpaldidiap eKH
werapaJiaHMaraH cJ)yHKUHHjiapaaH OjiHHraH HHTerpadiJdiap xocMac
UHTeepaAAap AeftHJiaAH:

6.11.1. [a, +00) opaJiHKAa y3JiyKCH3 SyAraH f(x) cftyHKUHHAah
OjiHHraH HHTerpadi

+ oc N
\ f(x)dx — lim \f(x)dx
J A™+oo J

a

TeHTJIHK SHJiaH 3HHKAaH3AH.
Arap my jihmht M3B*yA SyjmS, MeKJiH Syjics, xocmsc HHTerpadi

HKfUHAauiyBHu,, aKC xo0AAa xocMac HHTerpaA y30K,AauiyeHu AeftHAaAH.
Arap F(x) JyHKUHH f(X) hhht SouiAaHrHM <f>yHKUHHCH SyAca,

Y xojias:

s
N fix)dx—F(+ 00) —F(a),SyHA3 F(+ 00) = Ilim F(x)
J JC-~+00

a

K,yftHAarH HHTerpaAAsp xaM myHra yxiuarn aHHKJiaHaAH:

b b
[ f(x)dx= Ilim [f(x)dx,

J N-*-—o00 J
— 00 N

[ fix) dx= Ilim \f(x)dx+ Ilim \ f(x)dx.
_-L | 1
+
I-MHCOJi. N e~adX xocMac HHTerpaAHH xncoSAaHr (SyHAa a —
0

y3rapMac MycSaT coh).
E mn ui. TatpH({)ra Kypa:
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f o N

\ e"I*dx= Ilim [e ~a*dx= Ilim (— IN=

J N ->-4 00 6 N-*- 4-00 V ~ / 0

= lim (——e~aA+ — )= — lim (\——~T)=-/ o«
N~+o00\ * “/ « »-+- \ e / “

/],eMaK, SepHAraH HHTerpadi hkhHlamyBHH.
2-mhcoji.a>0 hhht KaHAaft KHHMaTJiapHAa

§“ dx

xa
1

HHTerpaldi HKHHJiauiyBMH, KaHAaft KHHM3TJiapHAa y30KJiamybhh 3K3HH-
hh aHHKJiaHr.
E hhin. a= 1 AeS 4>apa3 KHJiaMH3, y xojiAa:

fm N
n lim f — = Ijm \nx IN= lim InAf= oo .
J X fir -0 Jx N -*- -j" 0O 1 oo

JleMaK, SepHJiraH HHTerpaldi ysoKJisiuyBMH. 3hah a”=I| AeS (})3p33
KHJIBMH3, y x,0JiAa:

+ N
. 1 . IN
C *L= lim n lim — = je'-° .=
J  xa AN—+00 J xa 1—a li
= lim —i- (yv'-“-1)
N-+--\- oo a
XleMaK, a > 1 A3
+ @
S dx 1
IF _ «->
HtHH 6epHJir3H HHTerpadi HKHHJI3IliyB4H, O<a-<| A3 3C3
4 oo
f ., — _]_oo, HDbHH SepHJirsH HHTerpsji y30KJi3uiyBMH. UiyHAaft
J Xa
KhjihS n XOCM3C HHTerpadi a > | Aa HKHHJiauiyBHH Ba

j xtt
0 < a< 1Aa y30KJiauiyBMH.

6.11.2. 2- MHCOJiAara HHTerpadi HHTerpajiHHHr hkh HJiaiuyBMH eKH
y30KJiauiyBMH skhhhhh Ta”ocAam aAOMaTAapudan (JjoftAajmHHiiiAa

KyjuiaHHAaAH.
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1. Arsp/(x) Ba (p(x) (jyHKUHHAap Sap”™a AapyHyH 3HHKJiaHraH

Ba [@, +00) Aa HHTerpajuiaHyBMH xaMAa Sapua X”a Jiap ynyH

O0<f(jc)<<p (™) Syjica, y xojiAa
+ @

4 o0
a) N (p(x)dx HHTerpajiHHHr HKHHJiauryBgaHJiHrHAaH ~ f(x)dx
a a

HHTerpajiHH Hr hkh HJiamyBHH 3K3hh KejinS UHKaAH, my Shabh Snpra

-f- oo -f- oo !
A~ f(x)dx”™  ~ gp(x)dx\
a a

+ + 7

0) \ /(x)djc HHTerpsAHHHr ysoKAsmyBqgsHJiHrHAaH ~og>(x)dx
a

HHTerpaJiHHHT y30KJI3UiyBMH 3K3HH KeJIHS 4HK3AH.
2. Arap f(X) (@JjyHKUHH Sapna X Jiap y~yH aHHKJiaHraH B3
+ @ +J”
~ \f(x)\dx HHTerpaA HKHHJiamyBHH Syjics, y xojia3 ~ f(x)dx hh-

a
Terpaji X3M HKHHJiamaAH; Sy xojias y a6coAtor Ht"uHAatuyenu umezpaA
AeftHJisAH, SyHAa
1 +00 + “>
t f(x)dx < ~ A\f(x)\dx.
a p
+® ) 00
3. Arap ~ f(x)dX HHTerpaA HKHHAaiuyBHH, I \f(x)\dx y30KJia-
a

uiyBMH SyAca, y xojiAa +J f(x)dx HHTerpaAHH tuaprAu H~uHAatuyenu

UHTeSpaA ACHHJ13AH.

3- MHCOJI. \ _ ——2 HHTerpaAHHHT HKHHAamyB”aHJIHrHHH
J 33X 4-2x |1
TeKmHpHHT.
=-"m fW=17T~"~Tr< 17< "~ - VvW,I>laa’ *
[ HHTerpaA HKHHJiamyBHH (2-mhcoji, oc= 4>1) SyjiraHH ynyH
J

SepHAraH HHTerpaA xaM hkhhjiamybhh (T3KKOCJi3m sjiomsth scocHAa).

4-MHCOA. 7~ e~*dx HHTerpaJIHHHr HKHHA3mMyBH3HJIHrHHH TeK-

mnpHHr.
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@
L' min. Xx~*\ Aa f(x) = e ~X-<.e~x= (p(x) Ba ~e~xdX HHTerpaji
1

mCHHJiaiuyiMH (1- mhcoji, a = 1) SyjiraHH ¢sSsSjih SepHJiraH HHTer-
pa,;i HKHHJiauiyBMH.

+®
5- MHCOJI. f &— - HHTerpajlHHHT HKHHJiaUiyBHaHJIHrHHH TeK-
X—sinx
UJHpHHr.
| | +@®
Emhui. Xx~M\Nixaf(x)=-—-—-—- --—— ==(P(-*:) Ba N -AHHTerpaldi
X—sin X X J X
-1
y30K,JiauiyBMH (2 -mhcoji, a = 1), uiyHra Kypa C —— HHTerpadi
J  X—sinX

y30K,jiaiuyBMH.
6.11.3. [a, b] opajiHKAa y3JiyKCH3, b HyKTaAa y3HJiHiura ara f(x)
cpyHKUHHAaH ojiHHraH xocMac HHTerpaJdi

b b—e

M (x)d x=iim ~ f(x)dx

a e->-+ 0 a

TeHTJIHK OHJiaH aHHKJiaHaAH.
Arap 6y jihmht MaB>KyA SvjihS, y hckjih Syjica xocMac HHTerpaJdi
HMuHAatuyeHu, akC xojiAa xocMac HHTerpaJdi y3oi™AauiyeHu AeHHJiaAH.
Arap F (X) OyHKUHH f(X) ynyH SouidiaHFH'i (jjyHKUHH Syjica, y XOJiAa

\f(x)dx= F(b)-F(a),

SyHAa F(b) = Ilim F(x)
x-*-b
Arap CcjjyHKUHH a HyKTaAa eKH [a, b] opajiHKHHHr Snpop hmkh

¢ HyKTacHAa y3HJiHinra ara Syjica xaM HHTerpaji IOKopHAarara yxuiaui
aHHKJiaHaAH:

b b

\f(x)dx= Ilim [ f(x) dx

i F*+ ° a
Ba

b c-c, b

\f(x)dx= Ilim \ f(x)dx+ _lim ~ f(x)dx,
J B—+0 J —+0 J
G &

xocMac HHTerpajiHH XHeoSjiaHr:

6- mhcoji. »
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E mh ui. HHTerpaJdi ocTHAarH OyHKUHH x = 1 HyKTaAa y3HJiHiura ara.
ZleMaK, TatpHcjjra Kypa,
i i-f

= lim = _eim_(— 2"/1 —x) e=

\ Lk " 7=
§ VI x g—ﬂ—Oé V1 % 80

= -2 lim (VI-1+e - V1-0)= -2 lim(Vve - 1)= 2,
£+0 €+ 0

AeMaK, SepHJiraH HHTerpadi HKHHJiaiuyBHH.

d
= (a — y3rapMac MycSaT coh) xocMac HHTerpaji-

(0]
hhht HKHHJiauiHiu Ba y30KJiauiHiu mapTJiapHHH TonHHTr.
E mh iu. HHTerpadi ocraAarH Oyhkuhh x= 0 HyKTaAa y3HJiHiura ara.

Arap a =1 Syjica, y x0JiAa yuiSyra araMH3:
i i
\— = Ilim \— = imlnjc I''= lim (Inl — Ine) = oo,
6 X +0 \é X 8" +0 le e*+0
HtHH HHTerpadi y30KJiauiyBMH.
Arap a=£1 Syjica, y xcuiAa:
C*L= nm C *1*= |im —al'= |lim —+~— (1 —e'"")
J x“ B-+0 J x“ 8"+0 1—* *8 8"+0 1—®
e
|
JXeMan, 0 <a <1 jxa KyHH~”arHJiapra 3raMH3: 2~ -~ = — 1- > ht*hh
b .
SX = 00, HbHH HHTerpali
y30KJiauiyB4H. xa
1
dx
LUyHAaft khjihs, xocMac HHTerpaldi O <a<;l Aa HKHHjia-
i x°
LuyBHH, a ™~ | Aa y30KJiauiyBHH.
6.11.4. OxnprH mhcoji HaTH>KacHAaH ra”ocAaiu aAOMarAapuda
OoiiAaJiaHHJiaAH:
1 Arap f(x) Ba (p(x) OyHKunsuiap a”“Lx<zb opajiHKAa aHHKJiaHraH

x,aMAa [a, b—e] (O cecft —a) KecMaAa HHTerpaldiJianyBHH Ba arap
ONf(x) ~(p(x) Syjica, y xojiAa:
b b
a) ”~q(x)dx HHTerpajiHHHr HKHHJiauiyBMaHJinrHAaH ~ f(x)dXx HHTer-

a u
b

pajiHHHr HKHHJiauiyBMahjihth KejiH6 MHKaAH, SynAa {f(x)dx”".
b 5

AN (F(x)dX
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h o
f>)  ~f(x)dx HHterpajiHHHr y30KJiaiilyBHaHJiHrHAaH “p(x)dx Hrner-
B Q
padinnnr yaoMauiyBMH SKaHJiHrn kcjih6 gHKaAH.
2. Arap f(x) JyHKUHH [a, b) 0paJi6HKAa aHHKJiaHraH Ba [a,

£— «] KecMaAa HHTerpajiJiaHyBMH Syjica, ~]/(x)]dx

a

HHTerpajiHH Hr

b
~M(x)dx

a

HK.HHJiamyBgaHJiHrH.n.aH HHTerpajiHHHr HKHHJiaiuyBHaHJiHrH

b

kcjihé MHKaflH. By x,0Jifla  ~f(x)dx HHTerpadi a6coAK)T R~AuHJiauiyenu

UHrezpaA AeHHJiaAH.
b

3. Arap [f(x)dx HHTerpaJdi HKHHJiamyBHH, ~\f(x)\dx

a a
b

~f(x)dx HHTerpaldi maprAU Rt~ uHAauiye-

3

HHTerpadi

yaoKJiauiyBM"H Syjica, y xojiAa

hu uHTespaA AeHHJiaAH.
i

8- MHCOJI \ —3" - . HHTerpaJIHHHT HK.HHJialXiyB'iaHJIHrHHH TeK-

J NMx + 2x3

LUHpHHT.
E q h in. HHTerpaJdi ocTHAara JyHKUHH x = 0 HyKTaAa y3HJiHiura ara.

f(x) = -~y = -V = «P(*)

- N r<
fc+2x3 X xT

I i
Ba f -~1 HHTerpadi HKHHJiauiaAH (7- mhcoji, a = y < 1), AeMakK, Sepnji-
« ’)

ran HHTerpadi x,aM siKHHJiaiuaAH.

11- dapcxona rontuupuFU

I XocMac HHTerpadiJiapHH x,HCo6jiaHr eKH yjiapHHHr y30KJiauiyBiH
SKaiiHHH aiiHKJiaHr.

1. T N d x >K:4 ~-
r dx
>K: 4 .
J 4+ x2'
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6. | , dx..—
] "4x—x2—3

>K: y30KJiaiuaAH.

>K: n.

Il. MHTerpadiJiapHHHr nhkhHliamyBMaHJiHrHHH TeKUIHpHHTr:

+ 00

7. A In( 1+ * L dX. >K: y30KJiaiuyBHH.
1
+ 00
8. N N—cos-MdXx. >K: HKHHJiauiyBHH.
1
1 I
9. [ — edx - >K: y30KJiauiyBMH.
.Ik eVl cosx
2
10. f "osx— dx HKHHJiauiyBqH.
J _/ 0
Vi-
11- Mycrai”™uA uui
1 XocMac HHTerpaliJdiapHH  x,HcobjiaHr eKH yjiapHHHTr

IUyBHaHJIHTHHH aHHKJiaHr:

rdx.... e
J X (x+1)
+ 7 rf,
6) \ — —F.
J 1+x2

>K: 1—1In2.

>K: y30K.JiauiyB4H.

y30KJia-



dx . >K:

>K: yaoKJiauiyB™H

2. MuTerpaldidiapHHHr HKHHJiamyBwaHJiHrHHH TeKiuHpHHr:

a) dx >K: y30K,JiaiiJyBMH.
xIn (Inx)
\Ix d
6) 5 X ax >K: HKHHJI3 LUyBMH.
Vv I—x

7- HCL30paT uuIu

1. AHHKMac HHTerpajiHH TonnHr:

xdx
1.1. ilnxdx . 1.2.
1.3. arctgxdx . 1.4. TX Inxdx
\nx
1.5. 2 2dx . 1.6.
1.7. x Zos5xdx . 1.8. InXdx .
1.9. xarcsinxdx . 1.10. arctg -yj4x— 1dx
XCOSX
1.11. n(4x2+ 1)dx . 1.12. ZBldx
1.13. xsinxdx . 1.14. x- tgXdx .
1.15. xdx 1.16. .vsinxdx
5\U~X cos2x
A In2xd x
1.17. yjX InZdx . 1.18.
AIX2

1.19.  xeInXdx . 1.20. x3nXxdx .

1h2a X

tar - o9 122, (x2+2 )e'ldx

1.23. (x + 3) Zin2xdx 1.24. In(x2+4)dx .

1.25. arctg—dx . 1.26. x- arcsin—dx
X
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1.27.

1.29.

\x-"dx.

N x3-arctgxdx .

2. AHHKMac HHTerpajiHH TonHHTr:

2.1.

2.3.

2.5.

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

2.29.

2x—1
x dx.

V*2—4x+ 1

X+ 3

dx.

N 4x2+ 4x+ 5

X+ 4

dx .

N X2+ x—2

2x— 3
dx.

N8 — 2x—x2

8x+ 3
dx .
A\J5+ 2x — x2
3x— 1
dx .
X —6x+ 10

X+1

-dx .

4x — 12x+ 13
3x—2
dx .
5x —3x+ 2
4x — 3
dx .
5x +6x + 18
2x—1
dx
5xz—x+ 2
X—8
dx .
5—4x+ 4x

5x+ 3
-dx .
X + 10x+29

x+ 1
dx .
5x +2x+ 1

2x—5
dx .
X2+ 6x+ 13
2x+ 3
-dx .
15— 4x2+ 4x
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1-28. J -=frfx.
Incosx
1-30. ~ --—--"-dx
2
2.2. T2 dx .
X + 2x+ 2
5
2.4. x* dx .
2X + 2x+ 3
1
2.6. L dx .
3+ 4x—Xx?
— 2
2.8. x dx .
X +x+ 1
—7
2.10. x -dx .
X2+ 4x+ 13
2.12. x* s dx .
A\J3x2+ 6x+ 1
2
2.14. x* dx.
V3 — x2+ 2x
2.16. 2x+ 3 dx
V 15— 4x2+ 4x
3x— 1
2.18. x dx.
V X2+ 2x+ 2
— 3
2.20. X dx.
~\J3— 2x— x2
—2
2.22. X dx
4— 2Xx— X2
—2
2.24. x dx .
AJx2—2x+ 1
2x— 1
2.26. X dx.
~\jx2—4x+ 1
2 1
2.28. X dx .
ANIx2+ 4x+ 2
2 30. =S5 gx.
"V6+ 4X-

Pt it f e rH e (Hin i



3. AHHK,Mac HHTerpajiHH TonHHr:

X —16

*+ 4x

*dx

dx.

2x3-]-3X2-j-x

x2+ x — |

dx.
3+ x2— 6x

-dx.

dx

X+ 2

3.21. -dx .

XA— 2x2+ 2x

xdx

5-25.
J x4+ Bx + 4

dx
4x3— X
dx

4. AHHKMac HHTerpajiHH TonHHTr:

4.1 dx
X(V* + V *)
43. yx+1 4y

Vs

3.2.

3.4.

3.6.

3.8.

3.10.

3.12.

3.14.

3.16.

3.18.

3.20.

3.22.

3.24.

3.26.

3.28.

3.30.

4.2.

4.4.

dx.

x3+ |

x2— 3
x4+ 5x2+ 6

X+ 3
dx.
X3+ x2— 2x

2x2— 3x— 12
dx.

X3+ X2— 6x

6x4— 1
-dx .

2x3—x + |
X+ 4
dx.
x3+ 6x2-f-9x
dx

X4+ X3+ x2+ X

dx
x4+ 5x2+ 4
2x —3x—3

dx.

(x— 1) (x2—2x+ 5)

(3x— 7)dx
X3+ X2+ 4x+ 4 '

= dx.

X3+ X
x3— 6
x -]-6x~+§~8

x5+ x4—8
dx

x2dx
(x+ 2)2(x+ 4)2

X+ 5
dx.

x4+ 2x3+ x2

VX -1 d
1+ vx 9%

VX+ 1—1

\ dx.
\/x+1+ 1

4.5.

4.7.

4.9.

4.11.

4.13.

4.15.

4.17.

4.19.

4.21.

4.23.

4.25

4.27.

xdx
i+ V*2

xdx

X +2

VX + "X
xdx
V I+ x

xdx
(2+ 5x) V2 + 5x '

VI—2x- yi-2x
4,— 3,—
3VXx3—2V*2

dx

VXx(Vx3-i)

Vx+ 3
dx.

i+ Va*+3

J2+ V2I+T

dx

yx+ 3 (1+ Vx+ 3)

4.29.J.\]EiL-dX-

Vx-1 +1

5. AHHKMac HHTerpajiHH TonHHTr:

sinxdx
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4.6.

4.8.

4.10.

4.12.

4.14.

4.16.

4.18.

4.20.

4.22.

4.24.

4.26.

4.28.

4.30.

5.2.

5.4.

5.6.

x dx
S 1+ V-*
Vx —1
dx.
Vx (yjx + 1)
dx
VA=2 (1+ ~1=2)

Vx+ 1+1
yx+1 —i

Vx + 1
x dx .

(V* +4) vXx3
1— %X +27jx

dx
X+ 2 \IX3 -j- *VWx
i+ v* d x
Vx5(@1+ )
27X -|-1
dx

r~
VXx3(Vx +4)

dx

cosx(l + cosx)

1— sinx
cosx(l -]-cosx)
1+ sinx

odx .
1-)-cosx + sinx



B.7. tim  slm
(I fisimol2 '

59. ( 1'l CKA  dx
J (sin*~f-2cos*)2

5.11. L.5" = | dx
J 2sin2*+ 5

tg2*

5.13. J
4+ 3cos2*

dx.
5.15. (-51"! (gx
J caeix

5.17. 3- %
sin3

5.19. ~ cosfHedx .
5.21. ~ ctgXdx.
5.23. "~ cos&sinXdx.

5.25. ™ s'm&dx.

tgx+ 2
5.27 _ g dx.
sin * + 2cos2* —3
5.29 dx

‘o f (3tg*+ 5)sin2*

5.8.

5.10.

5.12.

5.14.

5.16.

5.18.

5.20.

5.22.

5.24.

5.26.

5.28.

5.30.

8+ tg*
dx .

18sin2* + 2cos2*

6+tg*
dx.
9sin2*-|-4cos2*
36dx

(6—tg*)sin2* '

sin3*
V sin*
sin2*
X.
cos3
e4 X,
sindydx.

cos2xsin4xrfx.

tg Adx.

dx
sin6*

sinx-sin2x-sin3xdx.

\ dx
J sin*(l — sin¥)
[ cosxdx

J (1— cos*)3

7- naMynaeuu %uco6 Tonuiuput™Aapu

1. Anhk HHTerpajiHH XHccvliiaHr:

(arccos*)3— 1

11
f V I—*2

4

13 Jtg*-Incos*d* .

(0}

1.5 f x3dx
312+ 112
1

1.7 x dx
S*2+1

dx .

256

1.4.

16

18.

N 8* —arctg2*
g dx
1+4*

'* 2+ In*J
d x

sinl
(arcsin*)2-f- 1
. jix .
4  vi-*2
V3
* — (arctg*)4
( 9%) wdx

1+*2

17

9. j. xdx
0 X4+ | 1.10.
/\+ 1
1.11- | 1+ 1In(*—1
‘1 dx . 1.12.
e+l
}F‘é 5 éajrexsfnﬂxdx .
1-14
us. fjttn = 1.16.
1+4x2
1.18.
1.17. L _
0 Vc°sZ+ 2
1.19. L dx 1.20.
J cosZ(2tg *+1)
1.21. f V5+"3Tn* g 1.22.
— X
123, f52Xigy
1.24.
1.25. ~_Xdx
o A+ 4% .an.26.
270 ) 1.28.
COs X
1.29. j ~+td x. 1.30
v * U
2. Anhhk HHTerpajiHH XHeoSjiaHr:
21 A (x 3x-j-2)sinxdx. 22.

0=

[ tgn+1)
J, cos2(*+i)

dx.

o a/4-*8"

t EBF* y/sin* dx .
o

2

f-feii,.

J  x\nx

[_x dx
1+*8

\ sin2*
)y N = dx-
0 A/I+COS2

[ efk

J 16+ e6*

JL

2

f xdx
0 a/9-*4

[ t&L
J tf+e-*

\«SJS!Ldx.

f\ ~x_
J_ sin22

Vr

J (X 2+ 7 x +1 2) (Wosxdx.



2.3.

2.5.

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

N (x--1)5In2(x — 1)dx.
®

J

N (2x2-f 4x+ T7)cos2xdx.

(x2+ 6x+ 9)sin2xdx.

b > o ©°

AN xInxdx.
1

n

N (8x2+16x+17)cos4xdx.

o
3
N (B3x — x2sin2xdx.

N (x+ 2)3An2(x -f 2)dx.
-1

in

~ (1 — 8x2 cos4xdx.

N x Bindxdx.
0

V3
N arctg”Ndx.
i

3
N (x2— 3x)sin2xdx.
0

e

AN VX elnZXdx.

1

0

N (x2+2x + I)sin3xdx.
258

2.4.

2.6.

2.8.

2.10.

2.12.

2.14.

2.16.

2.18.

2.20.

2.22.

2.24.

2.26.

2.28.

N (x2— 5x + 6) sin3xdx.

N (9x2+9x + 1l)cos3xdx.
0

J
7
A (1- 5x2sinxdx.
0
1
J

X 23dXx.

j (3x2+5) cos2xdx.

A xarctgxdx.
0

0] *

J (x2+ 2 )eddx.

—2

" xsinxcosxdx.

—J

0

N (x-f-1) In2(x + 1)dx.
—1

0

N (x + 2) Zos3xdx.
)

1

~arc sin(l ~~x)dx.

i

o

N (x2+5x + 6)cos2xdx.

In2xdx

M Ahhk HHTerpajiHH XHCoSjiaHr:

dx.

acty ot
‘u. \ ) r &gk A
i (sinx + 2cosx)
4
2jt
13 ~sin& dx
o (1 + sinx)
act?
12+ tgx
3.7. i
3sin2x + 12cosx
i.9. \ sinXcos6 dx
3
1+sinx
3.11. .
1+ cosx+ sinx
3.13. S 5.tgx+ 2 dx.
2sin2x+ 5
4 _ 7tgx
3.15.
2+ 3tgx
3.17. g 1' cosx— dx.
{+ecosx-f sinx
0
3.19. dx.

ou—

*,
4+ g(})SZX
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N ITHLIM T Mii T

d
2.30. <
c0323><
cosxdx
3.2.
2+ cosx
q4 f 6si°2x  dx
J 3cos2x— 4
0
n
3.6. N sin6 | -cos27dx.
cosxdx
J.8. 5+ 4cosx
u
7+ 3t d
3.10. (7 Stgdx
J  (sinx+ 2cosx)
3.12. ”~ cosxdx.
0
cosxdx
M4. + sinx — cosx
3.18 . .xdx.
Sc's
3.20. sinxdx
5+ 3sinx



2ji

3.21. J cos8* dx. 3.22.

o
n
T
dx
6 cosx(l+cosx)

n

f 2tgix— 1ltgx — 22 ~

3.25
3 4— tgx 3.26.
(o]
n
T
3.27.  ~ tgddx.
3.28.
sinxdx
3.29.
S (1+ sinx+ cosx)
4. Ahhk HHTerpajiHH x,HCobjiafir:
4. ( Jgf+5+2 ~ 4.2,
B I+V3x+5
(e
X —
4.3 dx. 4.4.
3 x4
V2
In2
4.6.
4.5. S V ex— 1 dx.
0
64
1— X +2 %Wk
4.7 dx. 4.8
1 x+ 2"\/x3+ yx4
V3
4.9. 4.10.
1 V(i+*23
In3
dx
4.11 4.12
2 V >+ex
\3/ 2)2
. X -
us. j ( ) dx. 4.14.

3 3+V (x-2)2

260

arclgS
4tgx — 5

dx.

S 1— sin2x+ 4cos2x

Pq

\ sin2 cosb6~ dx.
J 4 4

2arfff2
dx

sinx (1 -j- sinx)
2

aa”™
8+ tgx
g dx.
S 18sin2x-|-2cos2x

Ji

Nex—\
ex dx.

ex+ 3

c+ V3x—2 —10
V3= 2+7

dx.

dx

4+ x2 a/4+ x2

tre
dx

(2+ Vx )dx

S (V'X+2~/x+VX)

VXx2-i

0

4.17 - £ - — — dx. 4.18.
X i+ gX
4
i dx

4.19
3T+ V2xTr' 4-20-

4.21. 422
o a/4 x2
In3

4-23. J 4.24.
(23]

dx

«25- '\ ~ 7 =3 [ ] 4.26
NV A+ L+ v(x+i)3

.27. \ rn = = n 4-28
J y (16+ x2)3
In2

dx
4-29' gt" F V 4.30.

5. XocMac HHTerpadiJdiapHH xncoSjianr

3K3HHHH HCSoTJiaHr:

xdx
5.1. a) ] 5.2.
X + 4x+ 5
enx
6) \ dx.
cos

r~rctg2xdx;
J I1+4x2

5.3.

dx
6) J
|y 4x—x2—4

[ X2N9 — x2dx.

>

1
32" e dx

J

0
dx

£
J 1+~/x+1
2
i
d V (16—X2)3

dx

212
dx

\
]

dx

r .
J 2x+ V3x+ |

eKH yjiapHHHr yaoKJiawyBUH

> S x2+ 4

cos3xdx
6) J
o y (1—sin3x)5
(x+ 2)dx
0 Yy (x2+ 4x+1)4

sinxdx

ii yc



5.5.

5.7.

5.9.

5:11.

5.13.

5.15.

5.17.

a)\-dx

J Axl+4*+ 5

dx
6 \ V1+3*

Y tg2*
a) arctg ;
1+ 4*2
dx
6)
a) ~ xsinxdx]
0
1
r dx
) <j\-2x
a) dx
(1+9*2)arctg23*
x dx
6)
0 vyi-
a) dx
*2+ 2*
sin3*d*
6) 'ij cos*
d
a) %
*(|n*_ l)’\
dx
6)
0 ViI-4*
®

dx
a) S
VI %2+ 4%+ 5

262

xdx
g 42+ 4%+ 5
2*d*
6) -
0V 1—
00
dx
5.8.
a) *(1 + In2¥)
2
dx
6) -

1 a/4*—*2—4

5.10. I
s J X —4x
2

x?dx
)
0 ve4—
5.12. d
2 (4+ *2) -yarct™]-
9 *d*
6) J
0 y9 _*2
dx
5.14. a) ] ¥34 %9
1
1
T
dx
6) s (2*—1

5.16 dx
o I» S 6T —5*+1

"y (4-*23

d

5.18. a) J xex
Vie*4— 1

5.19.

5.21.

5.23.

5.25.

5.27.

5.29.

6)

6)

6)

a)

6)

6)

a)

dx
V(3-*)6
VIe*4+1
xdx
l—x'4 °
Ak
16c4—
VM2
2—3*
V (*3+8)4
d*
@—=*)lir(l %)
dx
N
| 9*2—9*+ 2
1
T
d*
r
J 71-3*
r *rf*
* _—4*+ 5
xdx
0 V4~
00
S xdx
16*4+1
1
A x Aru:dx.
0
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5.20.

5.22.

5.24.

5.26.

5.28.

5.30.

6)

a)

a)

a)

6)

a)

a)

6)

d=*
s V *2_ 6*+ 9

|l - 7= " —
i a/*2—4*+1

00

J

0 V(*2+ 4)3

1
In@* 1)

L 3*- 1

T

@®

N

xdx

0 V(16 + *2)5
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XM(:%fWianr:

6.1.
6.2.
6.3.
6.4.

6.5.

6.6.

6.7.

6.8.
6.9.

6.10.

6.11.
6.12.
6.13.
6.14.
6.15.
6.16.

6.17.
6.18.
6.19.
6.20.
6.21.
6.22.
6.23.
6.24.
6.25.
6.26.
6.27.

6.28.

6.29.
6.30.

'IHtMMap 6n/ian ‘lerapaZianraH (bnrypaHHHr k>3nhh

X=4—(y- 1)2, x=y2—4y—3.
Xx= 2v;2 cos/, y= 3N2 sin/ (j/>3).
/= 6cos3(p, 3.

x= (y~2)\ x= 4y— 8.

X = 8c0s3/, /= 4sin3/ (x>3V 3).

r= costp, r= sinkp (Os”~cps”;-"

i/ = (je+t 1)2, "2= jct 1.
Xx= 4(t sin/), y= 4 (\—cost) (0<x<8jt, i/>4).
r = 4cos3cp.

t/=(x—2)3 y= 4x—8.

x= V2 cost, y= 4\V2sin/ (y>4).

/= 2(1— coscp),

/= (x—1)2, y2= x— 1

X = 24cos3/, = 2sin3/ (x>9V 3).

/2= 2sin2(p.

y= 4— X2 y= X2— 2x.

X= t—sin/, y=\—cost (0<x<2ji, j/>1).

r = 3sindcp.

Xy= 4, X—y= 5.

X = 6cos/, y= 4sint.

r= 2(l coscp).

y2= 16— 8x, y2= 24x+ 48.

x= 32cos3, y= sind (x>4).

/= 2sin3cp.

y= X2— 3x, 3X+ y— 4= 0.

X= 6(t—sin/), y= 6 (I—cos/) (0<x<12jx, y"9).
/= 4sin3cp(r™2).

«= — L_ u=jL

y I+x2 .,y 2 -

X = 4co0s3/, y = 4sin3/.
r = cos2cp.

7. BepnjiraH hh3hk, eflIHHHHr y3yHjinrHHH XHCoSjiaHr:

+ a rc sin*, O<xs$: -j-
4
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7.2.

7.3.

7.4.

7.5.

7.6.

7.7.

7.8.

7.9.

7.10.

7.11.

7.12.

7.13.

7.14

7.15.

7.16.

7.17.

7.18.

7.19.
7.20.

7.21.

7.22.

7.23.

7.24.

7.25.

7.26.

X = 2c0s3/, y = 2sin3/, 0=sC/"-"

r= 1—sincp, —J-<cp<—
y=1l—Incosx, 0<x<4r,

O
x= 2(t—sin/), y= 2 (l—cos/), 0N/~ y.

r= 8(I —coscp), — ~~cp”™ O

x = e'(cos/ + sin/), y= e‘(cost—sin/), 0N/ N-"~ -,
y = e*-:f%-]13, INnVASA*N NV 24.

r= 3e~, —

X= 4(/ —sin/), y= 4(l—cos/), ys™~/~"C-"1
y=1In sinx,

r= 8sincp, O~cp™-".

x=10cos3/, /= 10sin3/, 0O~/ "y.

N=N"N(l-e ce-j),0<x< 3

r= 4ep, 0™ @

x=5c0s2, y= 5sin2, O~/ ™"
y= Inx, V3~*x"-/T5-

r= 7(l —sin<p), — "<<p</N.

x= 3(/—sin/), y= 3 (l—cos/), n”~/ < 2u.
= —1 , O”AXN-N
y ncosx X 5
r= 2 (l—coscp), —rcrcp”™—
x = 3(2cos/ —cos2/), y= 3(2sin/ —sin2/), 0 </ < 2n.
y= 2—eX, In-\/3s”"x" In-\/8.

4p

r= 4~r ,0 < (p <y .
X = 8cos3/, (/= 8sin3/, 0</<A6
y= 1—In(x2— 1), 3 <x< 4.
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7.27.

7.28.

7.29.

7.30.

8.

8.1.
8.2.

8.3.

8.4.
8.5.
8.6.

8.7.
8.8.

8.9.

8.10.

8.11.

8.12. x
8.13. y

8.14.

8.15.
8.16.
8.17.

8.18.
8.19.

8.20. y

8.21.
8.22.

8.23.

r =

X =

y:

r=

6(1-1- sirup), - Jcp”"O.

(t2— 2)s\nt + 2tcost, y = (2 — t2)cost + 2tsint,

X X

e*+e~\ O0<x< 2.
3AMp

3en,0<(p<y.

OyHKUHHJiap rpa<|)HKJiapH 6mnan qerapajiaHraH (JjHrypaHH
GepwJiraH KoopAHHaTa yKH aTpocfiHAa aftjiaHTHpmuAaH xochji 6yjiraH
>khem x,a*MHHH x,HCo6jiaHr:

y2=

y:

(x—1)2, x= 0, x= 2, y= 0 (QOy).
— X2-j-5x— 6, y—0 (OXx).
3cos2t, y— 4sinZ, (~)-

(x—1)3, x=2 (Ox).

= x3, y= x (Oy).

6(t —sint), y= 6 (l—cost) (Ox).

= x2—2x+1l, x= 2, y= 0 (QOy).
= 2x—x2,y= 0, 2x2—4x+ y= 0 (Ox).

= 2cos”™, y= 5sint (Oy).

3sinx, y= sinx (0 <x<jt) (Ox).
arc sinx, y= arccosx, y= 0 (Qy).
7cos3, y= 7sin3/ (OXx).

(x—1)2 y=1 (Qy).

M~y—2 ., x=\, y= 1 (0x).

i/3 cos”™, y= 2sin/ (Oy).

2X—x2,y = —x+ 2 (Ox).

VAT -y=0Y= 12 x= 05 (Oy).

= 2(t—smt), y= 2 (1—cost) (Ox).

x2+ 1, y=x, x= 0, x= 1 (Oy).
ex~X, y= 0, x= 0, x=1 (Ox).
2cos”™, y = 6sin/ (Oy).

4x, x2= 4y (OXx).

2— x+ y= 2 (Oy).
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8.24.
8.25.
8.26.
8.27.

8.28.

8.29.
8.30.

y=cos3, y=sin3/ (Ox).
y=5cosx, y= cosx, x>0 (Ox).
y=Inx, x= 2, y= 0 (Oy).
x = 3cos”, y= 8sin/ (Oy).

y=Xx2y2-x = 0 (Ox).
y=arccos-|,y = arccosy, y= 0 (Oy).

y=ex, x=0, y= 0, x= 1 (Ox).



7-6 06
BMP HEMA y3rAPYyBHHHHHTIr 4>yHKU,HJICM

I-§. Bnp Hega jtarapyBMH (JjyHKUHHCHHHHr xycycHH
x,0ocHJiajiapH Ba TyjiHK, AH(J)c|)epeHUHajin

7.1.1. Arap 6npop D TynjiaMHHHr xap 6np (X, y) xaKHKHH coHjiap
>Ky()TjTHrH 6npop KOH”a QdJiaH E TyruiaMAarH nroHa 2 xaKHKHH coHra
moc KyftHJiraH 6yjica, y xojiAa D TyiwiaMAa hkkh y3rapyBHHHHHr
(HyHKUHHCH z aHHK,jraHraH AefiHAaAH Ba KyftHAarn KypHHHiiiAapAS
Qenrmiauaw-

z= f(x, y), z= z(x, y) Ba x. k

D TynjraM c})yHKUHHHHHr aHHKJiaHHin coxsch AefiHJiaAH.

TeoMeTpHK HyK,TaH Ha3apA3H z= f(x, y) ()yHKUHHHHHr OXyz Tyrpn
6prakah KoopAHHaTajiap cnereMacHAarH TacBHpH (chyHKHHHHHHTr
rpacjjHra) 6npop cnpTAaH HG6o0p3TAHp.

HcrajiraH MeKAH coHAarn y3rapyBMHHHHr <j)yHKUHHCH xaM IOKopHAa-
rn Ka6én 3HHK,jiaHaAH.

1- MHCOJI. Z= "4 —x2—y2 (jDyHKUHHHHHT aHHKAaHHUI COXaCHHH

TonHHr.
Emm uj. BepnAraH c})yHKUHH 4 — x2— y2>0, h~hh X 2+ y2< 4 uiapT-
Aa xaKHKHH KHHMaTjiap KaSyA KHAaAH. XleMaK, (1hyHKU,HHHHHr

aHHK,jiaHHiu coxacH MapKa3H KoopAHHaTajiap SouiHAa SyjiraH, paAHycH
2 ra TeHr AonpaAaH HSopaT.

2-mhcoa. u= In(l — X2— y2— 72 cjjyHKUHHHHHr aHHKAaHHLU coxa-
CHHH TonHHr.
2 E 2HUI2 BcpHAraH (JjyHKUHH | —x2—y2—2z2>0, H-bHH
X +2 <1 wuiapTAa aHHKJiaHraH. BuHoSapHH, SepHJiraH cj)yHKUHH-
HHHT aHHKAaHHUI COXaCH Mapk33H KOOpAHHaTaJI3p SoLUHAa, paAHyCH
1 ra TeHr map SyAaAH, SyuAa map cupra (ccj)epa) aHHKJiaHHmM coxacura
KHpMaHAH.

7.1.2. Arap X y3rapyBHHra 6npop AX opTTHpMa 6epH6, Yy hh
y3rapHiucH3 KOAAHpcaK, y xa/iAa z= f(Xx, y) (JyHKUHH AXxz op-rrapMa

OAaAH, 6y opTTHpMa 2 4)YHKIWHHHHr X y3rapyBMH Syfinua xycycHH
OpTTHpMaCH AeHHAaAH:

Axz= f(x + Ax, y)—Tf(x,y).
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XyAAH myHAaft, y ysrapyBMH Ay opTTHpMa 0jihS, X y3rapHiucH3
KoAca, y xojiAa 2 C))yHKUHHHHHr 'y y3rapyB<JH 6yhma xycycHH
oprrHpMacH KyHHAarnHa e3HJiaAH:

Ayz = f(x, y-\-Ay) —f(x, vy).

Axz
Arap lim —— mckjih ahmht MaB>KyA SyAca, y z= f(x, vy)

(HVHKUHHHHHr 3pKAH y3rapyBMH X SyHHVIa xycycHH XOCHAaCH AeHHAaAH

isa ~ eKH fx(x, y) 6HAaH SeAnuiaHaAH. ZleMakK,
*z r f(x + Ax, y)—f(x,y) dz , .
A0~ZE = VoD L = GI=/x *.</)
A2
Arap Alii/m mckah ahmht MaB>KyA SyAca, y z= f(x, y) (JjyHKUHH-
=0

iiHHr apKAH y3rapyBHH y 6ymna xycycHH xocHJiacH AefiHAaAH Ba
ZZ- eKH ' (x, U) SnjiaH SeArHAaHaAH.

y y

XycycHH xocHJiaAap yqyH 6np y3rapyBHH (})yHKU,HHCHHH AHcfjtJje-

peHUHaJdiJiamHHHP KOHAa Ba (jjopMyAaAapn caKAaHaAH.
McTajiraH mckah coHAarn spkjih y3rapyBMH t*yHKUHHCHHHHr xycycHH
XOCHJiajiapH xaM I0KopHAarHAeK aHHKJiaHaAH.

3-mhcoa. 2= arc sin— (JjyHKUHHHHHr  xycycnfi xocHAajiapHHH

ronHHr.
E mhui. jhh y3rapMac Ae6, x SyftHMa xycycHH xocHJiaHH TonaMH3:

dz

dx 2

A2
Yy —x

3hah x hh y3rapMac Ae6 XHCo6Aa6, y y3rapyBHH 6y\\ma xycycHH
XocHJiaHH TonaMH3:

dz 1

(-7}

4-mhcoa. u=~\jl—x2—y2— 22 (jjyHKUHHHHHr xycycHH xocnjiaAa-

PHHH TonHHTr.

Emm. NZ e = L = = (—2X) = e = .
Sx 2\ —x2—y2—1z2 VI-x2-vy2-2z2

du - 1 (~2y)~
dy 2 NJ1—x2—y2—72
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d“ as....... J — (—22) = z
*x 2V'~J-y2-2z2

7.1.3. Arap X Ba Y y3rapyBMHJiap moc paBHiiiAa AX Ba Ay
oprrHpMajiap ojica, y xojiAa z= f(x, y) 4)Yhkuhh Az= f(x-\-AXx,
y-\xAy) — f(X, y) TyjiHK opTTHpMa ojiaAH. By TyjiHK opTTHpMaHHHr AX Ba
Ay Jiapra HHcSaTaH hh3hkjih SyjiraH 6011l khcmh 4)yHKUHHHHHr TyjiHK
AH(]3ct)epeHU,HajiH AeHHJiaAH Ba dz opKajrn SejinuiaHaAH.

z—f(x, y) (JQYHKUHHHHHr TyjiHK AHC”epeHUHajiH KyHHAarn (JtopMyjia
6yftHMa XHCo6jiaHaflH:

dz- ~ x+t dy

6y epAa dx= Ax, dy= Ay.
TyjiHK AHfIx~epeHUHajiAaH KyriHHMa (JjyHKUHHHHHr  t3KPh6hh
KHHMaTJiapHHH XHCo6jiaiu yqyH dpoHjiajiamjiam, m¥hkh Azmdz, HtHH

f(x + Ax, y+ Ay) &f(x, y) + Az

5-mhcoji. z= arc tg 4>yHKUHHHHHr - TyjiHK  AHcfxJjepeHunajiHHH
TonHHTr.

E mhui. ,H,acTjia6 xycycnft x,ocHJiajiapHH TonaMH3:

dz i /7 y\ Y dz _ I

ajc i+ (f)y2'n x2’ ,N+y 27 dy~ 1+ X~ J+y2

TyjiHK AH(@J)(})epeHUHaJi (fiopMyjiacnra Kypa:

, _ —ydx . xdy _ xdy—ydx
Z~ X2+ y2 X2+ y2 ~ X2+ y2

6- mhcoji. u= -\jx2 y2 z2 QyHKUHHHHHr TyjiHK AH({)(J)epeHiJ,Ha-

JIHHH TonHHTr.
E mhui. XycycHH x,ocHJiaJdiapHH TonaMH3:

du 2X

O Dy x2+ y2+ 22 Ax2+ Y2472

du 2y y

dy 2 \jx2+ y2+ z2 yjx2+ y2+ 72

du 2z z

dz 2N/ X2+ y2+ z2 NxX 2+ y2+ z2 '

J~eMaK, TyAHK AH@J)(})epeHU,HaA:
. xdx . ydy s zdz _ xdx-\-ydy-\-zdz
NN+ y2+ 72 NX 2+ y2+ 72 VAN+ 2+ S NX 2+ y2+ 72
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7- MHCO0JI. 1,023 HH TaKpHB6HH X,HCo6jiaHr.

Emhiu. z= Xy @iyHKUHHHH KapaHMH3.
KHHMaTH z = 13= 1 ra TeHr.

YHHHr x =1 Ba y= 3 AarH

Z= Xy 4>yHKU,HHHHHr TyjiHK AH(])4>epeHU.HaJIHHH TonaMH3:

d z=y xy~ 'AXx-\-xXy\nxAy.

*=1, y= 3, Ax=0,02 sa Ay= 0,01. lllyHHHr yqyH dz= 3-12-0,02 +
f- 13In1-0,01 =0,06 6yjiaAH. Y x,cuiAa H3JiaHaeTraH khhm3t:

(1,02)30mf(x, y) +dz= 1+0,06= 1,06.

1-

dapcxona TonuiupuFu

1. OyHKLtHHJiapHHHr aHHKAaHHLU coxacHHH TonHHr:

d) z=-\jx2+y2—9

b) z= \n(y2—2x+ 4);

6) z= arcsin(x+ y);

ry u

In(l —x2—y2—z2)

2. KyflHAara (JjyHKUHHAapHHHr xycycnft xocHJiaJdiapHHH TonHHr:

a) z= x3+ y3— 3axy\

b) z= < 1;

a) z=\n\x+ VA2+y2l;

* u= z

X—y .
6 z———Ta
X+y
i . Ix2—y2
r) z=arcsin /
w *+r
X-\-{
e) 2=Insin
) \.74

3) u={xy)z

3. KyftHAarH (JjyHKUHHAapHHHr ryAHK AH(})4)epeHUHaJiHHH TonnHr:

zZ =

v

a) 2= In tg—; 6)
\ x2—u2
B) z= n r)
X +y

4. TaKpHSnfi XHCoSAaHTr:

a) In(0,093+ 0,993 ;

«

>K: a) -0,03; 6) 4, 998.

In(x2+ y2);

= arctig =4

6)

V(4,05)2+ (2,93)2.

/- MyCTCLKFUA UIU

1. <E>yHKU,HHJiapHHHr aHHKJiaHHIU COXaCHHH TonHHr.

a) z=\n(y —x)-,

6)

Z=

~N/cos(x2+y 2
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» '-In V* ry u=Jx +y+i.
2. Kyfl[HAarH ()yHKUHHJiapHHHr xycycHH xocHjiajiapiiHH TonHHr:
a) z=e NN 2; 6) 2= arctg —"N—
1+ x2
b) z= y-x\W\ r) 2= arc tg— -f-arc tg— ;
X y
A) u= x4 Y

3. OyHKUHHJiapHHHr TyjiHK AH(j5(j))epeHUHajiHHH TonHHr:

@) 2= Incosi 6) z=In(«</+ V 2+ 7); b) mc=
xX2+y2

4. TaKpH6HH x,HCo6jiaHr:

a) V (1,02)3+ (1,97)3 6) sin28° scos61 °.
>K: a) 2,95; 6) 0,227.

2- 8. MypaKKa6 (JyHKUnHHHHr \ocMJiajiapn.
OuiKopMac (JjyHKUHnHHHr x,ocHjiajiapH

Arap z= f(x, y),x= x(t), y= y(t) <})yHKUHHjiap AH(})(})epeHii,H-

7.2.1.
y(t)) MypaKKa6 (JjyHKUHHHUHr

ajuiaHyBMH Syjica, y x,ojma z= f(x(t),
XocHJiacn yinSy cJjopMyjia 6ym'ia TonHjiaan:
dz__ dz dx . dz dy
dt dx dt dy dt

Arap z= f(x, y),y = y(x) Syjica, y xojiAa z= f(x,y(x)) AaH x 6yHHHa
TyjiHK x,ocHJia KyHHAarn (})opMyjia dyftnua TonHJiaAH:
dz__ dz . dz dy
dx dx dy dx

XyAAH uiyHHHrAeK, x = X(u, v),y= y(u, v) dyjica, y x,0JiAa z= f(x, y)
HHHr xycycHH xocHJiajiapn KyHHAarn (])opMyjiajiap Syftrma TonHJiajm:

Al .11 i dz dy
du dx du dy du ' du dx '~dv~~~~dy'~dv '

1- mhcoji. Arap x= e‘ Ba y= \nt 6yj\ca, 2= — (}yHKUHHHHHr x,och-
JiaCHHH TonHHTr.
E MH UL
— = 1 I X 1_ tye'—x
dt dx dt dy dt y2' t y2.t~ '
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MHc QJI. Arap y= x2 Syjica, 2=arc tg-j (jjyHKUHHHHHr TyjiHK

"tI'MJiaCHHH TonHHTr.
H g h ui. TyjiHK, xocHJia (JjopMyjiacnra Kypa:

dz dz . dz d 1 / \ . 1 1
Y Y mx =
dx dx 1 dy dx s J ( x2 1+ ~_J *
_ —Yy 2x2 — L
X2+ y2 X2+ y2 X2+ y2 X2+ x4 1+x2
dz
\\cvchh xocHJia: —- = - 57 .
ox X +y

3-mhcoji. Arap X= UV, /= "-6yjica, z= \n(x2+ y2) c})yHKUHHHHHr

xycycuH xocHJiajiapuHH TonuHr.
'y dz _ dz dx .dz dy _ m 2x s 2y 1_
., MH UL du

X2-\-y2 v u' dv
2x : 2y ( 4 \-= 2 (xu B iy Ru4—1
/ + ARSI LR AN v2) "+ 1)

Arap F(x, y) =0 TeHrjiaMa 6upop Y(X) 4¥hkuhhhh ouiKopMac

7.2.2.
y x,0/iAa KyftHAaru

uypuHHiiiAa aHHKJiaca Ba Fy(x, y) =~0 e6yjica,

(liopMyjia ypuHJiHAHp:
dy __ _ FA X'y)

dx~ Fy{x, y)

Arap F(x, y, z) =0 TeHrjiaMa hkkh y3rapyBMHJiH z(x,y) cJjyHKUHHHH

ouiKopMac KypHHHUiAa aHHKJiaca Ba Fz(X, y, 2) =70 Syjica, y x,on,na

KyftHAarn (JjopMyjiajiap ypHHJIHAHp:
dz F'(x,y,z) dz (XY, 2)
dx Fz(x,y,z) ' dy Fz(x,y, z)

4- MHCOJI. OuiKopMac KypHHHiura
(x2+ y2)3-3 (x2+ y2 + \=0
TeHrjiaMa 6HJiaH 6epHJiraH Y(X) (JYHKUHHHHHr xocujiacHHH TonHHTr.
E q h ui. TeHrjiaMaHHHr Man tomohhhh F(x, Y) opKaJiH 6eJirHJiaHMH3
na xycycHH \OcHJiajlapHH TonaMH3:
FX(X, y)=3(x2+ y222 x-6x=((x2+ y22-\)-6X;
Fy(x, y)=3(x2+ y22y-6y=((x2+ y2-\) -6y.
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5 mhc oji. OmKopiwac KypHHHiIiHAa x2— 2y2+ 3z2—yz+ y= 0 TeHr-
jiaMa 6mian SepnAraH z(X, Yy) (JjyHKUHHHHHr xycycHH x,ocHJiajiapHHH
I'Oimnr.

k Il h lu- TenrjiaMaHHHr Man tomohhhh F(x, Yy, z) opKajin Sejirnjias,
xycycHH xocHJiadiapHH TonaMH3:

Fx=(x, v, z)=2x; Fy(x, vy, 2)= —Ay—2+1; Fz(x, y, z)=6z —Y.
JXeMan,
Fx{X'y,z) = 2x _ _dz _ _ Fy(x,y,z) _ N ,_4i,_2
dx Fz(x,y,z) 6z—y ' dy Fz(x,y,z) 6z —y

2- dapcxona TonuiupuFu

1. Arap 2= In-~, 6y epAa u= tgX, v= ctgX Syjics, m hh  to-

riHHr.
2_
2. Arap 2= *2 y, 6y epAa #= 3 x+1 Syjica, hh TonHHTr.
X +y dx

3. Arap z= X2, 6y epAa Y= COSX 6yjica, & Ba—dy HH TonHHTr.
X X

4. Arap 2= « Iny, 6y epAa u="-, v= x2-\-u2 Syjica, Ry #
X dx dy

’

TONHHT.

5. Arap z= X —yX, 6y epAa X= ucosv Ba y= us'mv 6yjica,
d d
. Ba—— hh TonHHr.

du dv
6. Arap w= \n(x3 y3—23), 6y epAa Xx= uv, y= ~", z = eul
d d
oyjica, —VL, - hh TonHHr.
J du’ dv

7. OiUKopMac KypHHHHJAa

a) sinxy —exy—Xx2/= 0] 6) yx= xy TeHrjiaMa Shash SepHJiraH
y(x) QyHKHHHHHHr xocHJiacHHH TonHHTr:

8. OuiKopMac KypHHHuiAa
a) ez= xyz; 6) z3-\-3xyz= a3
TeHrjiaMa SnAaH SepHJiraH z(X, Y) (JjyHKiiHHHHHr xycycHH x,ocHAaAapHHH
TonHHTr.
2- Mycra”™uA uiu

1 Arap 2= arcsin(x —Yy), 6y epAa x= 3t, y= At3 Syjica, — hh
ctt
TonHHr.

M mi 1t inii tn 117 fill j) 11 i tit IHLu tHHHHjHHEH tO H

2. Arap 2= arctgxy, 6y epAa Y= ex SyAca, hh TonHHr.

3. Arap z= u2+ V2 6y epAa U=X+ Yy, V= X—Yy 6yAca, -J|,
JiapHH TonHHTr.
4. Arap z= u2r—vVv2u, 6y epAa U= XSiny, V= ycosSXx Sy~ca,

‘', — AapHH TonHHr.
dx dy

5. OuiKopMac KypHHHiHAa

a) 1+xy — \n(exy+ e~xy) =0; 6) ys'mx—cos(Xx—y) =0
iciirjiaMa 6HA3H SepHJiraH y(X) (JjyHKUHHHHHr x,ocha3Chhh TonHHr.

6. OuiKopMac KypHHHiIHAa

a) X3+ 2y3+ 23— 3Xxyz— 2y+ 3= 0; 6) 2In(x+ z) —— =0

reHTAaMa 6HAaH SepHArsH z(X, Yy) (j)yHKUHHHHHr xycycHH x,ocHAaAapHHH
TOIIHHT.

3- 8. ypHHiwa TeKHCJiHK Ba cwpTra HopMaji. K)koph TapTn6jiK
Xx,0cHJiajiap. Tefijiop (J)opMyjiacH

7.3.1. CnpTra Mo HyKTaAa yTK33HJiraH ypunua TemcAUK Aeé6
cnpTAa Mo HyKTa opKaAH yTK33HAraH 6apga arpn 4H3HKAapra
yTK33HAraH ypHHM3Jiap >KOHJiamr3H TeKHCAHKKa aHTHAaAH.

CnpTra Mo HyKT3AarH HopMaA Ae6 Mo HyKTaAaH yTyBHH Ba 6y
ilyKTaAa yTK33HAraH ypHHM3 tbkhcjihkks nepneHAHKyAHp 6yAT3H
mryrpH ™3HKKa aftTHJiaAH.

Arap chpt z= f(x, y) TeHrAaMa Shjish 6epHAraH 6yAca, y X,0AAa
Mo{xo, yo, 20) HyKTaAa 6y cnpTra yTKa3HJiraH ypHHMa tbkhcjihk
reHrjiaMacH:

z— zo=fx(xo0, yo) (x—xo0) + fy(xo, yo) (y—yo)-

Mo(xo, yo, 20) HyKTa opksah cnpTrs yTKa3HnraH hopmsahhht
K3HOHHK TeHTJIBM3CH KyHHASrHHa 6yA3AH I

X Xq y z Zq
fUxo'yo) fy(x0,y0) 1

Arap cnpT F(X, Yy, z) = 0 TeHrjiaMa 6HJiaH ouiKopMac KypHHHUIiAs
6epHAr3H 6yAC3, chpthhht M o(xo, Yo, 20) HyKTacHAS yTK33HAraH ypHHMa
TeKHCAHK TeHrAaMaCH

Fx(xo0, yo, zo) (x — x0) -\-F'y(x0, yo, 20) (y —yo) + F'z(x0, yo, 20) (2 — 20) =0
KypHHHiiiAa, HopMaji TeHrAaMacH aca
X Xq y VY8 z Zq
Fx (xq, Uo>Z0) Fy(x0, y0, z0) Fz(x0, y0, z0)
KypHHHiHAa 6yjiaAH.
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Mhcoji. z= X 2xy~\-y — X-j-2y cnpTra Mo (1, 1, 1) HyKTaAa
yi'Ka Jn./iran ypnirna tckhcjink Ba HopMaA TeHTAaMajiapHHH TY3HHTr.
It ®h hi. XycycHH x,ocHJia.napHn TonaMH3:

fx'=2x~ 2y ~1 Balp =-2* + 2i/+ 2

By xocHJia”apHHHrM o (I, 1, 1) HyKTaAarn KHHMaTAapHHH *HCo6jiaHMH3:

~dx\M*==2~ 2 —lz=~ | Ba Yy IMo==— 2+ 2+ 2= 2.

IUyH,naH khjihG,fX(l, 1) = — 1,%(1, 1) =2. /JeiviaK, ypHHMa tckhcahk
TCHrjia MacH:
z—\= —{x—\)+2(y—\) era x—2y+ z= 0,
HopMaji TeHrjiaMacn:

x—I _ y—I_ z—1
1 —2 1

2- mh ¢ oji. X3-]-1/3-3-23-)_Xyz 6= O0cnpTra Mo (1,2, — 1) HyKTaAa
yTKa3HJiraH ypHHMa tckhcahk Ba HopMajiHHHr TeHrjiaMachhh Ty3HHTr.

Emhui. TeHrjiaMaHHHr nan tomiShhhh F(X, Yy, z) opK,ajiu Sejirnjiad
xycycHH xocHjiajjapHH TonaMH3:

Fx(x, y, z) = 3x2+ yz; Fy(X, y, z) =3 y2+ xz-
Fz(x, y, z) =3z +Xxy.

XocHJiajiapHHHr Mo( |, 2, — 1) HyKTaAarn KHHMaTJiapH hh x,HCo6jiaii-
MH3:

A(1,2, -1) =3-2=1; ~(1,2, -1)= 12-1 = 11-

F'(1,2, —1)=3 + 2= 5,

UlyHaaH khjih6, ypHHMa tckhcjihk TeHrjiaMacn:
1(*— 1)+ 11 (y—2)+5(2+1) =0 eKH x+ 1lly+ 52— 18= 0,
HopMaji TeHrjiaMacn:

X—1 y—2 z+1
1 -~ 1 -~ 5

7.3.2. z= f(X, y) (jjyHKUHHHHHr hkkhhhh TapraSjiH XxycycHH x;ocHJia-

Jiapn Ae6 6hphhhh t3Pth6jih xycycHH x,ocHAaAapAaH oAHHraH xycycHH
XocHJiajiapra aiiTHJiafl[H. Hkkhhhh TapTHSjiH xycycHH xocHAajiap
KyHHAarnna SeATHAaHaAn:

a z"x=1f"' XX, :
dx \dy ) dydx yX yx)g y)

d /dz \ d2z
dyKd”)-~nf-2Zyc - fyy{x'y) R

fX¥(x, y) Ba fyX(x, y) xycycHH xocHJiajiap apaAatu yocuAaAap
HCHHJiaAH. Apajiaui x,ocHJiajiap y3JiyKCH3 SyjiraH HyKTajiapaa yjiapHHHr
KHHMaTJiapH TeHr SyjiaAH.

Y hhhmh Ba yHiiaH iokoph TapraSjiH xycycHH x,ocHJiajiap xaM myHAaii

JiiiHKJiaHaAH-

yuigv ----—-— - e3yB z cbyHKUHHHH m MapTa X y3rapyBMH SyiiHHa Ba
dxmdyn~ m
(n_ m) MapTa Y y3rapyBHH 6yiiHHa AHCj)cj)epeHUHajiJdiaHraHHHH Shjiah-
paAH..
3- MHCOJI. 2= arctg— (JjyHKUHHHHHr HKKHHHH TapTuSjiH xycycHH

XOCHJiaJdiapHHH TonHHr.
E hhui. ilacTJiaS 6hphhhh Tap™6jiH xycycHH x,ocHJiaJiapHH Tona-

MH3:
dz i i y

N 7+(/\)2’7_ *2+/\21

dz 1 / X\ X

1+ (£ J '\ y2) ~ *2+y2"

Hkkhhhh MapTa AH(})(t>epeHii,HajiJiaHMH3:

d2z d 7/ y \ 2xy
dx2~ dx W + y2) (x2+ y2)2
d2z d 7/ X \ 2xy .
dy A x*+ /) 02+ y22 -
d2z _ d /7 vy 1e(X2+ y2) -y-2y _ x2—y2
dxdy dy \"~"y2) (j;2+y 2)2 (x+ y2)2 "
d2z d 7/ x \ 1- (X2+ y2) —"-2x N x2—/
dydx~ dx\ x2+yl) x2-(-y2)2 (x2+ y2)2
d2z d2z i i
KeflIHHTH HKKHTa H(})OAaHH TaKKocAa6, 'dxd~— ~fyfa SKaHJinrara hujohh

XOCHJI KHA3MH3.
7.3.3. Arap z= f(x, y) 4>hkuhh PO(x0, yo) HyKTa aTpoc{)HAa
(n + 1) -TapTHfijiHrana (ra+ 1- TapTnQjiHCH x,aM) y3JiyKCH3 XycycHH

277



XOCHJiaJdiapra ara Syjica, y xojma KapaJdiaenraH HyKTa aTpot}))HAa yuiby
ToHJiop <J)opMyjiacH ypHHJIHAHp:

f(x,y)=f(xo,yo)+~[f'"AxQy0Q (x-x O+ f't(xQy0Q (y-y0)+
~\[fxx(X0, yo) (x — X0 2-\-2fxy(x0, yO (x— X0 (y — yO-\-
+ fyy(xo, yO (y -y oxx+ .+ L jN _*0)r + {y_y o0 J-y f(Xojyo) +
+ Rn(x, y),

6y epaa R,(*. vy) iu -y N J+w e (x-

X0), yo-j~0(y—yo)), 0< 0< 1

Tefijiop (J)opMyjiaCHHHHr xo= yo= 0 SyjiraHflarH xycycHH xojin
MaKAopen (popMyAacu AeHHJiaAH.

4- mhcoji. z — x3— 5x2— xy + y2+ 10x + 5y— 4 4Yhkuhhhh
Po(2, 1) HyKTa aTpo(f)Hfla Teftjiop <J)opMyjiacH 6yHHMa eiiHHTr.

E mh m. BepHJiraH (JjyHKUHHHHHr xycycHH xocHJiajiapHHH Ba yjiap-
HHHr P 0(2, — 1) HyKTaAara KHHMaTJiapHHH 6HpHH-KeTHH XHCo6jiaHMH3:

/ (X, y)=x3-5x2+y2+10x + 5y-4-xy, f(2, -1)=2;

fi(x, y)=3x2-10x-y+ 10, fx(2, -1)=3;
f'y(x,y)= X+ 2i/+ 5, f'y(2, —1)= 1,
f'/x(x, y )= 6 x - 10, . fxx(2, — 1) = 2;
fry(x,y) = - 1 f/y@2, - 1) = -1;
f'y'y(x,y)= 2, /"(2, —1)=2;
x'x'x{x, y) = 6, fxxx{2, — 1)=6.

KeHHHTH Sapna xocnjiajiap afiHaH Hcuira TeHr. ToriHJiraHJiapHH
Tenjiop (JopMyjiacHra kyhhS, H3JiaHaexraH eflHJiMaHH xochji khji3mh3:

z= f(x, y) =2 + 3(x-2) + (y+1) + (x-2)2- (x-2) (</+1)+
+ (y+ )2+ (x -2 )3
3- dapcxouct ToniuupuFu

1. BepHJiraH cnpTra SepnjiraH Mo(x0, yo, zo) HyKTa”a yTKa3HJiraH
ypHHMa TeKHCJiHK Ba HopMaji TeHrjiaMajiapHHH Ty3HHr:

H zr i x2f y2 Mo(l, 1,3);
AN~ AN~ AfO(2, 2, 3);

b) z=In(x + y2), Mo(\, O, Og;

ry x + 2 —5yz~\-3y= 46, MO(1, 2, -3).

2. BepHJiraH (fiyHKUHHJiapHHHr hkkhhmh TaprafijiH xycycHH xocHJia-
JiapHHH TonHHr Ba apajiam xycycHH xocHJiajiapn TeHr eKH Tewr
SMaCJIHTHHH TeKUIHpHHT.'
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a) z= xXy-j-—; 6) z= —~"=— ,
is) z= xe Xy, r) z= yxsy
ji) z= In(x2+ y2); e) z= arcsin
| V *2+%/2
XK1 U=

3. Z= e¥ #Ynkuhh

TcnrjiaMaHH KaHoaTJiaHTHpHUIHHH TeKiUHpHHTr.
4. Z= Xy (J)yHKU,HH

Y dxdy = Gl +Yy Inx™ g
renrjiaMaHH KaHoaTJiaHTHpHUIHHH TeKinnpHHr.

5. z= ex(xcosy — t/siny) 4Yhkuhh ~ + ~ J =0 TeHrjiaMaHH KaHO'

jIT-naHTHPHHIHHH TeKLUHpHHT.

6. /(x,y) = -x 2+ 2xy+ 3y2-6 x -2y -4 4)yHKUHH/2 (-2, 1) hYk-
la aTpo(J)HAa Tefijiop (})opMyjiacH SyftHMa eftHHr.
7 f(x y) —exsiny (Jjyhkuhhhh ymhhmh TapTHfijiH ~aAJiaprana (yjiap

xaM KnpaAH) MaKjiopeH 4>opMyjiacH SyftHMa eflHHr.
3- MycraKfUA urn

1. BepHJiraH cnpTra SepHJiraH Mo(x0, Y0, zo) HyKTaAa yTKa3HJiraH
ypHHMa TeKHCJiHK Ba HOPM3J1 TeHrjiaMajiapHHH Ty3HHTr:

a) z= 1% x 2+ y2 Mo(2, — 1, 6);
6) Xe—y —z +xz+ 4x+ 5= 0, Mo(— 2, 1, 0).

2. BepHJiraH (JY hku,hHJiapHHHr hkkhhmh TapraSjiH xycycHH xocHJia-
jlapHHH TonHHr Ba apadiain xycycHH xocHJiadiap TeHr eKH TeHr
'iIMaCJIHTHHH TeKHIHpHHT:

a) 2= tgV~hy;_ 6) 2= In(3xy 4);

B) 2= sinV?i/; r) 2= arctg(2x y)-

3. BepHJiraH (HyHKU,HHJiap KypcaTHJiraH TeHrjiaMajiapHH KaHO-
aTJiaHTHpHUUHHH TeKUIHpHHT:

v az | az . d2z _» [ ]

dx2 dy2 dt2 !

NIX2+ y2+ t2
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L /(x,y) —“ixl 2yi-}~3xy (j)yHKUHHHH Po(l, 2) HyKTa aTpocbHAa
| t1i.MOp (popMyjiaCH 6yHHMa enwHr.

e f(X, y)=e€Xx?y "yHKUHHHH Po(l, — 1) HyKTa aTpocj)HAa Y4hhhh
uprnojiH xa/viap (yjiap xaM KHpaAH)raMa Teftjiop (bopMyjiacn SyftHna
OHHHI'".

4-§8. Bwp He>ia y3rapyBHH
<J)yHKUHfICHHHHr SKCTpeMyMJiapH

7.4.1. Arap z= f(x, y) (fyHKUHHHHHr Po(xo, yo) HyKTaAarn KHHMara
yHHHr Gy HyKTaHHHr 6npop aTpo”~HAara HCTajiraH P (x,Yy) HyKTacHAara
KHHMaTH”aH KaTTa, ht>hh f (x0. ,yo) > / (X, y) 6yjica, z= f(X, y) (@Yhkuhh
Po(xo, y0) HyKTaAa MaKcuMyMea ara AeHHJiaAH.

Arap z= f(X, y) cjjyHKUHHHHHr Po(x0, y0) HyKTaAara khhm3th yHHHr
oy HyKTaHHHr SnpopTa aTpo(J>HAarH HCTajiraH P(X, y) HyKTacHAara
KHHMaTHAaH khmhk Syjica, HbHH f(Xo, yo)<f(x, y) Syjica, z= f(Xx, y)
4>yHKUHH Po(x0, yo) HykKTaAa MUHUMyMza ara AeHHJiaAH.

OYyHKUHHHHHTr MaKCHMyMH eKH MHHHMyMH  yHHHr 9KCTpeMyMU
AeHHJiaAH. OyHKUHH 3KCTpeMyMra ara SyjiraH HyKTa yHHHr SKcrpeMyM
HyKTacu AeHHJiaAH.

7.42. SKCTpeMyMHHHT 3apypHH uiapTjiapH: arap
Po(x0,y0) HyKTa y3JIfKCH3 z= f(x, y) <j»YHKUHHHHHr aKCTpeMyM HyKTacn
Byjica, y xojiAa fx(xo\ yo) — fy{xo, yo) = 0 SyjiaAH eKH 6y xocnjiajiapHHHTr
aKajuiH 6htt3Ch MaBJKyA SyjiMafiAH.

By mapTJiap 6a*apHJiaAHraH HyKTajiap KpuruK ny”raAap Aeftnjia-
AH. Xap KaHAaft kphthk HyKTci xaM aKCTpeMyM HyKTacn SyjiaBepMaiiAH.

7.4.3. Hkkhhhh TapTHSjiH xocHJiajiapHHHr PO(X0o, Yy0) kphthk
HyKTaAara KHHMaTjiapHHH

A=f'Xx{xo, yo); B = fXy(xo, yo); C= fyy(xo, yo)
OpKaJIH 6ejirHJiaHMH3 Ba A=A C — B2 AHCKpHMHHaHTHH Ty33MH3.
3KCTpeM\'MHHHT eTapjiH inapTH.
a) arap A >0 6yjica, z= /(x, Y) c))yHKUHH PO(x0O, yo) HyKTaAa

SKCTpeMyMra ara 6yjw6, 6yHAa ~ <0 (eKH C < 0) SyjiraHAa PO HyKTa
gy*“ "yM HyKTaCH' ~ > ° (“ H C>0) SyjiraHAa MHHHMyM HyKTach

6) arap A <0 Syjica, PO HyKkTaAa akKCTpeMyM MaB«yA aMac;
b) arap A= 0 6yjica, aKCTpeMyM MaB*yA 6yjiHuiH xaM, M3B>kva
OyjIMaCJIHTH XaM MyMKHH.

NHHr"MHCOJI Z~ A 4>yHKUHHHHHr 3KCTpeMyMJI3pHHH TO-

Ehhhi. OyHKUHH 6yTyH OXYy TeKHCJiHKAa aHHK~iaHraH.
Kphthk HyKTajiapmi KyftHAara TeHrjiaMajiapASH TonaMH3:

~=2Xxy +y22y =0,
dz 2
~jfy=X -J-2Xy — 2 x = 0.
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by CHCTeMaHH eHH6, TypTTa kphthk HyKTSHH TonaMH3: Pi (0, 0), P%(2, 0),
2 2\
(—, — j. Hkkhhhh TapTn6jiH xycycHH xocnjiajiap.

Kx(x, y) =2vy; fo{x, y) =2x + 2y—2; f'y(x, y) =2x.
Xap 6np KpHTHK HyKT3A3TH AHCKpHMHHaHTHH XHCO6jI3HMHS3:

a) P, (0,0) HyKT3A3: A = AC — B2= (2-0) = (2-0) — (2-0 +
f 2e0—2)2= —4<0, AeMaK aKCTpeMyM SyK (aKCTpeMyMHHHr eTap-
JH LU3PTHT3 MyBO(j)HK) ;

6) P2(2,0) HYKT3Aa: A = — 4<0, AeMaK aKCTpeMyM MaB>KyA aMac;

b) ~3(0,2) HyKTaAa: A = —4<0, AeMaK aKCTpeMyM MaB>KyA aMac;

r) P4-f.y ) HyKTaAa: A= -~->0, ->0, AeMaK (JjyHKUHHHHHr

MHHHMyM HyKTacnra araMH3, 6y HyKTaAa znin= f(-j, -]-"= 570
Vv

7.4.4. 4erapa/iaHraH enHK D coxaAa AH@})(J)epeH_UHajiJiaHyBMH
(DyHKUHH y3HHHHT 3Hr KaTTa Ba 3Hr KHMHK KHHMaTHTa e D coxa HHHAa
eryBHH kphthk HyKTaAa, e 6y coxa gerapacHAa apnuiaAH.

EnHK D coxaAa cJjyHKUHHHHHr aHr KaTTa Ba aHr khhhk khhm3thhh
roriHui ynyH: a) coxa n”HAa Ba yHHHr gerapacHAa eTraH Sapna kphthk
nyKTadiap TonHJiaAH; 6) (J)yHKUHHHHHr 6y HyKTaJdiapAara Ba nerapaAarn
KHHMaTJiapH xncoSjiaHaAH; b) TonHJiraH KHHMaTjiap opacnAaH aHr
KaTTa Ba aHr khhhk KHHMaTjiap TonnJiaAH.

2-mhcoji. 2= x2+ y2— Xy-\-x-\-y (JjyHKUHHHHHr x ~ 0, y~. 0,
*-\-y”~N — 3 coxaAarn aHr KaTTa Ba aHr khhhk KHHMaTjiapHHH TonHHTr.

Emhui. D coxa AOB ynSypMaKAaH H6opaT (41- uiaKJi).

a) Yin6y cncTeMaAaH coxa HMHAarH
KpHTHK HyKTaliapHH TOnaMH3:

dz 2 \-1=0
= X — \-1=0":
dx y ’

INy~2y  X-f- 1=0.

By epAaH: x= — 1 y= — 1 AeMakK,
Ai(— 1, — 1) HyKTara araMH3.
6) OyHKUHHHH coxa MerapacHAa TeKuin-

paMH3. TeHrjiaMacH y= 0 SyjiraH AO
'lerapaAa z= x2+ x ("yHKUHHra araMH3;

KpnTHK HyKTaJiapHHHr a6cuHCcajiapHHH 41- makJi
2'= 2x+1=0 TeHrjiaMaAaH aHHKJiaHMH3:
X = — AeMaK KpHTHK HyKTa: Pi ~ on, TeHrjiaMacn x= 0

OyjiraH BO werapaAa z= y2-\-y (JyHKU,HHra araMH3; kphthk Hykta-
JiapHHHr  opAHHaTaJdiapHHH Zy= 2y-\-\=Q TeHrjiaMaAaH TonaMH3:

y = — % /],eMaK, kphthk HyKTa P 2(o, — TeHrjiaMacn y= — 3—X
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(57jiran AB MerapaAa z= 3x2+ 9x+ 6 cjyHKuHHra 3raMH3; kphthk 4- Mycra”UA uiu
iiyK'raJiapHHHr a6cnHt'CliapHHH ZX—6Xx+ 9= 0 TeHrjiaMaAaH TonaMHs:

3 f i .
AB TeHPJiaMacHAaH y= — I JleMaK, kphthk HyKTa: 1. OyHKUHHJiapHH 3KCTpeMyMra TeKinnpHHr:

a) z=(x-\)2+ 2y2

P, 6) z= X2+ Xy+ y2— 2x—Yy,
. b) z= ex y(x — 2y ).
b) BepHJiraH (JjyHKUHHHHHr Po, Pi, P2, P3 kphthk HyKTajiapAarH
x,aMAa uerapajiap TyTauiaAHraH A, B Ba O HyKTajiapAarH KHHMaTJiapH- >K: a) zmirn= 0; 6) zmne — 1; b) zmex= 8e~

HH X,HCO6jiaHMH3:

2. OyHKUHHHHHr KypcaTHJiraH coxaAarn 3Hr KaTTa Ba 3Hr khmhk
zo= f(Po) = /(— 1, 1) -~ 1:

KHHMaTJiapHHH TonHHr:
zZI=f(Pl)=f(-+ 0)= -]

a) z = x2-\-2xy — 4x-\-8y; x>0, y*"O, x< 1, y<2;
z2= /(P2=7/(0, 6) z= x2— 2y2-\-4xy— 6x-]-5; x*O, y~O, x+ y ~ 3.
a) z3HHKM 3, zH KT 17,
zr=f(P3 = T(-1 -1)= -1, A) 23 KM 9, zH KT — 5.
24= /(0)=/(0,0)=0;
25= f(A) = ~(—3,0) = 6; 5- 8. UlapTjiH 3KCTpeMyM

z6= /(fi)=/(0, -3)=6.
z= f(X, y) @(GyHKU,HHHHHr uiapTAU sKCTpeMyMU AeS 6y 4>yHKUHH-

r) <t>yHKUHHHHH  TonHJiraH 6apua KHHMaTJiapHHH TaKKOCJiaS, hhHr X Ba Yy y3rapyBMHJiapHHHr 6ofa(lhuiu TemAaMacu Ae6 aTaJiyBHH
Z3f kar. =f(A)=f(8)=6 Ba z3H KM =f(P0o) = — 1 AeraH Xxyjiocara tp(x, y )= 0 TeHrjiaMa SnjiaH 6ofjiaHraHJIHK uiapTHAa spnuiaAHraH
KejiaMH3.

VKCTpeMyMHra aftTHJiaAH.
Yuiby (t>(x, y, A) =f(x, y) + Acp(X, ¥) ()yHKUHSi JlaepanoK cf>yH”uncu

a-d Ha T . F AeftHJiaAH, 6y epAa | — 6Hpop y3rapMac Kynaih-yBHH. LUapTJiH
- dapcexora Tonuiupuru -JKCTpeMyMHH TOnHUI d)(x, y, %) ()y HKUHHCHHHHT OAAHH 3KCTpeMyMHHH
1. OyHKUHHJiapHH SKCTpeMyMra TeKiunpHiu: H3Jiauira KejirapHJiaAH. JlarpaH* (QyHKUHHCH 3KCTpeMyMHHHHr 3apy-

pnft map™ KyHHAarn KypHHHiura sra:
a) z= X2+ Xxy+ y2— 3x— 6y;

) °°_ 0
6) z= "xy+ (47 —x—y)(i+"y, S feL+ ~ =0,
dx dx
= — X — 5D
b) 2= xy2(l —x—y\ = 0, eKH 3L + x5L= o,
ry z= X3-+y3— l5xy. dy dy dy
3D ~
Amin 9, B) Zmax= , dx =0 . cp(x,y) =0.
6) zmax=282; ry zmn=-125.

Arap Po(xo, yo), /o 6y CH.CTeMaHHHr HCTajiraH e“HMH Ba
2. OyHKUHHJiapHHHr KypcaTHJiraH coxaAarn 3Hr KaTTa Ba 3Hr khmhk

0 ' 0, <
KHHMaTJiapHHH TonHHr: V'X(x0, yo) %(x<b yo)
A= tyx(xd yo xXX(xo, yo, » ®xy(x o> n
a) z= X2—XxXy+ y2—4x; x>0, y~O, 2x+ 3y< 12 yX(xd yo)  QxX(xq, y Y y( ya "0
6) z= X2+ 3y2+ x—Yy, x < 1, 1, o+ (f>y(Xo, y0) ~xy(Xoiyo ~0Q @yy(Xo* ~0)

Syjica, A<0 Aa z= /(x, y) c)yHKUHH Po(xo, yo) HyKTaAa uiapTJiH
MaKCHMyMra, A >0 Aa uiapTJW MHHHMyMra ara SyjiaAH.

Mhcoji. z= x+ 2y OyHKUHHHHHr x Ba y y3rapyB<4HJiap x +y =
= 5 TeHrjiaMa SnJiaH 6orjiaHraH mapTAarn SKCTpeMymhhh TonHHTr.

283



H mhiij. J'larpan>K (“yhkuhhchhh Ty3aMH3:
(X, v, K) =x-j~2y-\-k(x2-\-y2—5) «
KyftHflarHra araMH3:

du I+2xk, dJ)

N VA8

-X2+y 2

<t>(x, ¥, K) JjyHKUHH yqyH 3KCTpeMyMHHHr 3apypHH mapTJiapn yiuéy

TeHryiaMajiap CHCTeMacHHH 6epaah:

[ 1+2A,*= 0,

2+ 2ky= 0,
[x 2+ y 2=5.
By CHCTeMaHH eHH6, HKKHTa:
xi= —1 yr- -2, %, = 4
Ba
x2=1, y2: 2,
e"HMJiapHH TonaMH}.
3 hah
<P _ .
dx 2x; dy -2,
a2
-2K; =2k; 2
dx1 dy* dxdy
SKaHJinrHHH svrMSopra oJdicaK, y x,0JiAa
1) X,= 5 Xi= — 1, W= —2 Aa
o —2 —4
A,= -2 1 0 ==20>0,
-4 0 1
htjhh  (JjyHKUHH Pi(— 1, —2) HyKTaAa mapTjiH MHHHMyMra
"mn— N 4= 5,
2) k2= — x2= 1, y2= 2 Aa
0 2 4
A2— — 2 -1 0 = —20<0,
4 o -1

P2{\, 2) HyKTaAa mapTJiH MaKCHMyMra
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ara:

ara

5- dapcxona Toniuupuru

OyHKUHHHHHT UJapTJIH 3KCTpeMyMHHH TONHHT:

1 2= X2+ y2—Xy+ X+ y -4; X+y + 3= 0 mapTAa.
3 19
X= £/= N Aa 2min N e

2. 2= xy; 2x+ 3y —5= 0 mapTAa.
5

5 25
SK: ¥ — y— g Aa 2mex 24 -

3. z= x2+ y2; 7 + y =1 maPTAa-

36 48 144
>K; X— -gjT,y — 25 Aa Zmin— 25
4., 2= 6— 4x— 3i/; x2+ y2=1 mapTAa.
JK: X = — ¢, y= —g”2a2ma=11; x= -Ny="Aa znn

5. z= cosX+ cos?; y—Xx= " mapTAa.
>K: x= -"+nfe,y=""+n/zAa zmax="_V ?_;
x=-"+nfe, y=~Y-+n/! Aa zmrr
6. 2= *+ vy, "+ ~V =t mapTAa.
* i/ 2
>K: X= y= —2 Aa zmax= — 4;
X=y= 2 Aa zmrr 4.

