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8 Herxomopvie mamemamuyeckue 0603HA%EHUR

HekoTopnie MaTeMaTHUYeCKHe 0003HAYEHMA

SHAK JHavenue Ilpumep
= paBHO a=b
# He PaBHO a#b
- NpHOAMINTENBHO a=b
pasHO
>, < 6onbule, MeHbIIe 7>4, 2 < B
= 6dnbnle NIKM paBHO az2b
< MeHbIle UM paBHO asb
N abcosloraasn la]
BeJANUYNHA

KOpPeHs n-# cTeIeHNn

! daxTopuan 4!=1-2-3-4=24
ogp (aormpub mend | log,16 - 4
= CYMMAa
A TPEYTrONbHUK NABC
L yrona LABC
v, Ayra AB
| napanienbHO al b
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.l

Ipumep

3Hax 3Havenue
1 HepOeHAUKYIAPHO albd
oV ogobHo DABC ~ AA,B,C,
¢ rpaayc
:’ MHHYTA 20°10°37"
CeKYHAa
sin CHUHYC sin 90° = |
“cos KOCHHYC cos T =—1
ig TAHTeHC 'tg 60° = J3
ctg KOT&HTeHC ctg 45° = 1
arcsin APKCHUHYC arcsin 1 = 90°
arccos | apKKOCHHYC arccos (—1)=n
arctg | apKTaHreHc arctg /3 = 60°
arcctg |apkkoTaHKeHC arcetg 1 = 45°
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e JIpaBuna felCTBUIl C PAUMOHAJBLHBIMM HUCIA-
MM (apobamu)

~. ad+bc

el B
I
-
S

IR
=R R
Q-
=

l

Sl R
SN R
o
&

I

el B~
e
i~
1)

IIpu3EaKku JeITuMOCTH

ITpusnax neammocTn Ha 2. Yncno, gensunieecs
Ha 2, Ha3blBaeTcA UYeTHBIM, He Jejaslleecs — He-
YyeTHBRIM. YUCJHO AenUTCA Ha 2, eCAH ero nocnefHas
umndpa YeTHAS MU HyJib. B OCTANBHBIX CAyYasaX He
AeJUTCH.

Ipusnax geaumoctH Ha 4. Yucsao genurcs Ha 4,
ecyu JBe rnocijerHue ero yu@ps! Hyau uiana o6pasyior
‘Yueao, penasuieeca Ha 4 B ocTanpHBIX CAy4YasX He
LeJIUTCH.

IIpusnax nenumocry Ha 8. Hucno geaurcs Ha 8,
ecJqy TPHU IociefHMe ero nudpsl Hyau Uau obpasy-
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IOT YUCJIO0, AesidAlleecAa Ha 8. B ocTaabpHBIX caydasax
He JIeJINTCA.

IIpusnaxkym geammocT Ha 3 ¥ Ha 9. Ha 3 ne-
JATCA TOJBKO T€ 4YHCJA, ¥ KOTOPBIX cymMma nudp
neJuTcd Ha 3; HA 9 — ToJALKO Te, Y KOTOPBIX CYMMa
nudp Aeaurca =Ha 9.

IIpuaxak aeammocTn Ha 6. Yucsno gesurca Ha
6, ecsin OHO JeJUTCA OJHOBPEeMEHHO HA 2 M HA 3.
B ocrajibHBIX CHyUYasX He NeJHTCH.

ITpuznax genumocru Ha 5. Ha 5 pensarca uuc-
Ja, nmocxenHaa uudpa koropeix O mam 5. Ipyrue
He JeJATCH.

INpuasak geaumocrn Ha 25. Ha 25 gensares
4yHcJIa, ABe IMocJiegHue il;mbpm KOTOPBLIX HYJU WIN
obpasyloT 4uca0, gensineeca Ha 25 (r.e. 4uncia,
okaHuupawpmeca #Ha 00, 25, 50 uam 75). Hpyrue
YHCJIA He JeJIATCH. '

Npusuakn aeammoct ma 10, 100 n 1000.
Ha 10 pgenaTrcss TOJNBKO Te YUCJHA, IOCHeIHAS
muppa kxoropblx Hyidb, Ha 100 — ToabBKO Te
YUCJIa, ¥V KOTOPHIX ZiBe NochefHue UdPLl HYJIU,
Ha 1000 — TOJNBKO Te, Y KOTOPLIX TPHU NOCJEeIHUE
LU pPH HYJIHU.

INpuzuax geaumoctn Ha 11. Ha 11 gensarcs
TOJILKO T€ YMCJ4, ¥ KOTOPHIX cymMMa mudp, 3aHHU-
MaIOINX HedeTHbIe MecTa, Jubo paBHa cyMMe
uudp, 3aHUMAIOIIUX 4YeTHble MecTa, Jubo oTauda-
eTcsli OT Hee HAa YMCJIO, geasdmeecd Ha 11.
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Hponopuuu

e JIBa paBHbIX OTHOIEHMS 00pa3yioT NpoONnopI IO

—

¢ = ¢
b d

e (OcHoBHOE CBOMCTBO IPONOpPIUH
ad = be

. H&XOH‘CHGHHG YJIEHOB Nponopinn

be ad ad be
a = =11 = 22 d= ==
d b ¢ b a
s IIpomopuum, paBHOCHUJBHBIE IIPONOPIIHU % == 5
¢ _b. d_c. d_0
c d’ b a’ ¢ a

e JIlpousBoagHasa nponopuund — CJHEACTBUE JaHHOH
IIPOITOPIN N |

]
ull N

B BUJe

ma+nb _ mc+nd
pa+qb pc+qd ’

rae m, n, p, ¢ — INIPON3BOJbHBIE YNCIA, IIPUYEM P 1
(] He PABHBI HY/II0 OJHOBPEMEHHO.
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Cpenane BeaMUYHHBI

Cpennee apudmerniecKoe

* JABYX BE€JIHNYVH. atb

ﬂ1+(12+ ...+ﬂ"
* N BEeJIMYHH.

n

CpeaHee reomerpuueckoe (cpeHee MPOmopIHo-

HAJILHOE)

«  IBYX BeJIUYUH: Jab

* N BeJMYMH: Ajd, -Gy ... G

CpenHee KBapaATUYHOE

2. n2
+  IBYX BEeJUYHH: ,a_—;_@_

1, 2 2 2
* N BeJIAYHH: H(a1+a2+'"+a")

CpenHee rapMoHEN4YeCKOe

' 2
*  JBYX BeJIUYUH: T
. 1.1
a, a,
*  n BeJIUUYUH: n
1 1
=L+ —
al a2 an
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30JI0TOE ceueHHe

Bennuuna a genurTcsa HA YaCTH X ¥ @ — X TaAK,
4TOOBI

x = Jala-x) = J52_1-a = 0,618a

Hexoropsie KOHeUHbIe YMCJIOBbIE PAIBI

1+2+3+..+(n-1)+n="2010
1+3+5+...+(2n~-3)+(2n~-1)=n?
2+4+6+...+(2n-2)+2n=n(n+1)

124224324 .. +(n—12+n2= nn+1)(2n+1)
6

12+ 32+ 52 + ..+ (2n - D2 = 2422 1)

2 2
13425+ 33+ ..+ (n-1)°+n3=20010)

13+ 33 +53+ ...+ (2n —1)3 =n32n2-1)



AJITEBPA

PQopMyasl COKPAIEHHOr0 YMHOMXKECHUSA
KBagpar cyMMbIl
(a + b)2 = a2 + 2ab + b?
KBagpar pasHocTn |
(a — b)° = a2 - 2ab + b2
Ky6 cyMMBl
(a + b)® = a3 + 8a?b + 3ab® + b3
Ky6 paszHocT |
(a — b)® = a3 - 3a2b + 3ab® - b3
PazxHocth KBaApaToB
a? - b% = (a - b¥a + b)
Cymma Ky6oB
a3 + b3 = (a + b)(a2 — ab + b?)
Paznocrs Ky6oB

ad - b3 = (a — b)(a? + ab + b?)

CeoMcTBa CTENeHM



18 HIkoavruiit Kypc
am:a*=am " " an=1
aﬂ
= _ a\™" _ )y
(am)u = amn (3) == (5)
1
(a@-byn=am- bm a" = %a
a. mo_am % _
6 " @’ = Na¥
CBoMCTBa KBAJAPATHOIO
(apudpMeTHUeCKOro) KOpHA
Ja - Jb = Jab fa = "klak
ﬁz‘jé ’{/E-’i/l—)="da-b
Jb b
(Ja)™ = Jam o _ n,/é
nJE b
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YpaBHEHHMA M CHCTEMBbl YPABHEeHMH

e Penienne ypaBHeHHS NEpBOH creneHu ax = b

x="2 (a#0)
a

¢ Pemrenne cucremMpl ABYX YpaBHEHHMH NepBOH

ax +by=c
CTeNeHH g x + byy = ¢,

cby—c,b
x=ab ~a,b
< ac:_a:c (aby —a;p#0) (1)
y—abl_alb
L

e J3anucs pemeHud (1) uepes onpegesnTes

¢c b a ¢

€1 by, a; ¢
*Zla b’ YT |a b

a; b, a, by

o @PopMysa KOpPHe KBaJpaTHOro ypaBHEHUA
ax?+bx+c=0

_ —b+ Jb2-4qc
’ 2a




20 ITxkoavrbiit KYpC

* TPUBEAEHHOI'0 KBAZPATHOTO YpABHEHUS
x2+px+q=0

2
x1’2=-% t ,IE{*Q

»  KBAJpATHOI'0 YPABHEHHUHA C YETHBIM BTO-
peIM Koadpbunuenrom axZ + 2kx + ¢ =0

- -k + JkZ-ac
a

X1

¥

¢ Teopema Buera
« NI KBAJPATHOIO ypaBHeHus ax2 + bx +
+c¢c=0

b C
Xi+Xg=—=; X;'X9= -
1 2 ps 1 2 a

* /A NPHBEJBRHHOTO KBAJPAaTHOTO yPABHE-
HUS X2+ px+q=0

Xy + Xp=-ps X Xp=4q

*  JJISI IPABEJeHHOro Kybuueckoro ypaBHe-
HuA x3 + px2 +gx +r=20
x1x2 + x2x3 +- x1x3=‘- q
x1x2x3 = —=r
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e PasnoxxeHue Ha MHOMKUTEJN KBAAPATHOI'O TpeX-
JYJIeHa

ax2 + bx + ¢ = a(x X {x — X5),

rie X;, X, — KOpHU ypaBHeHus ax? + bx + ¢ = 0.

e Brigenense KBagpara ABYYJI€HA N3 KBAAPATHOTO
Tpex4JeHa

2 - _h2
ax2+bx+c=a(x+..b._) + 4ac~be
2a 4a

o Pemenue 6uxBagpaTHoro ypasgenusa ax? + bx2 +
+¢=0

., |-b+b2-4dac
xl’z—'iJ 2a

_ —b-b% -4ac
x3, 4 — T J 2a

e dopMmyjia fAelCTBUTEILHOrO KODHS HEIOJHOIrO
Kybudeckoro ypapuenud y2 + py + ¢ =0

- al_ ff_zf. p° qg_/r_zf.ef’l
y 3«/ + 4+7+?R/z it a7

HepaBencTBa

(el L
)

e (BoiicTBA HEPABEHCTB
« Ecaua>b, tob <a.
« Ecmma>b,roat+c>b+c.



22 . IIT'konvnvuiit kKypc

- Bcecama>buc>d,Toa+e>b+d.
- EBenma>bune<d,toa-c>b-d.

+ Eeama>bum>0, Toam > bm.

» Beanma>bum<0, roam < bm.

e AG6coJ/I0oTHAA BeJUUNHA YUCaAa (MOAYIL)
+ Ecau a > 0, to la] = a.
Ecimn a < 0, To laf = -
e HexoTopbie BamHBIE HEPABEHCTBA

la + bl < lal + 4|

la - b| > |la} - 1b]
a? + b2 > 2labl

a+ =~ 22(a>0)

LR
a
%‘*E 2 (ab > 0)

Jab < «-ﬁ-ﬁ(a>0 b>0)
a;+ag+..+a, (HepaBeHCTBO
"fv/alaz..-an < o KOIIIH)

2:(1 +%)£Jﬂa (@>0,b>0)

a

' 2
a tag+...+a, g'jaf+a§+...+an
n n
agby tagh, + ..+ ad, <

< a?‘+a§+...+ai . Jb%+b§+...+bn



23

Anzebpa
e PenieHne HepaBeHCTBa IIEPBOH CTEEeHH axX > b
« Ecnma>0,T0 x> g.
b
« Ecnma<0,t0x< =

» Pemenue cucTeMbl HEPABEHCTB HEPBOHl cCTeNneHH

{x> a;
l.J::'> b.

e Ecoima>b, Tox>a.
- Ecnma<b, T0x >0

e Pemienue cucTeMbl HEPABEHCTB IIEPBOM CTENEHH

x <. Qa,

x < b.
» Eciuma>b, tox <b».
- Ecama<b, o x <a.

e Pemenue cucTeMEI lePaBeHCTB IIepBOH CTeeHU

x > a;
x <b.

+ Ecaua>b, TocHcTeMa He UMeeT pellieHH .
* Ecama<b,toa<x<b.
¢ Peniedre cucTeMbl HEPABEHCTB IIePBOH CTEIIEHH

x < a;

x > b.
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» Ecma>b,Tob<x<a.
- Ecana < b, To cHcTeMa He KMeeT pelueHud.

e PeunleHde HepaBeHCTBa BTOPOi CTemeHH ax? +
+ bx+c>0.
* Ecmma>0,T0x <xymux >x,.

« Ecmma<0,r10x; <x <x,.
3AeCh X1 H Xy (X7 < Xy) — AEHCTBHTENIBHAIE KOp-

HI KBajpaTHOro TpexuieHa ax? + bx + c.
Ecnn gelficTBUTENbHEIX KOPHEH HeT, TO HEpaBeH-

cTBO ax? + bx + ¢ > 0 cupaBeZ/IMBO JJid BCEX X TIPH
a > 0; 1 He UMeeT peieHu#l npu a < 0.
IIporpeccuu

e ApundMernueckad nporpeccuf
« DopMyJa n-ro yjeHa

- CymMMa n nepBbIX YUJIEHOB

a,+a 2a.+d(n-1)
S = } nopy o= 1
fl 2 2
+ CgolicTBa -
al+an=a2+an_1=...~_=ak+1+an._h

., a,_i+a
a, = n-1 n+1
2
Ecim d > 0, To mporpeccus BoO3pacTalollaf;

ecan d < 0, To nporpeccus y6siBaoas.




Anzebpa 25

e TeoMeTpHueckasi Dporpeccus
« opMysa n-ro yjesa

bn=b1-qn“1

« CyMMa n nepBhIX HJIEHOB

— bnqﬁbl — . l—g"
Sn g-1 s

« Caoncrsa
bl'bn=b2'bn—1="' = bk+1'bn—k
|bnl= an—lbn+1

Ecaw q > 1, To nporpeccus Bo3pacTaouiafn;
ecau 0 < |g| < 1, TO nporpeccus y6usasomias;
ecin ¢ < —1, TO nporpeccusl 3HaKoIIepeMeHHas.

+  Cymma GeckoHeuHO yOrIBaIOHIEH reoMeT-
pudeckoii nporpeccun (0 <| g| < 1)
b

— 1
S -i'-:-t}

Jlorapn¢gmbl

e Onpenenenmne aorapugma. Jlorapudbmom uucaa b
IO OCHOBAHHMIO ¢ HA3KIBAETCS IOKAa3aTeJb CTeNeHH,
B KOTOPYVIO HYKHO BO3BeCTH d, UTOOR MOJYUHUTS b.

-

E log, b=c& a‘=b



26 IHTxoabvmbtii Kypc

e (poilicTBa norapudgma

bloFre = g log,1=0

log,a=1 log, a™ =m

e JlorapudM npounsBeseHns

log,. (ab) =log,.a + log b
e Jlorapu¢pm™ yacTHOro

log.. (g )= log.a —log,b

e Jlorapu(pM cTerneHun

log, a* = klog, a

e Jlorapudm Kopusa

log. ’E\/c_z = %logc a

e Jlepexox Kk HOBOMY OCHOBAHHIO

e (MopMYyJIBI, CIEAVIONINE K3 CBOHCTB JorapudpMoB

1
logba

log, b =
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log,b log, b

log,c log,.c
log, b - log,, c =1log,_ b log, c

a]ognb _ blogna

CpaBHenne xorapugmos

Ecin 0 <a <1mn0<x; <xy, 1o0log,x, > log,xy —
3HAK HepaBeHCTBA MEHSETCS.

