





WHAT IS OUR APPROACH TO ALGEBRA®?
McCallum | Connally | Hughes-Hallett | et al.

The fundamental approach of Algebra: Form and Function is to foster strategic
competence and conceptual understanding in algebra, in addition to procedural
fluency. Fluency—the ability to carry out procedures such as expanding, factoring,
and solving equations—is important, but too often students do not see the purpose or
structure of the procedures. Strategic competence and conceptual understanding in
algebra mean being able to read algebraic expressions and equations in reallife
contexts, not just manipulate them, and being able to make choices of which form or
which operation will best suit the context. They also mean being able to translate back
and forth between symbolic representations and graphical, numerical, and verbal
ones. As with our previous books, the heart of this book is in innovative problems that
get students to think. We foster strategic competence, conceptual understanding and
procedural fluency by

* Interpretation problems, which ask students to think about the form and function

of the expressions and equations, not just blindly manipulate them (Sample
sheet, 1-4, 12, 16)

* Problems that foster algebraic foresight, helping students see their way through
an algebraic calculation and formulate strategies for problem-solving
(Sample Sheet, 26-33)

* Modeling problems that train students in symbolic representation of real-world
contexts, and in graphical numerical interpretation of expressions and equations
(Sections 2.5, 3.4, 6.5)

* Real expressions and equations, presenting students with the expressions and
equations they will encounter in later study and work (Sample sheet, 17-25)

e Drill problems to develop basic techniques (Skills chapter and exercises
throughout text).

We have also continued our tradition of clear, concise exposition. Many problems
that students have in algebra result from confusion about fundamental concepts, such
as the difference between an expression and equation. We have written the text to
be readable by students and make clear the basic ideas of algebra.

This book supports later courses using our Precalculus and Calculus texts, which are
based on the Rule of Four: that concepts should be presented symbolically, graphically,
numerically, and verbally. As is appropriate for an Algebra text, it focuses mainly on
the symbolic and verbal strands, while not neglecting the other two. The text assumes
that students have access to graphing calculators, although could quite easily be used
without them by avoiding certain exercises.

In addition to problem types for which the Consortium is already known, the
sample sheets on the following pages illustrate the new types of problems we
have written for Algebra: Form and Function to foster interpretation and fore-
sight in working with expressions and equations.



rroblems on Algebra
William McCallum, Eric Connally, Deborah Hughes Hallett et al., 2010

Problems on Algebraic Expressions

Section 1.3: Equivalent Expressions

A person’s monthly income is $7, her monthly rent is $ R, and
her monthly food expense is $F. In Problems 1-4, do the two
expressions have the same value? If not, say which is larger,
or that there is not enough information to decide. Explain your
reasoning in terms of income and expenses.

I.I-R—FandI— (R+F)

2. 12(R + F) and 12R + 12F

3. I—-R—F+100and I — R — (F + 100)
R+F I-R—F

4. 7 and T

Chapter 1 Review

In Problems 5-10, both a and x are positive. What is the effect
of increasing a on the value of the expression? Does the value
increase? Decrease? Remain unchanged?

5. ar+1 6. atz—(24a) 7.

r—a

1 1
8.£+1 9. x+ — 10. ax — —
a a a

Section 5.1: Linear Functions

11. If the tickets for a concert cost p dollars each, the num-
ber of people who will attend is 2500 — 80p. Which of
the following best describes the meaning of the 80 in this
expression?

(1) The price of an individual ticket.

(i) The slope of the graph of attendance against ticket
price.

The price at which no one will go to the concert.
The number of people who will decide not to go if
the price is raised by one dollar.

(iii)
(iv)

Section 5.2: Working with Linear Expressions

12. A car trip costs $1.50 per fifteen miles for gas, 30¢ per
mile for other expenses, and $20 for car rental. The total
cost for a trip of d miles is given by

Total cost = 1.5 (%) + 0.3d + 20.

(a) Explain what each of the three terms in the expres-
sion represents in terms of the trip.

(b) What are the units for cost and distance?

(c) Is the expression for cost linear?

13. Greta’s Gas Company charges residential customers $8
per month even if they use no gas, plus 82¢ per therm
used. (A therm is a quantity of gas.) In addition, the com-
pany is authorized to add a rate adjustment, or surcharge,
per therm. The total cost of g therms of gas is given by

Total cost = 8 4+ 0.82¢g + 0.109g.

(a) Which term represents the rate adjustment? What is
the rate adjustment in cents per therm?
(b) Is the expression for the total cost linear?

Section 9.1: Quadratic Functions

14. A peanut, dropped at time ¢ = O from an upper floor of
the Empire State Building, has height in feet above the
ground ¢ seconds later given by

h(t) = —16t> 4 1024.
What does the factored form
h(t) = —16(t — 8)(t + 8)

tell us about when the peanut hits the ground?
Section 10.3: Working with the Exponent
Prices are increasing at 5% per year. What is wrong with the
statements in Problems 15-23? Correct the formula in the
statement.
15. A $6 item costs $(6 - 1.05)7 in 7 years’ time.
16. A $3 item costs $3(0.05)' in ten years’ time.

17. The percent increase in prices over a 25-year period is
(1.05)2°.

18. If time ¢ is measured in months, then the price of a $100
item at the end of one year is $100(1.05)*%.

19. If the rate at which prices increase is doubled, then the
price of a $20 object in 7 years’ time is $20(2.10)".

20. If time ¢ is measured in decades (10 years), then the price
of a $45 item in ¢ decades is $45(1.05)%'.

21. Prices change by 10 - 5% = 50% over a decade.
22. Prices change by (5/12)% in one month.

23. A $250 million town budget is trimmed by 1% but then
increases with inflation as prices go up. Ten years later,
the budget is $250(1.04)'° million.



Problems on Algebraic Equations

Section 1.2: Equations

In Problems 24-30, does the equation have a solution? Ex-
plain how you know without solving it.

24. 20 —3=7 25 2°43=7 26 4=5+2?
z+3 z+3 x+ 3

: = 28. =1 29. =1
2x + 5 5+x 2x + 6

30. 245z =6+ bx
Section 1.4: Equivalent Equations

31. Which of the following equations have the same solu-
tion? Give reasons for your answer that do not depend on
solving the equations.

. x+3=5zx—-4 II. z—3=5x+4

. 2z+8=5x—3 IV. 10x+6=2zx—-38
x 1

V. 10z —-8=2x+6 VI 0'3+E = 59@—0.4

In Problems 32-35, the solution depends on the constant a.
Assuming a is positive, what is the effect of increasing a
on the solution? Does it increase, decrease, or remain un-
changed? Give a reason for your answer that can be under-
stood without solving the equation.

32. x—a=0 33. ax =1
34, ax=a 35. L =1
a

Chapter 1 Review

36. You plan to drive 300 miles at 55 miles per hour, stop-
ping for a two-hour rest. You want to know ¢, the number
of hours the journey is going to take. Which of the fol-
lowing equations would you use?
(A) 55t =190 B) 55+ 2t =300
(C) 55(t+2) =300 D) 55(t —2) =300

Section 5.3: Solving Linear Equations

In Problems 37-44, decide for what value(s) of the constant
A (if any) the equation has

(a) The solution x =0 (b) A positive solution in z
(c) No solution in x.
37. 3z = A 38. Az =3
39. 3x+5=A 40. 3r+A=5
41. 3r+ A=5x+ A 42. Ax+3=Ax+5
43. 7 =A 44, 4 =5
T T
Chapter 5 Review

Without solving them, say whether the equations in Prob-
lems 45-56 have a positive solution, a negative solution, a
zero solution, or no solution. Give a reason for your answer.

45. Tx =5 46. 3x+5=7
47. b +3 =T 48. 5 —-3x =7
49. 3—-5x =7 50. 9z =4x +6
51. 92 =6 — 4x 52. 9—6x =42 —9

53. 8z 4+11=2x+3
55. 8x +3 =8z + 11

54.
56.

11 —2x =8 — 4z
8r + 3x =2x + 1lx

Section 9.3: Solving Quadratic Equations by Completing
the Square

In Problems 57-60, for what values of the constant A (if any)
does the equation have no solution? Give a reason for your
answer.

57.3(z—2%=A 58. (z— A)? = 10

59. Az —2)%2+5=0 60. 5(x —3)* +A=10

Section 9.4: Solving Quadratic Equations by Factoring

Without solving them, say whether the equations in Prob-
lems 61-68 have two solutions, one solution, or no solution.
Give a reason for your answer.

61. 3(z —3)(z+2)=0 62. (x—2)(z—2)=0

63. (z+5)(z+5)=—-10 64 (z+2)>=17
65. (z—3)%=0 66. 3(x+2)2+5=1

67. —2(x—1)2+7=5 68. 2(x —3)2 +10 = 10
Section 10.4: Solving Exponential Equations

69. Match each statement (a)—(b) with the solutions to one or
more of the equations (I)—(VI).

L 10(1.2)'=5 IL 10 =5(1.2)
M. 10+5(1.2)" =0 IV. 5+10(1.2)" =0
V. 10(0.8)" =5 VL. 5(0.8)" =10

(a) The time an exponentially growing quantity takes to
grow from 5 to 10 grams.

(b) The time an exponentially decaying quantity takes
to drop from 10 to 5 grams.

70. Assume 0 < r < 1 and z is positive. Without solving

equations (I)—(IV) for x, decide which one has

(a) The largest solution
(b) The smallest solution
(c) No solution

L 3(1+7r)*=7 I
0L 3(1+0.017)" =7

31+2r)° =7
IV. 31—r)"=7

Without solving them, say whether the equations in Prob-
lems 71-80 have a positive solution, a negative solution, a
zero solution, or no solution. Give a reason for your answer.

71. 25-37 =15 72. 13 -5 =52
73. (0.1)* =2 74. 5(0.5)Y =1

75. 5=—(0.7)" 76. 28 = 7(0.4)*
77. 7 = 28(0.4)* 78. 0.01(0.3)" = 0.1
79. 10t =75t 80. 4.3t =
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PREFACE

Algebra is fundamental to science, engineering, and business. Its efficient use of symbols to represent
complex ideas has enabled extraordinary advances throughout the natural and social sciences. To be success-
ful in any quantitative field, students need to master both symbolic manipulation and algebraic reasoning.

Balance: Manipulation and Interpretation

The fact that algebra can be encapsulated in rules sometimes encourages students to try and learn the sub-
ject merely as a set of rules. However, both manipulative skill and understanding are required for fluency.
Inadequate practice in manipulation leads to frustration; inadequate attention to understanding leads to mis-
conceptions, which easily become firmly rooted. Therefore we include both drill and conceptual exercises to
develop skill and understanding together.

By balancing practice in manipulation and opportunities to see the big picture, we offer a way for teach-
ers to help students achieve fluency. Our approach is designed to give students confidence with manipulations
as well as a solid understanding of algebraic principles, which help them remember the many different ma-
nipulations they need to master.

Laying the Foundation: Expressions and Equations

We start the book by revisiting the two fundamental ideas that underpin algebra: expressions and equations.
The distinction between the two is fundamental to understanding algebra—and to choosing the appropriate
manipulation. After introducing each type of function, we study the types of expressions and the types of
equations it generates. We pay attention to the meaning and purpose of expressions and equations in various
contexts. On these foundations we proceed to study how each type of function is used in mathematical
modeling.

Achieving Algebraic Power: Strategic Competence

We help students use algebra effectively by giving them practice in identifying the manipulation needed for
a particular purpose. For each type of function, we give problems about recognizing algebraic forms and
understanding the purpose of each form.

Functions and Modeling

Students who have a grasp of both the basic skills and the basic ideas of algebra, and a strategic sense of how
to deploy them, discover a new confidence in applying their knowledge to the natural and social sciences.
Mastery of algebra enables students to attack the multi-step modeling problems that we supply for each type
of function.

Technology and Pedagogy

The classes who used the preliminary edition of this book were taught in a variety of pedagogical styles and
a mix of lecture and discussion. The students in these classes used a range of technologies, from none to
computer algebra systems. The emphasis on understanding enables this book to be used successfully with all
these groups.



Student Background

We expect students who use this book to have completed high school algebra. Familiarity with basic manip-
ulations and functional forms enables students to build on their knowledge and achieve fluency.

After completing this course, students will be well-prepared for precalculus, calculus, and other subse-
quent courses in mathematics and other disciplines. The focus on interpreting algebraic form, supported by
graphical and numerical representations, enables students to obtain a deeper understanding of the material.
Our goal is to help bring students’ understanding of mathematics to a higher level. Whether students go on
to use “reform” texts, or more traditional ones, this knowledge will form a solid foundation for their future
studies.

Content

This content represents our vision of how algebra can be taught.

Chapter 1: The Key Concepts of Algebra

In this chapter we look at the the basic ideas of expression and equation, and at the difference between
them. We discuss the underlying principles for transforming expressions, and we construct, read, and analyze
examples of expressions and equations.

Chapter 2: Rules for Expressions and the Reasons for Them

This chapter reviews the rules for manipulating expressions that flow from the basic rules of arithmetic,
particularly the distributive law, which provides the underlying rationale for expanding, factoring, combining
like terms, and many of the manipulations of algebraic fractions.

Chapter 3: Rules for Equations and the Reasons for Them

This chapter reviews the rules for transforming equations and inequalities, laying the foundation for the
more complicated methods of solving equations that are covered in later chapters. It also covers equations
involving absolute values.

Chapter 4: Functions, Expressions, and Equations

In this chapter we consider functions defined by algebraic expressions and how equations arise from func-
tions. We consider other ways of describing functions—graphs, tables, and verbal descriptions—that are
useful in analyzing functions. We look at the average rate of change and conclude the chapter with a discus-
sion of proportionality as an example of modeling with functions.

Chapter 5: Linear Functions, Expressions, and Equations

In this chapter we introduce functions that represent change at a constant rate. We consider different forms for
linear expressions and what each form reveals about the function it expresses. We see how linear equations
in one and two variable arise in the context of linear functions. We use linear functions to model data and
applications. We conclude the chapter with a discussion of systems of linear equations.

Chapter 6: Rules for Exponents and the Reasons for Them

This chapter reviews the rules for exponents, including fractional exponents, and rules for manipulating
expressions involving radicals.



Chapter 7: Power Functions, Expressions, and Equations

Power functions express relationships in which one quantity is proportional to a power of another. We relate
the basic graphical properties of a power function to the properties of the exponent and use the laws of
exponents to put functions in a form where the exponent can be clearly recognized. We consider equations
involving power functions and conclude with applications that can be modeled by power functions.

Chapter 8: More on Functions

In this chapter we use what we have learned about analyzing algebraic expressions to study functions in more
depth. We consider the possible inputs and outputs of functions (domain and range), see how functions can
be built up from, and decomposed into, simpler functions, and consider how to construct inverse functions
by reversing the operations from which they are made up.

Chapter 9: Quadratic Functions, Expressions, and Equations

We start this chapter by looking at quadratic functions and their graphs. We then consider the different forms
of quadratic expressions—standard, factored, and vertex form—and show how each form reveals a different
property of the function it defines. We consider two important techniques for solving quadratic equations:
completing the square and factoring. The first technique leads to the quadratic formula.

Chapter 10: Exponential Functions, Expressions, and Equations

In this chapter we consider exponential functions such as 2% and 3%, in which the base is a constant and the
variable is in the exponent. We show how to interpret different forms of exponential functions. For example,
we see how to interpret the base to give the growth rate and how to interpret exponents in terms of growth
over different time periods. We then look at exponential equations. Although they cannot be solved using
the basic operations introduced so far, we show how to find qualitative information about solutions and how
to estimate solutions to exponential equations graphically and numerically. We conclude with a section on
modeling with exponential functions.

Chapter 11: Logarithms

In this chapter we develop the properties of logarithms from the properties of exponents and use them to solve
exponential equations. We explain that logarithms do for exponential equations what taking roots does for
equations involving powers: They provide a way of isolating the variable so that the equation can be solved.
We consider applications of logarithms to modeling, and conclude with a section on natural logarithms and
logarithms to other bases.

Chapter 12: Polynomials

In this chapter, as in the chapter on quadratics, we consider the form of polynomial expressions, including the
factored form, and study what form reveals about different properties of polynomial functions. We conclude
with a section on the long-run behavior of polynomials. If desired, Chapters 12 and 13 could be taught
immediately after Chapter 9.

Chapter 13: Rational Functions

In this chapter we look at the graphical and numerical behavior of rational functions on both large and small
scales. We examine the factored form and the quotient form of a rational function, and consider horizontal,
vertical, and slant asymptotes.



Chapter 14: Summation Notation

This brief chapter of one section introduces subscripted variables and summation notation in preparation for
the following three chapters.

Chapter 15: Sequences and Series

In this chapter we consider arithmetic and geometric sequences and series, and their applications. We also
look briefly at recursively defined sequences.