5- My'‘cra™uA uiu

(pyHKUHHHHHr UiapTJIH 3KCTpeMyMHHH TonHHTr:

1. z= —+ —; x+ y= 2 mapTAa.
X y
>K: x=y=1Aa zmn=2.
2. z= ; X2+ y2=\ mapTAa.
V2
*: Ji=—4j. 9= ~5 M 2n,i=-1-2V 2 ;
X—ji’ M z-="'-2V2,;
3. z= Xy2, x+ 2y=1 mapTAa. n
>Ki x=y=1 Aa zmnr=0; X=y= -~ Aa zmg( 27-
4. 2= 2x-fy; x2+ y2=1 mapTAa.
>K: x = N=, y = N Aa zmne — V5
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X V5 y Aa

2max~ V5

5. z= xy\ x-\-y= \ uiapTAa.

>K: X=y= ~

Aa znmx= .

5- Hd30paT UIUU

1. BepHJiraH cjjyHKUHHHHHr aHHKJiaHHiu coxacHHH TonHHr:

1.1. z=\n(—x—Yy).
1.3. z="JIx2\-y2— 2Xx.

15. z=-

1.7. z=

A\Jy V*
\n(y — x2).

1.9. z=\n(x2-\-y).

1.11. z =

1.13. z =

1.15. z =

1.17. 2=

1.19. 2=
1.21. z=

1.23. 2=

1.25. 2=

1.27. z=1
1.29.

2. BepHJiraH c{)yHKUHHHHHr hkkhhmh TapraSjiH x,ocHjiajiapHHH to-
z dz

nHHr Ba
dxdy

21. z=X-

—ix ]
2x —Yy '
Yy 2-\x 2.

3x
6 —X2—y2
4xy
*

2 2
X =y

arc cos(x-f-i/).

\n(y2— x2)

6 —x2—y2

"3 x2-y 2

n(2x —y).

4xy
x—3i/+ 1

dydx

e X.

2.3. z= arctg — .

1.10. 2= NJIx2+2y + y2.
1.12. 2= arc sin(x —y).
1.14. 2 =In(4- -y 1)-
1.16. 2 Ax2+y 2
1.18. z= eVA2+/-5
1.20.z= ~16 X2~y 2
1.22.2= arc sin—.
y

1.24. 2= arccos™£+2y).
1.26. 2= y 1—x—y.
1.28. 2= arc sin (2x—Yy).
1.30. z= -A— ~ 2.

X2+ y2+2

3K3HHHH TeKLUHpHHTr:

2.2. z=\n(x-\-e vy).

25. z= e- Xx- Jy *sin(x+ 3y).

2.7. z= eu.

2.4. 2= 1.
26. 2= sin<*~y>
28. z= e
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2.9. z=-x1%.

2.11.
2.13.
2.15.
2.17.
2.19.

2.21.
2.23.
2.25.

2.27.

2.29.

3. BepHJiraH

Z=

ctg(x + «/).
arcsin(x—y).
tgx//2.
arcctg(x— Ay).
cos (3x2—y2) .

arccos (x — by).
arcsin(4x-}-*/).
arctg(2x —vy).

e x+y.

tg A/xy.

XOCHJiacHHH TonHHr:

3.1.

3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10. z= In(el+ ei')) y= ~-x3+x.

Z=

ey 2x, u= InsinZ, x= cost. —
w

z= f(x, y)

2'10- z = tgﬁ

r= arccos (3x—y), x= 4/, y= 3t2

2= «3Inu, « = , V=

o

2= arcctgxy, y=ze”x -~=72?

- , dz__ 7~
2= arctg-b y—rﬁgz dx

i

dz

z= ex~ 2, x= sin/, y=1t3

dt

2
N= sin(x2-y).

2= In(ex—e vy), x= t2y= 13 -~=72?

z= u2\nv, u= —, v= x2-\-y2 -~ =
X ry

z= XYy, gz Insinx.

dx

dy

=2

dx

3H -Z==7/"T"' *=1 —2n %= arctgrf. -

3.12.

2=

?

J=7?

\/x+ t/2+ 3, x=In/, y= t2 -~-=2?

3.13. z= u2v — u2u, u= xsinj/, V= yCcOoSX. ~"~=

dx

3.14. z = arctg-’\tL, us e< 2 - x =29
y u

2y ).

KypcaTHJiraH

2-12¢
2.14. 2: |n(3x
2-16" z= In(3jcy-4).
2.18. 2= |n(5xj_3y )
2.20. z= sin~xy.
099 ~___a*1—1?
u e
2.24. 2= In(4x2— by'2).
2.26. z= COS(XA/Z—S)_
2.28. z= CtgA
2.30. 2= e2X2H72.
MypaKKas  cjjyHKUHHHHHr
=2
dt
N_=7
2X — 3w. -~-=7?
y dx



3.15 3 | % 4.11. X2+ y2+ z2+ 6z —4x-)-9= 0.
= +

o X +y y=oexrl % 4.12. x2-]-y2— xz —yz= 0.

4.13. x3-j-2y3+ z3— 3xyz — 2y = 15.

3.16. z= arcsin~A-, x= sin/, y= cost. &__p 4.14. e*—xyz—x+ 1= 0.
y - d 4.15. 3x22+ 2xyz2— 2x&X + 4y&X = 4.
3.17. 2= U2+ V2 U= X—Yy2 V= X2+ V. -é\z-:? 4.16. z3+ 3yzx+ 3y= 7.
x 4.17. ez+ x-\-2y-\-z= 4.
3.18. z= arcctgxy, y= e dz n 4.18. x2+y 2+ 22— 2xz= 2.
dx 4.19. x+ y+ z+ 2= xyz.
3.19. z= arcsin-®, y =~ x 2-\-\. -jx=7? 4.20. xcosy-f-ycosz_|]_zcosx= —.
3.20. z= xV/ x= cos/, y= slni. 4.21. X2+ y2+ 72+ 2Xz= 5.

0
4.22. cosX+ cos¥ + cosZz=y.

3.21. z= xy, x= €, M: In/. 4atr: ? B
4.23. Yy2— 72+ X2— 2xz + 2x= z.

322. z=In(Uu2—Vv2, U= xy, U= A -~-=? 4.24. x-\-y4-z= ez.
4.25. x3-\-y -fz3— 3xyz= 0.

dz

3.23. z= In(ef—e»), y= x3+ 11 o = ? 4.26. X—Zln—y—O-

4.27. xy-f-yz+ xz= 1

4.28. ez—xyz= 0.

4.29. x2— 2y2+ z2— 4x+ 2z—5= 0.

4.30. 2x2—y2-\-z2—4z+ y= 13.

= - = i = Ny=="7
3.24. z= ey |>t<,x sin/, ¥ I df 7

d
3.25. z= In(e~x+ el), x= t2, y= t3 —d:ff:?

d H i H .
3.26. z=arcsin—, x= sin/, y= cost. df 5. KyftnAarH 4)yHKUHHJiapHH sKCTpeiviyMra TeKiunpHHTr:
y 51. z= 2(x+ y) —x2—y2
3.27. z= u\nv, , v= 3y— 2x. -A-=7 52. z=xy(12 —x—Yy).
y ¥ (y _
53. z= (x-5)2+ /+1.
3.28. z—xy2 y= sinx. =2 5.4. 2= X2—Xy+ y +x —y + 1
55. z= x2+ 3(y+ 2)2
3.29. z= arccos— , x= sin/, y= cos/. ~, = " 5.6. z= x2—xy-fy2+ 3x—6y+ 20.
y at 57. z= (x-2)2+ 2y2-10.
330 - y p 5 5.8. z= 3x3+ 3y2— 9xy + 10.
.30. z= — =1 —2/, = arctg/. ~ = 7 _
y+1 y g 59. z= 1+6X —X2—Xxy—y2
5.10. z= xy — 3x2— 2y2.
4. OuiKopMac KypHHHUifla SepHJiraH z(x, y) JjyHKUHHHHHr xycycHH 5.11. z=y~"JX—y2—Xx+ 6y.
XOCHJiaJdiapHHH TonHHr:
5.12. z= 2xy — 5x2— 3y2+ 2.
4.1, z2= xy—z-fx2— 4. 5.13. z= 2x -j-2y3— 6xy-]-5.
4.2, x2+ / —xz+ yz—3x=11. 5.14. z= yAJX—2y2— x+14y.
4.3. x2421-y§—22\22; Zéz o . 5.15. z= (x-1)2+ 2y2
4.4. 2x2+ 2y2-\-z2— 8xz—z-f6= 0. , 5.16. 2= x3-]-8y3— 6 *y + 1.
4.5. Inz= x+ 2y—z+ In3. 517 _ N 5 + 6x+ 3
4.6. x3-j-3xyz—1z3= 27. A 2= XY =Xy X .
4.7. X2+ y2-|-z2-T-2xy — 2xz — 2yz= 17. 5.18. z= x2+ Xy + y2— 6x—9y.
4-8. x 2t/ -f- 3z2= 59. 5.19. z= x3+ y — 6xy —39x+ 18y + 20.
4.9. \jx2+y24-22—3z= 3. 5.20. z= X2-j-xy-)-y2—2x—Y.
5.21. z= 2xy — 3x2— 2y2+10.
4.1.0. Xx2—y2— 72+ 62+ 2x—4y+12 = 0. 5.22. z= 2xy — 2x2— 4y2.
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523. z= 6(x—y) — 3x2— 3y2 5.27. z=x3+ y3-3xy.
524, z= 1+ 15x— 2x2—xy—2y2 528. z= 4(x-y) -X 2—y2
525. z= x2-\-y2—xy+ x+y. 5.29. z= x3+ 8y —6xy+ 5.
5.26. z= xy—x2—y +9. 530. z=xy(6—Xx—Y).
6. KyHHflar-H MH3HMap 6uJdian nerapadiaHraH enHK coxaAa z= f{x, y)

t])yHKUHHHHHr 3HT KHVHK Ba 3HT KaTTa KHHMaTJiapHHH TOriHHT:

6.1. z= X2—y2—x+ vy; 6.2. z= — 3x2+ 2y2+ 12x— 4y;
x=0,x=2, y=0,y= 1 y= 0, x= 0, 3x+ 4y=12.

6.3. z=x 2+ 2xy —4x+ 8y; 6.4. z=x2+ 2xy—y — 4x;
x=0, y= 0, 5x—3y-f45 = 0. x=3,y=0,y= x+1.

6.5. z= 2xy — 3x2— 2y2+ 5; 6.6. z= x2—xy + 5
X+ y=5 x= —1y= —1 y=0 x2+ y=1-

6.7. z= 3y — 2x— xy; 6.8. z= x2—4xy+ y'+ 6y;
Xx=0,y= 0,3x—4y=12. y= X, y= 0, x= 4.

6.9. z= x2-2xy+|y2-2x; 610' z= 3xy-Gx -Gy + 15%

2 Xx= 0, x=2,y=0,y=1.

x= 0, x= 2, */—0, y= 2. 6.12. z= 5xy—y2;

6.11. z= x2+ 6Xy—X + 3y; - *= 4, y2= 5x+ 5.
x==0, x= 3, y=0, y= 3.

6.13. z= x2+ 2xy— 10; 6-14. z= X2;
y=0y=x -4 . y=o0,y=1-x2
6.15. z= X 2xy y +4x+1; 6-16. z= A2+ 2xy+ 4AX—Vy2;

X= —3,¥y= 0, x+y+1=0. 2= 0j y= 0; x+ y+ 2= 0.
6.17. z= Xy— 2x—Y, 6.18. z= X2+ 2Xy+y2—2x+ 2y;
je= 0, x=3, y= 0, y= 4. x==2, y= 0, y= x+ 2.
6.19. z= x3+ y3-3xy; 62°- z= "2+ Xy“22; ,
Xx= 0, x= 2, y==0, y= 3. N= °» ¥= 4x2-4 .
6.21. z= 5x2— 3xy+ y2+ 4; 6.22. z =\ X 2— xy,
x= —1 x=1, y= — 1, y= 1 2 2
y= 37 y:4'
6.23. z= 6xy-9x2-9y 2+ 4x+ 4y; 624" + L7 A— 1, y=
x=0 x= 1, y=0 y—2 ’ u i,
6.25. z= 4—2x2—y2 6.26. z= 2x2+ 2 Xy --y 2-4Xx;
X2+ l,2< , * 2
oo x=0,y= 2, y= 2x
6.27. z= x2+ Xxy; 6.28. z= 2x+y —xy;
XxX= —1 x= 1, w= 0, y—3. Xx=0, x= 4,y=0,y= 4

6.29. z= x2+ 2xy—y —4x;
Xx=3, y=0, x—y+1=0.

6.30. z= 4(X—Yy) —x2—y2
X= 0, X+ 2y= 4, x—2y= 4.
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8-606

OAAMB AH<P4>EPEHU,HAJ1 TEHTJIAMAJIAP

1-§. yiMyMHH TyiuyHHajiap. ~srapyBqujiapH awpajiaAHraH
ea 6hp whhcjih Shphhmh TapTn6jiH AH<t><})epeHUHaji
TeHrjiaMajiap

8.1.1. SpKjiH y3rapyBMH, HOMaT>JiyM cjjyHKUHH Ba yHHHr xocHJia
(AH(J)(J)epeHUHaJi) JiapHHH 6ofjiobmh

/.y, YL YT e y(n) =0

MyHoca6aT odduu du<p<pepeHU,uaA remnaMa Aeftmia/iH.

ZIL.HJ)(})epeHUHaJi TeHrjiaMara KHpyBHH xocHJia (AH4>(j)epeHUHaji>*ap-
HHHr 3Hr 10Kopn TapTHSH AH<j)<])epeHUHaji TeHrjiaMaHHHr t3pth6h
AeftHJiaAH.

XIH(*(J)epeHUHaji TeHrjiaMaHHHr chhmh Ae6, TeHrjiaMara KyftraHAa
Yhh aftHHHTra aftjiaHrapaAHraH AHtJIxJjepeHUHajuiaHyBMH u= w(X)
c])yHKUHHra aftmnaAH.

ByHAaft TeHrjiaMa y~yH K oluh MacaJdiacn SomjiaHFHM uiapTJiap Ae6
aTajiyBHH yuifiy

Y\ =y o, y'\x=Xo=y'o, .. X=x= y~

uiapTJiapHH KaHoaTjiaHTHpyBHH cmhmhhh TonHiiiAaH H6opaTji,Hp.

«-TapTHGBjiH OAAHH AH(})(})epeHUHaji TeHrjiaMaHHHr yMyMuu enuMu
Aeb, TeHrjiaMaHHHr TapTnSn KaH”a Syjica, inyHna HXTHepHH y3rapMac-
.napra Sofjihk SyjiraH inyHAaii y = (p(x, c\, ..., C,) (JjyHKUHHra aHTHJiaAH-
kh, oy (pyHKUHH ygqyn KyHHAarn uiapTJiap 6a>KapHJiaAH:

»8) Y 4>yHKUHH d, c2, ..., cn HXTHepHH y3rapMaCJiapHHHr HCTaJdiraH
KHHMaTJiapHAa SepHJiraH TeHrjiaMaHH KaHoaTJiaHrapaAH;

6) SouijiaHFHH mapTAap xap KaHAaft SyjiraHAa xaM, HXTHepHH
y3rapMacJiapHHHr uiyHAan khhm3thhh TonHiu MyMKHHKH, 6y KHHMaT-
JiapAa y = (p(x, ct, c2, ..., C,,) e*HM Souijishfhm mspTJispHH KaHoaTjiaHTH-
paAH.

8.1.2. YuiSy

M(x)dx+N(y)dy =0

KypHHHUiAarn TeHrjiaM3 y3rapyBHHJiapH aoKpaAean diup<pepeHU,uaA
TemAaMa AeftHJiaAH. YHHHr y3Hra xoc tomohh uiyHA3KH, dx ojiaha3
<p3KaT x r3 6ofjihk KynsftTyBHH, dy ojiahas 3C3 ~aKaT y ra Sofjihk *
KynaftTyBHH TypaAH. By TeHrjiaMaHHHr eqHMH yHH X3AMa-X3A
HHTerpadidiaui ftyjiH Shjish aHHKJiaHaAH:

\M{x)dx + \N(y)dy = C.
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/LH()(}epeHU,nadi  TeiirjiaMaHKHr ouiKopMac x,0jiAa H<f)OAajiaHraH
chhmh 6y Tehmamahhhr unreepaAu AeHHJiaAH.

MuTerpajuiaui aohmhhch C hh eMHM y~yH KyJiaii KypHHHiiiAa
TanAaai MyMKHH.

1-mhcoji. tgxdx— ctgydy=0 TeHrjiaMaHHHr yMyMHH cmhmhhh
TonHHT.

E hhlu By epAa y3rapyBMHJiapH a*pajiraH TeHrjiaMara sraMH3.
Yhh x,aAMa-x,aA HHTerpaJiJiaftMH3:

\tgxdx — \ctgydy = C
eKH

— In jcosjc |— In |sim/1 = — InC,
6y epAa HHTerpajuiaiu aohmhhch C hh —Inc, h~rhh c = — InC opKajiH

6ejirHJiaui KylJiaftAHp, 6y epAaH In siny-cosx= InC eKH sinyX
Xcosx= C — yMyMHH HHTerpaldi.
8.1.3. Yuiéy

Mi (x)-M 2(y)dx + Ni (x) sN2(y)dy = 0

TeHrjiaMa y3eapyenuAapu aotcpaAaduaan dutptpepeni~uaA TemAaMa
AeHHJiaAH. By KypHHHiiiAani TeHrjiaMa M 2(y) mN,(x) =£0 ra SyjiHiu
HaTH*acHAa y3rapyBHHJiapH awpaliraH AH$(J)epeHii,Haji TeHrjiaMara
KelJiTHpHJiaAH.

2-mhcoji. Ym6y

(1 -f-x2)dy+ ydx= 0

TeHrjiaMaHHHr y\x=x= 1 .SouilJiaHFHH uiapTHH Kahoatjiahthpy”sn
eHHMHHH TonHHTr.

E 4hui. By epAa ysrapyBMHliapH a*pajiaAHraH TeHrjiaMara
sraMH3. TeHrjiaMaHH

— H--—
y 1+X
KypHHHiura kcjithphS, HHTerpadiJiaftMH3:

\~Y+ Sj+x2= C ®KH In]yl+arctgx = C.

TeHrjiaMaHHHr HHTerpajiHHH xochji khjiahk. BepHJiraH y\x=i= \
douiJiaHFH1 uiapTAaH 4>0HAajiaHH6, HXTHepHH y3rapMac C hh TonaMH3i

Inl -farctgl = C
htshh C = A ileMaK, Iny+ arctgx= 7 6y epAaH H3JiaHaeTraH eMHMHH

XOCHII KHJI3MH3:

— arctgA:

y= e4

8.1.4. Arap f(x, y) ()yHKU,HHAa X Ba Yy y3rapyB4HJiap moc paBHiiiAa tx
Ba ty ra aJiMauiTHpHJiraHAa (t — HXTHepnft napaMeTp)

f(tx, ty) =f(x, vy)
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utiipT 6a*apHJica, y xojiAa f(X, y) cj)yHKUHH 6up okuhcau (pynKnun Ae6
«i laJiaAH.
Bnp whhcjih (J)yHKUHH f(X, y) hh

f{x, &) =<p(~-)

KypHHHiHAa e3HHI MyMKHH.
Arap y'= f(x, y) AHtjxJjepeHUHaji TeHrjiaMaAa f(x, y) 6np jkhhcjih

ijiyiiKUHH Syjica, SyHAaft TeHrjiaMa 6up okuhcau du<p(pepeHU,uaA
iVMAaMa AeHHJiaAH. Bnp >khhcjih AH(J)(j)epeHLi,Haji TeHrjiaM ajiap

\%

ny pHHHHira KeJiTHpHJiaAH Ba y= u-x ypHHra kyhhui epAaMHAa
yurapyBHHJiapn a*pajiaAHraH AH(})<tepeHUHaji TeHrjiaMara KejirapHJia-
AH (u= u(x) HOMabJiyM (JjyHKUHa):

xdu= (cp(w) — u)dx.
3-mhcoji. YinSy
(x2-\-2xy)dx-\-xydy = 0 —

TCHTJiaMaHHHr eiHMHHH TonHHTr.

i ) . . X | 2KE : .
Emhui. BepHJiraH TeHrjiaMaHH y'= --—--—-- Jl— — KypHHHiura KejiTH-
xy
X~ 24 . . . . .
paMH3. f(X,y)=— —-— 6np jkhhcjih JjyHKUHH. y= ux, y'= u'x-\-u
Xy
ypHHra KyHHLUHH 6a>KapaMH3. Y xojiAa SepHJiraH TeHrjiaMa
, . x2-\-2ux2 .. , . 1+2u
UX+ US cooem 5o eKH UX-+U= oo
ux u

KypHHHiura KejiaAH, 6y epAaH

s 1+2u + «2 . , 1+ u)2
UX = ———— t——%-—- eKH UX= — -—m — =
u u
Y3rapyBMHJiapHH a>KpaTaMH3: —udu ,= — — . MHTerpajuiaS, Tona-
1+ u)2 *
MH3:
S udu_— ¢ eKH (iif+ii—Ldu= ¢ —\n\W\.
X+u)2 J X J  (L+u)2

HaTH*aAa KyHHAarnra ara 6yjiai>:tl3:

InNll+wN—rT7— =InC — Inx eKH F=In- C
I+ u 1+ u X(l +u)

U= — 3KaHJIHTHHH XHCoSra OJIH6, —7— =In —v— HH XOCHJI KHJia-
X X+y X+y
MH3.
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8.1.5. Ymdy
/ /alx+ bly+ cl \

y ya2x+ b2y + c2]

KypHHHiuAarH TeHrjiaMa a\bi— a20i~O 6yjiraHAa
x= xi+a, y=y{+ $

ypHnra kKYhhui epraMHAa 6np jkhhcjih TeHrjiaMa KypHHH mnra
KeJiTHpHJia”H, 6y epAa a, p— a\x+ b\y+ Q\=0 Ba aZ(—\—bZl-\—C2= 0
TyppH MH3HK”iapHHHr KeCHHIHIII HyKTaCHHHHT KoopAHHaTadiapH. Arap
a\b2— a2bi= 0 Byjica, y x0JiAa a\X+ b\y= t ypHHra KyfiHiu epAaMHAa
y3rapyBMHJiap a>KpaTHJiaAH.

4-mhcoji. (2x+y + \)dx+ (x+ 2y—1)dy = 0 TeHrjiaMaHHHryMy-
MHH HHTerpaJIHHH TonHHTr.

E g h ui. TeHrjiaMaHH KyfiHAarH KypHHHiura KeJiTHpaMH3:

/__ 2x+ y+ 1
y ~~ x+ 2y -\"'
a, bt 2 1
=3~=0 SyjiraHH yMyH 6y TeHrjiaMa 6np
a2 b2 1 2

>khhcjih TeHrjiaMara KeJiTHpHJiHUi,n MyMKHH. Yiu 6y
(2x+ y= —1
\x+2y=1I
TyppH HH3HKJiapHHHr KeCHUIHUI HyKTaCHHH TonaMH3: x =a = ™ +
y= P=1. 3hah
x= X\—1, dx= dxl,
= £/,+1, dy= dyl
Ae6, TeHrjiaMara Y3rapyBMHJiapHH ajiMauiTHpaMH3:
di/i 2x1+vy]
dx\ X,+21/,
Xochji KHJiHHraH 6y 6hp jkhhcjih TeHrjiaMara Y\= ux\ 6eJirHJiaui
KHpHTcaK, YA= u'x\ + U Syjia®H. Y xojiAa
2xl+ux! _ 2+ u

ux>+u= - i "™ i;eKHu*>+u= -t w
HaTHJKa/ia Y3rapyBHHJiapH awpadiaAHraH TeHrjiaMara ara 6yjiaMH3:

1 2(u2+ u +1) - (2u+l)du ... 2dx\*
uXl== — g —o wiwli— %

MHTerpajuiaS, TonaMH3:

In|«2+ «+ 11= — 21n N\ |-fInC
eKH

«2+ « + |1 = —. %
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Xi Ba y1y3rapyBMHJiapra KaHTcak,

— +1=-~- era y?+ Xi(/i+Xi= C.
M

Xx+\, y\=y— 1 ajiMauiTHpHinjiapHH x,Hco6ra ojin6, eHHMHH
t Ba y y3rapyBMHJiapra HHc6aTaH e3aMH3:
O/ -1)2+U / -1)(*+1) + (*+1)2=C
('"kh oaahh uiaKJi ajiMauiTHpHiujiapaaH cyHr
X2+ xy+ y2+ x—y= C
i<j/pHHHUJAarH yMyMHH e~HMra ara 6yjiaMH3.

1- dapcxona rontuupuFu

1 KeJiTHpHJiraH y(x, C) ())yHKUHHJiap (C — HXTHepHH y3rapMac) moc
paBHUira SepHJiraH AH({)4>epeHii,HaJi TeHrjiaMajiapHHHr cmhmh 6yjia-

Ahmh:
|

a) y= x2\+ Cex), x'+ (1 —2x)y=x2\
6) y=Cex—e~xy xy" + 2y'—xy= 0;

b) X2+y A= Cy2 xydx= (x2—y4dy,
>KaBo06: a) x,a; 6) ftyK; b) xa.

2. JLH(3J)epeHUHaJdi TeHrjiaMaHHHr yMyMHH chhmhhh TonHHTr:

)

) (\+x2y'+\+y2= 0\

) (x2+ x)y'= 2y+\\

) xy+ y —J2x +xy)y'\

ry xy'+ 27JIxy =y,

A) (x—2y—3)y'+(2x+y—1)=0-
e) (x—y+ 4)dy+ (x+ y—2)dx=Q ~

w o

a 6) 2 + 1=~ -2
) 1-\-Cx’ ) y (1+%)

\/N= In—, x>0 Aa,
\ X X

Y _

b) y2=Cxe x\ r)
= InCX, jc<0 Aa;

a) X2+ xy—y2—x+3y=C\ e) x2+ 2xy—y2—4x+ 8y= C.
3. Koujh MacaJiacHHH eHHHr:

a) secxtgydx + secds tgxdy= 0, y\x:;_":’\>

6) xy'-y = xtg-"j

b) 2(x+y)y'+(3x+ 3y-\)=0- yx=0= 2.

>K: a) tgxtgy=1; 6) /= xarcsinx;
b) 3x+ 2y— 4+ 21n|x+y— 11=0.
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- Niui
1- Mycra”iul utu KaBC HHHAa TypraH (V'-\-Pv) H({)OAa HOAra TeHr ByAaAHraH k,hah6

1. KeJiTHpHJiraH y(x, C) (jiyHKUHHAap (C — HxraepHH y3rapMac) moc niiHnaAH. y xcuiAa hkkhhhh HOMabAyM (JjyHKUHH U hh TonHiu ynyH
paBHUJAa SepHJiraH AHtj)(j)JepeHUHaA TeHrjiaMajiapHHHr cmhmh SyAaAH- I1'v-Q (x) TeHTAaMaHH eHHIU KH(J)OH.
mh: LUyHAaH khahS, SepHAraH TeHrAaMa y= uv ypHHra KyiiHUi
- , , i'l>AaMHAa y3rapyBHHAapH a*paAaAHraH ym6y HKKHTa TeHTAaMara
a) ex= Cy; Xyy'—y2= x2%"; IVI'JITHpHARAH:
6) y= Cx+y°, xy'—y-j——;\:O? v'-\-P(x)v = 0,
>KaBo6: a) xa; 6) iiyK;. u'v= Q(x).

e . ItvVJiapHH HHTerpaAAab6 SepHAraH TeHrAaMaHHHr yMyMHH  eHHMH
2. .ZJ.HclifffepeHUHa.n TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHTr:

ToiiHAaAH:
a) NIxy — AMx)dx+("xy + ~y)dy = 0 y= e-Wx(C + \Qe*ddx).
6) Xyy'= y2+ 2x2, b) y'N 2x~y+ | Ba"b3aH AH(])4)epeHUHaA TeHrAaMa y HHHr (JjyHKUHHCH X ra HHcSaTaH
X—2y+ 1 MH3HKAH SyAraH, HL.HH
>K: a) X+ y—2"~x+2-"y+2\n\("x+1)("y —I)\=C;

X'+ p(y)x=q(y)
KypHHHiura KeATHpHAHiiiH MyMKHH. By TeHTAaMa X = UV ypHHra KyftHiu
3. Koiiih MacajiacHHH eHHHr: opKaAH |OKopnAarnAeK eHHAaAH.
1-mhcoa. YuiSy

6) y2= 4x2AnCx; b) x2— xy-\-y2-\-x—y=C.

VIS f+ »'= 0 (x2—x)y' y= x2(2x— 1)
Y- I'CHrAaMaHHHr yMyMHH cmhmhhh TonHHTr.
6) xy'= xex+y; y\x=l= 0 Emhui. TeHrAaMaHH (x2— x) =20 ra 6yAH6, yuiby KypHHHiura
b) (2x —y-\-A)dy-\- (x —2y-\-5)dx = 0. X KCATHpaMH3:
>K: a) "2 sinx+ siny —cosy= O0; y J 2y X2(2x—1)
6) y= —x In11— \nx\; b) (x+ y— 1)2= C(x — &+ 3). . e x
OKH
o . y x(2x—\)
2- 8. Hh3mmh, BepHyjuiH, TyjiHK, AH(l)<l)epeHUHaJiJiH y X(x— 1) X—1
6wpHH4H TapTHSjiH AHcJjcfiepeHUHaji TeHrjiaMajiap
TeHrAaMa hh3hkah 6vah6, 6y epAa P (X )= ----- b, O(X) = ———.
. , X(x— 1) n ’ x— 1
8.2.1. Yiuby y= uv, y/= u'v-\-uv' ypHHra Kyinfui HaTH*acHAa SepHAraH TeHrAaMa
y'+ P(x)y=0Q (x) KyHHAarn KypHHHiura KeAaAH:
KypHHHUiflarH TeHrjiaMa hu3uk,au ducpcpepeHU/UaA remAaMa AeHHJiaAH. o X(2x—1)
By epaa P (x) Ba Q (x) Jiap X HHHr MaT~jiyM y 3AyKCH3 ()yHKUHHJiapH. Arap uv+ u(vi+ N rjjl X—1

Q (x)=£0 6yAca, TeHrjiaMa hu3UKau 6up muhcau 6yAMaean remAaMa,
arap Q (x)=0 6yjica, husu™au 6up muhcau remAaMa AeHHJiaAH.
y= u(x)v(x) ypHHra kyhhui (6y epAa u Ba v HOMatJiyM (J)yHKUHH Jiap) =0,

U hhht cwiAHAarH KynaHTyBMHHH HOAra TeHrAab

epAaMHAa TeHrAaMa x(x—1)
X(2x —

u'v-l-uv'+ P (x)uv= Q(x) uvVvs== X1
eKH

u'v+ ufv'+ PI[x)y]l= Q(x) TeHrAaMaAapHH xocha KHAaMH3. ,HacTAa6 Shphhmh TeHTAaMaHHHr
KypHHHuira KeArapHAaAH. HCTaAraH xycycHH cmhmhhh TonaMH3:

u Ba v (JyHKUHHAgpASH Snpn  (MacajiaH, v) HxragpHH TaHAas dv ~ dx sKH Cx-(x-t)

OAHHHUIH MyMKHHAHTHAaH (J))OHAaAaHH6, V (ftyHKUHHHH OXHprH TCJHTAa- v X(x— 1) J v 1 X(X= 1
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ByHAaH
In]yl -In jc— 114-In*
CKH

TonHJiraH Vv (})yHKUHHHH CHCTeMaHHHr hkkhhhh TeHrjiaMacnra
KyHMH3:
/ X _ x(2x—\)

X— N\ X— 1
6y epaaH U'= 2Xx— 1 HHTerpaAAacaK:

u= x2-x-\-C.
BepHJiraH TeHrjiaMaHHHr yMyMHH eHHMH:

*(*2—x+ C)

= uv--
y A--1

2-mhcoji. (2Xx—y2y'= 2y TeHrjiaMaHHHr Yy\Xx=l = \ gouuiaHFHH
UiapTHH K3HOaTJiaHTHpyBHH xycycHH eHHMHHH TonHHr.

E h h ui. BepHJiraH TeHrjiaMa X ra HHcfiaTaH hh3hkahahp.
XaKHK3T3H xaM,

(2x—y2d~=2y, eKH 2x—y2= 2x'y, eKH . (6y epAa v\

p(y) = -7, aly)= —8&)» "' >

Xx= uv, Xx'= u'v-\-uv' ypHHra KyftHiu HaTH*acHAa 6epHJiraH
TeHrjiaMa KyftHAarH KypHHHiura KejiaAH:

uv+ u(v'-f)= —f,
6y epAaH yiu6y HKKHTa TeHrjiaMara ara 6yjiaMH3:

V'i— —= 0 Ba u'v= —
y 2

Bhphhhh TeHrjiaMaHH eHH6, TonaMH3:

eKH v=y.
v y

Hkkhhhh TeHrjiaMara v= y hh kyhmh3:

uy =—+ ekKH U'= — eKH u= C

BepHJiraH TeHrjiaMaHHHr yMyMHH eHHMH:

X= uv=y(C—-j)'
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Y\x=[ = \ SoiujiaHFHH uiapTAaH

C=t.

LUyHAafi khjih6, SepHJiraH TeHrjiaMaHHHr xycycnft eHHMH

K*=\y (3—y)=

8.2.2. Ymfiy
y'+ P(X)y=y«Q(x)
KypHHHUiAarH AH~"epeHUHaji TeHrjiaMa BepuyAAu TeH2Ao.Ma.cu AeftH-
JiaAH. By TeHrjiaMaAa a — const, a=?t0, a=/= 1, P(X) Ba Q(X) (JjyHKUHHAap

X HHHr y3JiyKCH3 4>yHKUHHJiapH. jIHrH Z= yl_a (jjyHKUHH KHpHTHJIHS,
BepHyjuiH TeHrjiaMacH 8.2.1 6aHAAa KypnS HHKHJiraH

z'4- (1—a)zP{x) = {\—a)Q (x)

MH3HKJ1H TeHTAaMara KeATHpHAaAH.

BepHyAAH TeHTAaMaCHHH HHTH Z y3rapyBHH KHpHTMaH, HH3HKAH
TeHrAaMa CH(j>aTHAa Y= UV ypHHra KyfiHiiiAaH cj)OHAaAaHH6 xaM eHHiu
MyMKHH.

3- MH COA. (/'4-1=i/2!~ TeHTAaMaHHHT yMyMHH eHHMHHH To-

nHHr.
Ennm. BepHAraH TeHrAaMa BepHyAAH TeHrAaMacH 6ym®6, 6y epAa
a= 2.y=uv,y —u'v+ uVv' ypHHra KyfiHiUHH 6a>KapaMH3, Hara>Ka,aa:

uva-u(v'4"Jy=ui2~ =

U, V (J)yHKU,HHAapHH TonHiu ynyH ym6y cHCTeMaHH Ty3aMH3:

Bhphhhh TeHFAaMaHH HHTerpaAAaS, v= ~ xycycnft chhmhh OAaMH3,

YHH hkkhhhh TeHrAaMara KyftcakK,

ra ara 6yAaMH3. YsrapyBHHAapHH a>KpaTaMH3 Ba HHTerpaAAaftMH3:

du Inx



6y epAa
dx
s= Irw, ds= -
\nx o X Inx . f dx__ \nx
—r dx== c
x dt=-~, t= — - T
x2
/leMakK, — - = — — — |— C, 6y epAaH u=— — — .
ti X X Cx -} 14 W\

BepHJiraH BepHyjuiH TeHrjiaMacHHHHr yMyMHH e~"HMH:

= uv-
y Cx-\- 1+ Inx’

8.2.3. Arap
M (x, y)dx-\- N(x, y)dy = 0

KypHHHuiAarn TeHrjiaMaHHHr gan khcmh 6npop u(x, y) (JjyHKUHHHHHr
TyjiHK AH(})(})epeHUHaJIH, HtHH

du= M(x, y)dx-\- N(x, y)dy

Syjica, y x,0JiAa 6yHAaft TeHrjiaMa rynuK, dtKptpepenmiaAAu TemAaMa
AeHHAaAH.

IOKopHAarH TeHrjiaMa TyjiHK AH”cjjepeHUHajuiH TeHrjiaMa 6Yahiijh
yayH

m__dN_ \

dy dx

mapT 6a>KapHAHIUH KepaK.

TyjiHK AH(})(Q)epeHUHaAJiH TeHrjiaMa TabpncJwAaH du= 0, SyHAaH
u(x, y)=C SKaHAHTH Kejw6 MHKaAH (C — HXTHepHH y3rapMac).

u(x, y) hh TonHiii ygyH y hh y3rapMac Ae6 x,HCo6jiaftMH3, y x,0JiAa
dy= 0 3K3HHA3H du= M(x, y)dx 6yjiaAH. By TeHrAHKHH x 6ymna
HHTerpaldiJiaCakK,

u= \"M(x, y)dx + g>(y).

OxHprH TeHTJIHKHH y 6yHHMa AH(f)4)epeHLI,HaAAaHMH3 B3 H3TH *3HH
N (x, y) ra TeHrAaftMH3, qyHKH — =N (x,y).
\ M ax+ y,(y) =N(x,y)
eKH
tp'(y)=N(x,y)-\"Niix.
By H()OAaHH Y 6Yhhh3 HHTerpaAJis6, cp(y) hh TonaMH3:

9(y)= \(N(x,y)— Y~dx~dy+C.
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/U'MakK,
u(x, y) = W (x,y)dx+ G(N(x,y)— \"*-dx)dy + C

By H(}))OAaHH HXTHepHH y3rapM3cra TeHrjia6, TeHrjiaMaHHHr yMyMHH
iiirrerpajiHHH x,ocha khji3mh3.

4-mhcoji. (Sx2+ 8xy2dx+ (6x2y+ 4y3)dy = QTeHrjiaMaHHHr yMy-
MHH eHHMHHH TONHHT.

Emhui. By epAa M(Xx, y) =3x2-\-6xy2 N (X, y) = 6x& + 4y3

dM dN . d™m dN
——zléxx, ——zlfxx, htiHh ——= ——.
dy ox dy ox

‘;“ “M(x,y) SyjiraHJiHTH cafiaSjiH

X
W gjeor 6 xy2
dx I y

By TeHTAHKHH X SyHHHa HHTerpaAA3HMH3:

u= x3+ 3x22+ <p(y).

ByHAaH
Py) = ~ ~ 6bx2y-
du __
mN(X,y) 3KaHAHTHHH x,nco6ra oJicak,
dy ~
@g{y)= 6x+ 4y3—6Xx = 4y3
Byhash
Py) =y 4+ C
ileMan,
u= X3+ 3x2y2-fya= c.
OKH
X2+ 3x22+ y*= C.
2- dapcxona rontuupuFu
1. TeHnnaMaJiapHHHr yMyMHH chhmhhh TonHHr:
a) y- 1-2x y= L 6) 1+ x2y'—2xy= (1+x22
. N y- 2ylny + y —x’
b vy g2 ylny + y

a) y'—ytgx-j-yxosx= 0; &) y'+~L=-2jr~;
) (x-lI-siny)dx-j- (xcosy-j-siny)dy = o0;

3) (y-\-exsiny)dx-\- (x-\-excosy)dy = 0.
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A x+ C) = :
>K: a) y=Cx2*+x A ) y( ) = secx

6) y=(x+ C)(1-M2); ) </=(Crli— +1t7)2
. . 10e7x
b) X= CeXYy+-~"Y +-j+7i >k) -~AX2+xsiny —cosy= C; 6) x=e "(3+y): b Y= _
C
r) x= y\ny+ y 3) xy-\-exs'my= C. r i(x 2+y2+arctgA=1+".

2. Kouih MacajiacHHH eHHHTr:

3- 8. K)K,opH TapTH6jiH AH(t>(])epeHUHaji TeHrjiaMajiap
a) y'—ytgx = secx; y\x=o0— O\

6) 2xydx+(y —x2dy= 0; t/U=-2 = 4; 8.3.1. y<n=/(*) KypHHHumarH TeHrjiaMa yHr tomohhh KeTMa-KeT
24 2 “ )y 2% = Q- x=i=0- n MapTa hHTerpaldiJdiaiu epAaMHAa eHHAaAH.
b) (yer cv+ *oy'+ 2r= Oryl*=i=0U; 1-mhcoji. y"= xe~x TeHrAaMahhht y\x=0= 1, y'\x=0= 0 6oiu-
r) 4 -~ + (y+ eli/,= 0; y|*=o= 4. J3HFHH LUapTAapHH KaHOaTAaHTHpyBHH xycycHH eHHMHHH TonHHTr.
Ehh iu. BepHAraH TeHrAaMaHH KeTMa-KeT HHTerpaAAsfi, yMyMHH
>K: a)7 g = '80%]'(:\ 6) *2—y|r§ eHHMHHH TonaMH3:
B) x2+ y2= e-y\r) *2+ i/2+ 2yeJ= 24. r [u= x, du — dx, ) X
y'=[xe Xx=\ _ _Xr=—xe ~e + cb
J [dv= e  dx,v=—e J
2- MycraKfUA uui y= MC,—xe~x—e~xdx= Cx— (—xe~x—e~X -\-e~x-\-C2
1. TeHTJiaMaJiapHMHr yMyMHH eHHMHHH TonHHr: eKH y= xe~x-\-2e~x Cix~\-C2
BouiAaHFHH LuapTAapAaH
a)if-p-e-r. ] T) XdX = (A _ yA dy, A =2 C»
1 Ty ' '
y = Xcosy+ sin2y’ J}= — 1+ Ci,
B) / + _|_+ y2=0; A) AW = (~+7-1) dic- 6y CHCTeMaHHHr eHHMAapH Ci= 1 Ba C2= — 1- LUyHAafi khahe,
SepHAraH 6ouiAaHFHH uiapTAapHH KaHoaTAaHTHpyBHH xycycnft eHHM:
>K: a) y= Ce-/+ ex-1; y= Xe~x-\-2e~x-\-x— 1.
6) y= Ce-dnksinx— 1, 8.3.2. y{n) =f(x, y(*>,...,y(a ") KypHHHiUAarH TeHrAaMaAa HOMatAyM
g 1 : (J)yHKUHH Ba yHHHr (k— 1)-Tap™6raHa x,0CHA3A3pH KaTHauiMafiAH.
B'" y~ (I+jt)(C + In]l+Jdc]) "’

ByHAafi TeHrjiaMaHHHr TapTH6HHH yw = p(X) ypHHra KyftHiu epAaMHAa
r) x2+ y2(C -y 2 nacafirapHiu MyMKHH.

A) X+ arctg-j=C. 2-mhcoa. y"=y~In® TeHrAaMaHHHr yYMyMHH chhmhhh TonnHr.

2. Kouih MacajiacHHH eHHHr: Ehhilu y'= p(x), y"= p'(x) Aeb6, 6epHAraH TeHrAaMaHH
‘= 2y — X-\-ex\y| *=0= — 1; "= _In—
a) y y IyI p Xlrs(
6) yadx= (x-\-ye y)dy\ y\x=0= — 3; KypHHHiura KeJiTHp3MH3. Bhphhhh tspthSah 6np >khhcjih TeHrjiaMaHH
XOCHA KHJIAHK. 3hAH p= UX, p'= u'x~{-u Ae6, KyftHAarH TeHTAaM3HH
b) y'—7y= e3xy2 y\x=o0= 2;

XOCHA KHA3MHS:

du dx

r) xdx+ ydy= xAy~ * ~\y\x=l= 1-
) yay y+y y u(\nu—]) «

u'x-\-u = ulnu eKH
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YiiHiir owhmh

Inlinw— I =Inx + InCi eKH Inu— 1= Ckx,

6y epraH u= ec,x+i. RacTJiaGm y ysrapyBgnra KaftTHS,

y'= p= ux= xeClc+i eKH y'=xeC,x+

TeHrjiaMaHH ojiaMH3. By TeHrjiaMaHH HHTerpajuiafi,
TonaMH3:

r r { sz=Xx' ds = dx,
y = Jxe ' dx= \ dt= ecIX+idt' t==j _ eclX+l
X Ctx+ 1 | C 1 r
c, C2e + C2-
8.3.3. y =f(y, vy, ..,yn

YMyMHH e~HMHH

)

) KypHHHUiAarn TeHrjiaMara X spKjiH

y3rapyBMH K,aTHauiMaHrH. ByHraii TeHrjiaMaHHHr TapTHSHHH y'= p(u)

ypHHra kYhhui opKaJdiH nacaftTHpHmM mYmkhh.

3-mhcoji. y "= -+y TeHrjiaMaHH euHHTr.

y
Egqhui. y'= p(y)t y"==p'p' ypHHra kYhhiuhh aMadldira ouiHpcaK,

TeHrjiaMa

P P I+P2

KypHHHiura Kejiaru. By y3rapyBgnjiapH a*pajiarHraH
ysrapyB”HJiapHH a>KpaTH6 Ba HHTerpaJduiaS, TonaMH3:
TInl1+P 2l=In]yl +InC,
6y epraH
1 p2= C¥2emp=+ ~Cly2—\

y y3rapyBHHra KaHTcaK

y'— % Cly2— 1 eKH — -Jfe = + dx.

Y /7”9 9 —
V <*I-

SyHraH,

-E-In]C,y+ -yjc\y2— 1]= = (x+C 2.

3- dapcxona ronuiupuFu

1. KyftnrarH TeHrjiaMaJiapHH e HHr: -
a) y

sindx=sin2x: 6) y" = Inx;

TeHrjiaMarup.

B) (l—x2y” —xy'= 2 rN L+ xy"+ l+y"
a) y"(2y+ 3)—2y2= 0; e) yy" —y —y Iny.

¥<: a) y= In Sinx+Cix2+ CX+ C3;
6) y= -~-(Inx— ~-)+CIx+ C2

B) u= (arc sinx)2+ Ciarc sinx+ Cz2,
r) y=(1+Cr2In(Cix+ 1)—Ci x+ C2
a) 0,51n(2y+ 3) =CiX-[-CZ2;
e) \ny= C\eXJ\-C2e x-
2. Kouih MacaJdiacHHH e”HHr:
a) y"'= xe'~x; yU=o= 0, y'L=0o= 2, y"U=0= 2,
6) y"—-

1)y; yu=2=i, y'u=2= —i;
b) yy"—y,2=°; yU=o=1>y'L=0=2.

>K: a) y= — (x+ 3)-e_j:+ yX2+3;
6) y = (3x4— 4x3— 36x 4"72x-(-8)
b) y= ?2j-

5- MyCTaKfUA urn

1 K,yHHAarH TeHrjiaMaJiapHH euHHTr:

a) y"= --\ -x; ry y" = 2sinxcos — sin3x;
X A) y" — 2ctgx ey'= sin;
by YYT=\I¥: e) 2W " -3 (if)2= d/2-

>K: a) y= M+ C Ix2+ C 2

6) y="~L (x 2-1)-]In(l+x2+C,x+ C2
B) y=Cier) y= ~sinXk+C,x + C2

! ] : H " 3 ] t [
e) ycos2(x+ C'i)=C 2
2. Kouih MacadiacHHH eMHHr:

a) y'" = xsinx; y\x=o0= 0, y'|*=o0 = 0: y
6) xy/+ x(y/)2—y'= 0; yu=2-=
B) yy"=(y') — (*/)3, yL=i=i; y/I"=i= — 1

>K: a) y= xcosx — 3sinx+ x + 2x;

6) y= 2+ In"-; b) y-x = 2lIn]y].
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4- 8, rapMac KO03<))<t>HUHeHTjiH 6Wp mhhcjih <h3hmh TeHrjiaMajiap

8.4.1. Yiuby
yire+ ai(x)y<r ')+ a2(x)y{n- 2+ ..+ an(x)y =0

KypHHHLUAarH TeHrjiaMa n-rapru6Au 6up okuhcau hu3uk,au dutpcpe-
peHii,uaA remAaMa jxePmjiam- By epA3 a{(x), a2(x), ... a,(x) 6npop
[a, b] opaldiHKfla aHHKJiaHraH Ba y3JiyKCH3 4>yHKUHHJiap 6yjin6, yjiap
TeHrjiaMaHHHr KoacpcpunueHTAapu AeftHAaAH.

Arap vi, y2 yn ()yHKLi,HHJiap n-TapTHfijiH 6Np jkhhcah hh3hkah
AH<})(flepeHUHaA TeHrjiaMaHHHr [a, b\ opajiHKAa aHHKJiaHraH hh3hkah
spKJiH eMHMJiapH Syjica, y xoAAa yHHHr yMyMHH eHHMH

y — Ciyt (x) CY2(x) +... + Cnyn(x)

KypHHHiura e3HJiaflH.

Mh3hkjih 3pKJiH eHHMJiap enuMAapHum (pyndaMeHraA cucreMacu
AefiHJiaAH.

8.4.2. Arap n-TapTHSjiH hh3hkjih 6np >khhcah AH<})(f>epeHUH3A
TeHrjiaMaHHHTr ait a2, ..., an KO3(})(})HUHeHTJiapH y3rapMac coHJiap Syjica,
Yy x,0jiAa xycycHH eHHMJiap y= ek« KypHHHiura H3AaH3AH. By epAarn
kK n-TapTH(5jiH hh3hkjih 6np jkrhcah AH()<t>epeHUH3A TeHrjiaMaHHHTr
xapaKTepncTHK TeHrjiaMacn ne6 aTajiyBHH yiu6y

r +a,r-1+a2x -2+ ..+ an= 0

TeHrjiaMaHHHr HJiAH3JiapH SyjiaAH.

XapaKTepncTHK TeHrjiaMa n Ta k\, k2, ..., kn HJiAH3Jiapra sra. By
hjiah3JiapHHHr xapaKTepnra Kypa yjiapra moc xycycHft eHHMJiap
KyHHAarHHa 6yjiaAH:

a) xapaKTepncTHK  TeHrjiaMaHHHr xap 6np xaKHKHH coAAa
k HJiAH3Hra ekx xycycHH eHHM moc KeJiaAH;
6) xap 6hp m Kappajin xakh khft «(JiAH3ra m Ta hh3hkjih apKAH

xekx, ..., xm~'etx eHHMJiap moc Kenaw,

b) KOMiuieKC KyuiMa coAAa HJiAH3JiapHHHr Xap 6np ki= a+ /p na
k2= a —«p >Ky(})THra HKKHTa hh3hkjih 3pKJiH ealcospx Ba eaxsin”™x
xycycHH eHHM moc KeJdiaAH;

r) KappajiHTH r ra TeHr syjiraH KOMnAeKC kyuima HJiAHsJiapHHHr xap
6np K\= at+ «P, k2= a—i$ >Ky(JTHra 2r Ta yuiby hhshkjih apKJiH
xycycHH eHHMJiap moc KeliaAH;

paj.cosp, xeaxcosfix, ..., jer_|fajtcosp*,

eaitsinp*, ~ “ sinp*, , XrN'e axssm$x.

OjiHHraH xycycHH eHHMJiap — eHHMJiapHHHr (JjyHAaMeHTaji CHCTe-
MaCHHHHT HH3HKJIH KOMSHHaUHHCH

y—CW\+ C2-\-..+ Cryn

HH Ty3H6, y3rapMaC KO3(])jJHUHeHTAH HH3HKJIH 6Hp >KHHCJIH AH(J)(})e-
peHUHaji TeHrjiaMaHHHr yMyMHH eHHMH xochji KHJiHHaAH.
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ekx,

1-mhcoji. y"—7</+ 6y= 0 eHHMHHH

roriHHr.
E hhiu. XapsKTepHCTHK TeHrjiaMaHH Ty3aMH3:

k2— 7fe+ 6= 0,

yiiHHr HJiAH3JiapH fe]= | Ba fe2= 6 — xaKHKHH Ba oaahh, AeMak,
6epHJiraH TeHrjiaMaHHHr xycycHH hh3hkjih sdkah eHHMJiapn (t}))yHAa-
MeHTaA eHHMJiap cHcreMacH): y\— ex bs y2= e x; TeHrjiaMaHHHr yMyMHH
I'HHMH sea

TeHrjiaMaHHHr  yMyMHH

y = Ciex+ C2e6x

fiynaAH.
2-mhcoa. y IV— 13{/"+ 36y=0 TeHrji3MaHHHr yMyMHH eHHMHHH

TonHHr.
E h hin. XapaKTepncTHK TeHrAaMaHH Ty3aMH3i

k4— 13k2+ 3S= 0.

yHHHr HAAH3AapH fe]2= +3, &34= +2 — xaKHKHH Ba OAAHH. By
HJiAH3Jiapra yiuby xycycnft hh3hkah 3pKJiH eHHMjisp moc KeJiaAH:

y\=e3x y2= e~3X, y3= e2 y4= e~2Xx
YMyMHH eHHM KyHHAarn KypHHHiiiAa 6yAaAH:
y= Cie3x-\-C2%2 ~3x-{-C3e2x-]-Cd4e 2x

3-mhcoa.yv— 16y'= 0 TeHrAaMaHH Hr yMyMHH eHHMHHH TonHHTr.
E h h ui. XapaKTepncTHK TeHrAaMaHH Ty3aMH3:

k5-16 k = 0,

VHHHr eHHMAapn: fei=0, fe23= *2 — xaKHKHH, A4i5= =2 / — KOMnjieKC
KyuiMa (a = 0, P= 2). OyHAaMeHTaA eHHMAap cHCTeMacHHH e3aMH3.

yi= eOx=1, y2= e2 yz= e~2 yA= eOXxcos2*= cos2x, y5= sin2x.

YMyMHH eHHM-
y— Cl+ Cc222x+ Cse~2X+ C4COS2X + Cssin2*.

4-mhcoa. y"—y' —2x= 0 TeHTAaMSHHHr t|x=0= 0, y'"\x=o0= 3
60UIA3SHFHH WU3pTAapHH K3HO3TA3HTHpyBHH eHHMHHH TOnHHr.

Emhui. By TeHrimMaHHHTr xapaKTepncTHK TeHrAaMacH
k2— k—2—0 KyftHAarH HAAH3Aapra ars: Kki= 2, k2= — . fleM3K,

VMyMHH eHHM
y= CieXx+ C22~Xx

KypHHHuiAa SyAaAH. YHHHr xocHAacn:



~ BomjiaHFHH uiapTJdiapHH yMyMHH eHHMra Ba yHHHr x,ocHJiacHra

K,yHH6, Ci Ba C2 ra HHcSaTaH yui6y TeHrjiaMajiap CHOTeMacHHH xochji
KHJI3MHS3:

ro=c,+c?

\3= 2C ,-C 2
6y epraH Ci= I, C2= — 1 JJeMaK, SepujiraH SouijiaHFH1 uiapTJiapHH
KaHoaTJiaHTHpyBHH xycycHH e~HM KyHHAarHHa SyjiaAn:

y= e2x—e~X

5- MHCOJI. y"-4y'-\-5y = 0 TeHrjiaMaHHHr yMyMHH eHHMHHH
TonHHTr.

Eunm. k2—4k+ 5= 0 xapakKTepncTHK TeHrjiama Kkl2= 2z*<
KyuiMa -KOMruieKC HJiAH3Jiapra ara. Byjiapra moc 4>yHAaMeHTaji
eHHMjiap CHCTeMacH KyftHAanma 6yjiaAH:

y\=e23*(cosx, y2= eHsmx.
YMyMHH eiHM:
y=C\e2cosx+ CZ2sinx eKH y= eX(Cicosx+ C2sinx).

6-mhcoji. ylv+t2y"'+ y"= 0 TeHrjiaMaHHHr yMyMHH e"HMHHH
TonHHr.
E mhui. XapaKTepncTHK TeHrjiaMaHH Ty3aMH3:

k4+ 2k3+ k2= 0, 6y TeHrjiaMa kWR= 0 (m= 2); k34= — \ (m — 2)

KappajiH HJi/iH3jiapra ara. Byjiapra moc OyHAaMeHTaji eiHMJiap
CHCTeMaCH

yi= eOx=1; y2= x-1=x; y3= e~X y4= xe~x
KypHHHmra ara SyjiaAH. .HeMaK, yMyMHH eHHM

y= Ci+ C2 + C3e x-\-C$xe~x
§kh

y= Ci+ C2-f- X(C3+ C4X)-~

4- dapcxona ronuiupuFu

1. TeHrjiaMajiapHHHr yMyMHH cmhmhhh tohhht:
a) y"+ 4y'+ 3y= 0 6) y'-4y'+ 4y= 0, b) y"+ 4y'+ 8y= 0
>K: a) y= Cie~~x-\-C2~3x;

6) y= e2x(Ci + CX);
b) y= e 2(Cicos2x+ C2Sin2x).

2. TeHrjiaMajiapHHHr yMyMHH cmhmhhh TonHHr:
a) yVvi_i3yiv+36y-=0; 6) y*-8y" + I6y= 0
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B) yv_6yiv+9£/,,= O; ry"—3y'+ 3y —y—0o;
a) 64yVill+ 48yVI+12t/IV+y " = 0.

>K: a) y = C\e3x-\-C2—3x-\-CF2 x C*e“2x+ Ccb+ cCe;
6) y= e2x(Ci + CX )+ e - 2x(C3+ C4x),

B) y= e3x(Cl-j-C2X) 4C34<Cix-]-C5X ;
r) y= ex{C\+ CX-\-CXI)\

A) y= coSy (C,+ C2x+CX2) +sinY(C4+ C &+ Céx )+

-]- Ci ~=C*x.
3. Koluh MacadiacHHH e”HHTr.
a) y’+ 4y'+ 29y= 0; y\x=0=0, y\x=a=\h\

6) yw=y'\ yL=0=0;y'Ix=0=1Il; y I*=0=0;y I*=o0=1 ;

ylvL=0= 2.

>K: a) y= 3e~Zcsinbx;
6) y= e*+ cosx—-2.

4- MycraKfUA Uurn

1 TeHrjiaMajiapHHHr yMyMHH e*"HMHHH TonHHTr:
a) 4y"' —Sy'+ 5y= 0; b) ylw—6y"+ 9y= o0;
6) 3y"—2y'— 8y= 0; r)y ylv+y" = 0.
7C: a) y= ex(Cicosy+C Xin-]);
X

6) y= Cie2i+ C2 ;

b) y= ensjgC:+ Cox)+e ~ (Cst+ CX)

r) y= Ci+ cX+ c30sx+ Cdsinx.

2. Kouih MacadiacHHH e”iHHr.

a) y"-2y'+y=0; yl*=2=1, «/'I*-2= —2;
6) y'"-y'=0; yl*=0=3, y'L=0=-1; y"Uo=1-
>K: a) y= (7-3x)ex~-2\ 6) y= 2+ e“x.

5-8. ysrapMac KO3<t><t>HUHeHTjm 6np whhcjih SyjiMaraH
AV M ePeHNHad, TeHrjiaMajiap
Yuiby
yN + alyfn )+ ayin 2+ .+ ay= f(x) ,

6y epAa fix) 20, ai an— y3rapMac coHJiap, KypHHHUiAarH TeHrjiaMa
n- Tapm6AU y3eapMac Kos<p<puu,uenTAU 6up oicuhcau 6yAM.aaan hu3UK,au

diKpcpepeHUfiiaA TeHrjiaMa AeftHJiaAH.
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BepHJiraH 6np >khhcjih SyjmajaH hh3hkjih rH<f>(jlepeHUHaji TeHrjia-
MaHHHr yMyMHH eMHMH y =Y +vy (j>opMyjiara Kypa SHHKJiaHarH, 6y
epra Y moc 6np >khhcjih TeHrjiaMaHHHr yMyMHH eHHMH, vy
oepHJiraH 6np >khhcjih SyjiMaraH TeHrjiaMaHHHr SnpopTa xycycHfi

Ey TeHrviaMaHHHr y xycycnft e“HMjiapn TeHrjiaMaHHHr yHr tomohh

f(x) = «d/N(x)cos6x-f-(2,t(x)sin6x]

Maxcyc KypHHHiura ara QyjiraHra aHHKMac Kos(})(|)HUHeHTJiap ycyjin
OHJiaH Tonnjiarn. By epra y Ba 8 — SepnlJiraH coHliap, Pn (x) Ba
Qm (X) — MOC paBHUifla n- Ba m- rapawaliH Mj-bjiyM KynxarJiap. By
XQJira depHJiraH TeHrjiaMaHHHr xycycnft ennMH u KyftHrarn KypHHHiura
H3jiaHarH: _
y ~ xreyxui (x) cosSx + Vvi(x) sinSx],
6y epra r
kn-\-plkn- '+ p 2kn- 2+ ..+ pn= 0

xapaKTepHCTHK TeHrjiaMaHHHr y-]|-6< HJi4H3HHHHr Kappajihjihth (arati®
xapaKTepncTHK TeHrjiaMa 6yHran HJirH3ra sra SyjiMaca, r= 0);
ut{x) Ba vi(x)-Il- aapa*adiH Kyn-xarJiap, my CHJiaH 6npra | cohh m Ba
n JiapHHHr KaTTacnra TeHr.

ui(x) Ba Vi(x) KynxafljiapHHHr KO3(j)(j)HUHeHTJi3pH 6epHjiraH TeHrjia-
Mara y ypHHra y hh KyfiraHraH cyHr yHHHr Man aa yHr TOMOHJiapnrarH
yxmaui xarjiap KO03()cj)jHUHeHTJiapHHH 6Hp-6HpHra TeHrjiaui HaTH>KacH-
ra xochji SyjiraH ajirefipaHK TeHrjiaMajiap CHCTeMacnraH TonnjiarH.
fo\ / ®ePHJiraH 6hp jkhhcjih 6yjiMaraH _hh3hkjm_ TeHrjiMsra
f(x) =Ji (x) + f2(x) 6yjica, yHHHr xycycnft eMHMH y=y,-\-y26yjiarH, 6y
epra «i— yHr tomohh f{(x) SyjiraH SepHJiraH TeHrjiaMaHHHr xycycHH
eMHMH, y23ca yHr tomohh f2(x) 6yjiraH 6y TeHrjiaMaHHHr xycycHH ennMH

l-mhcoji. Ymé6y

Yiv— 3y"= 9x2

HH3HKJIH TeHrjiaMaHHHr yMyMHH eMHMHHH TONHHT.

Emhui. k44— 3k2= 0 xapaKTepncTHK TeHrjiaMa ki=k2=0, k34=
= % «Ji4H3Jiapra sra, Syjiapra ymeéy t/i= |, y2=x, y3=e "™ 3x,
y*~e ~23x 4>YHAaMeHTaji eMHMJiap cncTeMacH moc Kejiarn, 6y
epraH moc 6np whhcjih TeHrjiaMaHHHr yMyMHH cmhmhhh Xxochji
KHJI3MH3:

Y=Ct + CX+ Cze"3x+C,e~r3x.

BepnjiraH TeHrjiaMara f(x)= 9x2, Y= 0, 8= 0, uiyHHHr yMyH
Y+ to= 0. by coh xapaKTepncTHK TeHrjiaMaHHHr HKKajia ki = k2= 0 hji-
flH3jiapn fiHJiaH 6np xnjirnp, uiyHHHr yMyH r = 2 Ba xycycHH cmhm y hh

y = (Ax2+ Bx+C)x2=A x4+ Bx3+ Cx2
KypHHHiura H3JI3HMH3.
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Yy, y'> y"> ylw XocnjigjiapHH TonaMH3 B3 vyjiapHH KyftnrarH
cxeMa  6yftHMa >KOHJiaiUThpaMH3  (thk hh3hkhhht Man TOMOHNra
TeHrjiaMara 6yjiap onrnra TypraH K03({)(}))HUHeHTJiapHH esn6 mhksmhs) :

0 y= Ax*+Bx3+ Cx2

) y'= 4Ax3+3Bx2+2Cx,
-3 y" = \2Ax2+ 6Bx+ 2C,
0 y'" — 24Ax-\-6B,

1 y'v= 24A.

TonnJiraHJiapHH TeHrjiaMara KyfIMH3:
yiv_ 2y"= — 3%Ax2— 18Bx—6C + 24A = 9x2
By epra Man Ba yHr TOMOHra X HHHr 6np xhji rapa>KaJiapH ofirnrsrn

KO3()()HUHeHTJi3pHN TeHrjiaS, A, B, C JiapHH Tonnui yMyH ajireSpsnkK
TeHrjiaMajiap cncTeMacnHH xochji KHJI3MH3:

-36/1= 9,
-18B = 0,
6C+ 24/1=0,

6y epraH A= — j, B=0, C= — 1.
/1,eMaK, y xycycnft eHHM Kyftnrarn KypHHHiura fiyjiarn:

y=- gX4— Cx2.

BepnjiraH TeHrjiaMaHHHr yMyMHft eHHMH

y=Y-\-y=:C\-\-CX-\-C2 " -\-C& Y3 —Zx4—cx2.

2-mhcoji. YUiéy

y -7 6t/ — xe ; Y\X=0— 1, y ljcco 3 m

K ouih MacajiacHHH eHHHr.
E h h ui. k2— 7fe+ 6= 0 xapaKTepncTHK TeHrjiaMa K\— I, k2= 6 hji-

rn3Jiapra sra, uiyHHHr ynyH moc 6np >khhcjih TeHrjiaMa
y"— 7y'\-6y = 0 HHHr yMyMHH eHHMH Y=CieX+ C2 X tyHKUH5iraH
HSopaT.

TeHrjiaMaHHHr yHr tomohh f(X)=xex, v=1, 8= 0, y+ io=I1=k,
uiyHHHr ynyH r= 1; Pi(X) =x, reMaK, xycycnft eHHM Yy hh

y= xex(Ax + B) eKH y= ex(Ax2+ SX)

KypHHHUira H3JIBHMHS3.
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1- MHca/iAarH «aén TonaMH3:
6 y= ex(Ax2-\-Bx),
—7 y'=ex(Ax2+ B x + 2Ax-\-B),
1 y" = ex(Ax2+B x + 2Ax+ B+ 2Ax+ B+ 2A).
TeHrjiaMara KyHMH3:
y"—7y'+ 6y= ex(6A—7A+A)x2+ ex(6B+ 7B— \4A+ B+ 4A)x +

+ ex(-7B + 2B+ 2A)=xex.

By ahhhhthhht HKKajia tomohhhh ex=£0 ra 6yjw6 Ba wan xaMAa yHr

TOMOHAa X hhht 6np xhji Aapa*ajiapH a/iAHAarn KO3(})()HUHeHTJiapHH
TeHrjiao, KyHHAaniHH xochji KHJiaMH3:

-2 10= 0,
— 1/1= 1, 6yepAaH A= — ~ B = -——--
2A—5B= 0, 25
ZleMaK, xycycHH eMHM: u= ex( — —----- —nN
y gl 0 257°

Ymymmh e"HM: y — C,ex4- C®fe—ex(-~—1 —~
2 V10~ 257"

Kouih MscajiacHHH eMHiu yuyH y' hh TonaMH3:
i,-= cie'+6cr~e- (4 + "~ + f+ ),

Bolujishfhm uiapTAapAaH (})OHAajiaHH6, HXTHepHH y3rapMacjiap
Ci Ba C2 JiapHH Tonnui yMyH mh3hkjih ajireSpaHK TeHrjiaMajiap
CHCTeMaCHHH XOCHJI KHJI3MHS3:

1= C,+ C2 1=Ci + Caj

76

3= C, + 6C2—~L1 ra 4J=C,+ 6C2,
5 15

6y epAaH C,
y ep 125 125

XleMaK, 6epHJIT3H  60UIJIBHFHH  UI3pTJI3pHH  K3HO3TJ13HTHpyBMH
xycycHH e"HM KyHHAarn KypHHHUIAS 6yji3AH:

u= exA — ebx_ex(— 4-— N\
y % 25— R/10+ 25 /-
3-mhc o ji. Yuiby

y"-\-y= (x2— l)e _J:-f-sinx

TeHTA3SM3HHHr MyMHH eMHMHHH TONHHT.
Em HLU. A 4-1=0 xspaKTepHCTHK TeHrjiaMa kl<2= =i (a= 0,
P=1) MaBX,yM HJIAH3JI3pT3 3T3, ACM3K, MOC 6Hp >KHHCJIH TeHrjI3 M3HHHr
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y YMyMHH eMHMH Y = Cicosx+ C&inx (}))yhkuhh KypHHHUiIHAa 6yjiaAH.
U'iirJiSM3HHHr yHr tomohh yui6y fi(x) B3 fz(x) <JyHKUHHJi3pHHHr
I FHHAHCHAaH HfiopaT:

f{(x) = (x2— \)e™x\fz2(x)= sinx,

myHHHr yuyH TeHTJiSM3HHHr y xycycHH chhmhhh y — y\-\-y2 KypHHHUIA3
IDJIBHMHS.

N
fi (x) = (x2—l)e~x, y= — 1, 6= 0; y-\-ib= — \=/=k\, k2,

UM3K, r— o0 bs A= (Ax2-\-Bx-\-C)e~x.
y2 yMyH:
f2(x) = sinx, 7= 0, 6=1; y= ib= i= k\5t=k2,
ACM3K, r= 1 B3 y2=(D sinx+ £cosx)x.
IllyHAaii khjih6,
y= e~X(A*?+ Bx-\-C) + (Dx sinx+ fxcos*),
Yy = e~X(—Ax2—Bx—C+ 2Ax+ B) -fsinx(D —EX) + cosx (£ + £>%),
{,‘-‘z e- X(Ax2+ Bx+ C-2Ax-B-2AXx-B + 2A) +
-sinx (—E—E—Dx) +cosx(D-Ex-\-D).
TonHArsHAspHH TeHrjisMara Ky«MH3:
y"+ y' = e~-x(A+A)x2+ e-x{B+ B-2A-2A)x + ex(C+ C-
— B —B+ 2A) -\-s\nx(Dx—2E —Dx) + cosx( E x 2D —EXx) =
= (x2— 1)<?-J,:+~sinx.

OxHprH aHHHHTHHHr Man Ba yHr TOMOHJiapHAarn 6np xhji xaAJdiap
ojiAHAarn KO03(>4)HU,HeHTJiapHH TeHrjiaS, A, B, C, D, E AapHH TonaMH3:

x2~X \=2A,

xe 0= 2B —4A,
X°e~Xx — 1=2C —ZB-\-ZA,
sinx 1= —2E,

cosx 0= 2D,

1 BHHo6apHH Yy xycy-

6y epAaH A = B=1 C=0, D= 0, E-
CHH eMHM y= e~X(~--\-Xp— -]cosx (jjyHKUHHAaH, yMyMHH cmhm aca

y= CjCosx+ CXxinx+ e~x"Y +x'j— ]cosx
(J)yHKUHHA3H HOOpaT 6yAaAH.
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5- dapcxona roniuupuFu

1 TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr:
a) y"-6y'+ 8y= 3x2+ 2x+I-,

6) y"—6y,+ 25i/= 2sinx+ 3cosX;

B) y"-\~3y'— 10y =xe ~ 2

r) y"-2y'+ 2y= exs\nx,

A) y,v—y= Xe*+cosXx;

e) y"-3y'+ 2y= 3x+ 5sin2x-,

m) y"-4y'+ 4y= 8(x2+ e2x-\-sin2x).

>K: a) y= Cxix-\-C22¢~\-~(24x2-\-52x-\-41)

6) i/= e3c(C rosdx+ CXin4dx) -—"~-(Mcosx-1-Ssiru:) ;
b) y=C»2+ Ctf-ix+ ~{\-\2 x)e ~ 2x,

r) y= ex{C{osx-\-Cx\nx)— jxexosx ;

A) y= Ctex-\-C2 ~x-\x CZinx-]-C4£O0sjc-)- **~3xex— zsinjc ;

o]
e) y= Clexjr CA2~f-]-x+-~-(9 + 3cos2x— sin2x) ;
*) y=eXCx+t C&) + 2x2+4x + 3+ 4xex+Ccos2X.

2. Kouih MacajiacHHH eHHHr:

a) y"'-y'=3(2-x2, Y\=0=y'\x=0=y "\ x=0= |
6) y"+ y = -sin2x; y\x=»=y'\x=n= 1.

>K: a) y= ex-fx 3; 6) y = \Osin2x— (’J\-siru—cos* .

5- MycraKfUA uiu
1 TeHrjiaMadiapHHHr yMyMHH eHHMHHH TonHHr:

a) y"'—3y'+ 2y=x —e~2-\\\
6) 2y"+ 5%/'= 29£Siru:;
b) Y" —4y'-\-4y = SmX-c0S>2X.

>K: a) y= Clex+t+ C 22¢+ =t x + -t e -*xnm
6) y==Cl-{-C2 2+~ —5*— ~"-"cosx— (2X-—"-"sinx
b) y= e2{C{+ C?X) + ~ (— |sin3x+ 6c0s3x) -

g™-(3sinx-f4cosx) .

2. Kouih MacajiacHHH eHHHr:

a) y’ —3y'-\-2y = eX{x2-\-x)\ i/1*=0o= 1D y Ix=0= 2,
6) y" —y'= —2xX\ yY\x=0—0, y'X=0=y" x=0= " >

b) y"—2y'+ 2y= 4dexosx] y\x=n=nen y'\x=n=e”.

>K: a) y=4(ex-e 2 +j-(x222x+2)e X;

6) y= ex—e~x+ x2\
B) y= eX(2x —n— 1)sinx — ncosx].

6- 8. y3rapMac Koa<|><t>HUHeHTjiH 6np jkhhcjih 6yjiMaraH
HH3VKJIH AH<t>4>epeHUHaji TeHrjiaMajiapfla
y3rapMacHH BapnauHsiJiaui ycyjiH

Bnp jkhhcjih SyjiMaraH hh3hkjih TeHrjiaMaHH eHHUiHHHr yMyMHH
ycyjiH HXTHepHH y3rapMacJiapHH BapHaUHHJiaiu ycyjinraH HSopaT.

Arap moc 6np >khhcjih TeHrjiaMaHHHr y\, y2, yn (pyHraMeHTaJdi
eHHMJiap OHOTeMacH MatJiyM Syjica, y xojira 6np jkhhcjih SyjmaraH
TeHrjiaMaHHHr yMyMHH eHHMH  KyftHrarH KypHHHiura touhjihujh

MyMKHH: , Vv 8 o
y= Cl(x)yi + C2(x)y2-\-...+ Cn(x)yn,

6y epra Ci(x), C2(*), m Cn(x) @yHKUHHJiap ym6y TeHrjiaMajiap
CHCTeMaonraH Tonnjiarn:
C\(x)yl+ f 2(x)y2+... + Cn(x)yn=0.

C\(x)yl-\-C2(x)y 2-\-----\-Cn(x)yn=0,

C\(X)y\n- 2+ C2(x)y#- 2+ ..+ Ch(x)y[n 2= 0,
C'(xX)iZr,+ c;(X)"n )+ ..+ c;Wy<n ,)=/(X).
Hkkhhhh TapTH6jiH
y"+ Pi(x)y'+ P2(x)y" = f{x)
TeHrjiaMa ynyH moc CHCTeMa KyftnrarH KypHHHiura Syjiarn:
IC1)y]+ C2Ax)y2—0,
] CI(x)yi-\-C2(x)y2="f(x).

1- mh c oji. y" + y—igx TeHrjiaMaHHHr yMyMHH chhmhhh TonHHTr.

Emhui. k2+ | = 0 xapaKTepncTHK TeHrjiaMa k\,2= = i HJirH3Jiapra
ara, uiyHHHr ynyH moc 6np >khhcjih TeHrjiaMaHHHr yMyMHH eHHMH
y=Cicosx + C2sin* 6yjiaru. ,

BepnjiraH TeHrjiaMaHHHr xycycnft eHHMHHH aHHKMac KoacpcpHUH-
eHTJiap ycyjin epraMnra TonnS 6yjiMaftrH. IllyHHHr ynyH HXTHepnft
y3rapMacJdiapHH BapnaUHHJiaui ycyjinraH <|)OHraJdiaHaMH3, htjHH yMyMHft

eHHMHH
y= CIl(x) cosx+ C2(*) Sinx

315



Ky pn nn ni/xa H3JiahMH3, 6y ep.na Ci(x) Ba C2(x) ("yHKUHHJiap
IC’!(x)cosA:+ C2(*)sinx=0,

— C, (x) sinx+ C2(x)cosx = tgx

CHCieMaflaH TonnjiaAH. CHCTeMaHH encaK:

Ci(x) = —

C2(x)=sinx.
cosx

MHTerpajuiauijiaH cyHr KyftnrarHJiapHH x,ochji k,hji3mh3:

Cx(x) = -\~ d x = -[+ =~ L dx =

J cos* J COSX
= sinx In Jtg(-]-+-™) |+ C, ,
C2(x) = ~sinxdx=—cosx+C 2,

6y epra Cl Ba C2— HXTHepHH HHTerpsjuiam y3rapMacjiapH.
LUYHASH khjih6, 6epHJiraH TeHrjiaMaHHHr yMyMHH e<JHMH
y- (C,+ sinx+ In Jtg(-]-+-") [)cosx+ (C2— cosx) sinx
8KH

%= C,cosx+ Cxinx—cosxln Jtg(™“H—j") |

6- dapcxona Tonuiupuru

1. KyHH”arH TeHrjiaMajiapHHHr yMyMHH cmhmhhh hxthbphh y3rap-
MacjiapHH BapHaiiHHJiaiu ycyjiH epraMHra TonHHr:

ex.

a) y"-2y'+ y=~ é) y"+3y'+2y--—}--—,
1

e -j- 1
B) y"+ y'= r) y"+ 4y'+ 4y= e~24nx .
a) y= (Ci+ Czx)ex xe*\n\x\

6) y= Cie~x+ C2 -2x-I- (e-x+ e~2) In(ex+1);
b) y= Cicosx-f- C2sinx+ xsinx-(-cosx* In] cosx];

r)y y= (Ci+ Cx+ Az-xan— 4—x2)7e~2x

2. Kouih MacadiacHHH e”HHr:

"+y'= jL ’ylL=t=1" L s=°
y y | y 2 y L5

*/=yCosx + sinx— xcosx + sinxIn] sinx]
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6- Mycrat™uA uiu

I. TeHrjiaMajiapHHHr yMyMHH chhmhhh TonHHr:

Loy —2y'+y=  i-=

"V4 —J
>K: y=(C ,+ -"4-x2+arcsm~+C X)ex.
|
2-y"+ y=-
>K: y= C,cosx+ C&inxH— —=cosxln COSX+
. - -~=-sinx-arcsin( 2 sinx)
3y —y'= cex\Nl_—ex

>K: y= Ci+ C#x+ ~ e x(avcsmex+ e x "\ — e2x) +

+] a/ (1- " 3-

Il. Kouih MacadiacHHH e~HHr:

y" + 4y-- Ty .= 0; « =Jr.

>K: y = — cos2xln |sinx |— xsin2x — cosX.

8- naMynaeuu y;uco6 ToniuupuK,Aapu

1 i],HJ)(})epeHUHaji TeHrjiaMaHHHr yMyMHH cmhmhhh TonHHr:
1.1, 3(xxy+ y)dy+A]2 + y2dx= 0.

1.2. (3+ ex)yy'= ex.
1.3. y\ny+ xy'= 0.
1.4. 2xdx — 2ydy = x2ydy — 2xy dx.

1.5. yl [ V S + 1=0.

1.6. -y/4+ y2dx —ydy= xdy.

1.7. 2x+ 2xy2+ V 2-x V = °-

1.8. xdx —ydy= yx2dy — xy2dx.

1.9.  -yjl —x2y'+ xt/2+ x = 0.

1.10. (ex+ 8)rfy —yexdx = 0.

1.11. x~5 + y2dx+ y-\/4+ x2dy= 0.
1.12. 6xdx — 6ydy = 2x2ydy — 3xyZ2dx.
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1.13. 4xdx — 3ydy = 3xdy- 2xtfdx.
1.14. x-\j3-\-y2dx-{-y~2-\-x2dy= O. 2.25. xy'= y—xex. 2-26, y—Xigx!
1.15. y(4 + e*)dy —exdx= 0.

2.27. Xy'= y—sec" . 2.28. xy'= ycos(ln—
w6 ~1§-{-y2-\-y'y*I\—x2=Q .
ty yy N 2.29. y'==-X2+ Xjy~ ?- = 2.30. Xy's A x2+y2+y m
J.17. dxdx —2ydy = 2yxdy- 3xyZAx. 3x — 2xy
1.18. "\j5-\-y2dx-\-4(x¥ +y)dy = O.

3. Koiuh MacajiacHHH eHHHr:
1'19'XA\+y*+yy‘AjT+?=tb. oiu ]

1.20. (e2¢\-5)dy-\-ye2dx= 0 . 31 xy'—y= xZosx; y (j)= 1w
3.2. xy'-\-y= x3\y (l)=0 -

1.21. 494 —x2y'+ xy2+ x =0 .
3.3. y'cosx+ ysinx= 1; y(0)= 1

1.22. 6xdx—ydy=yx2dy— 3xydx.