Ectma>1n0 < x; <x, 1olog,x; <log,x, —

SHAK HepaBEeHCTBa& HE MEHAETCH.

Ectul <a<bux>1, 1rolog,x > log,x.
Ecitm0<a<b<1lmx>1, 1olog,x > log,x.
Ecml <a<bm 0<x<1,T10 log,x <log,x.

EanO<a<5<1H0<x<1,Tologax<logbx.

Teopusa coegunenuii. bunom HrroTona

"

e Omnpenenenune pakTopuaa
1-2-3:...n=nl!
e (OcHOBHOE CBOMCTBO (baKTOpPHAJA

nl=n-(n- 1)



28 ITkonbuulit Kype

e @Popmysa Crupianara (dpaxTopHajbl GOJbIIMX
unceJ) |

n
n!ﬁ(ﬁ) 2ﬂn(1+-—-1_ 1 +)
. e 12n 288 n2

ln(n!)ﬁ(n+%)lnn—-—n+lnm

e PasMeniesuda U3 n o m 3J1eMeHTOB — coejHHe-
HHAS, OTJHYAON[AECA CAMUMH 3JIEMEHTAMH MJIHM HX
TOPAAKOM

mo_ n! — _ _ _
A, T nin-1)n-2)...(n—m + 1)

o JlepecTaHOBKHN — CcO€AHHEHHS, OTHRUAIOIIRECS
TOJABKO HOPAAKOM 3JIEMEHTOB

P,=nl=1-2-3-..."n

n

P = A"

n n

e CouyeTaHUs HU3 N 110 M IJJIeMEHTOB — cOeJHUHe-
HH{, OTJHYAIIHECH TOJIBKO CAMUMH 3JIeMEHTAMH

o - nt _Ar _nn-1)(n-2)..(n-m+1)
" m!(n-m)! P 1-2-3....-m

m

e (CBoiicTBa coueTaRUN

m n-m
Cn ""Cn
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m+1 m m+1
Cn+1 =Cn + Cn
0 1 2 n-1 n
C, +C, +C, +...+C7" + ¢ =2n
Bunom HesroTOHA

(a + b)*=a"* + C; a®~1p + Ci a " 2hZ + ...

o ¥ Chan—kpk 4 4 pn

1 _ . 2 _n(n-1), ko_ n!
Co=m C, 53— Cn = T
e Tpeyronsauk Ilackans
1
1 1
1 2 1
l1 3 3 1

1 5 10 10 5 1
1 6 15 20 156 6 1
1 7 21 35 35 21 7 1



HAYAJA AHAJIN3A

ITousiTue npezesna 1 ero cBOMCTBa cM. Ha c. 97.
OnupenesnieHne NPOM3BOAHOH M ee CBOMCTBA
CM. Hac. 98.

CBOJKY NPOMU3BOJAHLIX 3JleMEHTAPHAIX QYHKIIHHA
cM. Ha c. 99, 100,

e YpaBHeHHe KacaTellbHOM K rpadpury PyHKIHHA
f(x) B Touke (x4, f(xp))

y = f(xg) + F(xe)x — x)

e opmyia JlarpaHaka

#(c) = [b)=f(a)

b-a

’

rae ¢ € (a; b).

o dynkuua F(x) — nepsobpasnas pis f(x) Ha 3a-
JIAHHOM IIPOMEKYTKE, €CJM AJAA JI0bIX X M3 3TOro
NpPOMEXYTKA

F'(x) = f(x)

ITlepBooGpa3nasie HeKOTOPHIX DYHKIHE
f(x) F(x)
0 - C

k kx + C




Havaaa ananusa 31

IIpodorxncenue maba.

f(x) F(x)
¢ £ ~-1 x ! +
¥t (e #-1) o+ 1
1 Injx| + C
X
1
L2 2./x +C
' X
a* (a>0,a#1) 2 +cC
In g
sin x  =cosx +C
cOSs X ) sinx + C
1 tg x + C
coslyx J
1 ~ctgx +C
sinZyx g

e opMysa HLmTOHa—H;ﬁﬁnnua
b
[f(x)dx = F(b) - F(a)

OnpenesieHHBIA MHTETPaJ H €ero cBOMCTBA CM.
Ha c. 127—132



TPAGUKH BJIEMEHTAPHLIX ®YHKIIHU

June¥nan pyakuua y = kx + b

k=1g a

Puec. 1
Hpob6Ho-nuHeiinas QyHKIMA

y=§(k¢0,.x¢0)

YA YA

k>0 y=% y=-}—;— k<0




I'paguku snemenmaprvix (yrryuil 33

CrenenHas QpyHkmusa y = x"

n>1 yA

1 — HEYETHOC

Puc. 5

Puc. 6

Ioxa3aTenasHasa pyHKUMA
y=a*(a>0,a#1)
L\




34 T koavnul Kypce.

Jlorapupmuyeckan ¢pysxuuda y = log x
(a>0,a+1 x>0)
Uh

Prc. 9 Puec. 10

TpHroromMmeTpuyecKune cbyﬁxmm
y = sin x




I'paguru sremenmapnolx ynryuil 35

y=tgx

aﬂg’

Puc. 13

O6GpaTnsle TpHroEOMeTpHYeCKHe (DYHKIHH

y = arcsin x y = arccos x

-1 0 1 X
Puc. 16
= arcctg x




TPHTOHOMETPHU A

I'pangycHasg m pajnaHHasg Mepa yrJjios

1 paauan = 13?".' ~ 57°17'45"

1° = 180 paguaHa = O 017453 pagunana

r YL o~ .
1 T80 60 paauana = (),000291 paguana

1H _ T

18060 6o PAAuana = 0,000005 pagnara

0°{ 30°( 45° { 60° | 90° { 120° | 135° | 150° ) 180° | 210°

A
i
NI
o«
LS
=]
=]

225° | 240° 270° | 300° 315° 330° 360°




Tpuzonomempus 37

TpurosoMerpryeckue hyHKIUHH

CuHyc yzaa o — OPAHHATA TOYKHM €IMHHAYHOH
OKDY>XHOCTH, COOTBETCTBYOLIEH MAaHHOMY Yyriy,
T.€. 8in o = y (puc. 19).

Kocunyc yzaa oo — abcuucca TOYKH OKPYHHOC-
TH, COOTBETCTBYIOINEN NAHHOMY YIJIY, T.€. COS (0L = X
{(puc. 19).

tg o = sinao.
cos (X
ctg o = L9
Sind

sec o = 1
COs (X
~ 1

sinu

Puc. 19

3HAKH 3HAYEHHH TPHrOHoOMeTPHYecKRX (pyaxixmi

Yerseprns | sinox [cos o] tg o {ctg o | sec o | cosec a
I + + + + + +
I + - - - ~ +
111 ~ -~ + + ~ -
v S U T R -
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ITrorvrbLL KYpC

3BaYenndA TPHTOHOMETPHYECKHX
byuximiA HEKOTOPHIX YIiioB

30°

o 0° 45°160°190°]120°}180°; 270°}360°
- 1| BB, | A _
siha | O 5. 15 | 5 1 o> 0 1 0
J31J2]1 P
cos o il T 19| 2 0 5 1 0 1
1
t O)l—=11 o0 |- 0 oo 0
1 1
ctga {0t /31 1 'J—é 0 7—5 o0 0 oo
2 )
ecalli—= 2 oo | ~2 -1 oo 1
8 J3 o2
2 2
cosecajo| 2 | /2 NE 1| = | o |-1]o




TpuzoHomempus 39

TpuroromerpudyecKkue (pyHKIIHH
B NPAMOYIrOJbHOM TPEYroJhHHKE

sinoo=2 coso =2
c c c
1
3.4 []
b -
tgea=2 ctgo=2 :
g b . g a _b
Puc. 20

sec 0L = % cosec O =

RIio

TpHrosomMeTpHYeCKHe TOXKAECTBA

cos? o + sin? o = 1 tgo-ctgo=1
lcos o] = J1 —1si.n2a lsin off = &1 — cos? a
tg|:11==ct;‘DE ‘ dga:i—fgl_q
1+ctg2a= ,12 = cosec? «
sSin“a
1+tg2a=_1_ =gec?«

cos?ox
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ITxoavHblit KYpC

Bripaxenne oHRX TPHroHomer

sin cOoS tg
. — tgx
sin x . { — caa? =
1l -cos x 4 /1+tg2x
/ 2 = 1
st x tJl + t.gzx
sinx
tex | T _ +J1 — cos’x
g :!:Jl -~ sinzx COS X
ctg x - tJl - gin®x = cosY - 1
sinx +.1 — cos’x tgx
secx | © - =1 f / 2
+J1 ~gin’x cosX =*dl+tgx
1 = = = =41 +tg'x
COoBeC X 's—l—n-; iq/iTOl;z = tg




Tpuzonomempus
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pruecknx yBKumH wepe3 Apyrue

ctg sec cosec
= 1 > n theczx -1 -1
i£+ clg x sSec x cosecx
- ctgx 1 _ ﬂ'—'JCOSBsz -1
d:Jl +otglx secx cosec X
1 > - 1
ctgx = sec’x -~ 1 Jeosecx 1
theczr~1 =d:4/cosec x—1
_firog’s conce
ctgx iJcosec x -1
5 - secx
=:J:J1+ctgx iJseczxml




42 HTkonwHbtil KYypC

DOopMyJdaBI CIAOKEHHUA
TPHIrOHOMETPHYECKHX (PYHKIHH

sin(ot £ B) = sin a cos P + cos a sin §
cos (ot = B) = cos o cos B F sin o sin §.

+Ry= ftgattgf
tg (¢ * B) 1 +tgotgp

+py = ctgactgf+1
ctg (o * ) ctg f T etga

DopMYyasl NpHBEAEHUSA
TPUI'OHOMETPHYECKHX (hYHKIMH

sin (Xo + nn) = x(-1)"sin a
cos (to + mn) = (—1)*cos o
tg (o + tn) = xtg o
ctg (xa + ntn) = ctg

sin (ia + 24 nn) = (~1)"cos o
cOS (ia + ’_25 + nn) = F(~1)"sin o

tg(a+g +11:n) =-—ctga .

ctg (a+ g +nn) = —tg o



Tpuzonomempun
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Tpuronomerpuueckue QyHKIMH
KPATHbLIX YIJOB
sin 20 = 2sin o cos o
cos 2a. = cos? o — sin? o
cos 200 = 1 — 2sin? .
cos 20, = 2cos? o, — 1
sin 8a = 3sin a — 4sin3
cos 30, = 4cosd o — 3cos o
sin 40 = 8cos? a sin o — 4cos o sin o

cos 40, = 8cost o — 8cosZ o + 1

_ 2tga
tg 200= —=__
£ 1-tgla
tg2a -1
ctg 20 = &
g 2ctg o
P - 3
tg 3a. = 3tga-tga
1-3tgla
3or —
ctg 3a = ctga—-3ctga
ctgda -1
— 3
tg 4o = 4tga—4tgca
1-6tgla+tgia
44 —
ctg 4o = ctgfa—-6ctga+1

4ctgda—-4ctga



44 ITxonvHbLit KYpC

Tpuroromerpuueckue QPyHKIHH
IIOJIOBUHHOTO yria

..o _ {1—-cosa
Sln-z- J 5

cos & = J1+cosg
2 2

tg & = sinaa  _ 1-~cosa
.2 1+cos sin o

0 4 ina + a
ctg = = 3 = 1 cos
2 1—-cosQ sin o

Cymma TpHronomerpHYecKux pymxumii

sinaisinﬁ=23in§_:2.t_§ COS 0'-;3
cosa+cosﬁ=2cosg_;__@ COS “;ﬁ

cos o0 — cos 3 = —2 sin ‘}_.;'_E sin a;ﬁ

tg o+ tg g = Sn(@ih)

cos acos fi

+ — +sin(a )
ctg ax ctg .~ sin asinp

cos o + sin o = /2 cos (g —-a,)



TpuzoHomempus
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cos 0. — sin o = J2 sin (’—‘ —a)

4
| _ cos (o —f3)
tg o+ ctg B cos asin 3
tga_ctgﬁ=_‘_cos(a+ﬂ)

cos asin 3

tg o~ ctg o = —2ctg 2a

1 + cos o0 = 2cos?2

IR NR

1 — cos o0 = 2sin?

1+sina=20032(g —

IR IR
N’ S

1 - sin o = 2sin? (1-5 ~

IlorMxenHe cTeneHH
TPHMIrOHOMeTpHYecKHX pynxumi

Sin2a= 1-cos2x
2
cos2 o = 1+(:(2)SZ(1

sind a = %(3sin o — sin 3a)



46 Il konvubtit KYpC

cosd a = %(cos 30 — 3cos @)

sin? o = %(cos 4q — 4cos 20 + 3)

cost o = % (cos 40, + 4cos 20 + 3)

IIpon3Bsenenmne
TPHIOHOMETpHYECKHX QYHKIIMH

sin (a+P) +sin (- )

sin - cos f = 5

cos (ot +B)+ cos (a-f3) ‘

cos O * COS B.= 5

cos (.~ f3) —cos (a+f3)
2

sina-sinf§ =

PDopMmysIa TONOJHHMTEILHOIO yria

acos x + bsin x = Ja2+b? - cos(x — a),

g ,sina= b_ c a2+ b2 # 0.

JaZ + b2 Ja?+ b2

r'fle COS O =
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CooTHOIMEHHA MeXAxy OOpATHBIMH
TPUIOHOMETPHYECKMMH (QYHKITUAMMH

n

arcsin x = —arcsin (—x) = 5 arccos x =
= arctg —>
1-x2
arccos x = 1 — arccos (—x) = g — arcsin x =
= arcctg —
1—x2

arctg x = —arctg (—x) = g — arcctg x =

= arcsin —=
J1 + x2
arcctg x = m — arcctg (—x) = g ~ arctg x =

X

J1+ x2

= arccos



I'EOMETPHA

TpeyroasEHKH

o CrarmaapTHble 0003HAYEHHA, HCHIOJb3VEMBIE B
cbopruke popmya (puc. 21)

g A, B, C — Bepmushl;
o, B, Y — yram; |
a, b, ¢ — cTOpOoHLI, IPOTUBOJIE-
JKamiue yraaMm o, f, ¥ (Bepmu-
HaM A, B, C) coOOTBeTCTBeHHO;
h,, hy, h. — BBICOTHI, OOyNIEH-
Hble Ha CTOPOHHL 4, b, ¢ cooT-
BETCTBEeHHO;
C m, m,, m, — Mepgnanb;

Puc. 21

l;> 1, |, — OHCCEKTPHCHI;
R — paguyc ONMHUCAHHOM OKPYIKHOCTH;
r — paguyc BOIHCAHHOM OKPY>XHOCTH.

e DopmMynsl BEIYHCICHNA IUIOIAAH TPEYTrOJLHHKA
= 1 _1 _ 1

S = 1absiny=

X 1 .
csin = 2 be sin o
2 a B=3

DO et

S=Jpp-a)p-b)p-0) (p=j(a+b+o))

S=rp



Feomempus 49

e OopMyaBl AN BRIYMCIeHUA MeAuaHBI, OMCCEK-
TPHUCHI, BHICOTHI Yepe3 CTOPOHBI TPeyrolbHHUKA

2 _ 2b242c2—a?

m

a 4
12 _ be((b+c)2-a?)
a
(b+c)?
B2 = 4p(p-a)(p—b)(p—c)

a az

e OTHolIEHHS BBHICOT H CTOPOH TPEyroJbLHUKA

h B =1.1.1
ha.hb.hc“‘ansnz

¢ Teopema xOCHHYCOB

a? = b2 + ¢ — 2bc cos a
b2 =a? + ¢2 - 2ac cos P
c2 =a2+ b? — 2abcos y

e TeopeMa CUHYCOB

sin o sin 3 sin y

e TeopeMa ranrencoB (popMyssl PernoMoHTaHA)

| oa+f Y
a+b _ €3 _ €3
a-b o—f3 O

tg 5 tg 5



a0 T xonvHblil KYpPC

oty B
a+c =tg 2 _ °tg
a-—c o—v -y

tg—z tg‘-——z

B+y a
bre _ € 3 _ °t€3
b-c B-y B-v

g4

e Teopema Iludaropa (puc. 22)
A c2=a2+ b2 (LC = 90°)

- € _

Ge s a

a C

be _ b

b ¢

. be_h

h a

e [lnom@aAb NpAMOYroJlbHOroO TPEyrolLbHNKA

=1 =_]; = ©
S -éab 2hc(LC 90°)
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PapHOCTOPOHHHH TpeyroasHuK (puc. 23)

_ a?.f3
5=

~ 243
h 2

Pentenune TpeyrojlbHUKOB

» IIpsiMoyroabHEIM TpeyroibHukK (puc. 22)

a=csin o b=ccosq
a=btga b=actga
c= % c=_20

sin o COS(OL

« TIponsBonbHEI TpeyroiibHuUK (puc. 21)

a=b51.na b=cSI_nB
sinff sin y
a = cSine ¢ = g Siny
siny. sin o
b=asin[3 c = pSiny
' sin o sin B

a = bcos ¥ + ccos



62 IITkonbHbLT KYpC

b =ccos o + acos ¥
¢ = acos B + bcos o

tg o = asin y
b-—acosy
oo f{(p-b)(p-c)
Imn — =
S 2 be

o _ [plp-a)
COS 5 e

a _ [(p=b)(p—ce)
e 2 p(p—a)

YeTrIpexXyroilbHHKH
e Ilapannenorpamm (puc. 24)

a S=aha=bhb
S = absin &

P=2(a +b)
d? + dj = 2(a? + b?)