Chapter 16: Matrices and Vectors

This chapter introduces matrices and vectors from an algebraic point of view, using concrete examples to
motivate matrix multiplication and multiplication of vectors by matrices. We cover the use of matrices in
describing linear equations and discuss the purpose of echelon form, concluding with an introduction to row
reduction.

Chapter 17: Probability and Statistics

In this chapter we discuss the mean and standard deviation as ways of describing data sets, and provide a brief
introduction to concepts of probability, including a discussion of conditional probability and independence.

Changes since the Preliminary Edition

In response to reviewer comments and suggestions, we have made the following changes since the prelimi-
nary edition.
e Added four new chapters on summation notation, sequences and series, matrices, and probability and
statistics.
e Split the initial chapter reviewing basic skills into three shorter chapters on rules and the reasons for
them.
e Added Solving Drill sections at the end of the chapters on linear, power, and quadratic functions. These
sections provide practice solving linear, power, and quadratic equations.
e Added material on radical expressions to Chapter 6, the chapter on the exponent rules.
e Added material on solving inequalities, as well as absolute value equations and inequalities, to Chapter 3,
the chapter on rules for equations.

e Added more exercises and problems throughout.

Supplementary Materials

The following supplementary materials are available for the First Edition:

e Instructor’s Manual (ISBN 978-0470-57088-3) contains information on planning and creating lessons
and organizing in-class activities. There are focus points as well as suggested exercises, problems and
enrichment problems to be assigned to students. This can serve as a guide and check list for teachers
who are using the text for the first time.

e Instructor’s Solution Manual (ISBN 978-0470-57258-0) with complete solutions to all problems.

e Student’s Solution Manual (ISBN 978-0471-71336-4) with complete solutions to half the odd-numbered
problems.

e Student’s Study Guide (ISBN 978-0471-71334-0) with key ideas, additional worked examples with
corresponding exercises, and study skills.



ConcepTests

ConcepTests (ISBN 978-0470-59253-3), modeled on the pioneering work of Harvard physicist Eric
Mazur, are questions designed to promote active learning during class, particularly (but not exclusively)
in large lectures. Our evaluation data show students taught with ConcepTests outperformed students
taught by traditional lecture methods 73% versus 17% on conceptual questions, and 63% versus 54% on
computational problems. A new supplement to Algebra: Form and Function, containing ConcepTests by
section, is available from your Wiley representative.

About the Calculus Consortium

The Calculus Consortium was formed in 1988 in response to the call for change at the “Lean and Lively
Calculus” and “Calculus for a New Century” conferences. These conferences urged mathematicians to re-
design the content and pedagogy used in calculus. The Consortium brought together mathematics faculty
from Harvard, Stanford, the University of Arizona, Southern Mississippi, Colgate, Haverford, Suffolk Com-
munity College and Chelmsford High School to address the issue. Finding surprising agreement among their
diverse institutions, the Consortium was awarded funding from the National Science Foundation to design a
new calculus course. A subsequent NSF grant supported the development of a precalculus and multivariable
calculus curriculum.

The Consortium’s work has produced innovative course materials. Five books have been published. The
first edition Calculus was the most widely used of any first edition calculus text ever; the precalculus book
is currently the most widely used college text in the field. Books by the Consortium have been translated
into Spanish, Portuguese, French, Chinese, Japanese, and Korean. They have been used in Australia, South
Africa, Turkey, and Germany.

During the 1990s, the Consortium gave more than 100 workshops for college and high school faculty, in
addition to numerous talks. These workshops drew a large number of mathematicians into the discussion on
the teaching of mathematics. Rare before the 1990s, such discussions are now part of the everyday discourse
of almost every university mathematics department. By playing a major role in shaping the national debate,
the Consortium’s philosophy has had widespread influence on the teaching of mathematics throughout the
US and around the world.

During the 1990s, about 15 additional mathematics faculty joined the Consortium. The proceeds from
royalties earned under NSF funding were put into a non-profit foundation, which supported efforts to improve
the teaching of mathematics.

Since its inception, the Calculus Consortium has consisted of members of high school, college, and
university faculty, all working together toward a common goal. The collegiality of such a disparate group of
instructors is one of the strengths of the Consortium.
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To Students: How to Learn from this Book

This book may be different from other mathematics textbooks that you have used, so it may be helpful to know
about some of the differences in advance. At every stage, this book emphasizes the meaning (in algebraic,
practical, graphical or numerical terms) of the symbols you are using. There is more emphasis on the inter-
pretation of expressions and equations than you may expect. You will often be asked to explain your ideas in
words.

Why does the book have this emphasis? Because understanding is the key to being able to remember and
use your knowledge in other courses and other fields. Much of the book is designed to help you gain such an
understanding.

The book contains the main ideas of algebra written in plain English. It was meant to be read by students like
yourself. Success in using this book will depend on reading, questioning, and thinking hard about the ideas
presented. It will be helpful to read the text in detail, not just the worked examples.

There are few examples in the text that are exactly like the homework problems, so homework problems can’t
be done by searching for similar-looking “worked out” examples. Success with the homework will come by
grappling with the ideas of algebra.

Many of the problems in the book are open-ended. This means that there is more than one correct approach
and more than one correct solution. Sometimes, solving a problem relies on common sense ideas that are not
stated in the problem explicitly but which you know from everyday life.

The following quote from a student may help you understand how some students feel. “I find this course more
interesting, yet more difficult. Some math books are like cookbooks, with recipes on how to do the problems.
This math requires more thinking, and I do get frustrated at times. It requires you to figure out problems on
your own. But, then again, life doesn’t come with a cookbook.”

This book attempts to give equal weight to three skills you need to use algebra successfully: interpreting form
and structure, choosing the right form for a given application, and transforming an expression or equation into
the right form. There are many situations where it is useful to look at the symbols and develop a strategy before
going ahead and “doing the math.”

Students using this book have found discussing these problems in small groups helpful. There are a great many
problems which are not cut-and-dried; it can help to attack them with the other perspectives your classmates
can provide. Sometimes your teacher may organize the class into groups to work together on solving some of
the problems. It might also be helpful to work with other students when doing your homework or preparing
for exams.

You are probably wondering what you’ll get from the book. The answer is, if you put in a solid effort, you will
get a real understanding of algebra as well as a real sense of how mathematics is used in the age of technology.
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1.1 EXPRESSIONS

Example 1

Solution

An algebraic expression is a way of representing a calculation, using letters to stand for numbers.
For example, the expression

nr2h,

which gives the volume of a cylinder of radius r and height &, describes the following calculation:
e square the radius

e multiply by the height

e multiply by .
Notice that the verbal description is longer than the expression and that the expression enables us to
see in compact form all the features of the calculation at once.

(a) Describe a method for calculating a 20% tip on a restaurant bill and use it to calculate the tip on
a bill of $8.95 and a bill of $23.70.
(b) Choosing the letter B to stand for the bill amount, represent your method in symbols.

(a) Taking 20% of a number is the same as multiplying it by 0.2, so

Tip on $8.95 = 0.2 x 8.95 = 1.79 dollars
Tip on $23.70 = 0.2 x 23.70 = 4.74 dollars.

(b) The tip on a bill of B dollars is 0.2 x B dollars. Usually in algebra we leave out the multiplication
sign or represent it with a dot, so we write

0.2B or 0.2-B.

We call the letters 7, h, and B variables, because they can stand for various different numbers.

Evaluating Algebraic Expressions

Example 2

Solution

If we give particular values to the variables, then we can find the corresponding value of the expres-
sion. We call this evaluating the expression.

Juan’s total cost for 5 bags of chips at $¢ each and 10 bottles of soda at $s each is given by
Total cost = 5¢ + 10s.

If a bag of chips costs $2.99 and a bottle of soda costs $1.29, find the total cost.

We have ¢ = 2.99 and s = 1.29, so

Total cost = 5¢+ 10s = 5-2.99 + 10 - 1.29 = 27.85 dollars.

Usually, changing the value of the variables changes the value of the expression.



Example 3

Solution

Evaluate 3z — 4y and 422 + 92 + 7y using
(@ xz=2,y=-5 b)) z=-2,y=23.

(a) If x =2 and y = —5, then

3z —4y=3-2—4-(=5) =6+ 20 =26
422 + 92 +Ty=4-2249.2+7(-5) =16+ 18 — 35 = —1.

(b) If z = —2 and y = 3, then

3z —4y=3-(-2)—4-3 =—@=1n ==1g
422 + 92+ Ty =4-(-2)24+9-(-2)+7-3=16 — 18 + 21 = 19.

How Do We Read Algebraic Expressions?

Example 4

Solution

Example 5

Solution

One way to read an expression is to give a verbal description of the calculation that it represents.

The surface area of a cylinder of radius r and height h is given by the formula
Surface area = 2712 + 27rh.
Describe in words how the surface area is computed.

First square the radius and multiply the result by 27, then take the product of the radius and the
height and multiply the result by 27; then add the results of these two calculations.

Because algebraic notation is so compact, similar expressions can have quite different values.
Paying attention to the way operations are grouped using parentheses is particularly important.

In each of the following pairs, the second expression differs from the first by the introduction of
parentheses. Explain what difference this makes to the calculation and choose values of the variables
that illustrate the difference.

(a) 222 and (22)? (b) 20+ wand2(l +w) () 3—x+yand3— (z+y)

In each case the parentheses change the order in which we do the calculation, which changes the
value of the expression.

(a) In the expression 222, we square the number x and multiply the result by 2. In (2z)2, we
multiply the number z by 2 then square the product. For example, if « = 3, the first calculation
gives 2 - 9 = 18, whereas the second gives 62 = 36.

(b) In 2! + w, we begin with two numbers, [ and w. We double [ and add w to it. In 2(] + w), we
add [ to w, then double the sum. If | = 3 and w = 4, then the first calculation gives 6 + 4 = 10,
whereas the second gives 2 - 7 = 14.

(¢) In 3 — z + y, we subtract « from 3, then add y. In 3 — (x + y) we add z and y, then subtract the
sum from 3. If x = 1 and y = 2, then the first calculation gives 2 4+ 2 = 4, whereas the second
gives 3 — 3 = 0.



Example 6

Solution

Example 7

Solution

Example 8

Breaking Expressions into Simpler Pieces

Longer expressions can be built up from simpler ones. To read a complicated expression, we can
break the expression into a sum or product of parts and analyze each part. The parts of a sum are
called terms, and the parts of a product are called factors.

Describe how each expression breaks down into parts.
1 R+ S
a) =h b b) 3(x— 4 ) ——.

@ gha+d) (b) 3(z—y)+4(x+y) © —ps

(a) This expression is the product of three factors, 1/2, h, and a + b. The last factor is the sum of
two terms, a and b.

(b) This expression is the sum of two terms, 3(z — y) and 4(x + y). The first term is the product of
two factors, 3 and © — y, and the second is the product of 4 and x + y. The factors  — y and
x + y are each sums of two terms.

(c) This expression is a quotient of two expressions. The numerator is the sum of two terms, R and
S, and the denominator is the product of two factors, R and S.

Comparing the Value of Two Expressions

Thinking of algebraic expressions as calculations with actual numbers can help us interpret them
and compare their value.

Suppose p and q represent the price in dollars of two brands of MP3 player, where p > ¢. Which
expression in each pair is larger? Interpret your answer in terms of prices.

(@) p+gqgand2p (b) p+0.05pand g+ 0.05¢g (c¢) 500 — pand 500 — q.

(a) The first expression is the sum of p and g, whereas the second is the sum of p with itself. Since
p > g, we have 2p = p + p > p + ¢, so the second expression is larger. This says that the price
of two of the expensive brand is more than the price of one of each brand.

(b) We already know p > ¢, which means 0.05p > 0.05¢ as well, so the first expression is larger.
This says that the cost after a 5% tax is greater for the expensive brand than for the cheap one.

(c) Subtracting a larger number leaves a smaller result, so 500 — p < 500 — ¢. This says that you
have less money left over from $500 after buying the more expensive brand.

Finding the Hidden Meaning in Expressions

Just as English sentences can have a hidden meaning that emerges on a second or third reading,
algebraic expressions can have hidden structure. Comparing different expressions of the same type
helps reveal this structure.

Guess possible values of x and y that make each expression have the form

(@+y) +ay
-

(3+4)+3-4 10421 (2r + 3s) + 6rs

5 (b) 5 (c) 5

(a)



Solution

(a) If x = 3 and y = 4, then
(x+y)+zy (3+4)+3-4
2 - 2 ’

(b) Here we want
(x+y)+ay 10421
2 2
so we want z + y = 10 and zy = 21. Possible values are x = 7 and y = 3.
(c) Here we want © + y = 2r + 3s and xy = 6rs. Since (2r)(3s) = 6rs, we can choose x = 2r
and y = 3s. Notice that in this case the value we have given to = and y involves other variables,
rather than specific numbers.

How Do We Construct Algebraic Expressions?

Example 9

Solution

Example 10

Solution

In Example 4 we converted an algebraic expression into a verbal description of a calculation. Con-
structing algebraic expressions goes the other way. Given a verbal description of a calculation, we
choose variables to represent the quantities involved and construct an algebraic expression from the
description.

A corporate bond has a face value of p dollars. The interest each year is 5% of the face value. After
t years the total interest is the product of the number of years, ¢, and the interest received each year.
The payout is the sum of the face value and the total interest.

(a) Write an expression for the total interest after ¢ years.
(b) Write an expression for the payout after ¢ years.

(a) The variables are the number of years, ¢, and the face value, p. Because 5% = 0.05, the interest
each year is 0.05 - (Face value), so the total interest is given by

Total interest = (Number of years) - 0.05 - (Face value) = ¢0.05p = 0.05tp.

(Although it is not mathematically necessary to rewrite £0.05p as 0.05¢p, we do so because it is
customary to place constants in front of variables in a product.)
(b) The payout is the sum of the face value and the total interest and is given by

Payout = p + 0.05¢p.

A student’s grade in a course depends on a homework grade, h, three test grades, ¢, t2, and t3,
and a final exam grade, f. The course grade is the sum of 10% of the homework grade, 60% of the
average of the three test grades, and 30% of the final exam grade. Write an expression for the course
grade.

The grade is the addition of three terms:

Course grade = 10% of homework + 60% of test average + 30% of final

t1+t2+t3>

= 0.10h + 0.60 ( + 0.30f.



Exercises for Section 1.1
EXERCISES

M In Exercises 1-7, evaluate the expression using the values
given.

1. 322 =293, 0=3,y=—-1
—164% + 64t +128,¢ =3
0.5z 4 0.1w)/t, z = 10, w = —100, t = —10
(1/4)(z +3)* =Lz = -7
(a+b)?a=-5b=3
(1/2)h(B+b),h=10,B=6,b=28
(b—2)*4+3y)/2—6/(x—1),b=—1, 2 =2,y =1

NS kWD

M In Exercises 8-11, describe the calculation given by each
expression and explain how they are different.

9. (2/3)/z and 2/(3/x)

11. 3a + 4a® and 1243

8. p+g/3and(p+q)/3

10. a—(b—z)anda—b—z

M In Exercises 12-15, describe the sequence of operations that
produces the expression.

12. 2(u+1) 13. 2u+1

14. 1—3(B/2+4) 15. 3—2(s +5)

M Suppose P and Q give the sizes of two different animal pop-
ulations, where Q > P. In Exercises 16-19, which of the
given pair of expressions is larger? Briefly explain your rea-
soning in terms of the two populations.

16. P+ Q and 2P

P P+Q
P+Qand 5
18. (Q—P)/2and Q — P/2

19. P + 50t and @ + 50t

17.

PROBLEMS

M In Exercises 20-23, write an expression for the sequence of

operations.

20. Subtract x from 1, double, add 3.
21. Subtract 1 from x, double, add 3.
22. Add 3 to z, subtract the result from 1, double.
23. Add 3 to z, double, subtract 1 from the result.

M 1n Exercises 24-27, write an expression for the sales tax on

a car.

24. Tax rate is 7%, price is $p.

25. Tax rate is 7, price is $20,000.

26. Tax rate is 6%, price is $1000 off the sticker price, $p.
27. Tax rate is r, price is 10% off the sticker price, $p.

28. A caterer for a party buys 75 cans of soda and 15 bags
of chips. Write an expression for the total cost if soda
costs s dollars per can and chips cost ¢ dollars per bag.

29. Apples are 99 cents a pound, and pears are $1.25 a
pound. Write an expression for the total cost, in dol-
lars, of a pounds of apples and p pounds of pears.

30. (a) Write an expression for the total cost of buying 8
apples at $a each and 5 pears at $p each.
(b) Find the total cost if apples cost $0.40 each and
pears cost $0.75 each.

31. (a) Write an expression for the total cost of buying s
sweatshirts at $50 each and ¢ t-shirts at $10 each.
(b) Find the total cost if the purchase includes 3 sweat-
shirts and 7 t-shirts.