123. y(\ +Int/) +xy' = 0. 3.4,y 2xyrexe-ns y(0) = — 1.
1.24. {\+ e*)yy'= £. 3.5 y'——= — =

j— X X
125 y 3 y2dx—ydy=x¥dy . 3.6. Yy —ycosx= sin2x; y(0)= 1.
1.26. 6xdx-Qydy = 3x2ydy- 2xyx.
1.27. x~j4-\~y2dx-\-y~l-\-x2dy= 0. 8.7 yi-m Y = Oy Iy (7)== T
1.28. (\+ex)y'= ue\ 38. y' +2xy= —2x3; y(l) =e~l.
129. "\/3+y2 ~V1i—x2yy'= 0. 39. y'+r=x3y(l)= —|mnm

1.30. 2xdx—ydy=yx2dy— xy2x.
3.10. y'— —=x2 y(1) =0

2. ZIHcjxJjepeHUHaji TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHr:

3.12. y'+-~"=six; y(:t)=-".
2.1. (2x y)dx+ (x+y)dy= Q, 2.2. (x2+y 2dx+ 2xydy= Q

23-xdy—ydx=-\JIx2+y 2dx. 2.4. u'=’\+lj_} 3.13. y'— -j=xsinx; y (j)= 1m
X\
25. (y2—xy)dx-\-
+ (X2—-xy) dy= 0.

— N i = . — =-1] -
2.6. xliwfy —ydx= 0. 3.14.y fi=x2raxs y(—1)=-1

3.15. y'_ -~ -=ex(*+1); y(0)= 1.
2.7. (Xyey+y 2dx= x2!dy. 2.8. (x—y)ydx —xXdy= 0.
2.9. xydy=(x3+ y3dx. 2.10. (x2—y2dx = 2xydy. 3.16. }/I‘H————Z—(—lA_)é): Toiy ()= 4r
2.11. ydx= (xy — x2dy. 12. — -{- = U
y (xy ydy 2.12. (y2—2xy)dx-{-x 2y 0 3.17. y'—"~py=ej(x+1)2 */(°)= 1-
2.13. xy+ y2(2x2+ xy)y'. 2.14. xyy'=y2-\-2x2
2.15. 2xy'esy= x2 y2 2.16. (5xy —x2y' —5y2= 0. 3.18. y'+ ytgx= cosX; y (~j)=j-
2.17. xy'= 4-\/2x2+ y 2+ y .
2.18. 4y'=~-\-10—-f-5. 3.19. y'+ ycosx=-~-sin2x; y(0)= 0.
2.19. Xy'= 3M2x2ty2+y .
. _ _ 3.20. Y'oe 2 A =1+ *2 y(1)=3.
o 2.20. y'(2x2+ 2XYy)=x2+ 2xy 3,’ 4%
2.21. xy .323+ 6N 2 222 U~ x4+
262+ 3x2 U ZX_Z)),/- , ., u sinx / 1\ 2
321.y + ~= x '"™N27/7 n
2.23. = 1) . 224, xy'-y = (* + ,,)in?

3.22. xy'+ y= Inx+1; y(1)=0.
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3.23. y'ctgx —y = 2cosctgx; y(0)=0. 4.22. 2(y'+y)=xy2 y(0)=2.

3.24. xy'-\- (x+ \)y —3x2e~x\y(1)=0. 4.23. y'+ y= xy2; y(0) = I

3.25. (xy'— I)inx = 2y; y(e) =0. 4.24. y'+ xy= (1+ x)e~-xy2\y(0) = 1

3.26. y= x(y/— xcosx); y(f")=0- 4.25. 2(y'+ xy) = (I+x)<?-V; y(0)=2.
3.27. xy'—2y= 2x4 y(1)=0. 4.26. 2xy'-3y=-(5x2+ 3)y3 y(l)=-i=.

3.28. y'-f-ytgx + sinx; y(0) =0 427. 2xy'-3y=-(20x2+12)y3 y (1)=~If

3.29. (x2+ Il)y'+ 4xy= 3; y(0) = 0.

4.28. 8xy'-12y=-(5x2+ 3)y3; y(\)=~2.
3.30. y=-f-1-; y(0) = In5 .
4.29. 2(xy'+ y)=y2nx; y(l)=2.

4.30. xy'+ y= xy2;y(l) = L

4. Kouih MacajiacuHHHr cmhmhhh TonuHr: 5. il,H(j)chepeHUHaji TeHrjiaMaHHHr yMyMHH HHTerpajiHHH Tonnur

4.1. —yt = — 4sinx; 0)= 1.
y yigx Iydsinx; y(0) 5.1. (y2+ ysecx)dx+ (2xy-(-tgx)dy= O.

42. y'—y= xy2 y(0)= 1.

4.3. 4y'+ x3F = (x3-f-8)e~2y3A y(0) = 1. 5-2-
4.4. y'—y= 2xy2'y(0) = y . 5.3. -\dx— xy”~ 1dy= 0.
X *
45, 3y'-f2xy= 2xy-2-e~2X; y(0) = — 1. 5.4. (y3+ cosx)dx+ (3xy2+ elo(y= O.
46. xy'—y= —y2(Inx+ 2)Inx; 1) =1
Y Y y2( ) y{h 5.5. (siny + ysinx-—-)dx+ (xcosy—cosx+ —)dy= 0.
4.7. y/+ 4x3 = 4(x3+ 1)e _4xy2y(0) = 1. X y

5.6; xy2dx + X 2-\-y2)dy = 0.
4.8. yAk+y="; y(l)=3. y y( y2)dy

5.7. (3x3+ 6x2y + 3xy2)dx-(- (2x3+ 3x2y)dy = O.
4.9, 2y'+ 3ycosx= (8+ 12cosx)e2y_"'; y(0) =

5.8. (X2— 4xy — 2y2)dx + (y2— 4xy — 2x2)dy= 0.
4.10. y/+ 4x2y = 4yV *(1-x2); y(0) = -1.

4.11. 2(y'+ xy) = (x— le*—y2 y(0)=2. 5.9. eydx-\- (cosy-{-xey)dy — O.

4.12. 2y'— 3ycosx= —e" 2ji(2+ 3cosx)y_1I; y(0) 5.10. — — dy = 0.

4.13. y'+ xy=(x-\)exy2-y(0) = I y y2

4.14. xy'+ y= y2inx; y(1) = 1 5.11. (xy2+ A~rdx+ (x—"-~dy = 0.

4.15. 2y/+ 3ycosx= e2(2 + 3cosx)y~1l; y(0) = 1
5.12. "2x— 1----- yrdx-(2y-~jdy = Q.
4.16. 2u/+ wcosx= w~ ‘cosx(1l+sinx); w(0)=1.

4.17. 2(xy'+ y)=xy 2, y(l)=2. 5.13. (3x2+4y2dx+ (8xy-\-ey)dy — O .
4.18. xy,+ y= 2y2nx; y (l)=y - 5.14. (sin2x — 2cos(x+ y))dx — 2cos(x + y)dy = O.
4.19. 3(xy'+ y) =y2nx; y(1) = 3 518 dxn-dx +-n=] Ny = 0.
y Xy
4.20. 3xy'+ 5y=(4x-5)y4 y(1l)= 1
. _ . A 5.16. (-JL-"+fAdx---~y =10
4.21. y'+ 2xy= 2x33; y(Q)="j2. vV *2+4</2 y
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5.17.
5.18.

5.19.

(cos{x+ y2) + sinx)dx + 2ycos(x+ y )d
(6x2y + y)ady = o0.

~"L.cos~dy = 0.

(6xy2+ 4x3)dx +

(3x2+ ~cos— )dx -

y =

0.

V\Wwﬁdf'(x"‘k")@@

5.22. (\Oxy— ~ dx+ (5x2+ “ ~ — yXxiny3dy = 0.
5.23. (5xy2— x3)dx+(5x2y —y)dy = 0.
5 24 (x—y)dx+ (x+y)dy__q
X2-\-y2

525. 3xVdx+(xV —1)dy = 0.
5.26. (3x2y+ 2y + 3)dx+ (x3+ 2x+ 3y2)dy = 0.

5.27. 2cosA/x— (-~cos-"+2y}dy = 0.

5.28. (xex+ JMjdx — xcdy = O.

5.29. xeNdx+ (x%e™ + tgy)dy =

530. (Il +y e7}dx+ M — ~~ey~dy= 0.

6. J],H(})(})epeHLi,Ha™ TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHTr: n

Or

6.1. y'"+ y"tgx= 0. 6.10. y"+-~-pj-y =2 x.
6.2. y'""xlnx= y". 6 1 N -y "-«/'+ i =0
03 y "= — — 6.12. (1 + x2)y" + 2xy'= X .
6.4. x2" =1 6.13. y'"-ctg2x + 2y =0.
65 y "-~T =x(x-1) 6.14. tgx-y'" = 2y".

6.6. y"ctgx+ y'= 2. ! 6.15. x2y" + xy'= 1

6.7. xy'"m+ y"= —W 6.16. y" + 2xy,2= 0.

VX
6.8. xy'""m—2y"=4"- 617" xy"= y'+ x2.
6.9. x4" + x3J'= 6.18. xy'"—y" = — .
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6.19.

6.20

6.21.
6.22.
6.23.

6.24.

7.1.
7.2.
7.3.

7.4.

7.5.
7.6.
7.7.
7.8.

7.9.

7.10.
7.11.
7.12.
7.13.
7

.14

7.15.
7.16.
7
7

7.

.18.
7.19.
7.20.
7.21.
7.22.
7.23.
7.24.

7.25.

7.26.
7.27.
7.28.
7.29.
7.30.

-yjx .

xy'"+ y"=1. 6.25. xF "'+ xy"=
(x+1)y'™ + y"= x+1. 6.26. y'"tgx=y"+
xy'™+ 2y"= 0. 6.27. x5 '+ x4y "= 1
Xxy"' '+ y"+ x= 0. 6.28. xy" + y'= Inx.
y'"tgsx = 5y". 6.29. xy" —y'= 2xV.
(1 + sinx)y'" = y"cosx. 6.30. xy"= y'IrF «
Kouih MacaJiacHHH e”~HHr:
y'"y3+1=0; y(1)= — 1, y/(l) = — 1
I+y'2=yy";y(0) =1 y'(0)=0
y"y3+ 36= 0; y(0)=3, y'(0)=2
4yy "=y4-1; y(0)= "2, y'(0)=-"-
y"=18y3 y(l)=1, y'(I)=3.
y"=2 y;y(0)=2, y'(0)=2.
yl2+ 2yy"= 0; y(0) = 1, y'(0) = 1
y"y3+ 9= 0, y(l)=1, y'(I)=3.
4yy " = y4-16; y(0)=2VvV2; y'(0)=-"-
w "+ «/2= 0; y(0) = 1, y'(0) = 1
yy"= 4(y4d— 1); y(0) =v2, y'(0) =V2
yy"—2yl2= 0; y(0) = I, y'(0)=2.
y"+ 2yyR2= 0; y(0) = I, y'(0) = L
y"tgy = 2y12 y(l)=-1], y"(i)= 2.
y"y3+ 25=0; y(2) = -5, y'(2)= —1
y(@ Iny)y"+ (1+ iny)y2= 0; y(0) I, y'(0)
y"(l+y)=yl2+y'; y(0) =2, y'(0)=2
y"+18sinycos3y = 0; y(0)=0, y'(0) =3
2yy"=y 12 y(0) =1, y'(0) = L
y"y3+ 4= 0; y(0)= -1, y'(0) = -2.
y"(1l+y) = 5y12 y(0)=0, y'(0) |
yy" y1l2—y4, y(0) =1, y'(0) = 1
y"=y'~; y(0)=0, y'(0) = 1
y"= 32y3 y(4) =1, y'(4) =4
y'= — -L; y(O)=1], y(0) = V2
yy"=y4 16, y(0)=2", y'(0)="5
4y"2= 1+ y 12 y(0) = 1, y'(0)=0.
y"—1 y12y(0)=0, y'(0)=0.
y"(2y + 3) =2y12 y(0) =0, y'(0)=3.
yy" —2yy'lny= y12 y(0)=1, y'(0)=1
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8.

8.1.
8.2.
8.3.

8.4.
8.5.
8.6.
8.7.
8.8.
8.9.
8.10.
8.11.
8.12.
8.13.
8.14.
8.15.
8.16.
8.17.
8.18.
8.19.
8.20.
8.21.
8.22.
8.23.
8.24.
8.25.
8.26.
8.27.
8.28.
8.29.

8.30.
9.

9.1.

9.2.

9.3. '

/ZH<Jc|%epeHUHaji TeHrjiaMaHHHr yMyMHH eHHMHHH TonHHTr:
yNr+y'"=\2x + 6;

y™m+2y"' + y" = 2—3x2

yn+2y"H2/= ax2;

y + 3y + 2y = 1—*2;

y' oty -=5x2— 1;

yr 4y ==49—24%2;
y.._by"+ 6t/'= 6*2+2* —5
yu_y-v::6*2+3* ;

Vi "t4y"=xX —X2;

y.._2y=3*2+*—4;

y ._y.=:k 2+ *
7b<u_y = 12*.
y —13t/"r 12y=* — 1;

ylw-3y + 3y —y —2*;
y + 3y + 2y =3*2+2*

we = *

yw+y "' = "o

yVv yrT 5(*+ 2)2.

y y-=3*2—2*+ 1.

y y'z 6%+ 5;
yv—2y'tHy "= 251 — %) ;
y —y~=4*2—3%+ 2;

y +3y * 2y = *2+2* + 3
ylv+ 2y '"'"+y"=x2+ x + | ;
ylY-3y'""+3y"-y'=x —3;

y"—5y'-\-6y'=(x— 1)25

yv—ylv=2* + 3 ;

yiy+2y'"+y"=\2x2— 6*;

Yyw+6y"'+9y"=3x — 1;

3ylV+ (/=6 *— 1.

y'"— 13y"+12y'=18%*2— 39 .

J],Hch)(J)epeHU.Haji TeHrjiaMaHHHr yMyMHH chhmhhh TonHHTr:
y'""+4y"+3y'=4{\—x)e-x;

y"—4y"— 3y = — 4xex;

y'""—3y—2y= — 4xex;
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11.4.
0.5.
9.6.
0.7.

9.8.
0.9.

9.10.
J11.
12,
.13.
.14.
.15.
.16.
.17.
.18.
.19.
.20.

.22.
.23.
.24.
.25.
.26.
.27.
.28.
.29.
.30.

10. AH~x"epeHUHaJ1l TeHrjiaMaHHHr yMyMHH chhmhhh TonHHTr:
10.1.
10.2.
10.3.
10.4.
10.5.
10.6.
10.7.
10.8.

9
9
9
9
9
9
9
9
9
9
9.21.
9
9
9
9
9
9
9
9
9

—y —9y +9y= (12 — \6Xx)ex.
—5y"+7y'—3y= (20— 16*)e-x.
ty'—y'—y= (8*+4)e\

+ 6y "+9y'=(IGx + 24)ex.

+ 3y + 2y = (I 2x)e

"+ By"-3y' = (4x+ 2)ex.

+ 2</'+r/=(18*+ 21)eA

+ 2y"—3y'= (8*+ 6)*?*.
—y"—4y'+4y = (7 — 6X)ex.
— 4i/"+4t/'= (x— l)ex.

— 2y"—3y'={8x— 14)e~x.
—3y"—y'+3y=(4 —8x)ex.
—5y"+8y’'—4y= (2x—5)ex.
+ By + Ty + 3y=5(16*+ 20)ex.
+ 4y"+4y'= (9x+15)ex.
—3y'-\-4y=(\8x —2\)e~x.
—y'—5y'—3y= — (8*+4)e\
+ y"—2y'=(6x + 5)ex.
-2y"+y = (2x+ 5)e2x.
—7y"+I5y'— 9y =(8x— \2)ex.
—y"'—2y'=(6x—Il)e~x.
—y"—y'+ty= (3*+7)eA

— 6y '-{-9y =4 xex. *

+ 4y + by +2y = (12*+ 16)ex.
-3y '-\-2y'=s (1 —2x)ex.

— 5y -\-3y -\-9y = e~x(32x— 32)

K K K K K K K K K K K K KK K K KK KK KKK KKK KK

— 3{/'+2y= (4x-\-9)e2x.

y" -\-y = 2c0s3X — 3sin3*.

y" —4y'+ 4y= — eXesind*.

y" —4y'-\-8y = ex(— sin*+ 2cos¥*).
y"+ 2j/'= 4e*(sin*+cos¥*).

y"+ 2y'+ 5y — — 2sin*.

y"-\-6y'+ 13(/= e“ 3jt-cos5*.

y" —4y'+ 4y= — eXesin6*.

y" —4y'-{-8y = ex-(— 3sinx+ 4cos¥*).
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10.9.

10.10.
10.11.
10.12.
10.13.
10.14.
10.15.
10.16.
10.17.
10.18.
10.19.
10.20.
10.21.
10.22.
10.23.
10.24.
10.25.
10.26.
10.27.
10.28.
10.29.
10.30.

11.

11.2.

11.3.

11.4.

11.5.

11.6.

11.7.

11.9.

y"-\-y = 2cos7x — 3sin7x.
y"-\-2y'=-2ex-(sinx + c0SX).
y"-\-2y' — \Oex-(sinx + co0sX).
y"+ 2y'+ by= — cosx.

y"+y = 2cos7x+ 3sin7x.
y" — Ay' {4t/= e2Xesin5x.
y//+ 4y = eZtcos3x.

y” —Ay'+ 8y — exm(2sinx — cosx).
y"+ 2y'+ 5y =—sin2x.
/4 -y = 2cos5x + 3sin5x.

y"-\-2y'= 3exm(sinx + cosXx).
y" —Ay'-\-8y= exe(5sinx — 3cosx).

y" -\-2y'-\-by- — 17sin2x.

y"-\-2y' = ex(sinx + cosx).
y"+ 6y'+\3y = e - 3x-cosx.
y"+ 6y'+\3y = e~3x-cos8x.

y7 — Ay'-\-Ay = eXesin3x.

y'" — Ay'-\-8y = exe(3sinx + 5cosXx).
y" + 2y'+ 5y = 10cosx.
<-3*-cos4x.
y" + 2y/= 6e*(sinx+ coOsX).

y/,+ 6y'+13y =

y"+ y= 2cosd4x + 3sin4x.

K ouih MacadiacHHH eHHHr:

yl_l«:iIOKz(f):I”\(iK -

y" —2y' -

I+e

y"-6y'+ 8y= 2-"e-

y'"—3y'+ 2y=—

y"+ i6y=J3";

y" + y= 4ctgx;

2;y(0) =In4,

y(f)==4,

y"+nd=-~"-> y(0) =

y"+Gy'+8y-=

y"+-j=]l-ctg”;

~~-, y(0)=0,y'(0)=0.
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i7(0)=In4-2.

-y (0) = 1+ 3 In3, y'(0)

10 1n3.

11.10.

11.11.

11.12.

11.13.

11.14.

11.15.

11.16.

11.17.

11.18.

11.19.

11.20.

11.21.

11.22.

11.23.

11.24.

11.25.

11.26.

11.27.

11.28.

11.29.

11.30.

+y= r;y(0) =1, y'(0) =0
9e

+ 3y'-- rry(0)=In4; y'(0) =3(1 -In2)
I+ed

3n
+ 9 =siAat y (j)=4"y'd h IT

-3y'+ 2y — ; y(0) = 1+31n3, y'(0) =51n3 .

+9y- o Y(0) = 1 y(0)=0
teyw2y= e7; y(0)=0, «/'(0)=0.
4
— 6y' + 8y-- T y(0) = 1+21n2, y'(0)=61n2.
e
Y 2+ e
4
* 4y sin2jc
9e ,
9y'+ 18(/= y(0) =0, y'(0) =0
I+e"

+ 4t/= 4ctg2x; y (j)=3, t/'(j)=2

+ 4 4 / (0) =2, «/'(0)=0.

cos2jc
2
r Iy sinjix
3y' + 2y:—3 — ;y(0)= 1+81n2, y'(0) = 14In2 .
+ e"
~ : 0) =In27, '(0) = 1-In9.
+y ot y(0) y'(0)
' 462* l
6y'+ 8y= | y(0) =0, y'(0) =0
+e

+ y= 2ctgx; y (f)= 1, y'(-f)=2.

—ar= ¢ y(0) =4 In4; y'(0) =3(31n4— 1)
3 ¢
+ |6" = ~ K-f)=3 K iH "
|
-3y'+ 2y- r, y(0) = 1+2 In2, y'(0)=3 1n2

I+e’
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7- 8. fl,H<In|>epeHUHaji TeHrjiaMajiap cHcreMajiapHHH einui

8.7.1. Yuiby
y\:f\(X,yi, y* - /).

y'2=f2(x,yi,y* ~,yn)>
yn=fn(x, yi>y2>ee>yn)

AHCj)c{)epeHUHaji TeHrjiaMajiap cncTeMacn HopMaA cucreMa AeftHJiaAH, 6y
epra j/i, 172, ih — apKJiH y3rapyBHH X HHHr HOMatJiyM (ftyHKUHHJiapH.

By CHCTeMaHH KaHoaTJiaHTHpyBHH t/i = cpi<at), f/2=q32(Jtr),..., yn= (pn(x)
4>yHKUHHJiap cncTeMacn 6y cucreManum enuMti AeftHJiaAH.

BepHJiraH AH(})(j)epeHUHaJdi TeHrjiaMajiap cncTeMacn ynyH Kouih
MacajiacH myHAaft chhmhh TonuuiAaH H6opaTKH, 6y eHHM x—Xxo0 Aa

SepHJiraH yi\x=x=y XQ y2&x=x0=y 20,-,yn\x=xj=y n0 SoiujiaHFHH uiapT-

JiapHH KaHOaTJiaHTHpCHH.
HopMaji CHCTeMaHHHr yMyMUii enuMU Ae6 n Ta Ci, C2, ..., CNnHXTHepHH
y3rapMacjiapra 6ofjihk SyjiraH

yi — tyiix, C|, c2 Ccn,
y2— ty2(x, C\, c 2 ..., Cn),

. i/n= cL. « Cn)

(JiyHKUHHJiap CHCTeMaenra aftTHJiaAH. By eMHM 6epHJiraH TeHrjiaMaHH
HxraepHH y3rapMacjiapHHHr xap KaHAaft MyMKHH 6yjiraH KHftMaTJiapu-
Aa aftHHHTra aftjiaHTHpaAH Ba SepHJiraH SouiJdiaHFHH uuapTJiapHH
KaHoaTJiaHTupaAHraH khjihs TaHJiaHca, Kouih MacajiacHHHHr eHHMH
6yjiaAH. s

YMyMHH eHHMAaH HXTHepnfi y3rapMacJdiapHHHr MyMKHH dyjiraH
6a"b3H KHftMaTJiapHAa xochji SyjiaAHraH eHHMJiap Xxycycuu enuMAap
AeHHJiaAH.

8.7.2. HopMaji CHCTeMaHH eHHiUHHHr ycyjuiapHAaH Supn HOMa"'bJiyM
(J)yHKUHHJiapHH  ftyKOTHUi ycyjiH 6yjiH<5, y n Ta /AH(})({)epeHUHaji
TeHrjiaMajiap CHCTeMacHHH 6up HOMatJiyM (JiyHKUHHJIH Snrra n- Tap-
thejih AH(})(})epeHUHaJdi TeHrjiaMara KejrrapaAH.

1-MHCOJi. Yuiby

(y'=y+z,
\z'=y —z
AH(J)(J)epeHUHaji TeHrjiaMajiap cucTeMacHHH y [x=0=2, z|x=0=0 60m-

JiaHFHH uiapTJiapAa eHHHr.
Ehhiu. HoMaijdiyM (@JjyHKUHH 2z hh fiyKoram ynyH 6hphhhh
TeHrjiaMaHH X Syftnna AH(})<})epeHUHajiJiaftMH3:

y"=y'+ 7,

328

fiy epAa z' ypHHra yHHHr hkkhhhh TeHrjiaMaAaH aHHKJiaHraH
Ht])OAaCHHH KyHMH3.'

y'sy'ty—z

3hah z ypHHra yHHHr Shphhhh TeHrjiaMaAaH ojiHHraH h{J)oa3chhh
KyftcaK,

y"—2y=0
TeHrjiaMa xochji 6yjiaah. By TeHrjiaMaHHHr k2— 2= 0 xapaKTepncTHK

TeHrjiaMacn £i,2=+'\/2 HJiAH3jiapra ara.
AeMaK, yMyMHft eHHM KyftHAarH Ha e3HJiaAH:

y—c ~ 2cfcx "V

Z ynyH yMyMHH chhmhh CHCTeMaHHHr Shphhhh TeHrjiaMacHAaH
TonaMH3:

l=y'-y=CA V2 - 1)e"2x-C 2( V2 + l)e~ "2x.

HxraepHH y3rapMacjiapHH TonHiu ynyH 6ouuiaHFHH uiapTJiapAaH
<})OoftAajiaHaMH3:

Ci+ c2= 2,
C(V2—1)—c2(V2+1)=0.

By epAaH:

UlyHAaft khjihS, 6 h3 H3JiaeTraH xycycnft eHHM KyftHAarHHa SyjiaAH:

y =(~-+ \D)enr2x+ {\ -~ )e - X,

8.7.3. Arap AHcJxjjepeHUHaji TeHrjiaMajiap HopMaji CHCTeMaoHHHHr

yHr TOMOHJiapn HOMaTwiyM Yyl, y2, ..., yn (})yHKUH5iJiapra HHcSaTaH
hh3hkjih (})yHKUHHJiap 6yjica, y xojiAa TeHrjiaMajiap cucTeMacH hu3uk,au
cucreMa AeHHJiaAH. N Ta HOMaijJiyM Y\, Y2 ..., yn (fiyHKUHHJiap KaTHamraH
KO03(J)(J)HUHeHTjiapH y3rapMac SyjiraH, N Ta 4nh3hkjih 6np jkhhcjih
TeHrjiaMajiap cncTeMacn KyftHAarH KypHHHiiira ara:



* 1 Piiiiiiiiiiii

yi=maliyi+ aldy2+ ... -\-aXyn
W=C\Xy\NC2y\2-\-Cny\nr
1/2= a 2iyi+ a22i/2+ + a2riln, y2= Clifdl C2if22-j- ...-j- Cry2»

yn— Ciyn\-f-Ciym -\- eeen!- C riynn-
y'n=an\y\+ am 2+ -a nyn

2-mhc oji. Yiuby
By CHCTeMaHHHT eMHMH
b b; k
y[= a\e’, y2= az’X .., yn= ane fy'=7y + 3z,
. . . - . = \z'= 6y+ 4z
KypHHHiura H3JiaHaflH. y\, Y& ..., yn JiapHH SepnjiraH AHtfxjjepeHUHaji
TeHrjiaMajiap cncTeMacHra KyiinG, ai, a2 anJiapra HHcb6aTaH mh3hkjih . .
ajirefipaHK TeHrjiaMajiap cncTeMaciiHH xochji khjiSMH3: TeHrjiaMajiap CHCTeMacHHHHr yMyMHH eMHMHHH tohhht.
. . E mh in. Emhmhh y= aekx z= fiekx KypHHHUiAa H3JiaflMH3.
(an—k) « 1-f-Gidx2_I. + alneYi==0i B
XapaKTepncTHK TeHrjiaMaHH Ty3aMH3:
2" 1+—("22  h)o*2~\~ @2rflI'n
7 -k 3
= 0 era k2— 1\k-\-10= 0.
-ana \+ ama 2+ + (ann AYa«= 0. 6 4 — k

k KyHHAarn ti- Aapa>KaJiH TeHrjiaMaAaH TonHJiaAH:
YHHHr HJiflH3JiapH: K\= \, &2= 1 0 — xaKHKHH Ba xap xhji coHJiap.

au— k al2 - aln a) K\N—\ a:cx a Ba p JiapHH Tonnui yMyH Ty3HJiaAHraH CHCTeMa
KyHHAarHHa 6yjiaAH:

a2\ 2 o~ ®2n -0
f(7 -1)a + 3p= 0, . |6a + 3p= 0,
[} 6KM i
anl a.2 me@n - [6a+(4—1P=0 i 6a + 3p= 0.
By TeHrjiaMa SepnjiraH.AH({)<j)epeHUHaji TeHrjiaMajiap CHCTeMacHHHHr
xapaKTepncTHK TeHrjiaMacn AeiiHJiaAH. k hhht TypjiH KHHMaTJiapnra ai, YHHHr 6HTTa ai= I, Pl= — 2 eMHMHHH OJI3HAHK. K\= \ ai= I,
a2 a, JiapHHHr Ma"bJiyM TynjiaMH moc KejiaAH. XapaKTepncTHK Pi= — 2 ra moc xycycHH eMHM KyHHAara KypHHHiiiAa GyAaAH:
TeHrjiaMaHHHr HJiAH3JiapH TypJinna 6yjicHH: ki, k2, kn- j y\=ex, 2A= — 2ex.
y xojiAa K\ HJiAH3ra SnpopTa an, a2i, a3i, a«i TynjiaM moc Kej™6,

yHra 6hphhhh eMHM TyppH KejiaAH:
6) *2= 10 Aa a Ba p Jiap KyHHAarn CHCTeMaAaH TonnjiaAH:

K.x R k.x k.x
yu = aue ', y2i= aZe = anle
j (7— 10) a+ 3p= 0, . f — 3ct+ 3p= O,
LUyHra yxuiam k2 HJiAH3ra 221, a2 ,... a2n TynjiaM moc KejiaAH, ynra
y3 HaB6aTHfla hkkhhmh eMHM TyppH KejiaAH: 1 6a+(4— 10)p= 0 6KH |6a— 6p= 0.
knX knX nen
y12==r12n 5y 2- 022 y ==~ nfi By TeHrjiaMaHHHr a2= 1, P2= 1 eMHMHHH oji3hahk. £2=10 a2= |

P2= 1 ra moc xycycHH eMHM
kn HJifl[H3ra am, an2)..., am TynjiaM moc KejiaAH Ba yHra n- eMHM Tyrpn
KejiaflH: y2= ei0x, Z2= e,0x
k X k x k X

===(" N e o n i
y In=="Irt: >y2n @n2f Seeey Yy NN nrfi KypuHHUiAa 6yAaAH.

OyHflaMeHTaJdi eHHMJiap cncTeMacHHH xochji khaahk. YMyMHH eMHM

KhahS, 6y xojiAa (JiyHAaMeHTaA CHCTeMa KyHHAarHHa
KyHHAarn KypHHHuma e3HJiaAH:

330 y,=eX, y2=*=eW,

zi = — 2ex, z2= elOx.



YMyMHH eHHM:

y=Ciex+ C 2I0x
= C,Z,+ C222 z=-2C<e* + Cle'*.

y=C\y\ + C%2 era
|

3- mhc oji. Yiuby
ly= —7y+ z
[2'= —2y—b52z

CHCTeMaHHHT yMyMHH eHHMHHH TonHHr.
E hhiu. Ehhmhh KyftHAarH KypHHHiHAa H3JiaftMH3:

y= aekx, z= $ekx
XapaKTepncTHK TeHrjiaMaHH Ty3aMH3
-7 —k 1

—2 —5—Kk
— 6 i — KOMnjieKC coHJiap. K\= — 6+ /ynyH

0 eKH k2jr 12&+ 37= 0.

YHHHr HJifl[H3JiapH: &i,2=
a Ba p Jiap KyftHAarH CHCTeMaAaH TonnjiaAH:

((—7+ 6—i) a+ P= 0, Jkh ((—1—0 @+ p= 0,

1 —2a+(-5+6—i)p=20 1 —2o0+(I—t)P=0.

aTeHrjiaMara KeJdiTHpHJiaAH. ByepAaHai = | Aecak,

CncTeMa p=(1+2)

p,= I+j. K\=— 6+ 1,0t=1, P=1+ £ coHJiapra moc xycycnft eHHM:
y{= e(- & i)x= e ~ 6x+ix= e ~ 6x(cosx-\-ismx) = e-6BcCOosx+ie~6sinX ;
z,= (L + i)<?(- 6+<,x= (1 + j)e _BA(cosx + isinA:) = e -6x(cosx — sinx +

+ j(cosx + sinx)) = e _6jc(cosA:— sinx) -\-ie B (cosx + sinA:)

IOKopHAa TonHJiraH xycycnft eHHMAa yHHHr xaKHKHH Ba MaBxyM
KHCMJiapHHH aJlOXHAa-aJIOXHAa 0J1h6, HKKHTa eHHMHH XOCHJI KHJ13MH3,
yjiap SepHJiraH AHC~”"epeHUHaji TeHrjiaMajiap CHCTeMacHHHHr cpyHAa-

MeHTaji eHHMJiapn cncTeMacHHH xochji KHJiaAH:
yl= e~6x-cosx, y2= e - Pxsmx,

Z2\= e~6x(cosx — sin*), 22= e _6jt(cosx + sinx).

Y xojiAa SepHJiraH CHCTeMaHHHT yMyMHH eHHMH KyftHAarH KypHHHiiiAa
SyjiaAH:

y= C\yi-\-C22, ekH y= e~6x(Cicosx-\-Clsinx),
Clzl+ C22 z= eX(Cl(cos* —sinx) + C2(cos*+ sin¥*)).

-z =
332

inimiiiimaln HA

hkkhhhh: k2= —6—i HjiAH3HAaH

XapaKTepncTHK TeHrjiaMaHHHr
xochji KHJiaMH3.

cjjoftAajiaHcaK, hhs uiy eHHMjiapHH
4- m hc oji. Yiuéy

(y'= Sy—z,

{z'=y+ 3z

TeHrjiaM3J13p CHCTeMSCHHHHT yMyMHH eHHMHHH TonHHTr.

E hh iu. CncTeMaHHHr xapaKTepncTHK TeHrjiaMacn

5—k -1
1 3—k

= 0 ekH k2—8e+ 16= 0

KappajiH HJiAH3Jiapra ara: K\= k2= 4.

k= 4 nhkkh KappajiH HJiAH3ra moc xycycnft eHHM KyftHAarH

KypHHHiura ara SyjiaAH:
y = edx(aix-\-a2),
z= £&(pix+ p2).

a Ba p JiapHH totihiu ynyH Y, Z, Y', Z’ JiapHH SepHJiraH CHCTeMara

Ky5IMH3:
ai+ 4(ai*+a2) =5(ai*+ a2 — (pix+p2), s
Pi+4 (pi*+ p2) = (a\x-\-a.2 + 3(Pi*+p 2.
* HHHr ojiAHAarn Koacj3(})HUHeHTJiapHH sa o3o0a xaAJdiapHH TeHrjia6,
KyftHAarH ajire6paHK TeHrjiaMajiap CHCTeMacHHH xochji khji3mh3:
al= 5al— Pj (ai-\-4a2=5a2— p2
Ba
4Pi= a, + 3pi ( pl+ 4p2= a 2+ 3p2

By epAaH:
ai =Pi, a2— p2= ai=Pi- 3hah ai= cl,a2= C2 (Ci B3 C2— HXTHepnft
y3T3pM3CJI3p) Ae6, Pl= CI, p2= ¢ 2— Cl HH TOn3MH3. ZleMSK, CHCTCM3-
HHHT yMyMHft eHHMH *
y= e4(Cix+ C2,
z= edx(Ci*+ C2-C i)

KypHHHIiIuA3 SyjiaAH.

7- dapcxona ronuiupuFu

1 KyftHAarH 6np jkhhcjih

HOMs'bJiyMjispHH ftyKOTHiu ycyjiHA3H ()OHA3Ji3HMaft TonHHr:
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cncreMajiapHHHr yMyMHft chhmhhh



y'= y-z-\-w

-7y + z,
> {0 — 2y — 5z, b) z'=y-\-z — w
:y—32, w'= 2i/— z.

6> {5 =3y + z;
a) Y= e—&(Cicosx + C2sinx),

" z= e~6x((Ci+ C2cosx— (Ci -C2)sinx);
6) Y= ex(Cicos3x+ C2sin3x),
z = ex(Cisin3x— C2CO0s3x);
y= Cie*-)-C22 x CX x,
z— C\ex—ZC3E ~X,
w=zClex+ C22x-5C F -x.
2. TeHrjiaMajiap cncTeMacHHHHTr

hh HyKOTHin ycyjiH SHJiaH TonHHr:

fy = —5y-\-2zJrex
[2=vy-]-62-f-s x\ y'=5y + 2z— 3w,
z2'=4y-\-5z —aw,

8y-2z-\-x, W= B6y+ 47— 4W.
-3y —4z;

>K: a) y= C7e 4x+ C 7 Ix-\- .Qe + b5e

Cle-4-C 2-7x+ N * + To*

6) y= 2CE2+ C 2“ 3x— §* B
z= Cle2x+ 3 C ™ -3 N X - 12

b) y= CieA+ CZ22:+ C3e3j,
z= Ciex+ 2C33x,
w= 2C\sx-\- CHB2X-\-2C36 =

3. BepHJiraH .HHi”“epeHUHaJi
MacaJdiacHHH eMHHTr:

y'=w + z—y,
a) Z=wW-\-y—2,
w'=y-\-z-\-w ,
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yMyMHH eMHMHHH HOMaT>JiyMJiap-

TeHrjiaMajiap CHCTeMacH yMyH K oluh

yL=o0o=1> zZ\x=0=w |x=0=0

'y'=z+ w,

6) z'= wt+ vy,

w =y-\-z

y\ x=0= 1, z |*=o= | >ayL=0= 0 -

>K: a) y= Le-x+\e2+ \e-2xr

6) y=—e~X, z= e~X, w=0.

1. XtH({)(J)epeHUHaji

TonHHr:
= 2+ tgx—1,
{2:7 —y+ tox;
>K: a) y=

2:

7- MycraKfUA urn

TeHrjiaMajiap CHCTeMacHHHHr yMyMHH eMHMHHH

N~ (y'sy + z—cosx,

[z ——2y— 2+ sinx+ cosx.

C,cosx+C Xxinx+ tgx ,

— C,sinx+C Zosx+ 2 ;

6) y==C” osx-t~CXinx— xcosx ,
(C2— C,)cosx— (C,+ C2sinx-\-x(cosx-fsinx)

2:

2. Kouih MacadiacHHH eMHHr:

2y

2+ sinx, , o

4y + 2z + CcOSX ;

4y + 2+ 36X ;

y:

= — 2y-\-z-\-2ex; vy |x=0=0

2sinx— 1,
2— 3sinx — 2cosx ; 2=

, z |icco= 1=«

6) y=10e2x— 8e3x— ex+ 6x— I,
-2 0 e 2x-\-8e3x-\-3ex\- 12x+ 10.
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9-6 06

K.ATOPJ1AP. 4>yPbE AJIMALUTHPHUIJIAPH
I-§. Cohjim K,aTopjiap

9.1.1. Cohjih mi, u2 ..., «n, KeTMa-KeTJiHK 6epHJiraH SyjiCHH. YuiSy
00
U\-\- U2\~ un-\-ms= 2 Wt

n—1

KypHHHiiiAath hhfhhah coh.au K,arop AeftHJiaAH, u\, u2..., un,... coHJiap
KfdTopHum %adAapu, KatopHHHr .n- xsah un aca KaTopHHHr yjuyMuu
%adu Ae6 3T3JI3AH.

C ohjih KaTopHHHr AacTJia6KH N Ta xsahhhhf Ahphhahch Sn
opKajiH SejirnjiaHaAH Ba KaTopHHHr n- xycycuu uuFunducu AeftHJiaAH:

Sn— W\ -f- U2 “f~Wh

Arap limSn= S— hckjih jihmht MaB>KyA 6yjica, KaTOp h”uhagq-

n-*-o0o

uiyenu, S — yHHHr uufuhOucu AeftHJiaAH. Arap lim S, =00 Syjica,
rt-*-oo

eKH MaB>KyA SyjiMaca, K3Top y30K,AauiyeHu AeftHJiaAH. /

KyftHAarH |

Rn= Un+l-{~-Un+t2-\-'.+ Un+ m+

H@)0Aa K,aTOpHUH2 n-K,OAduFU AeftHJI3AH.
TeoMeTpHK nporpeccHHHHHr xaAJdiapHAaH Ty3HJiraH

00
a-\-aq + aq2-\-...-\-agn~ 1+ ...= 2 aqn~'

n— |
KaTop \g\~\ 6yjiraHA3 y30KJi3UiyBHH, |Jd1< 1 SyjiraHAa HKHHJia-

uiyBHHANp (6yHAa y 5= -~~ ftHFHHAHra ara).

YuiSy

1+ I+ 1+ -+ 1+ - = 2 ]
n=1

KaTop zapMOHUK K,arop Ae6 aT3Ji3AH, y ysoKJiamyBHHAHp.
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y MyMAatuzaH zapMOHUK i”arop (eKH flnpHXJie Karopn) Ae6
aTajiyBMH

i+4 -ptyp+-+~+-= 2 —p
* O n=1
K3TOP 1 Aa yaoKJiaiuyBHH, p > 1 Aa hkhHliamyBHHAHD.

KaTopHHHr hkhhji3uiyBHH SyjiHUIHHHHr aapypuu mapru. Arap

S un KaTop HKHHJiaiuca, y xojiAa limu,= 0.
- 00

n-*

I
KaTop y30KJIBLUyBHH  6yJIHIHHHHHr ~(K3TOp  y30KJI3 UIHIHHHHHT)

erapAU mapru: Arap lim «,~0 6yjica, S un KaTop ysoKJiamaAH.
nt—*oo n=1

M HCO0J . yuiéy KaTOpHHHT ftHFHHAHCHHH TONHHT:

1 j ! 1

101 [R— 1.
1-2-3 2-3-4 3-4-5

re(n+l) (n+ 2)
E HH 11 KaTOpHHHF yMyMHH X,aAH Un =, (,_!_[) 2) HH co'nna
Kacpjiap hhfhhahch KypHHHiiiHAa H(})OAaJiaftMH3:

1 = A+ _jL_+-7-.
/tn+ 1)(n + 2) n n+ 1 n+ 2

ByHAaH 1==~ (n+1) (n+ 2)+Bn(n + 2)+Cn(n+1) e

By epAa KeTMa-KeT n=U n= 2, n= 3 KHftMaTJiapHH 6epH6, xochji

6yjIT3H MH3HKJIH TeHrjl3M3JI13p CHCTeM3CHHH eHH6, A = f , fl = — 1
C = -i- HH XOCHJI KHJ13MH3.
UlyHAaft khjih6,
1 1 I 1
Un~ 2’ n n+ 1 2 n+ 2
eKH s " S
Byepiar.
uz=i (i _ 1+ T);
1/71 ii-iy
U:l== 2V3 4 ~5 ;7
g
/
............ w'lo.. 2 1\ XaTop Max-
Un~~2\n n+1 n+ 2/ /
B ges 3n7



nil
Han Ba yHr TOMOHJiapHH >KaMJiafiMH3:

S"= Y (T~~~ + 'Ah')-

LLIyHflaH khjihs, limS, — — . XleMSK, K3Top HKHHJiamyBMH Ba

yHHHr hhfhhahch S = —4 ra TeHr
9.1.2. fIKHHJiamyBHH K3Topji3pHHHr xoccajiapn:
(e o]

a) Arap 2 un KaTop HKHHJiamyB"H 6yjm6, yHHHr hhfhh”~hch

S ra TeHr Syjica, y xojiAa 2 \un (X—y3rapMac coh) kstop xaM
n=1

HKHHJiauiyBHHASyjiaflH Ba yHHHr hhfhhahch 1-S ra TeHr Byji3AH;

6) arap 2 un Ba 2 xn KaTopjiap HKHHjoiiiyBtiH ByjiH6, hhfhh~Ah-

n= | n=1

Jiapn moc paBHUiAa S xsmas 8 ra TeHr 6yjica, y xojias 2 (un+ vn)
n= 1|
KaTop xaM HKHHJiauiyBHH 6yjiH6, hhfhhahch (S +5) ra TeHr Syjia”H'
B) arap K3Top HKHHJiamyBMH Syjica, y xoJdi*a yH”a HCTajiraH
HeKJiH coHflarn xa”~apHH TailrjiaS loSopHin eKH yHra tokjih coHaarH
xafl/iapHH KyuiHiu HaTHJKacH/ia xochji 6yjiraH KaTop xaM HKHHJiamyBMH

1- dapcxona ronuiupuFu

KaTOpjiapHHHT HKHHJiamyBMH 3K3HHHH HCB0T KHJIHHT Ba yjiapHHHr
HHFHHAHCHHH  TONHHr.

a
-2 (2n-1)(2n + 1) W. S= -f
2 (3n-2)(3n + 1) )K: 5=y
Q V T+T *
r]Z:I 6 >K: S= 42

<2«-1)2(2«+ 1)2 "
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1- MycraXfUJi him

KaTopjiapHHHr hkhhjisuiyB'JH 3K3hhhh hc6ot khjihht Ba hhfhhahch-

HH TonHHTr.
® 1 n
i y — >K; s=-7¢0-
n n(n + 3) 18
n~1
2- . SK: S = Ao
rt=i
3. £ ~ f. *:S = 1.
n=1 1
4.y o >K: S= 1.
n=] ng{n+' })\2
oo 1
5- 2 - 90
n=1

2- 8. MycSaT xaAJiH K,aTOpJiapHHHr
flIKHHJiauiHui sa y30K,JiauiHiu aJiOMaTJiapn

9.2.1. TaKKocjiam ajiomath. Arap Myc6aT xaflJin HKKHTa

|] Uh Ba 2 Vn KaTop 6epHJiraH 6yjiH6, 6npop N HOMepaaH 60iuji36

n=1 n=l
un~ .vn TeHrcH3JiHK 6a>KapHJica, y xojiAa:

n

3) 2 vn KaTOpHHHT HKHHJiaWHIIIHASH 2 «n K3TOpHHHr XaM HKHH-

JIBLUHLUH KeJIHO 4HK3fIH; ®
6) 2 un K3TOpHHHT y30KJIBUJHUIHAI3H 2 vn K3TOpHHHT XaM y30K"

ne n=1
jlauiHiuH kcjinh6 MHKa/iH.
1- m h coji. YuiSy
” i i .1 , 1 , —
Soqn-2 *'2 2-22 3-2

KaTOpHHHT HKHHJI3 UiyBMH eKH y30KJ13UiyBMH 3K3HHHH jeKLUHpHHT.

EMHL u,-= = ___3KaHJIHTH paBIU3H. 7 KaTOp M3X-

neZn A

=
LN
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pa>KH "= —<; 1 SyjiraH reoMeTpnK nporpeccHH xsAJiapu hhfhhah-

CHflan HoopaT Ba y HKHHJiamyBiH. TaKKocji3iu sjiomsthts Kypa
GepHJiraH K3Top xaM HKHHJiamyBHHAHD.
2-mhcoji. Ym6y

n Inn In2 , In3 , , Inn

KaTOpHHHT HKHHJiamyBHH 8KH ySOKJISIUyBHH 3K3HHHH TeKUIHpHHT.
E uh m. Bap”™a 3 ynyH «, = —1 2 4— rapMOHHK
n=1 n
KaTopmmr vyaoKJiamyBgaHJiHrHAaH Ba TaKKocjism ajioMaiHAaH 6e-
pHJiraH KaTopHiiHr xaM ysoKJiamyBHH SyjiHiiiH kcjihS qHK3AH.
9.2.2. TaKKocjiauiHHHTr jihmht ajiomath . Arap xaAlJia-

00 00

pn MycSaT HKKHTa 2 unBa 2 vn KaTop SepHJiraH 6yjin6, neKjiH Ba
rt=1 =1

MycSaT lim—-=A jihmht MaB>Kya Oyjica, y xojias HKKajia KaTop 6hp

h-*-00 °n
BakKTAa HKHHjiauiaAH eKH 6np bsktas y30KJiauia™H.
3- mhc oji. Yuiby
2n-I 1r 3' 5~ "% 2n-I
n=1

KaTopHHHr HKHHJiauiyBMH eKH yaoKJiauiyBMH 3K3hhhh TeKUinpHHr.

00

E h h ui. BepHJiraH KatopHH rapMOHHK 2 ~ KaTop Shjish tsk-
n

«=1
KOCJiaHMH3:
™ “& = 2n— 1 1 "
lim— = }I m -----------= — > 0
ri—*-00 Vn n-f-00 * n

TapMOHHK KaTop y30KJiamyBUH skshhash SepHJiraH KaTopHHHTr
XaM yaoKJiauiyBMH skshh kcjihS MHKaAH.
4-mhcoji. Yiuby

00

2 \é“+l 2+1 1 22 1 ! 2"+1

n—1

K3TOpHHUr HKHHjnauiyBHH eKH y30KJI3UlyBMH 3K3HHHH TeKinnpHHr.
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E q h ui. T3KKOCJiauiHHHr jihmht aJioMaTHHH KyAjiamAa Maxpa-

*h -J ra TeHr 6yjir3H reoMeTpnK nporpeccHHfI3H c{)OHAaJiaH3MH3.

lim JL"+_L== lim _, 1™ -V = 1>0
n->o00 1 n-*-00 g ‘\_1
2 2
Ba 2 — K3Top HKHHJiauiyBHH 6yjiraHH ynyH ("= vy < 1) SepHJiraH
n=\ 2
K3TOp xaM HKHHJiaUI3fIH. n
9.2.3. n 3Jam5ep ajiom3th. Arsp Myc6aT xaA-nn Ka-
Top ygyH lim -~1 = d M3B*yA 6yJiC3, y xOJiAa 6y KaTop d < 1 Aa
n-<-00 un
HKHHA3UiaAH, d > 1 SyjiraHAa y30KJiauiaAH.
5-mhcoji. Yuiby
Y, 2n_.1 _ 1j-A-1A j- + ALAdL+...
2 —r 23 2t A
n=
KaTopHHHr HKHHJiauiyBHH eKH y30KJiauiyBMH 3KaHHHH TeKUIHpHHT.
9H 1 'T1
Emhui. By epaa u»=-~r- Ba w+i=:"+r’' *
iuyHHHr yqyH (2¢+1).2"
lim Sts+L= lim
Um o “y nMoo 21+'(2rt—1)
1
2,_oo”™"n—1 ~ oo ! ———-
2 n
i3.eM3K, 6epHJiraH KaTop hkhhji3LU3AH. . » s 1NN
9.2.4. Kouih alJioMaTH. Arsp Myc63T xaAJiH 2 «,, K3Top
n=1
yqyH lIim ~» = C M3B>KyA Syjica, 6y K3TOP C <1 SyJdiraHAa hkhhjis-

uidAH, C > 1 Aa y30KJiaui3AH-
6-mhcoji. Yuiéy

i — (i+-Y2
2" V n>

KSTOpHHHT HKHHJI3UiyB4H eKH ySOKJiaUiyBHH 3K3HHHH TeKUIHpHHT.
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E mh iu. un= — (I + ~ Y SylJiraHH ynyH
rE!_i’r'go 7 irc = Ltl_rggiﬂ( i\+ i),*_"/: T > i n

AeMaK, SepHJiraH KaTop y30KJiamaAH.
9.2.5. Kouih hh ht HHTerpaldi ajiomath. Arap 2
n=1
KaTopHHHr xaflJiapH MycSaT Ba ycMafiAHraH 6yjiH6, X > 1 Aa
aHHKJiaHraH, y3yjiyKCH3, MycSaT Ba MaHOTOH KaMaioBMH f(x) ()yHKUHH

u

ynyH /(1) =«,, f(2)=u2.. f(n)=un... TeHrjiaMajiap ypHHJIH Syjica,
y X,0JiAa

@

~ f(x)dx

1

xocMac HHTerpadi HKHHJiamca, 6epHJiraH KaTop xaM HKHHJiauiaAH Ba
aKCHHHa, xocMac HHTerpaldi y30KJiamca, KaTop xaM y30KJiauiaAH.

. A 2 f f '
'}-MHCOJI. 2 S 5 KaTOpHHHT HKHHJiailiyBHH eKH y30KJia-
=1 («2+1)
UiyBMH 3K3HHHH TeKLUHpHHT.
0oX
Emhui. f(x)= — s 5 Aeb6 ojiaftjiHK. By (byHKUHH KouiHHHHTr
*2+ 1)2

HHTerpaldi 3jiom3thhhht 6apna Tajia6jiapHHH KOHAHpaAH.

?  2xdx _ [jm cd(1+x)2= limf A
Jl(x -J- 1) N>o0 J (x2-!1-1)2 N~oo\ JT+1 /1

AeMaK, xocMac HHTerpadi hkhHJiauiaAH, uiyHHHr
KaTop xaM HKHHJiauiaAH.

ynyH SepHJiraH
2- dapcxona TonuiupuFu

1. KyHHAam KaTopjiapHHHr HKHHJisuiyBMH eKH y30KJiaiuyBMH
HHHH TeKuinpHHTr:

sks-

00
a) 2 sin—
ra=1 3"

HKHHJiauiaAH.

6) 2
= |

>K: y30KJiauiaAH.
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1
B\ \Y 1 _ >(<e v30KJiamaAH.
> % In(n+1) = 7 J
n=1
@ J
ry 2 HKHHJiauiaAH.
A) HKHHJiauiaAH.
12M-1))
ra=1
fin
e) AT VK y30KJiauiaAH-
n=1
NI n Y
*) S ElZ"+tJ ' HKHHJiauiaAH.
3) m >K: HKHHJiauiaAH.

2. Mc6ot KHJiHHr:

a) Iim21=0; 6) Hm="—2=0

2- MyCTdKfUA uiu

. . L 3K3HHHH
KyftHAarH KaTopjiapHHHr HKHHJiaiuyBMH eKH yaoKJiauiysMH
TeKIUHpHHT.

YK: y30KJiauiaAH-

2n-

n=1
o 2

2 vV — }K: HKHHJiauiaAH-
N n|
ra=1

3. S arctS”"7 - >K: HKHHJiauiaAH.
n=I

4. 2 sin-~-. JK* ysoKJiauiaAH.
n=|

5

aKi.Hj.au.aw-
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3- §. SferapyBHH HiuopajiM KaTopjiap

9.3.1. XaaNiapHHHHr Hiuopajiapn Typjw”ia SyjiraH KaTop y.3zapyeHu

uuiopaldiu K,arop AeftHJiaAH. KaTopHHHr xap Cap MyCGaT xazwaaH kchhh
MaH~NJHH xafl Ba xap 6np MaH(})HH xa”“HAaH kchhh MyCGaT xafl Kejica,

ByH/iaH KaTop uuiopaAapu Hae6aTAanyeHu t~arop AeHHJi3AH. HmopacH
HaBSaTJiaHyBHH KaTopHH SyHflaft e3Hiu MyMKHH.

5 (— 1)B+l«ll= «1—u2+ u3— ...+ (—Drad« , - | - 0)
n=1

Jleit6 h hu ajioMaTH. Arap HUiopsjiapn HaB6aTJiau]lyBHH
KaTop”~a KaTop xa;yiapHHHHr a6cojuoT KHHMaTJiapH KSMaioB™H, ht>hh

6yjiH6, yHHHr yMyMHH xa”~H uUn HOJira HHTHJica: lim «, =0, y xojifla

n—»00

6y K3Top HKHHJiauiyBMH 6yjiaflH bs yHHHr hhfhhahch 5 yui6y
0 <5 < U\ UIBPTHH KaHOaTJiaHTHpaflH.

HmopacH HaB63TJI3HYyB>IH KaTop KOJIflIHFH |/?,]<Mn+ 1 TeHTCH3-

jihk 6njiaH 63X0JiaHaAH.
1- mhcoji. YiuSy

2](- )"+t = ,- t +t - -+ (- ,),+,-7+-

K3TOpHHHT HKHHJiamyBHaHJIHTHHH TeKUIHpHHTr.

E h h ui. BepHJiraH K.aTop ynyH Jlch6hhu ajiOMaTHHHHr uiapTJispH
63JK3pHJI13HNTH, H"bHH

i>41 >4 ->->->qeenm
Ba

lim«, = IlimA= o
n—*-00 n-»-00 "~

lily csSafijiH KaTop hkhHjiauiaZiH.

9.3.2. A 6cOak)T B3 U3pTJAdH HKHHJiamyBHH

K3TO0Opjl3p. y3rapyBHH HUIOpadiH Ul-\-u2+ u 3+... + un+... KaTop
BepHJiraH 6yjiH6, yHHHr xaAJdiapHHHHr aScoJdiioT KHHM3TJi3pHfI3H
Ty3HJIT3H

IM 1+ tW21+  TU3N\-f- ... -j- JUn|-j- ...

KSTOp HKHHJ13UiyB4H 6yjIC3, 6epHJIT3H K3TOp a6cOJItOT HK,UHAaUiyOHU
KfCITOp AeHHJISFIH.

Arsp ysrapyBMH nuiopajiH KaTop HKHHjiamyBHH 6yjiH6, 6y KaTop
XaAJdispHHHHr a6coJdiioT khhm3tji3Ph,H3h Ty3HJiraH KaTop y30KJiauiyBHH
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Byjica, y XOQlifla 6epHJiraH y3rapyB”™H HUiopaliH KaTop uiaptAU
HKjiiHAaiuy8hu t™aTop aeHHJiaflH.

w?, sirma sina , sin2a , , sirma
2- MHCOJI. 2j - 3 = r 23 "T ! w3
n—1

KaTOpHHHT HKHHJiaUiyBHaHIIHFHHH TeKUIHpHHTr.

E hhiu v Isim?i KaTopHH KapafiMH3. |sinna|< 1 6yjiraHJiH-

th yWH
Isinnal] ~ 1

u = - " < - -v.on

@® 1
HH XOCHJI KHJI3MH3. 2 A0 p HKHHJiaUiyBHHfIHp, HyHKH y yMY M-
jiaiursH rapMOHHK Karop 6inh6, p= 3>1. TaKKOcjiam aJdioMarnra
K"pa | =>innol KaTop xaM HKHHliamyBMH. fleM3K, SepHlJiraH

»=i "3

(oo}
2 — — KaTop aSCOJIIOT HKHHJI3UiyBHH,ZI,Hp.
n=1 n3

3- dapcxona rontuupuFu

KyftHflarH KaTOpJdiapHHHT UiapTJIH eKH a6cOJIK)T HKHHJII3LUHIUHHH
TeKinnpHHr:

[00] n
1. 2 (— 1)+ e . >K: UiapTJIH HKHHJiamyBHH.

>K: y30KJiauiyBHH.

n=1
@ 1
3 2 (— 1)l in(njiTy - >K: UiapTJIH HKHHJiaiuyBMH.
n—1
i
4. 2 (— 1)n+tl— — - >K: aScoJdiioT HKHHJiauiyBMH.
n=1 nt1
3
2¢ " >K: aScoJdiiQT HKHHJiauiyBMH.
ix— 1
6. i (jll)fh " }K: UiapTJIH HKHHJiauiyBMH.
n=1

n
7. 2.(-1)'#H-~+5 . >K: y30KJiauiyBMH.



3- Mycra”™uA urn

KaTopjiapHHHr uiapTJiH Ba a6cojnoT HKHHJiaiUHIUHHH TeKuinpHHr:

cos2na w

L2 -d2 aficoJNOT HKHHJiailiyBHH.

°° /il
maPTJIH HKHHJiamyBHH.

11
Q 'y /_ 1\n+1&

' n 2 . >K: y30KJiauiyBHH.
Int L_'lzhl
5. 2 (-1)"+1
n2-f-4 ' }K: aScojiioT HKHHJiauiyBHH.

4-§. OyHKUHOHaji K,aTopjiap,
yjiapHHHr 5iK,HHjiauiHUi coxacn

9.4.1. XaflJdiapn x nhnt (})yHKUHHJiapHAaH HSopaT SyjiraH

u,(x) + «,(*) -j-...-f-un(x) + ...= 2 un(x)

KaTop cpyHKi“uoHaA karop AeftHJiaAH.

00

Arap 2 un(x0 cohjih KaTop HK,HHJiamca, (})yHKUHOHaji KaTop x — x0

n=1
00
nyKfTada RKMuHAauiyenu AeHHJiaAH. x hhht 2 un(x) KaTop HKHHJiauiyB-
n=1
hh SyjiaAHraH Sapna KHHMaTJiapH TynjiaMH (JjyHKUHOHaji KaTopHHHTr
Ht~"uHAauiuui coyacu AeHHJiaAH.

Sn(x) =UN\ (X) + «2(*) + ..+ «,(*) HHFHHAH (j)yHKUHOH3JI KaTOpHHHT
tl- KtUCMUU UUFUHdUCHl AeHHJiaAH. S (*) = 1lim5,(x) (yHKUHH (JjyHKUHO-

n-~»oo
Haji KaTopHHHr UufuhOucu AeS, =S (x) — Sn(x) aftnpMa sea K,a.Top
KfOAduFu AeS aTajiaAH.

1-mh c oji. YuiSy
i

2 -
=1 \-\-x n 1+ * 1-f-x -\

(JjyHKUHOHaji KaTOpHHHT HKHHJiaiUHUI COXaCHHH TonHHr.
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E mhui. KaTOpHHHr yMyMHH xaAH: «,(*) = Arap W< 1
Syjica, y xojiAa limun(x)= lim— ~r =1, SnpoK, limun# 0 Syjira-
rc-* oo n-*-00 1-f- X oo

hh ynyH, KaTop y30KliamyBHHAHp.
Arap |*] = 1 Syjica, HHa y30KJiaiuyBHH

L+xx+x+ ..
2 2 2

KaTOpHH XOCHJI KHJI3MH3.
Arap 1*1 > 1 Syjica, y xojiAa 6epHJiraH KaTopHHHr xaAJiapH yuiSy

X X X n

4eKCH3 KaMaioBMH reoMeTpHK nporpeccHH xaAJdiapHA™u khmhk SyjiaAH,
AeM3K T3KKOCJI3LU aJIOMaTHT3 Kypa, KaTop HKHHliauiaAH.
UiyHAaft khjihS, SepHJiraH 4>yHKUHOHaji kstophhht HKHHJiauiHiu
coxacH (— oo, — 1) U (1-+ 00) AaH HSopaT SyjiaAH.
00

9.4.2. Arap HKHHJiauiyBHH 2 «,(*) (JyHKUHOHadi KaTop ynyH xap
n=1
KaHAafi g>0 SepHlJiraHAa xaM uiyHAaft N(z) HOMep TonHui MyMKHH
SyjicaKH, ti~ N SyjiraHAa [a, b] KecMaAara HCTajiraH * ynyH |Rn(*) I< e
TeHrcH3JiHK 6a*apHlica, SepHliraH (JjyHKUHOHaji KaTop [a, b] A3 retcuc
HKfUHAamyeHU AeftHJiaAH.
OyHKUHOHaJl KaTOpHHHT TeKHC hkhh jpa Uy BHH

00

gvjiHiiiHHHHTYIr BeftepuiTpacc ajiomat h: arap 2 un(x)

J t— 1

(JjyHKUHOHaji KaTop y~yH xaAJdiapH MycSaT cohjih uiyHAaft 2 cn KaTop
\MaBwyA 6yJiH6, *6 [a, b] Aa !«,(*) I<c, 6yJiC3, y xojiAa (})yHKUHOH3Ji
K3Top 6y [a, b] KecM3A3 tckhc HKHHJiauiaAH.
2-m h coji!" YuiSy

1 1 +...+ (—1)»+1-5i — 4
x2+ | x4+ 2 Xx2n+ n

KaTop * HHHr 6apna KHHMaTJiapHAa tckhc HKHHJiamHUIHHH hc6ot

Emhui. JichShhu ajioMarara Kypa SepnjiraH HiuopacH HaBSaTJia-
uiyBMH KaTop * HHHr HCTajiraH KHHMaTJiapHAa HKHHJiauiaAH, uiyHHHr

ynyH 6y KaTopHHHr kojiahfh |/2,(*) |< « n+i (*), 1/2«(¢) 1<

< <;— — TeHrcH3JiHK epAaMHAa SaxoJiaHaAH.
e2n+ 2+ rt+l n+*
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PaBixiaHKH, HCxajiraH e>0 ynyH inyHAaft N HOMep TaHJiaiu
MyMKHHKH, 6apna n > N Ba ncxajiraH x y”yH \Rn(x) \<Cz xeHrcH3JiHK
6a>KapHJiaAH.

UlyHAafi khjihS, 6epHJiraH Kaiop tckhc HKHHJiaiuaAH.

3- m h c oji. Beftepuixpacc aJioMaxn epAaMHAa
cosx | cos2x cosnx
12 22 n2 Kaxop 6apna x Jiap y*yH xeKHC HKHHJia-
LUHLLIHHH HC60X KHJIHHr.
E 4 H I
i /7 v | | cosnx , ~ 1 , ., 1 , 1 , 1,
\un (x)\=\— N-Ba B --\— — 5-+ ... Kaxop HKHHJia-
n n 2 3 n

ujyB~H SyjiraHH y~yH 6epHJiraH KaTop 6apHa X Jiap ynyH xeKHC HKHHJia-
uiaah.

9.4.3. TeKHe HKHHJiamyBMH (JiyHKUHOHaJi KaxopJiapHHHr xoccajiapn:

a) arap xeKHC HKHHJiauiyBHH (JjyHKUHOHaji KaxopHHHr xaAJiapn
[a, b] KecMaAa y3Ji,yKCH3 Syjica, yHHHr hhfhhahch S (x) xaM 6y KecMaAa
y3JiyKCH3 SyjiaAH;

6) arap 2 un(x) (JjyHKUHOHaji KaxopHHHr xaA-napn [a, b\ KecMaAa
n=1I
y3JiyKCH3 Syjws, Kaxop 6y KecMaAa xeKHC HKHHJiaiuyBMH Syjica,
Yy xcvwa

b b b b 00 b

NS (x)dx= Yul(x)dx+ ~Mu2(x\dx+...+ un(x)dx+ ...= 2 \un(x)dx,
a n a a n=1 a

6y epAa S(x) — KaTop hhfhhahch;

00
b) 2 un(x) 4>yHKUHOHaji KaxopHHHr xaAlJdiapH [a, b] KecMaAa

n—

aHHKJiaHraH Ba 6y KecMaAa uUn(x) y3JiyKCH3 xocHJiajiapra ara SyjiCHH.
Arap 6y KecMaAa SepHJiraH Kaxop HKHHJiamyBUH Ba yHHHr x,aA%iapH
XOCHJiaJdiapHAaH xy3HJiraH

2 Un(x) = W\(x) -f- U2(x) I'n(x)

Kaxop xeKHC hkhHjiamyBMH Syjica, y xojiab (J)yHKii,HOHaji KaxopHHHTr
hhfhhahch S (x) xaM [a, b] KecMaAa xocHJiara ara 6yjiaAH Ba

4-mhcoji. YuiSy

arcl~ + arc,S M| + + ] ] [ + + -

Kaxopra KaxopjiapHH xaAMa-xaA AH(})(J)epeHUHajidiaui TyppHCHAani
XOCCaHH XaxSHK KHJIHUI MyMKHHMH?
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E mh in. BepHJiraH KaxopHH HKHHJiauiyBHH
S *
A" X T ot e

Kaxop SHJliaH X3KKOCJI3HMH3 (HCXaJdiraH X3HHH X Aa).

ExapjiHMa Kaxxa N JiapAa arctg”™”"-— SyjiraHH y”~yH Ba TaK-

KocjiauiHHHr jihmhx aJiOMaxHra Kypa 6epnjiraH Kaxop xaM HKHHJiauia-
ah. BepHJiraH Kaxop yMyMHH xaAHHHHr xocHJiacHHH xonaMH3.

XocHJiaAapAaH xysHJiraH Kaxop KyHHAara KypHHHiura ara:

L 1 _1vi_, _1v~r+ +jw o,

*2+ 13 + x2+ 33 x2+ 33 X2+ n

By KaxopHHHr xaAJdiapH HKHHJiamyBMH

1, 1 . 1 KaxopHHHr MOC xaAJiapHAaH khhhk
2V2 3V3

AN N3

3K3HHHH KyP3MH3. fleM3K, BeftepillXpaCC 3J10M3XHr3 Kyp3
jispAaH xy3HJir3H Kaxop (— 00,+ 00) opajiHKAa xeKHC hkhhjis 3A ,
6hho63Phh, KaxopjiapHH m-ApeRmMaldidiaui xoccacHHH 6ePHJIr3H

Ksxoprs KyJdiJdJiam Mymkhh.

4- dapcxona roniuupuFu

1. K,axopjiapHHHr hkhHliauiHin coxacHHH xonHHr:

00 00 00 n
a) 2 " -1 6) 2 Inmx; b) E A
I+x2
n=\ n=1 n=1
ry 2 sin—; A) e |
’ 2n (2n 1)4 L=1
a) _ i< x <1 ; 6) "Mj<Cx<.e\B) x*=+ 1;r) — oo0<x< + o0
a) —8<x<2;e) 0<x< + °°-
2. yuiby

Kaxop [— 1, 1] KecMaAa xeKHC hkhHJiauiHiiiHHH KypcaxHHr.
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3. KaTopjiapHHHr TeKHC HKHHJiaiiiHUi cox,acHHH TonHHTr:

a) 2 n ; 6) 2 N1
«=> ! n=l 2"
>K:a) —o00<Xx< + 00;6) —oo<x< -foo.
4- MycTai~uA uiu

1. OyHKUHOHaji KaTopHHHr HKHHJiauiHiu coxacHHH TonHHTr:

a) 1] 1 1 feroj— =t
2X 3X 4X nx
6) T 1 1 1 | | 1 |
x2+ | 2V o+ 1)2 32(x2+ 1)3 "t np2(x2-)-1)"
B) xtg™M"+x2g~+. ..+xngJL+.

>K: a) 1< x< + 00;

6) — 00 < X < + o00 ;
B) —2<x<2.
2. Yrnfiy
X2 1-3 r4
12 4 8 2"-1 cr
K,3TOpHHHT (— 2, 2) OpaJlHKAa TeKHC HKHHJiaiUHUIHHH TeKIUHDHHr
3. Ym6y r
cosx+ ~cos2x+ -~cos3xH o0 s 4 x +... - -Lco&nx-f..
2 2 2n
KaTopHH KecMa/ia xaAMa-xaA HHTerpajuiaui mymkhhmh?

>K: MyMKHH, qyHKH SepHJiraH KaTop (— 00, + o00) m tckhc
HKHHJiaUiyBHHAHDp.
5- 8. AapawajiH K,aTopjiap

9.5.1. YmSy

ao+al(x-x0+a2(x-x02+...+ an(x-x0n+ ...= 5 an(x-x0n
n=1
KypHHHUiflarH (}>yHKUHOHaji KaTop dapaMa.AU i~arop AeftHJiaAH. By epAa

a” a" °2 e«— ysrapMac coHJiap Aapa*ajiH KaTopHHHr KO09<p(pu-
UfUeHTAapii AeftHJiaAH.
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Xycycnft xojiAa, *o= 0 Aa yuiSy Aapa>KajiH Karopra 3ra 6yjiaMH3:
®

a0+aiX + a2t ee+ a*x,'+ Wee== A2 .
n=0

ASeldJib TeopeMaCH. a) Arap E a7/ Aapa>KajiH KaTop 6h-
n=0

DODT3 x = xi~0 HyKTaAa HKHHJiamca, y xojiAa y x HHHr
mrcSrCH3JIHKHH KaHOSTJiaHTHpyBHH xap K3HA3H KHHM3THA3 aScOJHOT
HKHHJiauiaAH;

6) arap 2 a X Aapa*aJiH KaTop SnpopTa x= *i KHHM3TAa y30K-

jilamca, vy y * hhht U! > 1Ix,1 mapTHH KanoaTJiaHTHpyBUH

HCT3J1T3H KHHMaTJiapHAa y30KJ13UiaAH.

2 a X Aapa>KalJiH KaTop ynyH uiyHAaft (— R, R) opalJiHK MaBwyA-

kh, y=Ma3Kyp opaJiHK H w a aScoJdiioT hkhhji3uih6, yHAaH TamKapHAa
aca V30KJI3UI3AH; 6y opaldiHK %aropHum H~uHAauiutu opaAUFu
AeftHJiaAH. R cohh Ht~"UHAaiuuiu paduycu AeftHJiaAH, y xycycHH xoJiJispAa
0 eKHoo ra TeHr SyjiHiuH xaM MyMKHH. HKHHJiauiHiu opaJiHFHHHHr hctkh
HyKTa”apu x = £ R Aa Aapa>K3JiH KaTopHHHr hkhhjialuhuih eKH
Vv30KJiaUIHUIH M3C3J13CH SJIOXHAa Xall KHJ1HH3AH.

9.5.2. Arap KaTopHHHr Sap”a a0, ai, a2 ...,an, ... KO3(}>4>HLi,HeHTJiap

nojira TeHr SyjiMaca, 2 aX AapamayjiH KaropHHHr HKHHJiauiHiu
n= 0
paanycH yLu6y (f)opMyjia op”aJiH aHHKJiaHaAH:

R= Iim|]—"—1eKH R= |Iim "4 =

Noo an+l1 n~-°° ~j\an\

Arap KaTop (baK3T wyc})T eKH tok Aapa*adiapHH ys HHnra ojica eKH
AapSiapn KsppaJdiH 6$%$ca, Ba x.k., y xojiAa hkhh”~luhui opa.™
SeBOCHTa AajiaMSep eKH K ouih aJiOMaTJiapHAaH (})OHAaJdiaHH6
jiaAH.

2 CLxmpKaTop ynyH HKHHJiauiHiu paAHycn KyftHAarH”~a TonHJiaAH.
n=0

1-MHCOJi. KyftHAarH KaTOpHHHT HKHHJiaUIHUIHHH TeKUIHpHHr:

i+ *+ NI+ |-3+ -+ iX"+--
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Eqwui. By epaa an= A antl= —J_KaTopHHHr HKHHJiauiHiu pa- ftI' ~n+1 (n+ 1)

AnycHHH TonaMH3: KaTopHHHr HKHHJiaiJUHUi paflnycHHH TonaMH3:
R= lim I= lim ~A= limA + -)= 1 R= lim I — I= lim 1'("+. = lim(n+ 1)= oo.
n-*-00 I an+1 J n—»00 n n~*~00 \ n / n_+@ | an+ 1 | n+oo n'*i nm
HeMaK, SepHJiraH napax.ajw K3Top (—1 1) opaJiHKAa aSccuiiOT ! JleMakK, 6epHJiraH KaTop 6yTyH coh yKHAa HKHHJiaiuaflH.
HKHHJiauiaaH, (— oo; — 1)(J(1, + oo0) Aa aca y30KJiama,HH. BepHJiraH |j 953 Ara MYMHH KvoHHHM.a.arH
KaTopHHHr Oy opaldiHKHHHr ueKKa HyKT3JiapH.ua hkhHJiauiyBHH eKH i pyMy yp B
y30KJiaLLiyBHH aK3HJIHTHHH aHHKJiaHMH3. x = | 6yjiranjia 6€pHJiraH 00
o 20+ a , (% -*,) +a2(x-x02+...+an(x-x0n+ -= 2 an(x-x0n
KaTop 2 — KypHHHUiAarH rapMOHHK y30KJiauiyBMM KaTop 6yjiaAH. 1
n=1
o0 n Kaiop SepHJiraH 6yjiC3, yHHHr hkhhjisiiihuj psflHycH R ojiahh™
X= —1 aa aca 2 (— I)n+l— KaTopHH xochji khji3mh3, 6y KaTop (bopMyJI3JI3p 6HJI3BH 3 HHKJiaHaBepaflH, HKHHJI3UIHUI Op3JIHFH 3C3
n—1 M3PK33H X = X0 HyKTaAa SyjiraH (X0— R,x0+ R) opaJiHK SyjiaflH.
HKHHJiailiaA.H, HyHKH vy Jlefl[SHHU, 3J10MaTH LUapTJiapHHH K3HO3TJI3HTH- 4- mh ¢ oji. YuiSy
P3AH.
IUyH,H3H KHJIH6, 6epHJIT3H A3p3*aJlH KaTopHHHr HKHHA13LUHUI x-2 , (x-2)2 ifzig)!..(— 1) -(*~J- = + wm=
COX.3CH [— 1, 1). 212 4493 8-\/4 2"V «+ !
2- mhcoji. Yméy
3? X6 v9 .3b
1+ _-—F-— 1 + — I 2 10( 27n + 1
A~ 10n 102 + 103~ - + 10"
KSTOpHHHT HKHHJIISIHHUIHHH teKUTHpHHT. KaTOpHHHT HKHHJI3IUHLU COX,aCHHH TONHHT.
BHHUI. an= ./\]" uiyHHHr ynyH hkhhjisluhui psjxHycHHH EMHUI. KaTopHHHr HKHHJiaUIHUI p3flHyCHHH TOII3MH3:
) a, , 1 2n + 1« -\j7T+2
R= 3-. Alimmni ~ = 3 /Hmio = ~10 R= lim [-r-~- ] = lim — - T
n-+00 1 an+1 1 2n-\/n+ 1
V — A/ n
4>0pMyjI3fl3H TOH3MH3. ileMakK, 6epHJir38H K3TOpHHHr HKHHJIaLUHIJJ OpaJlHFH =2'™M V S r=2.N" V' '+ A "

3 — —
(— 710, i/lO) 6yjiaan. KaTopHHHr HKHHJiauiHiiiHHH opalJiHKHHHr MeKKa

y jl,eM3K, K3TOoP (0; 4) Op3JIHKA3 a6coJiK)T HKHHJiauiaAH.
HyKT3Ji3pHAa TeKiiiHpaMH3. Arap X = \/Il0 Syjica, KaTop 1+ 1+ 1+...

3 x = 0 na E _ -1— KaTopHH xochji khjid3mh3, y y30MaiuaAH, MyHKH
KypHHHiura ara 6yjiHd, 6y KaTop Y3oiyiauiaflH. Arap X= — ylIO 6yjica,
»0 v"+1
KaTop 1— 1+ 1— ... KypHHHiiiAa 6ym6, y xaM y30KJiauiaflH. i o i
3 yHHHr xaflJdiapn y30KJi3UiyBMH rspMOHHK K3TopHHHr xa”JiapHAaH Karra
UlynzWH khjinh6, SepHJiraH KaTopHHHr HKHHjiauiHiu coxacH (— yloO,
3 <
Vio). (U,="'V+T7> "+ 1==U"1)*
3- MHCOJI. KyHHAarH
X=4aa 2 (— /it ~— KaTopHH xochji khji3mh3, y JleftSHHU
X 3? yn n= 0 Vn+1
1+ —+ — + + — +
~ 1= 2~ ~ N\ aJiOMaTHra Kypa HKHHJiaui3AH.

UlyHflaft khjih6, SepHJiraH KaTopHHHr HKHHJiauiHiu coxacH (U,4J.
KaTOpHHHT HKHHJiaUIHUJ COX3CHHH TonHHTr.
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9.5.4. AapawajiH KaTopjiapHHHr xoccajiapn:

a) hkhhjib luhiu opaJiHFHHHHr HHH”a eTyBUH x,ap KaHAaft [a,
b\ KecMaAa AapawaldiH KaTop tckhc HKHHJiauiaAH. Yuhht hhfhhahch
HKHHJiauiHui opaJiHFHAa y3JiyKCH3 (JyHKU,HH SyjiaAH;

6) AapamajiH KaTopjiapHH yjiapHHHr HKHHJiauiHiu opajiHFHAa
x,aAMa-x,aA HHTerpadiJdiaiu Ba AH(f>4>epeHUHaJdiJiaiu MyMKHH.

5- mh c o0ji. YuiSy

. x3 x5 T
X~d—g3 - g tpmam, 5, 4

KaTopHHHr hhfhhahchhh TonHHTr.
Emhui. KaTopHHHr HKHHJiauiHiu paAnycHHH Tonamh3:

R = -A/lim - 0T =,
Y an+ 1 \n (2n—1) -1
AeMaK, (— 1, 1) opajiHKAa KaTop HKHHJiauiaAH, uiyHHHr y”~yH yHH

HKHHJiaiiiHUi opajiHFHAa xaAMa-x,aA AHcfxJjepeHUHajuiaui MyMKHH.
BepHJiraH KaTopHHHr hhfhhahchhh S(x) opKajiH Sejirnjiacak,

S'(X) = I+ x 2-\-x4+ ..+ X2n~2+

X ochji khjihhtbh KaTop — reoMeTpnK nporpeccHH xaAJdiapn hhfhh-
ahch Ba vy (— 1, 1) opajiHKAa HKHHJiauiaAH, yHHHr hhfhhahch:
S '(*): *

1—X

XocHJiajiapAaH Ty3HJiraH KaTopHH HHTerpajuiaS, SepHJiraH KaTop-
KHHT HHFHHAHCHHH TOnaMH3.'

X
f dx
S(x) = 1In 1+ x 1 1
J L x2 2 In 1 1-x 1 ).
o 1" X

5- dapcxiona TontuupuFu

1 KyuHAarn Aapa*ajiH KaTopjiapHHHr !

TonnHr:
@ (x+\)n
: (x -ir
a) 2 : 6) 2
ne 1 (2n—1)! ) . on
00 00
B) 2 (nx)n; N2 ;
n=1 ) n=1 0 e
* LA o «Ixn
A) 2 nix'k' ; e) 2 -
n=1 n=1 («+ )"~
oo 2n-1J3n -1
- . (n+ 1)/
*) E4] 3j 2 1
n=1 (4n — 3)2 n=1 n+
354

>K: a) —oo<x< + coxdf 6) I<x<3; b) x=0;, r) 1<*<2;
N N
i) *= 0; e) —e<x<ie\ * ) e %si-vs;s s%; 3) 1<*<1-

2. K,aTOp HHFHHAHCHHH TOnHHTr.
° xn~ 1
n m =1 24—1
>K: a) ——-, X< 1, 6) —In(l—x), (— 1< x < 1);
(x-1)2
ii) arctgx, Ul <1.

5- MycraK,uA uiu

1. Aapa>KaJiH KaTopHHHr HKHHJiauiHiu cox,acHHH TonHHTr.

@ ) (v n °°

al) nzz.{.(...-..l..r..:...l..(..h.:_.@.". ..... — 6) ,,:gll ((*«;-3?)2?n(n+l)
00 nwn °e° rn

b) 2 — ; r) 2 —

>K: a) 2<x< 8;6) 2<x<4; b) —e<x<e,;
ry — 00< x < + o0o0.

2. K,aTop hhfhhahchhh TonHHr:

a) 2 (—I)n [2n—1)*2-2; 6) 2 n(n+\)xn-1.