Puc. 24

o IIpamoyroabHuK (puc. 25)

d S=ab-—=%dzsin(p
) b
d R=d=; Ja?+b?
a P = 2(a + )



L'eomempuas o3

s Pomb (puc. 26)

S =ah=a%sino = %dldz

d, = 2acos

d, = 2asin

NR N

di + d? = 4a2

r= .1_h= lasina

2 2
P = 4qg
KBazapar (puc. 27)

S=a%= 142
2
P =4q
d=aJ§

-1 aﬁ
=_d=_____
2 2
r

R

=14

2
o Tpamemusa (puc. 28)

— b 1 .
S = 9%_h= 5 dydgsin @

MN = %(a+b)

(cpeanas nuauns)




o4 Il konbHbLL KYpC

o TIpoM3BOJBHBI BBIIVKJBIH YeThIPeXYrOJbHUK
(puc. 29)

o+ pP+y+06=360°

Puc. 29

rae o, B, Y, © — BHYTPEHHHE YIJbl YeTHIPEXYToJb-
HU KA.

a2+ b2+ c2+d2=d: + ds + 4m?,

rae m — OTpe3oK, COeIUHAKIINNA cepeAUHBl JUAr0-
HaJeli. '

S = %dldzsin ¢

IIpasuabHBIE N-YyrOJAbBHHKH

a, s IlenTpanbrBIA yroa
B o
o = 360
R o n
7 . e BHemHAun yrosa

_ 360°
n

Puc. 30
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 BayTpeHHRHN# yroa
vy= 180" -

e (CropoHa

a,=2.JR*~r? = 2Rsin ¢ = 2rig o

2

R=_2n
. o
251n§
r= %n
o

e [Inomage

s=1 = nritg ¢ = 1 4R%in o =
5 na,r = nrotg 3 2nR

Oxpy:kHOCTH M KpPyT

e JInuHA OKPYXHOCTH
C = 2nr = nd

e Jnuna ayru, papHou n°
L —_ nr no
180°

1

4

2 o
na,ctg 3



56 HIkoavHulit KYpC

e [Inomaps Kpyra

2 Cd
S =qr2 =g = Cd
4 4

s CpolicTBa XOpZ, CeKVIHMX H KAacarTeJbHOH
(puc. 31)

. M BS-ES=CS:-DS
A MB-MC=MD-ME
B MA2 =MB-MC=MD- ME
C
S D
E
Puc. 31

e CermesnT ¥ cexkTop (puc. 32)

B a=2Rsin%
‘ 2
h=92 tg%
A 5 ‘8]
R\>R
0O
Puc. 32

+  Tlnomaas cekropa: Spspe = %Rza

« IInmomaae cermMeHTa: SA.BC = SOA_BC -8 OAC



Feomempuas

e [Inomaar Kpyroporo kKoiasna (puc. 33)

S = m(R? — r?) =
= 2(1)2 ~ d?) = 2nik,

rae R, r — BHEINIHHH H BHYT-
peHHMl paauycel, DD, d — BHell-
HUH ¥ BHYTPEHHHH AMAaMeTpHI,

v

I — cpeAHHH paguyc, K — mmu-
pPHHA KOJBbIlA.

.

i
~

far

r
oty
ﬁ_.."
- .y
-~
\
\

MHuororpasHUKH

e Crangaptable 0003HAYEeHHs, MCIIOJbB3YeMBIe B

cbopruUKe hopmMy:
V — oOnem;

S

e

nong — IIomIaagb IOJHOH IIOBEePXHOCTH,

Sgox — MIouaab 60KOBOH TOBEPXHOCTH;

S

P, — nepumeTp NepHeHAWKYJAAPHOTO CEYCHUA;

I — panHa pebpa;

h — BEBICOTA.

ocyg — IVIOIIAAb OCHOBAHMA,

ocg — HE€PHMeTp OCHOBaHMA.

}
- !
\ /
h 7
N o
r
aliitn-]
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s Jlpusma (puc. 34)
Seox = P 1L

noJan = ZSOCH + SGOI{.
V=8,"Hh

| : S

« IIpAMAas IpHU3Ma

g
\ /""‘) Seox = Pocn (L = 1)

Puc. 34 V= Soca ' L

o [lapannenenunexn (puc. 39)°

i S o = 2(ab + be + ac)
:F_T\ d . V = abc
| \\ d? = g2 + b2 + ¢2
) DS W
il \./b
a
Puc. 35

e Kyb (puc. 36)

— 2
%\ Spom = 68
{
1\\ V= ad
I\
| \ d d2_302
a I
| \
| N
- \
a




T'eomempus

29

e [Inpamupa (puc. 37)

1
V - § SOCH * h
e IlpaBuMABHEIA  TeTpa’Ap
(ocrROBaHME -— PABHOCTOPOH-
HW TPeYTrOJAbHUK)
Sronm = a2‘~/§-
v = a2y
‘ 12
h= a2
J3

- Paauyc onucaHHOHR chepnl

_ 3
th

+ Pamuyc snucanHOoi cdephl

¢ [IpaBnnbHas mupaMuzga

S60R=1P 'k’

2 OCH

Puc. 37

rae P, . — mepuMeTp OCHOBaHUA, kK — anodema.



60 | LI koavhblit KYpc

s VYceuenHasa nupamuza (puc. 38)
. .
\ 1A V=3h (S + .[8,5; +5)),

rae S; 1 Sy, — maomanu oc-
HOBAHMIA.

- Sl "‘"Sz
Sﬁox =
Puc. 38 cosu

rge 0. — ABYIrPAHHBIA yros npu pedbpe HMMKHEro oc-
HOBaHHA.

s @dopmyna Inaepa
N-~-L+F=2,

rae N — uwucao BepmuH, L. — uyucao pebep, F —
YUCJO I'padeil BRITYKJIOTO MHOI'OI'DAHHMKA.

IIpasMabHBIEe MHOrOrpAaHHHKH

¢ Cra"dzaprapie 0003HavYeHHMHA, MCHONB3YEMLIe B
cOopHUKe (OopMYI:

a — pebpo MEOTOTPAHHMKA;

V —. obbem; .

S — nnomanb 60KOBOH MOBEPXHOCTH;

R — paauyc onucanHOi cepsnl;

r — pagMyc BIIMCAHHOHU cdepsl;

H — BBICcOTA.



Feomempus 61

* Terpasap (puc. 39)

S = q2./3
_ ad./2
12
R = 2./
4
r= 246 a
12
H = 9——%/_—6 Puc. 39
* Kyb (puc. 40)
S = 64a2 /{l
R = 243 |
2 l
r=2 R
2 ’ -
H=a Puc. 40
* Oxrasap (puc. 41)'
S = 2q2./3
V= 2242
3
R = 22
2
r = oy
6

Puc. 41



62 IIT'konvbubLit KYpc

o Jopexkaanp (puc. 42)

S = 3a2.J5(5 + 2./5)

V= a3(15+ 7./5)
4

R = aﬁ(l‘fﬁ)
4

_ ay10(25 +11./8)
20

S = 5q2./3

_ 5a3(3+.45)
4 12

R = 342(5 +./5)
4

_ a/3(3+45)
12

r

Tena BpameHns
o Ilunungp (puc. 44) |
Seox = 2nRA
= 2nRZ + 2nRA
V = nR2h

S

TOJH




. ~ leomempus
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e HKonyc (puc. 45)

Sgox = TRI
S o = TR(R + I)
V=§mmh

¢ VYceuennniii KOHyC (puc. 46)
Siom = Seox + T(R2 + r?)

NOJH OoK

V= %nh(Rz + Rr + r?)

o IITap (puc. 47)
ch,epm = 4nR? = nd?

4 nd3
V= 4,p3_ nd?
3ﬂif 6

Puc. 45

Puc. 46

N’

Puc. 47



| 64 II'xoavHblit KYypc

e IllapoBoii cexTop (puc. 48)

K ' S = nR(2h + a)
— T~ ha~ v = 2nRZh
3
R R
Puc. 48

e IllapoBoit cermenT (puc. 49)

a? = K2R - h)
S = mM2Rh + a?) =
= n(h? + 2q2)

V=nh2(R~ g.)

o IMlaporoit nosc (cnoit) (puc. 50)

V= %nh3+ %n(af + ag)h




Feomempusn 66

BeKTOopsIl

¢ KoopaAHHATHI BeKTOpa € HAYAJOM B TOUKE
A(xq, ¥4, 2;) ¥ KOHIIOM B TouKe B(X,, Y4, 25)

N
AB(xy = X1, Y3 ~ Y1, 23~ 21)

e Koopausarhl cyMMEl BEKTODOB d(Xy, Y;, 2;) H
b(x3, Y3, 23)

a-+b ='E(x1 + X9, Yy t Yo, 2 t 25)

o (CBOUCTBA CJIOXKEHUA BEKTOPOB
a+b=b+ad
@+b)+¢=d+ b +7)
ad+0=a
. . >
at+(-a)=20
e KoopaunHaTsl IpoN3BeIeHNUA BEKTOPA HA YHCJO0

A-d(x, y, 2) = é(Ax, Ay, Az2)

e (CBolCTBa YMHOMEHHS

(Ap)a = A(ud)
(A+u)-a=Ad + pd
Ma + b) = Ad + Ab

> 3
0-a=A0=20



. 66 TkonvHbtit KYpC

e Ckassgpnoe NIpoN3BeleHHE BEKTOPOB

a(xp Y1) 2y) 4 b(xz, Yoy 29)
- - >
@ b=2xxy+yy, +2,2,=|al- b} - cos(a,b)

¢ (CpoHCTBa CKaJSpPHOI'O IIPOU3BEACHN A

- d-d=|df
d(b+é)——;&-b—|;&-6
(Ad)b = A(ab)

e JInuHa BEKTOpA d(xX, Y, 2)

dl = Jx2+y2 422

e Kocunyc yrna memxay BeKTopaMH d(x;, Yy, 2;) H
b(xzs Yo, 22)

.) .

——
—

=

cos(?z.b)=

4

*' 2 2 2 2 2 2

By

;



BbICLUAA MATEMATUKA

AHAJHTHYECKASI TEOMETPHS
HA IIJIOCKOCTH

KoopaMBaTHI TOYUKM

o IlapannenpHsulil IepeHOC CUCTEMEBI KOOPAMHAT
x'=x - a,
y’ =Y - b! !

rae O'(a, b) — HOBOE Hauaso, (X, y) — cTapble KOOp-
AHHATHI TOUYKH, (X°, ') — HOBbI€ KOOPAUHATBHI.

e JloBopor cucremsl KoopAuHAT (HAaYallo HeEIO-
ABUMXHO)

x = x’cos o — y’sin q,
y = x'sina + y cos a,

.

rae (X, y) — cTapble KOOPDAMHATEI TOYKH, (X', y) —
HOBLIE& KOOPDOHUHATHLI, O — yTIoJ HOBOpPOTA.

e JlonapHble KOOPDAHUHATHEI TOUKH C IIPAMOYI'ONb-
HbBIMU KOODAVMHATAMU X H U

p= JxZ+y?,

tg ¢ = £ - .

X



68 Buicwias mamemamuxa

o IlpaMoyroabHbie KOOPAHHATEI TOYKH C IIOJAD-
HBIMM KOODAMHATAMHK 0 U

xX=pcosyY, y=psing

o -PaccTosnMe MeXAy TOUYKAMHU (X, Y;) H (X5, Ys)

d= J(xg—2)%+(yy—y;)?

¢ Paccrosamne MexAy TOUKAMH (D1, @) # (Pg, ©o)
B IIONIAPHON cHCTEeMe KOOpAHHAT

2 2
d= «/91 +Pg — 2p1P2C08(Py — @y)

e Koopauuarsl TOUKH, AeAsniell OTPe30K ¢ KOH-
namu (x,, y,) u (x5, Yo) B JaHHOM OTHOIUCHHH [

Y= 377 YT T

e HKoopauHaTel cepefMHBl OTpe3Ka € KOHIIAMH
(x4, yg) u (x5, Y3)

X = ’
2 4 3

IInomaas TpeyroJbEMKA

» IInomajs TpeyrojnHHKa ¢ BepMIMHAME (X;, Y1),
(x5, Y2) H (X3, Y3)

S == % ({xz - 3 0yz —y1) — (x3 — X Nyg - y1))



Anaaum. zeomempua Ha naockocmu 69

YpaBaeHMe NpPAMOM

e (6mee ypaBHeHHe IIPAMOH

Ax + By + C =0 (A% + B2 =z ()

e YpaBHeHHe NpAMOH ¢ yri1oBbIM KoddduuueHTOoM

y=kx+ b,

rae B = tg ¢ (yrnoBoit KoapPumueHT) — HAKJIOH
npamoit K ocu Ox, b — BelHMUYHWHA OTpe3Ka, OTCe-
KaeMmoro npsaMon Ha ocu Oy.

e TaHredc yma MexAy IPAMBIMH € YIJIOBBIMH
KoapbunnenTamu k u k’

_ k-k
9= 7%

e Tanrenc yrna mexay apamMbiMuA;x + By + C, =
=0uAyx + By +Cy=0

e VYcsoBHe HapanjleJbHOCTH HPAMBIX
B =k
e VYcCJoBME IMEePHEHAUKYIADHOCTH IIPAMBIX

p = - 1

k



70 Buicuias mamemamuxa

e YpaBHeHUE NpPAMON, IpoxoAsniell 4Yepe3 JaH-
Hy10 TOYKY (X, Y1)

Yy — K= k(x — x]):
rae kR — yrJoBoil Ko3(pdUIUeHT IIPSIMOMU.

e YpaBHeHHe IpPAMOU, IIPOXOAANIEl dYepe3 ABe
TOUKH (Xy, Yy) u (X5, Ys)

_ y—y-
X9 — X4 Yag— U

e Tpu Touru (x;, y;), (X5, Ys), (x3, y3) I€KAT Ha
OAHON IIpsSMOM, eCclIN

X3—Xy _ Yz~
Xg— Xy Yo— Uy

e YpaBHeHHe IDAMOM, OTCeKalOmel oTpe3Kn a u b
Ha ocAX KOOPAUHAT

SR

+ 4 =1

b
e Paccrosnue or ToukH (x;, y;) A0 npaAMon Ax +
+ By +C=0

d = |Ax, + By, +C|

NAZ 4+ B2




Ananum. zeomempus Ha nrocKocmu 71

Y paBpHeHHEe OKPYXHOCTH
e VYpaBHeHHe OKDPYKHOCTH C IIEHTDOM (Xg, Yo) M
paauycom R

(x — x9) + (y — yy)® = R?

o JlapaMeTpHutiecKue YpaBHeHNs OKPYXHOCTH pa-
auyca R c ieRTpoM B Haualie KOOpAUHAT

x=Rcos t, Yy = Rsint,
rae { — mnmapameTrp.

JIINUNC

¢ KaHoHMYeCcKOe YpaBHEHHUEe 3JUIMIICA ¢ IIOJYOCH-
MUaQUub :

e doKychl annunca — To9KH F(c, 0) u F'(—-c, 0),
rae ¢é = aq? — b,

Puc. 51



72 Bvicuwwaa mamemamuka

e DoxanabHBIE PaJUYChl TOUKH (X, Y) 3JJIHIICA
r=a- ex;r’ =a+ex,

c # Ja?~ b2

a

rae € = < 1 — 3KCHEHTPUCHTET 3J-

JIHAICA.
e DOoKANBHBIA NapaMeTp IJIHIICA

_ b2
a .

p

e IJlapameTpuuecKHne ypaBHeHHUs JAJHIICA C IIOJY-
ocamMuaub

X = q cost,
y=>bsint

o KacarensHas K 3/auncy B Touxke M(xy, yg)

*Xo  YYo _

al b2
e Ilnomans
S = nab
I'mnep6ona

e KaxHonuuecKoe ypaBHeHUe THIepbOJBI C ITOIY-
ocAMU au b

x_?'-y_—1
a2 b2



AHnaaum. zeomempus Ha naoCKoCcmu 73

‘9— -
o ~ ¥ y a't/
e
\
M(I.y)
F'("'C.O) WU Flc- x
B
- ™ -
i B>
7 | y=—g* ~~
Puc. 52

o Dokychl runepbonel — Touku F(c, 0) u F'(—c, 0),
rae ¢2 = g2 + b2,

o PoKaNbHBIE PAAHUYCHI TOUKH (X, ) runepbosbl

r=+(x—a), r = x(x + a),

rae £ = - > 1 — 3KCHEHTPHUCHUTET rEnepOoJIHI.