32. (a) Pick two numbers, find their sum and product, and
then find the average of their sum and product.
(b) Using the variables x and y to stand for the two
numbers, write an algebraic expression that repre-
sents this calculation.

33. To buy their mother a gift costing $c, each child con-
c
tributes —.
ributes

(a) How many children are there?

(b) If the gift costs $200, how much does each child
contribute?

(¢) Find the value of c if each child contributes $50.

(d) Write an expression for the amount contributed by
each child if there are 3 children.

34. The number of people who attend a concert is 160 — p
when the price of a ticket is $p.

(a) What is the practical interpretation of the 1607

(b) Why is it reasonable that the p term has a negative
sign?

(¢) The number of people who attend a movie at ticket
price $p is 175 — p. If tickets are the same price,
does the concert or the movie draw the larger au-
dience?



(d) The number of people who attend a dance perfor-
mance at ticket price $p is 160 — 2p. If tickets are
the same price, does the concert or the dance per-
formance draw the larger audience?

M Oil well number 1 produces 1 barrels per day, and oil well
number 2 produces 72 barrels per day. Each expression in
Problems 35-40 describes the production at another well.
What does the expression tell you about the well?

w
wn

41.

42,

.1+

.1 —80 39.

36. 27"1 37. 17“2
2
14 T2

5 40. 3(7‘1 + T2)

The perimeter of a rectangle of length [ and width w is
2l 4+ 2w. Write a brief explanation of where the con-
stants 2 in this expression come from.

A rectangle with base b and height h has area bh. A tri-
angle with the same base and height has area (1/2)bh.
Write a brief explanation of where the 1/2 in this ex-
pression comes from by comparing the area of the tri-
angle to the area of the rectangle.

M 1In Problems 43-45 assume a person originally owes $B
and has made n payments of $p each. Assume no interest
is charged.

43.

44.

45.

What does the expression B — np represent in terms of
the person’s debt?

Write an expression for the number of $p payments re-
maining before this person pays off the debt after he
has made n payments.

Suppose B = 5np. How many payments are required
in total to pay it off? How many more payments must
be made after n payments have been made?

M In Problems 46-49, say which of the given pair of expres-
sions is larger.

46.

47.

48.

49.

50.

10 4+ t? and 9 — ¢2

and k% + 3

6
k243
(s +2)(s*> +3) and (s> + 1)(s> + 2)

12 12
214213
A teacher calculates the course grade by adding the
four semester grades gi, g2, g3, and ga, then adding

twice the final grade, f, then dividing the total by 6.
Write an expression for the course grade.

51.

It costs a contractor $p to employ a plumber, $e to em-
ploy an electrician, and $c to employ a carpenter.

(a) Write an expression for the total cost to employ 4
plumbers, 3 electricians, and 9 carpenters.

(b) Write an expression for the fraction of the total
cost in part (a) that is due to plumbers.

(¢) Suppose the contractor hires P plumbers, E elec-
tricians, and C' carpenters. Write expressions for
the total cost for hiring these workers and the frac-
tion of this cost that is due to plumbers.

M In Problems 52-55, decide whether the expressions can be
put in the form

ax
a+x’

For those that are of this form, identify a and x.

212
3y 53, 29
y+3 b2 + 02
8y -~ 5> +3)
4y +2 y2+8

M In Problems 56-58, you have p pennies, n nickels, d dimes,
and ¢ quarters.

56.
57.
58.

59.

60.

61.

62.

Write an expression for the total number of coins.
Write an expression for the dollar value of these coins.

Write an expression for the total number of coins if you
change your quarters into nickels and your dimes into
pennies.

A car travels from Tucson to San Francisco, a distance
of 870 miles. It has rest stops totaling 5 hours. While
driving, it maintains a speed of v mph. Give an expres-
sion for the time it takes. What is the difference in time
taken between a car that travels 65 mph and a car that
travels 75 mph?

Write an expression that is the sum of two terms, the
first being the quotient of x and z, the second being the
product of L + 1 with the sum of y and 2k.

To determine the number of tiles needed to cover A
square feet of wall, a tile layer multiplies A by the
number of tiles in a square foot and then adds 5% to
the result to allow for breakage. If each tile is a square
with side length 4 inches, write an expression for the
number of tiles.

Five quizzes are taken and the average score is z. A
sixth quiz is taken and the score on it is s. Write an
expression for the average score on all six quizzes.



M In Problems 63-64, a farm planted with A acres of corn 66.

yields b bushels per acre. Each bushel brings $p at market, —2] -1 0 1 2 a
and it costs $c to plant and harvest an acre of corn. -11-1/2] 0 1/2
63. What do the expressions cA and pb represent for the 1 /2 | 0 | -1/2] -1

farm? 32| 1 |12 o | -1/2

64. Write a simplified expression for the farm’s overall
profit (or loss) for planting, harvesting, and selling its

corn. p
M In Problems 65-67, each row of the table is obtained by per- L]2]3]4]5 |z|a—1
forming the same operation on all the entries of the previous 2 61810 B
row. Fill in the blanks in the table. 3157 11
65.
-2 -1 0 1 2 a
-1 | o 1 2 3
—1/2] 0 1/2 1 3/2 68. T.he volume of a cone with radil2ls r anfi height h is
2 | o | -1z | -1 32 given by the expression (1/3)@" h. Write an expres-
sion for the volume of a cone in terms of the height A
3/2 L 1/2 0 | —1/2 if the radius is equal to half of the height.

1.2 EQUATIONS

Example 1

Solution

An equation is a statement that two expressions are equal. Equations often arise when we want to
find a value of a variable that makes two different expressions have the same value. A value of the
variable that makes the expressions on either side of an equation equal to each other is called a
solution of the equation. A solution makes the equation a true statement.

You have a $10 discount certificate for a pair of pants. When you go to the store you discover that
there is a 25% off sale on all pants, but no further discounts apply. For what tag price do you end up
paying the same amount with each discount method?

Let p be the tag price, in dollars, of a pair of pants. With the discount certificate you pay p — 10,
and with the store discount you pay 75% of the price, or 0.75p. You want to know what values of p
make the following statement true:

p— 10 = 0.75p.

Table 1.1 shows that you pay the same price with either discount method when the tag price is $40,
but different prices when p = 20, 30, 50 or 60.

Table 1.1 Comparison of two discount methods

Tag price, p (dollars) 20 30 40 50 60
Discount certificate, p — 10 10 20 30 40 50
Store discount, 0.75p 15 22.50 30 37.50 45

So p = 40 is a solution to the equation, but the other values of p are not.

In Example 1 we found one solution to the equation, but we did not show that there were not
any other solutions (although it seems unlikely). Finding all the solutions to an equation is called
solving the equation.



Example 2

Solution

In general, an equation is true for some values of the variables and false for others. To test
whether a number is a solution, we evaluate the expression on each side of the equation and see if
we have an equality.

For each of the following equations, which of the given values is a solution?
(a) 3—4t =5— (2 +1), for the values t = —3, 0.
(b) 322 + 5 = 8, for the values x = —1,0, 1.

(a) We have:

fort = —3, the equation says 3 —4(—3) =5— (2+ (—3)), thatis, 15=6,
for t = 0, the equation says 3—4-0=5—(2+0), thatis, 3 =3

Sot = —3 is not a solution to the equation, and ¢ = 0 is a solution.
(b) We have:

for z = —1, the equation says 3(—1)>+5 =28, thatis, 8=28
for x = 0, the equations says 3-0245=28, thatis, 5=38
for z = 1, the equations says 3-124+5= 8, thatis, 8 =8.

Both x = —1 and x = 1 are solutions, but « = 0 is not a solution. Notice that the equation has
more than one solution.

The Difference between Equations and Expressions

Example 3

Solution

An equation must have an equal sign separating the expressions on either side. An expression never
has an equal sign. For example, 3(x — 5) + 6 — « is an expression, but 3(z — 5) +6 — 2 = 0 is an
equation. Although they look similar, they mean quite different things. One way to avoid confusion
is to interpret the meaning of an expression or an equation.

You have $10.00 to spend on n bottles of soda, costing $1.50 each. Are the following expressions?
Equations? Give an interpretation.

(a) 1.50n (b) 1.50n =6.00
(c) 10— 1.50n (d) 10—1.50n = 2.50

(a) This is an expression representing the cost of n bottles of soda.

(b) This is an equation, whose solution is the number of bottles that can be purchased for $6.00.

(c) This is an expression representing the amount of money left after buying n bottles of soda.

(d) This is an equation, whose solution is the number of bottles you bought if the change you
received was $2.50.

Solving Equations

In Example 2 we saw how to look for solutions to equations by trial and error. However, we cannot
be sure we have all the solutions by this method. But if an equation is simple enough, we can often
reason out the solutions using arithmetic.



Example 4

Solution

Example 5

Solution

Example 6

Solution

Find all the solutions to the following equations.
(@ x+5=17 (b) 20 =4a (c) s/3=22 d ¢*>=49

(a) There is only one number that gives 17 when you add 5, so the only solution is z = 12.

(b) Here the product of 4 and a is 20, so a = 5 is the only solution.

(c) Here 22 must be one third of s, so s must be 3 - 22 = 66.

(d) The only numbers whose squares are 49 are 7 and —7, so g = 7 and g = —7 are the solutions.

In later chapters we see how to solve more complicated equations.
Finding Solutions by Looking for Structure in Equations

Even when it is not easy to find all solutions to an equation, it is sometimes possible to see one of
the solutions by comparing the structure of the expressions on each side.

Give a solution to each equation.
r+1 x—17
(a) =

. 1 (b) 3 =0
) 9—z=2-9 d 3 —=524+5t—1=0

(a) The only way a fraction can equal one is for the numerator to equal the denominator. Therefore,
x + 1 must be 5, so z = 4.

(b) The only way a fraction can equal zero is for the numerator to be zero. Therefore x = 7.

(c) The left side is the negative of the right side, so the equation requires a number to equal its own
negative. The only such number is zero. So 9 — z and z — 9 are both zero, and z = 9.

(d) The constants multiplying the powers of = on the left side add to zero. Therefore, if t = 1,

2 —5t24+5t—1=1-5+5—-1=0,
so t = 11is a solution. There could be other solutions as well.
With some equations, it is possible to see from their structure that there is no solution.
For each of the following equations, why is there no solution?

3z + 1 _
3z+2

() 22=—4 (b) t=t+1 (©) 1 d Vvwt+4d=-3

(a) Since the square of any number is positive, this equation has no solutions.

(b) No number can equal one more than itself, so there are no solutions.

(c) A fraction can equal one only when its numerator and denominator are equal. Since the denom-
inator is one larger than the numerator, the numerator and denominator can never be equal.

(d) The square root of a number must be positive. Therefore, this equation has no solutions.

What Sort of Numbers Are We Working With?

If you know about complex numbers, then you know that Example 6(a) has two solutions that
are complex numbers, 27 and —27 (we review complex numbers in Section 9.5). Thus it has no
real solutions, but has two complex solutions. Unless otherwise specified, in this book we will be
concerned only with solutions that are real numbers.



Using Equations to Solve Problems

Example 7

Solution

Example 8

Solution

A problem given verbally can often be solved by translating it into symbols and solving an equation.

You will receive a C in a course if your average on four tests is between 70 and 79. Suppose you
scored 50, 78, and 84 on the first three tests. Write an equation that allows you to determine the
lowest score you need on the fourth test to receive a C. What is the lowest score?

To find the average, we add the four test scores and divide by 4. If we let g represent the unknown
fourth score, then we want

50+78+84+g 212+g

70.
4 4

Since the numerator must be divided by 4 to obtain 70, the numerator has to be 280. So g = 68.

A drought in Central America causes the price of coffee to rise 25% from last year’s price. You have
a $3 discount coupon and spend $17.00 for two pounds of coffee. What did coffee cost last year?

If we let ¢ represent the price of one pound of coffee last year, then this year’s price would be 25%
more, which is
c+ 0.25¢ = 1.25¢.

Two pounds of coffee would cost 2(1.25¢). When we subtract the discount coupon, the cost would
be 2(1.25¢) — 3. Since we spent $17.00, our equation is

2(1.25¢) — 3 = 17,

or
2.5¢—3 =1T7.
Thus
2.5¢ =17+ 3 = 20,
)

c=20/2.5=28.

This means that the price of coffee last year was $8 per pound.

Exercises for Section 1.2

EXERCISES
M In Exercises 1-4, write an equation representing the situa-  BIn Exercises 5-9, write in words the statement represented
tion if p is the price of the dinner in dollars. by the equation.
1. The cost for two dinners is $18. 5. 92 — 16 6. z—a?
2. The cost for three dinners plus a $5 tip is $32.
3. The cost of a dinner plus a 20% tip is $10.80. 7. 5+10=2s 8. 0.5t =250
4

. The cost of two dinners plus a 20% tip is $21.60. 9. y—4=3y



M 1n Exercises 10-15, is the value of the variable a solution to
the equation?

10. t+3=t>49,¢t=3 11. 243 =22-9,2 = -3

5 a+3
12. z+3=2"-9,z =4 13. =1,a=0
a—3
4. 379 1 4=0
3—a

15. 4(r—=3)=4r—-3,r=1

M1s ¢ = 0 a solution to the equations in Exercises 16-19?

rt

16. 20—t =20+t 17. t3+7t+5:5fz

18. t+1=¥

19. t(1+t(1+t(1+1) =1

20. Which of the numbers in (a)—(d) is a solution to the

equation?
2
W =3z(z+1)+1
(@ 1 b) 0 © -1 d 2
PROBLEMS

21. Which of the following are equations?

(@ 3(x+5)=6—2(x—05)
) az?+bxr+c=0

() 52z — 1)+ (5 —z)(z+3)
d t=7(t+2)—1

22. (a) Construct a table showing the values of the expres-
sion 1 + bz forx =0, 1,2, 3,4.
(b) For what value of x does 1 + 5z = 16?
23. (a) Construct a table showing the values of the expres-
sion3 —a” fora =0,1,2,3,4.
(b) For what value of a does 3 — a? = —6?

M Solve each equation in Exercises 24-36.

4. z+3=8 25. 22 =10
2. c—4=15 7. 2

3
8. 12— -7 29. 24 = 6w
30.%:10 3. 20—z =13
32. 5z =20 3. 14+ 5=20
34. w/5 = 20 35. y—5=20
36.20=5—x

37. The value of a computer ¢ years after it is purchased is:
Value of the computer = 3500 — 700t.

(a) What is value of the computer when it is pur-
chased?

(b) Write an equation whose solution is the time when
the computer is worth nothing.

38. Eric plans to spend $20 on ice cream cones at $1.25
each. Write an equation whose solution is the number
of ice cream cones he can buy, and find the number.

39. Hannah has $100 in a bank account and deposits $75
more. Write an equation whose solution is the amount
she needs to deposit for the balance to be $300, and
find the amount.

40. Dennis is on a diet of 1800 Calories per day. His dinner
is 1200 Calories and he splits the remaining Calories
equally between breakfast and lunch. Write an equa-
tion whose solution is the number of Calories he can
eat at breakfast, and find the number.

41. A town’s total allocation for firemen’s wage and ben-
efits is $600,000. If wages are calculated at $40,000
per fireman and benefits at $20,000 per fireman, write
an equation whose solution is the maximum number of
firemen the town can employ, and solve the equation.

M A ball thrown vertically upward at a speed of v ft/sec rises

a distance d feet in  seconds, given by d = 6 + vt — 16¢2.
In Problems 42-45, write an equation whose solution is the
given value. Do not solve the equation.

42. The time it takes a ball thrown at a speed of 88 ft/sec to
rise 20 feet.

43. The time it takes a ball thrown at a speed of 40 ft/sec to
rise 15 feet.

44. The speed with which the ball must be thrown to rise
20 feet in 2 seconds.

45. The speed with which the ball must be thrown to rise
90 feet in 5 seconds.

46. Verify that t = 1,2, 3 are solutions to the equation
tt—1(t—-2)(t—-3)(t—4)=0.

Can you find any other solutions?



M Table 1.2 shows values of three unspecified expressions in  BIn Problems 57-60, explain how you can tell from the form

x for various different values of z. Give as many solutions of the equation that it has no solution.
of the equations in Problems 47-49 as you can find from the
table. 32
57. 14+ 3a=3a+2 58. —— =1
Table 1.2 322 —1
-1 1 2
& 0 5. L =3 60. 21 _1
Expressionl | 1 |2 —1| 0 4z 2a 2
Expression 2 1 0] -1
Expression3 | 0 |2 | —1| —1
61. Given that x = 4 is a solution to
47. Expression 1 = Expression 2
. . 2jx + z = 3,
48. Expression 1 = Expression 3
49. Expression 2 = Expression 3 )
evaluate the expression 165 + 2z.
M In Problems 50-56, does the equation have a solution? Ex- i
plain how you know without solving it. 62. The equation
5 —zV7T+x =2
50. 22 -3 =7 51 2" 4+3=7
52. 4 =5+ 22 53. 24 50 =645z has two solutions. Are they positive, zero, or negative?
Give an algebraic reason why this must be the case.
T+ 3 z+3 i
54, - 55, - You need not find the solutions.
2z +5 5+x )
63. The equation z° + 1 = 2z + /7 has two solutions.
z+3 Are they positive, zero, or negative? Give an algebraic
36 2 + 6 =1 reason why this must be the case. You need not find the

solutions.
1.3 EQUIVALENT EXPRESSIONS

Two expressions are equivalent if they have the same value for every value of the variables. For
example, g is equivalent to 3% because no matter what value of a we choose, we get the same value
for both expressions; dividing by 2 is the same as multiplying 1/2. If a = 10, for instance, then

a 10 1 1

2 2 Mgt Ty

Since the variables in an expression stand for numbers, the rules of arithmetic can be used to deter-
mine when two expressions are equivalent.