6-§. «>yHKiiHHJiapHH Tefijiop ea MaKJiopeH
KaTopjiapHra efimii

9.6.1. Arap y= f(x) cftyHKUHH x = x0 HyKTa aTpo(}).HAa (rc+Il)-Tap-

TnSjiHraMa xocHJiajiapra ara Syjica, y xojiAa KyftHAarH Teftjiop
tjjopMyjiaCH ypHHJIHAHp.

w N £ , f(Xo) , \, (X0 , \2 | ,
f(x) — f(x0) H--- jj~ (X — X 0)-i-——-- 2— (X~ X0) +eem +
fn(xn)

+ L~ f ( X~ XOn+Rn(X),
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6y epAa Rn(x) = f--—-- (x _ Xoy +>(0<0<l1)./7?, (x) -

Teftjiop (J)opMyjiacHHHHr JlarpaH*
%adu AeHHJiaAH.

uiaKjiHAani (3- 606, 16- §) K,0AduK;

Pnix)= f(xQ+ "*-(*-x0+ LyLA"x —x02+ ...+ —~ (x —x0n

Kynxaa y= f{x) (JiyHKUHHHHHr  n-dapaoicaAU TeuAop Kynyadu.
aeuvuiam-
X= 0 na Teftjiop <J)opMyjiacHHHHr xycycHH xcvih— MaKjiopeH
(H)opMyjiacH xochji Syjia™H:
«*> -«o0 ,+ E£fiUu + ~ + , + e fiu .+ ». (@3>

6y epaa /( ** (0< 9< 1).

9.6.2. Arap y—f(x) (I)yHKUHH xo HyKTa aTpocf)H,na ncrajiraH MapTa
AH(])(J)epeHUHaJiJiaHyBMH Syjica Ba 6y HyKTaHHHr SnpopTa arpodpuna

Ym\RN(x) =0
n—»®

Syjica, Teftjiop Ba MaKjiopeH (JjopMyjiajiapnaaH yuiSy

fix) =f(xQ+ £~ (X-xOQ+...+ AL (X-x0On+...
Ba
f(x) = /(0) + '~M L x+ ...+ 7~ 4
neKCH3 KaTopjiap xochji A“yjiaan. ByjiapHHHr 6hphhhhch TeuAop

KfQTOpU, HKKHHMHCH MdKAOpeH K,dTOpU fleHHJia,HH. By KaTopjiap X HHHT

R n(x) =0 ra HKHHjiamaflH.

n—foo

OyjraaHraH KHHMaTJiapHAa f(x)

1- MHCOJI. y==X4— 3x2+ 2x +
wajiapH SyHHMa eiiHHr.

Ehhui. X0=\ y~Ayu Tefijiop 4)oftaa”aHaMH3.
OYyHKUHHHHHTr xocHJiajiapHHH Ba yjiapHHHr XO0= 1 HyKTaaarn KHHMaTJia-
pHHH TonaMH3:

2 (J)yHKUHHHH (x — 1) HKKHX,aa aapa-

(}>opMyjiacH,aaH

y(1)=2;

y'{Il) = (4x3-6x + 2)L=1=0;
y"{1l) = (12x2-6 )L =1= 6;
y'"(1) =24jcUu=1=24;
y,v=24;

yv= 0 Ba X. k.
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/U’'MaK,

H XA— 3x2+ 2x+2 = 2+ — (x— 1) 2-f~~" (x — 1) (x— 1)4

I nii

yAX* — 3x2+ 2x+ 2= 2+ (X —1)2+ 4(x — 1)3+ (x—1)4

mhcoji. y= ~ cJjyHKUHH jy*yH Xo0= 1 HyKTaaa Nn- AapawaldiH

THI.nop KynxaflHHH e3HHr.

I; 'l h ui. OyHKUHHHHHr xocHJiajiapHHH Ba yjiapHHHr xo=1 HyKTa”a-
ili MiiiMaTjiapHHH TonaMH3:
/(1) = i;
<n\) = — V | = -1
x2 Ix=1
/' ()— L~ i |, = 4'.. J,«"(I)y-(-1)y--~1,.-(-1)'n !
X X
~AU'MaK, Teftjiop Kynxa/iH KyftHflarH KypHHHui”a 6ynaw-
INM = \ -~ + 8§ (x -1)2-8(x-1)*+ "™ (x-i)<+ ...+
+ tz~?2tL(x -1)n= 1 -(x -\ ) +
(x 1)2— (x— 1)3+ (jc— 1)4+ ...+ (— 1) ™MIC— 1)".

liopwjiraH (})yHKUHH yMyH kojijihk xafl

K~pmiHiufla SyjiaflH.
3- mhcoji. y= 2x ({jyHKUHHHH MaKjiopeH KaTopHra eiiHHr.
li 'i h ui. XocHJiajiapHHHTr jc= 0 HyKTaiiarH KHHMaTJiapHHH TonaMH3:

y (0) = 1, y'(0) =2*In2 ]| *=0= In2; y"(0) =2*In22L=0= In2;
y"'(0) =2¢cn®2U=0= In32)...,
/7 (()) = 2x\nn2 \x=0= \nn2.

MaKJiopeH KaTopnHH Ty3aMH3:

y=2*=1l+xIn2+"Xx2+ N X 3+ ...+ N-X*+ .,
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Tonmiraji KaTopHHHr HKHHJiauiHiu paAHycHHH aHHKJiaftMH3:

R= lim 1-?2-

m
n=o0 In 2In2 *m «, In2

AeMaK, KaTop coHjiap ykhhhht Sapna HyKTajiapHAa aSco/iioT
HKHHJiauiaAH.

R,, (X) kojiahk Xx,aA:

ifr e2fe-*n+1,0 < 0 < I.

O<Iln2<cl SyjiraHH ynyH TaftHH x ywyH ym6y TeHrcn3JiHK
ypHHJIHAHp:

I In'1-* *2 «9®x it Ix\n+ |
l«.w i= 1 IW iyr-",+11< n v 2
. xn .
BnpOK HCTajiraH X y~ryH lim— = 0 (5.2- §, 3-mhcoji), uiyHHHr

n-*-09 ft-

yAYyH lim ~,(x)=0 (HCTajiraH x Aa). By — TonHJiraH KaTop hhfhhahch,

n-> 0o

HCTajiraH x JiapAa xaKHKaTaH xaM 2X ra TeHFJinrHHH SHJiAHpaAH.

6- dapcxona roniuupuFu

1. /(x) = X5— 4x-j-2x34f2x {1 KynxaAHH (x+1) HKKHxaAHHHr
Aapa>KajiapH SyftHMa eHHHTr.

2. /(xX) = x4— 5x3+ x2— 3x+ 4 KynxaAHH (x — 4) HKKHxaAHHHr Aa-
pa>Kajiapn fiyflHa eHHHTr.

3. /7 (x)=Inx 4*yHKUHHHH xo0= 1 HyKTa aTpo(f)]HAa Teftjiop KaTopHra
eHHHTr.

4. f(x) = x 3 ¢j)yHKUHHHH xo = 1 HyKTa aTpocfiHAa Teftjiop KaTopura
eftHHTr.
5. f(x) =-— j- (JjyHKUHHHH MaKJiopeH KaTopnra eHHHr.

6- MycTat”uA uiu

1 /(x)=x10— 3x5+1 (])yHKUH5iHH (x— 1) HKKHxaAHHHr Aapa*a-
Jiapn SyftHMa eftHHr.

2. f(x)=— (JjyHKUHHHH X0= 3 HyKTa aTpo(})HAa Teftjiop KaTopnra

eHHHr Ba HKHHJiaUIHUI COXaCHHH TonHHr.

3. f(x)=x 2x cJyHKUHHHH MaKJiopeH KaTopHra eftHHr Ba hkhhjib -
IUHIU COXaCHHH TonHHr.
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7- §. Bai>3H ctiyHKUHfiJiapHHHr
Teftjiop Ba MaKJiopeH K.aTopjiapH

9.7.1. Ba"b3H (J)yHKUHHJiapHHHr MaKJiopeH KaTopnra eftHJiMaJdiapHHH
1U'JITHpaMH3:
N=1+NMN+ 4+ -+ N+ - -00< X < + o00;
|
(o] 5 X V2«—1
X X, 1 /7 i\n+! L — O< X < + o0;
SUIX= X — f-gj wt+ (1) TEa=Tr '
2 4 Yon
cosx=1-4+-fr-...+ (- 1)'W I+ - -0 0< X< + o00;
In(l+x) =x —~-+4 — ...+ (—1)n-1j™~ + - - — 1>
m(m—1)2 2 m(m— —n+ 1) , .
[ E— n * coe'+! nl

By epAa xap Kaftch KaTop y~yH coxa KypcaTHJirawi 6yjin6, yHAa
jiapa>KajiH KaTop TernujjiH (J)yHKUHHra HKHHJiauiaAH. Oxupra KaTop
6uHOMua,A ~arop AeftHJiaAH.

9.7.2. YMyMHft xojiAa <})yHKUHHJiapHH Aapa*ajiH KaTopra eHHUIi
fieBOCHTa Teftjiop Ba MaKJiopeH KaTopjiapHAaH  4)oftAaJdiaHHUira
acocjiaHraH. BnpoK, aMadiAa KynrHHa c})yHKUHHJiapHHHr AapawadiH
KaTopJiapHHH ojiahhth SaHAAa KeJdiTupHJirah (f)opMyjiaJiapAaH eKH
reoMeTpuK nporpeccHH xaAJdiapn ftHFHHAHCH cjjopMyjiacHAaH (poHAadia
hh6 touhlu MyMKHH. Ba-b3aH KaTopra eftHuiAa xaAMa-xaA AHtpcpepeHUH-
aJiJiam eKH HHTerpajuiaiuAan xaM 4>oftAaJiaHHiu MyMKHH.

1-mhcoji. f(x)=e~x (JyHKUHHHH x HHHr Aapa>KajiapH oyHHMa
KaTopra eftHHr.

Emhui. KXopHAa ex yMyH KeJiTHpHJiraH KaTop (fiopMyjiacHAa

x ypHHra — x2 hh Kyftcak,

e~*=\—x2+4r~"r+-e+t (—1L""r+ -

TonHJiraH KaTop HCTajiraH x JiapAa HKHHJiauiaAH. =
2-MHCOJI. f(x)=cosV x 4>yHKUHHHH x HHHr Aapa>KajiapH oyHH”"a

KaTopra eftHHr. r
Emhiu. IOKopHAarH cosx yMyH KeJiTHpHJiraH KaTopAa x hh Ix OHJiaH

aJiMauiTnpcak,

cos A/ x = l-y + -Jj--...+ (-1)"-"Ny, +eee
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By KaTop HCTajiraH x JiapAa HKHHJiaiuyBMHAHp, SnpoK cosV*
4>yHKUHH * < 0 Aa aHHKJiaHMaraHjiHTHHH xncoSra cuicaK, TonHJiraH
KaTop cos™/x ra <J>akKaT O " x C + o0 aa HKHHJiauiaAH.

3- mh c oji. f(x) = —@yHKUHHHH MaKJiopeH KaTopHra eftHHr.
2—X—r
E hhiu. BepHJiraH <j)yHKUHHHH sht coAAa paunoHadi Kacpjiap

HHFHHAHCHra 3>KpaT3MH3:

3 3 1,1
2—Xx—x2 2+ x)(I—x) 2+ X I —x
MaijJiyMKH, - — —= Xxn KaTop -1 <i<1 Aa HKHHJiauiaAH.
n=0
n

1 1 1 1 ;U . KH
> i 5 « 2 2 (— 1) KaTop aca — 1< ~-< 1 e

1 H - n=o

2
— 2 < je< 2 Aa HKHHJiauiaAH. UJyHHHr yqyH hhth

3

2— X— X

KaTop SepHJiraH (JjyHKUHHra — 1< x< 1 Aa HKHHJiauiaAH.

7- dapcxoHd roniuupuFu

BepHJiraH (J)yHKUHHJiaphh X HHHr Aapamaldiapn SyftHHa KaTopra

eftHHr.
1 f(x)=e~2x 2. f(x) =xcos3x;
i ( sinx o
* fir\ 1 A z/\ e
5. f(x)=In(10 + jc); ' 5 X Aa’
= 6+x_*2 ~

?e f(x) =arc sin*. 6' fw =
7- MyCTdKfUA UIU

BepHJiraH 4>yHKUHHJiapHH Xx HHHr Aapa”aJiapn SyftHHa KaTopra
eftHHTr:
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8- 8. AapawajiH KaTopjiapHHHr TaTSwKH

9.8.1. $YHKUHCI KHHM3THHH TaKpufiHH X,HCOSjiaUl.
(HyHKUHHHHHr  TaKpnfiHH khhm3Thhh SepHJiraH

Bai>3H XojuispAa
ynyH yHHHr AapamaldiH KaTopra eftHJiMacHAaH

aHHKJiHKAa XHCoSjiaui

i{)oftAajiaHHJiaAH.
1-mhcoji. e cohhhh 0,00001 rana 3hhkjihk SHJiaH TonHHr.

Ehhiu. x= \ Aa e' hhht KaTopra eftHJiMacHAaH (})OHAaJiaHaMH3:

g= 1+ ir+ i+ -+ iy+ - -

n cohhh uiyHAaft shhkjisAmhskh,

e~ 2+ i\+ ii+ -+ i.
TSKpuSnft TeHTJIHKHHHr XaTOJIHTH 0,00001 A3H OUIMaCHH. K ojiahkhh
SaxcwiaftMH3:

d = i L i i .— 1r 1 i 1 i
nt\n+ 1~ (n+ 1)(n+ 2) ~ J

tl

m<+r-L + 1 + E+. . . I+xL =-L.
L 1 (rt+1)2 J n 1 1 nin
n+1

3 hah
/?<— < 0,00001
n\ti

TeHTCH3JIHKHH eHHS, rt~8 HH TOnaMH3. A e MakK,

EX2Ngt Ft gt HEt ettt w
Aa,
ByHH XHeoSjiaS, TadiaS KHJiHHraH aHHKJiHKAarn >k3Bo6hh cwiaMH3:

e«2 ,71828.

2-mhcoji. 130 hh 0,001 rana 3hhkjihk SHJiaH xncoSjiaHr.

E HH IU. PaBUiaHKH,

A130 = tfp+5 =53 i+ A~ =5(1 +0;04)T

ABBaJi TaHHiuraH 6hhomhh3J1 kstopabh 4>o0ftA3JiaHaMH3
(m=y, £= 0,04":
vi30 =5 [ 1+ (20,04 + K517 7004=+
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-1

“pd,04'+... ]=-55.1+ -j~0,04 — 04' +
~ 5A043-...1 =
3—%!

+

=5+ 4-0,2-A.0,008 + ~-0,00032-...
3 9 '81

By HiiiopajiapH HaB6aTJi3iiyBMH kaTop
laHTHpajH, UiyHHHr ygyH kojuhk:

JleudHHU ajiOMaTHHH kshost-
-0,00032<0,001,

172,] < u n+i-mMa3kyp XQJUa tvpthh-
mh xa4d4 A

aeMaK, ~130«5 + 0,0667— 0,00009,

{/K30 « 5,066.
9.8.2.

HHTerpa juia p hh
.na in.

KaTop
HH'rerpaji ocTHflarH f(x)

.nap epAaMHija x hcob -
(f)y hkuh 3HH 4ap3>K3JiH Karopra chus,
jiapa>KajiH KaTopjiapHH HHTerpadiJiam TyppucHAarH Teone.fam-i

KyJiJdia6,
o]

Af(x)dx HiirerpaliHH 4apa>Ka./iH kaTop KypHHHU.ua TacBHj .Tam xaM~a

yHHHr KHHMaTHHH 6y KaTopHHHr HKHHJiaUJHUJ OOH' MFH431 Il X HHHT X,ap

Kan/uiH KHHMaTH/ia oepujiraH aiiHKJiHK 6n-ian vrr.=sjia",i
o- mhcoji. \e~XdXx HHTerpaljiii

mvmkhii.
jiiiH Tiinniii
L ILH Ili. e (jjyHKUMHHH iiapa>KtfJTH K'dlu 1:;-
2 4 6
y 6yTyn coHliap YyKH"™a HKHHlJiaiuaaM, 4<*Mak, ym i x,d;ii»a-xa,a
HHTerpalijiaui mymkhh:
- i-i <-i> + .
J'i,apa;>Ka;iH KaropnH HHTerpa.uiauus yHHiir hkhh.ihij'hui opa.iHFn
y'irapMaraiiJiHFH caflafijin, xochji khjih htsh KaTop xaM 6yTyH coHJiap
ykh4a sikh lljiauiadh.
4 mhcoji. "sinx2Zlx hh 0,001 rs'is shhkjihk 6HJI3H XHCoSjiaHr.
0
EmhuUl. sinx

(JiyHKUHHHHHr  Aap3>K3JIH K3TOpr3 eHHJIM3CH43H
(JO0H4 ajiaH3MH3 (y ep43 x hh x2 6HJiaH ajiM3 LUTHpaMH3) :

) 10 4n—2
sin*2= * 2—~+ A | j ()

K,arop 6yTyH coiuisp yKH4a HKHHliaiuad4 H, uiyHHHr yqyH yHH X34M3-
Xa4 HHTerpadidiam MyMKHh, ht.hh
Ssi"n=
0
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alJiJiaHMH3 B3 xocHJiaJdiapHHHr xo =

yiv/= 6y/3+

TonHJiraH
X.OCHJ1 KHJ13MH3:

7-3! 11-5!

(4n— 1) (2rt— 1)!

3 7-3! 11-5!

(An—1)(2n— 11
XoCHJI

KHJIHHTaH HHIOpaJiapH H3B63TJ13HyBMH KaTOpHHHT yHHHMH
\a4H 0,001 4aH KHMHK, UiyHHHr yuyH

s -=0.295.

9.8.3. il h&9<pl'Hiuia
S h hi. Arap iincti‘t)"pi'Hlilia..i
('p:iMMH4a aHHK Hii il 1DJ.uiaf)

R reurji3aM3Ji3pHH

t3KPh6hh
TeHrjiaMaHH

aneiwenTap <})yHKUHHJiap
6yJdimaca, yHHHr chhmhkh Tefijiop pkh
VA\hk.)iopeniihnr 4ap;r]. 'in Kaxopn KvpaHHiUHfla H3Jiaiu KyJiaftflHp.
5- MHCOI1 yillf)\
vV m--//—A, :I/f"\0=lI
.iHf})cj)epeHuna.'T tci i.i.p-'a i'miimhhuiii- a,apa>KajiH KaTopra eftHJiMacn-
iiHHr 4acTJiaf>hn oci.ni;1 \a4;inn ‘ionHiir.
E 4 h ui. F.mhmiih ,iann/Ka.''n KaTop KypHHHuiHfla h3ji3hmh3:
y(x) =y (x,) = -

I (x —x0 -\

N--(X — x0) ~ + .+

x= 0 4a KyHHAarnra araMH3:

aWw

=ym + iA.x+ g;u-x«+...+ Y'L B
-~ 2 "1 1 m
BepHJiraH y'= yA— x 4H(})4)epeHUHaJdi
//(0) = 13— 0= 1 hh

TeHrji3M3”an
TonaMH3. BepHJiraH TeHrjiaMaHH 4H(})(})epeHUH-

0 4arH khhmsthhh XHCo6.nafIMH3:
y"= 3y*y'— 1, y"{0)=2;
y"'=zyy'2+3y2-y", =

y " (0)

i2;
18ymy 'my"-{-3y2ey"" yIV(0) =78 Ba x.k.
KHHMaTJiapHH KaTopra kYhh6, H3JiaHaeTraH eiHMHii

F1n _|‘_ 3#_73

4 i
+tHem —



8- dapcxona Tonuiupuru

1. H,apa>KaJdiH KaTopjiap epAaMHAa KyftHAarH mhkaopJiapHH
0,0001 raMa 3hhkjihk SHJiaH TaKpnSnft XHCofijiaHr:

a) 6) sinl2°; b) 72520 ; r) In1,1.

>K: a) 0,3679; 6) 8,0411; b) 0,2094; r) 0,0953.

2. KyftHAarH 3hhk HHTerpajuiapHH Aapawajm KaTopjiap epAaMHAa
0,01 ra”a ahhkjihKAa XHCofijiaHr:

12 Q1 a1
a) J~A=~dx; 6) j MLM dje B j~"~~dx.
0 0 0

>K: a) 0,248; 6) 0,098; b) 0,102.
3. AHHKMac HHTerpadiJdiapHH Aapawajw KaTop KypHHHiiiHAa TonHHr
Ba xochji KHJiHHraH KaTopjiapHHHr HKHHJiaiiiHUi coxacHHH KypcaTHHr:

\ f sin* fex

a) YT~dx\ 6) \jdx.

>K: a) — o00< x<;+ 00; 6) —o0<x<0 BaO<?®*< -f-o00.

4. BepHJiraH SoiujiaHFHM mapTjiapHH KaHoaTJiaHTHpyBHH AHJ)cI>e-
peHunaji TeHrjiaMajiap eMHMJiapHHHHr AapawajiH KaTopra eftHJiMacn-
hhht AacTJiaSKH 6eurra xbahhh e3HHTr:

a) y'= 2cosx — xy?2, y(0) = L
6) y"=-2xy, y(Q)=y'(0) =1;
b) y'= 2y+ x-\, y(h) =1

8- MyCTCI™UA UIU

1. A,apa>KaJdiH KaTopjiap epAaMHAa 0,001 ra”a aHHKJiIHKAa xhco6-
jiaHr:

a) sinl°; 6) ~/70; b) coslV

3)~ 0,841; 6) 4,125; b) 1,000.

2. KyftHAarH bhhk HHTerpaJdiJispHH 0,001 rana aHHKJiHKAa xhco6-
jiaHr:

172 4
a) A -\jl + x3 dx; 6) [ e xdx.
o} o

)K: a) 0,508; 6) 2,835.
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3. ,H,H4x}>epeHU,Haji TeHrjiaMa eMHMHHHHr Aapa*ajiH KSTopra eftHJi-
M3 CHHHHr AacTJia6KH yMTa x,sahhh TonHHr:

a) y'=x2—y, y(\) = 1, 6) y'=x+ y\y(0)= 1
9- 8. <I>ypbe KaTopjiapH

9.9.1. Arsp y— f(X) <j/yHKUHH (a, b) opsJiHKAa MerspaJdiaHraH (fl-bHH
a<x<b Aa \f(x)\<M, 6y epAa M — y3raPMac) Ba 6yjiaKJiH —
MOHOTOH (H-bHH (&, b) OpajlIHKHH Xap 6HPHA3 6y (})yHKU,HH MOHOTOH
fiyjirsH HeKJiH coHAarn opaldiHKJiapra a>KpaTHiu MyMKHH) Syjica, y xojias
6y (JjyHKUHH (a, b) opajiHKAa A,HpHXJie mapTJiapHHH KaHoaTJiaHTHpaAH
AeftHJiaAH.

9.9.2. Arap y= f(x) 4yHKUHH y3yHJiHrn 2n ra TeHr (—ix, n)
opajiHKAa AHpHXJie mapTJdiapHHH KaHoaTJdiaHTHpca, y xcwiAa 6y
opajiHKHHHr f(x) y3JiykcH3 SyjiraH xap KaHAaft x HyKTacnAa (JiyHKUHHHH
Oypbe TpHTOHOMeTpHK KaTopHra eftHiu MyMKHH, ht>hh

d
f{x)=-£-+ 2 (arcosnx+ brsmnx),
n=1

6y epAa an, bn— Oypbe KO3J)(])HUHeHTJiapH 6yjm6, yjiap KyftHAarH
(HopMyjiadiap SyftHHa XHCo6jiaHaAn:

J1

a,=— ~f(x)cosnxdx (n= 0,1,2,..)),
—7
J

6,=— ~f(x)sinnxdx (n= 1,2,..).

—n

Arap jc6 (—it, n) HyKTa f(x) (QYHKUHHHHHr y3Hjmiu HyKTacn Syjica,
Oypbe KaTopn hhfhhahch S(x) 4>yHKUHHHHHr Han Ba yHr jiHMHUiapH-
hhht ypTa spHcfmerarHra TeHr:

S(x)=+[f(x-0)+f(x + 0)).

OpaJiHK oxnpJiapH X = n Ba X = —n HyKTajiapAa;
S(n)=S(-n)=-~1(-n + 0)+f(n-0)].

9.9.3. Arap f(x) — *ychT (n-bHnf(—x)=f.(x)) Syjica, y xojiAa Oypbe
KaTopnAa 4>aKaT KocnHycjiap KaTHamaAH, HyHKH Sapwa bn= 0 6yjiH6,
n

-~  f(x)cosnxdx SyjiaAH. Arap f(x) (JjyHKUna tok (htdhh

f(—x) = —f(x)) 6yjica, Oypbe KaTopnAa $aKaT CHHycjiap KaTHamaAH,
n

qyHKH 6ap4a an= 0 6yjiH6, bn=-~- ~f(x)sinxdx SyjiaAH.

o

365



9.9.4. (0, ji) opajiHKAa SepH/iraH f(x) (j)yHKUHH (— n, 0) opsJiHKrs
e >Kyc))T, e tok <})yHKUHH K36h asbom stthphjihiuh mYmkhh. ileMaK, ym
3apyp Syjica, (0, n) op3JiHKA3 KocHHycAsp eKH cuHycjiap 6ymna TyjiHK,
SyAMaraH Oypbe KaTopHra eftHiu mYmkhh.

9.9.5. Xl,aBpH 2n 6yjiraH xap KaHAaft aaBpuft f(x) 4)Yhkuhh Ba
MCTajrraH a £/? y”~yH

SyjiraHH ygqyH Oypbe KO3J)})HUHeHTJiapHHH KyftHAaru cj)opMyjiajiap
6ymna x,HCo6Jiam mYmkhh:

I 2n n
\f(x)cosnxdx, bn= ~ J\f{x)s‘mnxdx,
n ] 1
¢} [¢}

6y epAa n= 0, 1, 2...
1-mhcoji. iaBpH 2n 6yjiraH yme6y

arap — ji-Cx-CO 6y/ica,
f(x) , e
arap- O ~x”™ ji Syjica

(DyHKUHHHH Oypbe KaTopnra eftHHr.
E uhtu. BepHJiraH (jiyHKUHH SyjiaKjiH y3JiyKCH3 Ba MerapadiaHraH
SyjiraHH yuyH yHH Oypbe KaropHra eftum MyMKHH (42- LuaKJi).

JIxr -2n K 0 2iz  3x
42- mami

Oypbe KO3(J)(J)HUHeHTJiapHHH TonaMH3:

X a
a0= i Jf(x)dx= t\xdx= L+ H_n_
it 2 e 2
'u=x, du= dx'
J J

~ f(x)cosnxdx = A ~xcosnxdx- dv =cosnxdx,

V= —sinrtx
n

= TATSTMX o - iS sinnjcdx) -jeosnx - L((— 1)-—1);
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n >Ky({>T Sy”~raniia, a, = 0; ri — tok SyjiranAa

_ 2
a = o

u= x,du= dx
Ji n ]
[ f(x)smnxdx = ~[xs\nnxdx= a7 sinnxdx
Jl J g

V = - cosnx
n

{— ~Acosnx |"-j—- Jcosnxdx j= —(— - cosixrt — -sirmx )=
n 10 /i J

TonHJiraH KO3(})()HU,HeHTJiapAaH (})OHAadiaHH6, Oypbe KaTopHHH
ry3amh3:

n+ 1
f(x)=f+ 2 (- 2 cos(2n— I)x + - — — sin nx

he 1y n(2n — 1)

By KaTop SepHJiraH cf)yHKUHHra SapMa XxX=£(2n — 1)ji ,/iapAa
HKHHJiamaAH. X =(2n — |I)n HyKTa.iapAa KaTop hhphhahch

S((9n__1mt)  ?(—ix-)-0)+ f(n—0)__ _o+jt__ it

()opMyjia 6vhhMa \HCo6jianaAK (4 2-uiaKJira KapaHr. ).

9.9.6. Arap f(x) cJiviikuhh y3ymiHrH 2/ SyjiraH Gupop (— /
/) opa.anK.Aa il,HpHXJie uiapTJiapnuH KaHoaTJiaHTHpca, c*yHKUHHiiHiir 6y
opajiHKKa xeiHLUjiH y3,iyKCH3JiHK nyKTajiapHAa cfiyHKUHHHH Oypbe
M Topura phhui mYmkhh:

P v f kh.: i * . jijia _\
Hx)=~2 + ~ (a,cos-r +bmsm —-j,

n-=al

6y epAa

an— \ ~f(x)cos-nj-d x (n= 0,1,2,...),

bn= \\I(x)sm~~~dx (n= 1,2,...).

f(x) CpyHKU.HHHHHT y3HJIHUI HyKTaA3pHA3 Ba opaJlIHK OXHpjl3pH
x =1 A3 Oypbe KSTopn hhfhhahch (—n, jx) opajiHKAa efiHU!
\OJIHAarH K36h 3HHKJ13H3AH.
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9.9.7. f(x). (DyHKUHaHH 21 y3yHJiHKAarn HXTHepHH (a, a+ 2/)
opajiHKAa Oypbe KaTopnra eftraHAa an Ba bn KO3(f)(j)HU,HeHTJiap yuyH
(j)opMyjiaJdiapAa HHTerpajuiaiu gerapajiapHHH moc paBHiima a Ba a+ 2/
6njiaa aJiMaiiiTHpHUI 3apyp.

9.9.8. ~y<J)T eKH tok "yHKUHHHH (— 1,1) opajiHKAa Oypbe KaTopHra
eftHUiAa <t>ypbe Kos"HUHeHTJiapH (—ji, jt) opajiHKAa 6yjiraHH KadH
coAAajiauiaAH.

9.9.9. (0,1) Aa SepHJiraH f(x) (JjyHKUHHHH ( — 1,1) Aa KocHHycjiap eKH
CHHycjiap SyftH”a Oypbe KaTopHra eftum MyMKHH.

2-mkc oji. Yiuby

f —x, arap — 2 <x < 0 6yjica,
fw =1 * o arap 2 6yjica
()yHKUHHHH Oypbe KaTopnra eftHHr.

E MH UL OYyHKUHH ilLHpHXJie mapTJiapHHH KaHoaTJiaHTnpaAH
(43- uiaKJi).

43- makJi

BepHJiraH 4>yHKUHH >KytJ)T, uiyHHHr yMyH y (JjaKaT KocHHycjiap
Syftuna Oypbe KaTopnra eftHJiaAH, 6apua bn= 0. an KO03<j)(})HUHeHTJiapHH
TonaMH3 (1= 2):

Xx)cos-~ldx= ~xcos-"-dx-

vV =— sin—-
nn
2
2x ®m nnx 2 2 f . itn 4 nnx
= ZTsin—— % \Stin ~pldx= ——COS—-
nn 2 0 nn j

n — >Kycj)T 6yjiraHAa an= 0; n — tok SyjiraHAa an= -

ao— \\f(x)dx= \xdx=JY\ o~ 2'

BepHJiraH (JiyHKUHHHHHr 3>ypbe KaTopH KyftHAarH KypHHHiiiAa
6yjiaAH:

3-mhcoji. f(x) = I — X 4>HKUHHHH [0, 1] KecMaAa cuHycJiap 6y-

HHMa KaTopra eftHHTr. s
E q h uj. BepHJiraH 4>yhkuhhhh [— 1, 0) opajiHKAa tok (Jjyhkuhh

CH®)aTHAa A3BOM 3TTHp3MH3, H'bHH

r— 1—X, arap — 1< x < 0 Syjica,
f(X == i— X, arap 1 6yjica
AeftMH3 (44-iuaKJi).
y
\ N \
'\ I'Nv N K N -
-5\;  -j\
a Ny \
44- uiaKJi

Tok <{)yHKUHHJiap y~yH Sap”~a an= 0. 3hah bn (1=1) JiapuH TouaMH3:

b=+ {f(x)smA~Ix=2\(l-x)sm~™dx=
10 0
(H=Z 1— Xy dlIl --- dXy 2
-2 (—————-- rysinnx | 0)— nn
\dv = $innnxdx v = — — cosnnx \ nn nv ur’

TonHJiraH KO3(j)<})HUHeHTJiapHH cDypbe KaTopnra Kyftu6, CHHycjiap
gyftH™a yiu6y KaTophh xochji khji3MH3:
o0
f(x) = — 2 —sinnnx.

A Jl H

n*=1

9- dapcxona roniuupuFu

1 opajiHKAa f(x)=x (“hkuhhhh Oypbe KaTopHra
eftHHr.
2, , . v, isinnx
>K: f(x)=2 S (-0 “+1—T"-
n=1 u
2. Ym6y <j))yHKUHHHH Oypbe KaTopHra eftHHr:
(—2x, arap — Syjica,
AN X)y=={ 3x, arap Syjica.
n=\ \
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3. Yuiéby

f(x)= araP —2< x <0 syjica,
1,

arap 0 <x "™ 2

cjjyHKmiHHH Oypbe KaTopHra eftHHr.

o°

>K: /W = - {+ ~ 2 (---—-- ~N'ro s ™~ "N _ _ L sinduc«\
2 NUn*x\n(2n-\f 2 2 )
4. f(x)=x2 (ijyHKUHHHH (0, ji) opajiHKAa CHHvcjiap SyftnHa OvDbe
KaTopHra eftHHTr. " jH
>K: f(x) = | (- DHerlp 2+ ~((=1"=1) J%inrajc.
5. f(x) — 1 2x 4)vhkuhhhh [0, 1]

KaTopHra eftHHTr. JK

>K: f(x) = — 2 — & ~
"2, =1 (2/7z-1)2

9- MyCTdKtUJl uui

1. Ymsy

f(x)= aran Byjica,
[ 1, arap O< x ~jx Syjica
(DyHKUHHHH Oypbe KaTopHra eftHHr.

(O]
>K: /(*) = I+ JL 2 IIEIg”- 1)*
0= § Ay
n=1
2. /(jo == Jat] cjjyHKUHHHH [— 1, 1] aa Oypbe KaTopnra eftHHr.
o]
SK: /(*) = - ——-i- 2
2 "2n=, @2n—1)2

3" /(*)=sim : 4>yHKUHHHH [0, Ji]

na KocHHvcjiap 6yftH4a OvDbe
KaTopHra eHHHTr.

cos2nx

*
1— (2¢) 2

X
4- /(%) 1 2 (YHKUHHHH [0, 2] fla CHHycjiap SyHHMa Oypbe KaTo-

pnra eftHHr.

00

>K: /(%) 2 -sin-".
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Aa KocHHyc/iap SyftHMa OvDbe

10- 8. 4>ypbe HHTerpajiH

6yji€xal0 1. Arap u— f(x) (jJ)yHUHH Ox yKHHHHr HCTadiraH MeKJiH opa-

.nnrHfla iinpHx”e uiapTJiapHHH KaHoaTJiaHTHpca Ba 6YtYh yK. 6yHH4a
+ »>

;if)cojnoT HHTerpajuiaHyBMH Syjica (ht>hh \ \f(x)\dx HHTerpadi

— 00

HKHHJiawca), yHHHr yqgyH OypbeHHHr HHTerpadi cJ)opMyjiacH ypHHJiHAHp:

-j- oo -h 00
f(x)=— ~dz \"“f{u)c.osz{u— x)du.
0 —m

I Typ y3HJiHiu HyKTaJdiapH.ua f(x) hhht kkhmbth y~yH aBBaJirnAekK,

-i(f(h0-0 ) + 7/ (xo0+°))

KaSyji KHJiHHa/iH, 6y epaa xo — Y3hjihui HyKTacHHHHr a6cuuccacH.
Oypbe HHTerpaJiHHH KOMiuieKC uiaKJifla x,aM e3Hiu mYmkhh.

f{x )" *\dz+\f(u)erdu=~L J enrdz \ e~f(u)du.
In J J

00 —@
— oo — 00

>Ky4)T vhkuhh y4yH Oypbe HHTerpajiH KyftHAanma SyjiaAu:
00 + @
/ (x)=A ~ coszdz ~ f(u)coszudu,
n o o

tok Cj)yHKUHHHHHr Oypbe HHTerpajiH:

-f- oo 4" oo
f(x)=— 7~ sinzxdz » f(u)s'mzudu.
n O 0
9.10.2. KyftHAarH
j- 00
F(z)= —j== \ eiof{x)dx
v w2ji ]

— 00
MVHOca6aT 6HJiaH aHHKJiaHraH F(z) 4>vhkuhh f(x)
aAMCtMTtipuuiu AeftHJiaAU-
+\
r,

— 00

c)yHKUHHHHHr <Pypbe

MVHOcaSaT aca (pypbenum Tecmpu

ftHJiaAH.
XycycHH x,0JiAa

aAMaiurupuui (popMyAacu Ae-
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a) f(x) >kv()t (Jjvhkuhh Syjica,

— -1-00 I

- ) f(x)coszxdx, f(x)=7~Jj- | fc(z)coszxdx
0 0

(6y 4>opMyjiajiap OypbeHHHr KocHHyc-ajiMauirapHiujiapH AeHHJiaAH) m
6) f(x) (@Jjvhkuhh TOK Syjica,

TK 00
fAz) = y— ~ f(x)s'mzxdx,
0

— - 00
V- N fS{z)smzxdz

(6y cf>opMyjiajiap OypbeHHHr CHHyc ajiMaumipHiujiapH AeHHJiaAH).
OypbeHHHr CHHyc Ba KocHHyc ajiMauiTHpHOIiJiapH (J)aKaT Ox HHHr
MycoaT HPHM yKHAa sepHJiraH, 6y HpHM ykH SyfijiaS aScoJUOT
HHTerpajijiaHyBMH Ba yHHHr HCTajiraH mckjih KecMacHAa /iHpHXJie
uiapTjiapHHH KaHoaTJiaHrapyBMH <j>yHKUHHJiaprarHHa KyJiJiaHHUIH MyM-

1- mh c oji. YuiSy
X c¢c — 1Aa O,

|
— 1 -Aa x -j- 1,
f{x) = j< x ¢ —m |,

1Aa, —x + 1,
x> 1Aa O

(H)yHKUHHHHHr Oypbe aJIMaUITHpHLUHHH TonHHr.
E mh ui. YuiSy

fw =W +S Hu)e~du.

[e0)

Oypbe ajiMauiTHpnuiH (JjopMyjiacnra Kypa

E 1 T T -t 1”2
{z) ] O-eiadu+ J (u+l)eiadu+ 'J 1l-eiadu+
L-00 -1 —1r

+ ~ (—u-\-\)etadu-\r 1 O-e'“af«l
12 1 J
PaBUiaHKH, Shphhhh Ba oxnprH HHTerpajuiap HOJira TeHr. K,oJdiraH

HHTerpaJiJdiapHH moc paBHiiiAa /1, /2 Ba 13 opKajin SejirujiaS, XHCoSjiafl-
mh3:
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_ 2 s=ti~+ 1j ds— diij

e
L _l_g 2 s | -7 1 —/2.
wWirl- 4z 22 2z + Ve
. 2sinf
Y du=jf— X .m@z_gl(‘é/2|z_g—'/2Iz) —_—
S eu *
-1/2
1 s= — m+ 1,d s = — du,
/3= J (- +\)eiad
( “ )& iadu dt= eiadu, t= -r
1 I
k-7
—1-e 2 -ei .
2zi
UlyHAafi khjihsS,
z
2sin-"~
N2 )zﬁne I| ziz- N2+ 4 e" 2— fe+
5 sin—g— . 2(:03’\£
. Les cosz i £

2- mHc OJl. YuiSy
O<x<a Aa 1

f(x) = X= a Aa >

Xx>a Aa O

4)yHKUHHHHHr KOCHHyC B3 CHHYC aJIMamTHPHUIJiapHHH ™ ™ nr,

Emhui. BepHJiraH c¢*"YHKUHHHHHr KOCHHyc-aJiMauiTHpHiiiHHH Tona-
MH3:
fe(z) = y i J /(u) coszudu— y i ~coszarftt+
+ °° \ FT ¢ [% sinaz
-f- ~ O-coszudu jcoszudu= z
a / ®
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3HAH CHHyC aJIMaLLITHpHLLIHHH TOnaMH3:

2. Yuiby
—1<X< — 2 aa — 1
< x <N aa 0,
. _ 2 1—cosaz f(x)
sinzudu =
VIS 1 fla 1
53 HaBSaTHAa fc (z) Ba fs(z) ()yHKUHHJiapra KOCHHyc- Ba chhve- c]3VHKUHHHHHT Oypbe CHHyC Ba KOCHHYC aJIMaUJTHpHIHAapH T 1 oMHHT-
aJlMaiLITHpHLLIJiapHH K,yJ1Jia6, f(x) (fly HKUHHHHHr Y3HHH TonaMH3, H-bHH
. . COS--— &z
'O<i<a/i;a 1’ sinz— sin—
+2 . = o . = -
sinaz ’ 1 >K: fo(z) = z 2caV4.mz)
S — -—cosxzdz- mna _,
X >a aa 0; .
9- nasopar uiuu
+ @ 0% x< afal THHH HCOOT KHJIHHT Ba HHFHHAHCHHH
| i. KaTopHHHr HKHHJiawyBMaHJiH a
. - sinxzdz- X = a Aa —5, TonHHr:
,X>a Aa 0.
i
i 2 L2. ' n2+ 1In+ 30
10- dapcxona rontuupuFu nz g M2N2N -
1 Ym6y o
S 1.4
1 Ix | < ji Aa cos-—, 1.3. 2 A9M2— 14n—48 o 2+ 5n+ 6
/(%) = 2
[Ix]> JAa O
15, 2 1.6 .
) .. . 9n2+ 3/i— 2
(J)YHKLXHHHHHT Oypbe a./IMaillTHpHUJHHH TonHHTr. hy 4n"—9 n—1
1 4 0
>K: F(Z)=- «COSJIZ. x 7 18 24
47 1.7. . 12+ Tn— 12 o e o 92— 12/i—5
n=
2. /(x) =e m'(x"0O) 4>yHKUHHHHHr KocHHyc Ba OHHyc ajiMallitm- o
pHLUJiapHHH TonHHT. Lo 2 1 lio.
" — _a/i2+ 32/i+ 63 2o N2i-n—2
M *) = v 4 /’(*) n=0
72+ | 22+ | 00 ¢S]
_ i ! 112, 2
10- MycTaK,uA uui ’ o N2t Tn+ 12 n= 1
1 YuiSy 00 1 00
1.14.
— 12 x <0 Aa e-* 1.13. r12=l 9n2+ 15n+ 4 _o ¥n-F24n°135
f{x)=- 0<x< 1ia el .
7
Ix |> 1 Aa 0 1.15. 1.16. 2 ~
7149n2+7n— 12
(J)y HKUHHHHHr Oypbe aJiMaLUTHpHUIHHH TonHHTr. n=
. ) 00 6
2i ze— sinz— 2C0S2
>K: F(z)=- Vo (I L7 ort2+ 6n—8 oo Y2+ 1671+ 15
n e(l- -
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@

15

1.19. 2 ?
n=1 16n2— 8n—
o

23 R —
n=1 «2+13« + 42
()]

1.23. 2
«= i ft2+ 9n+ 20
(o]

1.25. 2

n=, 9ft +21n + 10

1.27. 2

1.29.2

120. 2

,=19" +21n —8
1.22.

.=l 49n +35n—6
1.24. 2

1.26.

1.28.

1.30.

_j 4n + 4n—3

9n—3n—2

2

,=in +4«+ 3

2

2. KaTOpHHHr HK.HHJiaUIHUJHHH TeKLUHpHHT:

[ee]

2.1.2 —tg-U.

2.3. 2
n=1 N2—Inn

252 (1— cos—).

n— |

2.7. 2

2.9. 2 v

.-i "n+3
2.11. 2sin-"+ti_
«=i n («+ 1
2.13. 2 —Usin—.
n=1 ¥ ¢ ft
215. | __L  _gin-
,,_Z'V «+ 5
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2.2.

2.4.

2.6.

2.8.

2.10.

2.12.

2.16.

,=1 ft"+ 6n+ 5
3/-
2 sin— V¢
=1 V «5+ 2
2 arcsin— —" .
(n +3) ~
@
2 -rzrarctg-~—.
4V «
2
2 In~™ii.
n=1 fl2+ 4
[00)
2 *  arctg-- fr+ 3
n=\  V n-\-2 n H'5
’ 2jt
00  Sin--—--2---
2
V «
@
2 —L-arctg-~

2.19.

2.21.

2.23.

2.25.

2.27.

2.29.

3. KatopHHHr HKHHJiaiUHUIHHH

4+ 3n

n= 15"+ ft

(n2+ 3)2

| n5+ In4n
n=

2 \]ln arctg-L.

=i n
©

. 1
2 n-sin——
rt= 1 \Jn*

00
2"+ cosn

3"+ sinn
n=1
00

2 rthrgs5—.
n= 1 S n

0o

2

n= 1n27n +5

n

ne 1 ft!
\Y («+D I 1
" 3n+ 5 2n'
n=
le4 o7 (3ft—2)

" 7-9-ir mee(2n+ 5)
n=

@ 'T
my n
n=1 3

v A"
~ ft+ 3)!
n=1 ( )

y 5

n 4n!'

[00) 20
2.18. 2 In " +1
n=] n+n+ 2
© J_
220. 2 n(e"—12
n=1
00 o "
222, VN2
n5+ sin2” "'
@® L3
2.24. 2 In
n=1 n+ 1
0o 1
2.26. 2 arctg--—-——-- O
"=2 (n— i)V«2+i
[e0)
2.28. 9 1
n= 1 N—cos 6n
[eo)
1
2.30. 2 —— sin-
n=1 v«
TeKIUHpHHTr:
3.2 |
fl_, 3"- (n+1)!
34, 2
(n+1)!
n=1
nr- V. n-(2n+ 1)
3-6- N - (3M1”
n—
+ 2)t
3.8 2 (c )
- nn
oia \Y; 2-5-8-...- (8/i— 1)
R A 3*7e 1l e m (4/2— 1) *
n=1
3.12. 2 "~ io-
=i V«-2lI
arctg-"-
3.14.
n!
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00

|
e 3.16. ; @2

i) - S ()
(nh)2' n:Jl 3"+ 1) (2/i) 4.13. £ (1 + i) >
3.17. 2 5”(?;)")’ 3.18. @+ 2)l 415. 2 _"s »
« - I- ) ) n .
n=1 ’ n=1 10'.n2 2= (2«4 1)
319, 2 °" 1 3.20. _ s17. 2 418- 2 (ST, )"
ho ] 5 (A+ 1) aoy (1Y ey B/ —3n—1y- rt—i
n o+ 3 o / 1 \A ® °
3.21 2 (n+ l)? 3.22. 2 4.19. 2 (arCSin— ) L4 4.20. 2 (") B
. . A («+1)! n=1
n—1 : n—1
00 00 / 9 , , \ /72
00 nn ® / I Vv
+ 24, vV -gn-)-
323 2 "mz 324 7 Dy 421. 2 (arctg-g”-) "22- 5, (vrr) =
n—1 «=1 n—l
oo * 3.5.7-..-2n+ 1 424, 2 22
325 2 326 2 e @71 4-23. S (I~ f)> -")"
p= 5"(2n—1 -1 n--1
[€)] / n \n2
3.27 ; nl 3.28. 2 (2n+ 1) tg-g' 4.25. v A n v 4-2«- f2—) 4,fe +r)-
’ O_i (3«)!. n:l
o M nl o, 428, 1 gifjln + 1)1
. 3.30. i .
320. 2 (tir 23 sy v 4.27. o
]
@ T+ 2
4,30. 2
4. KaTopHHHr H<HHIial UHIUHHH TeKUIHpHHTr: 2 (is!y (2«2+ i) /2
n=1 -
- . . . i aecoditoT
7 M+ 2 \n2 o o0 5. Huiopadiapii HaB6aTJiaHyBMH KaTopiumr UiapTJIH Ba
41 2 o e 2 - HKHHJiaUIHUIHHH TeKUIHpHHT:
:l\Sll— iy ,7—1{/3n 1 ) P -
00 i n 1
52. 2 N
a3, 3 /r—2ae as. w2 512 (i) (i~ cosn i) 225U ans
Sz yp (2/141) 42 (aresin o n—1 w
=1 A-1 P 1) — 1
*
" o 53. 2 @l)"cos”. 5.4. v, nAjn
45 /7 7i+3 y 2 4.6 5 3 n=1 n=!
2/]. J 00 o
I ne ot —1)n—1 56. 2 (— Lrn~l+ -
55. 2 1 0 (
00 / ) 0 - =1 n-5" ft—1
47. 4/;: vz a8. , 7 ¢ " "
n71V 37/ - l\3n+| 57 — 1)n-2/i2 5.8. 2 _('1) -
2 ik ae 1 (MFN2200
[e0) 00 «=1
/2n +i oy 2 . 1 \3« ° (_1)«+?
49. > 4.10. 5 ~arcsin o -
o \3n-2) =, 2y 59. 2 (- 1)min~, 5.10. (n+ 1) (c + 4)
. n=1
5.11 2 (_ 1) . 5.12. (-1
TV 12" ( n-z-
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5.13.

5.15.

5.17.

5.19.

5.21.

5.23.

5.25.

5.27.

5.29.

6.1.

6.3.

6.5.

(.-D "+l

2 2n+ 1)

n=1

8

/ I\na-\ n3
11 U n2+|1
(-1)"

nIn (Zn)'

n*

n

N8

=
1

1
(_D«+i
1 nz2+ 1

nNg N g

(— I')n+lsin— .
i 8"

(-D 'tgV

iN

(_h"+>.2

‘J - v *

5.14.

5.16.

5.18.

5.20.

5.22.

5.24.

5.26.

5.28.

5.30.

v ( n "+1( n
v '

(-1)"
n=1 (2n+1)22n+2

® (-1) |
)"+

2

resl n INnn

m l
At
n=5 n(n+1)

* sin«V"
b= "V
@ n

> (—hH"+1

n=1 (n+1)3/2

Vi (

f -D"

yj( (n+l)Inn*

®

2 (.+ +)
n=I|

coxacHHH TonHHTr:

® v
62 » AV
n\

6.4. Y (02
n=1 (Zn)!
6.6. Vv (n+r1)*

n=1 2n(n2+ 1)’

van+ 1/

6.13.

6.15.

6.21.

6.23.

6.25.

6.27.

6.29.

S

oA

1 rin

2

n-3"

3.16.
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10-6 0 6
KAPPAJIH HHTETPAJIJIAP

1-§. AenapT Koopfl[HHaTajiapMfla hkkh yjmoejiH
HHTerpadiJiapHH XHCoSjiaui

10.1.1. z= f(x, y)=f(P) (JjyHKUHH L 4H3HK 6mraH MerapaJiaHraH
eniiKk D coxsAa aHHKJiaHran Ba ysjiyKCH3 6yj\u6, Ast, As2 Asn—
D coxshh n Ta ajieiweHTsp Syjianjiapra SyjiHiu H3th>K3cha3 xocha
SyjiraH io3Hajiap SyjicHH. Xap KaftcH As,- sjieMeHrap COX3A3 HxraepHH

Pi(xi, yd nyKTaHH T3hjishmH3 Ba (})yHKUHHHHHr Pi HyKTaAare khhms-
thhh xhco6ji36, ym6y KynaftTMaHH Ty3aMH3:

f(Pi) mAsi= f(xi, y,) vs,.
IllyHAaH KynaftTMaJdiapHHHr 63pM3CHHHHr

n 00

I>f(Pi)& S~ V j[x.y)\s

i= 1 i— \
hhfhhahch z= f (x, y)=f (P) (jjyHKUHH yqyH D coxsAsrn unreapaA
uuFundu AeftHJiaAH.

As,- alJieMeHTap ro34ajiap cohh 4eKCH3 opTTHpHjica, y xoaas Yyjiap
AHaMeTpjiapHHHHr  sht KaTTacn hoats hhtha raHAarn HHTerpadi
hhfhhahhhhf jihmhth z= f(x, y) (JyHKLi,HHAaH D coxa 6yftnua ojimHrah
ukku yah08mi unreapaA AeHHAaAH Ba 6ynAafl SedirHJiaHaAu:

f(P)ds ekH (%, y)ds.
D
lilyHAafi khjih6,

[[f(x,y)ds = lim £ f(X,Yy,) As,

jit maxdiamAst—+-0 |

ByHAa D — HHTerpaAJiaui coxacH, f(Xx,y) HHTerpadi ocTHAarn (J)yHKUHH,

ds K)3 ajieMeHTH AeHHJiaAH. ZleKapT KoopAHHaTadiapnA.a ds= dxdy
SyAraHJIiHTH yMyH hkkh yjmoBJiH HHTerpaA

f(x,y) ds= " /(x, y) dxdy

D

SyjiaAH.
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Aran f(x u)y>o0 6vjihé, v — nacTAaH HHTerpaAAaiu coxacH
D 6ha3h K)KopHAaH D ra npoeKiu«uiaHyBMH zZ=j(X, Yy) chpthhhf
6vA3TH 6HA3H/eH TOMOHA3H 3C3 HCOBMHA3PH Oz yKK3 H3PaJJAeA B3
HyH3ATHpyB4HCH D CO0X3 MerapaCH L AaH H60P3T UHJIHHAPHK CHpT
6HA3H qger3p3J13HT3H >KHCM XaWMH 6yjICHII. Yy XOJlAa

v=~"f(x,y) dxdy.

D

Aran f(X u) = 1 SyAca, y xojiAa hkkh YAMOBAH HHTerpaAHH Hr
KHHM3TH COH’' >KHXaTAaH HHTerpaAAaiu COX3CH D HHHT S 103Hra TeHr
6yAaAH, H-bHH

Udxdy=Uds= s.

D D
Aran fix u) cbyhkuhh D coxara >KOHAamraH nAacTHHKa MaccacH
TaKCHMAaHHUIHHHHr SHMAHrHHH H4>0AaAaca, y W HKKH yjmOBJIH

HHTerpaA uiy ruiacTHHKa MOAAacHHHHr Maccacn M hh OepaAH.

M = (x, y)dxdy = J f(x, y)ds.
D D
10.1.2. H kkh  yAMOBJIH HHTerpaAHH XHeoSAam HKKHTa aHHK

HHTerpaAHH KeTMa-K-eT xHCoSAauira KeATHpHAaAH.

45~ rnakli

Arap D coxa y= y{(x), y= yz{x) 4>yHKUHHAapHHHr rpac})HKAapH
xaMAa X= aBa X= b TyppH 4H3HKAap 6ha3h gerapaAaHraH (45- maKJi),
H"bHH

a<”~x<”.b
yi(x)
TeHrCH3JIHKAap 6HA3H 3HHK,A3Hr3H 6yAC3, y X0JIA3 HKKH yAMOBAH
HHTerpaA KyflHAarn 4>opMyjra epAaMHAa XHCo6jiaH3AH.
byl u 2
\[f(x,y)dxdy=\ \ f{x,y)dy dx=\jdx ~ f(x,y)dy.
D a Lviw J a VliX)
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By epAa
y2(*)
5 /w>y)dy

yt(x)

HHTerpaldidiaui y 6yftH*ia cwih6é SopHJiaAH. H hkm HHTerpajiHH XHCoSjiaui

HaTHJKacH TaiuKfii UHTeepaA ygyH HHTerpali octh (])yHKUHHCH SyjiaAH.
Arap D coxa KyftHAarH

crynd
{xi(y) ()

TeHrcH3JiHKJiap 6hji3h aHHKJiaHraH Syjica (46- uiaKJi) hkkh vjiuobjih
HHTerpaldi yui6y

pp d -j d <t
))f(x'y)dxdy=? ~» N o f(x,y)dx \dy= ~dy N f(x,y)dx.
D ¢ L *<y J c x, @l

4>o0pMyjia epaaMHAa 'HKKHTa 3hhk HHTerpajiHH XHCofijiamra KeJiTH-
pHJiaAH.

Arap D coxa 47-uiaKJTAa KypcamnraHAarHAeK x=a, y= ¢, X= b,
y =d HH3HKJiap SnjiaH <j)akaT Snrra HyKTaAa Kecnuica, y xojiAa hkkh
yjinoBjiH HHTerpajiHH XHCofijiauiAa IOKopHAa KeJdiTHpHJiraH xap HKKadia
<J)opMyjiaAaH xaM (JjoftAajiaHHiu MyMKHH 6yj\vt6,

b «2(*) d «)
\y(x,y)dxdy=~rdx ~ f{x,y)dy=\jdy ~ f(x,y)dx
D a y 1(*) c Xt (y)

TeHTJIHK ypHHJIH SyjiaAH.

Arap HHTerpadiJiaui coxacn 48- maKJiAa KypcaTHJira has thask
KOHTypra ara Syjica, y xojiAa hkkh yjmoBJin HHTerpajiHH XHCoGjiaiu yuyH
coxa x = x 0 hh3hk SHJiaH SyjiaKJiapra 6yjiHHH6, ioKopHAath <J>opMyjia-
JiapAaH (})OHAaJdiaHHJiaAH.
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l1-mhcoji. Hkkh yjmoBJiH HHTerpajiHH xwcoSjiaHr:

§ {x—y)dxdy,

D
6y epAa D coxay— 2 —x2Bay= 2x— 1*iH3HKJiap fiHJiaH wrapaJiam an.

Emu ui. D coxaHH 4H3aMH3 (49-uiaKJi). Yhh ~4(0, 2) a<i Oy.iiiiii

y= 2— x2 napa6ojia Oy yKKa HHc6aTaH chmmctphk
y—2x— 1 Tyrpn mh3hk OHJiaH HKKHTa: B (1, 1) Ba C (— ii, — 7) myk
xaJdiapAa KecHiuaAH. HHTerpadiJdiaui coxacn D yui6y TeiiiTH mMap
OHCTeMacH SnjiaH aHHKJiaHaAH:

— 3< x< 1
{Zx—l 2—x2

H kkh yjmoBJiH HHTerpajiHH XHCo6jiaftMH3:

1 2-/ | t
Q(x —y)dxdy= ~dx " (x—y)dy= 7 [xy—-"y2] | xdx--~
D -3 2x— | -3
1
= Jjx(2-x2-~-(2-x22-x(2x-1)+ ] (2x-1) dX
-3
= N NMN2X— X3— 2+ 2X2— |— 2x2+ X + 2x2— 2 x+ " c/ x ~

-3
|

U(—-jX4—x3+2x2+ x — \}dx =

= 1> - £

2- mh c oji. Yuiby

N dx n f(x,y)dy
-V717

HHTerpajiAa HHTerpadiJdiaui TapTHdHHH y3rapTHpHHTr.
Ehhiu. HHTerpadidiaui coxacn 0 yuifiy TeHrcH3JiHKJiap chctgmhch

opKaJiH aHHKJiaHaAH:
r—i< x< |,
[—y 1—x2 1— x2

By coxaHH HH3aMH3 (50- uiakJi) Ba yHH D\ Ba D 2coxaJdiapra a>KptiTaMH t
By coxadiap KyftHAarH TeHrcH3JiHKJiap CHCTeMajiapH 6HJiaH aHHMiiuu

AHJiap:

25— 665 385



50- uiakJi
1 — 0,
Dr- - Ay -
N—yi—ystx o ). e Vi-t/2<x< + yi
y Xxojias
i/ -
c Ic ‘ E’ /V\}y* 2 +n 1

J = \_J{x'"™ dy= \dy J f(x.y)dx+ \dy J f(x,y)dx.

-vio o~ 0 - v'-/ - vi '/

1- dapcxona ToniuupuFu

1. HHTerpajuiapHH XHCoSjiaHr:

3 X 4 e
a) Ndx N (x—y) dy, 6) ~"Ndx~xlnydy;
1" 3 0 1

B) Ndy S {x+2y)dx.
Z-4

>K; a) 112-~; 6) 8; a) 50~].

2. Hkkh yjinoBjiH j~/(x, y)dxdy HHTerpajiHHHr HHTerpaJdUisiu coxs-

ch I):

a) x=3, xXx=5, 3x— 2/+ 4= 0 Ba 3x— 2y-(-1=0 TyrpH HH3HKJiap
OHJiaH;

6) x2+ w2— 4t/=0 4H3HK SnjiaH;

B) y=x + 1 x=0, X-\-y= 4 MH3HKJiap SnjiaH nerapajiaHraH- Hhkh/

Ba TauiKH HHTerpajuiapHHHr HHTerpadidiam nerapajiapHHH aHHKJiaHTr.
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3. KyftHAarn hkkh yjiMOBJiIH HHTerpajuiapAa HHTerpaJdiJdiam TapTHSn-
iiii yirapTHpHHr:

1 iy ? 2F<
) ndy Y f(x,y)dx\ 6) )dx )f(x, y)dy;
0 »
1 I-./
") $ f{x,y)dx.
0 -VT37

4. KyHHiiarH HHTerpadiJdiapHH xnco6ji3Hr:
a) " (x 2+ y) dxdy, 6y epAa Z) coxay= x2B3y2= xHH3HKJisp Shjish
D
MerapajiaHraH.

6) dxdy, 6y epAa Z) coxa x= 2, y= X, xy = 1HH3HKJiap Shjish

dy
iK'rapaJdiaHraH.

> a) T";6) T

5. y= X2—2X, Y= X hhshkjisp 6HJiaH HerapaJiaHraH io3hh
XncoSjiaHr:

>K: 9/2 kb. 6hpji.

6. z= x2+y2 x+y=1, x= 0, y—O0, z= 0 CHpTJiap 6nJiaH
MerapajiaHraH >khcm xa>KMHHH XHCoSjiaHr.

>K: — Ky6 6npji.
6 y PJI
7. Arap x=(y —1)2, y= x—,1 4H3HKJiap SnJiaH nerapadiaHraH

moaahh njiacTHHKa MaccacH TaKCHMJiaHHiiiHHHHr 3H4JiHrH y = y Sy/ica,
yHHHr MaccacHHH aHHKJiaHTr.

27 ..
>K: — Macca 6npji.

1- Mycrat™uA uui

1. KyHHAara hkkh yjmoBJiH HHTerpaAAapHH XHCo6jiaHr:

a) ~ (cos2x+ siny)dxdy, 6y epAa D coxa x= 0, y—0O.
D
4x+ 4y—n= 0, y= 0 HH3HK,jiap 6ha3h MerapajiaHraH;

6) ~ylnxdxdy, 6y epAa D coxa xy= 1,y— ~JX,x= 2 HH3HKJia
d
SHJiaH Merap3JiaHr3H.

b) ~sin(x+ y) dxdy, 6y epAa D coxs x= 0, y=y - Y= X hh
D t - -
3HKJi3p 6ha3h gerapajiaHraH.



r) 8xdxdy, 6y epAa £coxa— ynjiapnA(2, 3), B(2, 7), C(4, 5) hvk-
D

Tajiapaa SyjiraH yqftypgaK.
>K: a) \(n+\X-2722)\ 6) | (2In2-1); b) 1;r) 26.

2. HHTerpaldiJdiaui TapTH6HHH y3rapTHpHHTr:

n N~X i V11—
a) \dx J f(x,y)dy; 6) \dx ( f(x,y)dy;
-6 Z_. 0
wv,-/
B) \dy J f(x,y)dx\
0 2-y
y Va-~2 0 J?
r) j dx \ f(x<y)dy+ \Ndx\f(x, y)dy\
-V2 0 -10
1 $ -yz
jrfy j /(jc, y)dx-\- \ dy n f(x,y)dx.
0 0 | " 0

XHCo06ji;fHn2 _ *' y2=4x+ 4 HH3t* ap Shjish HerapajiaHraH ioshh

KB. SHpjl.
4, X -\-y2=1, 2= 0, x+ y-\-z= 4 cnpTjiap 6nJiaH neraole_lriiaHraH
WHCM Xa>KMHHH~ XHCoSjiaHr. H* n dxl 4ei dpadl3HraH
>K: 4rc Ky6. fiHpJi.

2-8. .HeKapT KoopflHHaTajiapHfla y*i yjiioBjiu
HHTerpajiJiapHH XHcoSjiaui

N M-21-/(*.y, Z) =f(P) 4>yHKUHH O CHpT SnjiaH HerapajiaHrsh enHK
cpaaoBHH y coxaaa aHHKJiaHraH B3 y3JiyKCH3 SyjiCHH; Avu Av2,
Avn £2 COX3HH n Ta SyjiaKJiapra SyjiHiu H3TH>K3CHAa xochji 6yjiraH
coxajiapHHHr xawMjiapH 6yjicHH, xap KaficH Av< coxanaAa HXTHepnft

\x‘. VYi. 2,) HyKTahh T3HJI3HMH3 Ba (J)yHKiiHHHHHr P, hyktsasth
KHHM3THHH XHCo6jia6, yilley KynaHTMaHH Ty33MH3:

f(Pi) AVi= f(xi, yi, Zi) AV
KyftHAarH

2f(P) AVi eKH £ f(xityitZi)Avt

tzZ T jlti,” )=nP) w ° <=<« SyftitHa uHretpw. itu-
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f(x, t, z)=f(P) 4>yHKUHHHHHr £ coxs SyftHMa yn ynnoeAU
umwp'cuiu ae6 HHTerpadi hhfh hahhhHr 3JieMeHT3p coxsJisp AH3MeTpjis-
pilHHur 3Hr KaTTacH HOJira hhthjisah AeraH mapTAara jihmhthtb

jiilrHJiaAH:

I\N\f(x, y, z)dv= lim 2 f(xityt z)Avr

JéJ maxdiamAui--0  _i;

\"f(x,y,z)dxdydz
Q

UoKapT KoopAHH3T3Ji3pHAa yn yjiHOBjiH HHTerpsJi

KypHHHiiiAa e3HJiaAH.
10.2.2. Yh yjmoBJiH HHTerpajiHH XHCoSjiam yHTa aHHK HHTerpajiHH

I'KH SHTTa HKKH yjlIHOBJIH Ba 6HTTa aHHK HHTerpajiHH KeTMa-KCT
x,HCo6Jiainra KeJiTHpHJiaAH.

Arap Q coxa, yui6y
a~Lx”"b,
yXx) <y <y 2(*)>
z{{x,y)"z"z2(x.y)

reHrcH3JiHKJiap CHCTeMacH SHJiaH aHHKJiaHraH 6yjica (51-ivakKJi),
xo0jiAa yn yjihobjih HHTerpadi KyftHAarH (})opMyjia SyftHMa xncoojia-

y
ilaAH:
t (x) *2 (X*y)
f (X,y,z)dxdydz= ~dx ~ dy ~ f(x,y,z)dz.
a i/] (at) 7] (x, yt
eKH
22(X.y)
f (X,y,z)dxdydz=~dxdy N f(x,y,z)dx.
*(*y)
Mhcoji. Yuiby ~ zdxdydz HHTerpajiHH XHCoSjiaHr, 6y epAa

a
Q coxa x+ y+ z=1 z=0, y= 0, x= 0 TeKHcjihkjiap 6hji3h
MerapajiaHraH.
E 4 h ui. HHTerpaJiJiaui coxach Q hh 4H3aMH3 (52- makKJi). By coxa

yuuby TeHrcH3JiHKJi3p cncTeMacH opK3JiH aHHKJiaHaAH:



BepHJiraH yn yjmoBjm HHTerpadi nyfinaanma XHCoSjiaHaAH:

\\\?dxdydz = \dx J dy J "zdz= \dx (A \]™)dy

[0} [0}

= -1S (- (i-n)ga= (e e
4 lo/ 24"

2- dapcxona Tonuiupuru
1. yn KappajiH HHTerpadijiapHH XHCoSjiaHr:

1 X Xy
1. ~dx Ndy Mx 3 Zdz.

0 0 0
1
>K:
110
e—1 e—x—1 X+y~N+e
2. Jdx J dy J Inz—x—=y)
o o (x—e) (x+ y—e)
3 \\\xydxdydz ydq y~oBjiH HHTerpajiHH XHCoSjianr. B\, epjxa
rnnepSoJiHK  napadojioHA xaMAa Xx+ u= 4 Ba
— U (z~0) TeKHCjiHKjiap SHJiaH HerapajiaHraH.
)K:

180’
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4. [[[ycos (z+ x) dxdydz yH yjmoBJiH HHTerpajiHH xnco&naHr. By

,'pjia Q coxa y = ~x uhjihhap Ba y= 0, z— 0 xaMAa x+ z 2 Te-

KHCJiHKJiap SnjiaH uerapajiaHraH.

M7. L
16 2'

2- MycraKfUA utu

yq KappadiH HHTerpadiJdiapHH XHCo6jiaHr:

3 2x Vv
1. ~dx ~dy 2 zdz.
o o
81
4
2. yu yjmoBJiH HHTerpajiHH XHCoSjiaHr. By epaa

M coxa I=x\ Xx=y\ z= Xy Ba z= 0 CHpTJiap 6hji3h nerapaJdiaHraH.

3. N(2 x+y)dxdydz— y” yjmoBJiH HHTerpajiHH xncodjiaHr. By epaa

X coxa °y=x, x =1\ = U Ba z=\+x 2+ y2 CHpTJiap dHJian lerapa-
jiaHraH.

K- il-
Y 60’

3- 8. Hkkh yjmoBJiH HHTerpaldifla y3rapyBHHJiapHH
aJIMaiUTHpHUI

10.3.1. Hkkh KappadiH HHTerpaldi \~f(x,y) dxdy Aa y3rapyBHH-
D

jiapHH aJiMauiTHpHiu KyiiHAarH

x=x (u, v), y=y (w, u)
MVHOca6aTJiap epAaMHAa aMajira ouiHpHJiaAH. By epA,a x (u, v) Ba y (u,
V) D coxaAa y3AyKCH3 6hPhhmh TapradJiH xycycnft xpouiaJiapra ara
<Jyhku.hhaapm IOKopHAara MyHoca6aTJdiapAaH U Ba V ysrapyBRHJiapHH
nroHa ycyji 6hji3h

u= u (x, y), v=v (x, y)
KYPHHHiiiAa tohhlu MyMKHH 6yJiCHH. y xcviAa Oxy KO°P~HHa™ P
Shcj.. ™™ D cowHHHr xap 6,p P(x. y) HyKTac,ra »h™ O,u°jyfp»
6ypgaKJiH KooPAHH3T3JiaP CHCTeMacHAarn 6hPoP P(u, V) HyKj.moc
KeA3AH. XaMMa P (u,v) HyKTaJdisp rynjiaMH dnpop eiiHK D coxaHH xochji
KHJiaAH.
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Arap H koouclth,

dx dx
du dv

dy dy
du dv

Owica, y xo/ma hkkh wmoBJiH HHTerpaji yMyH yui6y V3rapyBqH”aDHH
a-'iManmipmu (j)opMy.Ziacn ypHHJIHAHp:

JJ/ (x,y) dxdy=8f (x(u, v),y (U, vV)) li\dudv.

1-MHco.n. yiu6éy hkkh y./moBJiH HHierpajiHH y3rapyBqHJiapHH
ajiMa uitHpHiu ycy./jH/iaH 4>OH/iajiaHH6 XHCoSjiaHr:

\\ (x + y)dxdy,

6y epaa D:y—X 1, y—x-\-2, y = —X—2 Ba Yy = —x+ 3 MH3HMap
OHJian Merapa.aanraH coxa.
E g h uj. OXy TeKHCJiHKAarH..D coxaHH hnh33mh3 (53- lliakJl) Ba

u—y— X,

v y+ X
hhth y3rapyBim,/iap KHpHTaMH3. y XcuiAa Oxy TeKHCJiHKHHHr
y= X I ~a Y= x~{-2 Typpn MH3HK”iapHra O\txv TeKHCJiHKHHHr moc
xojm a «= — 1 ea u= 2 TyFpH HH3HK _jiapH, y = —X—2 Ba
y ~ X-\~3 ryrpH 4H3HKJiapnra sea y==— 2 Ba y= 3 Tyrpn ~H3HK"iap

moc KejiaAH. D coxa aKc/iaHa/iHraH hhth D coxaHH 4h33mh3 (54- mami).
x Ba Y y3rapyBTOJiapHH U Ba V Jiap opKajiH ntyonajia6,

dx dx 1 | 1
du dv | 2 2
1 1
du s J 2 2
H'bHH
392

54 uiaKli

MHTerpajidiaiu coxacn D Kynn/iath TeHrcH3JiHKJiap cncTeMacH
opKaJdiH aHHKJiaHa/iH:

J— 1< u< 2,
{—2<uc< 3

ZlewakK,
2 3
5% (x+ #)dxdy— jvdudv =y ~du ”vdv=
o b -1 -2
=i 1 (iv2l13,)du=i 5 (9-4}du=j-u\"=fF.

10.3.2. Ma'wiyMKH, TyFpn SypnaKJiH X, Y Ba K.yT6 I, ¢ KoopflHHaTa-
jiap y3apo
X = rcoscp,

{y=2 rsincp

wyHocaSaTjiap 6»Jian 6oFj>aHraH. By epaa r~ 0O, 2n.

H kkh yjmoBjiH HHTerpajr*a TyFpw 6yp4aK/iH Koop.HHHaTajiapzi.aH
kvt6 Koop/iHHaTa”apra vthili KyHH”arn cjjopMyjia opnadiH aMa”ira
oumpHJiaiiM:

8f(x.y)dxdy /-sirup) rdrdip.
Y )

)

MuTerpajidiam Merapajiapn O KyTfimiHr Ba3miTnra Sofjihk 6yjiaziH.
a) Arap O KyTO (p= a Bai]=p(a<fJ) nypjiap xaMjia r= r\(y) Ba
r=r2(<f)(r, (q)) < r 2 (tp)) 4H3HK.iap 6nj\au uerapajiaHraH D coxa TauikKa-
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pHCHfla eica,
x,Hco6jiaHaflH:

hkkh yjmoBAH HHTerpaA KyHHAarn cj)opMyjia 6hjjsh

P '2<§
[\Nf(x,y)dxdy=[d<{i ~ /(rcos<p, /-sirup)rdr.
o a rt(<p)
6) Arap O K,yr6 D coxa H~HAa * OHJiamraH 6yjica Ba 6y coxa
nerapacH K,yT6 KoopAHHaraldiap CHereMacHAa r = r((f>) KypHHHiura ara
Syjica, y xo0AAa hkkh yjimobjih HHTerpaA yin6y (IJmpMyjia SyHH”"a

XHCofijiaHaflH:

(Rf (x, y)dxdy= %ckPT\ f (rcos<p, rsintp) rdr.

D (0] (0]
b) Arap 0 Kyx6 9= a Ba (p= p(a<p) Hypjiap SunaH nerapaJdiaHraH
D coxa HerapacHAa eTca, uiy 6ha8h Snpra, nerapaHHHr KyT6

KoopAHHaTajiap CHereMacHAa TeHrjiaMacn r= r((p) KypHHHWAa 6yjica,
hkkh yjiMOBjiH HHTerpaA yui6y <J)opMyjia SyHHHa xncoSjiaHaAH:

y)dxdy= N /(rcos<p, rsintp) rdr.

D a 0

2-mhcoji. ym6y hkkh yjmoBAH HHTerpaAHH x,HCo6jiaHr:

N x 2+ y 2dxdy,

D

6y epaa D coxa x2-\-y2" a 2 AOHpaHHHr 6hphh™ Hoparn.
Emhui. Arap HHTerpajuiaui coxacn D Aonpa eKH yHHHr 6yjiarn
SyAca, Kyn HHTerpaAJdiap Kyr6 KoopAHHaTa-napHAa Ocoh XHCofiAaHaAH.

BH3HHHr xoAAa 0 KyT6 D coxa ~erapacHAa >KOHJiaiuraH (6) xoji). D coxa

KyT6é KoopAHHaTaJdiap cncTeMacHAa ytu6y TeHrcH3AHKJiap CHCTeMacH
opKajiH aHHKAaHaAH (55- Ihbka) :

ileMakK,

Q-\J-x2+ y2dxdy = rxos2p+ rXxin2prdrdg>= ~ rArd(f=

=\~\r2adr= S(|/-3|“)d(P=1S a”="v\I"
0 0 0 0
3-m hCOa. Yui6y HHTerpajiHH xncoSAaHr:

AMn (x2-\-y2 dxdyt
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y
X '2=a
N
Y] a
55- rnaKJi 56- meKli
fiy ePAa D coxa *2+ y2= e2 Ba x2+ y2= e4 AonpaAap opacHAara

x,aAKaA3H HSopaT.
E q h ui. D coxaHH HH3aMH3

1) coxa qerapacH r= e Ba r=
TauiKapHAa eiaAH (a) xcwi). u
HHTerpaAAa K,yT6 KOopAHHaTaAapnra yTaMHS3.

(56-iuaKJi).
e2 KypHHHiura ara.

2n

N\n(x2+y 2dxdy=8§\nr2-rdrd<p= 2&r\nrdrd<i>= 2 J dp Jinrdr.
Hmkh HHTerpaAHH XHCo6jiaftMH3:
u= Inr; du= — dr
r

dv = rdr; v= »~ r2
jjy r2= dr=-~ (edne2— eAne) — N ~rdr —
e e
=+x(2e-S)-y \Ni~i

IUyHAaH khah®,
2 I

8\n(x2+y 2dxdy = 2 \~(3e2-\)dy =\ e 2(?>e2-

+ e2(3e2 _ 1)(p |*“=

ne2 (3e2_1)
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K,yT6 KoopAHHaTaAapHAa
0 Kyr6 MerapaAaH



3- dapcxona Toniuupuru

KyftHAarH hkkh vyjiHOBjiH HHTerpajuiapHH KyT6 KoopAHHaTaJdiap
CHCTeMacHra yra6, XHCoQjiaHr:

SS(~ ~ ™~ dxdy’ 6y eP-aa D coxa X2+ y2™ n 2aonpa;

6) ~ ePAa D coxa y= -\Jj1—x2 Ba y= 0 MH3HK,jiap

Shjihh MerapajiaHraH;

b) § (x2+y dxdy, 6y epAa D coxa X2+ y2= 2ax mhshk, 6hji3h
D

MerapajiaHraH;

@

D CQ™a x2|_ 2
y epfa D coxa x2+y 2=~B a X2+ y2= n2
iJ Alj+y?2 - 9

MH3HMap 6hji3nh HerapajiaHraH.

r) ff sin” h +y_dxdy~”
xdy, (3

>K: a) 2k3; 6) -jnlIn2yb) | na4 r) 3n.

2. Hkkh Yiji'ioBJiH HHTerpajiHH \HCo6jiaHr:

'§ {x+y)xdxdy, 6y epaa D coxa 2x+y=I1, x—y= 2, 2x+ y=2>,
D

X—y— — 1 TyFpH MH3HMap OHJiaH tierapajiaHraH.
>K: 2,5.

3. r= asin2<p, a > 0 mh3hk SHJiaH ~erapadiaHraH wuiaKji ioshhh
XHCofijiaHr.

)K: na2/2 kb. 6hpji.

3- MycraKfUA uiu

1 KyHHAara  HHTerpaJUiapHH K,yT6 KoopAHHaTajiapnra yTHO
X,HCo6jiaHr:

3* SWx2+y2dxdy' 6y epAa D co*ax2+ [02= 283 x2+ y2= 4a24h-
D

3HMap SH.iaH Merapajiam aH;

6) ~ arctg”hdxdy, 6y epiia D coxa x2-\-y2= 1, X2+ y2= 9,

— —*

/= —=*, y= -J3Xx MH3HMap 6HJiaH werapa;iaHraH xaJiKaHHHr 6np
V3

K.HCMH.
>K: a) ' na% 6) Xir?
3 o]

2. Arap Z) coxa jc+ «/=1, X—y =1 x+ y= 3, x—y= — 1 Tyrpn
liH3HKJiap SnjiaH MerapadianraH KBaApaT 6yjica,

N(x + y)3(x—y)2dxdy

HHTerpajiHH XHCo6jiaHr.

*=_f£



11-0 00

3rPH HH3HK.J1H MHTErPAJIJIAP BA
CHPT HHTEfPAJIJIAPM

1-8§. Bhphhmh sa hkkhhmh Typ arpH 4H3HKJIH HHxerpaldiJiap

11.1.1. f(x, y) =f(P) c)yHKUHH AB hcch chjijihk arpH mhshkhhht
6apna HyKTajiapniia aHHKJiaHraH Ba y3JiyKCH3 SyjiCHH; 6y eftHH
y3yHIJiHKliapH Ah, A/2, e, A/, 6yjiraH n ra alieMeHTap eftMaliapra
6yjiaMH3. X,ap KancH i-6yjiaKfla HxraepHH Pi (xt, yt) HyKTaHH TaHJiafi
anh6, (JjyyHKUHHHHHr Pi HyK,TaiiarH k,hhm3thhh moc ajieivreHTap enna
y3yHJiHTHra KynaHTHpaMH3. By KynaHTMaliapHHHr yui6y

2 /(P,)A/,ekh ifixt.y~Al,
i'=l (=1
KypHHHiiiHAarH hhFHHIiiHCH f (x, y) = f (P ) (}))yHKUnH y~yH AB eft By\mna
UHTeapaA uuFundu nevmJiajxn.
By HHxerpaji hhfhhahhhhf ajieMeHTap eH”ajiap y3yHjiHKJiapHHHHTr
3Hr KaTTacH HOlira HHTHJirsHflsrH jihmhth 6GupuH.Hu Typ aepu hu3u>*au
unrezpaA eKH eu y3ynAuzu Byuuna aepu husu”au unrezpaA jiePiiiliaw-

\f(x,y)dl= 1lim 2 f(xhy?9Ah
J mexA/~0t= j
AB

eKH
\f(P)dl = lim ifiPAAI,
n mexA/»0t_j
AB
Arap AB arpn mh3hk (j)a30iia 6epnjiraH 6yjw6, 6y arpH mh3hk
6ynnaby J\yKem f(x, y, z) =f(P) (DyHKUHH SepHliraH 6yjica, y xcuma:
{f(x,y,z)dt— lim 2 f(x, ytz)Ah
N )

mexA™Oj_ j
AB

eKH

"\Nf(P)dI = lim if(PYAI,
n mexAL>0
AB
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IJhphhhh Typ arpH mh3hk,jih HHTerpadi AB eft KaflcH HyHajinuifla yTH-
jiHLUHra 60ofjihk, aiviac, hi>hh

\f(P)dt= \f(P)dl.

AB BA

11.1.2. Bhphhmh Typ arpH mh3hkjih HHTerpajihh XHCo6jiam aHHK
HHTerpaldiHH XHCo6jiauira KeJiTHpHJiaAH:

a) Arap hcch AB arpn hh3hk,

x= x(t), y= y(t),

napaMeTpHK TeHniaMajiap OHJiaH SepHJiraH 6yjica, arpn mh3hkjih
HHTerpadi yluSy (Jjopiwyjia 6yhma XHCofijiaHaAH:

Af(x,y)dl= ~f(x(t),y(t)) -yjx2+ y 2dt.