R0

o AcuMOroThl rinepOoJIEI

b
=+t X
y a

o DoxKaNBLHLEIA NAPAMETD

b2
pP= —

a

e Kacarenpuas B Touxre M(xy, yo)



74 Buicwasa mamemamuxa

o ConpaxxeHusle runepbOJbI

2 2 2 2
X° ¥ =1n =~ _

-4 g - X =1
a? b2 b2  al
e YpaBHeHHe PaBHOOOUHOM rnnepdoOsIbI
x2 - y2 = g2
e T'padur 06paTHOH NPOIOPIUOHAIBHOCTH
xy=c¢ (c#0)
— paBHOOouHaa runepbosa ¢ acumororaMu x = 0 u
y = 0.
IIapa6ona

e KaHoHMYeckoe ypaBHeHHe napabosbel ¢ mmapaMer-
poM p |
y? = 2px

YA

s i

P,
N{ 2 y)

ol

Puc. 53



-

AHanum. zeomempus HA NAOCKOCMU 75

*» @oKyc mapaGosbl — TOYKA F(g : 0).

e VYpaBHeHHlE IUPEKTPUCH

x = -

DI

o PDoKajbHBEH paaARyCc TOYKHY (X, Y¥) mapaboJkl

r=x+2%
2

® JKCLEHTpHUCHUTET Napabonn:
e€=1
* Kacarespnas k napa6one B Touxe M(xy, o)
yyo = p(x + xp)
* TI'pad®ur KBaApaTHOro TpexuJeHa
y=Ax2+ Bx +C

—  BepTHUKAaJbHaA napabosna ¢  BepmInHOHK
o’(._._fi __Bz—-4AC)
2A° 4A ]




AHAJIATRYECKAS I'EOMETPHA
"B IIPOCTPAHCTBE

KoopauBHaTsl TOYKM

e JlexapTroBEl NPAMOYIOJbHEIE KOOPAUHATH! TOUKH
M (x, y, z) npocrpancrBa Oxyz ecrts

X=r,Yy=r,2=r,

rae r = OM — paanyc-BeKTOp TOUKH M.

e Inuua BeKTOpaa ={a,, a, a,)

a=la|= JfaZ+al+a?

» Hanpasnenune BexTopa @ = {a,, a,, a,

a a a
cost = X, cosﬁ=‘_ﬁ, cosy=_§
a a a

(cos® o + cos® B + cos?y=1),

rie cos o, cos 3, Cos Y — HaAIIpaBAAOIINE KOCUHYCHI
BeKTOpa a.

 Paccroanue Mexny aByms roukammu M,(x;, Y;, 2¢)
U My(xg, Y25 25)

#ﬁ

d = ,MIMZI = J(-Iz—11)2+(92—y1)2+(22“21)2




Anaaum. zeomempusa 8 npocmparHcmee 17

e Paccroauue or touku M(x, y, 2z) no Hauaja
KOOPAMHAT

d = M| = JfxZ+y?+2?

e KoopauHars! TOUKH, JeJdAIlNeld OTpPe30K ¢ KOH-
mamu (xq, Yy, 21) 4 (x5, Y3, 29) B 3aJaHHOM OTHO-
mIeHuu [

x;+ix, yy+iy, 2 +1lz,

x= s -_— ’ ——
iz Y £

YpaBHeHHE IIJOCKOCTH

* VYpaBHeHHe IUIOCKOCTH C HOPMAJIBHEIM BeKTO-
pom N = {A, B, C} # 0, npoxoasiieii yepe3 TOYKY
M(x0, Yo 20)

N:(r—ry)=0, (1)
rje r — paguyC-BEKTOP TeKYU[ell TOUKHU IIJIOCKOCTH
M(x, y, 2) u ryg — paguUyc-BeKTOD TOUKHU M.

e B xoopausarax ypaBHeHue (1) nMeer BuA

Ax —xp) + By — yg) + C(z— 25) =0

e OOiree ypaBHeHUEe MJIOCKOCTH

+Ax + By +Ce+ D=0 -

L



78 Buicuwaa mamemamuxa

e YpaBHeHHE IUIOCKOCTH, OTCEKAKINe# OTpPe3KH
a, b, u ¢ Ha ocAX KOOPAHUHAT

T4+d 422

a b C

e Paccroauue or Touku M(x,, ¥, 2;) Ao mwioc-
koctu Ax + By+Cz+ D=0
_ |Ax,+By,+Cz, + D|

JAZ + B2+ C?

d

Y paBHEeHME TIPAMOM

e BexrTopHoe ypaBHeHMe npAMoyl JUHUH B Npo-
CTPAHCTBe

r = rg+ st, (1)

rae r = {x, y, 2} — TeXyuiui paguyc-BeXTOp np:-
MOH, ry = {Xg, Yg» 29} — PAXUYC-BEKTOp PUKCH-
pOBaHHOII TOUKH npsimoit, s = {m, n, p} # 0 —

HANPABAAOIMI BeKTOpP HNpAMoi, ! — mpmapaMeTp
(—o0 < ¢ < +00).

e B KOOplIHHﬂTHOﬁ ¢dopme ypaBHeHue (1) nMeeT BUA

x-Xp _Y—Yo _ 2— 2

m n p

o IIpaMasa Kak nepecedeHue nNJIOCKoOCTEM

Ax + By + Cz + D=0,
A+ By+C’z+ D =0



Anaaum. zeomempus é npocmpancmee 79

Hanpasnaionnii BeKTop 9ToH npsaMoi ectb 8 = N X
xN’, rne N ={A, B,C}, N ={A’, B, C’'}.

* YpaBHeHHEe OPAMOMH, OPOXOAAUIEH Uepe3 TOYKY
(x4 Yg» 2¢) TAPAJITIENBHO HANPABAAOIEMY BEKTODY
{l, m, n}

l m n

e YpaBHeHue npsaMoi, NpoxXoAAlel yepe3 TOUKH
(3—'1: Yis 21) U (x5, Yo, 22)

X—=xy  Y—-yy _ 2z

Xo— X4 Y2 — Y 29— 24

e VpaBHeHHue NIPAMOHK, NPOXOAANIeN yepe3 TOYKY '
(Xg, Yo» 2¢) NEPIEHAUKYAAPHO IAOCKOCTH AX + By +
+Cz4+ D=0

A B C

X —X -
e KocuHyc yria MeXAy OpAMBIMHU 1 _ Y70

Ly m

22—z xX—-x y-
— . 2 _ Yg

n; Ly m, ngy

2""22

11124- mymo+nny

cos ¢ =

2 . 2 2.2 2 2
ﬂ£1+m1+n1)(£2+m2+n2)



80 Buicwiaa mamemamuxa

e VYci0OBHe napasiebHOCTH IPAMBIX
ll. ny

m

———
—_—

e YcJIOBHE NEPHNEHANKYJIAPHOCTH MPAMEIX

lllz + m1m2 + n1n2 = 0

IIpamas M NIOCKOCTH

x_xl _ y"'"yl

—— —

m

o CuHyc yrna mMexay nDpAMoi

_ Z—zl

1 maockoctbiw Ax + By + Cz+ D=0

n
Al+Bm+Cn

sin ¢ = .
J(A2 + B2+ C2)(i2 + m2 + n?)

e YcJ0OBHE NapajJelbHOCTH NPAMOR U IIJIOCKOCTH
Al+ Bm +Cn=20

o VYcioBHe NEPUeHAWKYIAPHOCTH IPAMOM U ILIOC-
KOCTH

pt—
——

vl 3
Cy=

L
A

¥pasHerue cdepsl

YpaBuenue cdeprsl pagmyca R ¢ meHTpOM
(xop yo, zo) 3

(x — x0)2 + (y — yo)?® + (2 — 2p)* = R2



AHaaum. zeomempusn 8 npocmparcemeae 81
IloBepxHOCTH BTOPOro IOPAIKA
Cxemamu-
Haaeanue Kanonuueckoe
noeepxnocmu ypasHenue ecroe uso
6pascenue
SIANUTICOU A,
(B uacTHOCTH, 9 2 2
JJINHIICOU x_2 + QE + ‘:‘-ﬁ =1
BpallieHu a b ¢
u cdepa)
OAHONOMOCTHELH x* Loyt 2%
runepbononn a?z  pe g2
Heyxnomocrumt | x* | y* _ 2% _ _4
runcpbosong a?  bZ 2

Konyc BTOporo
HOPANKA




82 Boicwans mamemamuxa

IIpodonxcenue maoba.

Cxemamu-
Haasanue Kanonuveckoe
Yecxoe ulo-
nogepxnocmu ypasHenue
6paxcenue
INAUTTHIECKU i N S
napabonons 2p 2¢q
Lunepbonu- Xty
YyecKHit mapa- 2= 5= T o
6omoun p 9
InnunTueeckui 2 Ly 1
OUARHIP a? b2
Tunepbonn- x* _y® o q |
YeCKHMI DUANHAD | a2 b2 L
ITapa6osu- 9
., - ye = 2px
YCCKUH HUAUHAD




Anaarum. zeoMempus 6 npocmparncmaee

83

I podonxcernue maba.

Cxemamu-
Hazeanue Kanonuvecxoe
e YecKoe u3o-
nosepxnocmu aeH
p yp 6pasxcenue
I1 -
nepeceKalnuxca = T i3 T
nA0CKOCTeIl a
1lapa x2 |
napagaeJbHBIX — =1 |
JIOCKOCTe a —
1lapa
COBIAAAIOHINX x2=0
nJI0CKOCTeN

MEHMBI KOHYC
BTOPOTO MOpAAKAE
C IeMCTBUTENLHON

sepmHOi (0; 0; 0)

Ilapa MEUMBIX
nJI0CKOCTe N
(nepecekalmuUXcH
10 [EeCTBUTEeIbHOM
NpAMOii)

x? oy o
4:':2_'-l;»2 0




84 Boicwiaa mamemamukrxa

Orxonuanue maoa.

Cxemamu-
Haszeanue Karnoruneckoe
nogepxXHoOCMm asrenue vecKoe k3o
p yp 6paxcernue
s 2 2. 2
MuuM b1 X Lyt 2t g
SJJIMNICON a2 b2 e
Muumslit 5 2y _ 4 .
* ANJMIOTHYCCK M — el ~
IHIAUHIP? a

Ilapa MEUMbIX
NAPAJICIABHBIX
[IJI0OCKOCTEN




KOMILJIEKCHBIE YHCJA

¢ Bujg xOMUJEeKCHOIO YHuCJA

2=x+ iy
rae x, y — JAelcTBHTENbHBIE YMCIa, | — MHUMAasA
equHUIA, if = —~1.

¢ Re z = x — peilcTBUTeJAbHAS YACTh KOMILIEKC-
HOr'O yMcCia.

¢ Imz=y— MHMMadA 4yacTh KOMILIEKCHOTO YHKCJIA.
» PaBeHCTBO KOMILIEKCHBIX YHUCEJI
21=2,=>Rezy=Rez; u Imz; =1Im 2,

e T'eomerpuuyecKkoe uzobpakeHNe KOMNOJIEKCHbIX

yuces. Touxka M(x, y) nszobpaxkaer yuciao x + yi
(puc. 54). ‘

o MO,IIYJIB KOMILJIEKCHOTO YHCJIA

lel=r = OM = Jx? +y?

e ApPrymMeHT KOMILJIEKCHOIO YuCJja

Arg 2 = arg z + 2nk YA

(=0,1,2,..), o - M

rage arg 2 = ¢ = ZNOM = n,

= arctg Y - rnaBmoe 3Hauye- 4 'N -
X . O x X

HUe apryMmeHTa. '




86 Buwicwas mamemamukra

e Tpuronomerpnueckaa ¢opmMa 3anucu KOMI-
JIEKCHOTO 4YHCJa

x + yi = r{cos ¢ + isin @)
¢ HKoMmniaexcHO-COnpaKeHHLIE YHCIA
z=x+iy u z=x—1iy

e JleiicTBMA ¢ KOMOJEKCHBIMH YHCIAMH

2+ 2= (xq + x9) +i(y; +y5)
21— 25 = (%1 ~ %) + i(y; ~ ¥p)
21 29 = {xyX9 — Y yso) + i(xqy5 + x2Y,)
it R L R ST BN LA LE:

o 2 2 2
%2 Xo+ Yo Xg+ Yo

'(22 # 0)

B vacTHOCTH,

1

B 2= a5
5 (z-2), |2|2=22

Rez=%(z-l_—§),lmz=

¢ Teopembl 0 MOAYJIE M APIrYMEHTE
21 + 25| < 24 + |2
12,29 = |24ll20], Arg 2,2, = Arg 2; + Arg 2,

€1
23

<1
Z5

—
——

; Argf}- = Argz, ~ Argz, (2, # 0)

29




KomnaexcHoie wucaa - 89

|27 = |2|", Arg 2" = n Arg 2z (n — uenoe)

e Kopesr U3 xoMujaeKcHOro yucsiaa

nfp = ’Vi_zl (cosargz:zkn 4 Sinargz:zkn)

(k=0,1,2,...,n~1)

e JlokasarenbHasn ¢opmMa 3aIHCH KOMMIJEKCHBIX
YHUCEJI

.
2 = re'?,

rae r = |z| m ¢ = Arg 2.

o dopmysa Innepa

ei? = cos @ + isin ¢

® HpOHBBeﬂBHHB M 94aCTHOE KOMIUJIEKCHBIX YHACEeN

L

. = (@ +9,) _
2129 =nrye 2

]
= rlrz(cos (pq + (pz) + isin(q)1 + cp2))
El — f_l ef((ﬁ"‘-Pz) —

Z9 r's

r .
= ;l (cos (9, — ¢@g) + isin(@; — 99)) (25 # 0)
5 ‘



AJITEBPA

MaTpuisl

o CrnoxxeHue MaTPUILL .

\
;( @u1 8y -+ Q1 | ( b1 b1z - by \1

a
A+ B=| 921822 82y | ;| b2y gy by,

l\ Ay A2« Ay \ O bm.2 bnm J

)
a”+b” a12+b12 aln+b]n

azl+b21 022+b22 .o azn+b2n

f

e VYMHOX>eHHe MaTPHUIbl HA YUCJIO

{ 3 {

Ay By «- Gy Aay, Aay, ... hag,

Aam Aazz .. Aagy,

A = A | %21 @2z - Q2




Anzebpa

89

o YMHOXMEHME MaTPUIL

(

\

IIIIIIIIII

............

€11 C1z -+~ C1p
€21 C22 -+ C2p

Cm | cm2 ka

A
a11 @13 - @1y b1y 013 --- by,

021 (122 - a-zn . bzl b22 ‘es bzk

/

I

i

(i =

Eanuanuynas mMaTpuiia

{

10..0 )

O6parHas MarpHuna (471)

1,2, ...,myj=1,2, ..., k).

D=

A"lA=AA"1=E



90

Boicuwiaa mamemamuxa

rae d — ONPEAENNTENb MATPUIBI A; Al.j — anrebpa-

H4yeCKoe HOIIOJHEHHNE €€ JJIEMEHTA 4,;.

/

TpagcnnoEHnpoBaHMe MaTpuubl — upeobpasosa-

HUe, IpY KOTOPOM €€ CTPOKM CTAHOBATCH CTONOIA-
MH, a cToJ0Ibl — CTPOKAMH C TEMH e CAMBIMH

HoMepaMH. A" — MaTpHUa, TPaHCIIOAMPOBAHHAA 10
OTHONIEHHUIO K MaTpulle A.

(

ady{y 49y -+ G

012 022 s rm a

a‘ll alz e

021 022 L]

y ECJIN

\
aln

a2n




Anzebpa

Onpenenurenu

.o Onpeneanresb BTOPOro NOpAIKa

a; b,

D = = a1b2 - azbl

a, b,

o Dopmynsl Kpamepa AJISL CHCTEMBbI

a,x + by =cy,
asx + by = c,.

D D
x= =, y= A,
p’ Y7 D
e D= | “1°t| »0, D, =|171|, D =%
a, b, ¢y by a, C

¢ PelnreHuss OAHOPOAHOH CHCTEMBI

a;x + by +¢,;2=0,
a2x + bzy + 022 = O.