1
Example 1 Use the rules of arithmetic to explain why g is equivalent to —a.

Solution We have

Dividing both sides by 2, we get



Example 1 illustrates that we can rewrite division as multiplication. For example, we can rewrite
12/6 as 12 - %. In general we have
a 1

=a- . rewrite division as multiplication

b
If b # 0, the number 1/b is called the reciprocal of b.

1 1
At the beginning of Example 1 we regrouped the multiplication to see that 2 (ia) = (2 : 5) a.

We review rules for transforming expressions, such as regrouping and reordering multiplication and
addition, in Section 2.1.

Using Evaluation to See When Expressions Are Not Equivalent

Example 2

Solution

Example 3

Solution

Many common errors in algebra result from thinking that expressions are equivalent when in fact
they are not. It is usually easy to find out when two expressions are not equivalent by evaluating
them. If you find a value of the variable that makes the expressions have different values, then they
are not equivalent.

A student accidentally replaced the expression (z +v)? with the expression 2 + 2. Choose values
of x and y that show this is wrong.

Since the parentheses change the order in which we perform the operations of squaring and adding,
we do not expect these two expressions to be equivalent. If, for example, z = 4 and y = 3, the
expressions have different values:

(x+y)?: (44+3)>= 7% =49 add first, then square
22 49%: 42432=164+9 =25 square first, then add.

Mistakes often occur in working with fractions. Again, a quick check with actual values of the
variables will usually catch a mistake.

g . 1
is not equivalent to — + —
Ty

. . 2
is not equivalent to — + y.
x

2
(a) Show
z+y

b) Sh
(b) wa—i—y

(a) One way to see thisis to let z = 1 and y = 1 in each expression. We obtain

1 1 1 1
—+—-—==-+=-=1+1=2,
z y 1 1

2 2 2

z+y 141 ~ 3
Since 2 # 1, the expression 1/2 4+ 1/y is not equivalent to 2/(x + y).

(b) We do not expect the two expressions to be equivalent since they represent quite different cal-
culations:

means divide 2 by the sum (z + y)
T+y



2
— +y means divide 2 by x then add y.
x

For example, if z = 1 and y = 1, the first calculation gives 1 and the second gives 3.

Warning: Checking Values Cannot Show That Two Expressions Are Equivalent

Even if two expressions are not equivalent, it is possible that they could have the same value every
now and then. You cannot show two expressions are equivalent by checking values. Rather, you
need to use some reasoning such as in Example 1.

Example 4 The expressions 222 — 5z + 3 and 22 — 2z + 1 have the same value at x = 1 and = = 2. Are they
equivalent?
Solution We have

2.12-5.1+3=0 12—2-141=0 equal valuesatz = 1
2.22-5.243=1 22-2.241=1 equalvaluesatz = 2.

However, trying one more value, x = 3, we find
2.32-5.3+3=6 32-2.34+1=4 different values at 2 = 3.

So the expressions are not equivalent.

Using Equivalent Expressions

Algebra is a powerful tool for analyzing calculations and reasoning with numbers. We can use
equivalent expressions to decide when seemingly different calculations give the same answer.

Example 5 To convert from miles to kilometers, Abby doubles the number of miles, m, then decreases the result
by 20%. Renato first divides the number of miles by 5, and then multiplies the result by 8.

(a) Write an algebraic expression for each method.
(b) Use your answer to part (a) to decide if the two methods give the same answer.

Solution (a) Abby’s method starts by doubling m, giving 2m. She then takes 20% of the result, giving
0.2(2m). Finally she subtracts this from 2m, giving 2m — (0.2)2m. Renato’s method starts by
dividing m by 5, giving m/5, and then multiplies the result by 8, giving 8(m/5).
(b) Abby’s expression can be simplified as follows:

2m — (0.2)2m = 2m — 0.4m = (2 — 0.4)m = 1.6m.

(The step where we rewrite 2m — 0.4m as (2 — 0.4) uses the distributive law, which we review
in Section 2.2.) Renato’s method gives

So the two methods give the same answer and the expressions are equivalent.



Equivalent Expressions, Equations, and Identities

When we say two expressions, such as « + = and 2z, are equivalent we are really saying: “For all
numbers z, we have z + x = 2x.” This statement looks like an equation. In order to distinguish this
use of equations, we refer to

T+ =2z

as an identity. An identity is really a special equation, one that is satisfied by all values of the
variables. For simple identities, we can sometimes see that the two expressions on either side are
equivalent by visualizing them on the number line.

Example 6 On Figure 1.1, indicate an interval of length 1 — z, and then use this to indicate an interval of length
1 — (1 — z). What two expressions does this suggest are equivalent?

Figure 1.1: Subdividing an interval

Solution The interval of length 1 is divided into two pieces, the first one being of length x. So the second
one is what is left over after you take = from 1, so it must be of length 1 — =. But now the original
piece is what is left over when you take 1 — 2z away from 1, so it must be of length 1 — (1 — ). See

Figure 1.2.
xz
1

Figure 1.2: The first interval has length z
and also length 1 — (1 — )

Since the intervals z and 1 — (1 — x) are the same, this suggests that 1 — (1 — ) is equivalent
to x. In fact

1—(1—2)=a forall values of .

Exercises for Section 1.3

EXERCISES
M In Exercises 1-4, find a value of x to show that the two ex- 3. z/5and 5/x
pressions are not equivalent. 4. 22® — 5z and 25 — 32°
1. 2z and 8z M In Exercises 5-14, are the expressions equivalent?

2. 2z+10and z + 5 5. a4+ (2—d)and (a +2)—d



6. 6+ r/2and 3 + 0.57
7. 3(z + w) and 3z + 3w

9. Va?+b%2anda+b

. (3—4t)/2and 3 — 2¢
. 2% + 422, 522, and 42*
. (x42)% 2% +4,and V' +16
M In Exercises 15-17,

(a) Write an algebraic expression representing each of the
given operations on a number b.

8. (a —b)?*and a® — V?
10. —a+2and —(a +2)
12. be — cd and ¢(b — d)

17.

18.

19.

“Multiply by eighty percent”
“Divide by eight-tenths”
The area of a triangle is often expressed as A =

(1/2)bh. Is the expression bh/2 equivalent to the ex-
pression (1/2)bh?

Show that the following expressions have the same
value at v = —8:
12+ 22 and 12
4+ 4—z

Does this mean these expressions are algebraically
equivalent? Explain your reasoning.

(b) Are the expressions equivalent? Explain what this tells
you. B Which of the equations in Exercises 20-23 are identities?
15. “Multiply b fifth”
Py by one i 20. 22 +2 =3z 21. 22% + 32 = 52
“Divide by five”
16. “Multiply by 0.4 22. 2u® 4 3u® = bu’
“Divide by five-halves” .t 1/ + 1) =t +1)/(t*+1)
PROBLEMS
24. Explain why 31. Your older sister, who has more money than you, pro-

for all x # 1.

M A person’s monthly income is $7, her monthly rent is $R,
and her monthly food expense is $F. In Problems 25-28, do
the two expressions have the same value? If not, say which
is larger, or that there is not enough information to decide.
Explain your reasoning in terms of income and expenses.

25.

26.
27.

[-R—FandI— (R+F)

12(R+ F) and 12R + 12F
I—-R—F+100and I — R — (F + 100)
28. R+Fand[—R—F

I I
29. To convert kilograms to pounds, Abby halves the num-
ber of kilograms, n, then subtracts 10% from the result
of that calculation, whereas Renato subtracts 10% first

and then halves the result.

(a) Write an algebraic expression for each method.
(b) Do the methods give the same answer?

30. Professor Priestley calculates your final grade by aver-
aging the number of points, x, that you receive on the
midterm with the number of points, y, that you receive
on the final. Professor Alvorado takes half the points on
each exam and adds them together. Are the two meth-

ods the same? Explain your answer algebraically.

32.

33.

Bin

poses that she give you half the difference between the
amount of money, $q, that she has and the amount of
money, $p, that you have. You propose instead that you
give her half your money and she give you half hers.
Is there any difference between the methods? Explain
your answer algebraically.

Consider the following sequence of operations on a
number n: “Add four, double the result, add the orig-
inal number, subtract five, divide by three.”

(a) Write an expression in n giving the result of the
operations.

(b) Show that the result is always one more than the
number you start with.

On Figure 1.3, indicate intervals of length
(@ z+1 ) 2(z+1)
(© 2z @ 2zx+1

What does your answer tell you about whether
2z + 1 and 2(x + 1) are equivalent?

1 z z 1

Figure 1.3

Problems 34-36, determine whether the sentence de-

scribes an identity.



34. Eight more than a number n is the same as two less 39.

than six times the number. m —1{0]1
4
35. Twice the combined income of Carlos and Jesse equals m 5
the sum of double Carlos’ income and double Jesse’s 2m
income. 2m?2 4 2m?
36. In a store, N bottles of one brand of bottled water, at 4m?
$1.19 a bottle, plus twice that many bottles of another 4m?
brand at $1.09 a bottle, cost $6.74.
M In Problems 37-41, complete the table. Which, if any, of the 40
expressions in the left-hand column are equivalent to each ’ I 20 =1101]2
other? Justify your answer algebraically. _J
37. —(-1)
T 11| =710)7|11
2x
3z 41.
2% + 3z T 2| -1]0(f1]2
5z T+ 3
—(z+3)
38. —x
t ~11|-7f{o]7|n 213
2t —z—3
—3t
2t — 3t
—t 42. Write a sentence explaining what it means for two ex-

pressions to be equivalent.

1.4 EQUIVALENT EQUATIONS

In Example 5 of Section 1.2, the equations were simple enough to solve by direct reasoning about
numbers. But how can we be sure of finding a solution to an equation, and how can we be sure that
we have found all the solutions? For a more complicated equation, we try to find a simpler equation
having the same solutions. A common way of doing this is to perform the same operation on both
sides of the equation.

Example 1 What operation transforms the first equation into the second equation? Check to see that the solu-

tions of the second equation are also solutions of the first equation.

(a) 2z —10 =12 (b) 5(w+1) =20

2iap = 22 w+1=4
(c) 3t + 58.5 = 94.5 (d) a?/1.6 = 40
3t =36 a® = 64
Solution (a) We add 10 to both sides of the equation to get
22— 10 10/="12/+-10
e = %2

The solution to the last equation is 11. Substituting z = 11 into the first equation gives 2(11) —
10 =22 — 10 = 12, so 11 is also a solution to the first equation.



(b) We divide both sides by 5 to get

5(w+1) _ 20
5 5
w+1=4.

The solution to the last equation is 3. Substituting w = 3 into the first equation gives 5(3+1) =
5(4) = 20, so 3 is also a solution to the first equation.
(c) We subtract 58.5 from both sides of the first equation to get

3t + 58.5 — 58.5 = 94.5 — 58.5
3t = 36.

The solution to the last equation is 12. Substituting ¢ = 12 into the first equation gives 3(12) +
58.5 = 36 + 58.5 = 94.5 so 12 is also a solution of the first equation.
(d) We multiply both sides of the first equation by 1.6 to get

1.6(a?/1.6) = 40(1.6)
a® = 64.
There are two solutions to the second equation, 8 and —8. Substituting these values into the first

equation gives 82/1.6 = 64/1.6 = 40 and (—8)?/1.6 = 64/1.6 = 40, so 8 and —8 are both
solutions to the first equation as well.

In general,

Equivalent Equations

We say two equations are equivalent if they have exactly the same solutions.

How can we tell when two equations are equivalent? We can think of an equation like a scale
on which things are weighed. When the two sides are equal, the scale balances, and when they are
different it is unbalanced. If we change the weight on one side of the scale, we must change the
other side in exactly the same way to be sure that the scale remains in the same state as before,
balanced or unbalanced. Similarly, in order to transform an equation into an equivalent one, we
must perform an operation on both sides of the equal sign that keeps the relationship between the
two sides the same, either equal or unequal. In that way we can be sure that the new equation has
the same solutions—the same values that make the scale balance—as the original one.

What Operations Can We Perform on an Equation?

In Example 1, we solved the first equation by adding 10 to both sides, and the second equation by
dividing both sides by 5. In each case, we chose an operation that would make the equation simpler.
Being able to anticipate the effect of an operation is an important skill in solving equations.



Example 2

Solution

Example 3

Solution

Example 4

Solution

Which operation should we use to solve each equation?
(@ z+5=20 (b) 5z =20 () z/5=20

(a) In this equation, 5 is added to z, so we should subtract 5 from both sides of the equation.
(b) Because z is multiplied by 5, we should divide both sides of the equation by 5.
(c) Here z is divided by 5, so we should multiply both sides of the equation by 5.

In general,

We can transform an equation into an equivalent equation using any operation that does not
change the balance between the two sides. This includes:
e Adding or subtracting the same number to both sides

e Multiplying or dividing both sides by the same number, provided it is not zero

e Replacing any expression in an equation by an equivalent expression.

These operations ensure that the original equation has the same solutions as the new equa-
tion, even though the expressions on each side might change. We explore other operations in later
chapters.

Without solving, explain why the equations in each pair have the same solution.
(@ 24(v-21)2=15 b)) Pray=y3+2y+7
(v—2.1)2=6.25 dy =2y +7

(a) We divide both sides of the first equation by 2.4 to obtain the second equation.
(b) We subtract > from both sides of the first equation to get the second.

Warning: Dividing Both Sides by an Expression That Might Be Zero

Not every operation that we can perform on both sides of an equation leads to an equivalent equation.
If you divide both sides by an expression that could be equal to zero, then you might lose some
solutions.

What operation transforms the first equation into the second equation? Explain why this operation
does not produce an equivalent equation.

2% = 3x

B= 3

We divide both sides of 22 = 3x by x to obtain & = 3. This step does not produce an equivalent
equation because x might be equal to zero. In fact, both z = 3 and = = 0 are solutions to the first
equation, but only x = 3 is a solution of the second equation. When we divide by z, we lose one of
the solutions of the original equation.

Since it is not helpful to lose solutions to an equation, dividing both sides of an equation by an
expression that could take the value zero is not regarded as a valid step in solving equations.



Deciding Which Operations to Use

Example 5

Solution

Example 6

Solution

In Example 2 we chose an operation that produced an equation of the form x = Number. We
sometimes describe this as isolating the variable on one side of the equation. In general, we want to
choose operations that head toward a form in which the variable is isolated.
When we evaluate the expression 2z + 5, we first multiply the z by 2, then add the 5. When we
solve the equation
2r+5=13

we first subtract the 5 from both sides, then divide by 2. Notice that when solving the equation, we
undo in reverse order the operations used to evaluate the expression.

Solve each equation.
(a 3z—-10=20 (b) 2(x+3) =50

(a) In the expression on the left side of the equal sign, we first multiply by 3 and then subtract 10.
To solve for x in the equation, we undo these operations in reverse order. We first add 10 and
then divide by 3 on both sides of the equation to produce equivalent equations.

3z — 10 =20
3x = 30 add 10 to both sides
x = 10 divide both sides by 3.

We check to see that 10 is a solution: 3(10) — 10 = 30 — 10 = 20.

(b) In the expression on the left side of the equal sign, we first add 3 to = and then multiply by 2.
To solve for x in the equation, we undo these operations in the reverse order. We first divide by
2 and then subtract 3 from both sides to produce equivalent equations.

2(z+3) =50
z + 3 =25 divide both sides by 2
x = 22 subtract 3 from both sides.

We check to see that 22 is a solution: 2(22 + 3) = 2(25) = 50.

Reasoning About Equations

In future chapters we will encounter more operations that we might want to perform on both sides of
an equation to solve it. It is not always easy to decide whether operations might change the solutions,
as in Example 4. Sometimes it is simpler just to think about the numbers involved in the equation.

1
Solve the equation — = 2.5.

z
To undo the operation of dividing by z, we might think about multiplying both sides by z. Since 2
might be zero, this would not normally be allowed. However, in this case, z cannot be equal to zero

in the original equation, since the left-hand side would be undefined. So if

if 1:2.5 then 1=2z-2.5.
%



The second equation can be solved by dividing both sides by 2.5 to get

1
=-—=04.
T2
We check to see that 0.4 is a solution: 1/0.4 = 2.5.