«J a
AB

AB arpH hh3hk, (})a30Aa x—x(t), y—y(t), z= z(t) (an/"™P)
TeHrjiaMajiap Shjish aHHKJiaHrsH 6y;ica, y xojms

p -
N"(x,y,z)dl= ~M(x(t),y(t),z(t)) -\/x2+ y 2+ z 2dt.
Q
AB

6) Arap AB hcch arpH mh3hk, y=y(x) (a”.x-"~.b) TeHrjiaMa SnJiaH
6epHJiraH Syjica, arpn mh3hkjih HHTerpadi KyftHAarn (})opMyjia SyftHHa
\HCo6jiaHaAH:

6.

AM(x,y)dI="~fo(x,y(x)).-\/1+y /2dx.

v/ a
AB
b) Arap AB hcch arpn hh3hk,” x= x(y) (c~.y”.d) TeHrjiaMa
6HJiaH 6epHJiraH Syjica, arpn mh3hmh HHTerpadi
d _
Jf(x,y)dl= J3/7(x(y),y) -\jl+x,2dy
w C

AB

(Jjopwyjia 6yHHHa XHCo6jiaHaAH.
1-mhcoji. YuiSy arpn hh3hkjih HHTerpajiHH XHCoSjiaHr:

N (x—y)dl,
L

6y epzia L — Typpn 4H3HK,HHHr ~4(0, 0) nan B (4, 3) ra”a 6yjiarH.
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W W e
E mh ui. AB TyFpH mh3hk y = A~x KypHHHiura ara. y'= — hh to- » P STPH > > « ! ” Pa™ a

naMH3. HeivtaK,
\(,x-y)dI= j<*--?2*) my f+ +dx= = e

- ° "’ Arap r
=JL. Lr»14 JL i'UHK  KOHTyp GyHHZa 3lp-
672 10— 2 iIVHallHLUHHH Kypca™ 6
§P{X, y)dx+ Q(x, y)dy

2-mhc oji. ~(2z— ~ x2+y 2)dl HHTerpajiHH XHCobjiaHr, 6y epAa

L . . .
o Kg6h SelirHliaHaAH. “,ouufi  vthlu coaT mhjih xapaKaTwra
I);p;e)l(M:H (cost, y—isint, z—t 0 2n bhht wh3hfhhhht 6hphh4h Arap enHK. KOHTyphh aHlial™ pftHliaAH (SyHAa KOHTyp 6HjiaH
E mh ai. X,0cH./iajiapHH XHCo6jiafIMH3: X = cost — ~sin®
y = sin®—+cost, z— |. ¥ xojiAa
. an
j(2z— x2\-y2)dl= ~(2t— N tZos2z t >\a ) X
/ - w co6jiaiura KeATHpHAaAHN napaMexpHK
- ' a a) Arap hcch AB 3rpn g HK ~aoaMeTP flyilHHHr 6oiujiaHHUIH
(cosn-/sin/)2+(sin; + /cos/)2+ |~ = J (Zt't) M2+ 2dt= TewviaMaldiap (Swish fcpP "'™ 1 B ra Roc |, KniiMaTra'.a ysrapca
. In moc i; Lrerpa, yNBy t>«P»VM
25 hkkhhhh Typ aildn
= 5 tA2 + j2dt=+ .~ (2+7y xhcob.uaHaah: '« ,
J
=J (V(2 + 4jx3— V 2*) = -~ -(V (1+ 2jt2)3-1)- n +0Q (je(0
11.1.3. P(x, vy) Ba Q(x, vVYy) (JjyHKUHfuiap 6npop hcch <chajihk
A 3rp» -X « ). - 2(0 napa"eiP"K
AB 3rpH 4H3HK,HHHr 6apna HyKTajiapHaa aHHMaHraH Ba y3JiyKCH3
6»»M '5ePMraH 6,J,Ca' V X =
ey"CHH; AX,, AX2, ... , AxnBa Ay,, Ay2 ... , AynajieMeHTap eHMajiapHHHTr L
(ii.1.1. OaHA) OXx Ba Oy yMapra npoeKUHHJiapH Svjichh. JP(X, Yy, z)dx+ Q(«, y. 2 )N + NNy’ 7)
YuiSy VB

n
.2 [P(xi,y DAXxi+ Q (x i,y"Ay]
1=

2(i i i-
hhthhah P(X, ¥) Ba Q(X, Y) ()yHKUHajiap ymyH KoopduHaraAap 6uuuna * /2(je(/),i/(0.2(0)z (0 Idi
UHTeepaA uufuhou nemjiam.

By HHTerpaji hhfhhahhhhf maxAx,->-0 Ba maxAy~0 ham jihmhth a3«arM H fI™_oxKP«

HHTerpan

6) Arap accn /!« srP»

AB en ftyHaJiHUiH SyftHHa ukkuh.hu ryp aepu hu3uk,au unreepaA §kh

KoopduHaraAap 6yuuna 3zpu HusuKjAu unreepaA Ms&HJiaw. fopMyJia 6ja«ia XHC06J.a«aM.
\P(x,y)dx+Q (x,y)dy = lim £ P(x> y~"Ax"~"Qix,, yy\yf NPUAC,y)dx+ Q Ny )N =
maxAr.—*0 . , *
mexAy.-*-0 AB

401
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b) Arap accH AB arpn hh3hk x = x(y) TeHrjiaMa SnjiaH Sepn/rra

6yjin6, y ysrapyBMH ftyji SouiJdiaHHiiiH A ra moc ¢ KHHMaiTiaH ftyji oxhD,
B ra moc d KHHMaTraga y3rapca, arpn hh3hkjih HHTerpadi KyHH”arli
tpopMyjia SyHH”a XHCo6;iaHa,ziH:

C d
\P(x, y)dx+Q(x, y)dy — \[P(x(y),y)x'(y) + Q(x(y),y)ldy.

3- mh c oji. YmSy arpn mh3hk,~h HHTerpa®iHH XHCofijiaHr:

~y A x -f- x Ay,
L

6y epaa L KOHTyp x = acost, y= bsint ajMHncHHHr coar mhjih xapanaTH
oyHHMa aftjiaHHS yTH”a”HraH K>K,opH hpmh (57-uiaKJi).

E g h ui. HyjiHHHr SomjiaHHUIH napaMeTpHHHr t a= jx KHHMaTHra
moc A HyKTaaa JKOHJiauiraH; ftyji oxnpn napaMeTpHHHr t g= 0 K.HHMaTH'-j
ra moc B HyKTa”a >KOHJiamraH. I1JyHziaH k,hjih6, KyHHAarnra 3raMH3:

r c 0
JyAdx-\-xdy= \yadx-\-xAy= ~[6Xin”(— asin/) +

L n
AB
0
+ azosZ-bcost]dt=—ab2\sm3dt+ ab\cos3dt=
K J
f f n
= ab2\sm3dt-abyos3xdt=-ab2\(l-cos22)d(cost)-
0 0 0
n
ad [(1 —sin2/)rf(sin/) = — ab2(cost— ~-cos¥) 1"—
(o] 3 lo
—aXdb(sin/— i-s'inH) | "= —ab2(— 1 1+
3 o ' 13 1
+ i)= 4 ab2
57- maKJi
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1 mhcoji. YiiiSy arpn msnKjrn HHTerpadJiHH xHCoSjiaHr:
() 2xdy — 3ydx,
L
fiv (1)Aa L — yqjiapn A(1, 2), B (3, 1), C (2, 5) nykTaJdiapfla 6y;iraH

NNC°SK O H Ty p (yuibyareHr'jiaMajiap CmJiau 6ePHJiraH KecMadiapflan

4y nuiraH:
- *V_i_Jé. — AB hhht reHraaMacH:;
y — 2
y__4x+13 —BC HHHr TeHrjiaMacn;

y—3X— 1— AC HHHr TeHrjiaMacn.

KyftHAarnra araMH3:
4) (2xdy - 3ydx) = $2xdy~ 3ydx +
n AB
+ \2xdy — 3ydx + ~"2xdy — 3ydx.

BC CA

Xap KaficH HHTerpadJiHH XHCo6jiaHMH3:
3

n — 3t/rfjc= S(2c( — — 3'(—
! 1
= x \y X — =T \ 15)dx = -£(x — 15)
i
= — (122— 142 — ~-'26* (—2) = -13 ;

A (2xdy — 3ydx) = $(2x(—4) —3- (—4x+13))dx =

BC 3 s -

2 2

= W-8x+12x-39)dx= "{4x -39)dx= (2x2-39x) \i=

3

==(8 — 78— 18+117) =29 ;

1 r
A {2xdy — 3ydx) = $(2*-3—3(3*— l)dx=] {Sx-9x + 3)dx-

ca 2 ; 2
15
=3J(1-x)dx=3(x+ £x2} |'=3(I'+-]— 2 -2)= -+ o
-
Ulyiaafi kh.:ih6, . - 17 ' [ ]
N>(2xdy — 3ydx)=-~.
L .
.403



1- dapcxoHa rontuupuru

*e  \ HHTerpa™HH x,HCo6jiaHr, 6y epaa L KOHTyp y =~ X — %

TyppH 4H3HKHHHr A (0, — 2) Ba B (4, 0) HyKTajiap opacHAarn KecMacH.
-\/51n2.

2. "y dl HHTerpajiHH XHCofiAaHr, 6y epAa L KOHTyp x = a(t — sin/),
y= a(\—cost) (a>0) UHKAOHA3HHHr Shphhhh apKH. >K: 256g3

3. \xydl HHTerpajiHH XHeoSjiaHr, 6y epAa L - y~apH A(0, 0),!
n i

TypH.°KC4' 2 N HyKTajiaPjia S~raH Typpn TypTSypwaK koh->

4. jxyzdl HHrerpajiHH jyicofinaHr, 6y epaa L Komyp TyFpii

AHBHN HT 2/ (1’ °’ U 83 B i2’ 2' 3) HyKTaJ,ap °Pac«*a™ KecMacH.
5. yxXx2—2xy)dx+(2xy+y23ddy HHTerpajiHH wcofijiaHr, 6y ep~a

L KOHiyp y = x2 napaSonaHHHr >1(1,1) HywajMH B (2, 4) HyKTarana
efiH. >K: 401ii.

6. <])ydx — xdy HHTerpajihh XHCofijiaHr, 6y epA3 L KOHTyp MycSaT
HyHMHUjfla aHJiaHHS yTHAaAHraH x = acost, y = bsint ajuiHnc.

/K: — 2nab.

7. Arap L A (0, 0) Bafi(l, 1) HyKTaJdiapHH TyTaiOTHpyBMH mh3hk:
a).y= x- 6) y= x2; b) y2= xX\r) y= x3
TeHrjiaMajiap 6njiau 6epnjiran 6yjica,

Axydx+ (y-x)dy HHTerpajiHH XHcoSjiaHr.

anN o N W& & -1L.

8. ”"xdx+ ydy-\-(x+ y— \)dz HHTerpaAHH XHCoSjiaHr, 6y epA3
L

L A(\, 1, 1) Ba B(2, 3, 4)HyKTajiapHH TyTaiUTHpyB~H TyrpH mh3hk
KecMacH. >K: 13.

1- MyCTdKfUA uiu
3rpn 4H3HKJ1IH HHTerpajiJdiapHH x,Hco6.naHr:

1- |xdl, 6y epfla L 0(0, 0) Ba A(l, 2) HyKTaJiapHH TyTaiiiTHpyB4H
L

TyfpH HH3HK KeCMaCH. )K:
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2. "x&dl, 6y epAa L x2+ y2= 9 afijiaHaHHHr 6hphhmh KBaApaHTAa
|
riyBMH KHCMH. )K 27.
3. C_A_ 6y epAa L y= x+ 2 ryrpH 4H3HKHHHr A (2, 3) ea

.
L i

li (8, 5) HyKTaldiapHHH TyTauiTHpy bmh KecMacH.

4 \(x+ y)dx+(x-y)dy, 6y epAa | y= x2 napa6oAaHHHr
L
A(_i i) Ba B (1, 1) nyKTa.iap opacHAarn 6yjiarn.

5. "x—y)dx+ (x+ y)dy, 6y epAa L OAB chhhk mhshk 6yjiH6,

L
X V17 136

0(0, 0), >1(2, 0), B (4, 2). >K: -g--
6. 8ydx + 2xdy, 6y epfla L TOMOHJiapw 2x+ 3y=+6,

L
2x —3u=+:Q TyFpH MH3HKAapAa eTyBMH, coaT mhjih x”~apaKaTHra
rocKapH iiyHaAHiiiAa aflAaHH6 yrnjiaAHraH pom6 KOHTypH. )E.: 1™

2-§. Bhphhmh Ba hkkhhmh Typ arpn
HH3HMH HHTerpaJlJiapHHHr TaT6HK.H

11.2.1. Bhphhmh Typ arpw 4h3hkjih HHTerpadiJiap epAaMHAa arpH
4H3HK, eHHHHHT y3yHJIHTHHH, MOAAHH eft MaCC3CHHH, U.HAHHAPHK CHpT
103HHH X,HCo6Aaill MyMKHH.

a) Ndl= 1AB 6y epAa IABAB eft y3yHAHTH (Shphhmh Typ arpn

AB
MH3HMH HHTerpaAHHHT reOMeTpHK Ma-bHOCH);

6) A~ /(X, Y, 2z)dI= m, 6y epAa M — moaahh AB eft Maccacn, f(X,

AB
yt z) —y — 6y eftHHHr MH3HKJIH 3HMAHTH (3TpH MH3HKAH HHTerpaA-
HHHT MexaHHK Ma"bHOCH) i

B) N f(x,y)dl= S, 6y epaa S — HCOBMHAapH Oz yKKa napaAAeA Ba
AB

AB eft HyKTajiapn.uiH \ryB4H, nacTAaH 6y eft 6ha3H, ioKopHAaH

UHJIHHAPHK CHpTHHHT Z— f(x, £) (f(X, i/)> 0) CHpT 6liAaH KeCHUIHUI
mh3hth SiiJiaH, eH tomoH,/iapAah sea A Ba B HyKTaAapAaH Oz
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yKKa napajwieZd ymaH MH3HKAap

6HJiaH HerapaAaHraH wuhahhaphK
CHpTHHHr 103H (59- IliaKA) .

'l
f
chPthhht OXYy tckhcahk b8

z=24}— QPT opacHAara kHCMHHHHr 103HHH x,HCOG6jiaHr.

E m h U. UlakjlHH HH33MH3

1-mhcoji. X2-\-y2—4 uhahhaphk

(60-UiaKA).

59- makli

U hjihhaphk CHpTHHHr H3AaHaeTraH

iosh S yuiéy HHTerpaA 6ha3h
H(})OAaAaHaAH: F

(2 +1i)d,,

6y epAa L Oxy tckhcjihka3Th aHJ73H3:

x2+ u2= 4 z= 0 eKH napa-
MeTPHK UI3KJ1A3: x = 2cos/, i/=

2sin/, 0</<2n. '
y xonAa dl= Njx2+y 2dt=

V'(l -2sin02+ (2cos02dt= 2dt
ZteMan,
n i
5= S(2+ ! '4cosZW/ = 4 \(1+C0S2)dt=
n 7 X
n
4j0 2+ 2'cos2t)dt—4 "M+ -Isin2”™ |q =

= 6-2k=12jx Kkb. 6npji.

Ti.Qirn *22*2, Hkkhi™ Typ 3rpH MH3HKJIH HHTerpaJuiap epAaMHAa
ro3HHII’, ,Kyq HUIHHH, (}J)yHKUHHHH yHHHT MatJlyM TyAHK
AHgxpepeHuna™H SyHHMa Tonnuj MyMKHH.
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a) $rix.vrax + Q(x,y)dy= A, 6y epaa A F= P(x, y)i+ Q(x,
AB
,)7 KyH 6a*apraH hui. 6y Kyi TaWHpMa *»™ AH <! 6'i"""'a
KfiaaH (HKKHH1H Typ 3rPH MH3HKIJIH mmrpaJiHHHr MexaHHK Ma-bHOCH).
6) £&{zick-yd*)=s. «y S -

'™ K 1 KOKTyp 6MaH

*T *T ¢m™ _'tl2 s?0Ty = bwt. O« f < 2,

aJiJiHnc 6miaH lerapa-
jiaHraH uiaKJi k>3nhhh x,HCo6jiaHr.

Emhui.S=y §(xdy —ydx) (})opMyAaAaH 4>o0HAaAaHaMH3.

L

d x = — as'mtdt, dy = bcostdt.

n

jl.eMaK, S =y ~ (acost-bcost— bs'mt(—as'mt))dt=-- ~afe(cos/ +
0

2it
-\-sm2t)dt—~Y 5dt— nab kb. 6npA.
0

iino Aran | D coxaHHHr MerapacH Syjrca Ba P(x, y), Q{x, y)

ypHHJIHAHPp:

6 P(x,y)dx+Q (x,y)dy= \ \ (~ -~ )dxdy'’

«

6y ePAa L KOHTypHH afijiaHHS mhkhui inyHAan TaHAanaAHKH, D coxa Man

TMA ra;rpmH~"ToSaTpHHtopMyAacH maPTAaPH 6a>KapHAca,

KyHHAara TacAHKJrap TeHr KyMAHAnNp.
a) 8Pdx+Qdy = 0, 6ytfaa |

*

D coxaAa >KOHAauiraH HCTaAraH

6)K™Tpi*+.Q<<!/ »»TCrPaJl A M B Ayfam™ | >'B'",
AB -

HHTerpaAAaui ftyAHra Sofahk 3Mac, 6y epAa AB D coxara TerHLiiAH.

TyAHK, AH(})4)ePeHUHa',1H
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r) D coxaHHHr xaMMa HyKTajiapn~a
dx dy

Arap du(x,y) = P(x, y)dx+ Q(x, y)dy 6yjica, u(x, y) c}yHKUHa

X

y
u(x, y) = JP(x,y)dx+ $Q(xQy)dy+ C

X' ©
eKH
u(x,y) = \p{x,yQdx+ \Q(x,y)dy+C \
xn %

<t>opMyjia ep/iaMHfla aHHK/iaHaAH, 6y epAa MO(x0, y0) Ba Mix, YY)
nyK'rajiap D coxara TernituiH, C — HXTiiepHH y3rapMac.

3-mhcoji. TpHH (|>opMyjiacHAaH c()OHAajiaHH6, <MY/ (I — x2)dx +

~"N\-"N-y2)xdy  HHTerpa/iHH XHCoSjiaur, 6y epAa L KOHTyp
* ~Ny afijiaHaAaH n6opaT 6ym6, y MyceaT ftynajiiiuijxa aPu\aMn6
VTHJiaAH.

E 4 hin. TpHH (JiopMyjiacH 6yfinda hkkh vyji40Bj]JH HHTerpajira
VTaMH3:

8y (l -x 2dx+ (l+y*)dy= Jj(l 1+ X 2dxdy =
L D
— §(x2+y 2dxdy ,
D

6y epAa D coxa x -\-y2”. 4 TeHrcH3JiHK 6HJtaH aHHKJiaHaAHraH Aonpa.
MHxerpajiHH XHCoSjiatu y4yH KyT6 KoopAHHaTajrapHra yTaMH3:

8 (x2+y Adxdy=: ™ (rZos3p+ rXinZp)rflfrd(}) =

D o

= Jpdrrfg)= Jdtplr3dr= J -1(r4lg)d<?=

o 0 0 0
n
== — A1 = 8n.
(o]

4- MHCO0,1. y Uley

(i+j)dx+ (j-jr)dy

AH”epeHunali Ht])OAa 6npop (jjyHKUHHHHHr TyjiHK AHcbcbepeHUHaliH
3K3HHHH KypcaTHHr Ba 6y (j)yHKLU4HHH TOITHHT.
E 4 h ui. K,yHHAarn.napra araMH3:

PU.y)==x+1:Q" =1 n
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JIP L = JKL 6HHo6apHH, SepHJiraH HcfioAa xaKHKaTaH xaM 6h-

i)y y2 dx

pop U(X, Y) (jjyHKUHHHHHT TyjlIHK AH”epeHUnaAHAHp.
ZleMaK, M O(xo, yo) Aee Afo(l, 1) hh oah6, KyflHAarHHH TonaMH3:

= (InuUl ) I;+ 2 1Inj+ i) ];=InU] + f- "~ +

4-2 Init/1 4—" — 1+ C= In|x| 4-21n1/]- | + C.

2- dapcxoHd rontuupuFu

1. Xx—cost, y— s'mt aiuiaHa eflHHHHr MaccacHHH aHHManr. yHHHr
(X, Y) HyKTaAarH 4H3HKJIH 3h4jihth Y ra TeHr. >K: 2 Macca 6npji.

2. R paAnycjiH AOHpaBHH wuhjihhap SHJiaH xyAilH wuiyHAafi uhjihhap
ryppH 6yp4aK ocraAa (yKJiapn TyrpH 6yp4ak ocTHAa) KecniuaAH.
KccHMAa xochji fiyjiraH chpt k>3mhh xnco6jiaHr. >K: 8R 2 kb. Snpji.

3. a) X= acost, y—as\n3t acTpoHAa SHJiaH;

6) x — a(t— sin/), Y= a{\ — CcOSt) HHKJioHAaHHHr 6hphhmh apKacH
3a OX ykh SHJiaH 4erapaJdiaHraH maKj] k>3hhh XHCo6;iaHr.

>K: a) 3na2 kb. 6hpa.; 6) 3na2 kb. 6npji.

4. TyjiHK AH({)()epeHiJ,HaJiH SyflHMa u(X, y) (J)YHKUHHHH TortHHr:

a) du= (2x — 3xy2-\-2y)dx+ (2x— 3x2y-\-2y)dy,

6) du= (arcsinx — x \ny)dx— ~arcsiny-\--~Jdy.

5 F = {X2-\-y2jr 1)T4-2xy/Ky4HHHr Y= X2napaSoJdiaHHHr A (0, 0) Ba
6(1, 1) HyKxaJiap opacHAaFH efi+i 6yfiH4a 6a>KapraH huihhh XHCo6jiaHr.

- 196

s @-
> hui. 6np”~.

6. TpHH cijopMyjiacHAaii 4>oflaadianrs, (])2(x2 y2 d x { x y ) 2y
L

HHTerpajiHH XHCoSjianr, 6y epAa L yH/iapw A(\, 1), 6(2, 2), C (1-, 3)
SyAraH y4&yp4an KoHTypH. BaTHJKaHH 6eBOCHTa HHTerpaldiJdJiam 6h-

.naH TeKuiHpHHr. >K: —
2- MyeTatMiA uiu
1 x24-y2= R2 uhjihhaphk CHpriiHHr OXY tckhcjihk Ba z~ Yr
CHpT opaGHFa >KOHJiauiraH khcmhhhht io3hhh XHCo6AaHr. >K: R2 kb.
6hpji. -
2. /= x2 Ba Y= -yYjXx MH3HKJiap 6HJian 4erapaiiaHraH coxaHHitr

103HHH XHCoSjiaHT. >Kr - kb. 6hpji.
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3. BepnJdiraH TyjiHK AH<})4)epeHUHaAH
+ 2y)dx + yd
du- (x y)dx + ydy
(x+yf
6yftHHa u(x, y) 4>YHKUhhhh TonHHTr.
4. F = 2xyl-\-x2) KyMHHHr ,4(0, 0) Ba B (2, 1) HyKTajiapHH TyTaui-
THpyBMH Hyjma 6a>KapraH hlhhhh x,«co6jiaHr. >K: 4 hui 6npJi.
5. TpHH cjjopMyjiacHaaH (jJOHAalJiaHH6, >Sy2X-\-(X-\-y)2IX HHTe-
L
TerpaJiHH XHCoSAaHF, 6y epAa L — yqgjiapH >4(3, 0), B (3, 3), C(0, 3)
HyKTaJdiapaa 6yjiraH yqgypqaK KOHTypn. >K: 18.

3- 8. CnpT HHTerpaldidiapH

11.3.1. ct— SnpopTa chjijink chpt Ba f(X, y, z)=f(M) thymoma a

cHpTfla y3JiyKCH3 SyjicHH; Acti, Act2, ..., AONmWliap o chpthhht sjieMeHTsp
cnpTJiapra SyAHHHiiiH 6yjiu6, yAapHHHr io3JiaPHHH xaM my CHMBQAAap

SnjiaH 6ejirHJiaHJIHK; xap KaftcH SAeMeHTap cnpTfla HxraepHH yh
n

Zi) HyK,T3 T3HA3HMH3 Ba yilisy 2 f(Xi, Y Z} Act,- HHTerpSA HHFHHAHHLI
1=1
Ty33MH3.
SjieMeHTsp  cnpTJispHHHr AHaMeTpHHHHr  3Hr KaTTacH Hcwira
HHTHJiraHAa HHTerpadi hhfhhah HHTHJiaflHraH jihmht 6upuH.Hu ryp cupr
UHTeepaAU (eKH cupr to3u 6yuuna unrezpan) AeiiHASAH:

,(x,y, z)da = lim

2 f{xiyyh zt) Act,
B mexdiamAa™O

eKH

\M)do = lim 2 f(Xi, yb z-)Act,-.
maxdiamAa~O

ChPt HHTerpaJiHHHHr khhm3th ct chPthhht Kaftan tomohh TaHJiaHH-
uinra Sofjihk, 3Mac.

Ahhk, HHTerpaJiHHHr 6apga xoccajiapn 6hphhmh Typ cnpf HHTerpaldi-
jiapn yqyH ypnHJiHAnp. Arap a chpthhht OXYy TeKHcahkk8 npoeKUHHCH

HH3HK, ct chPthh (})3KaT dnrra HyKTaAS Kecca, moc 6hphhmh Typ chPt
HHTerpajiHH xhcoSjisuihh ym6y c|)opMyjia opKajiH hkkh yjiMosjiH
HHTerpaJdiHH XHCoSjiauira KejiTnpnui MyMKHH:

8f{x, y,z)do=8f(x, y,z(x, y)) I+ z'?+z2dxdy ,
a

6y ep~a z= z(X, Y) — « cnpTHHHr TeHMaMacH. PaBiuaHKH, Ad(j= S,

cr
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Gy'epAa S — ct CHpTHHHr K>3H, 8§f(x,y,z)do — M, 6y epAa M

- O CHpTHHHr MaCCaCH, f(X, y, z) = 7 - 0 CHpTHHHr CHpTHH 3HHJ1HTH.
1-mhcoa. 8(x2+y 2do HHTerpajiHH XHeoSjiaHr, 6y ePAa a—

xz+y 2= z2 KOHyc CHpTHHHr z= 0 Ba z= | tckhcahkasp opacHAarH

KH°E mh HI. BepHJiraH q CHpT TeHFAaMacHAaH yHHHr KapaAaeTraH

KHCMH yqyH z = " x2+ y2 KypaMH3. KyftHAarHAapra sraMH3:

HeMaK,

Ax2+yad(r= \\(**+y3 ~\1+ ~ J+ |~ dxdy

[¢] °xy
= N2 §(x2+y2dxdy.
oxy
Hkkh vjimobjih HHTerpaJiHHHr HHTerpaAAam coxacn O0OXyx2+ y < 1

4o0«pd” H y H6opaT (KOHyc chpTHHHr Oxy TeKHCJiHKKa npoeKUHacH) -
Hkkh yjmoBJiH HHTerpaAAa KyT6 KOopAHHaTaJdiapHra yTaMH

2ji 1
N2 §(x2+y 2ddxdy= V2 Jr™drdg>= ~"2 j dcp "rXfep=
oy oy
11.3.2. ct chjijihk cnpTHHHr xap 6np HyKTacHAaH n HopMaji BeKTopH

yTK33HAraH tomohh Myc6aT, SornKa tomohh (arap y M3B>KyA oyAca) sea
MCIHCbuU TOMOH ACHHAaAH.

XycycaH, arap ct chpt enHK 6yACa Ba Q 4>a30HHHr 6npop coxacHHH
gerapaAaca, y xoJiAa chpthhht MycfiaT eKH rauii”u tomohu”Aeo yHHHr
HODM3A BeKTOpJdiap Q COX3A3H ftyH3AraH TOMOHH, M3HCHHH ekH UHKU
TOMOHU Ae6 yHHHr hopmsa BeKTopAapH Q coxara HyHaArsH tomohh
aHTHJiaAH. Myc6aT (TaiHKH) Ba MaH(])HH (hhkh) j OMOHAapH MaB*yA
G6vAraH cnpTAap ukku TOMOHAaMa cuprAap fl.ePm.nam- vyjiap ynyH
KyHHAarn xocca ypHHAHAHp. Arsp n hopmsa BeKTopHHHr scochhh
SyHAaft chpta3 eTyB"H HCTaAraH enHK L KOHTyp 6yHA36 y3AyKCH3
KyHHpHJICa, A3CTA36KH HyKT3T3 K.aHTraHA3 tl HHHr HyHaAHUIH
AacTAa6KH ftyHaAHiu SHAaH enp xha 6_yAaAH.

Bhp TOMOHAaMa CHpTAap yMyH n HopMaA BeKTopHHHr oyHAan
kv~rhluh AacTAaSKH HyKTars KSHTHArsHAS (— n) BeKTOpra cuiho KeAaAH.
MaTiAyM TOMOHH TaHAaHraH O CHpT OpUeHTCmUHACLHeaH AeHHAaAH.
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11.3.3. a+ — 6npop chaahk chpt 6Vjiwe, yHAa « = {cosa, cos(3, cosy)

flyHa/iHiu QHJiaH xapakiop.'iaHyBMH MycSaT tomoh TaHAaHraH SyACHH;
P(x, Y, 2), Q (X, ¥, z), R(x, y,2z) y3AyKCH3 (})yHKUHHJiap SyjiCHH, y x,0AAa
moc hkkhhmh Typ CHpT HHTerpajiH KyfiHAarHMa M(f)OAajiaHaAH:

SSPdydz + Qdzdx + Rdxdy = ~(Pcosa + Qcosp + ”“~cosYJda .

By (}))opMyjia Shphhmh Ba hkkhhmh Typ cnpT HHTerpadiJiapHHH y3apo”®
6ofa3dhah. ChpTHHHr 6ouJK,a o~ TOMOHwra yTHJiraHAa 6y HHierpali!
HUiopaCHHH KapaMa-KapuiHCHra V3rapTnpaAH. Arap a cnpT z=a\

= z(X, y) TeHrjia.wa 6H,iaH ouiKop xojias SepHJiraii Cvvica, y xoAAa n!
hopMaJdi hh Hr flyHajiTHpyBMH KOCHHycjiapn KyHHAaph (])opMyjiajiap 6y-
HHlia aHHKA3H3AH:

cosa=— , cos|3= — cosv =
dmp de 7 Iy ay +\n\

6y epaa \ti\= ~"Jl+ + (“~ ) Ba HUJOPa TaHJiaui cwpT tomohh

SnjiaH MyBoiJ)HK,Jiauirah SyjiHiun KepaK.

Arap a chpt TeHrjiaMacn F(x, y, z) =0 ouiKopMac x,0aa3 6epHAT3H
6yjica, 6y chpt HopMaAH n hhht HyHSArapyBMH KocHHycAapn KyftHAarn
cfmpMyAaAap SyfiHMa aHHKA3H3AH:

cosa= e cosS(3=-"- « cosy = — e
D dx D dy r D dz
6y epAa D = # =™ ¢ (fjJ Ba oaahasth huio-

pahh TaHjiam chpt tomohh 6hash MyBO(})HKJi3iUTHpHJiHUIH KepakK.

Hkkhhmh Typ cwpT HHTerpajiH, luymmrAeK, KoopduHaraAap 6yuuna
cupr uHTeepaAu Ae6 x,aM aTaA3AH.

Hkkhhmh Typ chpt HHTerpaAHHii xhco6a31uhh SeBOCHTa hkkh
yAMOBJTH HHTerpaAHH xnco6Aaiura KeATHpniu MyMKHH.

Arap ochpt z— z(x, y) TeHrjiaMara ara 6yvica, y xoaas hkkhhmh Typ
cnpT HHTerpajiH KyflHAara (})opMyA3 dyfinMa \HCo6jiaHaAH:

y, z)dxdy = # Z™X'y N dxdy >

6y epAa aXJ chpt o hhht Oxy TeKHCAHKKa npoeKUKaCH.
+ -Hiuopajiap cnpiHHHr mkkht3 TypjiH TOMOHAapHra moc KeAaAH;

6ynAa «+ » Hinopa raiuiaHra-H TOMOHAa cosy> 0 6yAraHAa, «—» aca
cosy<0 SyAraHAa oJiHiiaAH.

a chpT y—y (x, z) eKH x= x (y, z) TeHrjiaMaAap SHliaH. SepnjiraH
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\0JiJiapAa KOJiraH HHTerpadiAap x,aM xyAAH ioK.opHAarHAeK xHCo6Aa-

iuiah:

8Q{x, y, z)dzdx— = \\Q(x>y(x<z),z)dzdx ,

a “i!
fiv eDAa Oxz — chpt a hhht Oxz TeKHCAHKKa npoeKUHHCH, «+ » Hiuopa
vaiuiaHraH tomohab cosp>0 SyAraHAa, « - » nuiopa aca
l'ospcO SyAraHAa oahh3Ah;

MM{x,y z)dydz=x% (x(y, z),y, z)dydz ,

o °yz
6v epAa 0,z — cnpT a hhht Oyz TeKHCAHKKa npoeKUHHCH; «+ » Hiuopa
raHJiaHraH TOMOHAa cosa>0 6yAraHAa, « = » Hiuopa aca

cosaCO SyAraHAa ojihh3Ah.
2-mhcoji. Yiuby HHTerpaAHH XHCo6AaHr:

I= ~zdxdy + xdxdz+ ydydz ,

6y epAa ax y+ z= 1 tckhcahkhhht KoopAHHaTa TeKHCAHKAapH
6HAaH KecHiuHiUHAaH XOCHA SyAraH yMfiypMaK; chpthhht TaHAaHraH
TOMOHHAa HopMaAb Oz ym 6ha3h yTKup 6ypMaK TauiKHA aTaAH.

E MH IU UlaKAHH _ MH33MH3 Ba
HHTerpaAA3iu tomohhhh n HopMaAb epA3-
MHA3 TaHAaiUHH KypC3T3MH3 (61- LU3KA) .

2= 1—x+ y CHpT TeHrAaM3CHra ara-

dz dz

, 1, cosy > O, Luy m W ! 6
MH3 17= - XTy \J
HHHT yMyH
-r
cosa == —
= A cos|i= yl:
//
1
COSY- vz m

BepHAraH HHTerpaAHH xhco6a3Ui yMyH
KyHHA3TH cj)OpMyJiaHH X.O0CHJ1 K.HA3MH3:

61- lliaKJl

| N zdxdy + xdxdz -fydydz =
i o

jj+ z-is)d,,=

g((y-X)+ z)da= -8 {y -X+{\-X+y)) VI + 1+ 1dxdy=
v3a v

= N2y —2x-\-\)dxdy, 6y epAa axy a chPt (0ABC) mar Oxy



TeKHCJiHKKa NpPoeKUHHCH (Av4 OC) m Hkkh vyjihobjih HHTerpaAAa nerapi
JiapHH KyHHS WHK3MH3:

I=\\(2y-2x+l)dxdy= ~dx J (2y —2x+ 1)dy=

xy 0 X1
1f* | ° !
=T )(2y~ 2x+ 1)2 dx= \ \((1 — 2jc)2— 1)dx =
o] x—I 0
/0 (i—3 *\r_ i (=
\Y% 8 3 4/ 10 24 ' 24 6"
3- dacpxona ToniuupuFu

le §~\Jx2+ y 2do HHTerpajiHH x,HCo6jiaHr, 6y epAa o chj)
o

9x2+ 9i/2= 16z2 KOHyc chpthhhht z= 0 Ba 2= 3 TeKHCJiHKJia
opacHAarH khcmh. >K:

2. Qxyzdo HHTerpajiHH x,nco6jiaHr, 6y epAa ct chpt x+y-\-z= 1 Te
a '
- m "

KHCJIIHKHHHr SHpHHA~NH OKTaHTfla JKOHJiainraH KHCMH.
- 120 -

3 z= V 4— x2— y2 HPHMC(])ePaHHHr MaccacHHH xnco6jiaHr. yHHHf
xap 6np HyKTacHflarH chpthh 3hhjihth y= x2u2 ra reHr rq6 oJiHHr
128n !
%v. —— Macca OHpiji.

4. Qyzdxdy-f-xzdydz + xydxdz HHTerpajiHH XHeoSjiaHr, 6y ePAa

0] “i
ct — Shphhto oKfaHTAa woHjiamraH xaMAa X2-\-y2= R2 uhahhap Baj
x= 0, y= 0 z— 0, z= R TeKHCJiHKjiapaaH Ty3HJiraH CHpTHHHr TauiKH:

TOMOHH. >K:

5. Qxdydz + z3dxdy HHTerpajiHH xncoSjiaHr, 6y epaa
o - 1 r
cr— x2-\-y2+ z2= 1 c<})epaHHHr TauiKH tomohh.>K:

15

3- MycraKfUA uui

i’ ~~y)do HHTerpajiHH xncoSjiaHr, 6y epaa ,XX—

6x+4«/ + 3z— 12= 0 TeKHCJiHKHHHr Shphhmh OKTaHT.ua eTyBiH
khcmh. 4

2. Qx3% 2o HHTerpajiHH XHCo6jiaHr, 6y epAa 0 z— ~R 2 X2—y2

MpHMC({)epa. >K:
3. NMy-\-2z)dxdy HHTerpajiHH XHCo6jiaHr, 6y epaa o — 6hphhmh

(@)
OKTaHTfla *OHJiaUiraH 6x + 3I/+ 2Z= 6 TeKHCJIHKHHHT roKopHra khcmh.

>K:f.

4, Nzdydz+ (3y —x)dxdz — zdxdy HHTerpajiHH XHCo6jiaHr, 6y ep-

Aacr— z= 0, x2+ y2= 1, z= *2+ y2+ 2 cnpTAap 6HJiaH HerapaJdiaH-
raH >khecm cnpTHHHHr TalUKH tomohh. >K: 5jt-

10- Ha3opar utuu

1. HHTerpaAAaui TapTHfiHHH y3rap™pHHTr:

2 4—s 2 /+
1. \dx ™ f(x, y)dy. 12. N\dy 5 /(X y)dx .
J N
0 4- 2/ o f
3 Vos—r 4 3-i5.2
1.3. \dx 5 f(x>y)dy- 14 A\ f(xy)dy
0 i_y
4 T ,+4
' 4
15 \dy \ f(x, y)dx. 1.6. wa(x,y)dX-
J J 0 2541
° o 2 2y x
4 vV 25-17? 1.8. \dX
17. Jdy J  f(x,y)dx S f(x.y)dy.
0 —x
0 3 f-
T Vv*
4 77—y > vV 25-*2
1.9. \dy \ f(x,y)dx. 110- ) dx n f(x,y)dy.
0 0 0
2 n
1 3-x 2 i/+3
1.11. \dx \ f(x,y)dy. 112- ) dy ) f(x,y)dx.
(0] 2x2 (0] 2/
0 at+ 3 ! 3~zy
1.13. \ dx \ f(x,y)dy. ,14- ) dy Y f{x,y)dx.
2/ ° 2/ .

415



1.15.

1.17.

1.19.

1.21.

1.23.

1.25.

1.27.

1.29.20dx

2. BepnjiraH

A dx N f(x,y)dy.
«lit

4 A25-X*

N dx $ f(x, y)dy .

0 =*x

1 R+

~Adx N f(x,y)dy.

0 -1

4 V25-A2

AN dx n f(x,y)dy.

4 X

~dx N f(x, y)dy .

0 ?

2 2y

~dy A f(x, y)dx .
1 0

2 3— X

~rdx N f(x,y)dy .

6] n

1 i?+i
f(x,y)dy.

0 0

\HCo6jiaHr:
21- y=—,y=4exX,
y= 3,y =4
2.3. yl-2y + xl= 0,

2.5.

y2— 4y + x2= 0,
y= X, x= 0.

y2— 6/+ *2= 0,

HH3HKJiap 6miaH
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1.16.

1.18.

1.20.

L22'

1.24.

1.26.

1.28.

1-3°-

Mera p

2.2.

2.4.

2-6.

4 V 9+/
~dy N f(x,y)dx .
~ o dy n f(x, y)dx.
- V9+y2
4 ~25.17
\ dy \ f(x,y)dx.
\dx ] f(x<y)dy =
0 0
2 f
ANdy N f(x,y)dx
1 0
1 2—y
\dy J /(x, z/)dx.
0 0
i
2
Ndy N f(x, y)dx .
0 u
1 4—1?
~dx  ~ f(x, y)dy .
0 0
aJiaHraH uiaKJiHHHr ic3hhh
Xx= 8-y \
X = — 2y.
X2— 4x+y2= 0,

X2-8x-j-y 2= 0,
n X

2.7.

2.9.

2.11.

2.13.

2.15.

2.17.

2.19.

2.21.

2.23.

2.25.

2.27.

2.29.

27— 665

y2-8y + x2 Q
y2-10y-]-x2= 0,

y=",y= "3*m
y2— 4y + x2= 0,
y2— 6y-t-x2= 0,

y= X, x= 0.
y*-6y + x2= 0,

y 10y +c = 0,
«“= * X= 0.

X2-2 x +y 2= 0,
X2-6 x +y 2= 0,

y= "f%'y= V3x-

X 2— 2_x-f7y2= 0,
x22°8x+ 'y22 o,
v =
y = AT y = V3* e
X2— 2x+ y2= 0,
X2— 4x-j-y2= 0,

n *
y=°'y="n
X2— 2 x y 2= 0,

X2 6x+ y2= 0,

A *
y=°'y=-"
x2-2x + y2= 0,

X — 6x-]-y =0,

y=0, y=x.

y2-6y + x2= 0,
y —8y+ x =0,
y= X, x= 0.

v2_4y + x2= 0,
y —8y-j-x =0,
y= X, x= 0.

y2— 4y.+ x2= 0,
y —8y_+x = 0,
y= -V3x,x=0

y2— 2y+ x2= 0,
y2— 10y + x2= 0,
X A
y=ijj'x= 0"

» 2y ~
*=16.

2.10. x= 5—y2,

212. y= A ~ ?

2
y= — x=9
2.14. y= 33X,y
N= 4
2.16. = —,y — 5ex,
y Xy
y=2 y=5
2.18. y= 32 .x2,
y= — 4x.

2.20. y= 20-x2

== — SX.
222,y =22 . x\
4
y=Xx— —
n 2
224, y= N,y = %,
w— 16.
2.26. y= "y = Te/,
y=2y=7
2.28. x= 27-¥
X = — 6y.
230. y=11- %
y = — 10x
417



3. Chpthh 3hmjihth y Ma"b.nyM 6yjica, SepHJiraH arpn MH3HK,jiap

Shjish MerapajiaHraH D ruiacTHHKaHHHr MaccacHHH TonHHr:

3.1.

3.9.

3.19.

x2'+y2=1, x2+ y2= 4,
Xx= 0, y= 0 (x>0, y > 0),

7 xX2+y 2

X2+ y2= 9, x2+ y2= 16,
x=0,y= 0 (x>0, y>0),
Y= 2(x2+ y2).

x= 2, y= 0,
y2= 2x(y>0),

v =2 8.

y ™2 . R

T —r+ty -

X::1, y=0

y2= 4x (y>0),

y= x+ 3y

x=1, y= 0, y2= x,
(y>0),y = 3x+ 6y2

X = 2, y2= 2x,

y=0(y>0),
77/ .V

T = — + T -

3.2.

3.4.

3.6.

3.14.

3.16.
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x= 1, i/==0,
y2= 4* (y>0),
y= 7x -\-y.

y2= 4x, x = 1,
y= 0 (y>0),

7
Jc+5y.
X2+ y2=1, x2+ y2=16,
x= 0,y=0 (x>0, y>0),
v=_£=+ilL.
( —2°.2
*+*/

X2+ y 2= 4, x2+ y2= 25,
Xx= 0, y= 0 (x~0O, ys™0),
2x— 3y

y= -*2+'1/2

X2+ y 2= 1, x2+ y2= 9,
x= 0, y= 0 (x~0O, y<: 0)
X—u
v=-rrT-
X +</

X2+ y2= 9, x2+ y2= 25,

x= 0, y=0 (x< 0,y< 0),

2u—x

7 =207 -

X2+ y2=4 ,~2+ y2=16,

x=0, y= 0 (x< 0,y>0),
2y — 3x

7=~ 7

X2+ y2= 9, x2+ y2=16,

x =0, y—0 (x< 0, y>0),

2y — 5x

y=-

X2+ y'z*:l, X2+ y2= 16,

x=0, y=0 (x>0, y>0),
X+3</

t==7T / -

X2+ y 2= 1, x2+ y2=4,

x= 0, y= 0 (x~"O, y > 0)
A+ 22/

7=~7+7"

3.21. x= 2, y— 0,
y2= 2x (y>0),
7>?

y=— +y-
3.23. x= 2, y= 0,

y2=\ {y > 0),

7*2
T= -~+8y.

3.25. x=1, y= 0,

y2= 4x (y>0),
Y= 6x+ 3y .

3.27. x= 2, y= 0,
y2= f(y >0),

y= 4x+ 6y2

3.29. x=y >y= ° -

3.22.

3.24.

3.26.

3.28.

3.30.

X2+ y2=1, x2+ y2= 9,

x= 0, Y= 0 (x>0, y< 0),
2x—u

y::/\ 7 '

X2+ y2= 1, x2+ y2= 25

x= 0, Y= 0 (x~0, y™. 0),
X —4u

X2+ y2= 4, x2“+y — 16,

Xx= 0, y= 0 (x~0, y~ 0),
3X—y

7~ J+y2°

X2+ y2= 4, x2+ y2= 9,
x= 0, y= 0 (x”~ 0, y~r0),
u— 4x

4. 3rpH MBHKIIH HHTerpajuiapHH x,HCoBjiaHTr:

4.1.  5(x2+y 2of/, By epaa L — x2+ y2==4x afijiaHa.

L

n Vx —37y)dl, 6y epjxal —

L
HHHr v4(l, 0) Ba 8(0,

X = €c0s3/,y = sin3/acTpoHfla-

HyKjaJdiap opacHAarH eftH.

4.3. Axydl, 6y TOMOHJiapH x =1, x= — 1, y=
L
y = — 1 6yjiraH KBa/ipaT KOHTypH.
4.4. Ny, 6y eptra L — x—t—sin/, y = | —cost UHKjioHflaHHHTr

L
6hphhmh apKH.

4.5, S~xydl, 6y ep”a L — ynjiapn A (2, 0), B(4, 0), C(4, 3), D(2

L

3) AaH H6opaT TyFpn TypT6ypgaK KOHTypn.

4.6. ~ydl, 6y epaa L — y2= 2x napaSonaHHHr x2=

L
KecraH e«H.
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4.7. N6y epAa L — TyppH hh3hkhhht A4, 0), 6(6,1)
L A
HyKTajrap opacHAarn KecMacH.

4.8. N(x2+y 22dl, 6y epaa L — r= 2 aftjlaHaHHHP Shphhmh

L
~oparH.

4.9. N(x-y)dl, 6y epaa L — x2-fy2= 2x aftjiaHa.
L

4.10. ~~Jx2-{-y2dl, By epAa L — x2+ y2= 2x aftjiaHa.
L

4.11. ~xydl, 6y epna L — y>JJiapn 0(0, 0), /1(3, 0), 6(3, 4), D(0, 4) =

L
SyjiraH TyppH TypT6ypMaK Korn-ypn.
4.12. N (x2+y 2dl, 6y epaa L — x2-\-y2= 4 aftjiaHa.
L
4.13. N — dl.... , 6y epaa L — 0(0, 0) Ba 6(2, 2) HyKTaJiapHH
J Vs-X2-1/2
TyTaUJTHpyBMH TyppH MH3HK, KeCJMaCH.
4.14. ~(4 NJx —31y)dl, 6y epAal — >1(— 1,0) Ba 6(0, 1) HyKTa-
L
JiapHH TyTaiHTHpyBMH TyFpH 4H3HK, KeCMaCH.

4.15. \ , 6y epAa L — A(0, 4) Ba 6(4, 0) HyKTajiap opacnAa
ixy
L

>KOHJiauiraH TyFpn mh3hk KecMacw.
4.16. ~— 'y —dIl, 6y epAa L — r= 2(l+coscp), O~cp”-~- Kap-
t V*2+i/2
AHOHAa eftH.
4.17. ~vydl, 6y epAa L — x= cos3t, y= sin3t acTpoHAaHHHr A (1,0)
L
Ba 5(-0, 1) HyKTajiap opacH”arn eHH.

2
Sydl, 6y epAa L — y2= —x napafioJiaHHHr 0(O, 0) Ba
L
A~N G, N HyKTaAap opacHAarn eftH.
4.19. (4 \jx — 3yjy)dl, 6y epAa L — ,4(1,0) Ba 6(0, 1) HyKTajiap
L
opacHAarH TyppH mh3hk KecMacn.
4.20. AMarctg-~-of/, 6y epAa L — r=(l+coscp), O KapAHO-
HAa eHH.
420

4.21. ~xydl, 6y epAa L — ygjiapn 0(0, 0), ,4(5, 0), 6(5, 3), C(0, 3)
L
fivV.nraii TyppH TypT6ypgaK KOHTypH.
4.22. x2-\-y2dl, 6y epAa L — x2+ y2= 2y aftjiaHa.
L

4.23. "(x-\-y)dl, 6y epAa L — r2= cos2cp, — BepHyji-
L
/tf JieMHucKaTacHHHHr eftH.
4.24. ~(x-\-y)dl, 6y epAa L — y~Jiapn o(0, 0), A(—\ 0),
L
6(0,1) 6yjiraH y~ypgaK Korn-ypn.
4.25. ~(x2-\-y2dl, 6y epAa L — r—4 aftjiaHaHHHP Shphhmh noparH.
L
4.26. ~(x-\-y)dl, 6y epAa L — y~Jiapn A(1,0),6(0, 1), 0(0, 0) 6yji-
L
pah y*"6ypMaK KOHTypH.
4.27. ~xydl, 6y epAa L — yHjiapn 0(0, 0), A(4, 0), 6(4, 2), C(0, 2)
L
fiyjiraH TyppH TypT6éypMaK KOHTypn.

4.28. ~ N ~X dl, 6y epAa L — r= 9sin2cp, O”m ~"~arpH hk-
i (x2+y 2 * T 4
3HK, eHH.
4.29. ~"—r=£L = ,6y epAa L — 0(0,0) Bay4(l,2) HyKTaAapHH

1 yx2+y2+ 4
TyT3LUHpYBMH TyppH HH3HK KeCMaCH.
4.30. ~"~"2y dl,byepm L — x= 2(t— sin/),y= 2(l — cost) uhkaoh-
L
A3HHHT apKH.

5. 3rpH MH3HK.AH HHTerpaAHH XHCo6AaHr:

5.1. J (x2— 2xy)dx+ (y2— 2xy)dy, 6y epAa AB — y= x2 napa6o-
AB
AaHHHTr A(—l, 1) AaH 6(1, 1) raHa eHH.

5.2. ~ Xdyd~y~» ; 6y epAa AB — x = 2cos3t, y= 2sin3t acTpon-
AB 3V *5+ V y5
AaHHHr A (2, 0) AaH 6(0, 2) HyKTarawa eftn.
5.3. ™ (x2\-y2dx-\-2xydy ,6y epna AB — y+ x3Ky6HK napa6cuia-
AB
hhht A(O, 0) AaH 6(1, 1) HyKTarana eftH.
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5.4. <$>(x+2y)dx-\-(x—y)dy , 6y epAa L — x= 2cost, t/= 2sin/
L

afljiaHa (afljiaHHS yTHiu Myc6aT).
5.5. §(x2y —x)dx-{- (yx — 2y)dy, 6y epAa L — jc= 3cos/, y= 2s'mt
L

anJiHnc eflH (aftjiaHHS yTHiu Myc6aT).
5.6. ~(xy— 1)dx-\-xdy, 6y epAa L — x= cost, y= 2s\nt 3Ji-
L
jiIHncHHHr >4(1, 0) HyKTaAah 8(0, 2) HyKTaraMa eflH.
5.7. N 2xydx—xaly , 6y epAa OBA — o0(0, 0), B{2, 0), >4(2, 1)
OBA
HyKTaJdiapHH TyTauiTHpyBMH chhhk mh3hk.
5.8. " (x2—y2)dx-\-xydy , 6y epAa AB — A(l, 1),8(3, 4) HyKTa-
AB
JiapHH TyTaiilTHpyBMH TyFpH MH3HK KeCMaCH.
5.9. ”~cosydx —sinxdy, 6y epAa L — AB TyppH mh3hk KecMacn
L
A(2n, —2n), B(—2n; 2n).
5.10. ~ ydx+xdy ' gy ep”~g
| >r+y

ryppH mh3hk KecMacH >4(1, 2),

8(3, 6).
5.11. ”~xydx-\- (y —x)dy , 6y epAa L — Yy = x3 KySHK napaSoJiaHHHr
L
>4(0, 0) HyKTaAaH 8(1, 1) HyKTarana eHH.
5.12. ~(x2-\-y2)d x+ (x-\-y2dy , 6y epAa L — ABC chhhk mh3hk
L
A{\, 2), 8(3, -2), C (3, 5).
5.13. ~yadx+ xadly, 6y epAa L — x—acost, y= bs'mt 3/iAHNcHHHr
L
coaT mhjih 6yflHMa afljiaHH6 yradiraH iokoph apMH.
5.14. ~(xy —y2dx-\-xdy , 6y epAa L- y= 2*/x napa6oAaHHHTr
L
0(0,0) HyKTaAaH 8(1, 2) HyKTaraMa eflH.
5.15. “xdx+ xydy , 6y epAa L — x2-\-y2= 2x aftjiaHaHHHr Korn-yp-
L
hh MycSaT afljiaHHfi MHKKahabth iokophth HpMH.
5.16. ~(x—y)dx-\-dy, 6y epAa L — x2-\-y2= R2 afljiaHaHHHr
L
KOHTypHH MycfiaT flyHajiHLUAa afljisHHS MHKKaHAarn iokophth hpmh.
5.17. %(XZ—y)dX , By epAa L KOHiyp x= 0, y= 0, X=\, Y= 2 TyppH

MH3HKJiap x,ochji KHJiraH Typpn TypT6ypgaK (KOHTypHH afljiaHH6 yTHiu
flyHaJdiHIuh Myc6aT).
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5.18. ~Axsltfydx-"yco&xdy, 6y epAa L — 0(0, 0) Ba 8(3,6)
L
nyKTaJdiapHH TyTauiTHpyBMH Typpn mh3hk KecMacH.
5.19. 8ydx xdy, 6y epAa L — x= 6cos/, y= 4smt sjiAHncHHHTr

KOHTypHH afi/ZiaHH6 mhkhiu flyHaAHIuh MycSaT SyjiraHAarH eflH.
5.20. ~2xydx —xaly, 6y epAa L — Xx=2y2 napaSo/iaHHHr 0(0,0)
L
HykTaAaH A (2, 1) HyKTaraHa eflH.
5.21. ~(X,y X)dx+ —xaly, 6y epAa L — y2= 4x napaSoJdiaHHHr
L
A(0O, 0) HyKTaAaH 8(1, 2) HyKTarawa eflu.
5.22. §(x2+y 2dx+ (x2—y2dy , 6y epAa L — ynjiapn >4(0, 0),

8(1,0), C(0, 1) SyjiraH yqgypwaK KOHTypH (KOHTypHH aflAaHHS hhkhui
HyHaAHUiIH Myc6aT).

X2
S (xy x)dx-\--Ady ,6y epAa L — >480chhhk mh3hk: 0(0, 0),
L

~(1, 2), 8 (—,3) ; KOHTypHH aflAaHHS 4hkhui flyHaJdinuiH Myc6aT.

5.24. ~(xy—y2dx+ xdy, 6y epAa L— 0(0,0) HyKTaAaH >4(1,2)
L
HyKTaraMa Typpw mh3hk KecMacH.
5.25. ~xdy—ydx, 6y epAa L— y=X3 Ky6uK napaScmaHHHr 0(0,0)
L
HyKTaAaH >4(2, 8) HyKTarawa eHH.

5.26. "2xydx—xaly, 6y epAa L — Y = ~ napaboA3HHHr >4(0,0)

HyKTaAaH 8(2, 1) HyKTarawa eHH (6y/iarH).

X2
S(xy x)dx-\-~dy, 6y epAa L — y= 4X2 napaboAaHHHr
L
0(0,0) HyKTaAaH >4(1, 4) HyKTaraMa eflH.
5.28. ~(X-\-y)dx-\- (x —y)dy , 6y epAa L— y—X2 napabojiaHHHTr
L
A(—\ 1) HyKTaAaH 8(1, 1) HyKTaraMa eflH.
5.29. 8xdy —ydx, 6y epAa L — ygjiapn >4(— 1, 0), 8(1, 0), C(0, 1)
HyKTaAapAa 6yAraH ynSypgaK KOHTypn (KOHTypHH afljiaHHS vthuj
flyHajiHUIH MycSaT).

5.30. ~ (x2-\-y)dx-{- (x-\-y2dy , 6y epAa L — ABC chhhk mh3hk:
L
A(2, 0), 8(5, 3), C(5, 0).
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6. BepHJiraH H(])OAajiap u(x, y) (fiyHKUHHHHHr TyjiHK ,UH(})4>epeHUHa-
jih 3KaHJiHrHHH KypcaTHHr. 3rpH hh3hkjih HHTerpaji epAaMH”a Uu(X,y)
(J)yHKU,H5JHH TonHHTr:

6.1. (10xy3+ 12x3+ 6) dx+(\5x2y —5) ydy.
6.2. (y2e*y2\-6x— 8) dx-\- (2xye*y2— 8y) dy.

6.3. (cosx-cosy-f6x+ 3) dx+ (I18y2—sinx-siny) dy.

6'5" 73775 — ) A+ (AZTTA +2y)rfi/ -

66" (jiv -'y *+ {T ~ - X0) de-

6-7- (I~ + 1 + N+ — Ty ®

6.8. (2co0s2xcos3y-~"jdx+ 3sin2xsin3yMjdy .
e -9

6.10. {xye"y-f cos2x+ x2) dx+ ery+ryrdy .

6.12. (x-\-y-smz)dx-\-(\-\-xsmZ-\-xysm2y)dy.

6.13. + N | X ++==dy,
Xy
61a- (e~~~ )d,+ (sin3“- i f ) dv-
6.15. (2xy— L jto + ~ -L vy vy .
b h+T2)d + ™ «y -
6.17. (\ny+ JL—x~dx+(\nx + x+\"dy.
6.18. (2cos2x-cos3(/ — N)dX — (y — 3sin2x-sin3y~dy .

619" ('"~+cos2y)rx+ (y ~xsm2y) dy .

620- {~+\)dx+xf*y = 0-
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.21,

.22.

.23.

.24.

.25.

.26.

.27.

.28.

.29.

.30.

(sinZ — y-sin2x) dXx+ (xsin2y+ cosX + 1) dy .

(£+\ny + 2x~dx+ (\nx+~-\- |rdy .

(Mty Xxlh + (v ™/ +"> -

y A oA )y dx+ (07~ fHji) de

(x-v i?2 )dx+(-7T7-1)d"-
(ycosxy-j~2x — 3y) dx-j- (xcosxy — 3x-\-Ay) dy .
(5t/-]-cosx-]-6xy2 dx-}- (5x + 6x2/) dy .
(y — sinx) dx-\- (x —2ycosy2 dy .



12-6 0 6

BEKTOP AHAJ1H3H

1-§. CKajiHp MafiAOH. CaTX. mi3HK,JiapH Ba cwpTJiapn.
flyttajiHui 6ynHMa xocmia. rpaflHeHT. BeKTOp MafiAOH.
BeKTOP MH3HK.Jiap

12.1.1. Arap <})a30AarH 6npop D coxaHHHr xap 6np M = M(x, v,
HyKTacHAa u= u (M )=f(x, vy, z) CKajiup “hkuhh SepHJiraH 6yjica,
y xcuiAa 6y coxaAa CKaAnp MaudoH SepuAsciH AeHHJiaAH. u= f(x, vy, z)
ch)yhku.hh Maudon (pyntmuncu AeHHJiaAH.

Arap D coxa TeKHCJiHKKa Ternlhjih 6yjica, cKajinp MaftAOH hccu
MaudoH ACHHA3AH.

CKa/mp MaflAOHHHHr u(x, y, z)— C (C — y3rapMac coh) TeHrjiaMa

OHJI3H 3HHKA3HT3 H KHCMH OOLTX, CUpTU AeHHJiaAH. u(x, y) = C TeHrjiaMa
HCCH CK3AHp MaHAOHHHHr CaT% HU3UFUHU 3HHK.A3HAH.

Arap /= cosaei+ cosp/+ cosyfe— 6npop | HyHajiHuiAara Shpjihk
BeKTop Syjica, y xojiAa CKajinp MaftAOHHHHr AHtfxJjepeHLiHajuiaHyBMH
u=f(x, vy, z) ()yHKUHHCHHHHr 7/ flyHaAHUi 6yftHMa xocHAacH KyHHAarn

*L= "osa + 4“<osp+ 4“cosY
dl dx ' ody ' dz

4>o0pMyjia 6hji3h aHHKJiaHaAH.
CKajisip MaftAOH 4>yHKUHHCH u= f(x, y) Syjica, y xojiAa

du du . du
— -cosa + ’\-cosfal .
dl dx dy

6y epAa /= cosa <«+ cos|3 «j, P=" —a m

u= f(x, y, z) CKaAnp MaftAOHHHHr rpaAHeHTH Ae6, KyHHAara

u~.du-~.du-r

\ du.
grad«: AJx' i+ -g; /+ &«

BeKTopra aHTHJiaAH.

u= f(x,vy, z) (})yHKUHHHHHr SepHJiraH HyKTaAsrw rpaAHeHTH 6HJiaH
6y HyK.T3Aarn flyHajiHiu 6yftHHa xocHJia opacHAa KyfiHAarn MyHocsSaT
OHJI3H H(})0AaJI3HYBMH SoFJiaHHIU M3B>KyA:
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rp 3AHeHT K,yHHA3TH xoccaldiapra ara:

a) grad(ui+ \/\/2) =gradui + gradu2;

6) gradC«=

Cgrad« (C = const);
b) grad(ui -U2 =uigrad«2+ «Z2gradui.

1-MHCOJ1. U= XyZ3 ()yHKU.HH Ba M (3, 2, 1),
SepHJiraH. By (JjyHKUHHHHHr M HyKTaAara MN

SyHHMa XOCHAaCHHH TonHHTr.
Emh hi. «(})yHKUHHHHHIrM (3, 2, 1) HyKTaAara xycycnft xocHJiaJdiapH:

=yVIM 22.13= 4;

dx Im
|

dy Im

oz Im

=2Xyz3\m=2-3'2'13=12 ;

I = 3XxyZ2\m=3-3-22-12=36 .

N

(5, 4, 2) HyKTa
BeKTop

fiyHaJiHUiH

MN BeKTOp 6HJiaH ftyHaJIHLUH 6np XHJI 6yjIT3H 1finpjlHK BeKTop

ra TeHr, 6y epAa

~MN=(5—3)7+ (4—2)7+ (2— 1) fe= 2T+27+"

-J JAN
~ \HMN\

V] = AR 2 2+ 12= 3. XleMaK,

UlyHAafl

khjih6,

2-mhcoa.

U cj)yHKUHS rpaAHeHTH ftyHaAHUiHAarH xocHAacHHH TonHHTr.

E hnin.

-7 2r. 2-r. 1T
, = 1L+ 1 i+ T fe'

Il = 4-1+12-1+36-] =1

u= \n(x2+ y2) (})yhkuhhhhht ™M

(3, 4

By epAa / BeKTop cjiyHKUHHHHHr M (3, 4)

rpaAHeHTH 6ma3H 6hp xha flyHaAraH, inyHHHr y~y

M(3, 4)

AeMakK,

HyKT3A3TH XyCyCHH XOCHAS3A3p:

du
dx

I'm

2x 1 ~e_. du | 2y

X2+ if IM 25’ IM jc2 2

grad«U=-"-7+-"-/.

H

|
| Af

25

HyK, T3A3rH

HyKTaAara

|gradu].



UiyHAafl k,hJihG,

du 10
~dI 25
12.1.2. Arap cJa30AarH D cox,aHHHr x,ap 6np Af (X, Y, Z) HyKTacHAa
a(M) ={P, Q, 7?}BeKTop (6y epaa P = P(X, Yy, z), Q= Q(x,¥,z),R = R{x,
y? z) — CKaldiap cJ)yHKii,HHJiap) aHHMaHraH 6yjica, y x,0AAa D cox,aAa

eeKTop Maudoh 6epuAeaH AeftHJiaAH.

BeKTop MaflAOHHHHr eeKTop hu3ufu jxe6 tuyHAaft 4H3HKK3 aHTHAaAH-
kh, yHHHr x,ap 6np HyKTacHAa ypHHMaHHHr ftyHaJiHiiiH uiy HyKTara moc
KejiraH a(M) BeKTophaHr ftyHajiwuH 6wiaH 6up xha 6yjiaAH.

CnpT SyjrarHHHHr HyKTajiapH opKaAH yryB~H x,aMMa BeKTop
4H3HK,jrap TynjiaMH eeKTop HaunaAapu AeHHAaAH.

BeKTop MH3HK,jiapH yui6y AH({)4>epeHUHaA TeHrjiaMaJiap CHcreMacH-
AaH aHHKJiaHaflH:

dx dy dz_
P(x,y, 2) Q(X, vy, 2) R(x,y, z)

KoopAHHaTajiapH BaKTra 6ofjjhk, 6yjiMaraH MaftAOH (cKa/iHp eKH
BeKTop) cratifUOHap eKH bapi®apop Maudon AeftHJiaAH.

3-mhcoji. a= —yl+xj+bk BeKTop MaHAOHHHHr M (1, 0, 0) HyKTa-
AaH yTaAHraH BeKTop hh3hfhhh TonwHr.
Eihui. P(X,V,2)= —Vy, Q(X, Y, z) =X, R(X, y,z)=b 3Kahahthhh
XHeoSra ojihS, BeKTop MH3HK.napHHHr yui6y
dx dy dz
_y X

AH”epeHUHaA TeHrjiaMaJdiap CHCteMacHHH x,0cha kha3MHS3.
YjiapHH e4aMH3:

d
X dy ( xdx + ydy — 0,
dz dy .
d ,»dz
Y h~ A,
X
\x2+ y2= ClI
Jdz__ dy
eKH napaMeTpHK rnakKAAa:
X = Cicos/, 'x= Cjcos/,
= Cisin/
y tsin. y= Csin/,
~2 Cxcosidt
b CjCosn z= bt-\-C2

428

BeKTop Mahaohh AHBepreHUHHCHHHHr acocHH xoccaldiapn:

a) div(a+ 6) = diva+ div6;
6) divc= 0, arap C— y3rapMac BeKTop 6yjica;
b) div/a= /divad4-agradf,

6y epaa f— f(x, y, z) — CKadiap (J)yHKU,HH.
12.2.2. Chpt opKaAH okh6 yraAnraH okhmhh XHCoSjiamra MHCOJiJiap
Kypamh3.

I-MHCOJi. a= xi— 2yj-\-zk BeKTop MaHAOHHHHr x-(-2i/+ 3z—
— 6= 0 TeKHCJIHKHHHT SHpHHMH OKTaHTAa >KOHJiaLUraH JOKOpH K.HCMH
CyHHMa OKHMHHH XHCoSjiaHT.

E m HUJ. TeKHCJIIHKHHHr HOpM3J! fiHpjIHK BeKTOpH te =

= 1.., — —5=r)6yjiaflH. a BeKTo okhmhhh KyfiHAarn (JiopMyjia
SV14 Vi1 V142]yJ P Y (JiopMy]

6yflIHHa \HCo6AafiMH3:
n= (|x"a-«adfa=—j= 8§ (x—4y+ 3z)da .

a
By epaa

z=~(6 —x—2y),da= + (— i-3+ (— | J dxdy= dxdy .

| UlyHAafl khah®,

f H= ~"(x —4y+ 6—x—2y)dxdy=" (6 —6y)dxdy =
D
6-2y
~"\dy ~ (1—y)dx=2 "1 —vy) (6 —2y)dy = 2 (6 —8y+ 2y2dy=
: 0 0 0 0
H 3

= 4 J(y2—4y+ 3)dy= 4 (jyi—2y2+3y” |®=

= 4C -— 18+ 9)= 0.
TH \ 6 /

2-mhcoji. a= xz2-\-yx2]-\-zy2& BeKTop MaflAOHHHHr x2+ vy 2+
-Z2= a2 uiap cnpTH 6yftHMa yHHHr TauiKH TOMOHHra okhmhhh
x TicofijiaHr.

E mh ui. CnpT enHK 6y”~iraHH y~yH a BeKTop MaftAOHHHHr uiap chpth
“HHMa TaiuKH TOMOHHra okhmh Il hh OcTporpaACKHH — Taycc
ipMy/iacH SyftHwa TonaMH3:

M(\, n=("xi)a-n°do= Q[divadxdydz= "\ (z2-\-x2-\-y3dxdydz .
2. a Q Q

. j_ h yjmoBAH HHTerpaAHH XHCo6Aaui ynyH KyftHAarn (J)opMyAaAap
'MHAa ct})epHK KoopAHHaTaAapra yTaMH3:
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;X = /-sinOcos(p, *= rsin0O sintp, z= rcosO0,
dxdydz = rZinQdrd<pdQ,

O<r<a,
o~r(ph2jt,
O<0<n.

y Xx,0JiAa

n = SSS r"mQdrd(f>dQ= Ir4r fsinodo \d<p=~1}
a 0 0 0 5

2- dapcxoHa ToniuupuFu

* B 3z)/+ (X-\-2y-\-2)j (4x-\-y)k BeKTop MaiiAOHHHHTr
X~ry-rZ=2 TeKHCjiHKHHHr 6hphhmh OKTaHTAa eTraH IOKopu khcmh
6yHHHa okhmhhh x,HCo6jiaHr. }K: —

— 3

2. a= 8xi-\-1lyj-\- \7zk BeKT-op MaiiAOHHHHr X-\-2y-\-3z=\ Te-
khcjihkhhht 6hphhmh OKTaHTAa >KOHJiauiraH khcmh 6yfima okhmhhh
XHCoe”aHr. HopMajj Oz yKH SnjiaH yTKHp 6ypuaK xochji KHJiaAH. )K: 1.

3.a=(xy + z)i-\- (yZ+ X2~-\- (zx+y )k BeKTop MaftAOHHHHr7w(1 3
— 5) H~KTaaarH AHBepreHUHHCHHH_*HCo6jiaHr. >K; — 1.

4. a= (x y)i-\- (Xx-\-y)j-\-zZX BeKTop MaiiAOHHHHr x2-)-y2= 1,

Ba 2==2 cnpTJiap Snjia’H MerapajiaHraH uhjihhaphk *hcm chpth
oyHHMa TauiKH HopMaji ftyHajiHUiHAa okhmhhh *Hco6jiaHr. >K: — 4n.

2- MycraKfUA uui

1. BeKTop_MaOAOHHHHr AHBepreHUHHCHHH TonHHr.

a) azzxyA-\-xJ-\-zX, M( 1L — 1,3) HyKTaaa;

6) grad u, 6y epaa u= \n(x2+ u2-\-z2);

b) grad -yX2\-y2+z2.

2. BeKTO]3 MaftAOHHHHr n okhmhhh XHCoSjiaHr:

a) a= Xi-\-3yj-\-2zk HHHr X-"y-~zZ— 1 TeKHCjiHKHHHr 6hphhmh
OKTaHTAa eTraH hdkophth khcmh SyflnMa;

6) a—3x1l—yj—zk HHHr 9—z=x2+ y2 x= 0, y= 0, z= 0 Te-
KHCJiHKjiap SHjiaH MerapajiaHraH Snpop jkhcm Qyvmna TauiKH HopMayji
iiyHajiHUiIHAa;

b) a— 2Xxi-{-zk HHHr z = 3x2-\-2y2, x2-\-y2= 4, z= 0 CHpTJiap fiyHHMa
MerapajiaHraH cnpTra TauiKH HopMaji SyftHMa.

>K: a 1, 6 b) 20.
) ) o )

3- 8. BeKTop MaflAOHHflarH hh3hk,jih HHTerpadi.
U,HpKyJIHUHH. BeKTop MafiAOH pOTOpH.
C tokc TeopeMacH. UnpKyjmUHHHH x,HCo6jiaiu.

Z=ip O R\ BeKTopHHHr L arpn mh3hk 6ym”~a hu3uiau unrespaAU
Aeb6 6y L arpn mh3hk 6yftHMa BeKTop MaftAOH 6a>KapraH hluhh
aHHKJioBMH yui6y arpn to3hkjih HHTerpadira aftTHJiaAH:

~Pdx+ Qdy+ Rdz=\a-dr .
L 1
Arap L KOHTyp enHK 6yjica, mh3hkjih HHTerpaldi a BeKTop Mafl-

noHHHHr 6y KOHTyp 6yflHlia i“upKyAfmuRCu AenHJiaAH.
EnHK arpn HH3HK L 4>a30Aa finpop 0 chpthh MerapaJdiaraH OyjiHO, 6y
CHDTAa a=\P Q W BeKTop SepHlJiraH SyjiCHH, y XOJiAa UHpKyjiHUHH Ba

CHpT HHTerpalJiHHH 6ofjioblih yuiéy Ctokc (popM.yAa.cu ypHHJiHAHp.

APdx+Qdy+Rdz = ) cosa
+ ) cosfi+ noyesrn) '
By epia ? = (cosa, cos]) cosvl- '6yH/,S'*a"up't>in"" wy

o0J"eKHCA”MTSraH k 6 "6y
a= {P, Q, R) BeKT°P wanAPHHHHr poropu e~ y h

roia = 7 + +
i i m Kk
d- d
dx dy dz
P Q R

BeKZ ? o p tTa «ra Ctokc <t,op»y,acl, Kyta*,™ « » -

("Hdr= ~ n mrotoJd'J

BeKTop aaii;i.ili» poropjiHiiHrm6at3H xoccaJiapit:

vJ z) “ a"

(JjyHKUHH.
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<}>a30HHHr HXTHeDHfi V/{v u

ZleMaK,
‘co\v= 2wxi-\-2wyj-\-wzk = 2w.

,J 'ls , C BeKTop MaH/IOHHHHHT L- y2-L /2_ A

a) UHpKyjTHUHH Ta-bpH(})HAaH 4)OHAajiaHHS6;
E q HIWKCitiiu M~JlaCH faH 4>OHaajiaHH6 x,HcobjiaHr.

SfHMHUIHHH M Kr v 6V r a!lar, P*M "™-"-r 6"fmK BeKT°P »“= *
(62- uiajui). HJiaHHiu HyHajiHUIHHH KypcaTaMH3

a) AHjianaHHHr napaMerpHK TeHMaMaJiapH:

* = 2cos/, i/= 2sin/, 2= 3, 0</ < 2n.

HsjiaHaerraH C Uhpkyjihuhhhh ra-b p ~H 4>ofiAa.naHH6 xonaMHs:

C 2n
C= tyydx+ xady—zdz= J[2sin/(— 2sin/d/) +
n o
n
-f-4cos t-2costdt— 3-0]= 8 JcosHdt-
0
D 21
— 4 jsin2W/= 8 J (I —sin2) d (sin/) —
0 0
P
—2 3 (1 —cos2t)dt= 8 (sin/— -sin¥) &
o 3 0

- 2(t-xsin2t)\2F -4n.
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Te3J1HK BeKTop MaHAOHHHIIHI

6) UlapTra Kypa: rota= (2*~ 1)J.Cr<*(t>op»ryJiacHra K$pa:

c= ttrotd -n"<to= g (2» - 1l)dxdy= ~<2rcos<p- 1) rdrd<f=

a 3y >y
2 2 x /1 i ,\12j
= ~(2rcoscp— I)rdr= } (Ifrcoscp 2y /710"
0 0 0

= J(jcos<p-2)d<p = (]sing)-2cp) |8'= -4n

(Hkkh HHxerpaAHH XHCo6.nawAa kYt6 KoopAHHaxa.apHra

yTHJIAH.)

3- dapcxona ronmupuFu

1. a= Xyzr+(x+ y+ z)i+ (X2+ y2+ z2kBe*"ToP MAoHH~rM (\»

— 1, 2) HyKTaAarH poxopHHH TonHHr. >K: rota— —6i 6] k*

9 a-uT-2z7+xU BeKTop MaHAOHHHHr 6hP naldUiadiH 2x -y +

”Z rnnepemoHAHH y= * xeKHOIHK KecnuiHAaH xocha 6y./iraH
™ T HaTH>KaHH OOKC *op,y-

eE-* ~ 7 7 j A~KTAMaftfloKHHHr , _ + ¢
nH; TelcAHK L a « KecHUHLU KOHTypH eyHHHa n' -z opxra
HHcSaxaH Myc6ax aH.™ 6 yxHUiAarn unpKyAHUHHCHHH W co6”aHr.

>SK:q2f _ _ vr+2/ + ~ BeKxop MaHAOHHHHr x2+ y2- z 2= 0 KonycHHHr
z = I 6h,Th KecHU.HU, .H3HFH L eyn”~a = * opxra hhec-
6axaH Myc6ax 3HA3HH6 yxHiiiAarH unpKyAHUHHCHHH *nco6.naHr. >K- n.

3- MycraK,uA uui

o= BeKxop MaHAOHHHHr X2-\Y + z =4~c(J)epaHHHTr
JNTN = Z KOHyc 6HA3H KecHUIHUJ HH3HFH L 6ynma n -K opxra
HHC63X3H Myc63X 3HA3HH6 yXHWAaFH UHpKyA.UHHCHHAWC"am -
2. a= uzt+2xzj+y2k Bekxop MaHAOHHHHr zZ— 2b
2 1/72__16 UHAHHAP 6hA3H KeCHUIHOI MH3HFH
r«<a ™ PaS op"" ™c6llTa" Myc6aT “S"3™ ™ 3 ajJla""6
yTHUiflarn tt,pKy™ ™ »cj.»J / + /2- 1 AW/ .HY P’

A3TH UHpKyAHUHHCHHH X,HCo6AaHr.
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4-8. lloTeHUHaji MafiAOH.
.noTeHMHaji MaflflOHflarH hh3«m h HHTerpaJdi. Il mhcoji. 5= {2xy+ z, x2-2y, *} BeKTopHHHr MaftAOHH noreHUH-
aMHJIibTOH Ba Jlanjiac onepaTopjiapa .11, .neKHH cojieHOH/uiH 3MacjTHrHHH KypcaTHHr. BepHJiraH MaHAOHHHHTr
norcHHUaJiH U hh TonHHr.
li it h 1u. K,yftHAarHra araMH3:

HyKTa'™ a S i/ T 0T ° cwac""»“1 «P <S,p
nonwunA era yjopMucus MaOdon m Sm m taMenoovoon P= 2xy+ z, Q= x2-2y, R= X, myHHHr yqyH:
«ai™ ™ t'~rpare™ ""x,czZ" tz™ ™ “= 9' CKal,"P K i 7 *
noTeHUHajifl[Hp. a Maft/ZioH Q coxxna 3H BeKTop MaHAOH x;ap aohm'] ! i d d d
Mapxa y3JiyKCH3 AH”epeHUHajuiaHyB~AM-TU”Mu 6\mmH yiyH ™ 1 rota= _a _9_ - — “dx o dz
M3B>KyA SyjiHUIH 3apyp Ba eranlL Z) CKaJWPJi>yHKUHfl ! % d é;z
SyjiHuiH KepaK. « = «(/ , ”~ J yHHHr yllyH a= grad« i P 9 R 2xy “Fz X 2y
KH
(eKH 1 x)k = 0, HbHH a —

yme6y cjiopMyJiaS A~ h " h"hp: MaHA®H y4yH nOTeHIWajiHH TonmiiHHHr | a BeKTop aeBepreHUHHCHHH TonaMna:
div3d_4f+ ~ +*\dR-S»-2+O’\O.

dx ' du ' dz

u(x,y, z) .=, ~ Pix.i/, z)dx+Q (x,y, Z2)dy~\-R(x,y, z)dz-\-C
‘ 1o r>HHO6apHH, a — ccwieHOHAJIH MaftAOH 3Mac. BepHJiraH

MM
noTeHUHaJiH U HH KyftHAarn (J)opMyjiaAaH aHHKJiaHMna:

a MaftAOH

6y ep/ia AiO(x0, I/ ,:i) — o CO*3HHHr CwpopTa TailHH HVKTaru if,
u(x,y,z)= ~ Pdx+ Qdy+ Rdz+ C,

" RvCr “ Hr "XT"Sp"a "~ Tac»- C - hx™Ip,8 “"rap"ac”

MOM
Zan p'=
MH3HKJIH HHTerpali gouifaHFHM Mo (xo, YO, ZO) Ba oxhpfh M (x, Yy, z)
nyKTara Sofjihk. Ahhk HHTerpaAra yTH6 TonaMHS3:

5 PdxJrQ dy-*rRdz= u{B)— u(A) 4 "
‘AB ' I u(x, y,z) — \p(x,y,z)dx+ ~Q{xo, y, z)dy+ ~Rixo, yo, z)dz+ C.
x0 yo 20

S” w»roxr »XHp™
HyKta cn~aTHAa KoopAHHaTaJdiap 6ou:h

MasKyp xojiAa Mo(xo, YO, zo)
0(0, 0, 0) HH OJIHLU MyMKHH. UlyHAaH KHJ1HO,

s B »M™Mpp i"ro "6 s rr a™m ,s A~ pAyCTM? di™ =»
AefiHJiaAH. divrota= 0 6 v S v | s eKHA"QI/MCMOH ~a«dOH
potop Mai4 ,,, c ieBdo2r,"a\Nror6s ; raH a BeKrop u{x,y,z)= \ (2xy + 2)dx+(x2 2y)dy + xdz+ C=
oM
wm noTeHUHajlHxaM”~c™ ?h°oto» Mjica’'j S 1q c¢"P Bal™ " r S3"113
= \(2xy+ z)dx+ U —2y)dy+ Yodz+ C= (x&+ xz) 10—

HyKTacH”a diva= 0 rota= 0 6wica h CO0* a,HHHr *aP K3hch =

ANaSHHTITNn'~?2"38 0 0 0

eapMouu, uaUOon rap U
-y ANI+C = x¥+ xz-y2+C

j?U <2«

<2V a*2 -
2-mhc oji. a= {yz-xy, xz-"+y*, Xxy+ yZ} MaftAOH noxen-

uwaji eKH noxeHUHaji 3MacJJHrHHH xeKuiHpHHr, yHHHr noxeHUHaJiHHH

4tyHKUHH - CapMOHUK  (pyHKU,UH roiow /111, 1 1) Ba 8 (2, -2,3) HyKTa.apKH TyramTHpyBiH

AeHHJiaAH.
HH3HK SyftHMa MOC 4H3HKJ1H HHTerpajiHH X,HCOOJiaHr.
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E h h ui. BepHJiHLUHra Kypa:

P—yz xy, Q= Xz— ~-+yz\ R= Xy+ y2Z

UiyHHHT y4yH

i k
d d
rota = dx dy dz
YZ— Xy XzZ—~ + yz2 Xy+ yZ

— (x+ 2yz—x—2yz)i+ (y-y)J-j- (z—Xx— Z-\-x)/i=0

AeMaK, a — noTeHUHaji MafiAOH, 6HHoBapHH, yHHHr noTeHUHaAH
MaBWyA. <hh anAHHrn MHcan/tarnra yxiuaiu TonaMH3:

r $ z
u(x,y, z)= Yyz—xy)dx+ \yzdy+ jjodz+ C=

“ (pz-4 L) I» v i;+¢c -~ -4 L+-1Ti+c-

LUyHAafi khahB6,

u(x, vy, z) =xyz- X2y , if2z2

noTeHUHaji MafiAOHAa mhshkjih HHTerpaA A Ba B HyKTajiapHH
TyTaLUTHpyBMH fty/ira Sofahk SyAMaiiAH, myHHHr y~yH yHH

N Pdx-\~Qdy -j-Rdz = u(B) — u(A)
AB

cf>opMyAa SyfiHMa xhco6a3hmh3:

ASB(yz-xy)dx+(xz—" + yzAdy+(xy + yz)dz=
= u(B)-u(A) = (2.(-2).3~~"=2L+ tz~r "

-(>e'm>- 4 L+ ¥)-<>-

12.4.2. BeKTop aHaAH3HHHr acocHH TyujyHHa./iaPH

(rna/THPHT
AHBepreHUHH, PotoP)hh raMUAoroH oneparopu Ae6 araSyB~" ? '
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v = NN+ JLj+4-KkK
\Y dx dy dz

A~repeHUHaA onepaxop (chmbohhk V eeKTop

«Ha6Aa» Ae6 yKHAyBUH) epAaMHAa

BeKTopHHHr cKa/inp Ba
BeKTopHH cKaAHpra KynaHTHpHi

N~ N0 J hhS,

du. -
grada= i-j"+! dy dz Vi,
. — dP i d , dR_\7 .a
d’,va:—jr+—’\Q+— ~ v a,
I j «
d d d .
rota= = VXi
~dx dy dz
P Q R

KenxHDH6 vxHAran aMajmap 6upumu rapmQAU ducpipepeH”uadi

r, TaTapStTrrB ylKaTarT" y»*
l ommkii 6y onepaTop 5U*epeHM ac«aw

cariz 1?2 X Z I
rpaAweHTHHH TonHHr.
E mhui. Kyfl[HAarara 3raMH3:

a caiTu.
oneparopnw Ba KynaHT-

> KSnaa™ ac» Y

grad v -v=vuv = UVV+ Wu
eKH

grad uv= ugraduygradu-

12.4.3. Hkkhhmh TaP™CJiH Serna J,<M*peH.wali
MyMKHH:

smsjihh e3Hm
divgradw=V eV «= V «= Au,
6y epAa

- _ = V-
A dxf- dy =

n4>0Aa Jlaruiac onepaTopH AeftHJiaAH:
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rot gradw= (Vv X V)u; =
div rota= V «(V X a);
grad diva= V (Va);

rot rota= V X (V X a).