— YHCJa

X = Dlt’ y = ""th’ 2 = D3t (—-OO <t< +OO)’

: b, ¢ . |layc a; b
rae D, =| ! , Dy=| 171 D= 171

by ¢ a, ¢y as b,
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s (OnpeaeJuTeNb TPETHETO MOPAILKA

a; by ¢y
D=1a,b,c,| =aAy +bB; +¢,Cy,
(13 b3 C3
b, € _ Ay Cy a, b2
rae A, = | 2 %], B;=-| 2 , C;=
bg c3 ag Cg as by

— ajreOpalyeCKne AOUOJHEHUS COOTBETCTBYIOIMX
3JIEMEHTOB OIIPEHEJINTEeNA.

o Dopmynsl Kpamepa aaa cucTeMsl
la;x + by + ¢y2 = dy,
a,x + by + ¢92 = d,,
a3x + b3y + C32 == d3.

.

— YyucIa
D, D
X = — ’ = _!‘J ’ 2 = —E ’

D’ Y7 D D
ay by cq dy by c
rae D= |a,b,c,| 0, D,=|d,b,c,y
ag by cqy dg by c3
a, d; ¢, a, b, d,
Dl;‘ = a, d2 Co | Dz = a, bz d2
(13 d3 }3 . a3 b3 d3
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e @Dopmyasl KpaMepa aAna CHCTEMBbI

[auxl + alzxz + ... T alnxﬂ = bl’
azlxl + AooXy + ..o+ Ay, X, = bz,
lanlxl taq,x,+...+ta, x,=b.

na~n
Dl Dz

_— - — ..._Dn
xl"‘ﬁ,xz“*-ﬁ—,.-.,xn_—ﬁ

rae D — onpepennrens cucremsl, D,, ..., D, — on-

peaenuTenn, noayqaipiuecs uz D 3aMeHOHR j-ro

cronbua (j = 1, 2 ... n) cronbiroM u3 cBOGOAHBIX
JJIEHOB (bl’ bz, seey b!l)'

JJIEMEHThI BeKTOPHOK aJjiredpml
e Cymma BexTOpOB 0 = {4, a,, atub=1{b,, b, b}
a+b={a, +b,a,+b,a,+b)}

e . ColicTBa CIIOMXKEHUA

a+b=>b+t+a
(a+b)+c=a+ (b+ c)

(a+0)=a

a+t(-a)=0

e VYMHOXKEHHUe BeKTODa @ = {a,, 4, a,} HA YACKOo A

ra = {Aa,, ra,, Aa,}
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e Jinuua BexTOpAa a = {a,., a,, a,}

l l - J 2 + 2 2

a a,+a, +a,

e (CranApHOe Npon3BeseHue BeKTOpoB a n b
ab = ab cos o,

rae ¢ = Z (a, b). .

e Ecaua = {_ax, a, a,tub ={b, by, b}, TO
ab=ab, + ayby + ab,.

e VYroa Mexay BeKTOpaMu {a,, a,a,}unib,, b, b,}

bZ

a.b +ayby+az

cos ¢ = al
(a§+a

X
2, 2 .2 .2 .2
yta )b, +b,+b,)
e Bexropsl @ u b oprorosanbsHsi, ecsiu ab = 0.

e BexTopHOEe Npou3BeIEHHUE BEKTOPOB @ U b

¢c=aXxXb,

rnec La,clbuc=absine (p.= Z(a, b)), npu-
yeM a, b, ¢ — npasas TPOHAKA.

e Ecana-={a, a, ayub={b,, by, b,}, To

axb=
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rae i, j, kK — eAUHUYHBIE BEKTOPHI (OPTHI), HANIPAB-
JIEHHBIE TI0 COOTBETCTBYIOIIHMM OCAM KOODAHHAT.

e (CpoiicTBa BEKTOPHOI'O IPOM3BEICHNA

axa=20
axXxb=-bxa
(Aa) X b = Aa x b)
ax(?u;)=l(a,xb)

(M) x (ub) = Au(a x b)
(a+b)xc=axc+bxc
cx{a+b)=cxa+cxb

'(a+b)x(a—b)-—=axa—axb+bxa——bxb
e (CMmermmaHHOE nponaﬁenenne

abc = (a X b) ' ¢

npeacTaBageT cobor 00beM (CO 3HAKOM) mapanie-
Jenumnena, NOCTPOSHHOIO HA BEKTOpax a, b, c.

e Ecam a = {a, a, a,}, b= {b,., b,, b}, ¢ =
={€y» €y €z}, TO
a,a,a,

abc = | b, b b,

Cp €, €,
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e (CpoucTBA CMEIIAHHOIO NPOHM3BEeIEeHUA

abc = bca = cab = —(bac) = —(ach) = —(cba)
(a + b)ed = acd + bed
(Aa)bc = A{abc)
aab = 0

e Ilnomaas mapasniesorpaMMa, MOCTPOEHHOIO Ha
a={a,a,a,tub=1{b,b, b}

2 2 2
g — a,a, N a, a, N a,a,
b, b b, b, b




THAOOEPEHIIHAJLHOE NCUHCJIEHHUE
Onpenenenne u CBOMCTBA Npe/esIOB

e Ymncno b maswiBaercda npepenoM QPyHKoud f(x)
opu x — a, ecay Aas soboro € > 0 cymiectByet O > 0.
TaKoe, 4TO AnA nioboro x u3 §-okpecTHocTu a (jx —
— a| < §) BunmosnHaeTca |f(x) — fla)| < ¢.
Ve>038>0:|x —al <§=>
=> |f(x) ~ f(a)| < &

e O6osHauyeHnue lim f(x)=1b>
X—a

e (CpoiiCTBa NpepesioB

Hm (f(x) + g(x) — h(x)) =

X —a

= Jim f(x) + lim g(x) — lim A(x)

x—a X —a X a

lim (f(x) - g(x)) =

X —a
= lim f(x)* lim g(x)
X - 4a X ™ 4a

lim (ef(x)) = ¢ lim f(x)

x—a x—a
lim f(x)
1 I_El - X4 1 7
Jim. (g(x)) me) (oo, 8070

xX—a
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e BaMeuaTeJbHbIE NPEAEIbI

lim sinx _
x—0 X

1
lim (1 + }C) = lim (1 + 0)® = e=2,71828...

x— o© a—0 '

o CBA3L MEXAY HeCATUYHHBIMM W HATYPAJIbHBIMH
JorapupmMamMu

lg x =M In x,
rae M = lge = 0,43429... .

IIpounssograa n augdepesua

e IIpupamenue pyHKnum y = f(x), cooTBercr-
ByIOlllee NMpUpALIeHAI0 Ax apryMeHTa X:

Ay = f(x + Ax) - f(x)

e OnpeaeneHue Npon3BoOIHON

y’==g-"i= lim 2¥¢

dx Ar — 0 Ax

e Teomerpuuecku y’ = f'(x) — yraopoit koagdu-
IIMEeHT KAacaTeNbHOM K rpadpury GyHKouH y = f(x)
B TOUKe ¢ abCcuuccoil x.
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e IlpaBuna xuddepeEnupoBaHuA
¢’=0
(cu) = cu’ .
(u+v)Yy=u +10
(u-v)=u -0
(uv) = u'v + ur’

(g) . uwv-—uv’
v o2

Yz, = Yy Ze s
rae y = f(z) u z = @p(x), T.e y = f(Q(x)).

x, =21,

g
rae X, — MPOM3BOAHAA OGpaTHOMH DYHKIMH.

» IlpousBogHble 3/ileMeHTapPHBIX QPYHKIHH

(x#) = nxn~1, ¥’ =1

' P |
(log, %) xln a
(In x)° = 1

x

(a*) = a*ln a
(e*) = e*
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(sin x)’ = cos x

(cos x) = —sin x

(tg x) = sec? x
(ctg x) = —cosec? x

(arcsin x)’ = 1
1-x2
(arccos x) = - 1
' 1 - x2
’ 1
arctg x) =
( g x) 1+ x2
p 1
arcctg x) = -
( g x) 1+ x2

(sec x)Y =secx tg x

g
(cosec x) = --cosec x ctg x
1

xfx%~1

(arcsec x) =

(arccosec x) = —
xAx2 -1

o CpoitcrBa fudpdepennuana
d(af(x)) = adf(x)
d(fi(x) + fa(x) ~ fa(x)) = df((x) + dfg(x) — df3(x)

df(x) = f(x) dx
da =0
d{ax + b) = Alax + b) = a Ax
dx" = nx"*~ lAx
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e Jndpdepernuan Broporo nopagka GyRknun y =
= f(x), rie x — HesaBUCHMasn mepeMeHHad (d2x = ()

d?y = y’'dx?

e JIpousBogHble BBICINAX NOPAAKOB HEKOTOPBIX
byHK Ui

(x™)Y) = m(m - 1)(m - 2)...(m —n + 1)xm— 1

(In %)™ = (1)~ (7 - i)’ﬁ

(n) = (—qw-1(n-1)! 1
(loga x)ﬂ ( l)ﬂ. ln a xn

(ekx)(n) - knekx
(a®)® = {(ln a)” a*
(a*¥*)}M) = (k In a)*a*>

(sin x)®) = gin (x + "_2-“ )

(cos x){?) = cos (x + 2235 )

e IIpaBuno Jlonurans paa HeompeAeieHHOCTeH

0 g =
BUAA & WIN —

lim @%) = lim ﬂﬂ.
x—a Y{(x) x—a V(X)

eCJIM lipexneJ cupaBa cyliecTByeT.
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o Pdopmyna Teropa

flx) = flxg) + F(xg)(x — x¢) + f (;f“) (x ~ xg)2 + ...

f(n)(xo)
n!

. +

(x — x9)" + of(x — xp)"),

rae f("(x) cyniecTByeT B MeKOTOPO# IONHOHA OK-
PECTHOCTH TOUKH Xg.

e dopmyna Teilsnopa ¢ OCTATOYHBIM YJIeHOM B ¢op-
Me JlarpaHska

) = flzg) + 2 x — xg) + 50

LMV v FREDGE) +1
o (¥~ X))+ Ty (- )

(x — x4)% + ...

rae § — Taxkoe UMCIO, UTO ¥p < € < x.

e @dopmyna Maxndpena

) = £0) + LD x4 LV 2 4

9t
f(n-Z](O) -9 f{n—l)(o) -1
o n n
(n~-2)! * + (n-1)! x *
¢ 10U0) oo 4 £9HVE)
" nl (n+ 1) '

rae £ — taxkoe 4yuciuo, uro 0 < § < x,
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Hudrpepennnansroe BcUucjIenne
GYHKIIMA ABYX NepeMEHHBIX

e YacTHble DPOH3BOAHBIe QYyHRKIINN 2 = f(x, y) O
OepeMeHHBIM X ¥ Y

92 - ym [Hxtdxy)-{(x.y)
ox Ax ) Ax

92 . im [(Xyt8y)-fxy)
Y Ay~ 0 Ay

e Yacrarie nmnddepernnanb

- 02 = 0z
d,z 3z dx, dz aydy

e [lonunit nudpdeperunasn pyaromm z = f(x, y)
OT HE3ABMCHMBAIX NePEMEHNLIX X 1 ¥

azd + oz
dz = ™ X ydy,

rae dx = Ax u dy = Ay.

¢ Manoe npupanieaue xrddeperurpyemoit QPyHxk-
0834

az Z
.-u +
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e Ilpomssoamas ooyexknym u = f(x, y) no Ha-
OpaBAeHNIo [, 3aJAHHOMY EAMHHYMULIM BeKTOPOM
{cos o, cos B}

du __ du cos O + ou

A ox dy cos B

Hudgpepernpansnoe HCUHCIeHHE
bysxuMil HeCKOJBKHX IepeMeHHBIX

e Yacraele nponsBoanbie GyHKIMN U = f(x, y, 2...)
10 NepeMeHHbIM X, Y, 2,...

du _ im f(x+Ax,y,2...)-f(x,y,2...)

"0X  Ax— 0 Ax 7
?_‘:E — lim f(x,y+Ay,z...)-f(x,y,z...};
dy Ay— 0 Ay
QE = lim f(x,y,z+ 4z, ... - f(x,4,2...) T
az Az—0 AZ

e [lonusnit ganddepenunan pyaxuym 1 = f(x, y, x...)
OT HE3ABHCHUMALIX IepeMeHHbIX X, Y, 2

du=24x + a”dy+ E’Edz+
ox 0z

e KacarenrHas NAOCKOCTh K HNOBEPXHOCTH 2 =

=f(x:y)
Z—-2z=pX - x)+ q(Y — y),
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rae X, Y, Z — Texymue KOOpAMMATHI, X, Y, 2 —
KOOPAMHATH! TOUKH KACAHNA; P, ¢ — COOTBETCTBYIO-

e 3HAYEeHUA YACTHRIX NPONIBOAHLIX 93- g-s

e Kacareabmas OJ0OCKOCTh K HOBEPXHOCTH
F(x, y, 2)=0

F;(X—x)+F;(Y-—y)+F’(Z—-2)=O

e Hopwmans k nosepxsoctn F(x, y, 2) = 0 B Touke
M(x, y, 2)

o [I'paamenTt cxanapHoro nona u = f(x, y) ecrs
BEKTOPD

_ Jou. du ou
grad u {ax’ 3y’ az}

¢ Moayas rpaguenra

st = ()" G5B




HHTEI'PAJILHOE HCUHUCJIEHHE

Heornpeaenersblii MATErpa

¢ Onpeaenenmne uecnpefie;IeHHOrO NHTErpaia

jf(x)dx = F(x)+C,

rae F'(x)d = f(x), C — KoHCTanTa.
e Ecandy = f(x)dx, oy = I f(x)dx.
e OcHoBHEIE CBOMCTBA HeollpeAeJIeHHOrO MHTerpaia
d j f(x)dx = f(x)dx
([ fo)az) = fix)
I dF(x) = F(x) + C
j kf(x)dx = kj f(x)dx (k # 0) .
[ (@) + gl2) - h(x))dx =
= I f(x)dx + j g(x)dx — ! h(x)dx

¢ OcuoBHBIe METOAbLI MNTErPNPOBAHNSA
MeToa pasnoxxeHNsd

j f(x)dx = j fl(xjdx + j fo(x)dx,

rae f(x) = f1(x) + fa(x).
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« Merox nogcranosknu: Ecanm x = ¢(t), 1o
| foydx = | flo(e)e’(t)de
* Meroa MHTErPpHAPOBANNS 10 YACTAM
_Iudv=uv?-jvdu

o Hurerpannl HeKOTOPBIX QYRKIIUA

xm+l
m+1

jxmdx= +C (m#=-1)

jﬁ‘f =Ilnld+C (x#0)
Iexdx=ex+C

X

+C (a>0,a#1)

! a*dx = 2

In a

Icosxdx=sinx+C

! sin xdx = —-cosx + C

ax - tgx+C
coslx
j- 'dx =-—ctg x + C
sinZx
dx _ : = —
J‘ = arcsin x + C = —arccos x + C;

J1-x2

j x_ - arctg x + C = —arcctg x + Cy-
1+ x2
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Buicwana mamemamuxka

dx _11 1+x
= - In|llT¥ +C

1-x2 2 1-x
dx  _ 1 g40x-1 4+ ¢

Jx2-1 2 x+1

Ta6anua HeonmpeeJeHHBIX MRTerpasiosl

o (PYHKUNMMH, coAep:Kale a + bx B 11e10¥ CTeNneHN

1) | af’;x = ?15 Inla + bx| + C.

. n =(a+bx)"+1 _
2). (a + bx)" dx bnr 1) +C, n=z-1.
3) [ 1x+d;cx (a+bx aln |a+b§l)+C.
o[ = x? 4z _ ( (@ + bx)? — 2a(a + bx) +

+a21nla+bx|)+C.
5) { dx =-114 “‘*‘bxl + C.

J x(a+bx) a X
6) { dx =-1 458y ‘”bxl + C.

J x%(a+bx) ax g x

r xdx _ 1 a
7 ) (a+bx)? b2 (ln a+bx) +C.

1 Tabnniia HeonpeAeTeHHBIX HHTEIPAJIOB AAHA 110 KHHATE
M. f. Brroackoro «CrnpaBodHMK IO BEICIE! MaTeMaTHKe»
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x2dx 1
= a+ bx - 2alnla + bx| —
J (a+ bx)Z bz( * | |
a2
a+bx) +C. |
dx _ 1 1 b
9 = ~ L inle+ x‘ + C.
)I x(a+bx)2 a(a+bx) g2 x
dx : | 1 1 2
10 =—b + - = X
)-[ x%(a +bx)? (az(a+bx) a’bx ad
x In “+be + C.
x

xdx _1( 1 a
)I (a +bx)3 b2( a+bx * 2(a+bx)2) +Ce

1
12) -~ (ln
-" x(a+bx}3 a3

2.2
- _bx )+C.
2(a + bx)?

at+bx + 2bx
% a+bx

o DyrxIuH, copepxamue a + x2, a2 - x2, a + bx?