Equivalent Equations Versus Equivalent Expressions

Example 7

Solution

Let us compare what we have learned about expressions and equations. To transform an equation
into an equivalent equation, we can use any operation that does not change the equality of the two
sides. However, when we solve an equation, the expressions on either side of the equal sign may not
be equivalent to the previous expressions. Consider the equation

2¢x 4+ 5 =13,
whose solution is 4. If we subtract 5 from both sides of the equation, we get
20 =8

whose solution is also 4. Although we can subtract 5 from both sides of the equation, we cannot
subtract 5 from the expression 2x + 5 alone without changing its value, because clearly 2z + 5 does
not equal 2. Thus, the operations we can use to create an equivalent equation include some that we
cannot use to create an equivalent expression.

(a) Is the equation 2z + 6 = 10 equivalent to the equation x + 3 = 5?
(b) Is the expression 2x + 6 equivalent to the expression x + 3?

(a) If we divide both sides of the first equation by 2, we have

2246 =10
2¢+6 10 .
) = — dividing both sides by 2
T+ 3 =05.

Therefore, the two equations are equivalent. Dividing both sides of an equation by 2 produces
an equivalent equation. You can verify that x = 2 is the solution to both equations.

(b) The expression 2z + 6 is not equivalent to  + 3. This can be seen by substituting z = 0 into
each expression. The first expression becomes

204+ 6=2(0)+6 = 6,
but the second expression becomes
r+3=0+3=3.

Since 6 is not equal to 3, the expressions are not equivalent. We cannot divide this expression
by 2 without changing its value.



Exercises for Section 1.4
EXERCISES

M In Exercises 1-8, what operation on both sides of the equa-
tion isolates the variable on one side? Give the solution of
the equation.

M In Exercises 25-32, are the two equations equivalent? If they
are, what operation transforms the first into the second?

25. 2(z+3) =10 26. 2z 45 = 22

1L 014+t=-01 2. 10 =3+4r
3. —14+8=0 4. 5y =19
5. —x=—-4 6. T = 6x — 6
7 %“’:4 8. 0.5z =3

B Each of the equations in Exercises 9-12 can be solved by
performing a single operation on both sides. State the oper-
ation and solve the equation.

9. z4+7=10 10. 3z =12

11. = =17 12. 2° =64

oly B

M Each of the equations in Exercises 13—16 can be solved by
performing two operations on both sides. State the opera-
tions in order of use and solve the equation.

13. 2¢+3 =13 14. 2(z +3) =13
T r+5

15. =+5=20 16. =20
3+ 3

M In Exercises 17-24, is the second equation the result of a
valid operation on the first? If so, what is the operation?

17. 3+ 5x=1—-2x 18. 3+2x =5
347r=1 3=2:45
19. 1-2:2+2=1 20. g—zzo
z—212=0 dr—9=0
21. 9z — 322 = 5z n 3_%_4
9-32=5 43
o 9—-3zx=2
23. 522 — 20z = 90 2, TE2 3
2 5
xr° —4x = 18 1—-3z
x+2=

r+3=10 2r =27
27. 5 =3z =10 28. 22 =5z
5=10+ 3x r=25

29. 3z —6 =10 30. 2 =b5x + 8
3x =16 3r =38
3. z=a 32. £ =12
22 =za r = 36

33. Which of the following equations have the same solu-
tion? Give reasons for your answer that do not depend
on solving the equations.

. z+3=5x—14 . z—3=5x+4

. 2x+8=5x—-—3 1IV. 10z +6=2x—38
x 1

V. 10 —8=2x+6 VL 0.3+E = 5x70.4

34. You can verify that ¢ = 2 is a solution to the two equa-
tions t* = 4 and t> = 8. Are these equations equiva-
lent?

M Solve the equations in Exercises 35-46.

35. bz +12=90 36. 10 — 22 =60
37. 3(z —5) = 12 38. mgQZw

39. 3z =18 40. —2y =14

41. 3z =22 42. x+3=13

43. y—7=21 44. w423 =-34
45. 2z +5=13 46. 2 +5=4r—9



PROBLEMS

M In Problems 47-54, which of the following operations on
both sides transforms the equation into one whose solution

is easiest to see?

(a)
(d)

47.

49.

9]
w

Add 5 (b) Addz (¢) Collect like terms
Multiply by 3 (e) Divide by 2
r—5=6 48. 2x =2
rz 1
- — == 50. 5—xz=
373 0 5—x=0
L2 —T—x=3 52. 2—-2x=2—x
2
%’4%:2 54. 5 -2z =0

M In Problems 55-58, the solution depends on the constant a.
Assuming a is positive, what is the effect of increasing a
on the solution? Does it increase, decrease, or remain un-
changed? Give a reason for your answer that can be under-
stood without solving the equation.

55.
57.

59.

60.

61.

56. ar =1

58.

r—a=20

ar =a =1

ISR

(a) Does z/3 + 1/2 = 4z have the same solution as
2x + 3 = 24x?

(b) Is z/3 + 1/2 equivalent to 2z + 3?

(a) Does 8¢ — 4 =
20 — 1 =37

(b) Is 8x — 4 equivalent to 2z — 1?

12 have the same solution as

Which of the equations in parts (a)—(d) are equivalent

to
r—3

20— (x+3) =4+ 0 ?
Give reasons for your answers.
z—3
2z — =4
@ 2z—xz+3 + 0

(b) 2z — (z+3) =4+0.1z — 0.3
(© z—3=37+0.1z
(d) 20z —10(z +3) =442 —3

62. The equation

22 —5r4+6=0

has solutions z = 2 and x = 3. Is
22— 522+ 62 =0

an equivalent equation? Explain your reasoning.

B Each of the equations in Problems 63-68 can be solved by
performing a single operation on both sides. State the oper-
ation and solve the equation.

63.

65.

67.

69.

70.

71.

13 = -2z 64, —11 = —s
3 4
M=z 66. /r=1
7 3 VT 6
3 _ 1 _ 5
Yy’ = -8 68. 5= 1
Suppose & = 5 is a solution to the equation b(x —r) =

3. Square both sides of this equation and then add 4 to
both sides. Give the resulting equation and find a solu-
tion.

Show that z = 5 is a solution to both the equations

20 —-10=0 and (z—3)>—4=0.

Does this mean these equations are equivalent?

Write a short explanation describing the difference be-
tween an expression and an equation.



REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 1

EXERCISES

1. For m CDs costing $16.99 each and n DVDs costing ~ BMIn Exercises 17-20, find values of  and y to show that the
$29.95 each, Norah’s total cost is given by two expressions are not equivalent.

Total cost = 16.99m + 29.95n. 17. = +yand zy

Find her total cost if she buys 5 CDs and 3 DVDs.

2. (a) Kari has $20 and buys m muffins at $1.25 each.
Write an expression for the amount of money she 19. 2(zy) and (22)(2y)

has left. 20. /xr+yand o+ /Y

(b) Find the amount remaining if she buys 9 muffins.

18. 2z 4 yand z + 2y

3. Write an expression for a person’s body mass index,

M 1n Exercises 21-26, are the expressions equivalent?
which is 704.5 times their weight in pounds, w, divided

by the square of their height in inches, h. 21. 2z +6and z + 3
4. The volume of a cone with radius r and height h is 1 1
represented by the expression 22. 37 and e
Volume of cone = l777"2h 1 z
- 3 : 23. g.’K and g
Which has greater volume: a short fat cone with height z vy Tty
2 and radius 3 or a tall thin cone with height 5 and ra- 24. 3 + g and —— 3
dius 1?
, o . 25. 24 Yang THY
M The surface area of a cylinder with radius r feet and height 22 4
h feet is 272 4 27rh square feet. In Exercises 5-8, find the 26. (z +y)2 and 22 + 42

surface area of the cylinder with the given radius and height.
M In Exercises 27-34, for what values of ¢ is the expression
5. Radius 5 feet and height 10 feet. zero?
6. Radius 10 feet and height 5 feet.
7. Radius 6 feet and height half the radius.
8

27. 17 — 4t 28. ¢* — 25t
. Radius b feet and height half the radius. 29. 3 4+ 16t 30. t(t—3)+2(t—3)
M TFor Exerciées 9—1?, V\./rite an exprgssion that gives the result 31, 4t/ — 4t 32. t2(t+5) +9(t +5)
of performing the indicated operations on the number z.
2 2
9. Add 2, double the result, then subtract 4. 3. 47(t+8) —36(t+8) 34 4t7(2t—3)—36(2t—3)

10. Divide by 5, subtract 2 from the result, then divide by 3.
11. Subtract 1, square the result, then add 1.

12. Divide by 2, subtract 3 from the result, then add the re-
sult to the result of first subtracting 3 from x and then
dividing the result by 2.

B Write an equation for each situation presented in Exer-
cises 35-39, letting x stand for the unknown number.

35. Twice a number is 24.

M In Exercises 13-16, evaluate the expressions given that v = 36

. A number increased by 2 is twice the number.
—2,v=3,w=2/3.
37. Six more than a number is the negative of the number.

1 14 “
3. w—vw Sy w 38. Six less than a number is 30.

15. u® 4+ 0° — (u—v)? 16. v’ +w" 39. A number is doubled and then added to itself. The re-
sult is 99.



M For Exercises 4047, which of the given values of the vari-
able are solutions?

40.
41.
42,
43.
44.
45.
46.
47.

2 +2=3zforz=0,1,2

222 4 323 = 52° forz = —1,0, 1

t+1/+1) = (t+1)/(t>+ 1) fort = —1,0,1
2(u—1)+3(u—2) = T(u—3) foru = 1,2, 3,and 6.5
2(r—6) =5r+12,forr =8, -8

n? —3n=2n+ 24, forn =8,-3

n? —3n=2n— 24, forn = —8,3

3 —8=—16,fors = —2,2

M In Exercises 48-52, write in words the statement repre-
sented by the equation.

48.
50.
52.

1+3r=15 49. s® =52
w~+ 15 = 3w 51. 0.25¢t = 100
2a — 7 = b5a

M In Exercises 53-57, solve the equation.

M In Exercises 58-62, explain what operation can be used to
transform the first equation into the second equation.

58.

59.

60.

61.

62.

2c+5=13and 2z =8
r—11 =26and z = 37
/2 =40and z = 80

(2y)/3=20andy = 30

t/2=(t+1)/4and 2t =t + 1

M In Exercises 63—68, identify each description as either an
expression or equation and write it algebraically using the
variables given.

63.

64.

65.

Twice n plus three more than n.
Twice n plus three more than n is 21.

The combined salary of Jason, .J, and Steve, S.

66. Twice the combined salary of Jason, J, and Steve, S,
53. Tr=21 54. a4+7=21 is $140,000.
55. J/8=4 56. b—15=25 67. 225 pounds is ten pounds more than Will’s weight, w.
57.5=1-d

68. 50 pounds less than triple Bob’s weight, w.
PROBLEMS
69. A company outsources the manufacturing of widgets to day. If ¢ is the number of calories, g the grams of fat,

70.

71.

two companies, A and B, which supply a and b wid-
gets respectively. However, 10% of a and 5% of b are
defective widgets. What do the following expressions
represent in practical terms?

@ a+b (b) a/(a+b)
(¢) 10a + 5b (d) 0.la
(€ 0.la+0.05b ® (0.1a+0.05b)/(a+b)

(8 (0.9a+0.95b)/(a+b)

A total of 5 bids are entered for a government contract.
Let p1 be the highest bid (in dollars), p2 be the second
highest, and so forth to ps, the lowest bid. Explain what
the following expression means in terms of the bids:

p1+p2+p3s+ps+ps
P1— 5 .

Weight Watchers(C) assigns points to various foods, and
limits the number of points you can accumulate in a

72.

and f the grams of dietary fiber, then the number of
points for a piece of food is

)

&
=+

Number of points =
umber of points 501

[\
P

How many grams of fiber can you trade for three grams
of fat without changing the number of points?

If m is the number of males and f is the number of fe-
males in a population, which of the following expresses
the fact that 47% of the population is male and 53% of
the population is female?

(@) P=047m + 0.53f
(b) P=0.53m + 047f
(¢) m =0.47P and f = 0.53P
(d) P=0.47mand P = 0.53f



M In Problems 73-75 assume v tickets are sold for $p each 94. Group expressions (a)—(f) together so that expressions

and w tickets are sold for $¢q each. in each group are equivalent. Note that some groups
may contain only one expression.
73. What does the expression vp + wq represent in terms 2 3 5 10
i ? a) —+ — b) — ¢ —
of ticket sales? (a) P (b) o (© o
74. Write an expression for the average amount spent per
ticket (d) 2.5k (e) L0 ® !
icket. . — —
4 2k/5
75. Suppose v = 2w and ¢ = 4p. Rewrite the expression
in Problem 73 in terms of w and q. B Verify the identities in Problems 95-96.
= 1 1 _
M In Problems 76-82, both a and z are positive. What is the 95. 5(a+b)+3(a-b)=a
effect of increasing a on the value of the expression? Does 9. L(a+b)—L1(a—b) =0
the value increase? Decrease? Remain unchanged? 97. Find the expression for the volume of a rectangular
solid in terms of its width w where the length [ is twice
76. ax + 1 77. x+a the width and the height A is five more than the width.
78 r—a 79 T i1 98. TW(') wells prodqce m and 7o barrels of oil pf:rvday.
a Write an expression in terms of 71 and r2 describing a
1 1 well that produces 100 fewer barrels per day than the
80. z+ — 81. ar — — first two wells combined.
a a
82. a+z—(2+a) B For Problems 99-101, assume that movie tickets cost $p for

adults and $¢q for children.

99. Write expressions for the total cost of tickets for:

M Give possible values for A and B that make the expression (@) 2adultsand 3kids (b) No adults and 4 kids

1+ A+ B (¢) Nokids and 5 adults (d) A adults and C kids
AB 100. Write expressions for the average cost per ticket for:
equal to the expressions in Problems 83-89. (a) 2adultsand 3 kids (b) No adults and 4 kids
(¢) Nokids and 5 adults (d) A adults and C kids
14+r+s 14 2r+3s
83. s 84.  6rs 101. A family of two adults and three children has an en-
tertainment budget equal to the cost of 10 adult tickets.
85 14+ n+m+ 2> 36 1+n+m+2° An adult ticket costs twice as much as a child ticket.
’ (n+m)z? ’ n(m + 22) How much money will they have left after seeing two
movies? Can they afford to see a third movie?
87. 1 +22$ 88. % 89. 0 M An airline has four different types of jet in its fleet:
x

e p 747s with a capacity of 400 seats each,
e ¢ 757s with a capacity of 200 seats each,
e 1 D(CO9s with a capacity of 120 seats each, and

B The expressions in Problems 90-93 can be put in the form e s Saab 340s with a capacity of 30 seats each.

2 Answer Problems 102-103 given this information.
axr” + x.
102. Write an expression representing the airline’s total ca-
For each expression, identify a and x. pacity (in seats).
) ) 103. To cut costs, the airline decides to maintain only two
90. bz" + z 9L r(n+1)"+n+1 types of airplanes in its fleet. It replaces all 747s with

2 757s and all DC9s with Saab 340s. It keeps all the orig-

92. = +t 93. 12d% +2d inal 757s and Saab 340s. If it retains the same total ca-

7 pacity (in seats), write an expression representing the
total number of airplanes it now has.



104.

105.

106.

107.

108.

109.

Here are the line-by-line instructions for calculating the
deduction on your federal taxes for medical expenses.

Enter medical expenses

1
2||Enter adjusted gross income
3||Multiply line 2 by 7.5% (0.075)
4

Subtract Tine 3 from Iine 1. If Tine 3 is
more than line 1, enter 0.

Write an expression for your medical deduction (line
4) in terms of your medical expenses, F, and your ad-
justed gross income, 1.

You plan to drive 300 miles at 55 miles per hour, stop-
ping for a two-hour rest. You want to know ¢, the num-
ber of hours the journey is going to take. Which of the
following equations would you use?

(A) 55t =190 (B) 55+ 2t =300
(C) 55(t+2) =300 (D) 55(t—2) =300

A tank contains 20 — 2¢ cubic meters of water, where
is in days.

(a) Construct a table showing the number of m? of wa-
teratt = 0,2,4,6,8,10.
(b) Use your table to determine when the tank
(i) Contains 12 m®

(i1) Is empty.

A vending machine contains 40 — 8h bags of chips h
hours after 9 am.

(a) Construct a table showing the number of bags of
chips in the machine at h = 0, 1, 2, 3,4, 5, 6.

(b) How many bags of chips are in the machine at 9
am?

(c) At what time does the machine run out of chips?

(d) Explain why the number of bags you found for
h = 6 using 40 — 8h is not reasonable. How many
bags are probably in the machine at h = 6?