TaMMJibTOH onepaTopn V HHHr BeKTop Ma-bHocnAaH rot grad u= 0
(HKKHTa KcuiJdiHHeag BeKTopHHHTr BeKTop KynaHTMacHra araMH3)
skshjih™ Ba divrota = 0 (KoMruiaHap BeKTopjiapHHHr apaJdiam KynaftT-
Macnra araMH3) skshjihth Kejw6 miKajw.

4- MHc oji. «=-L (jjyHKUHH, 6y ePAa r= ~~x2+y 2+ z 2 rapMOHHK

4>yHKUHH 3K3HJIHTHHH Ba a= grad U — BeKTop M3HAOH rapMOHHK
3K3HJIHTHHH HC60T KHJIHHT.

E mh ui. JJ,acTJiab 6epHJiraH (JjyHKUHH y~yH Jlaruiac TeHrjiaMacn

du d2u , EX »
gx2 ' gz2 eKH —_ ypHHJIH 3K3HHHH TeKIUHp3MH3. ByHHHT

vgyu A2t dz« d2u *

~dx?” Ih f” HJ Ba Xhco6jishmh3:

du__ X du_ du 2
ex r3’ diz/»~ -
L+J3fl ax _ _ Li JyL. _Li 3z2.
d*2 r3 r5°' gy2 r3>~ r5"' dz2 r3+ rs !
Au= — 3_+MIl+y+z2= _ L il_o
r rb r3 r3

ZleMaK, Aw = 0 Jlaruiac TeHrjiaMacn ypHHJIH, 6HHo6apHH, SepHJiraH
U— ~-— rapMOHHK (JjyHKUHH.

Mhcojihh eHHUJAa A3bom 3T3mh3. TonaMH3:

a= grad u= — i+ jjrl
g dx ~ J

5 gt

Q
las

eKH

a=~'"~"j(xi+tyi+zk)

Ma-hnyMKH, HcrajiraH U (“hkuhh ynyH: rota=rot grad u=0 awn a
HHHr rapMOHHKJwrHHH aHHKJiauiHHHr 6HPHHHH inapTH 6a>KapHJiraH
Hkkhhmh mapT: diva= 0 wm 6 a*aPHJiaAH, uyHKH oa* aP ™ raH-

diva= div grad « = A«= 0.
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4- dapcxona Toniuupuru

1. a MaHAOHHHHr noTeHiwadi sKaHHHH KypcaTHHTr B3 yHHHr

HOTeHUH3AH U HH TOnHHT:

a) a={2xy, x2- 2yz, -y \

6) a= {3x2y — y3, x3-\-3xy),

b) a= {y+ 2, x-\-z, y-\-x\,

r) a= \yzCO&XY, XZCOSXY, sinXy).
>K: a) u= X2y -y Z+ C;

6) u=x3y— +
b) u= xy-\-yz-sXZ-{- C;

r) u= zsinxy+C.

2. *2, xy} M3HAOH nOTeHUH3JIH U HH TOHHHr B3

“f (yz+ \)dx+ xzdy+ xydz mhshkjih HHTerpsJiHH XHCo06ji3Hr.

(1,1,1)
>K: u= x+ xyz-\-C\ 12.
3. BepHJiraH (JjyHKUHH rap MOHHKMnN:

a) M= Inr, 6y epA3 r='\JIx2-\-y ,
6) u= r— X, 6y epA3 r= V x2+ 7

b) y—AXx+ By-~- Cz-\-D.
3) X3; 6) ftyK; b) xa.

4- MycraKfUA uui

a BeKTop MaHAOHHHHTr noTeHLwaJdiJiHrHHH tckuih pHHr, yHHHr
HOTeHUHSJiHHH TonHHr Ba a BeKTopAah A (eft 6ouih) B3 B (en oxnpn)
HyKT3JiapHH TyTaniTHpyBMH eft mhshfh 6yftjia6 cwiHHran mhshkjih

HHTerpadi k,hhm3Thhh x,HCo6jiaHr.

1. a= {2xyz, X2z, x2y),
A1, -1,2), B (- 2,4, 2). >K: 34.
2. a= {x2— 2yz, y2— 2xz, z2— 2Xxy],
92
A (1, -1, 1),B (-2,2,3). 5K -y.

3. a= exy-\-z2 2xz+ x2 2xz+ y3
A (O, 1, -2), B (2, 3, 1). >K: 25.



9- HaMynaeuu %uco6 ronumpu”™Aapu

1 u= u(x, vy, 2)

CKaNgHAOHHHH M HyKTaAarn 7 BeKiod

ftyH3J1HLIIH 6yftH4a X,0CHJiaCHHH TonHHr

1.1.

1.2.

1.3.

1.4.

1.5.

1.6.

1.7.

1.8.

1.9.

M =J X 2Hf-~2-(-22)3/2

= i—7+Kk,

M (I, 1, 1).
u=x+Jn{z2ty 2),

7T— —2/+ /— Kk,

M (2, 1, 1).

u= X3 — "xy + z2,
1=2]—2k,
M{1 5 -2).

M=yjn(l + x2) — arctg?2,
1=2i-3]-2Kk,

M (0, 1, 1).

u—x (In® — arctg2),
7=87+4/+ 86,

M (-2 1 -1).

u= In{3 —x2 + xy2z,
lz=  i-\-2j — 2k,
M(1,3,2).

« = sin(x + 2y) +
7= 4/-1-3/,

M =(f" 1P 3)°

u= xZ—In(2— 1),
7=5I1-6j+2"/5Kk,

M(1 1, 2).
« = x3+ -afife+ 22,
7=/—
Af(l, -3, 4).
u V*_ yz

y X+/jy
1=2i+ k
M @4, 1, —2)
u= yxy+ 9 —z2,
n== 2/ £2/— k,
M (I, 1, 0).

u= 2 -\jx-\-y + yarctg2,

|= 4 1—3k,
M (3, —2, 1).
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1.13. u= z2-\-2arctg(x—y),

1=1+2]-2k,
M(\, 2, -1).

1.14. u= \n(x2+ t/2) + xy2,
i=i—/+ B5E,
M(\, -1, 2).

1.15. U= Xy— —;

/= 5/+/— &
Af(-4, 3, - 1.

1.16. «= In(x+ V ~ + 2 2) ,

7= 27 [/+£,
Af(l, -3, 4).
1.17. U= X2—arctg(y + 2),
I=3j—AKk,
M (2, 1, 1).
1.18. «= X y+J/ 2+ 22X,
I= 2i+ Sj-3k,
M (I, -1, 2).
1.19. « = In(xyj-y2+xz),
I1=4i-2j-2k,
(-2 3 - 1.
120. u= 5x2yz —xy2-\-yz2
1= 8 4/+ 8&

Af(l. 1, 1),

1.21. « = —mmmmmmee

X2+y 2+ z2+\
I=31-2]+3k,
M (-1, 2, 2).

1.22. « = *

X2+y2+z2"°
I=-41-3 k,
Af(l, 2, 2).

1.23. U= 5X3/Z—Xy2+ yZZ
7=1—2/+ 2*.
M(1 -3, 2).

1.24. U= X2+ Xy2_ 6xyzy
1=3i-]+3k,
M(1 3 —5).

1.25. u= V 1+ "2+ vy 2+ z2 "'
1=2/7 + /,
M (1, 1, I)-

1.26. In(x3+ B+ z + 1)*

m=
7= —5t— 2/+ 3fe,
M (1 3, 0).

1.27. u= " -+ f— >

7=3i+ 27+ 3fe-
M(—1, 1, O-

2 ,= «(*, y, 2) cDyHKUHHHHHr
KaxxaJiHTH Ba ftyHaJdiHiuwHH xonHHr.

2.1. u= xyz,
M (@, 1, -2).
2.2. u= Xxy2z,
M{1 -2, 0).
2.3. «= x22,
M(— 1, 0, 3).

22
2.4, U= Xy z,

M (—2, 1,1)-
2.5. w= X2y + y2z>
M0, - 2, -
2.6. Ww==xty &
M(—1, 2 1).
2.7. u= xy2,
M (@2, 1, 0).
2.8. u— X&yz,
M (2, 0, 2).
2.9. u= xyz2,
M (3, 0, 1).
2.10. u= x2yz2,
M2, 1, —1)e
2.11. u= y2z—x2,
M@, 1, )m
2.12. u= x (y+ z).
m (0, 1, 2).
2.13. u= X2z,
M, -1, 1)-
2.14. u= xyz2,
M (4, 0, 1).
2.15. u= 2x2%z,
M(—3, 0, 2).

1.28. u= x2-\-y2-\-z2— 2xy2,

7=47+2",
M(l, -1,2).
1.29. «= In(x2+ y2+ 2 ),

7=47— /— 2fe,
M(— 1, 2, 1).

x y X

,.30. « =7 -T -T "'
7= —57+2/ — fe,
M(2, 2, 2).

Af HyK.xa.aarH 3Hr Kaxxa ysrapnwH

(“+y)z >
M0, — 1, 4).
u= x2{y2+ z),
4, 13, -3).

2.17.
M
2.18. u
M

2.19. u= x{y2+ z2),
M(L -2, 1)

2.20. u= x2—y2,
M(1, 1, - 2).

2.21. u= x2y—z,
M(—2,2, 1.

2.22. U= y(x+ I1)>
UM(OV,(Z, - )2).
2.23. «= x 2,
M (I, O, 4).
2.24. w=(x + z)y2,
M (2, 2, 2).
2.25. w= (x 2+ z)y 2,
M (—4, 1, 0).
2.26. U= (x2—VYy)z2,
M (I, 3, 0).
2.27. u= x2+ 3y2— 22,
m (0, 0, D).
2.28. u=xz2+vy,
M (2,2, 1).
2.29. U= Xxy2—z,
M(—1, 2, 1).
2.30. u= 2(x+ vy),
M, -1, 0).



3. u—u(x,y, z) Bau= v(x, Yy, z) CKajinp MaftaoHJiap rpa~HeHTJiapH 3.15. W= ~2 2 _IMr —e,nj2z2
opacHAara SypgqaKHH TonHHTr: V2
V— Xy Z,
3 y
3.1. u=~+6y3+3 623, 3.8 U= 32X 2—- N-3N2z2
. . v2 a6 , V6 _A
Vs Ve. 2 3.16. U = - N7+ AT 3z’
xy
M v 5
39 ,,_4Ve 1A . _
X %y z 3.9 u= 372X 2-—-~= —3"22z2,
V= x2yz3, . 6 12 3Vv3
' HVD 3.17. m= Y + 7 2Vv2z
- z*
( y2z3
33 «= 9as —3 4z3 M(£s-VR-
2V2 Vs
2 T P— oo — - — M (V2. V 2 ~ )"
vV — r o X y "6 z
Xy . x% 1 2v2 3v3
- 3-18° W==~ /17 ~ 'V 2z
ER2M1) -
3.4. u= 6 "6X3—6 "6Yy3\-223, y= -
~ xz2 .
T 3.1« = — L «(Mi-v2-n)
* 9 __3:
M . ,O Y Y 3,19. w= 6y6xXx3— 6 -\/61/3+2 723
(V® Ve Vo
X2(/z
3.5. W= i 2
2x 2y 3z Af(2, 3L _L\
2 Vv 3 Veé/
y=-n1 M(Ci ~ m)
3.12. U= A + A 8§V3.
ooy 2v2a2 3.20. U= x2—y2— 37\
VVa V2 V3/
__yz
3.6 u=="-+A V] D N
y V 6z
Ve
x3y2 ” 3.13. w= *2+ 9y2+ 61z2,
— 3.21. « =~ — N~ f+ a/f272.
M . V=XYyZz,
02 ye) Affl— 2
( -TNG- 2,2
3.7. M_A~L+6y3+3y62z3, ~ U=A+ 4~__Ve
X N2y 4z
« (0 2-
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X3 y3 823

3.22. u-=- \7‘2 V2 V3’
x2
V=23
y 2

M(V2,V2-n-)

3.23. w= -"XxX2+ 3y2 2z ,
9 A
V= XYyz,
M2-i 1)
4z

3.24. U= 972, - 3

0- ¥

Mo(ian

3y -6VvV2 22

xy 2
2V 2 3V3_
3.26. u V2 y 22
y2z3
M (V2 ~2' "2
4n2 V2
3.27. u=
u= jcyz ,
M2 T r)
3.28. u= x2+ 9y2+ 622
u =
Xyz
1 1 A
M
0’3 vers
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4.

4.1.
4.2.

4.3.
4.4.
4.5.
4.6.
4.7.
4.8.
4.9.

4.10.
4.11.
4.12.
4.13.
4.14.
4.15.

a BeKTop MaHflOH/iarH BeKTop TO3HK.JiapHH ToriHHTr:

a= 4yl— 9xj. 4.16. a= 2xi-\-4yj.
a= xi-\-4yj. 4.17. a= 4zi— 9xK.
a= 4yl+8zk- 4.18. a= 2x1+ 8zk.
a= 4zj~-9yk. 4.19. a= Qxl+\2zk.
a= 5xf+10y/. 4.20. a= 4xi+ vyj.
a= yf-\-4zk. 4.21. a=xi+ zk.
a= 9yl—4xj. 4.22. a= 7yf+l4zl
a= 4xl+ zk. 4.23. a= 9zj~4yk.
a= 2yt+3Xxj. 4.24. a=x1+3vyj.
a= 3xl+6zk. 4.25. a= 2zf+3x£
a=yj+3zk. 4.26. a=x1+3zk.
a= 2zj+ 3y& 4.27. a= 2xl+6yj.
a= xl+yj. 4.28. a= hyl+7xf.
a= 2yi+6zk. 4.29. a= 9zi— 4x6.
a= 5zi-\~7xk. 4.30. a= 2xl+6zk.

5. a BeKTop MaHAOHHHHr P TeKHCJIHK Ba KOOpflHHaTa TeKHCAHKAapH

XocHIl KHJiraH nHpaMHflaHHHr TauikH CHpra 6yHH4a okhmhhh hkkh vevii
OHJiaH TonHHr:

a) okhm TaiipH"HAaH 4)0HAaJiaHH6;
6) OcTporpa”cKHH — Taycc (JjopMyjiacH epAaMHua.

5.1.

5.2.

5.3.

5.4.

55.

a= 3xl+(y+ z)]+(x-2z)k,

p mx+ 3y+ 2= 3.
a=(3x—1i+(y —x+ z)j+ 4zk,
p:2x—y—2z= 2

a= xl+(x+ z)]+(y + z)k,
P *3Xx--3y-j-z= 3.

a={x + z)I+{z Xx)]+{x+2y + z)t
P é¢x+y+ z=2

a(+22 (

X+2z)J+(x-2y)k,
2.

56. a= (x+ z)I+2y]+ {x+ y—2)k,
p X+ 2y+ z= 2

57. a= Bx—y)Il+ (2y+ z)j+ (2z—Xx)k,
p : 2x—3y+ 2= 6.

58. a= (2y+ 2)T+ (x—y)J— 2zk,
p:X-y+z=2n
59. a= (x+ y)H-3y/ + iy~~z)n’

p :2Xx—y—22= —2.

5.10. a= (x+ y —2)«—2y/+(™+ 22)fe,
p @ X+ 2y+ 2= 2.

5.11. a= (y—2)1+ (2x+ y)i+ z£&
p @ 2x+ y+ z= 2

5.12. a= xI+ (y—22)/+ (2x—y+ 22)k,
p : X+ 2y+ 22= 2.

5.13. a= (x+ 22)T+ (y—3z)j+zk,
p : 3x+ 2y+ 22= 6.

5.14. a= 4x1+(x —y—2)/ + (3y + 2z)fe,
p :2x+ y+ z= 4

5.15. a= (22—x)i+ (x+ 2y)j+ 32fe,
p : x+ 4y+ 22= 8.

5.16. a= 421+ (x—y—2z)/+ (3y+ 2)£
P x—2y+ 2z= 2.

5.17. a= (x+ y)T+(y + z)/+ 2(2+ x)fe,
p:3x-2y+ 22= 6.

5.18. a= (x+ y+ 2)J+ 22/+ (y— 72)ii,
p : 2x+ 3y+ 2= 6.

5.19. a= (2x—2)1+ (y—
p : Xx—y+ 2= 2

5.20. ci= 2y—z)I+ (x+ y )]+ xKk,
p I x+ 2y+ 2z= 4.

X)/ + (*+ 22)fe,

521. a= (22—x)I+ (x—y)/+ (Bx+ 2)E,
p X+ y+ 22= 2

5.22. a= (x+ 2)?+ (x+ 3y)/+y&>
p @ X+ y+ 22= 2

5.23. a= (x+ z)j+ z/+ (2x—Yy)E,
p :2x+ 2y+ z= 4.

524, a=(3x+ y)r+(x + 2)/+y£E
p X+ 2y+ 2= 2.

525. a= (y+ 2)/ + 2x—1z)J+(y + 32)fe,
p : 2x+ y+ 32= 6.



5.26. a= (y+ z)I+ (x+ 6y)j+yk,
p : x-\-2y-\-2z= 2.

5.27. a= (2y—z) I+ (x+ 2y)j+yk,
p : x+ 3y+ 2z= 6.

528. a= (y+ z)I+xj+ (y—2z)k,
p 2%+ 2y+ z= 2.

5.29. ci= (x-\-z)T+zf+(2x —y)H,
p - 3x+ 2y+ z= 6.

5.30. £=zl+ (x+y)j+yk,
p :2x+ y+ 2z= 2.

6. a BeKTop MaHAOHHHHr P TeKHCJIHKHHHT KOOpAHHaTa TeKHCJIHKJia-
pn 6nraH KecHUUAaH ~ochiji SyjiraH ynSypgakK KOHTypn 6ynma
UHpKYjiHUHHCHHH  (B6y TeKHCJiHKHHHr HopMaji BeKTopHra HHCSaTaH
aHJiaHn6 yTHiu ftyHaJdiHuiH MycfiaT SyjiraHAa) KyHHAarn hkkh ycyji
6HJiaH ~HCoSjiaHr:

a) UHpKyYjTHUHH Ta-bpH(j3HAaH (J)OHAaJiaHHG;

6) Ctokc (jjopMyjracH epAaMHAa.

6.1. d= z!+ (x+ y)]+yk,
p 2%+ y+ 2z= 2

6.2. a= (x+ z)T-\-zj-\- (2x—y)%,
p ¢ 3x-]-2y-j-z= 6.

6.3. a=(y+ z)T+xj+ (y—2z)k,
p : 2x+ 2y+ z= 2

6.4. a— (2y 2)i-\-(x-\-2y) j-\-yk,
p - x-j-3y-|-2z= 6.

6.5. a= (y-{-2)i-\-(x+ 6y)j-\-yk,
p : X-\-2y-\-2z= 2.

6.6. a=(y+ z)J+(2x —2z)j+(y + 32)k,
p : 2x+ y-)-3z= 6.

6.7. a= (3x+ y)I+ (x+ z)/+y£,
p : x-\-2y-\-z= 2.

6.8. a= (x-\-z)l+zj+ (2x—y)k,
p @ 2x+ 2y+ z= 4.

6.9. a= (x+ z)/+ (x-\-3y)j-\-yE,
P e x-\-y-\-2z= 2.

6.10. a= (2y —z)t+ (x+ y)j-\-xk,
p mx+ 2y+ 2z= 4.

6.11. a= (2z-x)i+ (x-y)J+ (3x+ 2)k,
p : xt+ty-\-2z= 2

6.12. a=(2x-2)T+(y —x)j+ (x + 22)E,
P mx—y+ z= 2
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.13.

.14.

.15.

.16.

7.

.18.

.19.

.20.

.21.

.22,

.23.

.24.

.25.

.26.

.27.

.28.

.29.

.30.

29— 665

a= (jc+ y+ z)i+ 2z2/+ (y— 72)k,
p: 2x+ 3y+ z= 6.

a=(x+ y)T+ (y+ z)J+2(x + z)k,
p: 3x— 2y+ 2z= 6.

a= 4zi-\-(x—y—2)/+ (3y-\-2)k,
p: x— 2y+ 2z=

a=(2z— x)i-\- (x-\-2y) j -\-3zk,

p: X+ 4y+ 2z= 8.

a= 4*r+ (x—y—2z)/+ (3y-\-22)k,
p: 2Xx—y »Z= 4.

a= (x-\-2z)i-\-(y — 3z2)j-\-zk,

p: 3x+ 2y+ 2z= 6

a= xi-\-(y —2z)/+(2x—y-\-22z)k,
p: x-\-2y-\-2z= 2.

a=(y —2z)/+ (2x-\-y)j-\-zk,

p: 2x+ y+ z= 2.
a=(x-\-y—2z)i—2yj(x-\-2z)k,

p: X+ 2y+ z= 2.

an= (x+ y)I+3yj+ (y—2)k,

p: 2x—y—22=—2

a= (2y-\-z)i-\- (x —vy)j— 2zk,

p: X —,y+ z=

a= Bx—y)f+ (2y+ 2)j+ (22— x) Kk,
p: 2x— 3y+ z= 6.

a= (x+ 2)/+ 2y/+ (x-j-y — z)k,
p: X+ 2y+ z= 2:

a= (y+ 2z)c+ (x-\-2z)/+ (x— 2y)k,
p: 2x-\-y + 2z= 2.

a= (x-\-2)

i-{- (z—X)/+ (x+ 2/+ z)Kk,
p: X+ y+ z= 2.

a= xi-f- (x-\-2)j-\- (Y + z) Kk,
p: 3x+ 3y+ z= 3.

a=(3x—I1)i+ (y—x+ z)/+ 4z£,
p: 2x—y—22=—2

a= 3x2+ (y+ 2)/+ (x— 2)E,
p:x+ 3y+ z= 3.
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7.

a

UHaJiMH

9K3HHHH

~N N

7.29.
.30.

7
7
7
7.
7
7
7
7

© N O 0 h w NP

~N N

N~ N N N NN NN N NN NN NN

.10.
11,
12.
.13.
14.
15.
16.
17.
.18.
.19.
20.
.21.
22.
.23.
.24.
25.
.26.
.27.

.28.

BeKTop MaflAOH coji6hohajihmh
(12— 25-BapwaHTJiap),
aHHKJiaHTI

(1— 11-BapwaHTJiap), noreH-
rapMOHHKMH (26 30- BapHamjiap)

a={y + z)7+xyj— xzfc.

a= x2yi— 2xy2J+2xyzk.

a=(2yz —2x)7+(xz —2y)j+xyk.
a= (x2— z2)i — 3xy/ + (y2-\-z2)k.
a= 2xyzi—y(yz+\)]+zk.

a= (2x— 3y)f+2xy/— z2£

a= (x2—y2)f+ (y2— z2)H - (z2— x2)k.
a= yzi+ (x y)j+ z k- n
a= (y+ z)T+ (x+ z)/+ (*+ y)E-
a= 3x2yi— 2xy2)— 2xyzk.

a= (x+ y)T—2(y+ z)/+jz —Xx)E.
a= (yz—2x)Il+ (xz+ zy)/ +xy£E

= yzi-\-xzj-\-xyKk.

a= 6xy7+ (3x2— 2y)j+zt

a=(2x —yz)l+(2x —,xy)j+tyzk.
5=(y —z)f+3xyz/+Jz — X)E.

a= (y—z)f+ (x+ z)f+ (x2—y2£
a= (x+ y)t— 2xz/ — 3(y+ z)E.

a= z2+(xz + y)/ +x2yE.

a= xXy(3x —4y)f+x2(x— 4y)/ + 3z2£
a= 6x2r+3cos(3x+ 2z)/+cos(3y + 2z)E.
a={x+y)7+ (z—y)j+2(x + z)k.
a= 3(x—z)f+(x2—y2)/+ 3z£

5= 2x—yz)f+ (xz-2y)]+2xyzk.
a= 3xA+4(x —y)/+ (x— z)k.

a= X2+ y2/— xz2£

a= (x+y)T+ (y+ z)/+ (x+ z)E.

S=" +1i? + 7

a= yzi-\-xzj + xyk.
a= (y—z)7+ (z—x)j+ (x—y)k.

13- 6 0 6.

MATEMATHK <I>H3MKAHHHr ACOCHfl TEHTJIAMAJIAPH

1-§. Top Te6paHHiu TeHrjiaMacw y~yH Kouih MacajiacHHM
,H,ajiaM6ep ycyjiH 6wjiaH eMHiu

13.1.1. MaTeMaTHK (}))H3HKaHHHr KynrnHa Macajiajiapn xycycnft
XOCHJiaJdiH AH(f)(})epeHUHaji TeHrjiaMaAapra KejiTHpnjiaAH. ByjiapaaH 3Hr
Kyn yipaftAnraHH hkkhhmh TapTn6jiM TeHrjraMajiapflHp.

YMyMHH KypHHHLUH

A-~+B "~ —-\-C~+D-~+E"™+Fu = f(x,vy)
dx* dxdy @y dx dy

6yjiraH xycycnH xocHJiajm hkkhhmh TapraSjiH ™3hkah AH<j)43ePeHIW a, T
TeHrjiaMaHH K,apaftMH3. By TeHrjiaMa”a HOMaijAyM u(x, y) <J)yHKUHH
HKKHTa y3rapyBHHra 6ofahk 6yjw6, TemviaMaHHHr A, B, C, D, E Ba
F Koacj)(])HUHeHTJiapH xaM yMyMaH aihraHAa X Ba Yy Jiapra Sofahk,
MaMyM (J)yHKU,HHAap. TeHrjiaMaHHHr yHr tomoHHAarn /(X, y) cJjyHKUHH
6epHJiraH (}))yHKUHH 6yjiH6, y HOJira TeHr 6yjrca, TenrjiaMa ukkuhhu
rapm6Au 6up muhcau hu,3u$au xycycuu %ocuagau TemAaMa AeftHJiaAH.

Arap TeHrjiaMaHHHr SepHJiraH coxacHAa:

B2— 474Cc>0 Syjica, TeHrjiaMa rnnepSoJiHK,

B2— 4AC= 0 SyAca, TeHrjiaMa napa6ojiHK,

B2- 4AC<0 e6yjica, TeHrAaMa sjijihhthk Typra TernuuiH 6yjiaAH.

TopHHHr KyHAajiaHr TeSpaHHUiH, MeTajui CTep>KeHHHHr SyfiAaMa
Te6paHHLUH, CHMAarH aJdieKTp TeSpaHHUijiap, aftjianyB"H UHJiHHAPAara
aHAaHMa TeSpaHHiujiap, ra3HHHr TeSpaHHUiAapH Ka6H

MacajiaAap
rnnepSoAHK TypAarn 3Hr coAAa Tyjikhh TeHrAaMacH

2 dzu d2u
a — j e A=
dx1 dy2

ra ojih6 KejiaAH.

Mcchkahkhhht TapKajiHUiI >KapaeHH, FOBaK MyXHTAa cyioKJiHK Ba
raBHHHr okhihh MacaAacH KaSn Macadiadiap napa6oAHK TypAarn 3Hr
coAAa hcchkahk TapKaAHLU TeHrjiaMaCH (Oypbe TeHrAaMacn)

9
2 du du
—N =
dx2 dy
ra ojih6 KejiaAH.
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TeSpaHHiujiap, hcchkjihk yTKa3Hin Ba AH(j)<f)yBHH KaSn Macajiajiapra
TerHiujiH CTaimoHap *apaeHjiapHHHr TaAKHKOTHAa sjijihiithk TypAarH
TeHrjiaMaJdiapAaH (]>OHAajiaHHJiaAH. By TypAarH aHr coAAa TeHrjiaMa

Au= ~ + ~ = 0
dxr dif

Jlanjiac TeHrjiaMacHAnNp.
13.1.2. YMyMHH KypHHHiiiAa SepHJiraH xycycnft x,0CHJiajiH hkkhhhh

TaprnSjiH 4H3hkjih AH(j)<})epeHU,Haji TeHrjiaMaHHHr xapaKrepucruK
TemAdMacu. ae6

A (dy)2— Bdxdy + C(dx)2= 0

oaahh AH(})cJ)epeHUHaji TeHrjiaMara aiiTHJiaAH.
rHnep6cuiHK TypAarH TeHrjiaMajiap y”~yH xapaKTepncTHK TeHrjiaMa
(p(x,y)=clBa~ (a, y)=C2HHTerpajira ara SyjiaAH. YMyMHH TeHrjiaMa
9= cpA, y), n= ii(x, y)

aJiMauiTHpHiujiap epAaMHAa

r e du du \
didr] h «sjdfi' dry)

maKJiAara kclhohuk KypHHHiura KeJdiTHpHJiaAH.

riapa6ojiHK TypAarH TeHrjiaMaJdiap y~"yH xapaKTepncTHK TeHrjiaMa
6h ™ (X, Y)=C yMyMHH HHTerpajira ara 6yjm6, yjiap | = y(X, Y),
= rl(x, Y) — (t] cpra Gofjihk ByjiMaraH HxraepHH c})yHKUHH) ajiMaiuth-
pHiu epAaMHAa

d2u du du \

uiaKJiAarH KaHOHHK KypHHHiura KeJiTHpHJiaAH.
3juiHNTHK TypAarH TeHrjiaMajiap y”~yH xapaKTepncTHK TeHrjiaMa
HHTerpaJdiJdiapn yuiby KypHHHiura ara ByjiaAH: <p(X, y)xity(x, y)=Ci,?2
6y epAa <p(X, Y) Ba ty(X, Y) — ~aKHKHH (}))yHKUHHJiap. g= cp(ic, Y),
= y) ajiMauiTHpHiujiap epAaMHAa sjijihiithk TypAarH TeHrjiaMa-
jiap yiu6y
d2u | dlu du du \

KaHOHHK UiaKJira KeJiTHpHJiaAH.

1- m h € oji. YuiSy

3*2 + dxdy+ du2 + dy+2 dx~°
AH(j)chepeHii,Haji TeHrjiaMaHH k3hohhk KypHHHiura KejirapHHTr.
Emhuj. ByHAa A=4, B=8, C=3, AC— — 4<0, AeMakK,
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iimepSoJiHK TypAarH TeHrjiaMara araMH3. TerHUJJiH
leiirjiaMaHH Ty3aMH3:

4(dy)2— 8dxdy-\-3(dx)2= 0

4(f)- 81+ 3=a

d~ hh TonaMH3: - = 4=~ 6yHA3H y = ~ Ba vy
dx dx 4 J 2

3 . 1
pucTHK TeHrjiaMa HHTerpajuiapn: y— ~x= Ci Ba y— -X

[Hhh aT>TH6opra ojihS, \= y— ~x, \—y— Xx

MaiHTHpHUIHH 6a*apaMH3. 3 ckh ysrapyB”~HJiap 6yHH<43 xycycHH

xapaKTepncTHK

XapaKTe-

= C2 aKaHJiH-

y3rapyBHHJiapHH aji-

xoch-

JiaJiapHH hhth y3rapyBMHJiap SyiiHMa xycycHH xocHJiaJdiap SnjiaH

nc(30AaJiaHMH3:

du__ du dlI . du dr] _ du / 3\ . du 7/ 1\
dx dl dx dr] dx dil \ 2) d] \ 27/
du_ du dlI . du dr]__ du . du
dy dl dy dr] dy dl dr]
d2u _ 3 _d_ sdu\ 1JL (dun
gx2 2 dx \dl) 2 dx \d\)
3 /d2u dlI s d2u <& \ 1/ d2u dl du <) \ __
2 \<?2g2 dx didr\ dx J 2 \dldr] dx gn2 dx J
_ 3 7/ 3 d2u 1 d2u \ J_/ 3 d2u 1 d2u \ _
— 2 ~ 2 dl2 2 didr] J 2 2 dldr] 2 5”23
9 d2u . 3 d2u . 1 d2u

4 dl2 2 didr, + 4 dr]2"’

d2u _ d /du\ - d (du\__
dxdy dx vdl) dx \dr])

d2u dr] . d2u dlI , d2u dl . d2u 5ri
Ir] dx dx dr)dl dx 2 dx

1 d2u 3 d2u 3 d2u 1 d2u
2 d\dr] 2 gf 2 dr]dl 2 dt]2

3» du . d2u 1 dau
2 gf gign 2 5t]2°

d2u _ g /du\ . _/du\_ d2u dlI
dy2 dy \dlr dy ur) )~ gf dy
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< . d2u . d2u dr]
dndl dy T dgdn dy gn2 dy
+
di2 dtdr\ dr2 -

BepHJiraH AH(})(})epeHUH3Ji TeHrjiaMars hkkhhmh TapraSjiH xocHJiajiap
yMyH TonnjiraH H(j)OAadiapHH KynMH3:

+
\  dl2 dldr] dpp 7 v dl2 d~dn
+ 3NV / 127~ T« _ 16N - 4 -~ -V
dar]2 7 \ dl2 dydr\ drj2 7/
fdu . du\ . 7/ , du du \ __
+ \ 6~dlI~")~U

CoAAajiaujTHpHLLmaH KeftHH SepHJiraH TeHrjiaMa ym®6y

. d2u , du . d2u . 1 du
2-r-i—" t— =0 eKH ————r—t—
” ‘odldr] 1 2 dr]

K3HOHHK KypHHHiura (THnepSoJIHK Typ) KejlTHpHJiaAH.

13.1.3. rHnep60jiHK TypAarn Ba napa6oJiHK TypAarn TeHrjiaMaJdiap
KynnHMa BaKT AaBOMHAa coahp SyjiyBMH >KapaeHJiapHH ypraHHiuAa
KyjidiaHHJiaaH. LUy ca6a6jiH 6y xoJdiJiapAa H3JiaHaeTraH u 4>yHKUHH
t BaKTra Ba x KoopAHHaTara Sofjihk 6yjiaAH, atHH u= u(x, t).

K,yHHJiraH MacajiaHH TyjiHK x,aji sthiu yMyH 6y TypAarn TeHrjiaMa-
jiap 6njiaH 6npra nezapaeuu Ba 60iUAaHFm tuaprAap x,aM SepHJiraH
6yjiHiiiH inapT.

BomjiaHFHM inapTJdiap t= 0 iia H3JiaHaeTraH u (})yHKUHH Ba
yHHHr x,ocHJiacH KHftMaraHHHr SepHJiHiiiHAaH (rHnep60JiHK TypAarn
TeHrjiaMajiap yMyH) eKH (jjyHKUHH KHHMaTHHHHrrHHa 6epHJWiuHAaH
(napaSoJiHK TypAarn TeHrjiaMajiap yMyH) H6opaT.zi.Hp.

MerapaBHft wuiapTJdiap”a u(x, t) HOMa'blJiyM (}))yhkuhhhhht
I"ysrapyBMH X hh y3rapHin opajiHFHHHHr oxHpjiapHAarn KHHMaTJiapn
SepHJiaan.

Arap KapajiaeTraH wapaeH yMyH y3rapyBMH X hhht y3rapHiu
opaJiHFH MeKCH3 Ae6 Kapajica, y xoJiAa Macajia (j)aKaT SouiJiaHFHM
uiapTJiap/iarHHa eMHJiH6, u(x, t) cJjyHKUHH yMyH MerapaBHft inapTJiap
KyHHJiMaftfl[H. Macajiaaa cfiaKaT 6omjiaHFHM inapTJiap Sepnjica, SyHAaft
Macadia Koiuu Ma.ca.Aacu AeftHJiaAH.

Arap Macajia mckjih opaJdiHK yMyH KyftHJica, y xoaiAa SomjiaHFHM
uiapTJiap xaM, MerapaBHft uiapTJdiap xaM SepHJiHIUH KepaK. By xoji-
Aa apaAaui MacaAaea sra 6yjiaMH3.

3juiHNTHK TypAarn TeHrjiaMajiap oAaTAa CTaUHOHap *apaeHJiapra
TerHinjiH Macajiajiap KapaJiaeTraHAa KyjuiaHHJiaAH. IUyHHHr yMyH
t BaKT 6y TeHrjiaMajiapAa KaTHauiMaftAH Ba H3JiaHaeTraH eMHM 4>aKaT
KoopAHHaTajiapra 6ofjihk 6yjw6, Macajia MerapaBHft mapTjiapAaniHa
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t MHiiuiAH. LLIapTJdiapHHHr  6epHJiHiiiHra Kypa 1L, HpHXjie Macaldiacn,
Il. itMan MacaJdiacn eKH apaJdiaui Macajiajiap kyhhjihiiih MyMKHH.

13.1.4. T opHHHr KyHAaJdiaHr Te6paHHiiuiapH xaKHAarn MacajiaHH
HyllHf) MHKaftjlIHK. 3pKHH 3THJia QJiaAHTaH HHTHMKa Hn Top fl$6 aTaJdiaAH.
1.Unipinr khmhk KyHAaJdiaHr TeSpaHHinjiapH tophhht Te6paHHUi TeHrjia-
IMLI'H  (TyJIKHH TeHTJiaMaCH)

d2u 2 d2u

~d?~a N7
hh khHoaTJiaHTHpyBMH u= u(x, t) 4)yHKii,HH 6nJiaH xapaKTepJiaHaAH, 6y

ivHi'JiaMaAa x Top HyKTacn KoopAHHaTacn, t — BaKT, a2— Top Taft-
i'pJianraH MaTepnajiHHHTr cj)H3HK xoccajiapHHH aKc arrapyBMH aohmhh.
I'Hnep60jiHK TypAarn TeHrjiaMara sraMH3. t= 0 naftTAa TopHHHTr

JUWiaTH u](=o= <p(x) Ba Top HyKTaldiapHHHHr Te3JinrH 11 0= ~ (x)

M;ri>.ZiyM SyjiCHH (K ouih Macadiacn).
TopHHHr Te6paHHinjiapH TeHrjiaMacHHHHr eMHMH yui6y KypHHHiura
Sa:

x + at

u{xJ)= @@x-at)+y(xzat) + L J y{x)dx'

X — at
- at
By (}))opMyjia rop Te6panuui remAaMacu y”~yn Kouiu MacaAacCiHum
JlaAaMdep eHUMU &e6 arajiam-

2-mhc oji. u |(:O= x2 111=O:O ngica,,
reHrjiaMa eMHMHHH TonHHTr. l(:*l
..... ‘SO
E mhui.'a= Il,’cp(x) =x ‘,i])(x) =0, mygra'ftypa-0~""'-"
wq o 2 A ® A
6yHAa cp(x)=x2 UlyHAaft khjih6, ,u= (x~ t) eKH u =x 2+ f'.-

1- dapcxona ronuiupuFu

1. TeHrjiaMajiapHH KaHOHHK KypHHHiura KejiTnpHHr:

d2
a) X2~ ~ y 2N u_ 0;
dy
<7 o
g)\—-smx— WSinX-----——- \-u—r:O,
. a dxdy ~ y dy2
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o du_pdu . du s

Qe dxdi/ 0&& '
W @« 1 du (074 2l d2
/K: a) a-g:r) 5 dr] ' ®) dr)ou_ _io+t| TR > dl

2. Arap m](_o=0, “a |(C 0= * 3K3hh ManJiyM 6yjica,

= 4-~-4- TeHrjiaMa chhmhhh TonHHr. >K: u= xt.
dx2
3. Arap « |<O=sinx, » |(=g= 1 Syjica, » = a2

6hjish aHHRJiaHyB~H tophhht t=

>K: « = sinxcosa”™+ % arap t=~”" 6yjica,

Top a6cuHCcajiap yKHra napajuieji.

1- MyCTdKfUA uiu

1. TeHrjiaMajiapHH k3hohhk KypHHHiura KejirapHHTr:

)\ gd& .\nZXyd& .\ygd& oM
a) x2— - - -y2— r=0;
o by G I
5> gx2 d(d_)/ Oy2 dx Q/
* i X . i az
a>% = °'6= 7?7 »= " 6>~ -f=» .5 = * +
o | &z, & 171 oz 1 dZ\ ¢
2. TeHrjiaMajiapHHHr e4HMHHH TonHHTr:
m
| 1(=0
w W 2du & I = QU
6 = a2— 6yaaa u\ =0,-1 _ n= cosxXx.
ar dx2 11=0 dt li=o
>K: a) u= x (1 —t);
6)7 m= N-cosx-sina”.
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~ naiiTnarH uiaKJiHHH aHHKJiaHr.

y X,0jiAa u=~~,

sinx, TeHrjiaMa

az g2

n aarn uiaKJiHHH TonHHTr.

3. Ara[% u I>< o =t |*~O: cosx 6yjica,

fin,ii,in aHHKJiaHyBMH tophhht t=
>K: u= — sinx.

2- 8. Hcchkjihk yTKa3Hiu (tyjikhh) TeHrjiaMacw ynyH apajiaui

N,
Y MacajiaHH 4>ypbe ycyjin 6njiaH eHHin
13.2.1. BepHJiraH Soiiijishfhm Ba MerapaBHH mapTjiapAaH (})OHAaji3-
ucif), CTep>KeHAa TeMnepaTypa TaKCHMOTHHH aHHKJiobhh u(x, t) cj)yHKUH-
B tiiiH TonHiu TajiaS khjihhchh.
TeHrjiaMa Macajia U(X, t) Jt"0= f(x) 6ouijishfhh B3 u(x, t)\x=0= u(x,
t) L=/ = 0 eKH

du du
dx 1x90 dx ix—

hmh
'IOrap3BHH LU3pTJI3pA3
du 26U A~ o~
&= _6(9< X <1
HCCHKJIHK yTK33HLU TeHrJ13M3CHHH e~HUira KeJiTHpHJiaAH.
XycycHH X,OCHJiaJIH TeHrJI3M3JI13pHH eHHHIHHHr KeHr T3pK3JiraH
ycyjuispHAaH 6hph y3rapyB4HJiapHH 3>Kp3THiu ycyjiH eKH Oypbe
00
ycyjiHAHp. By ycyjira Kypa xycycHH e"HM u(x, t) = S bnmgn( x )n(t)
n=I
KypHHHIUA3 H3J13H3AH. UX=o0= U|X&= 0 Mer3p3BHH HI3pTJI3p OHJI3H
KyHHJiraH Macajia ynyH Oypbe ycyjiHra MyBoc})HK eMHM:
S vi | il ® nnx
u(x,t)Z 2} bre ! -sin——
n~ 1|
KypHHHiura 6yjiarn, 6yHAa
i
2 i 2 Pp/ \ - X |
bn=~] y(x)sm — dx,
0
IJX_0—"c | 4erapaBHH uiapTJiap 6nJiaH KyHHJiraH Macajia

yqyH sea eiHMHH

u(x,lj)\:i} ¥| are -<:0$—T'Efz ‘aO

rtal

an=j-\jf(x)cos~dx\

(ao=+\f(x)dx,
0 /

\ 0
KypHHHIHAa 0JiaMH3.
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1- MHCOJ.

-iLO- (0<x</, t> 0) TeHrjiaMaHHHTr
at dx2

X, arap 0 < x <y 6yjica,
u\tro="f(x) =
| —X, arap y < x </ Syjica

SouiJiaHTHM inapTHH Ba U\x=o0= U\Xx=i= 0 MerapaBHft uiapTJiapHH
KaHOaTJiaHTHpyBMH eMHMHHH TOnNHHT.
Emhui. BepHJiraH MerapaBHft uiapTJdiapHH KaHoaTJiaHTnpyBMH

eMHMHH ym 6y KypHHHLu,na H3JiaftMH3:
22
u(x,t)=2fdre 2 _sin 0P

n=1

SyHAa
bn=-j \fix)sin ~-d x = ~ $x-sin”™~ d x +
[¢] (6]
i fs=x, ds= dx,
H--—--\_ — x) sin——dx= | .onnx | mx
Nl Jy ! | L™ = sin ——-dx, t— cos — —
i / nn
=T (-> s“ +i?si" )t +
2 ‘ | M 11X X nnx | «  nnx \
— | cos— — | : TTSi )
nn | n2n 1)
41 = nn
= nTalsln~2'
XleMaK, H3JiaHaeTraH eHHm yuiSy KypHHHiura ara:
nnt
af 1 . aft L e TftX
u(x, t)y= " 2 ~sin— e -sin —
n= l n
eKH
U{x,t)=4 i (-1)" - — e 2 .Sin £/A*+127,
K2 *=0 (2*+1)2 1

13.2.2. Bnp TOMOH/iaH MerapajiaHraH (hphm neKCH3) CTep>KeH yMyH

du 2 dau
dt a dx2
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u'lirjiaMaHHHr «| (= 0= 7(x) 6ouuiaHFHM uiapTHH Ba U\ x=a=

a>(t)
MciapaBHft uiapTHH KaHoaTJiaHTHpyBMH eMHMH ym By

(J)opMyjia 6njiaH

SN KJI13H3AH |
f oo
4a2t
“o<rm > = S lw
0
- U2 M1 t *2 1
- e N
v 0
. d, d251 . )
2-mhcoji. —'-= — Y& TeHrjiaMaHHHr u\t=o= f(x) = m 6ouuiaHFHM
dt dx2
uiapTHH Ba u\x=Q = 0 MerapaBHft uiapTHH KaHoaTJiaHTHpyBMH eMHMHHH
roiiHHr.

Emh ui. BepHJiraH uiapTJiapHH KaHoaTJiaHTnpyBMH eMHM IOKopHAarn
<[)opMyjiara Kypa yuiéy KypHHHiura ara:

@ r 11~x2) _ Otnz +
u(x, t) = o ~ uOle a4 —e 4 \dl
2-Jut
v o
eKH
0 r {i-xf — (6+) A
A= 2Tw gu* 4 - er 4 Jn-
%
Anl-= [x)d\= — 2 NJtd\k Ae6 6ejirHJia6, Shphhmh HHTerpajiHH ajiMaui-
THpaMH3, HlaHH
6yHAa ®(x) =-$= [e~At, 4 ~ =~ dl= 27tdy, Ae6 6ejirHJia6,
\% 2it
+ 00 (x+ )2 +oe
Tkr s “ dl=JT. S «--W -I1[I-® (-4 7)]™ 3ra6”"a-
\% 0 *
2V

mh3. UlyHAaft khjihS, eMHM yuiéy KypHHHuihh onaAH:

u(x, 0 = «@)(-"~1)
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2- dapcxona Tonuiupuru

1. y.iyHJiHrH | ra TeHr, TauiKH MyxHT Tai>CHpn,naH Myxo<f)a3aJiaHraH
Ba uU\t=o— f(x) = e” y — SouijiaHFHM TeMnepaTypara ara SyjiraH 6wp
>khhcjih  CTepmeH SepHJiraH. CTep>KeHHHHr oxnpjiapH Hcuira TeHr
TeMnepaTypara' TyraS TypnjiaAH. Hcchkjihk yTKa3Hin TeHrjiaMacn

eMHMHHH TonHHr (cTep>KeHHHHr ~>0 BaKTAara TeMnepaTypacHHH
aHHKJiaHr) .

co —(2n+ 1)2A 21

>K: u (x, t)= ~ 2 — e 2 sin Lfi+ 1) - .
N on=l (2n+ 1) |

2. Arap npHM 7eKCH3 CTep*eHHHHr x=0 Man oxhph HCCHKJiHKAaH
Myxoc})a3ajiaHraH, TeMnepaTypaHHHr SoinjiaHFHH TaKCHMOTH
0, arap x<;0,
u\ t=0— f(x) = Ug, arap O0<x<I,
0, arap x > 1

6yjica, hcchkjihk yTK33Hm TeHrjiaMacHHHHr cmhmhhh TonHHr.

v</ \2v~
3. Arap CTep*eHHHHr u]<=0= /(j9 — sin-"p-x SouiJiaHFHH
TeMnepaTypacH SepHJiraH Ba oxHpjiapn hcchkjihkash Myxo(})a3ajiaHraH,
HiiHH 1 = — |1 =0 Syjica, y3vHJIHrH / ra TeHr Ba chpth xaM
gx Ix=o dx I*=< }, YJ

HCCHKJiHKAaH My”~o(})a3ajiaHraH CTep>KeHAa TewnepsTypa TaKCHMOTHHH
TonHHr.

>K:  u(x, t)=n-\- 2
k=0 n(2fe+ 1) (Ze— 1) (2E+ 3)

/a2fet+tin \2;
B —— )t (2k-\-1)ux
X e v ; -C0S -— — .
2- MycraKfUA uiu
1- u\t=0= x (I — x), u\x=0= u\x=i= 0 uiapTJispAS
du__ 2d2u
dt ~ U dx2

HCCHKJIHK yTK33HUI TeHTJIBM3CHHH eMHHT.

L2 © _ ta2+»)i \2j

2. Arsp y3yHJiHTH | va TeHr chpth hcchkjihkash MyxocJ)a3aJi3HraH

crep*eHHHHT BGouidiaHrHH TeM nepaTypscH

2«n /
— , arap

/(*) 2«n /
—— (I —x), arap —<.x”".l

fiyjinS, CTep*eHHHHr yqjiapn xaM  HCCHKJiHKAaH Myxo<})a3ajiaHraH
rtyjica, my CTep*eHAa hcchkjihk TaKCHMJiaHHiiiHHH TonHHTr.

2(2n+ 1)
nfr E {} ao 4UQ {‘/l COoS ——-—-—- /----nx
>K: U(X, —_—— 2j o—

2 «2 ,=o (2n+1)2

3- 8. AMpHXJie MacajiacHHH AonpaAa Oypbe
ycyjiH 6HJiaH emiiu

ilnpHXjie MacajiacHHH KapafiMH3: Aonpa H”HAa Jlanjiac TeHrjiaMa-
chhh KaHoaTJiaHTnpyBMH Ba AOHpa nerapacHAa SepHJiraH (JjyHKUHHra
TeHr 6yjiraH rapMOHHK c¢JjyHKUHHHH TonHHTr.

MacajiaHH eMHUi ynyH KyT6 KoopAHHaTajiapHAaH (})OHAaJiaHaMH3.
MapKa3H KyTSAa 6yjm 6, paAHycn R ra TeHr AOHpa 6epHJiraH SyjicnH.
r~R AonpaAa rapMOHHK, r= R aftjiaHaAa u\r=R=f(<p) inapTHH
KaHoaTJiaHTHpyBMH (/(<p) — O6epHJiraH (JjyHKUHH) Ba 6y aftjiaHaAa
y JjiykCH3 6ByjiraH u= u(r, <p (J)yhkuhhhh H3JiaHMH3. H 3JiaH3eTraH
<j)yHKU,HH AonpaAa KyT6 KoopAHHaTajispHAa e3HJiraH yuiby Jlanjisc
TeHFJISBM3CHHH KaHO0aTJIBHTHpHHIH Kep3K.

9d2u - du i ¥n

rz r =
dr2 »~ dr ~  d(f2

u.

Oypbe ycyjiHA3H (})OHAajiaHH6 Aonpa y~yH /],HpHXJie Macadiacn
cmhmhhh TonaMH3:

i r d2_r2
u(r, @ = — \ f(x) — jdx.

2n o 2 —2/2/cos(t—cp) + r

By HHTerpaldi YlyaccoH UHTeepaAU Ae6 aTajiaAH.

M hcoji. Bhp >khhcjih ronKa AonpaBHH njiacTHHKaAa TeMnepaTypa-
h'hht CTauHOHap TaKCHMJiaHHUiHHH TonHHr. rijiacTHHKa paAHycn R ra
TeHr, yHHHr iokoph khcmh 1° Aa, nacTKH khcmh 0° Aa Ty™6 TypHJiaAH.

Euhlu. Macajia uiaprara Kypa:

( 0, arap — n < x < 0 Syjica,

{ 1, arap 6yjica.
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TeMnepaTypa ‘TaKCHMora

i 02—r2

w(r-<p =" 2dT

r
r\
2n J

T2 hos (t— <p)+/” H
j[ac 1)+arc )]
HHTerpadi 6njiaH aHHKJiaHaAH. I'KH
a) K>K,opH hphm AOHpa (CKcpCn) HyKTajiapH yMyH tg -T~ ¢ = ,
u= -~ hre thZ’sj’\Zr,i[<cp<2n.
- . 2dt
ajl MauiTHpHiiiHH KnpHTamh3, 6yHAaH cos(r — cp) = ------—--- dx = ;
1 +12 7 1-\-t2
:-)hah yHr tom oh Myc6aT (sin cp<B), iliyHHHr y~yH 0OCu-Cy.
Hhth HHTerpajiJiaui y3rapyB4HCH t (— tg-y”~ AaH ctgy ra”a y3rapa-

ctg—

ah. UiyHAaft khjih6,
ctg-
2 2
WEsPI=% Y BT ®ETR8 arc tg(g 0\l
_tgJL
[arc te(-]|=7ctg i)+ arc )] =
fl+ r/7, (¢ ., P\
10, + R—r\ si 71 1 , R2—r2
=irarctB— ~ «+ ,j— = - v arctsisSS,r
eKH
R2-r 2
tgMIT = - < < It. By TeHTJIHKHH yHr

AeMaK OCcpCxi Aa U (J)yHKii,HH TeHrcHS3jiHKjiapHH

3- dapcxona rontuupuFu

K,yT6 KoopAH HaTajiapHHH khphth6, |l <r <2 x,aJiKaHHHr hmkh
khemh y4yH Jlanjiac TeHrjiaMacHHHHTr
hif=i=0, u\r=2=1y

nerapaBHH uiapTJdiapHH KaHoaTJiaHTHpyBMH cmhmhhh TonHHr.

>K: u(r, cp)=-]sh(lnr) -simp.
3- MyCTdKfUA UIU
Am= 0 Jlanjiac TeHrjiaMacn y~yH ,H,HpHXjie MacaJdiacHHHHr
I</-<;2 xaldiKaAa u\ i = sin3cp, u\r=2= 1+cos2cp wrapaBHH mapT-

jiapHH KaHoaTJiaHTHpyBHH bhhmhhh ToriHHr.

>K

TOMOHH  M3H(j)HH,

KaHO-

aTJiaHTnpaAH. By xoji ywyH OCcpCJt Aa yiuby euHMra ara 6yjiaMH3:

R2—r2

R2_r2
2/7rsin(p

1
tg(n — un) = eKH U:|—-_{’;1I’Ctg-
1

_2/?rsintp

6) FlacTKH hphm AonpaAa JKOHJiauiraH HyKTajiap y"yH (n<cp<2ji)

ctg T —~p=

t2—1 2

— — ———,d x =

dt " 4
------------ hhth HHTerpajuiaui ysrapyBUHCH t ~— c” 2

t ypHHra KyftHiiiAaH c})OHAaJiaHaMH3, 6yHAaH cos(t—CQ:

, \
5

AaH tg-y rana y3rapaAH. Y x,0JiAa @ HHHr 6y KHHMaTjiapn yuyH yme6yra

araMH3:
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2 MyMKHH 6yAMaraH xoAHcaHHHr 3Xthmoaahth 0 ra Tenr, h~hh
P(V)= 0.

3 TacoAH4)Hft A xoAHcaHHHr sxthmoaahth y”~yn
0< P(A) < 1

14-6 0 6 ?P“u "3 aPH» 6eBOCHT3 w co6,awM K?n»HHa ko»6,,-
3X,THMOJIJ1IHKJ1AP HA3APMJICH BA ]ZS W ’)
MATEMATHK CTATHCTHKA ) C,»»

1-§. 3x,THMOJIJIHKHHHr KJiaCCHK Ba CTaTHCTHK Tai>pH(j)JiapH.

TeOMeTpHK 3X.THMOJIJIHK Pn%uHmZZputuAaP n xa xypAH xaPKH-
1} 1

14.1.1. 3x,THMOJiJiHKJiap Ha3apnncn/ia yoduca Ae6, chhob HaTH>K3CH- r [ S n S ' m S -

Aa pyfi SepHLUH MyMKHH SyjiraH xap KaHA3fi (jjaKTra afiTHAaAH.
g . 1l eKH A ;= =>(n-»(»-2)-("-m+1)

Chhob HaTH>KacHAa ajiSaTTa pyfi 6epaaHraH XQAHca Myt~*appap An= (,_ m)i
(U) yoduca AeftHJiaflH.

Chhob Hara>KacHAa xe”~ kbmoh pyfi SepMafiAHraH xoAHca MyMKun 4,0pMyAaAap 6HJiaH ™ nH” ghraraHAa 6Hrra MeMeHTH
oyAMaeaH (V) yoduca AefiHAaAH. Y — J ' f RS e «. m™ _ Ty3HJiraH K, (5HHaUH»,-

Chhob HaTHJKacH.ua pyfi SepHuiH xaM, pyfi SepMacjiHTH xaM mymkhh 6HA3H 4>apK KHAyBUH t T3 SAeMcn A
6yjiraH XQAHca racodutpud yoduta AefiHAaAH. jiapAHP- yjiapHHHTr cohh

Chhobhhht xap KaHAafi HaTHJKacn SAeMenrap yoduca AefiHAaAH. — ra TeHr.

Arap ~HTTa chhobhhht y3HAa A Ba B t3coah(])hh xoAHcajiap 6np " NGRS

BaKTAa pyfi SepMacajiap, yjiap 6upeaAUKdaMac (6apeaAUKda dyAMa-
ean) x,oducaAap AefiHAaAH. Arap chhob Hara>K3CHA3 6np hcmtb
XOAHcajiapAait (J)aKaT 6HTTacH pyfi Sepca, yjiap %oducaAapmim ryAa
zypy”~UHU TaniKHJi 3T3Ah AefiHJiaAH. aHTHJiaAH:
~"Arsp A Ba B xoAncajiapHHHr xgm 6hphhh hkkhhhhchts HHc6aTaH
pyfi 6epMiUH MyMKHH AeHHHira acoc SyjiMaca, 6y xoAHcaAap rem
UMKOHUHTAU AefiHAaAH.
A xoa,HcaHHHr pyfi SepMacAHTHAah nSopaT SyjiraH A xoAHca
A xoAHcara t"apaMa-t*aptuu yOduca’ AefiHAaAH. VMyMHH COHH. gvAraHAa XOAHCaHHHr ctutuctuk
Arap A Ba B xoAHcaAapAaH Shphhhht pyfi fiepnuiH hkkhhmhchhhht
pyfi SepHiH eKH pyfi SepMacAHrnra Ta”CHp 3TMaca, 6y xoAHcaAap y3apo
apKAU (Sofauk, 6yAMazan) %oduca.Aap AefiHAaAH. Akc xoAAa A. Ba m
B XxoAHcajiap 6ofau% yoducaAap AefiHAaAH. —
14.1.2. CHHam HaTH>KacHAa TeHr hmkohhhtah n ra 3JieMeHTap 0 rnxa D COXaHHHT KHCMH
XOAHcajiap pyfi 6ePHUJH MyMKHH SyjicHH. Bnpop A xoAHcaHHHr pyfi 14.1.5. TeoMeTpHK " (yayumrH, k>3h, m * mh)
SepHUIH ynyH SAeMeHTap xoAHcaAapAaH m Tacn KyAafiAHK TyFAHpcHH.
y xcwiAa A xoAHcaHHHr KJiaccHK sxthmoaahth

W (A)

6y ePAa m - XoAHcaHHHr pyfi eepHWAapH cohh, n cHHOBAapHHHTr

Pi,A) = — xars TyiuHLH sxthmoaahth
n I’T'ES(!

(Jj)JoPMyAa 6HAaH aHHKAaHaAH. n M ra TeHr'

3 Xthmoaahkhhhr xoccajiapn: K Tuna 3t3 ok 7 ra Kopa wap 6op. Vhmh TaBaKKadinra

1. MyKappap xoAHcaHHHr sxthmoaahth 1 ra TeHr, H'bHH
™ m "r-

P(U) = 1.
465
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E gh m. A 0JTHHraH iuap ok 3Kahjihth Xx,0AHcacH SyjicHH. Ma3Kyp
chhob 10 Ta TeHr hmkohhhtjih sjieMeHTap xoAHcajiapAaH u6opaT 6yjiH6,
yjiapHHHr 3 TacH A x,0AHcara KyJiafijiHK TyFAHpyBUHAnNp. ,H,eMakK,

2-mhcoji.~ rypyxaa 12 TajiaSa 6yjin6, yjiapHHHr 8 Had”apH

a'bJioMHJiap. PyflxaT SyiiHMa TaBaKKajinra 9 TajraSa TaHJiaS ojihhah.

Tau/iasS ojiHHraHZiap vmvijxa 5 TajiaSa atJioMH TajiaSa SyjiHiun
3X, THMOJTJIIHrHHH TONHHTr.

E qhui. Chhobhhht 6apua MyMKHH 6yjiraH TeHr hmkohhhtjih
3JieMeHTap xoAHcajiapn cohh C"2 ra TeHr. ByjiapHHHr HUHAaH CI-CI
TacH TaHJiaS ojiHHraH TajiaSajiap hhhash 5 TacH a”~iomi Tajiabajiap

XOAncacn (A) ynyH KylianJiHK TyFAHpaAn. IllyHHHr yuyH
8-7-6

b (A) cgivt 1-2-3 ° 8-7-6 14

12-11-10 12-11-10 ~ 55
1-2-3

3- mhcoji. K,npKMa ajin(J)6oHHHr 10 Ta x,ap<j)HAaH «MaTeM3THKa»
cy3n Ty3HJiraH. By x,ap<})jiap TaeoAH<])aH couhjihS KeTraH Ba kshtsash
HXTHepHH 7ap7u6jia HHFHJiraH. "Ha «M3TeM3THK3» Cy3H X.OCHJI ByjIHUIH
3X,THMOJIJIHrHHH TOnNHHr.

EmhuUl. A — «M 3TeM3THK3» Cy3H X.OCHJI 6yjlAH XOAHC3CH. TeHr
HMKOHHHTJIH MyMKHH 6yjIT3H SJieMeHTap X,0aAHCaJI3p COHH «=10! Byjuib,
A x,0AHC3ra KyjiaftjiHK HpsTyB~HjiapH m = 21-31-21 6yjiam. By epha
MaTeMaTHKa cy3HAa «m» 2 MapTa, «a» 3 MapT3, «tr 2 MapTs
T3KpopjI3HHLLIH X,HCO6ra OJIHHaAH.

pijl\ m__ 21-31-21 __ 1
K n 10! 151200 '

4-mhcoji. TejiecjjoHfla HOMep TepseTrsH aSoHeHT oxupra hkkh
paKaMHH scAaH gHKapnS KyftAH Ba (})aK3T 6y paKaMJiap xap xhji
3Kahjihthhh scjiaS KOJiraH xojiAa yjiapHH TaBaKKajinra TepAH. KepaKJiH
paKaMJiap TepnjiraHjmrH 3X,THMOJiJiHrHHH TonHHTr.

Euhiu. A — MKKHTa KepaKJiH paKaM TepnjiraHjiHK x,0ahcsch
SyjiCHH. XaMMacH 6ym6, yHTa pakK3MA3H hkkhtsa3h HeHTa ypHHJiaiu-
THpHLUJiap Ty3Hin MyMKHH 6yjica uiyHMa, HI.HH /1k) = 10-9 = 90 Ta TypjiH

paKaMJiapHH TepHin MyMKHH. IllyHHHr yuyH KJiaccHK 3Xthmojijihkk3
Kypa
5- mhcoji. 0p3Huy3 T36HaTuiyHOCH Bio(})(J)oh (X VI1II acp) TaHraHH

4040 M3pT3 TsuijiaraH Ba 6yHA3 2048 MspT3 rep6jiH tomoh TymrsH. By
CHHOBJISp M3>KMy3CHA3 TepSjlH TOMOH TyiliHLUH UaCTOTaCHHH TonHHTr.
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2048
W (A)
4040
6-mhcoji. R paAHycjiH Aonpara HyKTa T3B3KK3JIHT3 T3Uiji3HraH”
rauiJi3Hr3H HyKT3HHHr AOHpara hmkh 4H3HJiraH MynrssaM yu6ypnaK
nnnra TyuiHiun axTHMOJiJdinraHH TonHHr. Hr iosh
Fqum S(D\) — yu6ypMaKHHHr io3h, S (D) AoupaHHHr 10
fiyjicHH (63- uiaKJi). A HyKTaHHHr y”~ypnaKKa TyuiHuiu xoAncacH.
Y xoJiAa
S (DJ) 3V3 R2= 3V3
P{IA) = _s(p)- 4kr2 a1

P(A) «0,4137.

63- uiaKJi
7.mhcoji. [0, 2] KecMaAaH TaBaKKajinra hkkht3 x sa Yy coHJiapn
TaHJiaHraii. By coHJiap x2< 4 4x TenrcHSJiIHKHH KaHoaTJiaHTHpuuiH

3XTHMOJ1. llirHHH TONHHT.
E MH 111 (x, u) HyKTaHHHr KOOpAHH3T3JI3pH

I 0 <X < 2,

1l o<y=<2

TPHTCH3JIHK lap CHCTeM3CHHH K3HO3TJI3HTHp3AH. By — (X, y) HyKT3
TeHr KBaapaT ,yKTaldiapH rJnjiaMHiiaH raBaKKa”"ra

TaHJiaHHiun 1h Shjiahpsah. tv Hvkt3
BH3HH KH3HKTHp3eTT3H A XOAHCa TaHJiaHaAHTaH [X, ) y

uiTPHXJiaHra 1 <})Hryp3ra TeruuildiH 6yjiraH XOJiAa Ba
DVH SepaAH (64 -UiaKJi). By c})Hrypa KOopAHHaTaJdiapn X < 4y< 4x

feHfOH3"HK,M KauoaTJiaHTHpaAHraH
xochji khjih nraH. JleuaK, H3JiaHaeTraH 3Xthmojijihk uiTpuxjiaHraH

(WHrypa hd3hhhhf KBaApaT io3Hra HucSaTHra TeHr, H-bHH
2

o]

@ -14)11 2
P(A) =

XleMaK, P{A) = -
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1- dapcxona rontuupuFu

1. TaBaKKajinra 20 AaH Karra 6yjiMaraH HaTypaji coh TaHJiaHraHAa,
yHHHr 5 ra KappajiH SyjiHiii sxthmoajihthhh TonHHr

>K: 0,2.

2. KapTOMKa/iapra 1, 2, 3, 4, 5, 6, 7, 8 9 paKaMJiapn e3HJiraH.
TaBaKKajiHra Typrra KapTOHKa oahhhs, yjiapHH KaTop khahsS
TepHJiraHiia *ycJ)T coh xochji SyjiHiiiH s~thmoajihthhh ToriHHr

T

3. K,yTHfla 12 Ta ok Ba 8 Ta kh3hji map 6op. TaBaKKa/mra

a) 6htt3 map cuiHHraHAa yHHHr ok SyjiHtiiH sxahmojiahtkhh TonHHr;

6) 6nTTa map oAHHraHAa yHHHr kh3hji 6yjinimi sxthmoaahthhh
TonHHT;

b) 2 Ta map OJiHHraHAa yjiapHHHr TypjiH paHrzia 6yAHUIH
3XTHMOAJIHTHHH TONHHTJ

r) 8 Ta map OJiHHraHAa yjiapHHHr 3 Tacn kh3ha paHrjiH SyjmuiH
3XTHMOAJ1IHTHHH TONHHT;

a) 8 Ta map O0JTHHraH.ua kh3hji paHrjiH mapjiap 3 TaAaH Kyn

SyjIMaCJIHTH 3X,THMOJIAHTHHH TONHHTJ

>K: a) T; 6) T; B) Ib r> ~°-35; a) «0,6117.

4. HKKHTa yftHH coKKacH SapaBap TauidiaHraHAa KyftHA3rn xoAHca-
JiapHHHr pyft 6epnm s"THMOAJiHK/iapHHH tohhht:
A — TymraH o07”KOJiap hhfhhahch 8 ra TeHr.

B — TymraH OMKOJiap KynaftTMacH 8 ra TeHr.
C TymraH o”KOJiap Shfhhahch yjrapHHHr KynafiTMacHAaH KaTTa.
>K: P(B)=-t-; P(C)=]L.

5. TaHra 2 MapTa TauidiaHraHAa aKajuiH 6np MapTa rep6jw tomoh
Tymnmn sxthmojiahthhh TonHHr.

>K: P(A)=-j.

6. KyTH”aAa 6 Ta 6np xhjt (HOMepjiaHraH) Ky6nk 6op. TaBaKKajiHra
6HTTa-6HTaAaH Sapwa KySnKjiap OAHHraHAa KySnKjiapHHHr HOMepjiapn
ycn6 Sopnm TapTHQnAa 'ihkhuih sxthmoajihhihh tohhht

7. K,yTHAa 5 Ta 6np xhji SyioM 6yjin6, yjiapHHHr 3 TacH Sy~AraH.
TaBaKKajiHra 2 Ta 6yiOM OAHHraHAa yjiap opacHAa:

a) 6HTTa dyHJiraHH SyjiHmn;

6) HKKHTa SyjiraHH SyjiHinn;

b) x,eq SyjiMaraHAa Snrra SyajiraHH SyAHUiIH sxahmojijihtkhh
TonHHr.

>K: a) 0,6; 6) 0,3; b) 0,9.

8. YgjiapH (0, 0), (0, 1), (1, 1), (1, 0) HyKTajiapAa SyjiraH KBaApaTra
(X, Y) HyKTa TauijiaHaAH. By HyKTaHHHr KoopAHHaTajiapH Y<C2X
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ICHTCH3AHKHH KaH03TJiaHTHpHmMH 3X,THMOAJIHTHHH TONHHT.

>K: P(A) =0,75. ,

9. TaBaKKajiHra x,ap 6hph SnpAaH KaTTa SyAMaraH HKKHTa MycOaT
coh oJiHHraHAa, yjiapHHHr hhfhhahch X+ Y 6hPA3h KaTTa SyjiMacjiHra,
nyriaftTMacH Xy sea 0,09 AaH khhhk SyjiMacjinrH 3x,thmoaah th hh
TonHHr.

y N P ~ 0 2.

10. AftjiaHara TaBaKKajiHra hhkh yufiypMaK 4h3ha3AH. By yq6yp43K
YTKHp 6ypH3KAH 6yAHHJH 3XTHMOJIJIHTHHH TONHHT.

11 TexHHK Ha3opaT SyAHMH TaBaKKaAHra oAHHraH 100 Ta KHToQAaH
5 T3CH HPOKCH3 SKaHHHH 3HHKA3AH. flpOKCH3 KHT0o6A3pHHHT HHCO6HH
liacTOTacHHH aHHKAaHr.

>K: W '(/1)=1~=0,05.

1- MyCTaK,UA UIU

1 HOMHHO TOmAapHHHHT TyAHK Ma>KMy3CHA3H (28 Ta Tom)
T3B3KKaAHra 6HTT3CH OAHH3AH. KyHHAarH XOAHC3A3pHHHT 3XTHMOAAH-
THHH TonHHr.

s) OoAHHraH TomAa 6 o”iko ByAHmH;

6) OAHHraH TomAa 5 omko ckh 4 ohko 6yAHiiiH,

b) MHKKaH OMKOAap hh™hahch 7 ra TeHr 6yAHmH.

>K: a) -J, 6) — ; b)

2. TaBSKKaAHra 20 AaH KaTTa 6yAMaraH HaTypaji coh TaHAaHraHAa
yHHHr 20 HHHT 6yAyB4HCH gyAHIUH 3XTHMOAAHTHHH TOnHHTr.

AK* P_03

3. PaKaMJiapw xap xha hkkh xoHaJdin coh yftAaHraH. S"HAaHraH coh.

a) TacoAHtbaH aftTHAraH hkkh XxoHaAH coh SyjiHmn,

6) paKaMAapn xap xha 6yAraH TacoAH(})aH aftTHAraH hkkh xoHaAH
COH 6yAHmMH aXTHMOAAAHTHHH TOriHHT.

K: a) 6) -i.

4 Ajiomm KapTOTKBJiapra 1. 2, 3,4, 5,6, 7, 8, 9 paKaMJiap eMJiraH

KapTowaAsp axmnAaS spaAamTHpHJirsn, TaBa” ™ ra6” &P TcOH
OAHH3AH B3 KeTM3-KeT K3TOP KHAH6 TepHASAH. XoCHA 6yAr3H COH

1234 SyjinmH sxahmoajihthbh TonHHr.

w . rj 000”73

5- KyTHAa 100 Ta AaMnoMK3 6yAH6, yAspHHHr 10 Tacn npoKCH3.
TaBaKKaAHra 4 Ta AaMnoMka oAHHaAH. OAHHraH jiaMno~KaAap hmhas-

a) HpoKCH3JiapH ftyK oyAHmn;

6) apoKAHAapn ftyK 6yAHUJH sxthmojiahthhh TonHHTr.

>K: 0,65; 6) 'P «0,00005.

6. R paAHycAH AOHpara HyKTa TamAaHaAH. By HyKTa AOHpara hmkh
>4H3HAraH KBaApaT H”Hra Tymnmn sxthmoaahthhh TonHHr.
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7. TaBaKKajiHra x,ap 6npn 2 ash KaTTa SyjmsraH hkkhts x Ba
Y MycSaT coh OJiHHrsHAs 6y coHjiapHHHr KynaHTMacH XYy Shpash KaTTa

SyjiMacjiHTH, y/Xx 6yjiHHMa aca hkkhash KaTTa 6yjiM3CJiHrH sxthmojijih-
thhh TonHHr.

>K: P«0,38.
8. TaHKKa KapixiH mhhsjisp Typpn mh3hk 6yflji3b xap 15 m ra
>KOHJiaLUTHpHjrraH. 3hh 3 m SyjiraH tbhk 6y TyrpH MH3HKKa nepneHAH-

KyjTHp flyH3JIHLUA3 KeJTMOKA3. TsHKHHHr MHH3T3 Ayq KeJIHLUH 3XTH-
MOJIJIHFHHH TONHHT.

>K: P = \.
5

9. ByiOM napTHHCHHH CHH3LHA3 HpOKJIH 6yK)MJ13p HHCfiHH UaCTOTaCH
0,9 ra TeHr 6yjiAH. Arap xsmmsch 6yjiH6, 200 ts SyioM TeKiunpHJirsH
Syjica, hpokjih 6yioMJiap cohhhh TonHHr.

)K: 180 Ta.

10. Bapna eKJiapH SynjiraH Ky6 1000 Ta TeHr «Ky6qg3»Jiapra
appajiaHraH. TaBaKKajinra QJiHHrah «Ky6qa»HHHr hkkht3 ern SynJiraH
SyjIHUIH SXTHMOJIJIHTHHH TonHHTr.

>K: P = 0,096.

11. HulHKA3 31 Ta 6HpHHMH H3B B3 6 Ta HKKHHMH HaB AeT3Jlb 6op.
TaBaKKajinra 3 Ta AeT3Jib ojihh3Ah: a) ojiHHraH ynana AeT3Jib 6hphhmh
WH3B SyJiHUJH; 6) OJiHHraH AeTaJUiapHHHr xeq 6yjiMar3HA3 6htt3ch
ShPHHMH HaB SyjlHLHH 3XTHMOJ1J1HFHHH TonHHTr.

>K: a) P«0,58; 6) 0,9974.

12. TaB3KKajiHr3 ojihhfsh  Tejie<J)OH HOMepH 6euna psKSMAaH
HSopaT. Yhas:

3) X3MM3 p3K3MJ13p X3p XHJII ByjIHLUH;

6) X3MM& p3K3MII3p TOK SyJIHUIH 3XTHMOJ1J1HTHHH TONnHHT.

>K: 3) 0,3024; 6) 0,03125.

13. lllsprs Ky6 hhkh mh3hjit3h. HyKTa tsbskksjihts rnspra
TaiilJ13H3AH. HyYyKTSHHHT Ky6r3 TyLUHIiIH SXTHMOJIJIHrHHH TOIIHHTr.

>K: 0,368.
nVv 3

2- 8. X,0OAHcajiap ajireSpacH.
SXTHMOJiJiHKjiapHH KyuiHiu Ba KynaHTHpHiu TeopeMajiapn.
UlapTJIH 3X.THMOJIJIHK

14.2.1. HKKHTa A Ba B xoahc3hhhf uuFunducu Ae6 A xoAHcaHHHTr,

eKH B XOAHC3HHHT, eKH By HKK3JI3 XOAHC3HHHT pyfl 6epHIUHA3H «60p3T
C= A-\-B XO0AHC3T3 3HTHJ13AH.

BnprajiHKAa 6yjiMmar3H HKKHTa A Ba B xoAHca hhfhhahchhhhf
3XTHMOJU1IHTH 6y xoAHcajiap 3XTHMOJiJiHKJiapHHHHr HHFHHAHCHra TeHr:
P A+ B)=P (A)+P(B).

Bnp HeMTa *yt})T->KycJ)TH Shjish 6npr3JiHKA3 6yjiMaraH xoAHcajisp
HHFHHAHCHHHHr  3XTHMOJIJ1IHTH 6y  XO0AHC3J13p 3XTHMOJIJIHKJiapHHHHr
HHFHHAHCHTa TeHr:
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p{Ai + ~ 2+ ...+An) =P(Ai)+P(A2) + ...+P{An) -
Tvjia rpynna TauiKHJi STyBUH Ai, A2, An XOAHcalisp W h-

1 ra Te"r-
P{A\) + P(A2 + —+ P(An) — 1-

Kapawa-KapuiH xoAHcajiap 3\THMOJiJiHKJiaPHHHHr hhfhhahch 1 ra

TeHr, H'bHH

P(A)+P(A) = I
u a oa R xoiiHcaHHHr KunauTMacu Ae6, 6y XOAnca-
w H6opaT C ="-B w ara
3HTHJI3AH. Xx0A,caHHHr 6HPraJTHKAa pyft SepHUIH 3XTHMOJIJIHTH
6y x o ™ aGPANTHM i— apHHHHr Kyn3HTM3CHr3 Tenr:

P(AB)=P{A)-P(B).

n].jttj 6vJirBH 6hp Hed4T3 xoahcshhht pyfl SepnuiH
\oaMCaldiap sxth mwijih KJiapHhhHr Ky ,ai,™ac,ra TeHr:

P(Ai A2  An) =P (A,) -P{A2) m...mP{An).