1) [ 9% = arctg x + C.
1+ x2
e dx  _ 1 x
3) [ 2 =1 In ‘”xl+C

J a2-x2 22 ja-=x
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HJIN
dx _ 1 x+a
1) | s = 52 mL.C__aL + C.
dx 1 b
5 = —_ arct J: + >
| )Ia+bx2 marcg(x a) C npn al 0
nb>0.

Ecan a n b orpunnatrenbHbl, T0 3HaK — BRIHOCHT-
cA 33 WMHTErpaJj, a ecam @ H b pasHbIX 3HAKOB, TO
noab3ylorca Ne 6.

G)I dx2= 1 |y |Ja+xJb

a-—-bx 2. Jab Ja-x.Jb
r xdx _ 1

7 [ Zdr - L ln‘ 2| +c.

8)'x2dx E_EJ‘ dx

a+bx? b J a+bx?’
ranee cM. Ne 5 mam Ne 6.
9 =L m|_* | +c.
) I x(a+bx2) 2a (g4 px2 '

\___l_bj dx ‘

10 =-2 -2 ,
)sz(a+bx2) ax a J a+bx?

aanee cM. Ne 5 manm Ne 6.
11 ~___ % TR S
)-[ (a+b::¢:2)2 2a(a+bx2) 2a -'.a+b.ac2

aajnee cM. Ne 5 uam Ne 6.
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o @DyHKUMUH, coxepKAINE /@ + bx

1) Ja+bx dx = -é- Jla+bx)3 + C.

2) xm; dx = — 2(2(1 3bx)'\/(a+b.’!-')3 1+ C.

15b2
3) {x2 Ja+bx dx =

~ 2(8a%-12abx + 3b2x))J(a+bx)3 | o

10553
4 xdx _ _2(2a-bx) latbx + C.
)| Jasbx 352
2 2 2
5 xdx 2(8ac~4abx+3b°x 2y fa + bx +C,
)jJa«&—bx 15563 arox
1 Ja
6) — In a+bx—Ja +C
J'xn/a*-bx J- .Ja+bx+f
npua > 0.
dx 2 a+bx
7) = —— arctg +C
Jxﬁfa+bx J-a —a
apn a < 0. |

B)J‘ = —Natbx b dx ’
sza+bx ax 2a J x.fatbx

aajiee cM. Ne 6 mam Ne 7.

0) [ daxbrdx _ 3 /ey +a | X,

x.JJa+bx

nagee cM. Ne 6 mnu Ne 7.
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o OyHKINH, cOxepKAaLmne Jx2 +a?

I)I Nx2+a? dx = 5 iiat + & In |x +

2
+ Jx2+a2| + C.
2)] J(x2+a2)® dx = %(2.1:2 + 5a?) [v24+42 +

304 Inlx + Jx2+a2|+ C.
3) [ x/e¥va? dx = LA 4o
'4)§x2m dx = E(Z'x2+a2) JxZ+a? -
- Esilnlx-iw Jxt+a2|+ C.
=1Inlx + Jx2+a2| + C.

5 dx
|

6) =X _ +C
IJ(fx:2+a2)3 a2.x2+ g2

7)I xax = Jx2+a2 + C.

Jx?+q?
2dx x a?
8) | X =X Jx2+a2 - L Inlx+
"‘ JxZ+a2 2

+ JxZ+a2|+C.
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Q)IJ(xzdx =—__* _+Inlx+

x2+q2)3 Jxr24 az
+ Jx2+a?|+C.

dx 1
10) = < ]n
J- xJx2+a2 @ g4 [x24 g2

ll)J' dx = Jx2+az +C
x2.fx% + a2 a’x

12)-1‘ dx ~ ~NxZ+a® | 1
3./x2 + a2 2a2x? 2a°

a+Jx2+a?

"

19) [dx2ratdr - fr2iq2 -
a+./x%+q2

X

+ C.

X

X In + C.

- aln + C.
x
14)I sz-l-az dx _ __../xz;az + .

+ Inlx + Jx2+a2| + C.

o DyHKUuH, cOpepxKamue Ja2 - x2

1) I 4X _ = aresin x + C.

J1-x2
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= aresin 2 + C.

' dx
2) I [a2 — <2 a

dx X
3) - S + C.
J- J(QZ_,xZ):S al fQZ__xZ
4 [ AL ==-./a2-x2 +C.

G)I x2d:;2 Ja2~x2 + .-_ arcsm- + C.

2 .
7).[ Ja2 ~ x2 dx=‘3‘2- a?-x2 + 92- arcsm‘-z + C.

s)j J(a?-x2)3 dx = §(5a2~ 2x2) Ja2~ 12 +

4
+ 38° aresin® + C.
8 a

9) I xJa?-x? dx = #J(az;xz)a + C.

10) { xf(a?- %2)% dx = -—J‘“’*;"’z)ﬁ +C.

, 11) | 22 /a2 - %2 dx = g(zxz—-az) a?-x2 +

4
+ ‘18.- arcsin ~ + C.
a
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2
9 xcdx — x _ 0 X '
1 )I NPT = arcsin ~ + C
dx 1
13) = 2 In X + C.
I xJa2-x2 @ a+.Ja2-x?

"2 3 [aZ _ 2
17)J. - ;xz dx = — azx"x -—arcsing + C.
. .

o DYHKNUK, COAepIKAMHe X% —a?

1) [ 9% =In|x + Jx2-a2|+ C.
v ,sz_a2
2y f 9% =-__X __ +C.

J oty atla
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3)‘[ xdx = = Jxt-a? + C.

4)]' it et dx =% Jx2-a2 - 2 In | +

2 3
+ Jx2-a?|+ C.
5) j J(x2-a2)8 dx = g(zxz ~ 5a2) Jx?~a? +

4
+§-g—ln|x+ x2 -a?| + C. -

6) J'x Jx2-a? dx = J(xz;az)a + C.

D { x J(x2=a?)? dx = J(xz.; a® 4 C.

8) .xz Jx¢~a2 dx = %(sz—' az) sz_.az -
4
- %- In|x + Jx2-a?| + C.

2dx x a?
)J' T 2 Nx2-a 5 n x
+ Jx2-a2| + C. ’
10)] J(xzdx =——% __ +lnjx +

+ Jx2-ae2|+C.
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= arcsec x + C.

11 dx
) I xJx2-1

dx 1 x
12 = x X ]
)'[x = aarcseca + C
13) J' dx — x*-a® | ¢

2
r2.fx2-q2  a3x

dx sz"'az + _!-_
3. [x2 a2 2a2x2 2a3

15)_[ uxz_:z dx - Nx2-a2 — aarccos% + C.
16) | 4"2"“2“ ' T R P P

b 4

14) J‘

arcsecz- + C.

+ A/“_xz_aznc.

o yHKNHUH, cOfepxkamUe J2ax — x2, J2ax+ x2

OyHKOUA, COREpPXKAImAs J2ax —x%, MHTErpUpy-

eTCs NOACTAHOBKOI t = x — a. Torna J2ax — x2 mony-
YT BUR Jal - t?, H HHTerpa] HaXORMAT B IPyINe AJ1S

dbyarnuit, cotepxamux Ja?- x2 . Ecan ero B raban-
e HeT, TO CTRPAIOTCS IHPHBECTH €0 K BHAY, HMEO-
meMycs B Tabuinme.



118 Buicuiaa mamemamuxa

To >Xe MOXXHO CKa3aTh U o GYHKIHH, coJep-

swawiest Belpaxenue .2ax+x2. B atrom cnyuae
NoAcCTaHOBKa ¢t = X + a4 NPHBOAUT PARKKAN K BH-

Ay Jté—a?Z.

e OdyHKIHUH, cORePXKamne a + bx + cx? (¢ > 0)

dx
n{ -
) -[ a+bx+cx?

2cx + b

2
Jdac - b"’ ,\/4ac - b2

+C, ecnu b2< 4ac.

f

: 1 Inj2¢x+b~Jb*—4ac . ¢ ecnu b2> dac.
tJb""“iaC 2cx+ b+ Jb2-4ac
2)‘[' ax =L inj2ex+b+
Ja+bx +cx? c

+2Jc Ja+bx+ex?|+ C.

S)I Ja+bx+cx? dx = 20:”’ Ja+bx+cx2 —
C

~ b%-4dac In|2¢cx + b + 2 .Je Ja+bx+cxt|+ C.

8Jcd

)J‘ xdx _ Ja+bx+ex? _
Ja+bx+cx2 ¢

In|2¢x + b + 2.Jc Ja+bx+cx2| + C.

zﬁ
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e OyHKINHK, copepKalume a + bx — cx? (¢ > 0)

dx
1 : =
) I a+bx—cx?
1
JbZ +dac

n Jb2+4ac+2c.r——b sl
Jb2+4ac-2cx+b

2) | dx = L arcsin 2¢X28_ 4 ¢,
Ja+bx—cx2 «/E Jb2 + dac

3) J',\/a+bx+cx2 dx = zc:*b,fav#bxﬂcxz +
C

2 _
4 bi+dac o oin 26X-b 4 0.

8./c? JbZ + dac
dx
4) ad =
Iz

+bx-cx2

il
_Ja+bx-cx + ‘arcsin _25X-% 4 .
c 2J_%" Jb2 + dac

e JIpyrue anrebpamdeckne GysEKnun
a+x —
1) [ [22 dx =

= Ha+x)b+x) +(@a-b)In|fa+x + Jb+x|+ C.

2)_{ g-:-_f-; dx = Jla-x)b+x) +

+ {a + b) arcsin |, *+h ¢
a+b
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3)I ‘;i; dx=—- J(a+x)(b-x) —

. ’b-—x
(a + b) arcsin 2+ b + C.

4) : %—i—-ﬁ dx = —J1-x2 + aresin x + C.

5) | dx = 2 aresin [~—2 + C.
. ‘_f(x-a)(b-x) b-a

e IloxasarenpHble ¥ TPHroOHOMETPHYECKHe DYHK-
1§47

1) {ardx= 2 +cC.
. Ina

2) f e* dx = e* + C.

3) Pva'“”"4:i.1¢:=E;;-J'E + C.

4)Isinxdx=-cosx+C.
5)Icosxdx=sinx+c.

6) I tg x dx = —In|cos x| + C.

7 I ctg x dx = Insin x| + C.
S)Isecxdx=ln|secx+tgx1+c=

=1n}tg(g +§)\+C.
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9) J' cosec x dx = In |cosec x —ctg x| + C =
= In ltg"_‘l +C.
2
10) { sec2x dx = tg x ¥ C.
11) { cosec?x dx = —ctg x + C.

12) Psecxtgxdx=secx+c.

13) { cosec x ctg x dx = —cosec x + C.

14) ’sinzxdx=§ - %sin2x+C. o
15) Pcoszxdx=‘§2- + %sin2x+C.
16) | sin"x dx = —SiR" " xcosx

o n

+ ";1 J'sin""zx dx.

Jra QopMysa NPHMEeHAESTCA HEeCKOJNbKO pas, No-
Ka He NPHBERET K HHTErpany f sinx dx unm

I sinfx dx (B 3aBHCHMOCTH OT TOTO, YEeTHOE HJIH
HeueTHoOe n), cM. Ne 4 »u Ne 14,

17) J' cos" x dx = cos"‘lnx sinx

-1

n

(cM. 3aMeUaHHe K IPEeAbIAYIIEMY HHTErpany u Ne 5
1 No 15). '

+n

Icos"“zxdx
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18) dx _— 1 . COS X +
sin® x n-1 gin®-1y
2
+ n-—
-1 J'sm" ~2 5"

Hpnmenaerca HeCKOJNBKO pa3, IIOK&A HEe NPpHUBE-
neT K HUTerpany ‘[ dx, ecap n — JyeTHOe, HJIX K HH-

rerpany | 2%, ecaum n — Heuernoe (cM. Ne 9).
sin x
1 -8in x
19) - +
I cos" T n-1 cos"~1x
2 dx |
+ n
n-1 I cos"~ % x

(cM. 3aMevaHHe K NPeAIAYIIeMY HHTerpany u Ne 8).

: 1
20) { sinxcos"x dx =-%98""_% 4 ¢,
. n+1

o, inn+1
21) | sin*xcos x dx = S";+1x + C.

22) [ cos™x sin"x dx =

_cos™ ! yginm+! y 4 m-1
m+n m+n
IIpMMeHATCA HECKONHBKO pa3, NIOKA CTeleHb
KOCHHYca He Oyper paHa Hynw (ecay m — yer- -
HOe) UM eAnHKIEe (eca m — HeuerHoe). B nep-
BoM cay4ae ¢cM. Ne 16, Bo Bropom — Ne 21, Droit
&OpMYI0ii CHeAVET HONb3OBATLCH, KOTAA M < n.
Ecau m > n, To aydme nonn3oBaTbheda Ne 23.

J' cos™ ~ 2 x sin™ x dx
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23) j cos™ x sinx dx =

innt-1 m+1 — ] _
= S~ xcos x y n-1 jcos’“x sin® ~ %x dx
m+n m+n

(cMm. samMeuaHUe K NMpeAbIAYINeMY UHTerpany u Ne 17
u Ne 20).

24) j sin mx sin nx dx =

= _sin(m+n)x sin(m—n)x

+ .
2(m +n) Zm—m | O m*n)
25) j cos mx sin nx dx =
_ sin(m+n)x | sin(m-n)x , o~ (m # n).

2(m+n) 2(m ~n)
26) I sinmxcos nx dx =

~ _cos(m+n)x _ cos(m—n)x
2(m+ n) 2(m—-n) +C, (m = n).

27) [ =

a+bcos:x

a-b X
— e ———— - + > .
= ar§tg(}a+btg2) C,eciua>bd
28)] =

a+bcosx

1 ../b—atg%+../b+a

- In +C,ecnua < b.

Jb2—a? Jo-atgl-fo+a
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atg +b
29)]‘ -2  ar
a+bsmx (a2 - b2 (az bz
ecnu a > b.
0 —
3 )Ia+031nx
x
atg=+b-.Jb2-qa?
= -1 __In 2 + C,

Jb? - a? t:ttg'§

2

+b+ b2 - qa?

eclH a < b.

dx
1 —-+
31) I alcos? x +b2sin? x

;Earctg( = .

32) [ e*sin x dx = £ (810 x2_ cosx) 4 .

33) [ed*sin nx dx = E2(@sinnx_ncosnx) ¢
. a?+n?

34) [ e*cos x dx = &(8IN x2+ cosx) 4 C.

35) [e9*cos nx dx = &2X(nsIMnx+acesnx) 4 o
d a2+n?

36) f x e8* dx = """'(ax ~-1)+C.
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37) j xhedx dx = x":“ - .g. j xh -1 gax gx.

PopmMyna IPHMEHAETCH HECKONBLKO Pa3, oKa CTe-
NeHb X He cTaHeT paBHOM exuHuiie; Toraa cM. Nt 36.

xamx amx

38) [ xamxdx =28 - 2 }C.
) mini|xl min2a

39) [ xngmx gx=9-%x" _ _n I amxxn—1dx,
. nina mina

®opmyna NpUMeHSETCHA O TeX Nop, MoKa cTe-
NeHb X He CTAHeT PABHOM egmHuNe; Torna cm. Ne 38.

40) j ed% cosh x dx =

~ e**cos"~1 x(acosx+nsinx)

a2 +n?

+ nn-1)
al+n?
PDopMysa IpUMeHAeTCA 10 TeX Nop, NOKAa KOCH-

HyCc He ucYeadHeT (B cJaydae YeTHOTO 1) MJIH NIOKA

ero cTeneHb He CTAHeT paBHOH exMHHIe (B cayyae

HedeTHOro n). B mociexHem cnydae cM. Ne 32.

41) [ shx dx =ch x + C.

42) [ ch x dx = sh x + C.

43) [ th x dx = In|ch x| + C.
44) [ cth x dx = In|sh x| + C.

45) [ sch x dx = 2 arctg e* + C.

ed*cos ~ 2 x dx.
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46) [ csch x dx = In lth :’2£| +C.

47) { sch?x dx = thx + C.
48) { csch2x dx = —cth x + C.
49) [ sch x th x dx = sch x + C.

50) [ csch x cth x dx = ~csch x + C.

51) [ sh2x dx=—§ + %sh 2x + C.