(a) Does z + l = 3 have the same solution as
T+ 2 =12x?

(b) Is % + % equivalent to x + 2?

(a) Does 5% + 2 = 1 have the same solution as
5z +6 =17

(b) Is ?m + 2 equivalent to 5$;— 6?

110.

111.

112.

The equation
=124z

has solutions z = 4 and x = —3.Is

=12+«

an equivalent equation? Explain your reasoning.

Which of the following is not the result of a valid oper-
ation on the equation 3(z — 1) + 2z = —5+ % — 227

(@ bz—3=z>—-22z-5

(b) 4z +3(x—1)= -5+

(© 3(x—1)=-5+az? 2242

d 3(xz—1)+2r—-5=-10+2>—2z

Use the fact that x = 2 is a solution to the equation
z® — 5z + 6 = 0 to find a solution to the equation

(2w — 10)* = 5(2w — 10) + 6 = 0.

M A government buys x fighter planes at f dollars each, and y
tons of wheat at w dollars each. It spends a total of B dol-
lars, where B = xf + yw. In Problems 113-115, write an
equation whose solution is the given value.

113.

114.

115.

The number of tons of wheat it can afford to buy if it
spends a total of $100 million, wheat costs $300 per
ton, and it must buy 5 fighter planes at $15 million
each.

The price of fighter planes if it bought 3 of them,
10,000 tons of wheat at $500 a ton, and spent a total
of $50,000,000.

The price of a ton of wheat if it buys 20 fighter planes
and 15,000 tons of wheat for a total expenditure of
$90,000,000, and a fighter plane costs 100,000 times a
ton of wheat.

B 1n Problems 116-118, decide if the statement is true or false.
Justity your answers using algebraic expressions.

116.

117.
118.

The sum of three consecutive integers is a multiple of
3.

The sum of three consecutive integers is even.

The sum of three consecutive integers is three times the
middle integer.
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2.1 REORDERING AND REGROUPING

Example 1

Solution

Since an expression represents a calculation with numbers, the rules about how we can manipulate
expressions come from the rules of arithmetic, which tell us how we can rearrange calculations
without changing the result. For example, since the rules of arithmetic say we can add two numbers
in any order, we have

r+1=1+2x forall values of z.

Thus, we can replace x 4+ 1 with 1 4 x in any expression without changing its value. On the other
hand, we cannot replace x — 1 by 1 — x, because they usually have different values. For instance,
5—1=4butl —5=—4.
We can reorder and regroup addition, and reorder and regroup multiplication, without changing
the value of a numerical expression. For example, reordering allows us to write
3:5=5-3 and 3+5=5+3,
while regrouping allows us to write

2-(3-5)=(2-3)-5and 2+ (3+5) = (2+3) +5.

In general, for reordering and regrouping respectively,

ab = ba and a+b=>b+a, for all values of a and b
a(bc) = (ab)e and a4+ (b+c¢) = (a+b)+ ¢ forall values of a, b, and c.

In each of the following, an expression is changed into an equivalent expression by reordering ad-
dition, reordering multiplication, regrouping addition, regrouping multiplication, or a combination
of these. Which principles are used where?

@ (+2)3+y) =0B+y)(z+2) (b) (2z)z = 222

(©) (2¢)d = c(2d)

(a) The product of the two factors on the left is reversed on the right, so multiplication is reordered.

(b) We have a product of two terms, 2z and z, on the left. On the right, the two xs are grouped
together to make an 22. The multiplication is regrouped.

(c) Here both regrouping and reordering of multiplication are used. First, 2¢ is rewritten as ¢ - 2,
and then the product is regrouped. In symbols, we have

(2¢)d = (c-2)d = ¢(2d).

Comparing Expressions Using Reordering and Regrouping

Example 2

In addition to using reordering and regrouping to find equivalent expressions, we can also use them
to see the difference between two expressions that are not equivalent.

During a normal month, a bike shop sells ¢ bicycles at p dollars each, so its gross revenue is gp
dollars. During a sale month it halves the price but sells three times as many bicycles. Write an
expression for the revenue during a sale month. Does the revenue change, and if so, how?



Solution

Example 3

Solution

Since the bike shop sells g bicycles during a normal month, and since that number triples during
a sale month, it sells 3¢ bicycles during a sale month. Similarly, the price is (1/2)p during a sale
month. Thus,

1
Revenue during sale month = (3¢) <§p> .

By regrouping and reordering the factors in this product we get

1 1 3
Revenue during sale month = (3¢) <§p) =3 S = Sap-

Since the original revenue is gp, the new revenue is 3/2, or 1.5, times the original revenue.

In a population of 100 prairie dogs there are b births and d deaths over a one-year period. Is each
pair of expressions equivalent? Explain your answer in terms of population.

@ b+ (100 — d) and 100 + (b — d) (b) 100 — (d—b)and 100 —d — b
(¢) b—d/2and0.5b— 0.5d

(a) Yes. Each expression represents the new population. The first expresses this by adding to the
births what is left after subtracting the deaths from the previous population of 100. The second
expresses it by adding the net growth, births minus deaths, to the previous population of 100.

(b) No. The first subtracts the net loss, deaths minus births, from the population of 100, and thus
represents the new population. The second subtracts both the births and the deaths from 100,
giving the number of prairie dogs who survive the whole year.

(c) No. The first represents the net growth of the population if the number of deaths is cut in half,
whereas the second represents the net growth if both the number of births and the number of
deaths are cut in half.

Reordering and Regrouping with Subtraction

Example 4

Solution

To reorder and regroup correctly with subtraction, we need to remember that subtraction can be
rewritten as addition. For example, we can rewrite 3 — 5 as 3 4 (—5). In general:

To rewrite subtraction as addition,

a—b=a+ (-b)

If x + y + z = 1 find the value of (z 4+ 10) + (y — 8) + (2 + 3).
Writing y — 8 as y + (—8), we can reorder the terms in the expression to get
(x+10)+(y—8)+(2+3)=2+10+y+ (-8 +2+3=2+y+2+104(-8) +3.
Then, grouping the first and last three terms together, we find
(x+y+2)+(10-8+3)=(x+y+2)+5.

Since z + y + z = 1, it follows that (z + 10) + (y —8) + (# +3) =1+ 5 = 6.



Combining Like Terms

Example 5

Solution

Example 6

Solution

One purpose for reordering terms in an expression is to put like terms next to each other so that they
can be combined. For example,

20° + 3+ 52% = 22° + 52® + 3= (24 5)2® + 3 = T2* + 3.

We say 222 and 52 are like terms because they have the same variables raised to the same powers.
In contrast, the terms in the expression 3z + 422 may not be combined because the variables are
raised to different powers.

Combine like terms in each of the following expressions:
(@) 322 —0.52+ 9z — 22 (b) —23+52%—3z.
(a) We begin by reordering:
37z — 0.52 + 97 — 2 = 32% — 2 — 0.5z + 9.
We now regroup and combine like terms:
32° — 22 —0.52 492 = (322 — ) + (—0.52+9x) = (3 —1)z> + (0.5 +9)x = 22> +8.5x.
(b) We can combine only the 23 terms:

—23 4528 —32=(-1+5)2° - 32 =42 - 32.

Simplify 3(z + 3) — z — 14.

In order to combine like terms we first have to rewrite 3(x + 3) as 3z + 3 -3 = 3z + 9. Then,
reordering and combining like terms, we obtain

Combine Combine

e =
3(z+3)—z—14=3z+9—z—-14=3z—x + 9—14 =2z 5.

The rule of arithmetic that allows us to rewrite 3(x + 3) as 3z + 9 is called the distributive law,
which is the subject of the next section. In fact, combining like terms is really a special case of the
distributive law.

Exercises and Problems for Section 2.1

EXERCISES
M n Exercises 1-6, are the two expressions equivalent? M For Exercises 7-10, is the attempt to combine like terms
1. z(3z) and 4z correct?
2. 2c+d and c+2d 7. 22° 4 32° = ba®
35—z and —z+5 8. 2AB® + 3A°B =5A°DB°
4. 2zy and  (22)(2y) 9. 3h% +2h* = 512
5. (3z)(4y)(2z) and 24z%y 10. 3b + 2b% = 5b°
6. (z+3)(4+z) and (z+3)(z+4)



M In Exercises 11-18, write the expression in a simpler form,

14.

(Tx +1)+ (5—3z) + (22 — 4)

if possible. 15. 522 + 5z + 322

11. 2z + 1)+ (5z +8) 16. 3a + 5ab + 2b

12. (4 —2z) + (52 —9) 17. (22)(3y) + 4a + 5y + (6z)(3y)

13, (24 1)+ (x4 2) + (z+3) 18. (2z)(5z) + (3z)(2x) + 5(3z) + x(3z)

PROBLEMS

19. If a + b + ¢ = 12, find the value of 25. The area of arectangle is 50 square meters. If the length
is increased by 25% and the width is increased by 10%,

(a+5)+(b—3)+ (c+8). what is the new area?
26. Quabbin Reservoir in Massachusetts provides much of

Boston’s water. At the start of 2009 the reservoir con-

20. Ifx +y + z = 25, find the value of tained 412 billion gallons of water.

(y —10) + (2 +8) + (z — 5). (a) If in Januar}f 2099 the amount . (ip billions of
gallons) flowing into the reservoir is A and the
amount flowing out is B, write an expression for
the amount of water in the reservoir at the end of

21. If zyz = 100, find the value of (3x)(2y)(5z). January 2009.
22. Tf zyz = 20, find the value of (22)(5)(63;) (b) If in February 2009 the amount flowing in is 20
4 billion gallons less than the previous month and
23. Rewrite the expression a + 2(b— a) — 3(c+ b) without the amount flowing out is 12 billion gallons more
using parentheses. Simplify your answer. than the previous month, write an expression for
24. A car travels 200 miles in ¢ hours at a speed of  mph. the amount of water in the reservoir at the end of

If the car travels half as fast but three times as long,
how far does it travel? (Use the fact that distance equals
speed times time.)

2.2 THE DISTRIBUTIVE LAW

February 2009.
Combine like terms to simplify your answer to
part (b).

(c)

In Examples 5 and 6 on page 32, we use the distributive law. The distributive law gives two different
ways of calculating the same number. For example, if Abby’s bill at a restaurant is B dollars and
Renato’s is b dollars, and they each want to pay a 20% tip, there are two ways to calculate the total

tip

e The total bill is B + b, so the total tip is 20% of B + b, or 0.2(B + b).
e Alternatively, Abby’s tip is 0.2 B and Renato’s tip is 0.2, so the total tip is 0.2B + 0.20.
The distributive law tells us that the result has to be the same either way:

0.2(B +b) = 0.2B +0.2b

In general, we have:

The Distributive Law

For any numbers a, b, and ¢,

a(b+ c) = ab + ac.

We say that multiplication by the number a distributes over the sum b + c.




Example 1

Solution

Example 2

Solution

Example 3

Solution

Example 4

Use the distributive law to write two equivalent expressions for the perimeter of a rectangle, and
interpret each expression in words.

Let [ be the length and w the width of the rectangle. The perimeter is the sum of the lengths of the 4
sides. Since there are 2 sides of length [ and 2 of length w, the perimeter is given by the expression
20 + 2w. By the distributive law, this is equivalent to 2(I + w). The expression 2{ + 2w says “double
the length, double the width, and add.” The expression 2(I + w) says “add the length to the width
and double.”

Distributing Over More Than Two Terms

Applying the distributive law repeatedly, we can see that multiplication distributes over a sum with
any number of terms. For example,

alb+c+d)=alb+c)+ad = ab+ ac+ ad.

Use the distributive law to rewrite each expression.
(a) 6(s+3w) (b) 4(s — 3t + 4w) (c) a(b+c—ad)

(a) Here we have 6(s + 3w) = 6s + 18w.
(b) Distributing over the three terms in the sum, we have 4(s — 3t + 4w) = 4s — 12t + 16w.
(c) Again, distributing over three terms, we get a(b + ¢ — d) = ab + ac — ad.

Distributing a Negative Sign
Since —x = (—1)z, the distributive law tells us how to distribute a negative sign:
—(b+¢) = (=1)(b+c)
~—~—

a

= (=1)b+(—1)c by the distributive law
N~ Y~~~

ab ac

=-b—ec.

Express —(¢ — d) — (d + ¢) in a simpler way.
Distributing the negative signs, we get

—(c—=d)—(d+¢)=-c+d—d—c=—2c

Let n and k be positive integers. Show that (n — (n — k))3 does not depend on the value of n, but
only on the value of k.



Solution

Example 5

Solution

Example 6

Solution

Simplifying inside the cube gives
n—n—-k)=n—-n+k=k.

Thus our expression is
(n—(n— k) = (k)> = &7,

which depends only on the value of &, not n.

Distributing Division

Since division is multiplication by the reciprocal, the distributive law allows us to distribute division
over a sum, which can be used to split apart fractions with sums in the numerator.

Tty Yy

Show that is equivalent to 373

w

Since dividing (—z + y) by —3 is the same as multiplying it by —1/3, we have

—Z -y 1
—— = ——(—2 _|_
= :15( Y)
= — - (i=1p —|—
3" ( y)
1 1 o
=——-(—x)+(—=) -y distributing —1/3
3 3
1 1
= 3 9 = 3 Y rewriting addition as subtraction
= % = % rewriting multiplication as division.

Warning: You Cannot Distribute Every Operation

The distributive law allows us to distribute multiplication over a sum. A common mistake is be-
lieving that the distributive law applies to all types of expressions that involve parentheses. For
example, students sometimes mistakenly distribute powers over sums, and replace (z + y)? with
22 + 2, whereas we saw in Example 2 on page 14 that these expressions are not equivalent.

Are the two expressions equivalent?

(a) 10(z + y) and 10z + 10y
(b) 2(zy) and 2z2y.
(¢) Vs +tand /s + /1

(a) These two expressions are equivalent by the distributive law.

(b) Since the expression inside parentheses is a product, not a sum, the distributive law does not
apply. If z = 5 and y = 3, then 2(zy) = 2(5 - 3) = 30, while 2- 5 - 2 - 3 = 60. In general,
multiplication does not distribute over products.

(c) Lets =9and ¢ = 16. Then /s +t = /9 + 16 = V25 = 5,while\/§+\/5:3—|—4: 7. The
expressions are not equivalent; taking square roots does not distribute over sums.



Using the Distributive Law to Interpret Expressions

Example7

Solution

Example 8

Solution

By giving us two different ways of calculating the same result, the distributive law allows us to
interpret equivalent expressions.

In the expression for a student’s grade from Example 10 on page 5, the term

t t t
0.6<1+§+ 3),

represents the contribution from the three test scores ¢, o, and ¢3. Show that this expression is
equivalent to
0.2¢t1 + 0.2t + 0.2t3,

and explain what this means in terms of grades.

Using the distributive law, we have

t t t 1
0.6 (%) =0.6 <§) (t1 + b2 + t3) = 0.2(¢1 + t2 + t3) = 0.2¢1 + 0.2¢5 + 0.2¢3.

Because

t 4+t + ¢
0.60 (%) and 0.2t + 0.2t + 0.2t5

have the same value, they are equivalent expressions. This says that if the average of three tests
counts for 60%, then each test alone counts for 20%.

Whether you choose the form where the multiplication has been distributed or not depends on
how you want to use an expression.

Which of the two expressions in Example 7 would you use if you

(a) knew all of the test scores and wanted to compute their contribution to your final grade?
(b) wanted to know the effect on your final grade of getting 10 more points on the second test?

(a) In this case it would take fewer steps to average all the grades first and then multiply by 0.60,
so you would use the first expression,

t t t
0.60 <%> )

(b) In this case the second expression is useful, because it tells us that the contribution of the second
test to the course grade is 0.2t2. So if we add 10 to ¢ then that contribution becomes

0.2(t2 + 10) = 0.2t + 0.2 - 10 = 0.2¢5 + 2.

The coefficient of 0.2 next to the ¢, tells us that increasing the score on the second exam by 10
increases the course grade by 2 points.



Taking Out a Common Factor: Using the Distributive Law in Both Directions

Example 9

Solution

Example 10

Solution

Sometimes we use the distributive law from left to right:
a(b+ c¢) — ab+ ac.

We call this distributing a over b + c. Other times, we use the distributive law from right to left:
a(b+ ¢) «— ab+ ac.

We call this taking out a common factor of a from ab + ac.

Take out a common factor in (a) 2z + xy (b) —wz — 2w () 12lm? —m?2.

(a) We factor out an z, giving 2z + zy = x(2 + y).
(b) We factor out the —w, giving —w(x + 2).
(c) Here there is a common factor of m?. Factoring it out gives m?(12] — 1).

In the expression a(b + ¢), the quantities a, b, and ¢ often stand for more complicated terms
than single letters or numbers. Nevertheless, the the distributive law a(b + ¢) = ab + ac still can be
applied.