& xn/iHoa DVH 6epAH AersH mspTAS XHCoSjiaHraH
«T,Man,,K

KyftHAarH43 6eJ\THJiamm-
PA(B) ekH P(BZA).
HKKHTa 60FJ.HK X,OAHCaHHHr 6 hPF3JIHKA3 PP 6ePHIUH 3XTHMOJIJIHrH
yqyH KyfiHAarH (},opMyiiadiap ypnHJin:
P(AB)=P(A)-Pa(B) ekH P{AB)=Pb-Pb(A)-

k n HeuTa 60FJ1IHK xoAHcadiapHHHr SnpraJiHKAa pyfl SepHLU
3XthmLjih™ KyflHAarn (})opMyjia 6yHH4a xmco6ji3H3Ah.

P{ATA2....-A0=P (Ai)-PA(A2-PAA(AI....-PAA.~ t(An).
14 2 3 A B3 B T3COAH(j)HH XOAHC3J13P HHFHHAHCHHHHF SXTHMOJIJIHrH
yaqyH. KyftHASFH (})OpMyJi3 ypHHJIH:
P(A+ B)=P(A) +P(B) — P(AB).

10« aVTUMOJIJIHK (hOpMy J3CH. £i, B2 wm Bn Jiap
H 21'Jhh? TYJia rypyxHHH tsuikhji 3th6, A xoahc3 yjiapHHHr 6hPh

P(A)= 2 P(BY-PEA)-
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14.2.5. Beftec
Ma bjiyM Syjica, y xojiAa P(BKk), k=I,n sxraMOAJiHKAapHH KaftTa
oaxoAaui MyMKHH, ht.hh PA{BK mapTjiH 3x,THMOJiJiHKJiapHH yrnSy Beftec
(popMyjiaCH epAaMHfla TonHUi MyMKHH:

c{)opMyjiacH.

P(B.)-PR (A)

PABK = P(A)

1-mhcoji. Uexfla Snp Hema ct3hok HUiJdiaftAH. CMeHa _aaBOMH.ua
OHTTa CT3HOKHH CO03JiaUIHH TaJdiaS 3THIH 3XTHMOAJIHTH 0,2 ra TeHr,
HKKHTa CTaHOKHH co3JiauiHH TaAaS 3thu] sxthmoaahth 0,13 ra TeHr!
CMeHa AaBOMHAa HKKHT3A3H OpTHK CT3HOKHH CO03AaUIHH T3J130 3THIU
3XTHMOAAHTH 3C3 0,07 T3 TeHT. CMeH3 A3BOMHA3 CTaHOKJI3pHH
CO3JI3LUHH TaJdiaS 3THAHLUH 3XTHMOJIAHTHHH TOIIHHr.

E 4 HU . KyHHAarH )"0AHC3JI3pHH K3paHMH3." A — CMeH3 AaBOMHAa
OHTT3 CT3HOK CO03JI3UIHH T3A3S 3T3AH XOAHCaCH;

B CMeHa AaBOMHAs hkkhts ctshok co3ji3uihh TaAaS aTaAH
x,0AHcacH;

C CMeHa flaBOMHA3 2 TaAaH opraK ctshok co3JiauiHH TaAaS sTaAH
XOAHCaCH.

A, B, C x,0AHcaAap ysapo SnpraAHKAa 3Mac. Bh3hh KyftHAarn
XoAHca K,H3HK.THpaAH: (/1+ B+ C) — CMeHa aaBOMHAa co3Aam 3apvp
Oy/iaAHraH eraHOKJiap:

P(A+ B+ C)=P(A) +P(B) +P(C) =0,2 + 0,13+ 0,07 = 0,4.

2- mhcoji. HKKHTa obmh Snp naHTAa Snp-SnpHra Sofahk SyAMaraH
XOAAa KyeHra KapaTa yK y3HiiiAH. OBMHAapAaH x.eM SyAMaraHAa Snpn
YKhh HHuioHra TeKKa3ca, KyeH othS OAHHraH SyjiaAH. Bhphhmh
OBHHHHHr HHuioHra yPHui s*"thmoaahth 0,8 ra, hkkhhmhchhhkh 0,75 ra
TeHr Syjica, KyeHHH othS oahlh 3xgthmojiahthhh TonHHr.

E mhilu. KyHHAara xoAHcaAapHH KapaftMH3:

A — Shphhmh obmh HHiuoHra TeKKa3HiiiH;

B — HKKHHMH OBMH HHHIOHTa TeKK33HUJH.

A Ba B 3PKAH X,0AHC3JI3p. BH3HH (/4+ B) ~OAHCa KH3HKTHpaAH.

\A-\-B) SyjiMaraHAa Snrra obmhhhht HHiuoHra TeKKa3HUiH
y X,cwiAa

P(A+ B)=P(A) +P(B)-P(A-B) =0,8+ 0,75-0,8-0,75 = 0,95,
P(A+ B)=0,95.

3-mhc oji . KoM3HAaAa 12 cnopTMH SyjmS, yjiapHHHr 5 Tacn cnopT
ycTacH. CnopTMHASp hmhash Kyp"b3 +tsihasui opKajiH yM cnopTMH
TaHJiaHaAH. TaHJiaHraH cnopTMHAapHHHr ~aMMacn cnopT ycTacn
OyAHUIH 3X,THMOAJIHTHHH TOnNHHr.
E'fHiu. A, — Shphhmh cnopTMH — cnopT ycTacn;
A2 — hkkhhmh citoPtmh — cnopT ycTacn;

As y~*HHHH cnopTHH — cnopT ycTacn;
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Arap A xoAHca pyft SepraHH

A=Ai -Ai-Ai — ynajia cnopTMH— cnopT ycTacn.
4i, A2, A3, x,0AHcaAap — Sofjihk xoAHcaAap. HeMak,

P(A) = P(AIA2A3 =P (A)PAI(AQPAR (/t3=~-TT'~r=i-

4-mhcoji. TaAaSa y3Hra KepaKAH (J)opMyAaHH 3 Ta Ma-bJiyMOTHOMa-
aan KHAnpaAH. OopMyAa Shphhmh, hkkhhmh, yMHHMH MaT.AyMOTHOMaAa
fiyAHihh 3XTHMOAAHTH moc paBHiHAa 0,6; 0,7; 0,8 ra TeHr. OopMyjia:

a) 4>aKaT 6htt3 MaijJiyMOTHOMSAa SyjiHuiH;

6) (])akaT HKKHTa MstJiyMOTHOMaAa SyjiHiUH;

b) yM3A3 M3'bJiyMOTHOM3Aa SyjIHLUHJ

r) x.eM SyAMaraHAa 6htt3 M3"bJiyMOTHOM3Aa 6yAHiuH sxthmoaahth-
IIH TONHHT.

E MHH. KyftHAarH X.0AHC3J13PHH Kap3HMH3:

A\ — 4>0pMyji3 6hphhmh Ma'bJiyMOTHOMaAa Sop,

A2— ()OpMyAa HKKHHMH M3"bAyMOTHOM3Aa 6o0p,

A3— ()OpMyAa yMHHMH M3"bJiyMOTHOM3Aa Sop.

3) A= AL AA3 AIA2A3+ A1A2A3— ()opMyA3 ¢)3K3T Shtts M3"bAy-

mothoMaAa Sop.
AjA2A3, A\Az, As, AIA2A3 x,0AHcajiap SnpraAHKAa 3Mac Ba Ah

A2 ~ 3 At, A2 A3, A\, A2 ~ X.0oAHcaAap Sofjihk 3Mac. AeMaKk,
P(A) =P (Ai)P(A2JP(A3) +P(A,)P(A2)P(A3) +P(A,)P(A2P(AJ =
i= 0,6 «0,3+0,2+ 0,4+0,7L0,2+ 0J m0,3 +0,8= 0,188.

6) A=AiA2A3+A ,A2A3+ AJA2A3— c}lopMyAa clhaKaT HKKHTa M

jiymoth OMaAa Sop. Ae
P(A) = 0,6- 0702+ 06 0,3-0,8+ 0,4-0,7-0,8 = 0,452.

B) A= A ,A2A3— cf)opMyjia ynajia MatjiyMOTHOMaAa Sop.

P(A) =0,6-0,7-0,8= 0,336.
r) ~4=~41+ A 2+ A3— c}opMyjia xeM SyjTMaraHAa Shtts Mat"y-
MOTHOMaAa Sop. Ma3Kyp x,QiiAa A xoAHcara KapaMa-KapuiH xoAHcaHH

Kapaiu KyAaft.

A — (J)opMyAa xeM Snp Ma"bAymoth OMaAa nyK-
A=A,A2A3, y x0Jira P(A) = | —P(A).
P(A) = | —P(A) = \—P(AiA2A3 =\ —P(A)P(A2)P(A3) =

1—-0,4-0,3-0,2=1—0,024= 0,976.

lilyHAafi khjihs, a) P(A) =o0,188; 6) P(A) =0,452; b) P(A) =0,336;
r) P(A) =0,976.

5-'mhc oji . Bhphhmh KyTHAa 2 Ta ok, 6 Ta Kopa, hkkhhmh KyTHAa sea
4 Ta ok, 2 Ta Kopa map Sop. Bhphhmh KyTHAaH TaBaKKajiHra 2 Ta map
OJIHS, HKKHHMH KyTHTa COJIHHAH, myHAaH KeHHH HKKHHMH KyTHAaH
TaBaKKaAHra SHTTa map oahhah.

a) OAHHraH map ok SyAHinn sxahmcxAfahjihth KaHAaft?

6) Hkkhhmh KyTHAaH OAHHraH map ok SyjinS mhkah. Bhphhmh
KyTHAaH o0ahS hkkhhmh Kyrara coAHHraH 2 Ta map ok SyjinuiH

3XTHMOAJIHTH KaHAaft?
Emhuj. a) KyftHAara SejirHAamjiapHH KHpHTaMH3:
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A --—- HKKHHMH KyTHAaH OJIHHTaH Ulap OK,
Bi — Shphhmh KyTHAaH hkkhhmh KyTnra 2 Ta ok map cojiHHraH,

B2— Shphhuh KyTHflaH hkkhhmh KyTnra 2 Ta TypjiH paHraarn map
co/MHraH,

B3 — SnpHHUH KyTHAaH HKKHHMH KyTHT3 2 Ta KOpa map COJIHHT3H.

Bi, B2, B3— xoAHcajiap ryjia rypyx Taiiikhji 3Ta.nn. Y xojia3 Tyjia
3XTHMOJ1JIHK cjjopMyjracnra Kypa

P(A)=P(BI)PBi(A)+P(B2APBXA)+P(B,)PBi(A).

Bk, #£=1,3 rHnoTe3ajiapHHHr sxthmojijihkjisphhh Ba P Bi(A) mspTJiH
3XTHMOJIJIHKJiapHH KJiaCCHK CXeMa 6yHHMa XHCO6jiaHMH3:

Co I cl-cl 12
P(B,)=-Jd-="7r; % 2 6
28 v r? 28

TonHJiraH H3TH>KadiapHH Tyjia sxthmojijihk (jjopMyjiacnra Ky«<MH3:

+ + = ng

v 28 4 28 8 28 2 16’ ;oir

6) Pa(B\) sxthmojijinkhh Befiec (JjopMyjiacH SyiiHHa TonaMH3:

PaW »' P(A) _9v 21
16

2- dapcxona ToniuupuFu

1. KypcaHT othuj SyftHHa «chhob» TonmnpHiiiH yqyH 4 jxan nacT
SyjiMaraH 6axo ojihlhh KepaK. Arap Kypc”HT oTraHHra «5» SaxoHn 0,3,
«4» SaxoHH 0,6 3XTHMOJ1JMK 6miaH ojihiU'M MatJiyM 6yjica, KypcaHTHHHTr
«chhob» TonmHpa ojihlh sxthmojijihnthhh TonHHr. >K: p— 0,9.

2. HKKHTa MepraH HwrnoHra KapaTa 6HTT3AaH yK y3HUiAa. Bhphhmh
MepraHHHHr HnmoHra TeKKa3Hm sxthmojijihth 0,6 ra, hkkhhmhch yqyH
0,7 ra TeHrjiHTH MatJdiyM Syjica, KyHHAarn xoAHcajiapHHHr sxth-
MOJIJIHKJiapHHH TonHHTr:

a) MepraHJiapHHHr <J)akaT SnpHHHHr HHmoHra TeKKa3Hmn;

6) MepraHJiapHHHr xeM SyjiMaraHAa Snpn HHmoHra TeKKa3HmH;

b) HKKajia MepraH HHmoHra TeKKa3HUiH;

r) xeq 6np MepraHHHHr HHmoHra TeKKa3a ojimscjihth;

A) MepraHJiapHHHr xeu SyjiMaraHAa 6npH HHmoHra TeKKa3a
ojiMaraHH.

>K: a) 0,46; 6) 0,6; b) 0,42; r) 0,12; a) 0,58.
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3. HnFyBHHra 3apyp AeTaldib Shphhmh, hkkhhmh, yHHHMH, TypTHHMH
auiHKAa SKaHJIHTH sxthmojijihth moc paBHmAa 0,6; 0,7, 0,8, 0,9 ra TeHr.
3apyp AeTajib:

a) Kynn 6njiaH 3 Ta auiHKAa 6yjiHmH;

6) K3MH 6HJiaH 2 Ta HUIHKAa SyjlHUIH 3XTHMOJIJIHTHHH TonHHTr.

>K: a) 0,6976; 6) 0,9572.

4. TypyxAa 10 TajiaSa 6yjiH6, yjiapHHHr 7 Hac})apH aTaJdionHJiapj lypT
rajiaba AeKaHaTra mskhpthphjiah. YjiapHHHr Sapnacn s'wiomh SyjiHiuH

3XTHMOJ1J1HTHHH TOnHHr. >K: -jp

5. y*"Ta 3aBOA coaT nmjia6 MHKapaAH Ba Mara3HHra >KyH3TaAH.
Bhphhmh 33boa 6yTyH MaxcyJioTHHHr 40% hhh, hkkhhmh 33boa 457
hhh y"HHMH 3aBOA aca 15% HHH TaftepjiaHAH. Bhphhmh 3aBOA MHKapraH
COaTJdiapHHHT 80% H, HKKHHMH 3aBOA COaTJiapHHHHT 70/b H, yMHHMH
3aboa coaTJiapHHHHr 90% h HJirapHJiaS KeTaAH. CothS ojiHHraH
coaTHHHr HJirapHJia6 kcthlhh axTHMOJiJiHrHHH TonHHr. >Iv 0,//.

6. CaMOJieTra KapaTa ywa yK y3HJiraH. Bhphhmh othlha3 HHiuoHrs
Ternm sxthmojuihth 0,5 ra, hkkhhhhcha3 0,6 ra, ygHHMHCHAa 0,8 ra TeHr.
BHTTa VK TeKKaHAa caMOJieTHHHr ypn6 TymnpHJiHMH sxthmojijihth
0 3 ra HKKHTa yK TeKKaHAa 0,6 ra TeHr. Ymt3 yK Terca, caMOJieT ypn6
TymnpHJiaAH. CaMOJieTHHHr ypH6 TymnpHJiHmMm axTHMOJiJiHraHH TonHHTr.
>K: 0,594.

7 CnapTaKH3AaAa 6hphhmh rypyxA3H 4 Taldia6a, hkkhhmh rypyxAaH
6, ygHHMH rypyxAaH 5 Tajisfis KaTHamaAH. HHCTHTyT TepMa *aMoacHra

6hphhmh rypyxAarn TaAaSa 0,9 sxthmojijihk 6HJiaH, hkkhhmh

rypyx
TajiaSacH 0,7 Ba ygHHHH

rypyx Tadia6acH 0,8 sxthmojijihk 6HJiaH Kaoyji
khjihhhltuh MyMKHH. TaBaKKajinra TaHJiaHraH TajiaSa TepMa >KaMoara
KaSyji khjihhah. By TadiaSaHHHr Kaftcn rypyxAa yKnmn

sxthmojijihth
KarrapoK? >K: TajiabaHHHr hkkhhmh rypyxAa yKHiHH

sxthmojijihth
KaTTapoK-

8. U,exAa TawepjiaHaAHraH AeTaJdidiap HKKHTa Ha3opaTMH tomohha3h
TeKLUHpHJiaAH. JJeTajiHHHTr Ha3opaT yqyH 6hphhmh Ha3opaTMHra
TymnmH AXTHAMOJJIHAH 0,6 ra, hkkhhmh Ha3opaTMHra TymnmH 0,4 ra
TeHr. 51poKJiH AeTalJiHHHr Shphhmh Ha3opaTMH TOMOHHAaH HpoKCH3 Aeo
TOriHJ1H1I11H 3XTHMOJ1JTHTH 0,06 ra, HKKHHMH H330paTMH yMyH 3Ca 0,02 T3
TeHr. HpoKCH3 Ae6 TonnjirsH AeTaldidiap TeKmnpHJiraHAa yjiap hmhabh
HpoKJiHJiIHTH mhkh6 kojiah. By AeT3JiHH Shphhmh Ha3opaTMH TeKmnpraH-

JIHTH 3XTHMOJ1J1HTHHH TonHHr: >K: -jj--

2- MyCTCLKfUA UUI

1. BHTTa yK y3HiiiAa HHmoHra Ternui sxthmojijinth 6hphhmh MepraH

ygyn P ra, hkkhhmh MepraH yqyH 0,7 ra TeHr. MepraHJiap 6np BaKTAa
yK y3HmraHA3 pocs 6HTTa yKHHHr HHmoHra Terniu sxthmojijthth 0,38 ra
TeHrjiHTH MaiidJiyM 6wica, P hh TonHHTr. 0,8.
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2. MepraHHHHr Surra yn. y3HLUAa 10 omko ypHiu 3XTHMOAAHrH;
0,05 ra, 9 omko ypnui sxthmoajihth 0,2 ra, 8 omko ypuiu 3~rthmojiah th
0,6 ra TeHr. Burra yK y3HAAH. K,yftc<AarH xoAucaAapHHHr sxahmojijihth-1
hh TonHHr: |

A — 8 aaH KaM SyAMaraH omko ypHAraH; i

B — 8 AaH Kyn omko ypHJiraH.

)K: P(A) =0,85; P(B) =0,25.

3. YcTaxoHaaa yma CTaHOK HmjiaanTH. CMeHa AaBOMHAa Shphhmh:
CTaHOKHHHr co3Jiau)HH TaAaS 3THUI sxthmojijihth 0,15 ra, hkkhhmh!
CTaHOK yMyH 0,1 ra, yMHHMH CTaHOK yMyH sea 0,12 ra TeHr. CraHOKJiap;
SapaBapnra (Snp naftTAa) CO3JiauiHH TaAaS stmshah AeS x,HCo6jia6,
CMeHa aaBOMHfla xeM SyjiMaraHAa Snrra CTaHOK co3JiauiHH TaAaS
sthuih sxthmojiahthhh TonHHr. >K: « 0,3268. |

4. fluiHKfla 15 Ta AeTajib SyAuS, yjiapHHHr 10 Tacn SynAraH.
HhryBMH TaBaKKajiHra 3 Ta aeTajib OAaAH. OjiHHraH AeTajuiapHHHr
SapMacH SynjiraH SyjwuiH sxthmojijihnthhh TonHHr. >K: P«0,264.

5. Bupop (J)h3hk3bhh KarrajiHKHH Snp MapTa yjiMaui®a SepHAraH
aHHKJiHKaaH KaTTa SyjiraH xaTOJiHKKa ftyji KyftHAHiiiH sxthmojijihth
0,4 ra TeHr. YMTa Sofjihk SyAMaraH yjiMaui yTKa3HAAu. By yjiMainjiap- i

hhht (J)aKaT SnrracHAa Syji KyftuAraH xaTo SepHJiraH aHHKAHKAaH |

KaTTa SyjiHUIH sxthmojijihthhh TonHHr. >K: 0,392. j
6. TajiaSa 25 Ta hmthxoh caBOJiJdiapHflaH 20 Tacnra TaftepAaHHiura ,

yjirypAH. TajiaSa TaBaKKajiHra OjiHHraH yMTa caBOJiHHHr KaMHAa |

HKKHT3CHHH ShJIHIUH SATHMOAJIHTHHH TOnHHr. >K:
345

7. Hhfhiu wuexnra yMTa aBTOMaTAaH AeTajuiap kejinS TyiuaAH.
Bhphhmh aBTOMaT 0,3%, hkkhhmhch 0,2%, yMHHMH 0,4% npoKCH3 AeTSjib
HiiiAaS MHKapHiiiH Ma"bAyM. Arap Shphhmh 3Btom3ta3h 1000 ts,
hkkhhmhchash 2000 Ta, yMHHMHCHAaH 2500 Ta AeTajib KejinS TyuiraHH
Ma"bJiyM Syjica, hhfhui uexnra npoKCH3 AeTaAb kcahS TyiuraHAHrn
3XTHMOAAHTHHH TonHHr. >K: 0,003091.

8. BeH3HH KyHHLu SeKaTH eHHAaH chtha Ba iok MamuHaAapH £th6
TypaAH- YAapHHHr 60% hhh iok MauiHHaJdiapn tsujkha 3TaA«. YthS
KeTaeTraH MauiHHaHHHr SeH3HH ojihuj YMyH TyxTaui sxthmoaahth iok
MauiHHacH yMyH 0,1 ra, eHTHA MauiHHa yMyH sea 0,2 ra TeHr. BeH3HH

KyHHin SeKarara SeH3HH KyftnS ojihuj yMyH MauiHHa kcahS TyxTaAH. By

Q
IOK M3UIHH3CH 3K3HAHTH 3X,THM.0AJIHTHHH TOnHHr. >K: y.

3-§. BoFjiHKMac CHHOBjrap KeTMa-KeTJiHTH. BepHyjuiH (JjopMyjiacn.
MyaBp — Jlanjiac Ba FlyaccoH TeopeMajiapH

14.3.1. Arap CHHOBJiap HaTH}K3J13PHHHHr X3p K3HAaft kom6hh3Uhhch

60FJIHKM3C XOAHC3A3P Tynjl3MHA3H HSopST SyjlC3, 6y CHHOBA3P '
60FAUI"MaC AeHHJI3AH.

MeKJIH COHA3TH tI T3 KeTM3-KeT SOFJIHKM3C CHHOBA3p yTK33HAT3H
SyjiCHH. By chhobjisphhht Xx,sp SupH hsth>K3cha3 Ma"bAyM Snp xoAHca
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pvii SepniiiH MyMKHH SyAca, chhobjisphhht SyHA3H KeTMa-KeTJiHJiwrH

Ik'PHUAAU CXeMdCU AeHHJiaAH.
BepHYyAAH ijiopMyjiacH. Xap SnpHAa x,0AHcaHHHr pyn SepniiiH

iIXTHMOJiJinrH p ra TeHr N Ta SoFJiHKMac CHHOBAapAa 6y x,0AHcaHHHr
poca M MapTa pyft SepHinn sxthmoajihth

p n(m) C™pngn~m 6y epAa gq= | —p,

Cm= n
" (n— m)\m\

i(i TeHr.

Pn(mi~.m~ALm2 — n ra SorjiHKkMac CHHOBAapAa A xoAHcaHHHr
KaMHAa m TBa”ynH Shabh m2 MapTaraMa pyft Sepnui sxTHMOJiAHrH
fiyACHH. Y x,0AAa KyftHAarH (j~opMyjia ypHHAHAHDP:

m

Pn(m|<m<m2= 2. Lnp q
m=m

n Ta CHHOBAa xoAHcaHHHr KaMHAa Snp MapTa pyft SepniiiHHHHr
iXTHMOAJIHTH

Pn (I<rn<n) = 1—g\ <7=1 P

,d Ard&p xoAHcaHHHr CHHOBJiap HaTH*acHAa mo MapTa pyft SepnuiH
3XTHMOAAHTH KOJiraH CHHOBAapHHHT MyMKHH SyAraH Ha™ * aJlaPH
3x,THMOAJiHrHAaH KaTTa SyAca, mo coh 3Hr sxthmoaah AeHHAaAH.

Y KyftHAara (jjopMyAa SyftHMa x,HCo6AaHaAH:

rip—g”~mo”~np + g-
a) arap np-q — Kacp coh Syjica, 6htt3 3Hr sxthmcwah mo coh

M3B>Ky A”ap — B6yTyH coh Syjica, hkrhtb 3Hr sxthmoaah coh

mn tI)B)a :;nr _r}p MaBS>y yAI-i coh SyAC3, 3HrsxTHMCWAH coh mo = «p SyjiaAH.

14 32. JI3nA3CHHHr JioKaldi TeopeMacH (KaTTa n AapAa).
X,sp SnpHAa xoAHcaHHHr pyft SepHiu sxthmoajih™ p ra TeHr OyjirsH
n T3 SoFJiHKMac CHHOBAapAa xoAHca pocs m MspTa pyH 6epHiu
3XTHMOAJIHTH TaKpnSaH KyftHAarHra TeHr:

6y epA3

m — np
X = <f(x) =

Cp(®) 4>YyHKUHHHHHr KHHM3TA3pH >K3AB3J1H HAOB3A3 KeJITHpHATSH,
SyHAa cp(x) — *y(})T (J)yhkuhh 3KaHHra 3-bTHSop SepHHr.
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14.3.3. JlanjiacHHHr HHTerpaldi TeopeMaCH (KaTTa n Jiapt
Aa) mXap SupuAa xoAHcaHHHr pyfl Sepnui axTHMajumni p ra TeHr Syjiraii
n Ta 6orjiHKMac CHHOBJiapAa xoAucaHHHr KaMHAa m\ MapTa Ba Kyni]|

Shjish m2 MapTa pyw 6epHin sxthmojijihth TaKpHSaH KyHHAarura TeHr: |

Pn (mi<m <m 2»CD (x2 — (D (xX, !
6y epAa

CD(x) — Jlanjiac <})yHKUHHCn.
(D(x) (J)YHKU,HHHHHr jc6[0; 5] ynyH KHHMaTJiapH X.ajxBajiu HJioBa.ua

oepHJiraH. x>5 yuyH (D (x)=0,5 Ba <D(x) — tok ({tyHKUHH 3K3hh
3'bTHOOpra OJIHHaAH.
3 cjiat ma . JlaruiacHHHr Tai®pudHft cf)opMyjiajiapHA3H npg”> 10

SyjiraH xojiAa (}))OHAajiaHHjiaAH. Arap NPQC 10 Syjica, 6y (J)opMyjiajiap
KaTTa xaTOJTHKJiapra ojih6 KejiaAH.

14.3.4. riyaccoH TeopeMaCH. KaTTa n Jiap Ba khmhk p jiapAS
KyHHAarn TaKpHSuft (fiopMyjia ypHHJIH:

Xm
Pnim)”~ -mYe~x 6y epAa X= np.

1- mhc oji . Bupop MepraH yqyH Surra yK y3HUiAa HHmoHra Teruiuu
3x,THMo/uiHrn 0,8 ra TeHr Ba yK y3Hiu Tapradura (HOMepHra) Sofjihk
3Mac. 5 MapTa yK y3HJiraHAa HHiuoHra poca 2 MapTa Teruiu sxthmojijih-
FHHH TonHHTr.

Emulu.r= 5 p—0,8, m= 2, q= 0,2. BepHyjuiu (JJopMyjiacn 6yfluMa
X,HCO6jiaHMH3:

P5(2)=C8-0,82-0,23=0,0512.

2-mhcoji. TaHra 10 MapTa TauuiaHraHAa repgjiu tomoh:
a) 4 TaAaH 6 MapTaraua Tyuiutu sxthmojijihthhu;

6) xeu SyjiMaraHAa 6up MapTa Tymuui sxthmojijihthhh TonHHr.
Emhui. «=10, mi=4, m2= 6, p= q= 0,5.

a) PIO(4<m < 6)=p |Q4)+/>105)+/>,0(6) =
Cl.» (0,5)4-(0,5)6 _| Cf0(0,5)5-(0,5) 5+ C,0(0,5) 6(0,5) 4=

= (0,5)D(CIO+ C?0+ C%) = - >K:
6) PIg(l<m < 10)= 1-('-1;Y°=i-——m

478

Jj- MHC OJI. a KOAHcaHHHr 900 Ta 60FJiHKMac chhobhhht xap 6hphas

ii\h fipnMILI 3XTHM(VUIHrH p= 0,8 T3 TeHT. A X,0AHC3.
;1) 750 MapTa, 6) 710 ash 740 MapTaraua pyfl 6epnui axTHMOJiJinrH-

ripg= 900-0,8-0,2= 144> 10 Of~rraHH y«yK a] & »»»«
NmjiacHnHr tloKaJdi TeopeMaciuwH (.0cAaJiaHaMH3, 6)
JlaiviacHHHr HHTerpadi TeopeMacHAaH c})OHAaJdisHaMH3.

6a ham

750-9007"8 =25>
~900-0,8-0,2

<p(2,5)«0,0175.

P 90Q(750) «-jy-0,017570,00146.

710 — 720 ngQ 740-720 __, fi7
) x, = -——- g-—« — 0,83, X2— ,2 ~i,o/.
0(—0,83) = — <D(0,83) » — 0,2967.

0(1,67) «0,4527.
P2o(710<m < 740) «0 ,4525+ 0,2967 = 0,7492.

>K: a) 0,00146, 6) 0,0236, b) 0,7492. _

4- m h ¢c oji Tediec}))OH ctshuhhch 400 a6oHeHTra xh3M3t KypcaTaA -
Aran X3D 6hd a6oHeHT yqyH yHHHr 6np coaT h4ha3 CTaHUHHra KyHrnpoK
| s Z Ir H w ra xenr Syjica, KyftnAarH xoAHcaJdiapHHHr
AXTHMOJIJIHKJiaPHHH TOriHHT.

“T ™ hp cost AaBOMHAa 5 aSoHeHT CTaHUHHra KynrnpoK ™ ah

6) 6np cost AaBOMHAa 4 Ta AaH Kyn 6yjiMaraH afioneHT KyHrnpoK

mJls )\ p c°aT AaBOMHAa KaMHAa 3 a6oHeHT CTaHUHHra KyHFwpoK

T , . P=0,01 *yAa khmhk, n= 400 aca KaTTa SyjiraHH yyn

X= 400-0,01 =4 Aa riyaccoHHHHr TaKpHSnfl 4)opMyjiacHAaH $OHAaldia-
H3MH3.

a) PoHo(5)«4e' ~ °'156293-

6) P4oo(0<m<4) «0,018316+ 0,073263 + 0,146525+ 0,195367 +
+ 0,195367 = 0,628838;

b) P40o0o(3<m< 400) = 1— ~400(0<m < 2)= 1— 0,
— 0,073263 — 0,146525= 0,761896.

>K- 3) 0 156293; 6) 0,628838; b) 0,761896.
5 MHCOJI Bnpopra KypHJiMaHHHr 15 T3 sJieMeHTHHHHr X3P 6hPh

cuiaAHraH 3Hr KaTTa sxTHMOJiJinrH cohhhh TonHHr.
Emhui. n=15, p= 0,9, ¥= 0,1.
3 ht 3X;thmojijih M0 cohhh yuioy

np—g”*"mo”~np + p
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Kyui TeHrcn3jiHKflaH TonaMH3. BepHJiraHJiapHH kyhh6,

15-0,9-0,1 <m 0O< 15-0,9+ 0,9

eKH

13,4”2mo” 14,4 ra sra 6yjiaMH3.

m.=irS fxX " CO0O" 6fj,raH" y“y" H3JlaHa®TraH 3»r 3XTHMOfIJIH cort
>K: 14.

3- dapcxona Toniuupuru

1. KaftcH xoAHcaHHHr 3XTHMOJuwrH KaTTa:

H?) TMp7a“Yl* p7

a) T Ba "32 ~ 4 Ta naP™«aaH 3 T3CHHH IOTHUI SXTHMOJIJIHrH
KaTTa;
5 93
n 16 Ba 256 8 Ta nap-THHAaH KaMHAa 5 t3chhh iothS ojihuj

3XTHMOJIJIHTH KaTTa.

9fi72» yHHH COKKaCH soo MaPTa TauidiaHraHAa ygra KappajiH omko
267 Mapxa TyUIHLUH 3X,THMOJIJIHrHHH TOIIHHT.

AK: P 50Q (267) «?0,03.
3. 100 Ta CTaHOK BHp-6Hpnra 6ofjihkch3 hiuashah iuv 6hji3h 6Hnra

EAITM Y
mojijihth 0,8 ra eHﬂMJI-—isrrpSB Aa rS AaH 85 Tarawa ct~hor
6eTy XTOB HIUJiaUIH 3XTHMOJIJIHTHHH TONHHT. 0 7887

4. 3aBOAuOM60Pra 5000 Ta ch<})3tah 6yioMjiap io6opah Xao 6nn

YyioMHHHr uyjiAa uiHKacTjiaHHiu sxthmoajihhi 0,0002 ra TeHr 5000 Ta
oyioM hhha3h nyjita: u Ta

a) poca 3 Tacn luhk3cta3hhiuh sxthmoaahthhh'
G d t”~ h Kyu SyjiMaraen luuKacTjiaHHiuH sxthmoajih™ ;

*: a)To~V3r6)"*“ B)HO ,S irB" O"J"r" H* TO""""
5. TexHHKa Hasopar SyjwMH 10 Ta AeT3AAaH uSopaT napthh hh
eKLuupa/iH. /JeTajiHHHr eraHAapT 6ym wu sxthmoaahhi O 75 ra TeHr

TonHHA P : ~ 0J 8 nHJlaAHraH aeTajlJiaPHHHr 3Hr O T mo”jih cohhhh
6. YsyHJiurH 15 cm SyjiraH AB KecMa C HyKTa 6hji3H 2-1 HHcSsTna

hk* CY r ara TaBaK” 4 Ta «y&a T3I,JIBH3A[l. Y,k 3P
h KHTacH C HyKTaAaH uanpoKKa, hkkhtsch VHrpoKKa tvuihiuh
3X,THMOJIJIHfHHH TOIMHr. HyKTaHHHr KeCMara TyiUHHI 3*THMOAAHrH

KecMa ysyHJiHrara nponopuHOHaji Ba yHHHr JKOHjiamuuiHra 6ofjihk

3Mac Ae6 (papa3 khahhsah. >K' —
27"
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3- MycTdt™uji uui

1. yftHH coKKacu 10 MapTa TauuiaHraH/ta yura Kappadiu OUKOAap
KaMHfla 2 MapTa, Kynu Shjish 6eui MapTa Tyuiuuiu sxthmoaahthhh
TonHHr. )K: 0,488.

2. Burra yK y3HJiraHAa HHiuoHra Teruiu 3X,thmoaahth 0,8 ra TeHr.
100 MapTa yK y3UJiraHaa HuuioHra poca 75 MapTa Teruiu sx~hmoaahth-
hh TonuHr. >K: Pioo(75)=0,04565.

3. t BaKT wuuuAa Surra KouneHcaTopHHHr huiash hhkhuih 3X,th-
moaahth 0,2 ra TeHr. t BaKT unuAa 100 Ta 6up-dHpura 6ofahkch3
HIUAOBHH KOHAeHCaTOpAaH:

b) KaVHAa 20 Tacn uiuAaB uhkhujh;

6) 28 TaAaH KaMU uuiAaH uhkuuih;

b) 14 TaAaH 28 TaranacHHHHr uuiAaH uhkhuih 3X,THMoaJiHrHHH

TonuHr. >K: a) 0,55; 6) 0,98; b) 0,9.

4. Zl,"koh 1000 uiuuia Ma”AaHJiH cyB ojiah. Tauiu6 KejiTHpuuiAa 1 Ta
LUHUiaHHHr cuhhS koahuih 3X,THMOJiJiHrH 0,003 ra Tenr. jI"KOHra
KeldiTupHJiraH uiuuia HAHUJiapnuHr:

a) poca 2 Tacu;

6) 2 TaAaH KaMu;

b) 2 TaAaH KyrrH;

r) Xeu SyAMaraHAa SuTTacu CHHraH S?jihuih s"THMOJiAuruHH
Tonuur. >K: a) 0,224; 6) 0,1992; b) 0,5768; r) 0,95.

5. ToBapiuyHoc SyioMJiapHHHr 24 Ta HaMyHacuHu Kypu6 uuKaAH.
Xap 6up HaMyHaHHHr coTuiura apoKAU Ae6 TonuAuui 3X,THMOAAHrn
0,6 ra TeHr. ToBapiuyHoc coTuiura npoKAH Ae6 TonraH HaMyHaAapHHHTr
3Hr sxthmojiah cohhhh TonuHr. mo=14, mo"=15.

6. Y3yHJiHH a sSy~raH AB KecMara TaBaKKajiHra 5 Ta HyKTa
TaiujiaHaAu. ByHAa 2 Ta HyKTa A HyKTaAaH X AaH khhhk Maco(})aAa, 3 Ta
HyKTa sea A AaH X AaH KaTTa Maco<£aAa §thiu sxthmojiahthhh TonuHr.
HyKTaHHHr KecMara Tyiunui sxthmojiahth KecMa y3yHJiHrHra npo-
nopuuoHaji Ba yHHHr jKOHAauiuuiura Sofjihk 3Mac.

SK: P5(2 )=~ (-f)2[~ ~ -13

4-§, /1,HCKpeT TaCOAHCj)HH MHKAODpjiap.
Bai>3n TaKCHMOT KOHyHJiapn

14.4.1 Chhob HaTH>KacHAa ojiahHAah Ma~AyM 6yJiraH KHHMaTjiap-

A3H OHPHHH KatfyA KHAaAHTaH MHKAOp, TaCOdutpUU MUKfdop AefiHAaAH.

JXucKper Tacoducpud MUK,dop Ae6 MyMKHH SyAraH KHHMaTAapH
UeKAH eKH HeKCH3 COHAH KeTMa-KeTAHKAapAaH HSopaT MHKAOpn
aHTHAaAH.

X AHCKpeT T3COAH(J)HH MHKAOpHHHT MyMKHH S~AraH KHHM3TAapH
6HAaH yA3pHHHr SXTHMOJIAHKAapH OpaCHAaTH 60FA3HHUI TaCOAH(})HH
MHKAOpHHHT TaK,CUMOT OHyHU AGHHA3AH.

X AHCKpeT T3COAH()HH MHKAOpHHHT T3KCHMOT KOHyHH KyHHAaTH

ycyAAap 6hash SepHAUUIH mymkhh:
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a) Shphhmh caTpH MyMKHH SyjiraH XK KHHM3TJi3pAaH, hkkhhhh
caTpn pk 3x,THMcwjiHKJiapAaH H6opaT oicadeaA epdctMuda:
X X2
Xl Xn
, 6y epAa 2 pk: 1;
p Pi P2 Pn =
6) rpa()HK ycyjiAa — 6yHHHr yqyH TyppH 6ypM3KJiH KoopAHHaTJiap

CHOTeMacHAa (Xk, Pk) HyKTaJdiap acajiaAH, cyHrpa yjiapHH TyppH mh3hk
KecMajiapH 6HJiaH TyTauirapHS, ra”cuMOT Kyndypnaau ne6 3T3JiyBMH
(WHrypaHH xochji khjihh3ah;

b) aHaJiHTHK ycyJiAa ((})opMyjia KypHHHiiiHAa):

P(X = xk)=y{xKk

eKH unreepaA (pyHKU,UHAap (TaKCHMOT (j)yHKii,HHJiapH) Ae6 3T3JiyBHH
(})yHKUHHJiap epAaMHAa.

14.4.2. Xap 6hp X £ (— 00;+ 00) ywyH X TacoAHcJ)HH mhkaophhht
X AaH KHMHK KHHM3T KaSyjl KHIJHUJ 3XTHMOJIJIHTHHH 3HHKJIOBMH
F(x) =P (X <Lx) JjyHKUHH TUKgCUMOT CpyHKUfUHCU AeHHJiaAH.

TaKCHMOT Oy hkuhhchhhhr acocHH xoccajrapn:

1. TaKCHMOT (JjyHKUHHCHHHHr KHHMaTJiapH [0; 1] KecMara TerHiujiH-
AHp:

0<- F(x) < 1

2. TaKCHMOT (})yHKUHHCH KaMaiiMaHAHraH (J)yHKUHHAnp, htihh arap
X2>X\ Syjica, F(x2) "F(xi).

3. X TacoAH(J)HH mhkaophh Hr [a, b\ opajiHKAara khhmstjisphh KaSyji
KjHJIHUI 3XTHMOJIJIHTH TaKCHMOT ("yHKUHHCHHHHT 6y OpSJIHKAaTH
opTTHpMacnra TeHr, HbHH

P(a<x<.b)=r(b)-F(a).

4. Arap X TacoAH()HH mhkaophhht Sapna MyMKHH
KHHMaTJdiapH (a, b) opajiHKKa TerHiujiH 6yjica, y xcuiAa

6yjiraH

Xx"Na Aa F(x) =o0,
X"~b Aa F(x) = 1,

/1,HCKpeT TaCOAH(JHH MHKAOpjiap T3KCHMOTHHHHT 6at3H KOHyHJiapH-
HH KapaS MHK3MH3.

14.4.3. X AHCKpeT t3coah(])hh mhkaop — x,QAHcaHHHr n Ta Sofjihk-
Mac CHHOBJiapAa pyfl 6epHiujiapH cohh, p — x,0AHcaHHHr x,ap 6np ch-
HOBAa pyn SepHui sxthmojijihth, jci=0, x2=I,...,xn+i = n — X AHCKpeT
TaCOAH(j)HH MHKAOpHHHT MyMKHH 6yjIT3H KHHMaTJiapH 6yjICHH. By
KHHMaTJiapra moc sxTHMOJUiHKjiap yin6y BepHyjuiH (})opMyjiacH 6ymna
XHCoSjiaHaAH:

Pnim)=C”’pmgn-m q=\-p.

BepHyjuiH tj)opMyjiacH epAaMHAa 3HHKJi3HaAnraH
TaKCHMOTH 6u.HOM.UaA TCIi*"CUMOT AeHHJiaAH.

sxthmojijihkjisp
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1)HHOMH3J1 KOHyHHH >K3AB3JI KypHHHUIHA3 TaCBHpJI3LU MyMKHH.'

p =T cy -1 c>V -2

14.4.4. Arap CHHOBJiap cohh >KyA3 kstts 6yjw6, xoAHcaHHHTr
K.fItICH CHHOBAa pyfl SepHLU 3XTHMOJIJIHTH p >KyAa KHMHK 6yjIC3, y XOJlAa
AHCKpeT TaCOAHCj)HH MHKAOpHHHT MyMKHH 6yjIiT3H KHHM3TJI3pHT3 MOC
i\,thmojijihkji3Phhh BepHyjuiH (jjopMyjiscH SyiiHMa 3M3C, 63jikh ymSy
IlyaccoH 4>opMyjiacHAaH 4)OHAaJdiaHH6 ToriHin KyJiaii:

jim
pn K=nP-
ITyaCCOH (])OpMyJI3CH H(j)OAaJiaHAHraH 3X,THMOJIJIHKJiap TaKCHMOTH

IlyaCCOH TCLKFCUMOTU AeHHJiaAH.
IlyaCCOH T3KCHMOTHHH >K3ABaJl KypHHHLUHAa H(J)OAaJiaUl MyMKHH:

X 0 1 2 m
\e~ % N
poe A X y?
1! 2! mi

1-mhcoji. K,yTHAa 7 Ta map 6yjin6, 4 TacH ok, KOJiraHJiapH aca
Kopa. K,yTHAaH TaBaKKajinra 3 Ta map ojihh3AH.

X AHCKpeT t3Coahc])lhh mhkaop — ojiHHraH ok uiapjiap COHH 6yJIC3,

3) X AHCKpeT T3COAH(J)HH MHKAOpHHHT T3KCHMOT KOHYHHHH TOIIHHT;

6) X ~2 X,0AHC3HHHr 3X,THMOJIJIHTHHH TOnHHr.

E mHLH. X AHCKpeT T3COAH(})HH MHKAOP K36yjl KHJIHMH MyMKHH
dyjiraH KHHMaTJiap: 0, 1,2, 3.

a) Moc 3x,THMOJiJiHKJiapHH KJI3CCHK ycyji 6nJiaH TonaMH3:

&3
P(X = 0)=
C3 35"
c\-c\ 12
P(X=1) =
Cc3 35"
Cca2-C'3 is
P(X=2)= )
Cj 35"
Cl-C°3 4
P(X = 3) =

XleMaK, X — AHCKpeT TaCOAHC|)HH MHKAOpHHHr TaKCHMOT KOHyHH:

x,ap



p 1 12 18 4
35 35 35 35

3K3H.
/oo . 1 1 12 i 18 i 4 <\
(TeKiiiHpHUiI: _ + _~+ — + — =1. )

18 4 99

6) P(X"2)=P(X=2)+P (X =3)="+-~"=-¢g-.

2- mh c oji. HHiuoHra KapaTa 4 Ta yK ymnam (6ofjihkch3 x,ojma),
6yHAa x,ap Kancn yK y3HiuAa HHiuoHra Teraiii sxthmojijihth p= 0,8 ra
TeHr. KyHHAarnjiapHH TonHHr:

a) HHiuoHra TeramJiap coHnra TeHr SyjiraH X AHCKpeT Taco,a,H(})HH
MHKAOpHHHr TaKCHMOT KOHyHHHHJ

6) 1< 3 Ba X >3 x,oflHcajiapHHHr sxtumojijihthhh;

b) TaKCHMOT Kyn6ypgarHHH mh3hht;

r) X — AHCKpeT TaCOAH(})HH MHKAOpHHHr TaKCHMOT (JjyHKUHHCHHH

TonHHr Ba yHHHr rpa<}>HrHHH mh3hht;
a) TaKCHMOT (})yHKUHHCH.uah c{)OHAajiaHH6 X <3, 1~ 4 xoAHca-

JiapHHHT 3XTHMOTIJIHrHHH X,HCoGjiaHr.

E mh ui. a) X TacoAH(J)HH MyKflopHHHr MyMKHH 6yjiraH KHHMauiapu:
0, 1, 2, 3, 4. Moc 3XTHMOJUiHKJiapHH BepHyjuiH <})opMyjiacH SyftHMa
XHCo06;iaHMH3:

P(~=0)=C3 0,8°-0,24= 0,0016,
P(X=1)=Cl 0,8-0,23= 0,0256,
P(X=2)=Cl 0,82-0,22= 0,15386,

P(X = 3) = Cl 0,83-0,2= 0,4096,
P(X = 4)=Cl 0,84-0,2°= 0,4096.

X AHCKpeT TaCOAH()HH MHKAOPHHHT T3KCHMOT KOHyHH — BHHOMHaA:

X 0 1 2 3 4
0,0016 0,0256 0,1536 0,4096 0,4096

(TeKiunpHui: 0,0016+0,0256+0,1536+0,4096+0,4096=1. )

6) P(1<X<3) = P(X=1 + P(X=2) + P(X=3)= 0,0256 +
+ 0,1536+ 0,4096 = 0,5888.

P(X>3) = P(X = 4)=0,4096.

b) TaKCHMOT KyngypMaruHH ncaflMH3 (65-iuaKJi).

r) F(X) HHHT T3KCHMOT KOHyHHASH <})OHA3AaHH6, TaKCHMOT
(J)YHKUHHCHHH Ty33MH3.

x< 0yMyH F(x) =P (X <x) = 0,

0< x”~ 1yMyH F(x) =P (X<x) =P (X 0) =0,0016,

< x< 2yMyHF(x)=P(X<x) =P(X=0)+P(X=1)=0,0016 +

+ 0,0256= 0,0272,
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65- makji 66- maKji

2<x”™3 yMyH F(X) =P (X<x) =P (X=0)+P (A= 1) -\-P{X—2) —
= 0,0016 + 0,0256 + 0,1536 = 0,1808,

3<x"4 yuyH F(x) =P (X <x) =0,0016 + 0,0256+ 0,1536 +
+ 0,4096 = 0,5904,

X>4 yMyHF(x) =P (X<x) =P(X=0) -\-P(X= 1)+ P(X=2) +
+ P(X=3)+P(*= 4)= 1

ZleMakK,

o
o
(@]
g
o
)
=
)
o
o
A
x
A
NP

o
[y
(o]
o
»
[
=
[
kel
N
N
X
N
A ow N

T3KCHMOT (JjyHKUHHCH rpa(J)HrHHH MH33MH3 (66- IU3KJI) .
a) F(x)=P (X <.x) SyjirsHH yuyH:
P(X<3)=F(3)=0,1808.
14.4.2 A3TH 3- xoccara Kyps:
P(1<l<4) =P(4) —F(l) =0,5904-0,0016 = 0,5888.

4- dapcxona roniuupuFu
1 6 Ta AeTajiASH n6opaT napTHHAa 4 Ta ctshaspt AeT3Jib 6op.
TaBaKKajiHra 3 Ta ACTajib ojihh3AH. OAHHraH AeT3JiJmp HMHAaru

CTaHAapT AeTaAAap coHHAah uSopsT SyjiraH X AHCKpeT tscoah4>hh
MHKAOpHHHT TaKCHMOT KOHYyHHHH TOnHHTr.

JK:
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2. HKKHTa yHHH coKKacH 6nprajiHKAa hkkh MapTa t3ih./I3H3ANh:

a) HKKadia yHHH coKKacHAa *y4)T o”Kcwiap TyiUHiUH cohha3h H6opaT
X AHCKpeT T3COAH(J)HH MHKAOpHHHT 6HHOMH3.JI TaKCHMOT KOHyHHHH
TonHHr;

6) TaKCHMOT Kyn6ypMarHHH HcaHr;

b) TaKCHMOT (J)yHKU,HHCHHH TOFIHHr Ba yHHHT rpSCHHTHHH MH3HHTr;

ry Xx<2, 1 2 x,0AHcajiapHHHr 3x,THMa7uiHKA3pHHH TonHHr.

X 0 1 2
>Kea) ) 6 1
16 16 16
6) 67- uiaKJi;
Pi
R x)\
1
15
16
67- uiakJi 9
16
0, arap x=" 0,
9
, arap 0 <x< 1, 0 / 2 X
B) F(x) =
2 arap 1< x < 2 68- uiaKJi
1, arap x>2 (68-maKA);
15
r) P(Ar< 2)=P(~ = 0)+P (X =1)=- 16
7
P(1 2y =P(X=\) + P(X=2) = 1
3. ABTOMaT TejiecJ)OH eraHUHH 1000 Ta Tejie(})OH aSoHeHrara XH3MaT

KypcaTaAH. 5 MHHyT AaBOMHAa ATC ra afioHeMeHTAaH MaKHpnK kcjihui
sxthmoajihth 0,005 ra TeHr. 5 MHHyT AaBOMHAa ATC ra KejiraH
MaKHpHKJiap COHHA3H H6opaT X T3COAH(J)HH MHKAOpHHHr TaKCHMOT
KOHYyHHHH TonHHTr:

a) 5 MHHyT AaBOMHAa ATC ra xen SyAMaraHAa Snrra mbkhphk
KeAHUJ 3XTHMOJ1AHTH KaHAafi?

6) 5 MHHyT AaBOMHAa ATC ra 4 T3A3H Kyn gaKHpHK KejiHiu
SXTHMOJIAHTH-MH?
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X 0 1 2 1000
M:. P 1 5 52 Sicoo
e5 e6 2e® 10001e8
a) 0,993; 6) 0,561,
4. X AHCKpeT T3COAH(])HH MHKAOpHHHT T3KCHMOT  <j)yHKUHHCH
fii'pHJiraH:
0, arap X-< 1,
0,25, arap 1< x < 3,
F(x) = 0,4, arap 3 <x”" 4
0.8, arap 4 <x< 5
1, arap x>5.
) X= 2; 2<X”™ 4 xoAHCaJiapHHHHr sxthmojiahthhh TonHHr;

6)

SepHAraH TaCOAH(])HH MHKAOpHHHT TaKCHMOT KOHyHHHH TonHHr.

>K: a) P(X=2) =0, P(2<X < 4)=0,15.

1

X 1 3 4 5

6 p 025 015 04 02

4- MyCTQKfUA UUI

Hkkh MepraH 6htt3 HHiuoHra SapaBapHra 6htt3A3h yK y3aAH.

Bhtts yK y3HUIA3 Shphhmh MepraH ygyH HHLUOHra TerHiu 3X,thmoaahth
0,5 ra, hkkhhmh MepraH yqyH 0,4 ra TeHr. ~HCKpeT tscoah”hh
MHKAOP — HHLUOHTS TerHLUAap COHH.

3)
6)
B)
r)

m:

6)

X T3COAH(}))HH MHKAOpHHHT T3KCHMOT KOHyHHHH TOIIHHr;

T3KCHMOT Kyn6ypH3THHH HC3HT;
T3KCHMOT (JjyHKUHHCHHH TOriHHT B3 yHHHr rpacJjHTHHH 4H3HHTr;

X N\ XOAHC3HHHT 3XTHMOAAHTHHH TOnHHTr.

X 0 1 2
P 03 05 02

69- UI3KA.
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Q8 0, arap x ™ 0,
0,3, arap Ocx-~" |,
0.8, arap I<x?
1, arap X>2 (7u-aiakKJi);
f 2 X
70- wann
ry P(X” 1)=0,7.
2. Ma"bJiyM 6up napTHHAa HoCTaHAapT AeTaAJdiap 10% hh TauikKHA
3TaflH. TaBaKKa”Hra 4 Ta AeTajib TaHJia6 cwiHHa”"H. Ey 4 Ta AeTajib

opacHAa HocTanaapT AeTajuiap coHHAaH ndopaT SyjiraH X AHCKpeT
TaCOAH<j)HH MHKAOpPHHHT fiHHOMHaA TaKCHMOT KOHyHHHH TOfIHHTr.

X 0 1
M - 2 3 4
P 0,6561 0,2916 0,0486 0,0036  0,0001
3. MnATHKAaH OTHJiraH X,ap 6nNp yKHHHr caMOJieTra rerHiu

sxthmcvuihth 0,001 ra TeHr. 3000 Ta yK y3HJiaAH. OTHJiraH yKJiapHHHTr
caMcwieTra TeKKaHjiapw coHHAaH n6opaT X tscoahcJjhh MHKAOpHHHr
TaKCHMOT KOHyHHHH TONHHT.

X 0 1 2 3000
M: p 3 32 33000
e3 e3 2e* 30001e3

4. X AHCKpeT TaCOAH(j)Hft MHKAOpHHHr TaKCHMOT (flyHKU,H3CH
6epHJiraH:

0, arap x < 2,

0,3, arap 2 <x< 3

F{x) =
0.5, arap 3 <x < 4,
1 arap x>4.
a) 1~ 3 xoziHcaHHHr sxthmojijinthhh TonHHTr;

6) X T3COAH()HH MHKAOpHHHr TaKCHMOT KOHyHHHH TonHHr.

)K: a) P(1 < 3) =0,5;

X 2 3 4
«)

5-§. y3JiyKCH3 TaCOAH<)HH MHKAOpjiap.
AiipHM TaKCHMOT KOHyHJiapH

14.5.1. BnpopTa neKJiH eKH MeKCH3 opajiHKnarn SapHa KHHMaTJiapHH
icabyji khjih luh MyMKHH 6yjiraH T3Coah<Jd)hh mhkaop y3Ayncu3
TdCodIKpUU. MUKfdop AeHHJiaAH.

Y3JiyKCH3 TaCOAH(j)HH MHKAOp:

1) HHTerpaldi (J)yHKUHa (TaKCHMOT (JjyHKUHH) ch opKaJdiH,

2) 3XTHMOJUIHKJiapHHHr TaKCHMOT 3HHJIHTH (AH(j)(flepeHUHaJl <Jy HK-
U.HH) opKaJiH 6epHJIHIUH MyMKHH.

TaKCHMOT (JtyHKUHfICHHHHr  TS'bpHtJw Ba xoccajiapn 4-8 Aa

KeATHpHJiraH.
X y3AyKCH3 TaCOAH(f)JHH MHKAOp 3XTHMOJIJIHKJiapHHHHr TCLINCUMOT

3UHAU2U Ae6, TaKCHMOT 4>yHKLWHCH F (x) HHHT SHPHHMH T3pTH6jIH
XocHJiacn SyjiraH f(x) (JjyHKUHara aiiTHJiaAH.

X y3Jly KCH3 TaCOAH(})HH MHKAOpHHHr (a, b) OpaJIHKK3 TeTHLHJIH
KHHMaTHH Ka6yji khjihujh 3XTHMOJiJinrH KyHHAarn TeHrjiHK SHJiaH
3HHKJ13H3AH:

b
P(a<.X<.b)— ~f(x) dx .

a

3 hMIWK (j)yHKUHHCH 7 (x) HH 6hJIT3H X.0J1A3 yUlfiy (OpMyJI3 6yHHM3
T3KCHMOT <J)yHKUHHCHHH TOnHUI MyMKHHI

14.5.2. 3 hmjihk (jiyHKUHfICHHHHr xoccajiapn:

1 3hMJIHK 4>yHKUHHCH M3H(])HH 3M3C, S"bHH f (x) ™ O.

2. 3hmjihk 4>yHKUHHCHAaH — o0 ash -f- oo ra<4a opajiHKAa OjiHHraH
XOCM3C HHTerpaldi OHpra TeHr:

XycycaH, arap TacoAH(f>HH MHKAOpHHHr 6apua MyMKHh 6yjiraH
khHMaTJiapH (a, b) opaJdiHKKa TerHinjiH Syjica, y xoJiAa:

y3JiyKCH3 T3COAH(})HH MHKAOpHHHr 6a'h3H T3KCHMOT KOHyHJiapHHH
KVPh6 MHKaMH3.

14.5.3. Arap X y3AyKCH3 T3Coah(})hh MHKAOpHHHr MyMKHh SyjiraH
Sapua KHHMaTyiapn TernuiJdiH SyjiraH opaJiHKAa 3\THMCwuiHKJiapHHHr
TaKCHMOT 3H4/IHTH y3rapMac, HTsHH (a, b) Aa f(x) = C 6yjica Ba 6y
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14.5.5. Arap 3nhjink (f>yHKU,HHCH

0, arap x<0,
opajwKflaH TauiKapnAa aca f(X)= 0 (C — y3rapMac) 6yjica, X Taco- f(*) = iXe X arap xAO
~ X

AH(}>HH MHKAOP TaKCHMOTH TeKUC AeHHJiaAH.

(fly epAa X — spkjih napaMeTp) KypHHHiiiAa 6epHJiraH 6yjica,

0. arap x~a, V V‘'WiyKCH3 TaCOAH(J)HH MHKAOpHHHT TaKCHMOTH KypCCLTKUHAU AeHHJia-

1 ., /it
* ——— A b
f( ) Py arap a cx s
X
0, arap x>b. F(x) — 7~ /(x)dx ()OpMyJia aCOCHAa TaKCHMOT (JjyHKUHHCHHH TonHUi
X — 00
F{x) = ~ f(x)dx (})opMyjia acocHAa tskchmot cfiyHKUHHCHHH TonHUi MyMKHH:
— o0 JoO, x<0,

MyMKHH:
F{x) {1—e~-3x>0.

0, arap x<a,
X y3JiyKCH3 TacoAH(j))HH mhkaop KypcaTKHMJiH TaKCHMorra ara 6yjica,

arap a<x "6, fiepHJiraH (a, p) opajiHKKa TyuiHiu sxthmojijih™ ynyH yui6y (Jj'opMyjia
ypHHJIH:

Xx—a
F(x) = b—a’
1, arap X>b.

P(a<”~r<P) —e-
X y3JiyKCH3 TacoflH(J)HH MHKilopHHHr (&, b) opajiHKKa Ternlujih (a, p)

OpalJiHKAa TyiUHUI 3X,THMOJIJIHrH Arap T — dnpop sjieMeHTHHHr TyxTobch3 Hiujiaiu AaBOMHHJinrH,

X aca TyxTafi KOJiHimiap HHTeHCHBJIHTH (Te3JiHrn) hh H(f>0AaJioBHH

£ p y3JiyKCH3 TacoAHcfiHH mhkaop 6yjica, y xojiAa 6y ajieMeHTHHHr
P(a<zZ<p)= \Nf(x)dx= \_JUrfx= I=fL .
J I 4 0—a I'yXTOBCH3 HLUJiauUl B3KTH t HH TaKCHMOT (J)yHKU,HHCH
a a F(t) =P (T<t) = 1—e~u, X>0 6yjiraH (y t BakT AaBOMHAa 3Jie-
ra TeHr. MeHTHHHr TyXTaS KOJIHIU 3XTHMOJIJIHTHHH aHHKJiaHAH) KypCaTKHHJIH
14.5.4. Arap 3hmjihk (Jyhkuhhch KOHyH 6yiiHMa TaKCHMJiaHraH TacoAH(J)HH mhkaop AeS XHCofijiaiu
MyMKHH.
(x~a)z H uJOHMJIHIIHK (JjyHKUHHCH R(t) 3JieMeHTHHHT t BaKT HWHAa TyXTOBCH3

f(x) HUIJiam 3XTHMOJIJIHTHHH aHHKJiaHAH:
X

R(t)=e~u.
(6y epAa a, a — apKliH napaMeTpjiap) KypHHHIiiiAa 6epHliraH 6yjica,
X y33iyKCH3 TaCOﬂH(j)HH MHKAOpHHHT TaKCHMOTH HOpMaji AeHHJiaAH. l_-. MHCOJI: X T3COAH(J)HH MHKAOp yillfiy TaKCHM(?\T (byHKUHHCH
HopM aji TaKCHMJiaHraH X y3JiyKCH3 T3Coah(J)hh MHKAOpHHHT opKajiH SepHAraH:
;T-lpHJiraH op.ajiHKKa TyuiHin sxthmojijihth yuiSy (J)opMyjia dyfiHMa 0, arap x < 0,

F{x) = x2 arap 0 < x < 1,
P(a<X<p)=0(-~)- O(" =), 6y epAa

1, arap x > 1

J x _
(x) = --m ~e 2dt— Jlanjiac (J)yHKUHHCH. a) 4 Ta 6ofjiHKMac chhob HaTHJKacHAa X y3AyKCH3 TacoAH*HH
n 0 mhkaop poca 3 'MapTa (0,25; 0,75) opajiHKKa TerHUiJiH khhm3t Ka6vA
HeTJiaHHiiiHHHr a6cojik>T KHHMara 8 Myc6aT coHAaH khhhk dyjiHUiri KHJIHUIH 3X,THMOJIAHrHHH TOIIHHTr;
3X,THMOJIJIHrH 6) 3HHJIHK 4>yHKUHHCH 7/ (x) HH TOIIHHT;

b) F(x) Ba f(x) JiapHHHr rpa(j)HKAapHHH HH3HHT.
P (IX —a\<6) =20 0 )
491
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E mh ui. a) ,H,acTJia6

TaCOAH(@I>HH MHKAOpPHHHT
TonaMH3:

P (0,25<cA'<0,75) =
-0,0625 = 0,5.
3hah 4 Ta SoFJiHKMac chhob
mhkaop poca 3 MapTa 6epHAraH

KHAHUI 3X,THMOJIAHrHHH TOU3MHS3.
A3H (j))OHA3JI3HaMH3:

emra
GepHJiraH

= /7(0,75) -F(0,25) =

chhob HarawaCHAa X

opalJiHKKa TyiUHUI 9X,THMOJIJIHrHHH

= 0,752- 0,25*= 0,5625-

HaTH*acHAa X y3JiyKCH3 TacoAH(f)HH
opaAHKra TeruuiJiH khhm3thh KaSyA

ByHHHr yMyH BepHyjUIH (f)OpMyA3CH-

P4(3) =C\p3= C\-0,53-0,5= 4- (0,5) 4= 4-0,0625= 0,25.

LLIyHAaH khah6, P4(3)=0,25.
6) f(x)=F'(x), AeMak,

0, arap xsg; O,

f(x) =

2x, arap 0-<x”; 1,

.0, arap x> 1

b) 71- makKJi.

2- MHc OA. X y3JiyKCH3 TaCOAH(j)HH MHKAOpHHHr 3HUAHK (jtyHKUHHCH

0, arap
f(x) = 3sin3x,

0, arap

arap

<

SepHJiraH. Tskchmot ()yHKUHHCH F(X) hh TonHHr

X

Emhui. F(x)= ~ f(x)dx.

Arap

X

F(x) =
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6yjica, f(x) =0 6yji3AH, asmsk,

~ 0dx= o

y3JiyKCH3

Arap 6yAC3, y Xx,0jiAa

F(x) = ~ 0-dx+

oo

N 3sm3xdx =

Ji/6

0—cos3*H =

6

= — (c0s3x —c0s-") = — coS3X .

Arap x>4|cf) 6yjica, y x,0AAa

F(x)= ~ 0-dx-\-

00

N 3sin3jtdx+

jt/6

N 0-d;c= 0— cos3x |
Jt/3

N— COSJX+ COSyn™ =1
IUyHA3H khjih6,

0, 3T3p

F(x) = — COS3X, 3T3p SEXN N

[o]

1, arap

N+Q =

6

3- M HCO0JI. X y3J]yKCH3 T3COAH(J)HH MHKAOpHHHr 3HMAHK (j)y HKUHHCH
SyTyH Ox yKHAa

2C
fix)

e“+ e~

TeHrAHK Sujiah 6epHJiraH. S~rapMac C napaMeTpHH TonHHr.
®

A f(x) dx =

— 00

E MH Ul. 3HHJIHK (})yHKUHHCH

Phuih KepaK. IUyHHHr yuyH

[e0) o
\ N— dx=2C \ — — =1,
J ex+ e~Xx J  ex+ e~Xx
6y epAaH C= - e KyiiHAarH aHHKMac HHTerpaAHH
2 . dx—
oo ex+ e~X
MH3:
r dx f _eedix _ f d(ex) aTC™ ex

ex+ e~ X y 14-e 3 14- (exy
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XocMac HHTerpajiHH x,HCo6jiamra yTaMH3:

(o]

dx i_c dx . P dx
im O\ —emeeemeeee 1- limm
-~ *___ - -~
_Jmex+ex a mgex+ex @ 6ex.+ex
= lim arctge*|]°+lim arctg<?*] £= 1lim (arctgl — arctge") +
a—»—0 b-*-00 a—»—
-Him (arctge*-arctgl)= (f-o0 )+ (f--f-)=-1]
UlyHAaH khah6, t - dx__= n N eMaK( £ _
ex+ e -X 2 ja
"2

>K: C::I

4-mhc oji. Bnp coaT (0”~~" 1, /Shpahth coaTJiapA3 xnco6jiaHraH
BaKT) HHHAa SexaTra 4>aK,aT dmra aBTo6yc kcahS TyxTaiiAH. BaKTHHHr
t= 0 naHTHfla 6eKaTra KejiraH ftyjiobomhhhht aBTofiycHH 10 MHHyTAaH
OpTHK KyTMaCJIHK SXAHMOAAHTH KaHAaft?

E'Jhui. BexaTra 7= 0 na,HTA3 KejiraH ftyjiobomhhhht aBToSycHH
KyTHIU B3KTHHH [0; 1] Op3AHKA3 TeKHC TakKCHMJiaHraH X TaCOAH(})HH
MHKAOP CH(f)3THAa KapaiU MyMKHH. By TeKHC TaKCHMOTHHHr 3HHJIHK
(H)yHKUHHCH KyHHflarH KypHHHuifl3 6yA3AH:

0, 3T3p XS~ O,
f(x) = 1, 3T3P 0 <X ~ 1,

0, arap x>0.

b—a= 1—0=1 — T3COAHJHH MHKAOP X HHHT KHHMaTJiapH >KOH-
jiauiraH [0, 1] opajiHKHHHr y3yHJiHrn.
8— a ~ -g— 8: 1 KyJianjiHK TyFAHpyBMH 3JieMeHTap HaTH®*aJdiap

>KOHJi3inraH |0; opajiHKHHHr y3yHjinrH. IHlyHHHr yqyH

p(e<*<l)=-&

5- MHCOJI. X y3JiyKCH3 T3COAH(})HH MHKAOp KypC3TKHHJIH KOHyH
B6yiiHHa TaKCHMA3HraH:

[0, arap X<O,

f(X) E{\Zne :‘92§ arap x"~O.
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ChHOB H3TH>KaCHAa X T3COAHCj))HH MHKAOpHHHT (0,3; 1) Op3JIHKK3

IVLUHIU 3X,THMOAAHrHHH TOnNHHT. _2

E mhui. P(0,3<X<1) = e-°.6-e
-=0,54881 — 0,13534» 0,41.

fAMHA~NCOA. SAeMeHTHHHTr TyXTOBCH3 HWAaUlI 3X,THMOAAHTH

(ba _gq 02e~°"72<(/>0) KypcaTKHHAH KOHyH SyiiHHa TaKCHMAaHraH.
lieMeHTBHHr TyxTobch3 50 coaT HUijraiiiH sxthmcwiahhihh TonHHr.
Emhui. Hiuohmahahk 4>yHKUHHCH R (t)=e ash (jJOHA3A3HcakK,

P(50) ==e- 00250=e~'«0,3679

ATm'hCOJIl. X T3COAH(})HH MHKAOP 3X.THMOJIAHKA3P T3KCHMOTHHHHr
u= 0 a= 2 napaMeTpAH HopMaA KOHyHHra 6yficyHCHH. X t3Coah$hh
MHKAOpHHHr (_2; 3) Op3AHKK3 TyUIHUIH 3X,THMOAAHTHHH 3HHKA3HTr.

Emh ni. ym 6y

P (a<X<p>=0) (~)-(D (7~ )

(J)OpMyAaA3H (J)OHAaA3HC3K:
P (—2<X<3) =0>
= (D (@1,5)—<D(—1)=® (1,5)+ ® (!)-

(D (x) cbyHKUHH >KaABaAHAaH:
® (1,5) =0,43319, 0>(1) =0,34134.
ileM3K,

P(—2<X<3) =0,43319 + 0,34134 = 0,774583.

>K: 0,77453.
8- MHCOJI. X T3COAH4)HH MHKAOp HOpM3A KOHyH GyHH"a Tak-

CHMAaHraH, a Ba a napsMeTpAsp moc xoAAa 20 Ba 10 ra Tenr. A6coaiot
KHHM3T SyHHMa MeTAaHHIU yMA3H KHMHK 6yAHUJ 3X,THMG7IAHrHHH TOnHHTr.

Eqhu. P\NX—a\<S)=20") (1)OpMyA3AaH 4>0HAaAaHaMH3.

UlapTra Kypa 8= 3, a= 20, a=10. AeMak, P{\X 201<3)

_2¢cb~”r-~=2(D(0,3). >KaABaAAaH (D(0,3) =0,1179. ZleMaK, H3AaHa-
eTraH sxthmoaahk:

P(N\X —201<3) = 0,2358.
5- dapcxona ronmupuFu

1. X TacoAH({)HH mhkaop [0; n] KecMaA3 f(x) =v4sinx, 6y KecM3A3H
T3LUK3pHAa f(x)=0 3X,THMOAAHKA3P SHMAHTHra sra.

a) A hh aHHKAaHr;
6) TaKCHMOT (JjyHKUHHCH F (X) HH TOnHHT",
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b) PA—y 11) 3XTHMOJIJIHKHH TONHHT;

r) f(x) Ba F(X) (J)yHKii,HHJiapHHHr rpa<j)HrHHH hh3hht.
~0, arap xsg; O,

>K: a) A= f, 6) F(x) sin2—2, arap 0 <x<jt, b) 3/4.

1, arap x> ji.
r) 72- rnakKJi.

ffx)

72- makKji

2. ABToCycjiap 5 MHHyT opaAHK SHJiaH KaTHaHAHJiap. BeKaTAa
aBToSyc KyTHLu bskth X TeKHc TaKCHMJiaHraH Ae6, KyHHAarajiapHH
TonHHTr:

a) F(X) TaKCHMOT (j)yhkuhhch hh;
6) 3X,THMOJIJIHKJiap 3HMJIHTH f(X) HHJ

B) KyTHLLI BaKTHHHHT 2 MHHyTflaH OUIMaCAHK SXTHMOJUIHrHHH
TonHHTr;

ry f(x) Ba F(X) c)yHKUHHJiapHHHr rpa()HKJITapHHH 4h3hht.
(0, arap x< 0

>k: a) F(x) = 0,2xX, arap 0 < x ~ 5,
J, arap x>5.

0, arap x<: O,
6) f(x) 0,2, arap O0<xsgl 5, by P(X~ 2)=0,4-,

0, arap x>5.

r)y 73- maKJi.
fwt
02

73- uiak®
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3 X TaCOAH(j)HK MHKAOP 3XTHMOAAHKJiap TaKCHMOTHHHHT napa-
ivn'TpjiapH a= 20, O= 5 SyjiraH HopMaldi KOHyHHra SyftcyHCHH. Chhob
iiiiTHHcacHAa X TacoflH*HH MHKAOpHHHr (15; 25) opajiHiua woHJiauiraH
luitiMaT Kabyji khahlu 3Xthmojijih™hh TonHHr. >k: P{15<X <Zt>) —

0 6826

4. Bnpop MOAAa CHCTeM3THK XaTQJiapCH3 TOpTHJiaflH. TopTHUJAarH
i.icofl[HtbHH xaTOJiHKJiap ypTa KBaflparaK geTJiaHHiuH o= 20 r OyjiraH
impMaJi KOHyHra 6yncyHaAH. TopTHiu aScoJiiOT khhm3T GyHHua 10 r ash
olliIMaHAHrsSH X3TOJdHK fiHJiaH 6a>KapHJIHLHH sxthmojijihntkhh TonHHTr.

>k: P(1X\<10)=20(0,5) =0,383.

5. TeJdieBH30pHHHr 6y3HJiMafi HUijiaiUH sxthmojuih™

khiuih KOHyH 6y HH4a TaKCHMAaHraH:

ymoy KypcaT-

f(t) =0,002e-°""@(~>0)

|'c.rieBH30pHHHTr 1000 coaT 6y3HAMaft huiasujh sxthmcwiahthhh TonHHr.
>K: R( 1000) = e~2« 0,1359.

5- MyCTdKfUA uuc

1 X TaCOAHtjjHH MHKAOpHHHr SXTHMOJUIHKJiap 3HMAHTH 6epHJiraH.

0, arap x < O,
f(x) = lax, arap O< x < 2,
0, arap x > 2.

a) a hh aHHK/iaHr;
6) TaKCHMOT (J)yHKUHHCH F (X) HH TONHHT;
B) f(x) Ba F(X) (JjyHKUHHAapHHHr rpa(f)jHK.napHHH UH3HHT.

rO, arap x < O,
>K: a) a= 0,5; 6) F(X) = 0,25x2, arap 0 < x < 2,
1, arap x > 2.
b) P(X>1)=075i.-
2. X TacoAH(])HH mhkaop [0, 2} KecMaAa tckhc TaKCHMOT KOHyHHra sra,
a) SXTHMOAAHKAap 3HMAHTH f(X) Ba T3KCHMOT (JjyHKUHHCH F (x) HH

TonHHr; 6) 0 <X <0,5 xoAHcaHHHr 3Xthmoaahthhh TonHHr, b) f(X)
F(x) (J)yKHUH«AapHHHr rpa({)HKAapHHH UH3HHTr.

0, arap x < O,
sK: a) F(x) = 05x, arap O0<x < 2

1, arap x > 2.

0, arap x<! 0O,
/(x) = 0,5, arap 0 < x < 2,

.0, arap x > 2.
6) P(0O<X<0,5) =0,25.
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M erjLV ~Sn"8 1HM°P t3Kchmothhhhf napa-

X Linn nn\rn ~ 6yjiraH nopMaA KOHyHHra Qyucyuam.
2YT . P N opajiHKKa TernuijiH khhmst Ka6yA khahluh
3XTHMOAAHTHHH TonHHTr. H

>K: p(10<Z<50) =0,9544. . !

4. x TacoAH(J)HH mhkaop HopMaji TaKCHMJiaHraH. By mhkaophh Hr!

YPTa KBaapaTHK 4eTJiaHHUi, 0,4 ra TeHr. TacoAHcM mhSodhhhJ1

a6cO0JIIOT KHHM3TH SyHHMa a A3H MeTJiaiHHUJH 0,3 A3H KHHHK 6yjlIHUIHI
3X,THMOAAHrHHH TonHHr. uyjlHUIHj

>K: 0,5468. J

’33]'.’(35' ~"eMeHTHHHr TyXTOBCH3 HUIJIaiU B3KTH KypcaTKHHJIH TaKCHMOTra

A0 = 1—e-om2 (t>0)
t= 2A coaT AaBOMHAa SAeMeHTHHHr:
a) HUlJiaMaft KOAHW 3X,THMOAAHrHHH; |

6) HUIJiaS TypHLU 3XTHMOAAHTHHH TORHHT
>K: F (24) =0,3812, /?(24) =0,6188.

6- 8. AHCKpeT Ba y3JiyKCH3 TaCOfIHCjjHH
MHM ,opjiapHHHr MaTeMaTHK KymnmiiH Ba AHcnepCHHCH

Ml AHCKpeT TaCOAH(fJHH MHKAOpHHHT MdTeMaTUK KyTUAUIUU

M(X) ae6 yHHHr mYmkhh SyjiraH 6apga KHHMaTJiapHHH yjiapHHHTr
3XTHMcwjiHKjiapHra KynaHTMajiapn hhfhHAHCHra TeHr coHra aiiTHJiaAH.

M(X) =X,pi +X2P2 + ...-\-Xrpn= 2 X/fib.

k=\ \

P\+P2 + ...+pn=\.

Arap HXTHepHfi x b 3 Y coHJiap xaMAa X Ba Y t3Coah(Jhh MHKAopjiap ®

P(X<x, Ycy)=P(X<xy-P(Y<:y)

Itz 1111z 7 4 ~p3J «*'s)J. TiCOmMS'<s ""KlOpzap 60FM*Mac =
MaTeMaTHK KyTHAHUIHHHr X0CC3J13pHHH KeJITHpaMH3: '

y3Hra Te3Hr:PMaC MHKAOpHHHr ~TeMaTHK kYthahiuh ysrapMacHHHT
M (C)=cC .

»vm'’ -HKflOJWiap HHFHHAHCHHHHT MaTeMaTHK .KyTHJIHUIH
KyuiHJiyBHHJiap MaTeMaTHK KyTHJiHUuiapHHHHr HHFHHAHCHra TeHr:

M(X+Y) =M (X) +M(Y).
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3 BOFJIHKM3C TacoAH({)HH MHKAopjiap KynaHTMacHHHHr MaTeMaTHK
KyTHIIHLUH Kyn3HTyBMHJ13p M3TeM3THK KyTHAHLUJiapHHHHr KynaHTMacH-

la TeHr:
M(XY)=M(X)-M(Y).

4. YsrapMac KynaHTyBMH MaTeMaTHK KyTHAHiu SejirHCH cwiAHra
IIHK3pHJ13AH:

M(CX)=CM(X),

C — v3rapMac coh. , .-
14.6.2. X TacoAH(})HH MHKAopHHHr ducnepcuncu Aeo TacoAH(pHH

MHKAOpHHHr y3HHHHT MaTeMaTHK KyTHAHLUHA3H qgeTAaHHIIIH KBaApara-

IIHHr M3TCM3THK KyTHAHLHHTa 3HTHA3AH.
Arsp [X — M{X)\ T3COAH(])HH MHKAOpHHHT qeTA3HHHIH OyAC3,

y X,0JiAa
D(X) =M[X —M{X)f.

AMaJdiAa 60luk3 (J)opMyji3AaH (})OHAaAaHHmM KyAaft:
D(X) =M (X2 -[M (X)]2.

JI,HCnepCHHHHHr XOCCaAapHHH KeJITHp3MHSI:
1. y 3rapMacHHHr AHcnepcHHOH HOJira TeHr:

D(C) =o0.

2. S~rapMac KynsfITyBMHHH KB3ApaTra olhhph6, AncnepcHH 6ejirH-
CHAaH TauiKapnrs gHK3pHiu MyMKHH:
D(CX)=C2D(X), C — y3rspMac coh.
3. BoFJiHKMac TacoAH()HH MHKAopJiap hhfhhahch (aHHpMacn) HHHr
AHCnepCHHCH KyuiHAyB~HJisp AHCnepCHHAapHHHHr HHFHhahcnra TeHF:

D(X+Y) =D (X)+D{Y).

14.6.3. 1. AHCKpeT T3COAH{)HH MHKAOpPHHHF 6hHOMH3J1 TaKCHMOTH

yayH

2. llyaccoH TaKCHMOTH yqyH:

14.6.4. Y3AYKCH3 TaCOAH()HH MHKAOp MyMKHH 6yATaH KHHM3TJI3pH-
HH 6yVyH COH yKHAa Ka6yji khjichh, f(x) yHHHr 3HQjiHK 4>yHKUHHCH

SyACHH.
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Arap J \x\f(x)dx HHTerpsji M3B*yA Syijica, \ x f(x)dx nme-
13— o0

rpajl X y3JiyKCH3 TaCOAH(fHfi MHKAOpHHHr MaTeMaTHK KyTHJIHUIH
AeHHJiaAH, H-bHH

0o

M(X) = ~ xf(x)dx .

— oo

Arap MyMKHH SyjiraH 6aPM3 khAmstjisp (a, b) opajiHKKa TerHiujiH
oyjica, y xojias

M (X) == "x f(x)dx.

a

Hsox- MaTeMaTHK KyTHJiHIUHHHr AHCKpeT TscoAucjjuft MHKAopjiap
yMyH xoccajiapn y3JiyKCH3 tscoah”™ hh MHKAopjisp yMyH xaM ypHHJiu.

14.6.5. X  y3jiyKCH3 tscoahcJjhA MHKAOpHHHr MyMKHH SyjirsH
KHHMaTjiapH OX yKHAa eTca, yHHHr AucnepcHHCH KyftHAaru tchtjihk
opKa~H 3HHKJiaHaAH:

eKH

DW = 2 xa(x)dx —[M(X)f .

Arap X y3JiyKCH3 TacoAHcfwft mhkaophhhi MyMKHH SyjiraH SapMa

KHHMaTJiapH (a, b) opajiHKKa TerHiiijih Syjica, y xcuiAa

a
eKH
b

D(X)= \x2&{x)dx-[M{X)]2.

H3 0X: ZIHCnepCHHHHHr AHCKpeT T3COAH(})HH MHKAOpjiap yqyH
xoccajiapu y3JiyKCH3 TacoAH(J)HH MHKAopjiap yMyH xaM ypHHJiH.