52) [ ch?x dx = £ + %shzzx + C.
e Jlorapubmudecke QyHKIUM

IlaroTca pyHKIUHU, copep kaniie TOJABKO HATy-
paabHbIii JorapundM. Ecau Tpebyercsa HaiiThl MHTer-
paJ oT GYHKI[UH, cOxepxKalleis JorapndM Ipu Apy-
roM OCHOBAHUH, TO IpeXBapHTEJbLHO [IepeBOAAT ero
In x

B HaTypaJabHBI# no Qpopmyne log, x = g * 2 saTem
HOAB3YIOTCH Tabaunen.
1) [Inxdx=xlnx-x +C.
2) { 4% =1In|ln o+ C.
J xIlnx
3) 'x"lnxdx=x"+1(-1-9—£ - ——-L-—) +C
] n+l (n+1)2
4) [ In"xdx=xIn"x-n I In? -~ 1x dx.
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dopMyJia IPpUMeHAeTCcA A0 Tex Nnop, IoKa He Io-
JYYNTCA UHTErpas ‘[ In x dx, xoropstii 6epeTca no

dopMmyne Ne 1.
xm+1
m+1

5)Ix”‘ln"x dx = In?x ~

- I x™In" ~ lx dx.
m+1 ,
Pdopmyna nNpuMeHserca A0 TeX Mnop, NOKa He

npusener K HHrerpany Ne 3.

OnpeneneHHBIN MHTErpAJ

¢ OnpeneseHHBIM HMHTErpal KakK npexej MHTer-
paabHON CYMMBI

= a

b
xX)dx = i ‘ x. )AX;,
{ f(x) I Zo f(X;)Ax,

rae X, E[x,-, x;+1]HAx:=xi+1“xi-
1

o dopmyna Hewrona—JleiiOuuna: ecan f(x) ne-
npepsiBda U F'(x) = f(x), To

b
[ f(x)dx = F(b) - Fla).
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¢ OcHoBHBIE cBOlicTBA ONpeeAeHHOrO HHTErpaia

b b
j f(x) dx = j f(t)dt
‘ | j f(x)dx =0
b } a
[ flxydx = —{ flx)da
a b
c b b
j f(x)dx + J‘ f(x)dx = J‘ f(x)dx
a . [ . a
j kf(x)dx = k j f(x)dx

b .
[ (f(2) + g(2) — hx))dx =

a
b

_— } f(x)dx + }g(x)dx — I h(x)dx

f(t)dt = f(x)

Xl
R Sy B

d _
dx f(t)dt f(x)

M C— o
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e Teopema o cpenueM. Ecau f(x) HenpepsiBHa Ha
[a, b], TO

b
[ fla)dx = (b - a)f(e),

rrea <c < b.

o @opMyJa UHTErPUPOBAHUA 11O YACTAM B OIpe-
neJeHHOM MHTerpaJe

b ~
J‘ u(x)v’(x)dx = u{x)v(x)

b
b _ J‘ v(x)u’(x)dx

e @dopmyJsa 3aMeHBbI [TepeMEHHOH B onpefeeHHOM
HHTerpajne

b g
[ flydx = [ floene’t)dt,

rae a = ¢(a) u b = ¢(f3).
e @dopMyJa Tpanemun

\

b
1 1
jydx = h(-z-yo—i-yl +..ty,- 1+ Ey"'/’

rneh=b_"n'—a~,x0=anxn=b,y=f(x), y, = flxy +

+ik) (i =0,1,2, ..., n).
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o Odopmyna CuMucona

j' ydx = g—(y(a) + 4y(9—;~9) + y(b)),

rae h = -;-(b—-a).

‘e  HecoGcTBeHHBI MHTErpaa

b— 400

+J?o f(x)dx = lim } f(x)dx

o Ilnomane KpusonuHeliHONH Tpalenuy, orpaHu-
YeHHOM HelpepbniBHOM JuHmell y = f(x) (f(x) =2 0},

ocklo0 Ox U HBYMA BEPTHKAJAMU X = aH X = b
(a < b) |
b
S = j ydx

e Ilnomage cekropa, OrpaHHYeHHOro HellpepslB-
HoM JuHHEN P = f(P) (P U ¢ -— moAApPHBIE KOOPIH-
HAThI) 1 ABYyMA AyyaMH @ = 1 @ = [ (o0 < B)

S = | pide

D7 -
a.tqn-.m



-
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L —

o Jnuna ayru raaxxkoil Kpasoit y = f(x) B EpaAMO-
YroJbHBIX KOODAHHATEX X K I/ OT TOUKH X = a RO
Toykn x = b (a < b) |

b
[ = f J1+y'2dx

o JInuuHa Ayrm raazikoil KpuBok p = f(¢) B nonap-
HbIX KOOpAMHATAX P M (¢ OT TOUKH ¢ = O A0 TOYKHU

¢=pB(a<p)

p
L= [ Jp2+p'2de

o

o JinuHa xyru raaakoi Kpusol x = ¢(t), y = w(t),
3aflagsHOM rapametrpuueck™ (ty < T)

T
t = j Jx'2+y'2dt
o

e (O6beM Tesa ¢ M3BECTHBIM ITONIepeYHBIM CeYeHHU-
em S(x)

V = j: S(x)dx
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e O6rem Tesna BpauleHHU A

o)
+ BoKpyrocu Ox: V, = nI y2dx (a <b).

d
«  BOKpyr ocu Oy: Vy = nj x2dy (¢ < d).
' c

e Pa6ora mepemeHHoii cuasl F = F(x) Ha yyacTKe
[a, b]

A= ]: F(x)dx

KpaTusie MHETerpaasi

e JIBoitHO# uHTerpan or pyHrnuu f(x, y), pac-
rnpocrpaHeHHBIH Ha o6xacth S

(] 1, pas = lim 3 flx,, y)AS,
S i=1

roe (x;, y,) €AS; (i =1, 2, ..., n), d — HanGonbINi
nuaMetp aueek AS,.

Ecau f(x, y) 2 0, To nBOMHOI UHTErpaJ reomMer-
pUYecKH mnpeacTaBiasgeT coboili obrem npAMoro mu-

JUHAPOUAa, IOCTPOEHHOTO Ha OCHOBaHuMU S U orpa-
HUYEeHHOT0 CBepXy MMOBEPXHOCThIO 2 = f(X, ¥).
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¢ Ecaun o6nacrs HHTErpUPOBAHUSA S CTAHAZAPTHA
‘orHOCHTENBHO ocK Oy m a < x < b, y,(x) < y <

< yyl(x), rze yy(x), yo(x) — HenpepbiBHBIE DYHK-
IIMHA, TO ZBOMHOW UHTerpajy B NpAMOYIrOJbHBIX Ae-

KaApTOBBIX KOOPJAMHATAX OT HeIpepsiBHON (yHK-
nuu f(x, y) Beipaxaercs Gpopmynon

b Yalx)

| j fx, y)dx dy = jdx [ fex, y)dy

y(x)

o JIBo#iHOM MHTErpaJ B NMONAPHBIX KOOPAHHATAX
our

[[ fx, y)ds = [ f(r cos @, r sin @) rdo dr,
S S
rjae
X =rcos¢, y=rsingy,

* Ecau obnacTs mATEerpupoBaEua S onpeaenser-
csa HepaBeHcTBaMm O < @ < B, ry(9) < r < ry(g), TO

rqol)
” flx, y)dS = ?dq) 2] rf(r cos @, r sin @)dr
S ry(¢)

» Ecanp = p(x, y) — DoBepXHOCTHAA IJIOTHOCTL
NJAACTUHKHK S, TO MACCA NNACTHHKH

= [[ p(x, y)ds = [[ pdx dy
S S
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¢ IInomaas NIAaCTHHKMH
s=“’ dS=” dx dy
S S

o CrarTuyeCKMe MOMEHTHl IIUIACTHHKMY S OTHOCH-
TeJIbHO KOOPAWHATHBIX ocelrt Ox u Oy

S, = ” py dS, Sy = ” px dS,
S ‘ S

rpe p = p(x, y) — HOBEPXHOCTHAA IUIOTHOCTH ILJIAC-
THHKHA S.

¢« KoopanHaTsl [eHTPa MAacc IJIACTHHKH S ollpe-
AeNAITCa hpopmyiaMu

S S
Xn = ¥ = X
0 m’yo m’

rgpme m — Macca NIIJACTHHKM.

¢ MomeHnTn HHEPIMH NJIACTHHKH S OTHOCHTEJb-
HO KOOPAMHATHHIX ocel Ox u Oy

I, = “‘ py2ds, I, = IJ‘ px2dS.
S S

rae p = p(x, y) — NOBEePXHOCTHAA IJIOTHOCTD ILIAC-
THHKMU.
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. Tpoitnol MHTErpas or @pyskunn f(x, y, 2), pac-
HpPOCTPAHEHHBIN Ha o0nacTh V

I” flx, y, 2)dV = 11m Z flx;, y,, 2,)AV,

I.'——I

rae. (x;, y;, 2;) € AV, (i = 1,2, ..., n); d — HaAubOJIL-
mvit TuameTp sueex AV

Ecnu f(x, y, 2) ecTh LIOTHOCTD B TOUKE (X, ¥, 2),
TO TPOWHOI WHTerpaJa npeacrapiasier cofoii maccy,
3aNoNHAIYI0 obbem V.,

e (Q0BeM Teiaa

V=I‘£de=f£fdxdydz

o Ecnu ob6nacTs HHTErpupoBaHNA V onpepensercs
HepaBeHCTBAMH a4 < X S b, yy(x) < y < yqu(x),.

25(%, Y) S 2 < 25(x, y), rAe y(x), 2lx, y) (=1, 2) —
HeNpepbiBHbIe (PYHKIHH, TO TpOHHOM MHTerpaJ
B IPSMOYTOJIBHBIX KOOPAHHATAX OT HeIpepbIBHOM .
dbyarunu f(x, y, 2) BeIpakaeTcs popmysioi

H fix, y, 2)dx dy dz =

Yalx) Zolx, y)

Idx I dy J' f(x, y, 2)dz
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Kpusoauseilnbie HHTErpasl

e Kpusonunneitnnlit MHTErpan NepBOTO poAa OT He-
IpepuIBHOM PyHKINHK f(X, Y), B3ATHEA IO KyCOUHO-
rnaakoil kpuson K: x = x(t), y = y(t) (¢t € {a, B))

j flx, y)ds =
K

B .
= | (@), y(MVx"2(2) +y2(2) |

s Ecnu xpuBasa K 3afgaHa ypaBHEHHeM y y(x)
(a< x<b), ro

b
I f(x, y)ds = I f(x, y(x))J1+y’2(x) dx
K a B

¢ KpusonuueiiHEI HHTErpaJ BTOPOro poxa or ua-
pb1 HenpeppIBHEX QyHKuid X(x, y), Y(x, y), Bas-
THIA IO KyCOUHO-IIaZKoMy nyr K: x = x(1), y =

=y(t) (t € [a, B])

j X(x, y)dx + Y(x, y)dy =

p
= [ X0, yenx'e) + Yeto), gy
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DUINYECKN KPUBOJUHEHHRIA HHTerpaJ Broporo
poaa upexacraBnsier coboul pabory nepemeHnHoul cu-
aul F = {X(x, y), Y(x, v)} Baons nytu K.

¢ Ecim nyre K 3az8H ypaBHeHUEeM Yy = py(x)
(x €[, B]), To

b
| X(x, p)dx + Y(x, y)dy = [ (X(x, y () +
K | a

+ Y(x, y(x))y’ (x))dx.
¢ KEcixn BpinosIHeHO YCIOBUE
X(x, y)dx + Y(x, y)dy = dU(x, y),

TO KPUBONHHENHEIN HHTErpay BTOPOro poia He 3a-
BHCHUT OT IYTH HHTerpupoBanus K n

I X(x, y)dx + Y(x, y)dy = U(x, y)|'*>¥? =
K

(xls y})

= U (xg yy) — Ulxy, 41)

roe (x;, ¥;) — HauaJIbHAA TOYKA OYTH, (X5, Ya) —

KOHeYHAsl TOYKA NyTH. Pu3uuecKn 3TOT MHTErpan
npejacrapiaseTr coboil pafory cHiBl, HMelOmIeH IIO-
reauuan U(x, y).



PSAIbI

Yucnoseie pagsl

¢ Onpexgenenne paja

-m N

u. = lim Eu.
Y u, Jim n
n=1

n=1

¢ HeobOxoauMEIA IPN3HAK CXOMUMOCTH pAna. Ec-

(s o]
YU PAR E U, CXOANTCH, TO
n=1

lim u, =0

n— oo

o Tlpnsnarx Hanambepa. Ilycre Ana paia E u,
o n=1
(u, > 0) cymecrByer

hm U, —
n — 00 u

n

+ Ecnul <1, to pan bxo,u.nTca.
* Ecnu !> 1, vo pag pacxopurca u u, 7 0.

e IIpusnak JleitOuuna. Ecomv, 2v, 2052 ... 20
nv, > 0apn n — 9, To 3HAKOUEPEAYVIOIHUIACA PAX

UI*U2+03“U4+.-.

CXONUTCH.
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¢ Paauyc cxoIHMOCTH CTEeNIEHHOTO PAAA

ag + ax + anx? + ...

onpeaenderca no gpopmyne

p

R = lim

n ~+ 00

’
a

n+1

eCJIN IOoCJIenHAA UMeeT CMBICII.

CreneHHBIC DAOKI

¢ Paxg Teitnopa

flx) = fla) + fla)x — a) + L2 (x - a)?+ ...

. + f'(a) (x —a)* +....
n!

e Pan Maxaopena
f(x) = f(0) + F(0)x + ﬂé(.?). x2 + ...

4 [200) yn 4
n!

e PaznoxeHde B CTeleHHbIe DPHAABI OCHOBHBIX
byERIHH

i..l; =l+x+22+. +x"+... (xl<1)
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2 2 4
n(l+xy=x -2 + X - X 4+ ..
( ) 2 3 4

e + (—1)"*12‘.; +.o. ((1<x<1)

2 3
e*=1+x+%X + X 4+ +Z + . (r <+ o)

2! 3! n!
a*=1+ !n—lfx + (lnzf)z'xz + (1113.;1)3 x3 + ...
lnx=2(§_;;%. + % (i-}l)a + % (i‘—;—%)s + ... )(x>0)
arctgx = x — 5; + 55-5- -~ 573 +
DI L (x| < 1)
sinx = x — i:;_'a. +£? -~ 3‘.:_{ +
+ (-1)r 1 (2"‘:’:11)’ + ... (|x] < +00)
cosx=1—f.2_? %‘—Z?+

(L+x)"=14+mx+ m({";“xh

m(m-1)..(m-(n-1)) _,
.+ o "+ ... (x| < 1)
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e Paaepr B KoMniaexkcHo# obnacTu:

o

Z (u, +iv,) = Z un'+i2 v,

n=1 u=l n=1

e AOconoTHas CXOAUMOCTL PANOB ¢ KOMILIEKC-
HpIMU yneHamMit. Ecau pan ‘

oo ' 0o
Z Iun+ivn|“—' Z ,/uff+v§

ﬂ=1 n=1

(> o)

CXOAUTCH, TO PAd Z (u, + iv,) TakXKe cxoguTcA

n=1
(abcoaroTHO).

¢ Dopmynsl Jiinepa

e* =cosx +isinx, e'*=cos x — isinx.

Panst dypse

¢ Tpuromomerpuueckuit psan Pypre HenpepbiB-
HOM OYHKIMA f(X) ¢ nepHojoM 27

f(x) = ‘-12.‘.’ + Z (a,cos nx + b, sin nx)

n=1
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rae

n
a = % I f(x)cosnx dx(n=20, 1, 2, ...),

n
b = %: [ f(x) sin nx dx, (=0, 1,2, ...).

¢ Tpuronomerpuuecknit panx DPypbe KycouHo-
raaaxkoul dyariuu f(x) nepuoaa 2l

%9 nnx nnx
f(x) = z * Z (a cos == + b,sin—= )

n=1

rae

zjf(x)cosn“xdx (n=0,1,2,..),

n
l.

b, = % j f(.x)snn’””E dx (n=1,2,..),
%

a,, b, — vospdnunenTul Pypre pyakunun f (x).