Use the distributive law to rewrite each expression.
(a) G6ay —2xz2 (b) 12pg+3p (c) —4dzyz —8zy
(d) —ab+ a®b— ab? e) tlp+r)—T(+r) O w?(a+2)+w(a+2)—(a+2)
(a) Writing 62y as (2z)(3y), we see that both terms have a common factor of 2z, so
bzy — 2zz = 2z(3y — 2).
(b) Both terms have a factor of 3p, so
12pq + 3p = 3p(4q + 1).
(c) Taking out a common factor of —4xy we have
—4zyz — 8xy = —4dzy(z + 2).
(d) Each term has a factor ab, so we have
—ab + a*b — ab® = ab(—1+4a — b).
We can instead take out a common factor of —ab
—ab + a®b — ab® = —ab(1 — a +b).
(e) Notice that each term has a factor (p + ), so
tp+r)=T(p+r)=(@P+r)(t-="T).
(f) Taking out a common factor of a + 2 we get

w?(a+2)+w(a+2) - (a+2) = (a+2)(w? +w—1).



Exercises and Problems for Section 2.2
EXERCISES

M In Exercises 1-8, use the distributive law to rewrite each ex-
pression as an equivalent expression with no parentheses.

1. 2(z + 3y) 2. 3z(z +4)

3. =52z —-3) 4. 3ab(2a — 5b)

5. 2x(z? — 3z +4) 6. —3x(5 — 3z — 2z7)
7. 2(5z — 3y) + 5 8. 3(C —D)D

M In Exercises 9-19, rewrite the expression by taking out the

15. —4a®b —6ab* —2ab  16. 5x(z+ 1) +7(z + 1)

17. b(b+3) —6(b+3) 18. 6r(s —2) —12(s — 2)

19. daz(x+4)—2z(x+4)

M 1n Exercises 20-27, are the two expressions equivalent?
20. —2(x —4) and —2z-—38
21. 322 +6x4+3 and 3(z® + 2z)
22. abla+b+1) and a®b+ ab® + ab

common factors. 23. 524100 and 5(x + 500)
24. (x+2)(x—3) and z(x—3)+2(x—3)
9. 2ax — 3bx 10. 5z + 100 25. 23z -4y) and 6 -8y
11. % + % 12. 222 — 6x 26. (m + y)3 and 22 + y3
a a a
13. —m®n — 3mn? 14. 92% + 18z + 3 g wd 42
PROBLEMS
28. If pgr = 17, what is p(2qr + 3r) + 3r(pg — p)? 35. 15— 5z 36. 0.05x + 100
29. Ifa—b+c =17, whatis 2(a+1) — (b+3)+(2c¢—b)?
37. 0.2z — 60 38. 50 — 0.1z

30. Which of the following expressions is equivalent to
3(x? +2) — 3z(1 — x)?

i) 6+ 3z (i) —3x+62%+6
(iii) 32°46—3z—3z%(iv) 32246 — 3z

31. An order is placed for n items each costing p dollars
and twice as many items each costing $1 more. Write a
simplified expression for the total cost of the order.

32. InJanuary, acompany’s three factories produce g units,
7 units, and s units of a product. In February, the com-
pany doubles its output of the product.

(a) Write the expression for February’s output if we
take the total output in January and double it.

(b) Write the expression for February output if we
double the output at each factory and add them up.

(c) Are the expressions in parts (a) and (b) equivalent?
Explain.

M In Problems 33-38, the expression is equivalent to an ex-
pression in the form k(x 4+ A). Write the expression in this
form, and give the values of k and A.

33. 22 + 50 34. 3z — 18

39. Is the fraction = t3 equivalent to 1 + §?
x

40. Ts the fraction — equivalent to 1 + Ly
z+3 3

41. Complete the table. Are the two expressions in the left
column equivalent? Justify your answer.

a —2|-1]0]|1]2
—(1/2)(a+1) +1
—(1/2)a+ (1/2)

M 1n Problems 42-43, explain how the distributive law a (b +
¢) = ab + ac has been used in the identity.

42. (20 4+3)° =2z +3)> 2z + (22 +3)*-3

43. 2*(x+7r+3) =2’(@ +r) + 32°



44. A contractor is managing three different job sites. It Write expressions in terms of ¢, p, and e for:

costs her $c¢ to employ a carpenter, $p to employ a
plumber, and $e to employ an electrician. The total
cost to employ carpenters, plumbers, and electricians

(a) The total employment cost for all three sites.
(b) The difference between the employment cost at
site 1 and site 3.

at each site is

(¢) The amount remaining in the contractor’s bud-
Costatsite 1 = 12¢ + 2p + 4e get after accounting for the employment cost at
Cost at site 2 = 14¢ + 5p + 3e all three sites, given that originally the budget is

Cost at site 3 = 17¢ + p + Se. 50c + 10p + 20e.

2.3 EXPANDING AND FACTORING

Example 1

Solution

In Section 2.2 we use the distributive law to expand products like a(b + ¢) and to take common
factors out of expressions like ab + ac. Now we consider products in which both factors are sums
of more than one term. Such products can be multiplied out or expanded by repeated use of the
distributive law.

Expand the product (z — 4)(x + 6).

When we expand, we can combine the like terms, —4z and 6z, giving

(x — 4)(z +6) = 2% — 42 + 62 — 24 = 2° + 2z — 24.

In general, we have:

Expanding Using the Distributive Law

(x+7r)y+s)=(x+r)y+ (x+r)s distribute z + r overy + s

=ay+7ry+xs+rs  usethedistributive law twice more

Notice that in the final result, each term in the first factor, « + 7, has been multiplied by each term
in the second factor, y + s.

Quadratic Expressions

An expression of the form
az® + bx + ¢, where a, b, and ¢ are constants,

is called a quadratic expression in x. The constants a, b, and ¢ are called the coefficients in the
expression. Expanding a product of the form (x + r)(z + s) always gives a quadratic expression:
(+r)(z+s)=(x+r)z+ (x+71)s
=2 fre+srtrs
=22+ (r+s)x +rs.
Notice that the sum r + s is the coefficient of the x term, and the product rs is the constant term.

This gives a quick way to expand (z + r)(x + s). For instance, in Example 1, we have —4 4+ 6 = 2,
giving a term 2z, and —4 - 6 = —24, giving a constant term —24.



Going in the Other Direction: Factoring Quadratic Expressions

Example 2

Solution

Example 3

Solution

Example 4

Solution

Example 5

Solution

What if we are given a quadratic expression and want to express it as the product of two linear
expressions? One approach to writing a quadratic expression in the form (x + r)(x + s) is to find 7
and s by trying various values and seeing which ones fit, if any.

If possible, factor into (z + r)(z + s), where r and s are integers:
(@) z2—9zx+ 18 (b) z%+ 3z +4.

(@) If 22 — 9z + 18 = (x + 7)(z + s), then we must have 7 + s = —9 and rs = 18, so we look for
numbers satisfying these conditions. The numbers » = —3 and s = —6 satisfy both conditions,
soz? — 9z + 18 = (z — 3)(z — 6).

(b) If 2> +3x+4 = (z+7)(x+5), then we must have r +s = 3 and rs = 4. There are no integers
that satisfy both conditions. Therefore, 22 4 3z + 4 cannot be factored in this way.

Factor 22 + 10zy + 2472

If the expression 2% + 10zy + 24y? can be factored, it can be written as (z + ry)(z + sy), where
r 4+ s = 10 and rs = 24. Since 4 and 6 satisfy these conditions, we have

2?2 + 10zy + 24y° = (z + 4y)(z + 6y).

What If the Coefficient of 22 Is Not 1?

Expanding products of the form (pz—+7)(gx+s) gives a quadratic expression in which the coefficient
of 2?2 is not necessarily 1.

Expand (2x + 1)(z + 3).
Expanding using the distributive law gives

2+ 1)(z+3)=z2zx+1)+3(2z+1)
=222 +x+6x+3
= 22% 4+ Tz + 3.

To factor the expression 222 4 7x + 3, we can try to reverse the steps in Example 4.

Factor 222 + 7z + 3.

Following Example 4, we break 7z into = + 6z, so

202 + Te +3 =222+ + 62+ 3.



Example 6

Solution

Then we group the terms into pairs and pull out a common factor from each pair:

222 + x + 62+ 3 = (222 + z) + (6z + 3)
=22z +1)+32zx+1)
2z 4+ 1)(z + 3).

We call this method factoring by grouping. Notice that this works because we get a common factor
(2z 4 1) at the last stage. If we had split the 7z up differently, this might not have happened.

How would we know to write 7z = = 4 6x in Example 5, without Example 4 to guide us? There is
a method that always leads to the right way of breaking up the x term, if it can be done at all. In the
expression ax? + bx + c that we want to factor, we form the product of the constant term and the
coefficient of 22, In Example 5, this is 2 - 3 = 6. Then we try to write the x term as a sum of two
terms whose coefficients multiply to this product. In Example 5, we find 7x = = + 6z works, since
1-6=6.

Factor 822 + 14x — 15.

We multiply the coefficient of the 2% term by the constant term: 8 - (—15) = —120. Now we try to
write 142 as a sum of two terms whose coefficients multiply to —120. Writing 14z = —6x + 20x
works, since —6 - 20 = —120. Breaking up the 14z in this way enables us to factor by grouping:

822 + 14z — 15 = 822 — 62 + 20z — 15
= (82 — 6z) + (20z — 15)
= 2z(4x — 3) + 5(4z — 3)
= (4z — 3)(2z + 5).

Here is the general process:

Factoring Quadratic Expressions

If a quadratic expression is factorable, the following steps work:
e Factor out all common constant factors, giving k(az? + bx + c).

In the remaining expression, multiply the coefficient of the 22 term by the constant term,
giving ac.

e Find two numbers that multiply to ac and sum to b, the coefficient of the x term.

Break the middle term, bz, into two terms using the result of the previous step.

Factor the four terms by grouping.




Example 7

Solution

Factor 1222 — 44 + 24.

First, take out the common factor of 4. This gives
1222 — 44z + 24 = 4(3z — 11z + 6).

To factor 322 — 11z + 6, we multiply 3 and 6 to get 18, and then we look for two numbers that
multiply to 18 and sum to —11. We find that —9 and —2 work, so we write —11x = —9x — 2. This
gives

322 - 11z +6 =322 -9z —2x+6
= (32% — 9z) + (—2z + 6)
=3z(z —3) —2(z — 3)
= (z —3)(3z — 2).

Therefore,
1222 — 44 + 24 = 4(z — 3)(3z — 2).

In Example 7, how can we find the numbers —9 and —2 if they don’t jump out at us? A sys-
tematic method is to list all the ways of factoring 18 into two integer factors and to pick out the pair
with the correct sum. The factorizations are

1I8=18x1=6x3=9%x2=—-18x -1=—-6x—-3=-9x =2

Only the last pair, —9 and —2, sums to —11.
All the methods of factorization in this section are aimed at finding factors whose coefficients
are integers. If we allow square roots, further factorizations might be possible.

Perfect Squares

If the two factors in a quadratic expression are the same, then the expanded form has a particular
shape. For example,

(22 4+ 5)% = (22 + 5)(22 + 5)
=22(22+5) + 5(22 + 5)
= 42" + 10z + 102 + 25
= 427 + 20z + 25.
Notice that the first and last term of the final expression are squares of the first and last term of the

expression 2z + 5. The middle term is twice the product of the first and last term. This pattern works
in general:

Perfect Squares

22+ 2rz+r2 = (x+71)?

22 = 2rx 4+ 1% = (z —1)?




We can sometimes recognize an expression as a perfect square and thus factor it. The clue is
to recognize that two terms of a perfect square are squares of other terms and that the third term is
twice the product of those two other terms.

Example 8 If possible, factor as perfect squares.
(@) 472 +10r+25 (b) 9p? + 60p + 1004> (c) 25y% —30yz + 922

Solution (a) In the expression 472 + 107 + 25 we see that the first and last terms are squares:
4r? = (2r)? and 25 =52

Twice the product of 27 and 5 is 2(2r)(5) = 20r. Since 207 is not the middle term of the
expression to be factored, 472 + 10r + 25 does not appear to be a perfect square.
(b) We have
9p% = (3p)? and 100¢*> = (10¢)> and 2(3p)(10q) = 60pq.

Since the middle term of does not contain a g, it appears that 9p? + 60p + 1004? is not a perfect
square.
(c) In the expression 2532 + 30yz + 922 we see that the first and last terms are squares:

25y% = (5y)? and 9z% = (32)%

Twice the product of 5y and 3z is 2(5y)(3z) = 30yz, which is the opposite of the middle term
of the expression to be factored. However, we can also write

922 = (—32)?,
and then twice the product of 5y and —3z is 2(5y)(—32) = —30yz. Thus, 253> — 30yz + 922
is a perfect square, and 25y2 — 30yz + 922 = (5y — 32)2.

In summary:

Determining if an Expression is a Perfect Square

An expression with three terms is a perfect square if
e Two terms are squares, and

o The third term is twice the product of the expressions whose squares are the other terms.

Difference of Squares

Another special form for a quadratic expression is the difference of two squares:

Difference of Squares

2

If an expression is in the form = — 72, it can be factored as

22— =(z—r)(z+7).




Example9

Solution

Example 10

Solution

Notice that the expanded form of the expression has no x term, because the terms rz and —rz
in the expansion cancel each other out. If we see the special from 22 —r2, we know it can be factored
as (x —r)(z +r).

If possible, factor the following expressions as the difference of squares.

(a) z2—100 (b) 8a’ — 2b?
(c) 49y%+25 (d) 18(t+1)% —32

(a) We see that 100 = 102, so 22 — 100 is a difference of squares and can be factored as
z? — 100 = (2 — 10)(x + 10).
(b) First we take out a common factor of 2:
8a? — 2b* = 2(4a® — b?).
Since 4a? is the square of 2a, we see that 4a? — b? is a difference of squares. Therefore,
8a? — 2b% = 2(2a + b)(2a — b).

(c) We have 49y* = (7y)? and 25 = 5. However, 49y> + 25 is a sum of squares, not a difference.
Therefore it cannot be factored as the difference of squares.
(d) We take out a common factor of 2:

2(9(t +1)? — 16).

Since 3(t+ 1) squared is 9(¢ +1)? and 4 squared is 16, we see that 9(¢ + 1) — 16 is a difference
of squares. Hence,

18(t+1)2 —32=23(t+1)—4)(3(t+1) +4).
Using the distributive property and collecting like terms, we have

18(t+1)2—32=2(3(t+1) —4)(B(t+ 1) +4) = 2(3t — 1)(3t + 7).

Factor 4a2 + 4ab + b% — 4.

Since there are four terms with no common factors, we might try to group any two terms that have
a common factor and hope that a common expression will be in each term. One possibility is

4a® + 4ab+ b* — 4 = (4a® + 4ab) + (b* — 4) = 4a(a + b) + (b* — 4).
Another possibility is

4a® + 4ab+ b* — 4 = (4a® — 4) + (4ab + b?) = 4(a®> — 1) + b(da + b).
The third possibility is

4a® + 4ab+ b* — 4 = (4a® + b?) + (4ab — 4) = (4a”® + b*) + 4(ab — 1).



Unfortunately, none of these groupings leads to a common factor. Another approach is to notice that
the first three terms form a perfect square. Therefore,

4a® + 4ab + b* — 4 = (4a® + 4ab + %) — 4 grouping the first three terms
= (2a +b)* — 4 factoring the perfect square
= ((2a +b) — 2)((2a + b) + 2) factoring the difference of squares
=(2a+b—2)(2a+b+2).

Factoring Expressions That Are Not Quadratic

Sometimes, taking out a common factor from an expression leaves a quadratic expression that can
be factored.

Example11  Factor (a) 23 — 622 — 16z (b) p*+p?—2.
Solution (a) We first take out a common factor of x, giving
z® — 62° — 16z = z(2z® — 6z — 16).
The quadratic expression on the right factors as 22 — 6z — 16 = (z + 2)(z — 8), so
23 — 622 — 162 = z(z — 8)(z + 2).
(b) By recognizing p* as (p?)?, we can see this as a quadratic expression in p*:
Pt — 2= (p2)% - 2.
If we think of p? as x, then this has the form x? + 2 — 2, which factors into (z — 1)(z + 2). So
pr+p’—2=0" -1’ +2).
The first factor is a difference of two squares, and factors even further, giving

PP+’ -2=@p-1p+1)(p*+2)

Exercises and Problems for Section 2.3

EXERCISES
B 1n Exercises 1-25, expand and combine like terms. 7. 3(z — 4)% + 8z — 48 8. (z+6)?
L (o4 5)@+2) 2 (31 o (s gy 0, (o4 117
3. (2—5)(2—6) 4. (2a+3)(3a —2)

wn

(3b+¢)(b+2¢) 6. (a+b+c)(a—b—c) 11. (x —13)? 12. (x+7)(z—T)



13.
15.

19.