14.6.6. TacoAHM"HH mhkaophhht ypra KeadpaniK HeTAanuiuu &e6
AHcnepCHHAaH OjiHHraH KBaApaT HJiAH3ra aftTHJiaAH:

a(X)= ~JID(X)
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14.6.7. MsTeMaTOK KyTHJiHiu B3 AHcnepcHH:
1) TeKHC T3KCHMA3Hr3H y3JiyKCH3 T3COAH(})HH MHKAOp yMyH:

M (X )=", D(X)= y=87?-

2) KypC3TKHMJIH T3KCHMOT yMyH |

M (X)=y. D(X)
3) HOPM3Jl T3KCHMOT yMyH:

M(X) =a, D(X) = a2
1-MHCOJI. X T3COAHt)HH MHKAOp yUI6y T3KCHMOT KOHyHH 6HA3H

fiepHJrrsH:

p 02 04 0,3 008 0O

M(X), D(X), a(X) JiapHH TonHHr.
E mH LU TacoAH(}))HH MHKAop AHCKpeT SyjiraHH yMyH 14.0.1 Ba
14.6.2 Aarn (}))opMyjiadiapra Kypa:

M(X) =0-0,2+ 1-0,4+ 2-0,3+ 3-0,08+ 4-0,02= 1,32

x2 O 1 4 9 16
P 02 o04 03 008 0O

M(X2)=0-0,2 + 1-0,4+ 4-0,3+ 9-0,08+ 16-0,02 = 2,64.

D(X) =M (X2 -[M W ]2= 2,64- (1,32)2= 2,6 4- 1,7424= 1,8976;

o(X) = t/D{X) « 1,3775.
LLIyHAaH khjihs, M{X) = 1,32; D(X) = 1,8976; a(X) « 1,3775.
2-MHCOJI. HKKHTa SoFJiHKMac CHHOBAa A  XOAHCaHHHT pyft

SepHIUJiap COHHA3H HSopaT X AHCKpeT T3COAH(j)HH MHKAOpHHHr
AHcnepoHHCHHH TonHHr, SyHAa xoAHcaHHHr 6y CHHOBJiapAa pyft Sepnui

3XTHMOJIJIHKJiapH TeHT Ba M (X) =0,9 3K3HH MatJiyM.
E MH UL X AHCKpeT TaCOAH(j3HH MHKAOp BHHOMHajl KOHyH OyHHMa

T3KCHMA3HT3H, uiyHHHT yMyH M (X) = N-pP- LUapTra Kypa M (X)=0,9,
n= 2. ZleMaK, 2p= 0,9, p= 0,45, <= 1— 0,45= 0,55.
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D{X\, = npg= 2-0,45+0,55= 0,495.
UlyHflaH khjih6, D(X) =0,495.

3- M H C 0 J. X y3JiyKCH3 TaCOAHfHH MHKAOpPHHHr 3HMAHK (byHKUHHCH

SepHJiraH:

0, ara X< -N,
P 6

f(x) = 3sin3x, arap 3
0, arap x;
3
X TacoAH(J)HH MHKAOpHHHTr cohjih xapaKTepHCTHKajiapH — M(X), D(X),
a(X) JiapHH TonHHTr.
E MH LU.
b n/3
M(X) = f(x)dx= ~x-3sin3xdx =
a n/6
"f3 / i \
= 3 J x-sin3xc/x= 3f--xco0s3x J cos3xdx ) =
"/6 \ n/6 /
M= X du= dx
dv = sin3/iix 1083x

=3- (- i) (1 QBk | 805F)+ 3| sin3x If

1 3—1

= -(-f-°)H (sinn- sinf) = f

D(x)= WX¥(x)dx —[M{X)f=3 ~x=in3xdx— (™ ~ J.

KeHHHrH HHTerpaAHH xncoSjiaG 0JiaMH3:

u= x du = 2xdx
3 \ x&in3xdx =
/6 dv= sir\3xdx v = — 5-cos3x
(o]
f . n/3 -i
=3 -x"0sSx |™"8+J- $xcos3xdXx 1l = - xxo0s3x 1~ +
L % J
n/3
+ 2 ~Axcos3xdx= — ~-cosji — |Mcosy ) + 2(yxsin3x |"1°/3
JA ' c/6
n/s ' du= dx
— ~sin3xdx ) = \U
6 . vdv = cos3xdx  u=-|-sin3x
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=4+ 1(1sin*-irsinf H t-ih 03 D

= ji_-3+](cos.,-cosf)=~— |+t (-d
2 o /tt_ 1 N2 ree—it—2 jiz—2ji+ 1
9
X2- n-2 -J2+ 2 n - j _ _
— 9 9
a(X) = = a/”~T55 «0,1245

4-mhcoji. TeKHC TaKCHMAaHraH X t3Coah4>hh mhkaop shmahk
(JjyHKUHHCH 6HAaH 6epHJiraH:

0, arap x~a —/,
_ N
f(x) = arap a—/<x”"a + 1,

.0, arap x>a + Z

M (X) Ba D(X) hh TonHHr. u
Em h ui. 14.6.8 AarH 4)opMyjiaJdiapAaH 4>o0HAaAaHaMH3:

nA:h tt/ v\ a— /+ a+ ~ 2 _ i
M (~)= Eil, AeMaK, Af(X) —-—-Ljie-—~1=a
D{X) = {feTa-, AeMak,
D (X) = 12 12 W -3

2
IllyhAah khahe, M(X)=a\ D (X)=—.

5-MHCOJI X TaCOAH(J)HH MHKAOP HOpM3JlI T3KCHMA3HT3H 6yAHG6,
MaTeMaTHK kythjihwh a= 10 ra TeHr. X t3Coah(})hh mhkaophhht
(10; 20) opsAHKKa TyuiHin sxthmojuihxh 0,3 ra TeHr oyjica, yHHHr
(0- 10) OpaAHKKS TyUIHLU 3XTHMOJIAHrHHH TonHHr. u

E MH Ul. HopM3Ji srpn mh3hk (Tsycc 3rpH mhshfh) x= a= 10 Tyrpn
MH3HKK3 HHC63T3H CHMMeTpHK 6yJir3HH yMyH IOKOPHA3H HOpM3A 3rpH
MH3HK 6HA3H, nacTAaH sea (0; 10) x,aMAa (10; 20) opaldiHKJiap Shash
Merapa~aHraH i03Aap fiHp-SnpHra TeHr. By K>3Ji3p coh >hx,3TA3h
X TaCOAH(ffHH MHKAOpHHHr TerHUIAH OpaAHKJI3pra TyUIHUI 3X.TH-
MOAAHKAapnra TeHr. UlyHHHr yMyH:

P(0<X<10) = P(10<X<20) =0,3.
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6- MHCOJI. 3hHJIHK ())yHKUHHCH f(x) =10 e-m (x~z0O) OHJ13H 6e-
PHJiraH KypCaTKHMJIH TaKCHMOTHHHr MaTeMaTHK KyTHJIHUIH, AHcnepCHH-
CH, ypTa KBa”paTHK MeTJdiaHHiiiHHH TonHHTr.

E HHIU k= 10.

7- MHCOJI. TaKCHMOT 4>yHKUHHCH F (x) = 1—e-0jx (x> 0) GHJiaH

SepnjiraH KypcaTKHMJiH TaKCHMOTHHHr M(X), D(X), aiX) JiapHHH
TonHHTr.

Ehh ui %= 01, M(X)= —= 5 =10

Dm =i= w = 100-» (« = = 10m

6- dapcxom roniuupuFu

1. X T3COAH(J)HH MHKAOP — yHHH COKK3CHHH OHp MapTa TaiUJiaHraH-
Aa TyuiaAHraw owKOJiap cohh. M(X), D(X), 9$(X) JiapHH TonHHr.

M: M{X)=3,5 D(X)=2,92; <j{X)= 1,71

2. HnmoHra KapaTa xap 6hp othhias TerHiii sxthmojijihth
P— 0,8 SyjiraH 4 Ta yK, y3HJiaAH (60ofjihkm3c xojiAa). HHmoHra
TerHiujiap cohhash HSopaT SyjiraH X AHCKpeT T3coahc|)hh MHKAopHHHr
cohjih xapaKTepHCTHKajiapw M(X), DtX), a(X) JiapHH TonHHr.

>K: MiX) =3,2; D(X)= 0,64; of*) =0,8.

3. X Y3JiyKCH3 TaCOAH({)HH MHKAOP 3HHJ1HK (J)yHKU,HHCH f (X) 6HJiaH
SepHJiraH:

0, arap x " — —,

@ T

fi ,5cosx, ara
x) o Q Py axeT:

0, arap x >

M(X), DiX), o0iX) JiapHH TonHHTr.
>K: MiX)=0- DiX) «0,4649; 0(X)»0,68.

4. X y3JlyKCH3 TaCOAH(}))HH MHKAOP 3HAJIHK 4>yHKUH5ICH fix) 6HJI3-H

SepHJiraH;
'0, arap x<: 2,
fix) —'0,5, arap 2 <x < 4,
0, arap x>4.
M (X), Dix), ff(A') JiapHH TonHHr.
M: M iX)=3; D(X)=-1; a (*)=0,58.
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5. X y3JiyKCH3 TaCOAH())HH MHKAOP 3HHJIHK (jjyHKUHHCH /(x) 6HJiaH
Cit'pHJiraH:
JO, arap x<0,
N XN \be~5, arap x”"O0.

MIX), DiX), aiX) JiapHH TonHHr.
>K: MiX)=0,2; D (X)=0,04; 0 (X) =0,2.

6 Arap M{X)= 3, Z>(X) = 16 sKaHJiHrw Ma"bJiyM oy,ica, HopMaJi

TaKCHMJiaHraH X TacouuKjmft MHKAopHHHr shhjihk cjjyhkuhhchhh

ronHHr. 2

6- Mycm”~uA uiu

1 KyTHAa 7 Ta msp 6ym6, yjispHHHr Typrracn ok, KOJiraHJiapH
Kops. KyTHAaH T3B3KK3JIHra 3 T3 Uiap 0J1IHH3AH. X — OJIHHTaH
ok uiapjiap cohh. MiX), DiX), cr(X) hh ToriHHr.

>K: M (X )= 1-]; D(X)«0,49 ; 0o(X)&0,7.

2. Hrkhts yftHH coKKacH SapaBapHrs 2 MapTa TauidiaHaAH. X —
HKK3J13 yHHH COKK3CHA3TH TyLUraH >Ky())T OMKOJiap COHH. M (a), D (A),
0(X) JiapHH TonHHTr.

>K: M (X)=0,5; D(X)=-1=0,375; 9 (X)«0,612.

3. X y3JiyKCH3 TaCOAH(j)HH MHKAOP 3HMJIHK 4>yHKUHHCH 6HJiaH

6epHJiraH:
fOo, arsp o,

/(X) == 2x, arsp 0<x< 1,
o, arap x > 1

M (X), DiX), 0iX) JispHH TonHHr.

>K: M (*)=-8-; D(X)=-~\ a{X) =0,236.

4. (2; 8) opaJiHKA3 TeKHC TaKCHMJiaHraH X TacoAH<}mfi MHKAopHHHr
M(X), DiX), o(X) JiapHHH TOHHHTr.

>K: M(X) =5; D{X) =3; a(X) = V3-

5. X y3JiyKCH3 TaCOAH(J)HH MHKAOP 31WIHK (pyHKUHHCH

0, arap x < O,

f(x 0,04e_°04 arap x”"0

6HJI3H SepHJiraH. MiX), DiX), o(X) JiapHH rommr.
>K: M (X) =25; DiX)=625; o(X)=25.



6. HopMaJdi TakCHMJiaHraH X TacoAH(}))HH mhkaop 3hmjihk (*yhkuhhch

u-ir

/w = Ts7 E

SnjiaH SepHJiraH. M(X), D(X) jiapHH TonHHr.
>K: M(X) = 1, D(X) = 25.

11- Ha3opar utuu

1.1. U,exfla 7 apnaK Ba 6 aeji HuviaftAH. TaBaKKajiHra 8 khlu
a>KpaTH~raHAa, yjiap opacHAa yM aeji SyjiHLUH sxthmojijihthhh TonHHr.

1.2. HuiHKAara AeTaJurapHHHHr 20% h apoKCH3. OjiHHraH 3 t]i
AeTajiHHHr KynH GHJiaH SHTTacn HpoKCH3 6yjin6 mhkhuih sxthmojijihth-
HH TonHHTr. t

1.3. Bhphhmh KyTHAa 12 Ta map 6yj\w6, yjiapHHHr 8 Tacn okL
hkkhhmh KyTHAa 15 Ta map SyjinS, yjiapHHHr 4 Tacn ok. Bhphhmh
KyTHAaH HKKHHMHCHra 2 Ta map co/iHHaAH. H kkhhmh KyraAafl
TaBaKKajiHra cuiHHraH map Kopa O6yjiHUIH sxthmojijihnthhh TonHHr.

1.4. p(A) =0,6 6yjicHH. A xoAHcaHHHr 2400 6ofjihkch3 chhoba3 poc£
1400 MapTa pyft 6epHiUH sxthmojijihnthhh TonHHr.

1.5. llapTHHAa 12% HocTaHAapT AeTaldiJdiap 6op. TaBaKKajiHra 5 Ta
AeTajib oJiHHaAH. OjiHHraH AeTaldiJdiap hmha3 HocTaHAapT AeTaldidiap
COHH X AHCKpeT TaCOAH(j)Hft MHKAOpHHHr TaKCHMOT KOHyHHHH B3
M(X), D(X), P(l <cX”™2), F(xX) jiapHH Tommr.

2.1. K,yTHAa HOMepjiaHraH cwiTHTa Ky6 6op. TaBaKKajiHra 6HTTaA3M
x,aMMa KySjiap OJiHHraHAa xochji SyjiraH cohhhht 6emra 6yjiHHHmMH
3XTHMOJIJIHTHHH TonHHr.

2.2. ByiOMHHHr CTaHAapT 6yjiHuiH sxthmojih 0,8 ra TeHr. Typrra
SyioMHHHr xeM 6yjiMaraHAa Shttsch CTaHAspT SyjiHmn sxthmojijihthhh
TonHHTr.

2.3. YMTa KyTHHHHr xap SnpHAa 6 Ta Kopa Ba 4 ts ok map 6op.
BHpHHMH KyTHAaH T3BaKK3JIHra 6HTT3 msp OJIH6, HKKHHMHCHT3
cojihhsah, myHA3H cyHr hkkhhmh KyTHAaH TaBaKKajiHrs Shtts map
0ojihhh6, yMHHMH KyTHra ccuiHHaAH. Ymhhmh KyTHAaH tsbskksjihts
OjiHHraH mapHHHr ok Syjinmn sxthmojijihthhh TonHHr.

2.4. $HrH TyFHJIT3H 70 MaKaJIOKHHHT K3MHA3 40 B3 KynH OHJI3H
65 H3(J)3pH yfhji 60ji3 Syjinmn sxthmojijihthhh TonHHr.

2.5. Bnp-6HpHra Sofjihk SyjiMarsH xojias HinjmfiAHraH 4 Ta
3c606A3H H60p3T KypHJiMs TeKmHpHJIi3AH. Arap ac6o6jiapHHHTr
6y3HJiIH6 ~KOJinm sxthmojijihkjisph p,=0,3, p2= 0,4, p3= 0,5 bs
P4= 0,6 Syjics, 6y3HJin6 kojitsh sc6o6jiap cohhabh H60p3T X AHCKpeT
T3COAH(})Hft MHKAOpHHHr TaKCHMOT KOHyHH F(x) HH Ba P(2<IX<:4)
M(X), D(X), a(X) JiapHH TonHHr.

3.1. 52 Ta KapTaAaH HSopaT TyjiHK AacT3AaH TaBaKKajinrs 4 T3

KapTa cuiHHraHAa pocs 2 tsch FnmTHH SyjiHiiiH sxthmojijihthhh TonHHTr.
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3 2 KVPHJIM3 6HP-6HPHr3 60FJIHKCH3 HUIJI3BHAHr3H yMTa 3”7e
MH.TAaH H60P3T. YjI3pHHHr 6y3HJIH6 KOJIHMH 3XTHMOHJI3PH 0,05, 0,08,
1107 rs TeHr. Hkkhts sjieMeffr 6y3Hjm6 KonHUiIH sxthmojijihthhh TonHHr.

13 10 T3 MHJIITHKHHHT 4 T3CH OHTHK HHHIOHTS OJIHMm MOCJ13M3CHr3

»a BylIl™ MocL»a,H » « . « HH-o.ra yp-ui
(!<) ra VCH3 07 T3 TeHr. TaB3KK3JIHT3 OJIHHr3H MHJ1THKA3H 1 3 Y
™ raH Arap »epraH KKKa%ia *<«a u > H-wcra yp~xaraH 6yJlca,

Lithk nocjiaxaJiH mimthk TaH.jaHMaraB.iiim M i HiuvnHnniH toiihhi.

34 YftHH COKK3CHHH 50 M3pT3 T3mJI3Hr3HA3 «OJITHJIHK» K3MHA3
10 KynH 6HJI3H 25 M3pT3 TymHiun sxthmojijihthhh TonHHTr.
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""ft: 20 Ta KOM3HA3 HKKHT3 ryPyXr3 6yjlIHH3AH. HKKHTa 3HP KyMJIH
KOM3HA3 6o0mK3-60mK3 rypyxJispra TymniiiH sxthmojijihthhh TonHH

4.2. Tvpt MeprsH hhmoHrs K3p3T3 yK y3HmM3AH. HiimoHrs Ternm

"*XTHM0J1J1HKJ13PH moc X0J1A3 0,4; 0,5; 0,6; 0,7 rs TeHr. a) ynja
immoHra yprsHH; 6) hhuioh Myjmsjirs oJiHHraHH sxthmoajihthhh

'On4Hr.' Bhphhmh kythas 12 Ta map 6yjiH6, yjiapHHHr 7*racH ok
HKKHHMH KyTHA3 15 T3 map 6fjlu6, yJI3pHHHr 5 T3CH OK- Xap K3HCH
KyTHAaH 6HTT3A3H map ojihhah, cyHrpa 6y hkkh®” mapAaH TaBSKKadinra
6HTT3CH OJIHHAH. Arsp TaHAaHraH map Kopa 6yjica, OjiHHraH HKKaJia
mapHHHr KOpa 6yjIHULIH 3X,THMOJIJIHrHHH TONHHT.

4.4. napTHHA3 30% HPOKCH3 AeT3Jidiap 6o0op. 50 Ta actsjihhht

HMHA3H 10 T3A3H KynH HpOKCH3 6yjIH6 MHKHmMH 3X ™ M OJIJIHrHHH TonHHTr.

45 Hkkhts TynAaH HaB6aTMa-H3B63T HHiuoHra KapsTa TynJiapA3H
6hPh HHmoHHH Myjmajira oJdiryHMa yK y3HJiaAH. Hnmo”~a Ternm 3Xth-
MOJiJiHKJiapn Tynjiap yMyH moc xoJiAa 0,7 bs 0,3. Bhphh y vy
VKJI3P COHHA3H H60p3T AHCKpeT TaCOAH4>Hft MHKAOpHHHr T3KCHMOT
KOHYHHHH B3 F (X)), M (X),D (X),0(X) ,P (2< 5) JISPHHH TonHHTr.

5 1. YsyHJiHKJiapH 1, 3, 5, 7 Ba 9 cm SyjiraH 6emTa KecMa MSBwyA-
TaBaKKajiHra OjiHHraH yMTa KecM3A3H yngypMaK Tysnm MyMKHhjihth

3XTHMOJIJIHTHHH TOnHHr. T-lumnHHUHr

5 2 Ymt3 MepraH HHmoHra KapaTe’{ yK ysHmAH. HHmMoHHHHTr

6hPhhmh Mepran TOMOHHAan «hkcoh» KHJinnnm ~ THW % Hra 'SpHa’
HKKHHMH B3 yMHHMH MePraHJI3P yMYH MOC XOJ1A3 °,7 B3 0,9 T31 TCHT.
HKKHTaAaH Kyn 6yjiM3rsH MeprsH HHmMoHHH «<hkcoh» KHJinmH
3XTHMOJIJIHTHHH TONHHT. 2D

53 HMHAa 10 T3 map 6yjiraH KyTHrs ok map cojihhah, myHAaH cyH
T3B3KK3JIHra 2 T3 1113p OJIHHAH. HKKaJI3 m3p OK SyJIHIIIH SXTHMOJIJIHrn-

5°4. p(A) =0,8 SyjiCHH. A xoahcs 21 Ta chhobhhht KynMHJinrHAa pyft

SePHmMH 3XTHMOJ1JIHTHHH TONHHT. on”ou
5.5. KypHJiMa 1000 Ta 3JieMeHTAaH He6opaT 6Yjih6e, HCTaldiraH



3JieMeHTHHHr 7 bskt AaBOMHAa HUiAaH mhkhlh sxthmojiahth 0,002 ra
TeHr. MmAaH mhkksh sjieMeHTjrap cohh SyAraH X AHCKpeT TacoAHtbHfi
MHINOpHHHr  TaKCHMOT  KOHyHHHH, F(x), M (X), D (X), o(X)
"(a>100) JiapHH TonHHTr.

6.1. 52 TajiHK KapTajiap AacTacHAaH TaBaKKajinra 3 Ta KapTai
0J1HH3AH. Byjiap «y4», «TTHJIHK», «Ty3» SyJIHIUH SXTHMOJIJIHrHHK
TonHHT. '

6.2. T3B3KK3JIHra 0JIHHT3H SyiOMHHHr (OKOPH H3BJIH SyjlHUI
3X,THMOJIJIHrH 0,7 T3 TeHr. OjIHHrSH TypTTS SyiOMHHHr (j)3KaT HKKHTaCM
iOKOpH H3BJIH SyjIHIHH 3XTHMOAJIHTHHH TOnHHTr.

6.3. JlsSopaTopHHAa 6 Ta abtomat Ba 4 Ta hphm sbtomst Sop. By-
3HJ1HO KOJIHLU (HU1A3H HHKHUI) SXTHMOJIJIHTH 3BTOM3T yMyH 0,1 Ta, HpHM
3BTOMS3T yqyH 3C3 0,2 T3 TeHT. TaBSKKSJIHTS 0JIHHr3H M3 LHHH3 3BTOM3T
oyjica, yHHHr huia3h ~hkhuih sxthmojiahthhh TonHHr.

6.4. p(A) = 0,7 SyjicHH. A xoahcs 50 Ta chhoba3 10 AaH 25 MspTsra-
4a pyfl SepHHIH 3XTHMOAAHTHHH TonHHr.

6.5. OBHHHHHr 3 T3 yKH Sop. y HHLiioHra KapaTa Shphh™ yK!
TeKKyHMa crraAH. Arap xap kshch yK y3HUiAa xaTO kcthui sxthmojijihth
0,2 ra TeHr Syjics, csptj) KHJiHHraH yKJiap cohha3h hSopst X AHCKpeT
T3COAH(})HH MHKAopHHHr T3KCHMOT KOHYHHHH, F (x) , M (X), D (X) <j(X)
P (X > 2) J13PHH TonHHTr. ’ ’ ’

7.1. KyTHAs 12 map SyjwS .yjiapHHHr 5 tsch ok B3 7 tsch Kopa.

TaBSKKajiHra 3 Ta map oJiHHaAH. OjiHHraH mapjiapHHHr 2 tsch Kopa Ba
1 TacH OK SyjlHUIH 3XTHMOJIJIHTH K3HA3H?

4 Ta eorjiHKMac xoAHcaHHHr xap Shph moc xojiAa 0,012; 0,01;

0,006 Ba 0,002 3x,THMOJi./iHKjiap 6HJiaH pyn 6epHiiiH MyMKHH. Xpn
6yjiMaraHA3 Shtts xoahcshhht pyn SepHow sxthmoajihthhh TonHHTr.
7.3. JlaMno”~KSJiap naprancHAa 100 ts JiaMno<«ara O AaH 5 Tarawa
HpoKCH3JiapH Tyrpn KejinuiH mYmkhh. 100 ts jiaMno~KaAaH TasaKKajiH-
ra 10 TacH ojihhah. OjiHHraH Sapga 10 Ta jiaMnoHKa hpokjih sKaHJinrn

MatJiyM Syjica, napTHHAarn xaMMa JiaMnoHKajiap hpokjih Syahuih
3XTHMOJIJIHFrHHH 3HHKJ13Hr.

7.4. TeHr KyqjiH maxMaT4HJiap yqyH
a) 70 Ta yHHHAaH 60 TacHHH iothuj;
6) KaMHAa 40 Ta Yhhhhh k>thuj sxthmojiahth kshash?

7.5. ABTOMOGBHJIIHHHr SyTyH HyjlH ASBOMHAa TypTTa CBeTO(J)Op Sop.
yjiapHHHr xap Shph 0,5 sxthmojijihk Shash e hYjihh ohsah, e xapaKaTHH
T3KHKJI3BHAH. ABTOMO6HJTHHHr Shphhhh TyxTauiHrsqa jhraH CBeTO-
(J)opjiap coHHAaH HSopaT SyjiraH X AHCKpeT tscoah(l1)hh mhkaophhht
TaKCHMOT KOHyHHHH B3 F (X), M (X), D (X), O(X) JiapHH TOHHHr.

8.1. HLUHKA3 90 T3 CH(])3TJIH B3 10 T3 HPOKCH3 SyiOM Sop.
13B3KKajinra ojiHHraH 5 Ta SyiOMHHHr 2 TaASH Kyn SyAMaraHH HpoKCH3
3K3HJ1IHTH 3XTHMOAJIHTHHH TOnHHTr.

8.2. KypHJiMa yw a SJieMeHTAaH HSopaT. Bhphhhh, hkkhhmh, yHHHMH
SJieMeHTJiapHHHr TyxTOBCH3 Hmjiam axTHMOJUiHKJiapH moc xojiAa 0,6;

0,7; 0,8 ra TeHr. Xeq SyAMaraHAs Shtts ajieMeHT huiash 4hkhujh
3XTHMOJIJIHrHHH TonHHTr.

8.3. 3 ts KyTHhhht xap SnpHAa 7 Ta Kops B3 3 T3 ok uisp 60p. Xap
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KattcH KVTHAaH TaBaKKajinra 6htt3A3h map ojihhsah, cyHrps 6y
mapAaH 6hPh o0jihh3AH. By msp Kopa panrAa 6yjiHmH axxHMOJiJiHrHHH

TONn8HIr. yftHH COKK3CH 60 MapTa Tamji3Hr3HAa «yqjiHK» 15 ash ksm
M3DT3 TVmHmMH 3XTHMCWIJIHTHHH TOnHHTr.

8.5. KypHJiwa aera”~apHH M
6j™6 mhkbbh i a, CKPeT TacomOMa MHWtoR)AHHHr
hpoKCM3Ji3 pn hh coHHflaH hiSopaT A AHCKPerr < X < 8) pHH

TaKCHMOT KOHyHHHH B3 F (x) , L)y )y» Vo /s

TO™ T ' TasaKKadiHra ojinnran hkkh xoHaAH cohhhht paKaMJiapn
hhfhhahch 9 ra TeHr SyjiHmMnNn sxthmojijihthhh TonHHTr.

9.2. BhPhh4h TaAKHKOTMHHHHr xsTora flyji Kyftnrnn « ™ A ¢ ™
0 1ra, hkkhhmh Ba y*hh~h TaAKHKOTMHJiap ynyn aca 0,2 Ba 0,3 ra TeHr.

a\ xeq SvJTMaraHAa fiHTTa TaAKHKOTqHHHHT;
6) HKKHTa TaAKHKOTMHHHHr X3TOra flyjl KyHHmH 3XTH MOJ1J1HTH

TOI19Hy ' Beiirra kYth 6op: 1-, 2- Ba 3- KyTHJiapAa 2 tsash ok Ba 3 T3A3H
KOD3 rnsp Sop, 4- B3 5- KyTHJispAa 1T3A3H ok Ba 1 TaAaH Kopa map 6op.
Hvgq Ke~raH Shtts KyTHAaH TaBaKKajinra Snrra map ojihh3Ahe P
S ran map Kopa S~™Jica, t"thh~h kYth xsHAsnrsHAHrH 3x™ m«.Jh-

THHH TONHHT.
9 4 Ms-bAVMOTHH yssTHmAa Shtts SejiraHHHr 6Y3hahm sxthmwih

0,1 ra reHr. 10 ts SejirHASH h60P3T MS-bJiyMOTAS 3 ts SysHJiHiu Sopahth
3XTHMOAAHTH KSHASH?

kmL ™ s.poKCHa.apH ¢ 0 » «. H6opaT mcKper ™ coM > h»
AOpHHHT TaKCHMOT KOHyHHHH Ba F (X), M (X), caa), F{a> ) P

TOn 10ri 8 Ta SHP xha KapTo”~Kara 2, 4, 6, 7, 8, 11, 12, 13 coHAap esHAraH.
TaBaKKSAH”S HKKHT3 K3PTOMK3 OAHH3AH. OaHHTSH HKKHTS KapTOTM-
S ™ « o« .y Ty3HJiraH Kacp KHCKapyB,,

TONHHT. 3aH>KHpHAarH ySHAHIIl R SAeMeHTHHHT eKH HKKHTS n

(By SAeMeHTASpHHHT HIUASH MHKHUIH SXTHMOAAHKASpH
TOhp J

HIKHDHHHT Y3HAHmM 3XTHMOAAHTHHH TONHHT,
6) 6HPHHH»r HHIMH HHKHUIH 3\TMMCWIJInrHHH

TO” “0r3. HHryBHH 3 aera™b w 6rPr»™ “tf “.oTaM

6,"6. 5 TacH «JM ra»;. h k k h h , 50 i» m
TaBaKKajinra .eTa.B
6}z a n n

25 Ba Kynn Shabh 35 tbhh TamKHA 3THmH sxthmojiahth KaHAaH.
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10.5. HapCAHK”~ 100000 Hycxaaa won STHAraH. Xl,apcAHK HOTyFpW

MyKOBajiaHraH SyAHUiH sxthmoaahthhh 00,0001 ra TeHr. XaMMsl
KHToSjiap ™ opacHflarH HpoKCH3AapH coHHAaH HSopaT X AHCKpeT

TaCOfIH(}3HH MHKAOpHHHr TaKCHMOT KOHyHHHH Ba F (x), M (X) D (X) (T(JO1
P(100<*< 1000) JiapHH TOHHHTr.

11.1. Yhhh coKKacH TauuiaHa”H. Ty6 coh TyuiHiUH sx,thmcx/ii4
KaHAaft? |
11.2. HuiHKAa 100 AeTaAb 6ynn6, yjiapHHHr 10 Tacn npoKCH3i
TaBaKKajiHra 4 Ta AeTaJdib OjiHHraH. OjiHHraH AeTaJdiAap hmha3:
a) HKKHT3CH HpOKCHS3;

6) xeM 6yjiMaraHAa 6htt3ch npoKCH3 SyAHUiH sxTHMcuiAHrHHH
TonHHr.

11.3. ZleTajuiap Shphhmh napTHHCHHHHr 2/3 khcmh hpokch3,
hkkhhmh Ba yMHHMH napranAa Sapna fleTajuiap hpokjih. TaBaKKajiHra

OHTTa fleTajib oahh3ah. OjiHHraH AeTajiHHHr HpokKCH3 SyjiHUIH
3X,THMOJTJIHrHHH TOnHHr.

11.4. AjTOKa KaHajuiapH opKaJdiH 1000 Ta Sejira roSopHJiaflH. BHTTa
SeJirHHHHr 6y3HJiHLU sxthmoaahth 0,005 ra TeHr. Poca 50 Ta SejirHHHHTr
6y3HJIHLUH 3XTHMOJIAHTHHH TONnHHTr.

11.5. 3 Ta ac606 TeKiuupHAaAH. Xap Kaftcn ac606 yHAaH ojiahh™
ac6o06 HpoKJiH (huiohmijih) SyjinS MHKK3HA3rHHa TeKLUHpHAaAH. Xap
6np ac6o06 ynyH CHHOBra SapAom 6epHui sxTHMOAAHrn 0,9 ra TeHr.
Ac6o6jiapHH CHHauj coHHAaH n6opaT SyjiraH X AHCKpeT TacoAHcbHft

MHKAOpHHHHr TaKCHMOT KOHyHHHH Ba F (x), M(X), D(X), P(X>\)
JiapHH TonHHr.

12.1. TaBaKKajiHra TaHjiaHraH hkkh xoHajiH SyTyH cohhh KBaApaTra

oiiiHpraHAa TypT SHJiaH TyroBMH coh xocha SyjinuiH sxthmojiahthhh
aHHKJiaHr. r

12.2. MepraH MapKa3Hft Aonpa Ba HKKHTa kohuchtphk xsjiksash j
H6opaT HHuioHra KapaTa Shtts yK y3aAH. Aonpa Ba x,ajiKajiapra vk |
TerHHiH 3XTHMOAJIHTH moc paBHiiiAa 0,2; 0,5; 0,1 ra TeHr. ykhhht j
xajiKara TernuiH 3xthmojijihthhh TonHHr. |

12.3. BeH3HH KyftHUi ct3huhhch >KoftjiamraH mocce 6Oyftjiab !
yTaeTraH iok MauiHHaAapH cohhhhht chtha MauiHHaAap cohhts j
HHCSaTH 3.2 K36h. I0k MaUIHHSCHHHHr 6eH3HH OAHUI yMyH CTaHUHHra 1
khphui 3XTHMOAJIHTH 0,1 ra, eHraji MauiHHa yMyH 0,2 ra TeHr. BeH3HH !
ojihuj yMyH khph6 KejiraH MauiHHa — iok MauiHHacn Svahuih 3Xth-
MOJIJIHTHHH TonHHr.

12.4. TaHra TauuiaHaAH. TaHra 11 MapTa TauidiaHraHAa repSAH
TOMOH 3 MapTa TyiJJHIUH 3XTHMOAAHTHHH TONHHT.

12.5. CoKKa 3 MapTa TauuiaHaAH. «O jithahk» TyuiHUiJiapn cohhash
nSopaT Sy~raH X AHCKpeT TacoAH(])Hft mhkaophhht TaKCHMOT kohYhhhh
Ba F(x), D(X), o(X), P(X<~2) AapHH TonHHr.

13.1. Bhtts TOKMaAara 10 Ta khtoS TaBakKKaAHra Ky3AaH KennpHA-

HNTH. YMTa M3"bAyM KHTOBHHHr eHM3-eH Typr3HAHTH 3XTHM OJIAH THHH
TonHHTr.

13.2. MepraHHHHr 6htt3 yK y3HuiAa HHuioHra TeKKa3Hiu sxthmoah
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id4 TeHr. BeuiTa yK y3HUJAa HHiuoHra KaMHAa TypT M3pT3 tcthui
jtinmoajihfhhh TonHHr.

13.3. HKKHTa 3BTOM3T AeT3AA3p TaftepAaHAH. BnpHHMH 3BTO-
MillllHHr HOCT3HA3PT AeT3Ab T3HepA3UI 3XTHMOAAHTH 0,07 T3,
nNtKHHMHCHHHKH 3C3 0,09 T3 TeHr. HKKHHMH 3BTOM3THHHT HHJA30
‘inKapnui yHyMAopAHrn Shphhmh sbtomsthhht yHyMAopAHTHAaH yM
M.ip‘i'a KDKopH. TaBakKKSAHra OAHHraH AeTaAHHHHr CTaHAapT 6Yahuih
iXYHMOAAHTHHH TOnNHHTr.

13.4. Tshtshh 80 MapTa TamAaHraHAa 50 MapTa «repo» TyujnuiH
(\l HMOAAHTHHH TONHHTr.

13.5. KypnAMa yMTa 3AeMeHTAaH Ty3HJiraH. BHTTa chhoba3 Xap
U;IHCH SAeMeHTHHHT HIUA3H MHKHHJ 3XTHMOAAHTH 0,4 T3 TeHr. HIlIAaH
'(HKK3H 3AeMeHTA3p COHHA3H H6opaT 6yAr3H X AHCKpeT T3COAH(}>Hft
MHKAOpHHHr TaKCHMOT KOHyHHHH Ba F(x), M(Xx), D(x), a(”~) Ba
P (X > 1) AapHH TonHHTr.

14.1. YHTa 6Hp XHA K3pTOMK3r3 HOAA3H TyKKH3TaM3 TypAH COHA3p
i'HHJIT3H. By K3pTOMK3Aap epA3MHA3 T3B3KK3AHT3 Ty3HAT3H yM XOH3AH
COHHHHT 36 ra SyAHHHIUH 3XTHMOAAHrHHH TonHHTr.

14.2. Y hT3 Ky”ie3M3 30 T3 H3HK3T3 >KOftA3Uir3H (6HTT3 KyAe3Mar3
3 T3 nsnKs). T3B3kk3aht3 OAHHT3H 6 T3 nanKaAa SnpopTa xaM KyJie3-
M3 SyTyHHMa >KOftAaiHM3CAHK 3XTHMOAAHTHHH TOnNHHTr.

14.3. ABTobyc nspKHA3H 1-HOMepAarn 6 Ta 3BTobyc, 2 -HOMepAarH
4 Ta aBTo6yc B3 3- HOMepAarH 5 Ta aBToSyc HXTHepHft T3pTH6Aa mhkhS
KeTAH. Hkkhhmh 6yAHO MHKKaH 3BTo6ycHHHr 2- HOMepAH 6yAHUJH
AXTHMOAAHrHHH TOnNnHHTr.

14.4. 0ha3A3 5 T3 4)ap3aHA 60op. YAapHHHr 3 TaAaH Kyn OyAMaraHH
yfha 60JiaJiap 3KaHH sxthmoaahfhhh TonHHr.

14.5. Huimh 3 Ta CTaHOKKa xh3M3T Kypc3T3AHe Bnp cost hmhab
CTaHOKHHHT HHIMHF3 «3XTHe>KH 6yAM3CAHK» 3XTHMOAAHTH | CTaHOK yMyH
0,9 ra, Il craHok ymyH 0,8 ra, Il ct3hok yqyH 0,7 ra TeHr. Bnp coaT
HMHA3 HHJIJMHHHHT apaAaiUyBH TaAaS 3THAMaftAHraH CT3HOKA3P COHHA3H
n6op3T SyAraH X AHCKpeT TaCOAH(})Hft MHKAOpHHHr TaKCHMOT KOHyHHHH,
F(x), M{X), D(X), B3 a(X) AapHH TonHHr.

15.1. «36 AaH 5» cnopTAOTO yftHHHAa MyKO(})OT oahui sxthmoaahth
KaHAaft? (MyKO(})ar oahuih yMyH KaMHAa 3 Ta paK3M TyrpH tohhjihujh
KepsK.)

15.2. HnFyBMHra KepaK SyAraH AeTaAb ohphhmh, hkkhhmh Ba
yMHHMH HiuHKAapAa SyAHUiH 3XTHMOAAHTH moc xoAAa 0,6, 0,7, 0,8 ra
TeHr. 3apyp AeTaAHHHr KaMHAa HKKHTa nuiHKAa 6yAHUJH sxth monah th -
HH TonHHr.

15.3. HuiHKAa 1- 3aBOAAa TaftepAaHraH 10 Ta AeTajib,2-3aBOAAa
TaftepAaHraH 5 ts AeTaAb Ba 3- 3aBOAAa TaftepAaHraH 15 Ta AeTaAb Sop.
H hfYbmh AeTaAAapHH SHTTaAaS cwiaAH. H kkhhmh oAHiuHAa 2- 3aBOAAa
TaftepAaHraH AeTaAb mhkhuih sxthmoaahthhh TonHHr.

15.4. p(A) =0,25 SyACHH. A hhht xoahcs 243 Ta chhoba3 70 MapTa
pyft SepHUIH 3XTHMOAAHTHHH TOnHHTr.

15.5. H kkh TynAaH HHuioHra KapaTa raAMa-raA TynAapAaH 6hph
HHuioHra TeKKa3ryHMa yK y3HAaAH. Xap KaftcH TynHHHr HHuioHra



TeKKa3Hiu sxthmojijihth moc paBHuiAa 0,3 Ba 0,7 ra TeHr. Hkkhhhh Tyn
captj) KHJiraH* yKJiap cohhash HSopaT SyjiraH X AHCKpeT TacoAH({)Hfl
MHKAopHHHr TaKCHMOT KOHyHHHH Ba F (X), M (X), D (Xj, a(X),
P(~>10) JiapHH TOnHHF.

16.1. TyKKH3 HyjioBHH TpaMBaHHHHr 3 Ta BaroHHra hhkhS >oh-
JiauiAHJiap. Xap Sap fiyjioBHH Batohhh TaBaKKajinra TaHJiaft"H. Bnp
BaroHra TypT nyjioBHH, SoiiiKacHra yn, ynnhhh BaroHra 3ca hkkh nyjioB-
HH HHKKaHJIHTH 3X,THMOJIJIHrH KaHAaft?

16.2. Hkkh TynAaH SapaBapnrs othjitshas HHiuoHra  TerHUi
3XTHMOJIJIHTH 0,46 ra TeHr. Arap hkkhhmh TynHHHr HHiuoHra TeKKa3HUI
sxthmojijihth 0,7 ra TeHr Syjica, Shphhhh Tyn ynyH 6y sxthmojijihk
KaHAaft SyjiaAH? TynjiapHHHr xen SyjmaraHAs SnpH hhuiOHra
TCKK33HUIH 3XTHMOJIJIHTHHH TonHHTr.

16.3. HKKHTa KyTHHHHr xap SnpnAa 7 Ta Kopa, 3 Ta ok map Sop.
Hkkhhhh KyTHflaH TaBaKKajinra HKKHTa map ojihhah Ba Shphhhh
Kyrara cqjihhah. Bhphhhh KyTH/iaH ojiHHraH map ok SyjiHuiH
3XTHMOJIJIHTHHH TOnNHHTr.

16.4. yHHH coKKacHHH 90 MapTa Tauuiamaa 3 ra KappadiH
cohhhht KaMHAa 100, Kynn SHJiaH 170 MapTa hhkhiuh sxthmojijihthkh
TonHHTr.

16.5”~ HKKHTa MepraH rajiMa-rajmaH HHmoHra KapaTa yK y3HinaAn.
BHTTa yK y3HiuA3 xaTO KeTHin,. sxthmojijihth Shphhhh MepraH ynyH
0,2 ra, hkkhhhhch ynyH 0,4 ra TeHr. Arap Typrra.uah opTHK yK
y3HJiMaraH Syjica, HHmoHra TeKKyHHa OTHJirah yKJiap coHHAaH HSopaT
SyjiraH X AHCKpeT T3coahc])hh mhkaophhht TaKCHMOT kohYhhhh Ba
F (x), M (X), D (X), a (X), P (X>2) JiapHH TonHHr.

17.1. KypHJiMa 3 TacH sckhphS KOJiraH 5 Ta 3JieMeHTAaH HSopaT.
KypmiMaHH TacoflH(])aH Hinra TyuiHpHJiraHAa 2 Ta 3JieMeHT hiujishah.
KypHJiMaHHHr Hmra TyuiMaft kojihujh sxthmojijihthhh TonHHTr.

17.2. XoAHcaHHHr xap Snp chhobas pyfl Sepnrn sxthmojijihth 0,2 ra
TeHr. CnHOBjiap SnpHH-KeTHH, xoAHca pyft SepryHHa yTKa3HJi3AH.
HRKHTa”aH Kyn SyjiMaraH chhob yTK33HJinm sxthmojijihthhh toiihhf.

17.3. 12 Ta mhjithkhhht 5 Tacn otithk HHmMoHra ojihiu MOCjiaMaCHra
sra. ByHAaft MocjiaMajiH mhjithkabh HHmoHra TeKKa3Hm sxtbmojijihth
0,9 ra, MocjiaMacH3 MHJiTHKAaH sea 0,75 ra TeHr. MepraH TaB3KK3Jinra
OJdiraH MHJITHKA3H HKKHT3 YK y3AH. Y HKK3JI3 XO0JlAa X3M HHmMOHTa
TeKKa3raHJiHrHHHHr sxthmojijihthhh TonHHr.

17.4. BHTTa yK y3Hm,na hhuioHra TeKKa3Hm sxthmojijihth 0,8 ra
TeHr. 5 Ta yK y3HJiraHfla 4 TacH HHUiIOHra TerHixiH sxTHMa/uiHniHH
TonHHr.

17.5. Hhuioh 1- HOMepjiH aohpa xaMAa 2- Ba 3- HOMepjiH koh-
ueHTpHK xajiKaJdiapaaH nSopar 1- HOMepjiH Aonpara TeKKa3Hmra
10 ohko, 2- HOMepjiH X3JiK3ra — 5 ohko Ba 3- HOMepjiH xajiKara
TeKKa3nmra ( — 1) ohko SepnJiaAn. Honpsra Ba xaJiKajiapra TeKKa3Hin
3X,THMOJiJiHKJiapH moc xojias 0,5, 0,3, 0,2 ra TeHr. YnTa yK y3njiraHAa
TynjiaHraH OHKOJiap coHHAaH HSopaT SyjiraH X AHCKpeT t3Coahc})hh
MHKAOpHHHr TaKCHMOT KOHyHHHH, F(x), M (X), D(X), a(X) Ba
P (~>10) JI3pHH TonHHTr.
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ik 1m Kynaaa ynparan Shphhhh aBTOMOUiHHamii.i un.uepH Snp xhji
- ivmapAaH nOopaT Svjihluh 3X,THMOJiJiHrHHM aiimcjinin ,

IK 2. 100 Ta SyiOMAaH HSopaT napTHHAa 20 ra ciaiuapr SyiOM Sop.
liKKajinra 3 Ta SyiOM ojihhah. YjiapHHHr si'iiua KaMHfla hkkht3ch
liul/ZiapT SyJIHIUH 3XTHMO.1JIHTHHH TONHHT.

18.3. TnpAa SemTa mhjithk SyjinS, yJiapAan HHmoHra TeKK33Hm
i iTMMOJiJiHKJiapH 0,5; 0,6; 0,7; 0,8; 0,9 ra Tenr. TaBaKKajinra ojiHHraH
*ini'inKAaH Snp MapTa vk V3KmAa HHmoHra TeKKa3nm sxthmojiahthhh
uiu K.ia Hr.

18 4. p(A) =0,7 Svjichh.A xoAncaHHHr 2100 Ta chhobas 1000 MapTa
>ii SepnuiH 3X'rHMauinrHHH to*hh"\

'm MKKiira viiHH coKKaoH Gup iiaSi/Zia i.if:M(i;ia;Ui- H'-rtaJiacHjxa
m,, >j;yrv ohko hhkhm coHHAaK HSopaT Sy,nran > iiicKp.T o' iriH; |)HH
ill1 K/;ODHHI-ir  TakCHMOT KOHyHHHH, F(X) ," M (A). 1) (A | [ i<>
/>(A’1>2) JiapHH TOIIHHF.

19.1. «45 AaH 6» cnopTJioTO VHHHHAa iothS ojinm sxthmojljihi'h
ivaiiAafi? (MyKO(j)OT ojinm ynyn KaMHAa 4 ra paKaM TyrpH toiihjihhih
KepaK. )

19.2. Hkkh cnopTHHHHHr xap Snpn ynyH Snpop MauiKHH hxush
o;i>KapHui sxthmojijihth 0,5 ra Tenr. CnopTHHJiap MamKHn HaBSax
OHJiaH 6a*apaAHJiap, SyHAa xap Snp cnopTHH yn MapTaAaH ypnHaAH.
(".nopTHHJiapHHHr xen SyjiMaraHAa Snpn MyKO(J)OTHH ojihuih 3X,th-
MOJiJdinrnHn TonnHr.

19.3. Bhphhhh KyTOAa 1 Ta ok Ba 9 Ta Kopa map,hkkh hhh KVTHAa
1 Ta Kopa Ba 5 Ta ok map Sop.Xap Kaflcn KyTHAaH SnTTaAaH map ojihS
ramjiaHAH Ba KOJiraH xaMMa mapjiapHH ynnHHH KyTnra cojihhah.
Vhhhhh KyraAaH ojiHHraH map ok SyjmuiH 3Xthmoajihthhh TonnHr.

19.4. yftHH coKKacn 70 MapTa TamjiaHraHAa tok OHKOJiap 50 ash
65 MapTarana Tymnmn sxthmojijihfhhh TonnHr.

19.5. Arap X TacoAH(J)HH mhkaop HKKHTa xi<c.x2 KHHMair;i jra
SYahS, P(X = x,) =0,3; M(X) =3,7, D(X) =0,21 SyAca, Sy Ta< ~is{)hh
MHKAopHHHr TaKCHMOT KOHyHHHH TONnHHT.

20.1. TaBaKK3JiHra TaHJiaHraH hkkh xoHajin cohhhht iy . coh
SYyAHmMN sxthmojiahthhh TonHHr.

20.2. HrnnKAa 15 Ta AeTajib SyjinS, yjiapHHHr 10 Tacn Syajiran.
TaBaKKajinra 5 Ta AeTajib oAHHaAn. YjiapHHHr opacnAa KaMHAa 4 Tacn
SyHJiraH Syjinmn sxTHMOJiAnrnHH TonHHTr.

20.3. AbtoSYc napKHAaH 1- HOMepAarn 6 Ta, 2- HOMepAarn 4 ra Ba
3- HOMepAarn 10 Ta aBToSyc hhkhS kctah. Hkkhhhh SyjmS WKKan
aBToSycHHHr 1- HOMepjin SyAHmMnN sxthmojijihthhh TonHHTr.

20.4. p(~1)=0,8 SKaHAnrn Ma'bAyM. A xoAHcaHHHr 100 Ta cv a
KaMHAa 75 MapTa pyn Sepnmn sxTHMOJiJinrnHH TonnHr.

20.5. Hkkhts SoMSapAHMOHHN caMOJieT HHmoHra TeKKyHHa ra,;
raJiAaH SomSs TamAafiAH. Bhphhhh caMOQOJdieTHHHr hhhiohhh 3hhk,
MyjimaAra OAHm sxthmojijihth 0,7 ra, hkkhhhhchhhkh sea 0,8 ra Tenr.
Arap caMOAeTjiapHHHr xap SnpHAa 3 TaAaH SoMSa Syjica, TamjianraH
SoMSaAap COHHA3H HSopaT X AHCKpeT TaCOAH(})HH MHKAopHHHr
TaKCHMOT KOHyHHHH, F (X),M (X),D(X),0(X), P (X > 2) JiapHH TonHHTr.
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21.1. BoJdiadiap yMyH caHaTopnftra 12 Ta, caftexAap jiarepnra 8 Ta Ba
cnopr Jiarepnra 5 Ta fiyjuiaHMa awpaTHAAH. Arap 3 vpTOKHHur oTa-
onalJiapH Shp-Shphash Sexa6ap SHiraAaH HyjLiamvia oAraH SyAca,
Sy 3 y pTOKHHHr Shtts Aarepra tvuiho koahiiih sxthmoaahth
KaHAaft?

21.2. Bhphhmh cianokhhht 6np coar AaBOMHAa y3./i>KCH3 Hiujiaui
sxthmoaahth 0,75 ra, hkkhhmh cTahokhhkh gca 0,8 ra TeHr. Arap
CTaHOKJiap Snp-SHpnra SorjiHK SyAMaraH xoAAa Hiujiacajiap, 6np coaT
AaBOMHAa 4>aK,aT SHTTa CTaHOK TVXTalHH 3XTHMOAAHTH K3HA3H?

21.3. Ac606ji3p hkkhts 3aB0AAa TafiepAaHaAH. Bhphhmh 3aboa
SapMa MSXCyJIOTHHHT 2/3 KHCMHHH TaftepAaftAH, VAapHHHT 5 %H
HpOKCH3, HKKHHMH 33B0ZI 1/3 KHCMHHH TaftepAaHAH, yjiapHHHr 7%H
HPOKCH3. HpOKJIH AeTaAb OAHHT3HH 3XTHMOAAHTHHH TOHHHT.

21.4. TaHraHH 45 MapTa TaiiiA3HraHA3 «rep6» 15 MapTa Tyljjhluh
3XTHMOAAHTHHH TOnHHT.

21.5. Obmh nappaHAara KapaTa, yK TeKKyHMa OTaAH, ackhh
TypTTaA3H Kyn SyAMsraH yK y3HUira yArypaAH, xoaoc. Arap Shtts yK
y3HHIA3 HHLUOHT3 TeKK33HIU 3XTHMOAAHTH 0,7 T3 TeHT SyACa, y3HAT3H
yKA3p COHHA3H HSopaT SyAraH X T3COAHf|)HH MHKAOpHHHT T3KCHMOT
KOHyHHHH~B3 F (X), M(X), D (X), 0(X) AapHH TOHHHr.

22.1. Y KyBMHHHHr Shphhmh hmthxohhh tohlhhphhjh sxthmoaahth
0,9 ra, hkkhhmhchhh TonuJHpH-ui sxthmoaahth 0,8 ra, Ymhhmhchhh
TOIILUHpHHI 3XTHMOAAHTH 0,7 ra TeHT. Y KyBMHHHHT: 1) 03pM3
HMTHXOHA3PHH; 2)3KaAAH 6HTT3 HMTHXOHHH TONLUHpHLH 3XTHMOAAHTH
K3HA3H?

22.2 ABToSycAa 5 ftyjioBMH Sop. Koatsh 5 T3 SeK3THHHr xap SnpHAa
SHTT3AaH ftyAOBMH TylHHS KOAHUJH 3XTHMOAAHTHHH TONHHTr.

22.3. AcCS0S HKKH XHA T3p3 (pe>KHM)A3 HHJA3HAH, HIU >KapaeHHHHHT
80 %HA3 OAaTAarH (HOPM3A) HLU T3p3H KY33THAaAH, 20 %HAa OAaTAaH
TaujKapn (hopmsa SyAMaraH) hoi Tap3H Ky33THA3AH. OAaTAara Tap3A3
3c606HHHr HUJA3H MHKHHi 3XTHMOAAHTH 0,2 T3, OAaTAaH T3LHK3pH
T3p3A3 HHJA3H MHKHHI 3XTHMOAAHTH 3C3 0,7 T3 TeHT. Ac606HHHr HLUA3H
MHKHHIH 3XTHMOAAHTHHH TONHHTr.

22.4. KaftcH Shphhhht sxthmoaahth K3TT3poK: tshtshh TypT M3pTa
T3LUA3r3HAa «repS»HHHI' 2 M3pT3 TyUUHHJHHHHrMH 6KH 8 MapTa TaUJAaH-
raHAS «repS»HHHr 4 MapT3 Ty luhiiiHHHHrMH?

22.5. K,h3 bs yFHA ScwiaAapHHHr TyrHAHHi sxthmoaahkasph TeHr AeS
(J)3p33 KHAHH3AH. TypT SOA3AH OHASAaTH yrHA SoAaA3p COHHA3H
nSop3T SyAraH X TacoAH(}))Hh mhkaophhht tskchmot kstophhh Ty3HHr.
F (X, M (X), D (X), O(x) A3PHH TonHHTr.

23.1. 3 T3 CT3HOK HUUA3MOKA3. By CT3HOKA3PHHHT SHp CO3T
A3BOMHA3 CO03A3LUHH T3A3S KHAM3CAHK 3XTHMOAAHKA3pH MOC pSBHHJAa
0,95; 0,8; 0,8 ra TeHr. Bnp coaT hmhas xeM SyAMaraHAa Shtt3
CT3HOKHHHT CO3A3HIHH T3A3S 3TM3CAHK 3XTHMOAAHTHHH TOnNHHT.

23.2 Ym ypTOKHHHT hkkhtsch ynpamyBra kcaah. Arsp YyAspHHHr
yMpauiyBra kcahlu 3Xthmoaahka3Ph moc p3BHUiAa 0,1; 0,3; 0,5 ra TeHr
SyAca, yMpsLuyBrs Shphhmh bs yMHHMH ypTOKHHHr KeAHUiIH sxthmojiah-
thhh TonHHr.

23.3. Ym xha hahhja3P SvahS, 1-XHAAa 3 hah hi, YHHHr xap Snpn
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iiMHAa 5 T3 ok B3 3 T3 Kopa Hiap Sop. 2- XHAAa 3 hahhj, yAapHHHr xap
twpn HMHAa 6 Ta ok Ba 2 T3 Kops msp Sop. 3- XHAAa 4 hahhj, yAapHHHr
Kap SnpH HMHAa 7 T3 ok B3 9 T3 Kops HJ3p Sop. T3BaKK3AHT3 T3HA3HT3H
11JIHHIA3BH T3B3KK3AHT3 HJap OAHH3AH. By HJ3pHHHT KOp3 SyAHUJH
iVPHMOAAHTH KaHAaft?

23.4. Hhth TyrHAraH 200 MaKaAokhhht KaMHAa 90 Tacn yrHA
tioAaAap SyAHUJH 3XTHMOAAHTH K3HA3H?

23.5. YMTa MepraH SHTTa hhluoHra KapaTa yK y3HLuaAH. Hhujohts
IX’KK33HLH 3XTHMOAAHTH SnpHHMH Mepr3H VMyH 0,8 T3, HKKHHMHCH yMyH
0,6 ra, yYMHHMHCH yMyH 0,5 ra TeHr. HnujoHra TeKKaH yKAap cohhash
iiSopaT SyAran X TacoAH(])HH mhkaophhht TaKCHMOT kohvhhhh Ba F(X),
M(X), D(X), o(X) AapHH TonHHTr.

24.1. ABTOMaT CTaHOK AeT3AA3pHH HJTaMnA3HAH. Bnp CO3T HMHA3
Snpopxa X3M hpokah AeTaAb hhiasS MHKapM3CAHK 3Xthmoaahth 0,9 r3
renr. 3 cost HMHAa MHKapHAraH SapMa AeT3AA3pHHHr npoKAH SyAHhjh
*-IX,THMOAAHrMHH TonHHTr.

24.2. PinryB uexHra 3 Ta uexA3H AeT3AA3p kcathphaah: Shphhmh
HeXAaH 6 T3; HKKHHMH UeXASH 7 T3, yMHHMH HeXA3H 8 Ta. T3B3KK3AHr3
Snp naftTAa OAHHraH HKKHTa actsahhht 1- uexAaH eKH 2- uexAaH
SyAHLUH 3XTHMOAAHTH KaHAaft?

24.3. Hkkhts CT3HOKA3 AeTaAAap TaftepAaHaAH, SyHAa Shphhmh
CTaHOK HKKHHMHCHTa HHCS3T3H 3 M3pT3 Kyn AeT3Ab T3HepA3ftAH.
Bhphhmh CTaHOKHHHr HpoKCH3 AeTaAAspH 2,5% hh, hkkhhmhchhhkh
1,5 % HH TaUJKHA 3T3AH. TaB3KKaAHra OAHHT3H AeTaAb HpOKCH3 SyAHS
mhkah. By AeTaAHHHr hkkhhmh ctshokas T3ftepAaHraH SyAHUJH
3XTHMOJ1AHTHHH TONHHT.

24.4. Hhth TyrHArsH 200 MaKaAOKHHHr 100 tsch yrHA SonaAap
SyAHUJH 3XTHMOAAHTH K3HA3ft?

24.5. TynAan y3HAraH Shtts yK Shash hhuiohhh MVA>KaAra oahui
3XTHMOAAHTH 0,4 Ta TeHr. YMTa yK y3HAT3HA3 HHUIOHT3 TeKKHSUHJAap
COHHA3H HSopST SyAT3H X T3COAHCj)Hft MHKAOpHHHr T3KCHMOT KOHyHHHH
B3 F (X), M (x), D (X), a (X) asphh TonHHTr.

25.1. T3B3KK3AHT3 OAHHT3H TeAe(ffOH HOMepH 6 Ta paK3MA3H
Ty3HAT3H. BspM3 pakK3MA3pHHHr TypAHMS 6yAHUJH 3XTHMOAAHTH
KaHAaft?

25.2. KyTHAa 9 Ta 40 bsttah, 11 Ta 60 BarrAH 3AeKTp AaMnoMKa-
Aap apaAaiHTHpnS KyftHAraH. TaBaKKaAHra OAHHraH 2 Ta AaMnoMKa-
HHHT Snp XHA KyBB3TAH SyAHUIH 3XTHMOAAHTH KaHAaft?

25.3. PInryB uexnra 1- uexAaH 600 Ta, 2- uexAaH 500 Ta, 3- uexAaH
900 Ta AeTaAb kcahS TyuiaAH. 1- uexHHHr HpoKCH3 AeTaAAapn 5 % hh,
2- UeXHHKH 8 %HH, 3- UeXHHKH 3 % HH TaUJKHA 3T3AH. TaB3KK3AHTS3
OAHHT3H AeTSAHHHr HpPOKCH3 syAHUJH 3XTHMOAAHTHHH TONnHHT.

25.4. Arsp pP(A) =0,25 SyAc3, A xoahcs 6 T3 chhobas 3 MapT3
pyft SepHUIH 3XTHMOAAHTHHH TONHHT.

25.5. Hmhas 5 Ta ok Ba 7 Ta Kopa map SyAraH HAHUiAaH 4 Ta map
OAHHaAH. OAHHraH ok mapAap cohhabh uSopaT SyAraH X TacoAH(})Hft
MHKAOpHHHr TaKCHMOT KOHyHHHH Ba F (X) , M(X), D (X), a(X) AapHH
TonHHr.

26.1. KyTHAa 5 Ta ok, 10 Ta kh3ha Ba 6 Ta Kopa map Sop.

515



TaBaKKajinra 2 Ta map ojiHHa/iM. OjiHHran uiapjiapHHHr onpu
OK, HKKHHHHCH KOpa SyJIHIUH 3XTHMOAAHTH KaHAaft?

26.2. MepraH HHinoHra KapaTa 4 MapTa yK y33AH. Xap kshch yK
y3Hin/i,a HHmMoHra TeKKa3Hm sxthmojiahth 0,7 ra TeHr. Yhhht x,el(
SyjiMarsHAa 6np MapTa hhiiiohts TeKKa3Hm sxthmoaahth K3HA3H?

26.3. KyHHAarn xoAHcajiapHH KapafijiHK: gpTara hxluh 06-x,aBO,
KOHHKapjiH 06-xaBo, Smoh 06-X3bo 6yjiaZiH. YjiapHHHr sxthmoajihkasph
moc xoaa3 0,3; 0,4; 0,3 ra Tenr. Hxuih 06-xaB0OAa 0,9 sxthmoaahk SnJian,
KOHHKapjiH od-xaBo”™a 0,7 3xthmoaahk 6ha8h, cmoh 06-XasoAa
0,2 3XTHMQ/1JIHK Smash caftpra HHKHAaAH. 3pTara caftpra hhkhui
3XTHMOAAHTHHH TONHHr.

26.4. Y hhh coKKacH 960 MapTa TamjiaHraHfla 3 ra KappajiH cohhhht
600 MapTa hhkhiuh sxthmojijihthhh TonHHTr.

26.5. HKKHTa TaHra yn MapTa”aH TamjiaHaflH. Tep6jiH tomoh
TymHinjiap cohhas h HSopaT SyjiraH X TacoAH<})Hft MHKAopHHHr
TaKCHMOT KOHyHHHH Ba F(x), M(X), D(X), a(X) JiapHH TonHHr.

27.1. OjiTHTa 6np xhji KapTOHKara 2, 4, 7, 8, 12, 14 coHJiapn e3HJiraH.
HKKHTa KapTOHKa ojiHHaAH. X ochji KHJiHHraH Kacp KHCKapaAHraH
SyJIHIUH 3XTHMOAAHTH KaHAaft?

27.2. «n» Ta KOHBepT Ba yjiapra moc «n» xaT 6op. XaTJiap
KOHBepTJiapra TaBaKKajinra coahh3ah. Xen 6yjiMaraHAa duTra xaTHHHr
Ternmjin KOHBepTra TyuiMacjiHK sxthmoaahthhh TonHHr.

27.3. TypyxAS 3 atjioHH, 4 «rypTHH», 6 «yHHH» Ba 1 «hkkh4h» 60p.
BuJieTAa xaMMacu SyjinS 20 caBOJi Sop. AtJioHH Qapna 20 Ta caBOJira
>KaBo6 6epa OAaAH, «tYpthh» 16 Ta caBOJira, «yHHH» 10 Ta caBOJira,
«hkkhhh» 5 Ta caBOJira >KaBo6 6epa oaah. TaBaKKajinra HaKnpnjiraH
TajiaSa 3 Ta csBcwra >KaBo6 SepAH. By TadiaSaHHHr «hkkhhh» 3K3HH
3XTHMOAAHTHHH TONHHT.

27.4. BHTTa yK y3nmAa HnmoHra TeKKa3nm sxthmoaahth 0,8 ra
TeHr, 100 Ta yK y3.raHAa 75 MapTS HnuioHra Ternm sxthmoaahthhh
TonHHTr.

27.5. Arsp 6HTTa yK y3HiUAa hhuiohts Ternm sxthmoaahth 3/4 ra
TeHr 6yjic3, 3 ts yK y3HLUAa HHmoHra Ternrnjisp cohha3h HSopaT 6yjir3H
X T3COAH({)HH MHKAOpHHHr T3KCHMOT KOHyHHHH B3 F (X), M (X), D (X),
a(X) JiapHH TonHHr.

28.1. MepraH yHra Kapa6 xapaKaT KHJiaehraH HHinoHra KapaTa yK
y3aAH. Bhphhhh yK y3Huma HHmoHra Termu sxthmojijihth 0,4 ra TeHr Ba
y xap 6up KeHHHrn yK y3HiUAa 0,1 ra opTaAH. 3 Ta yK y3HuiAa hkkh
MapTa HHmoHra TeKKa3Hin sxthmoaahth KaHAaft?

28.2. TypjiH 6np xoHajiH' coHAap 6HAaH HOMepjiaHraH 9 Ta
>KeTOHHHHr 3 Tacn OAHHaAH. YAapHH KeTMa-KeT KyftraHAa e3HJiraH
HOMepAapHHHr ycu6 Sopnm Tapth6ha3 *OH/iamHiUH sxthmoaahthhh
TonHHT.

28.3. TypyxAa 2 «ai>AOHH»,5 «TypTHH»,18 «KOHHKapAH» yKHHAHraH
Ba 2 Ta «hkkhhh» Tajiaba yKHHAH. Bnp TaAa6a HaKHpuAaAH. Arap
«a bAOHH» (})aKaT 5 6axo, «TypTHH» SnpAaft sxthmoaahk SHAaH 4 eKH

5 6ax0, kohhkspah yKHHAHran TaAaSa sea SnpAaft sxthmoaahk Shash
4, 3, 2 6ax0o oahmu MatAyM 6yAca, naKHpuAraH TaAa6a 5 eKH 4 63x0
OAHIIIH 3XTHMOAAHTHHH TOnHHT.
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28.4. p(yl) = 0,7 6yACHH. A xoAHcahhht 2100 chhoba3 1000 MapTa
11v)i fiepHUIH 3XTHMOAAHTHHH TONHHT.

28.5. HAHiu.ua 4 13 ok B3 6 Ta Kopa map 6o0p. YHAaH Kopa map
mHiKMaryHHa 6HpHH-KeraH rnapAap o0jihh3Ah (KaHT3pH6 coAHHMacA3H).
liyiiAa HHKK3H ok mapAap cohhash ndopaT SyAraH X t3Coahc[)hh
IVIIKAO pHHHT TaKCHMOT KOHyHHHH Ba M (X), D (X), 0(X), F (x) JiapHH
lolimir.

29.1 Bnp xha KapTo~KaAaprs 1AaH 25 rans 6yAraH HaTypaA coHAap

I'tHJirail. TaB3KK3AHra HKKH MapT3 6HTT3AaH (KaHT3pH6 COAM3H)
Kd pT04K3 OAHHaAH. Xap HKK3A3 K3pTOHK3A3 Ty6 COHAap e3HATaH
< [IHI1IH 3XTHMOAAHTH KaHAaft?

29.2. 4 TaAa63 6np xha Aa6opaTopHH nmHHH xHCo6AaftAH.
.VjiapHHHr xaTora ftyA Kyftnm 3xthmoaahka3Ph moc xoaas 0,2; 0,3; 0,1;
0/1 ra TeHr. Amaah 6nTTa TaAaSaHHHr xaTors ftyA KyftnmH sxthmoaah-
I HHH TOfIHHT.

29.3. 9 ts KyTHra 10 TaA3H msp myHA3H coahhtskhkh, hkkhtschas
r>TaAaH ok map, yMTacwAa 4 T3A3H ok ui3p, TypTT3CHA3 3 T3A3H ok uisp
fiop. T3B3KKaAHra OAHHT3H map OK 6Yah6 HHKAH. By map 3 T3 ok map
>KOHA3MTHpHAr3H HAHIUA3H 3K3HAHTH 3XTHMOAAHTHHH TONHHT.

29.4. Y hhh coKKacHHH 1000 MapT3 TsmAsrsHAa tok OHKWiap
700 MapTa Tymnmn sxthmoaahthhh TonHHr.

29.5. Yhhh coKKacH 4 MapTa TauuiaHaAH. Cokkbhh 4 MapTa
lauiAaHraHAa 6 o4kohhht Tymnui coHHAaH H6opaT SyArau X TacoAH({)HH
MHKAOpHHHr TaKCHMOT KOHyHHHH Ba M (X), D (X), a (X), F (x) AapHH
I OHHHTr.

30.1. TyA3 AOMHHO TOmA3pHA3H (28 T3) T3B3KK3AHr3 6HTT8CH
OJIHHaAH. Y hA3TH OHKOA3P HHFHHAHCH 10 AaH KHHHK, 3 A3H K3TT3
fiyAHIUH 3XTHMOJ1AHTH K3HA3H?

30.2. HA<mA3 10 ts ok, 15 ts Kops Ba 20 Ta kh3ha map 6op.
KeTMa-KeT 3 Ta map (KaHTapnS coAHHMaft) oahh3ah. UlspAapHHHr ok,
KH3HA, OK KeTMa-KeTAHKAa HHKHUIH 3XTHMOAAHTHHH TONHHT.

30.3. Ac606A3pHHHr 30 %HHH IOKOpH M3A3K3AH, 70% HHH ypT3Ha
M3A3K3AH MyTaXaCCHC HHF3AHm IOKOpH M3A3K3AH MyT3X3CCHC HHFTaH
ac606HHHr HmoHHAHTH 0,9 ra, ypTana MyTaxacoHCHHKH sea 0,8 ra TeHr.
OAHHraH ac606 hiuohmjih 6yj\w6 hhkah. Yhkht iokoph MaAaKaAH
MyTaXaCCHC TaftepAaraHH sxthmoaahthhh TonHHr.

30.4. Arap p(/1)=0,8 6yAca, A xoAHcaHHHr 100 Ta chhoba3
80 MapTa pyfl 6epHmMH sxthmoaahthhh TonHHTr.

30.5. HHHAa 4 Ta ok Ba 6 Ta Kopa map SyAraH HAHUiAaH 5 Ta map
OAHHaAH. MHKKaH ok mapAap coHHAaH H6opaT SyAraH X TacoAH(})HH
MHKAopHHHr TaKCHMOT KOHyHHHH Ba M (X), D (X), O(X),F(x) AapHH
TONHHT.



7- §. EoFJIHK,MaC TaCO,HH(])HH
MHKAOpjiap HHFMHIIHCMHHHr TaK,CHMOTH.
TacoaH(})HH apryMeHT (fjyHKiiHsiCH

14.7.1. Arap X tscoah”~hh mhkaopHHHr xap 6np MyMKHH Syjiran
KHHM3THT3 Y TaCOAM(})HH MHKAOpHHHr 6HTTa MyMKHH SyjiraH KHHM3TH
moc Kejica, y xcuiAa Y hh TacoAH(j)HH apryMeHT X hhht (byHKUHHCH
AeHHJiaAH Ba Y=(p(X) KypHhhiha3 mhjisah. 1

J. X AHCKpeT TacoAHtjHH MHKAop, Xxk— yHHHr MyMKHh Q yjirsn
KMHM aTjiapH SyjiCHH, y xo0jiAa:

a) arap K=tp(A') — mohotoh (|)yhkuhh 6yjica, y xoaa3 K TacoAHcbHH
MHKAOpHHHr MyMKHH SyjiraH KHHMaTJiapH Yk= y(XK) TeHrAHKA3H
TONHJIHO, A Ba Y JI3pHHHr MOC KHHMaTJdiapH 3XTHMOJIAHKJiaPH TeHr
oyjiaAH, ht>hh

P{Y = yk) =P (x = XK).

6) arap Y= <f(X) — mohotoh SyjmaraH cfiyHKUHH Syjica, X hhht

TypjiH KHHMaTJiapHra Y hhht 6hp xhji KHHMaTliapH moc kcjihhjh

MyMKHH. By x,0JiAa Y hhht MyMKHH 6yjiraH KHHMaTJiapH sXTHM O JUiHKjia-
Phhh romim ynyH X hhht Y 6hp xha KHHMaTjiap KaSyji KHJiaAHraH
MyMKHH OvyjiraH KHHMaTJiapH 3XTHMOJIJIHKJiapHHH KyUIHLU KepaK.
n y3JiyKCH3 TaCOAH(})HH MHKAOp 6yjiu6, 3HHJIHK (})VHKU HHCH f(X)
oyjicHH, y xojiAa:
a) arap y= cp(x) mohotoh, AH(J>(j5epeHUHajJAaHyBHH (byhkuhh
6Yjih6, TecKapn 4>Yhkuhhch x = ~(y) Syjica, Y TacomH(})Hft mhkaopHHHTr

g(y) 3HMJIIHK (pyHKUHHCH KyHHAaTH TeHTAHKAaH TOHHA3AH:

s(y)=f[~(y)]-W(y)\.

3rap y = i* X) MHKAOP X HHHT MyMKHH SyjiraH
op3™ H PMHr r f r FHila MOHOTOH Sy ~arau c~hkuhh Syjica,
mohotoh SyjiaAHrsH opajiHK/iapra SyjiHiu Ba

PaJ7HFH ¥4¥H 3HqjIHK 4>yHKUHHCHHH TOI1HIH,
CyHrpa g(y) hh HHFHHAH UJ3KJI1HA! acBHp.laui Kep3K

y xojiAa 6y

Zn (fan t

g(y) =2gk(y).

Arap \ Ba Y TaCOAH(})HH MHKAOpjiapHHHr MyMKHH SyjiraH X3P

K,
6 «P *y(,T,ra Z Tacom a »wKflop,HHr «y, K, « S i, 2
KHHM3TH MOC KelJiCa, Z MHKAOp HKKHTa X Ba Y Tctcoducbuu dttPU
MeHTJiapHUHZ <pyHKHUXCU AeHHJI3AH B3 6y KyHHA3rHH3 eSHABAH:
Z= @(X, Y).
7 AHCKPeT TaCOAH(])HH MHKAODPjISp 60 FAHKM3 C SVACHH

(J)YHKUHHHHHr T3KCHMOTHHH TOHHUI yqyH Z HHHT MYMKHH
SyjiraH 6apga KHHMaTJiapHHH touhui KepaK, 6yHHHr ygyH X hhht xsp
6hp MyMKHH  fiyjiraH khhM3thhh Y hhhf Capua mymkhh sLSS

Ky qHKHUJ KHC})OH- Z HHHr TOnH”~raH MyMKHH S*jiraH
K 3TJI3PH 3X,THMQnNAHKJI3pH X Ba Y HHHT KyUJHJiaeTraH KHHMaTJiapH
3XTHMO0JiJiapHHHHf KynaHTMacHrs TeHr 6yji3AH.
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2, X Ba Y — y3AyKCH3 6ofahkm3C TacoAHtJjHH mhKAopAap 6yjiCHH Ba

i H r>vjiMaraHA3 yjispAaH 6hphhhht 3hhjihk 4>yHKUHHCH (— 00,+ 00

upiuiHKAa 6htt3 (})opMyji3 Shjish SepHJirsn Bvjichh. Y x;0jiad Z = X-\-Y
11111 MHAH HHHT 3HHJIHK (J)yHKU,HHCH KYHHA3rH 4»0pMyA3 OpK3AH TOnHJiaAH:

g(z)= J fi(x) -fz—x)dx

— X

<*1'H

00}

9(z) = ~ fi(z-y) -h(y)dy,

— o4

nv cpAa fi(x) Ba f2(y)— X B3 Y hhht 3hhahk cfiyfHKUHHJiapH.

H 30X- Arap apryMeHTJiapHHHr MyMKHh 6yjiran KHHM aTJiapH

m;ih(J)hh Qy.TMaca, IOKopHAarH c{)opMyji3.Jiap Kyfl[HAarHHa e3HJiaAn:

g(z) = \fI(x)f,2(z—x)dx
0

OKU

2
s(z) = \fi(z—y) =f2{y)dy
0
1MHCOJ1. X AHCKpeT TaCOAH(j)HH MHKAOp ym 6y T3KCHMOT KOHyHH

OHAaH 6epHJiran:

X 3 6 10
p 02 o1 07

a) Y= 2X+\ TaCOAHCAHH MHKAOpHHHr TaKCHMOT KOHyHHHH TOHHHr;

6) TaKCHMOT (pyHKUHHCH G (Y) HH TOHHIIT.
Euhlii. a) Y= 2X+ 1 TacoAH(f)HH MHKAOpHHHr Mymkhn Hyjiran

KHiiM3T.1apHHH « onaMH3:
y,=2-3+ 1=7, ~ = 2-6+1 = 13, 1/3=2-10+1=21.

Y= cp(x)=2x+1 (jjvhkuhh mohotoh ycyBMH, myhhhf yqyH x irnur
TypjiH MyMKHH SyjiraH KHiiMax.iapurs Y hhhf TypAH KHHM3TJiapH moc
Ke.naAH. Y hhhf MyMKHh Syl/iraii KHHMaTJiapH 3X, THMOJiJiHKJiapHHH

tonamnh3:
P(Y=7)=P(X = 3) =0,2
P(y: 13) =P (X = 6) =0,1,
P(y= 21)=P(X=10)=0,7.

Y HHHT TaKCHMOT KOHYHHHH e3aMH3!

Y 7 13 21

P 0,2 01 0,7
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6) TaKCHMOT 4)yHKUHH('H (/'(//) 'iH 10iiaMH3.
G(7)=P(K<7)=0,
G(13) = P(K<13) =P(Y =17)=0,2,
G(21)=P(r<21)=P(K=7)+P(y=13)=0,2 + 0,1=0,3,

>21, G =P(Y< 21)=P(y=7)+PfK=13)+P(y=21)=0,2 +
¥+o,1+o,7(:yl). ( )=P(y=7) )+ P(y ) g

UlyHAaH khjih6,

O,arap /sN 7,

0,2, arap 7<//sC 13,
G(u}—

0.3, arap 13<t/" 21,

1, arap //> 21.

2- MHCOJI. X TaCOAHCfjiHH MHKAOp KyHHAat'H TaKCHMOT K,OHVHHI'a

ara:
X 0 1 2 3
p 01 0,3 0,4 0,2
a) 'Y— TacoAHcjpHii MHK/iopHHur TaKCHMOT kohyhhhh
TonHHTr.

6) M(X), D(X), o(X); M(Y), D(Y), a(7) JiapHH xncofijianr.

E HH I. Y HHHr MyMKHH SyjiraH KHHMaTJiapHHH TOliaMH3:
y.= sin(~.0j+i = 1, y2= sin(—e®1j+ 1=2,
«/3=sin(-]-2)+1 = |, «/4= sin(y.3)+1=0.

(KYpHHH6 TypHfiflHKH, X HHII' TypjlH KHHMaTJiapHTa Y HHHT 6np xHui
KHHMaTJiapH MOC KeJIfiriTH.

0, 1,2 Y HHj-ir MyMKHH SyjiraH KHHMaTJiapH. By KHHMaTjiapra moc
3XTHMOJIJIHKJiapHH TOnaMHS3:

P(y= 0)=P (X = 3)=0,2,
P(Y=I1)=P(X =0)+P (X =2)=0,1 +0,4 = 0,5,
P(Y=2)= P(X=1)= 0,3.

Y HHHr H3JiaHaeTraH tskchmot Konyiin KVHHAarn KypHHHLUAa
SyjiaAH:
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i]] A't=0-0,1+1 <0,3+ 20,4+ 3<0,2= 1!,7.
imM = A1(A"-) —M2(X) =0+1 ®=0,3+ 4-0,4+9+0,2— 1,72= 0,81
i i— y0,81 =0,9,
\11} ) —0+1 0,5+ 2+0,3=1,1,
Ml Y) =0 + 12-0,5+ 2*-0,3— 1,12= 0,49,
e ¥, =0,7.
A ftihcoji . X Taeo;uujjMH mhkaop ( -y, y” opajiHKAa rcK.nc TaK-

, a.iran. Y= sin X racoAH(j)HH MHKj,opFinnr 3hluhk ({iynKUHflcn g(y)
s i\),iniir.
1;''w IU. X TaCOAH<j)HH MHKAOp ~— £+, — " OpaJlIHMa TeKHC T3 KCH M-

m nan, myhhht y'lyii X TacojiHcJjufi mhkaophhht ;ui(J)(])epennHa.T
‘pVIIKUHHCH f(x) (3H4JIHK (])y HKU.HBCH) 6y opaJIHKAa KyHHAaTH KVpH-

t'li‘iira ara fivjiazui:

/W=T=r=

=0

f¥ opa.iHKAaH rauiKapHAa sea f(X) = 0 SyjiaAH. y=sin.Y (}))yhkuhh

(~V y)°P a*lHKAa mohotoh, aeMaK, Tccnapn (f>yHKUHHra ara, htjHh:

X = ty(y)= arc sin y.

if)(f/) xocHJiaHH TonaMH3:

V(«/) (74- makKJi).

g(y) 3HHJIIHK c[)yHKU,HHHH g(Yy) = Z[I])(y)IX
X1V (y)! 4)opMy-,ia 6yHHHa x,HCo6jiaH-

MH3:
aly) = Vim nV 1—y2
y= sinX ea — vy < x< y SyjiraHH ynyH:
— \<y<L\. UiyHAaft khjine (— 1 1)
opalJiHKAa:
g(y) = —- ==,
nvi—y

6y opalJiHKAaH TauikapHAa g(Yy) =0.
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