¢ B Toukax paspeiBa dyHKnumn f(x) cymma psja
Pdypre KycouHo-raagkon ¢gyaxknnn f(x) nepuona 21
PABHA ’

S(x) = 2 (f(x - 0) + flx + 0))



Padui 143

o Ecmu 2l-nepnopudeckas Gynxnus f(x) YeTHAA, TO

_ 9
f(x)_ ) + E a, coS—-,

rae

=} DN

l
j f(x)cos"“" dx (n=0,1,2,..).
0

Ecnu 2l-nepnoanyeckad pyHkuua f(x) Heuer-
HadA, TO

f(x) = Z b, sm"“’x

rae

| DD

!
[ fsin®xdx (n=1,2,..).
0



AHODEPEHIINAJIBHBIE YPABHEHH A

»

Huddepennuansupie ypaBHeHun
NEepBOro NOpAxKa

o JlnddepernualbR0e YpaBHEHHE C Ppas3jesio-
IIUMHCH epeMeHHbBIMH

X(x) Y(y)dx + X,(x)Y,(y)dy =0

umeer oO6uMH MATErpaa

X(x) ge + { ZW) gy = .
X0 IY,(y) Y

Ocobsle peinerusi, He BXOASIIIHe B HHTErpaj, onpe-
Aensorcs U3 ypaBHeHMH X (x) = 0u Y(y) = 0.

¢ OpxHOposROe Au(pdepeHIHANBHOEe YpDaBHEHHE
IIepPBOr0O NOpPAAKA

P(x, ydx + Q(x, y)dy = 0,

rae P(x, y) u @ (x, y) — opHOPOAHLIE HEIIDEePLIBHBIE
GYHKIIMN OAMHAKOBOW CTelleHH, pemaercd C no-
MOIILI0 NOACTAHOBKH

U =Uux

(u — BHOBas QPyHRKUIMA).
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o Jluneitroe aAuddepeRINaNbHOS YPaBHEHHE IIep-
BOrO MOPSAKA -

a{x)y’ + Wx)y + e(x) =0

peliaeTcs ¢ JOMOIILIO IOACTAHOBKH ¥ = UV, The U —
HEHYJIeBOe pellleHHe OJAHOPOAHOTO YpaBHEHHSNA
a(x)y’ + (x)y =0, a v — HOBaA QyHKIHA.

¢ Ypasrenue Bepryianu
y + P(x)y = Qx)y" (n#0,n#1)

¢ NOMOMm{BI0 NMOACTAHOBKM 2 = y " * 1 cpoaurcs
K JIHHEMHOMY AeJIeHHeM Ha y?.

HAuddepennualrable YPABHEHHA
BTOPOro mopsaaxka

e HrarerpupyeMble caydau auddepeHIIHaJIBEHOTrO
VPaBHEHHS BTOPOTr'O MOPAAKA:
) ¢«  eCcJHn

y”’ = f(x),

to 06Iee pemrerue
y = J' dxj'- f(x)dx + Cyx + Cy;

* €eCJIh

y” = f(y),
10. 3axaa M 2an
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To o6niuit METErpaT

= f(y"),

TO OOIIMHA HHTErpaj ypaBHeHHA MoXXeT ObITH Hail-
NeH U3 COOTHOIIIEeHUHA

rae y’ = p.

e Ciny4yan NOHM)KEHHS NopAaKa Aad auddepen-
IIMAJbLHEOI0 YPABHEHHS BTODOro MOpAAKa:

eCJIn
= f(x, ¥'),
. T0o, moyiarasa y' = p(x), moayyaem
g—ﬁ = f(x, p);
eCJIn |
= f(y, y)

To, noJiaraa ¥y’ = p(y), 6yaeM uMersn

d” = f(, p)-
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.y

e (Omee pelrenne JHEEeHNROro ogROpogHOrO ANG-
¢depeRIMANILHOTO YPaBHEeHUA BTOPOro nopagka y”* +
+p(x)y” + qlx)y = 0

y=Cuy; + Cols

TAe Y, U Yo — JIMHEHHO He3aBUCHMEIe YACTHBLIE pe-
IIeHHA.

o (Ob1ee pertreHHe JHEEEHHAOTO Heonnopoﬁnoro Aud-
dbepeHgHANBHOIO YPaBHeHHA BTOPOrO nopAaKa iy’ +
+ p(x)y’ + q(x)y = f(x)

y=19 +2,

rpe y — obmiee perreHue COOTBETCTBYIOLLEro OAHO-

POAHOTO YpaBHEeRNA, Z — YACTHOE pPelleHHe JaHHO-
ro HeOAHOPOAHOTO YPABHEHHMA.

OGuHit BHX pelmenuii OHOPOJHOTO YPARBRERUA
Yy +py' +qy=0
(p m @ MOCTOAHBEBI) B 3ABMCHMOCTH OT KOpRe:
xapaKTepHCTHUECKOrO ypapHeuns k2 + pk + g = 0

Xaparxmep xopueii k, u
P p xop 1 Bud

kR, xapaxmepucmuie-
f2 ¥4P P o6uyez0 pewenun

CKO20 ypasHenus

Kopun k, u k, seficran-

== klx kzx
TeNbHble ¥ PAJINIAEBIC y =Gt + Cye
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Buicwas mamemamurxa

ITpodeaxenue maba.

Xapaxmep xopueu
k, u ky; xapaxmepuc-
muiecxozo ypasienun

Bud

obwezo peutenusn

KopHu pasamie:

y = (Cy+ sz)eklx

ky = ky

- Kopun KoMmiexcHuie: ,

y = e™(C,cos Bx +

« | + Cysin px)

~

XapaKTep YacCTBOro pelieHHA 2
BeogHOpoaRoro ypasBeBRa y” + py’ + qy = [(x)
(p B q HiOCTOAHHLI) B 3aBECHMOCTH OT MpaBoi uacrH f(x)

Yacmnuoe

ITpasas Cruvau
wacms f(x) d pewenuel)
' 1)ymZ+ pm +q #0,| 2z = Aem,
{E;x)mﬂgnﬁ:;ag- 2ym? + pm + q=0.|z = Axe™*,
HE1) a) p2—~4q > 0, z = AxZemx
6)p*-4g=0

f(x) =

= Mcos wx +
+ N sin wx
(M, N, o no-
 CTOAHHBI,
w# 0)

2)p=0, ¢g=w?

1) p? + (g - 02)2 # 0,

z2=A coswx +
+ B sin wx,

z2 = x(A cos wx +
+ B sin wx)
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L}

IIpodoaxcenue madax.

ITpasas Cruiau Hacmuoe
wacms f(x) Y pewenuel)
f(x) = | z = Ax? + Bx +
=ax2+bx +c|1)g=0, +C, .
(a, b, cmocro- [2)q=0,p=#0 z=x(Ax®+ Bx +
STHHBEI) + C) '

DA, B, C — nocroanHble HeoNpeaeaeHHbIE Koaddu-
IIReHTEI.

e YpaBHEHHMS MAaTEeMaTHYECKOH PUIHKH
- QaHOMEpHOe BOJIHOBOEe YPaBHEHHE

d%u ==a2QEE
otz . 9xZ

YpaBHeHMEe TelJIOIPOBOAHOCTH

u _ ,20%
at 4 dx?2

Ypasrenue Jlannaca

d%u d2u
- 4+ = =0
dx 2 dy 2



. TEOPHA BEPOATHOCTEH

e Cymma gBYX cobpiTvilt A u B
A+B=AUB

— cO0OpITHE, KOTOPO€ MMEeT MeCTO TOTAA H TOJNbLKO
TOTAA, KOT4a OCyIecTBJIAeTcA X0Td 6B OAHOH3 CO-
OpiTUM A 1 B.

e IlpomnsBenenue gByXx cobniTH#! A u B
AB=A N B

— cobbpITHE, KOTOpOEe HMEeeT MeCTO TOrja M TOJILKO
TOrga, Korpa nponcxonm‘ KakK cobpiTHe A, Tak H
cobuiTHe B.

¢ BeposaTHOCTE COORITMA A
P(A) = % (0 € P(A) < 1)

— OTHOIIeHHEe YHUCJA M OJ1aronpuATHBIX A8 COOBI-
THHA A DPABHOBO3MOKHBIX 3JIEMEHTAPHBIX HCXOJO0B K
YHCJAY n BCeX eAMHCTB€HRHO BO3MOYXHBIX H PaBHO-
BO3MOXXHBIX 3JIEMEHTAPHLIX HCXOH0B.

¢ BepoATHOCTE HPOTHBOIOJOMKHOTO cOOBITHA
P(4) = 1 — P(A)

e Teopema cCJHOKEeHHS IAMA ABYX HECOBMECTHBIX
cobriTHH Au B

P(A + B) = P(A) + P(B)
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B obimem caydae
P(A + B) = P(A) + P(B) - P(AB)
¢ TeopemMa YMEOXeHHS BepOSATHOCTEH
P(AB) = P(A)P ,(B),

rae P,(B). — cooTBeTcTBYIOLIaA YCJIOBHASA BEPOAT-

HOCTH cobniTHa B.
Ecau cobuitusd A B B He3aBUCUMBI, TO

P(AB) = P(A) - P(B).

o PopMyJIa TOJHOK BEPOATHOCTH

P@A) = ¥ P(H)Py (A),

i=1

rae Hy, H,, ..., H, — nojHaga rpyntia rHnores:

A=Y HA HH =0 umpr i =1, Y P(H) =~ 1.
i=1 “i=1

o <Popmysa bekreca

P(H ;)P (A)
P(H) = : H,
Y P(H)Py(A)
j=1
¢=12,.. n),rne H, Hy, ..., H, — nonnad

rpyIia runores.
OcroBEBIE (OPMYJBI KOMOHMHATOPDMKH CM. Ha
c. 28, 29.
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e bunom HsioToma
(q+py*=q"+ Clqgt-1p+ C2gn—2p2 + ... + p"

¢ BuHOMHAJLHBIR 3aKOH paclpegeneBnda. B ycio-
BHAX cxeMbl DepRyasH BepOATHOCTH IOABJIEHHSA
cOOBITHA A NIPH n MCIHITAHHAX TQYHO M pa3 (0 <
< N) paBHa

P (m)=Cy prqr=m = P p g

rae P(A) = p, P(A) = g = 1 — p upu OAHOKPATHOM
HCIBITAHUM.

e JloxannHag dopmyia Jlamnaca

P (m) = ——tet??

J2nnpq

rae0<p<1,g=1-p,t = (npg) 2 (m. - np).
o Hrarerpanwras dopmyaa Jlanaaca

P(my<m<my)=® (1) ~ Dy (ty),

rae

t, = (npq) 12 (m — np), Dy(x) = e-t*/2dt.

gl
=
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e dopmyna [lyaccona

~ K2 -
P, (m) —n-ﬁe H

rge U = np, IpHYeM BGpOHTHOCTB p Mana.

e MaremaTHyeckoe oOXKHAAHHE nncnpe'ruoﬁ cay-
YyailHOW BeMHYHHLI

= {X{, X9, «ver X},

- |
raep, = P(X = x)) (i =1, 2, ..., n), Z p; =1, ects
i=1

M((X)= Z X; p;.
| i=1

e ‘OcHOBHBIE CBOicTBA MAaTeMATHYECKOIro OXH-
OaHudA

MC)=C
M(CX) =CM((X)
MX +Y)=MX)+ MY)
M(XY) = M(X) M(Y) .
M(X~-Y)=M(X)—- M(Y)
rae coonlTiid X H Y He3aBHCHMBI.

e JlucmepcHusa JUCKPETHOH CIYYaHHON BENMHUYHUHBL X

D = M{[X - MCOR} = M(X2) - [M(X)]



154 Buicwwasa mamemamuxa

¢ (OCHOBHbIE CBOMCTBA JUCIEPCHH

D(C) =0
DX +Y)=D(X) + D{Y)
| D(CX) = C2D(X),
rae cobplTHa X ¥ Y He3aBHCHMEL.

- o Jina OHHOMHANBHOrO 3aKOHA paclpeAeSeHHH
yucna noABneHnH X cobbiTHA A OpU N UCOLITAHH-
AX UMeeM:

PX=m)y=C'pm™g" ™(m=0,1.2,..,n),

rae p = P(4), ¢ = P(A);
M(X) = np;
D(X) = npq.

¢ PYHKIHA pacnpefeneHUs Aas HeOpepbIBHOHU
CAy4aHOA BenHYHUHBI X

P(x) = P(-0 <X < x) = f o (t) dt
(—00 < x < +09), rge ¢(x) — ILIOTHOCTH BEPOATHOCTH.

¢ MatTeMaTHuecKoe OXKHUIaHUE ANA HeNpepbIBHON
caydailHOl BenuuuHb X '

400

- M(X) = j' x¢ (x) dx



Teopua seposmmuocmeil 155

o [Jiucnepcus ana uHenpepblBHOX caydaifiHOH Be-
ARYHEHBI X

400

D(X) = [ (x - M(X)Yg (x) dx.

¢ 3axon I'aycca

o(x) = ac™t*~**

yi ,
a_.____
|
Yiax
ol lxo - X -

Puc. 55

¢ JIna mopManpHOro 3aKOHA pacnpefelIeHHA CJy-
yaHOH BeJHYHHBI X OJOTHOCTH BEPOATHOCTH HMe-
eT BHA

- 1l (x-x,%/(2a%)
X) = ’
¢(x) m/z—nf’
rae xo = M(X), o = JD(X)
IIpu aTom .

Pa<x<b)= cpo( o) Qcpo[“"xO),

o

rae ®g (x) — cTaEAapTHLIA HHTErpas BepoATHOCTE.



HEKOTOPBIE
3AMEYATEJIBHBIE KPUBBIE

e IIucconna Amoxaa. Ypas-
Y HeHHe B IpAMOYIoJbHOM cCHC-
reme (O — Hayamo KoopAu-
nar, OX — ochk abecnuce)

2 _ x8
2a-x

Y

-
o1 . X e B nponapHo#ti cHCTeMe
(O — noanioc, OX — monsap-
HasA OCh)

.2
_ 2asin" ¢
cos QP

P

Puc. 56 ¢ Pamnmuonanbeoe mnapamer-
puyecKoe npeacrasnenye (U =

= tg ¢)

x = _20 — 2a

1+u2’ Y u(l + u?)

e JlekapToB aucr. YpasHe-
HHe B IpAMOYronbHOM CHCTe-
Me (O — HayaN0 KOOPAHHAT,
0OX — ock abciuce)

Puc. 57 x3 + y3 = 3axy
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* B noaaproi cucreme (O — momoe, OX — mo-
nApHAas oChb)
3acos@sing

p L
cosacp + sln3 )

e PanuoranpHOe DapaMeTpUUYeCcKOe IIPeACTABRNeHHE
(u = tgoy) | |

_ 3au _ 83au?
X = 3 Y7 3
1+u 1+u |
o Jlemanckara Bepuynnu. YpasHeHHe B IIPAMO-

yronbHOM CHCTeMe

(22 + y?)? = 2c%(x? - y?)

Y

O

Puc. 58

e B nonapuoit cucreme (O — nomoc, OX — nonap-
HasA oCh)

p2 = 2¢2cos2¢,

I'ie YroJ (¢ U3MEHAETCSA B OIPOMeXKYyTKax (-—g- , g ) H

(32, 31)
4° 4 )

¢ PanunonanpHOE DapamMeTpHYeCKOe NpeACTaBICHHUE

. .3 .3
xX=c 2';:34, y=c«/§l;+:4 (-0 < u < +o0)
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e Apxnmenosa coupank. lIpamasa UV, ucxonsa us
HA4YaabHOTO nosoXeHnda XX, paBHOMepHo Bpailja-
eTCA OKO0JIO HellOABUXKHOHN ToukH O, a Touka M, Hc-
X048 H3 HaYaJpHOro nonoxesus (O, paBHOMepHO
asuxerca Bpoabp UV. Bee Takme ToukKm M
o0pa3yoT apx¥MeoBY COIHPAaNs.

o TIlonapHoe ypaBuenue (O — DOJIOC; HAIpaBie-
HHe HonAapHo# ocH OX coBnasaeT ¢ HANpPaBIeHUEM
ABM)KeHHA TodKH M, Korja oHa IpPOXOZHUT 4Yepes
Toyky O; a — miar coupany)

P - ¢

a 2n

Puc. 59
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o Jlorapndmuueckana cuupans. Ilpamasa UV pas-
HOMEPHO BpaIllaeTcsa OKO0JIO HeNOABHMXKHOM ToukH O
(moatoc), a Touxa M ABMXMKeTcsas Bpoak UV, yaa-
asasack or OM co cKopocThiO, OPOOOPIIHOHAJIBHONI
paccroauuie OM. JIluuua, onHcepiBaeMad TOYKOMN
M, nasnipaercsa JoraprMHUYECKOHE COUPAIBIO.

T}

/3,

>4 ¥

_/

Puc. 60

e JlonApHoe ypaBHeHHE (IIONIOC COBIaAAeT ¢ MO-
JIOCOM COHpanH; OOJAPHAA OCh IpoBefeHA depes
IIPOU3BOJABHO B3ATYIO TOYKY M, COHPAJIH)

¢
9n
P =Ppq >

rae po = OMy — monApHBLE paguyc To4KH M, a
g — Koadpduuuer pocra.
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