(
(

17. (2a — 3b)?
(

21. (

23. x(3z +7)(5x — 8)

14.
16.
18.
20.
22, z(dx — 7)(2z + 2)

24. 2z(5z + 8)(7Tx + 2)

25. (s =3)(s+5) +s(s—2).

M Factor the expressions in Exercises 26-57.

26. 2%+ 52+ 6
28. n® —n — 30
30. 2 — 27t 4+ 50
32. b 420 — 24

34, 222 +122— 14

PROBLEMS

27. y* — 5y — 6

29. g% — 129+ 20

31. ¢® 4+ 15¢ + 50

33. 2?2 4 1lay + 24y°
35. 42% + 192 + 12

36.

38.

40.

42,

4.

46.

48.

50.

52.

54.

56.

y?—6y+7 37. 3w? + 12w — 36
2n? —12n — 54 39. a®* —a— 16

z® — 16 41. s* — 12st + 36t°

% 4 T 43. 2° — 36

x? — 169 45. 22 4+ 10x 425

z? 4 262 + 169 47. 2* + 15z 4 56

z? — 192 + 90 49. 5z — 37z — 72

22 — 5z + dx — 5d 51. 8z2 — dxy — 62 + 3y

2qz% +pgr— 14z —Tp  53. 2° — 1622 + 64z

M In Problems 58-68, factor each expression completely.

58. ay — a®y®

59, 1822 — 2225
60. (a+b)*>—100
61. 12 —27(t +1)?

62. 22+ 8z +16 —y?

63. ¢* —¢°

64. (t+ 1) —25(t+1)
65. 2w — 16w? + 32w

2.4 ALGEBRAIC FRACTIONS

66.
67.
68.

28 —22% — 63 55, 13 — 14r2s% 4 49rs°
8a® + 50ab? 57. 1827 4+48z%22+32z2*
1242 + 60a + 75

1655t — 245t* + 9st?
(r+1)2 + 12¢t(r + 1) + 36t

M For Problems 69-71, expand and combine like terms.

69.
70.

71.

((x+h)+1)((x+h)—1)
(2+3(a+b)?

3 3
y L\ (y 1
8y<2 4><2+4)

An algebraic fraction is an expression in which one expression is divided by another.

Cancelation

Sometimes we can simplify the form of an algebraic fraction by dividing a common factor from the
numerator and the denominator. We call this canceling the common factor.

Example 1

Simplify 6

-6




Solution The numerator has a common factor of 6:
6x —6 =6(x —1).
Now, dividing both the numerator and denominator by 3, we obtain

6z—6 Px—1)
g = 3 =2(z-1).

We can cancel the 3 because it amounts to expressing the fraction as a product with the number 1:

6—1) 3-2@—1) "3 2@-1)

= = 2 .22 9z —1).
3 3 3 1 (z-1)
10 20
Example2  Simplify “Om 20
—15m — 5n
Solution The numerator contains a common factor of 10 and the denominator has a common factor of —5.

Rewriting, we have
10m+20n  10(m+2n)  2(m+2n)

—15m—5n  —-5Bm+n)  3m+n

Canceling Expressions

We can cancel expressions from the numerator and denominator of a fraction, but it is important to
remember that cancelation is valid only when the factor being canceled is not zero.

5a% + 10a

Example 3 Simplify ————.

P TP 1042 1 20
Solution We factor 5a out of the numerator, giving

5a® + 10a = 5a(a® + 2),
and we factor 10 out of the denominator, giving

10a® + 20 = 10(a? + 2).
Thus, our original fraction becomes

5a> +10a  5a(a® +2)

10a2 +20  10(a2 +2)°

We simplify by dividing both the numerator and denominator by 5 and (a? + 2).

5a®+10a  'Pa(e®+2) «a

10a2 +20  210(a*+2) 2’



Example 4

Solution

Example 5

Solution

Since the quantity (a? + 2) is never 0, the quantity

aZ+2
a? +2

is equal to 1 for all real values of a, so a/2 is equivalent to the original expression.

If the expression being factored out is zero for some values of the variables, then the simplifi-
cation is still valid if we avoid those values.

—z
20— 6

Factor the numerator and denominator to simplify

Notice that we can factor out —1 from the numerator:
3—z=-1(-3+2)=—-1(z—3).
We can also factor a 2 from the denominator:
2z — 6 = 2(z — 3).
Both numerator and denominator have x — 3 as a factor. So

J=m =lig—2p

1
20 —6  20x—3y 2

provided = # 3.

M:L

(a) If w # r, show that —
r—w

(b) If m # n, show that m-n_ —1.

—(w—r —1l(w—r —(w—r —w+r
(a) Since ( ) = ( ), we can distribute the —1 to get ( ) = s . Then,
r=w rT—w r—w r—w
reordering the numerator, we have
—(w—-7r) —w4r r—w _1q
r—-w  r—w r—w
(b) If we factor out a —1 in the numerator and then reorder, we have
m—-—n _—1(-m+n) —1(n-—m) :
n—m n—m T on—m

The techniques for factoring quadratic expressions from Section 2.3 often come in handy for
simplifying algebraic fractions.



2k? — 8

Example 6 Simplify 5 % -

Solution After factoring out a common factor of 2 in the numerator we are left with an expression that is the
difference of squares. Therefore,
2k% — 8 B 2(k? — 4) _ 2(k+2)(k—-2)
2—-k  2—-k 2—k '

If we factor a —1 from the denominator, we have

2k*—8  2(k?—4)  2(k+2)tk—2)
2—-k  2-k 15—

Therefore,
22— 8
2—k

= —2(k+2) provided k # —2.

Adding Algebraic Fractions

Another situation where the distributive law is useful is in adding algebraic fractions.

N
Example 7 Express % + 7] as a single fraction.

Solution We have
G U L L on s muliica
S+ = =—- — - rewriting division as multiplication
7T 7 J 7 J g p
1
=7 (j+24) factoring out 1/7
1
= (39) collecting like terms
3J . o o
= 7 rewriting multiplication as division.

This is the same answer we get by adding numerators and dividing by their common denominator.

We can also use the distributive law to reverse the process in Example 7 and express a fraction
as a sum of two other fractions.

5
Example 8 Express LY 45 the sum of two algebraic fractions.

Solution We have
5c+vy  dSx

6 6

+

(SRS



Example 9

Solution

Example 10

Solution

If two fractions do not have a common denominator, we replace them with equivalent fractions
that do have a common denominator before adding them.

Simplify the expression

25 30
by writing it as a single fraction.
We have
h 30c 25h  30c+25h  30c+25h  Gc+ 5h

C
2 30 2530 2530  25-30 750 150

An Application of Adding Fractions: Fuel Efficiency

Suppose a car’s fuel efficiency is 25 mpg in the city and 30 mpg on the highway. We want to know
the average fuel efficiency if the car drives 150 miles in the city and 300 miles on the highway. It
uses 150/25 = 6 gallons in the city, and 300/30 = 10 gallons on the highway. So

Total miles driven  City miles + Highway miles

A fuel effici = =
verage tuel eticiency Total gallons gas City gallons + Highway gallons

~150+300 450

= 297 98,125 mpe.
6+ 10 16 mpg

Find an algebraic expression for the fuel efficiency if the car drives ¢ miles in the city and h miles
on the highway.

We have
@ h
Ci il High il h
t
Average fuel efficiency = — ity miles + %g waymres _ ¢ i .
City gallons + Highway gallons ¢ = h
¢/25 h/30 25 30
Using Example 9, we can write this as
ct+h  c+h  150(c+h)
£+£ ~ 6c+5h  6¢+5h
25 30 150

Rules for Operations on Algebraic Fractions

Example 9 illustrates some of the general rules for adding and multiplying algebraic fractions, which
are the same as the rules for ordinary fractions.



Example 11

Solution

Example 12

Addition and Subtraction

d+ cb d—cb
%+§:a b—gc and %—gza bdc , provided b and d are not zero.
We call bd a common denominator of the two fractions.
Multiplication
% . 2 = %, provided b and d are not zero.
Division ) J J
QT/d = % T b provided b, ¢, and d are not zero.
¢ ¢ ¢
E ingle fraction (a) > + b — 5
xpress as a single fraction (a) — + —— -
. = p p+2 s+t s—1t
d+b
(a) Using the rule % + 2 = GT—;C, we have

3 2 3p+2)+2p

p p+2  plp+2)

Now, using the distributive law and collecting like terms, we get

5 2 3p+6+2p
p p+2 p(p+2)

_ 5p+6
p(p+2)
d+b
(b) Using therule%—i—g:abi—;c,we have
t s _t(s—t)—s(s+t) st—t?—s*—st
s+t s—t  (s+t)s—t) 52 — 2

Factoring out a —1 from the numerator and reordering, we get

t S s2 4 t2

s+t s—t  s2—¢2

Express as a single fraction (a) To T TZ/?



Solution (a) Using the rule % . 2 = %, we have
C ac
3 vw? vw? 3 - vw? 3vw?

(b) Using the rule Z/Lz = % .

vw? /7 w? / v+w vw?
~
c d
B 21
(v + w)vw?
2 _ -1 2 _ 2
Example13  Express as a single fraction (a) e Lz (b) (r gl
22—-1  2-2 (r2 — 107 + 25)/(5r — 25)
Solution (a) Expressing the fractions in factored form gives

24+2z-6 z—1 (243)(2—2) z-1
2-1 2-2 (z+1)(z-1) z-2

Canceling out like terms gives

24+2z-6 z—1_ (2+3)z—2) &—1 2+3
2-1 2z-2 (+1)e—H &—2 =z+1
Be sure you understand why z cannot be equal to —1, 1, or 2.

(b) Using the rule for division of fractions, factoring, and canceling common factors (provided
r # 5), we obtain

(r? — 25)/5r (r+5)(r—>5) 5(r —5) r—|—5'

(r2 —10r + 25)/(5r — 25) 5r (r=5)(r—5  r



Exercises and Problems for Section 2.4

EXERCISES
B Write each of the expressions in Exercises 1-12 as a single 20. p?+4p 3p—6
fraction. p*—2p 3p+12
mom 3 21 w?r + dwr ) r+r?
1.5—5—3 2. 24 — C2r2w 4+ 2wr 4w 4+ 16
2 cd+c 16 —2c
1 4 344 " cd—8d 4+4d
-2 @=3 vl J5 V150 Bw+3
5 i,i ;1 62+E+2 T ovw—w 5v 415
r -r T 2 24 ab+b  3a®+6a
1 1 T 224+ 6b  a+a?
7. 1(e/2) 8 —++
a M In Exercises 25-43, write each expression as a sum, differ-
9 1 n 1 10 11 ence, or product of two or more algebraic fractions. There
“a—-b a+b "z—a x-0 is more than one correct answer. Assume all variables are
% /4 ) positive.
1. ———— 12. 1+ T
2r/5 — 17 (3r) 1+ 25 z+1 2. L 27 4
T2 " 10 Ce+2
28, 2 29, =3 30. 2
M In Exercises 13-24, multiply and simplify. Assume any fac- : @ : 6 : x_yz
tors you cancel are not zero.
5, 852 P 33, 2zh+ 1
13, Bp 3pq 1 3xy?  Sxyz T2 " 9s ’ h
" 6g2 5p T 422z 6ayd c c h(B +b)
4. — 35. 36.
15 2ab 1027’ » 4 3z + 6y ab atb 2
© 5b 6a © 6+ 12y 10 3 4 1+2a+ 3b
37. 38. 39.
7 2r + 3s 6r t(r+s) y+zx 4
4s 6r + 9s P+ prt (m—|—1)2—y 1
40. ——— 41. 42. 5
P Ty (P+2)?2+0b
18. % +3 2248
a4 dx+12 43. “’1
1 v
19, —— - b b
e (ela+b) + (a+ b))
PROBLEMS
44. TIn electronics, when two resistors, with resistances A B In Problems 45-50, find an expression equivalent to one of

and B, are connected in a parallel circuit, the total re-

sistance is 1

1/A+1/B’
Rewrite this so there are no fractions in the numerator
or denominator.

parts (a)—(f), if possible.

(a)
(d)

45.

48.

1 2
2x (b)) — (© =
4 % q
T+ 2 © 1—2x ® x4+ 1
11 x 1/x
-+ - 46. — 47. —
T * T 0 0.5 2
1 3 1
— 49. 50, ———
—1—=x x4+ 1 r—1



M For Exercises 51-64, simplify each expression. Assume any
factors you cancel are not zero.

4ab® 1 N 1
_3 st
51 —> 52. S
a?
m+ 2
p+yq 3
$3. 5 ——q 4. 2
12 18 e
2 t
: 3 t—3
55. m 56- 4
2 4t — 12
1 1 r_y
25  x2 y T
ST S
—_ — — — + —
x 5 Yy x

— - —
59, & a2 60, k1
d—rc 1 1
c2d k+1
1 2
_ 2
61, =1 m+2 62. 2— — =
m+2 2t
m
2 24 12 3
6 1+E*E o 12+;+—2
: 1 12 : 6
- 124 =
w w a

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 2

EXERCISES

M In Exercises 1-4, are the two expressions equivalent?

1. z(5z) and b5z?
2. 2a+b and b+ 2a
3. (2z)(by) and Tzy

4. (a+3)+(b+2) and (a+b)+5

M Given the values of  and z in Exercises 5-6, evaluate and
simplify the expression

— a2
3 2 pbrz+ —— =
(z+7)" +6rz+ s

Your answers may involve other letters.

5.r=-5,2=2 6. r =5k, z = -3k

M In Exercises 7-12, write the expression in a simpler form, if
possible.
7. 3p* — 2¢° + 6pq — p*
8. y® +2zy —4y® + 2z — 2zy
9. (1/2)A+ (1/4)A—(1/3)A
10. (a+4)/34+ (2a—4)/3
11. 3(2t —4) —t(3t — 2) + 16

12. 52* + 523 — 324

M In Exercises 13-22, simplify by using the distributive law
and combining like terms.

13. 2(x +5) +3(x —4)

14. 7(x —2) — 5(2z — b)

15. 3(2z — 5) — 2(5z + 4) + 5(10 — 3z)
16. 6(2z + 1) — 5(3z — 4) + 62 — 10

17. 2x(3x + 4) + 3(2* — 5z + 6)

18. 3w(z +5) — 4x(3z — 1) + 5(6z — 3)
19. 2a(a + b) — 5b(a + b)

20. 5a(a + 2b) — 3b(2a — 5b) + ab(2a — 1)
21. mn(m + 2n) + 3mn(2m + n) + 5m*n
22. 5(x — 3z — 5) — 22(x® — bz — 7)

M Factor the expressions in Exercises 23-52.

23. 22 —-52+6 24. a% + 8a — 48

25. v? — 4v — 32 26. b2 —23b — 50
27. w? 42w+ 24 28. 2242 —172
29. 622 + 5z —6 30. 30t% + 26t + 4

31. ¢% — 4qz + 322 32. 1252 +17s -5



33. 12w? — 10w — 8 34. 102% — 21z — 10 M For Exercises 53-67, simplify each expression. Assume any

factors you cancel are not zero.

35 r2+4 36. (c+3)% —d*

da — 8 10y° — 592

37. 2* 38. 2% — 53. 54, — 2

7. x° +4x 8. x 81 6 5 5y
2 2

39. z° — 144 40. z* — 14z + 49 . 12w — 36w> “ 4z — 8

41, 22 — 22z + 121 42. 22— 31— 54 24w 10z — 20

3t° + 12t 3s® — 125
2 2 57, ——— 58, ——
43. 3x° + 22z + 35 4. z°+x+3x+3 1216 5 P
45. ax + bx — ay — by 46. 12a® + 2b + 24a + ab © ($7y)2 o 222 _ 39
C T2 2 C 2 _ 9y _
47. 2 + 2322 + 132z 48. z* — 182° + 8122 -y vt 2w -8
2 2
P°q—pg 2(y —4)

49. y® +7y* — 18 50. 7y° — 28y2° 61, ——— 62. 52—
v v v v (p—q)? 4(4—y)
a7 5.2 4q43,4

51. =3t 4 24t°v" — 48t°v o 9z — 352 » 6a — 202

52. n? 4 10n + 25¢° T 29 "2 _a—6

4 2
6. " 1 66. 9k + 12k + 4
rp—rp 12k + 8
7. r(r+s)—s(r+s)
r2s + rs?
PROBLEMS
68. A store has a 10% off sale, and you plan to buy four 72. The volume of a cylinder is 100 cubic centimeters. If

69.
70.
71.

items costing a, b, ¢, and d dollars, respectively.

(a) Write an expression for the total cost of the four
items if the 10% is deducted off the total amount.

(b) Write an expression for the total cost of the four
items if the price of each item is reduced by 10%
separately before totaling up.

(¢) Are the expressions in (a) and (b) equivalent?

(d) Does it matter whether the 10% is taken off each
item separately or is taken off the total at the end?

If a/b = 2/3, what is 3a/2b?
If m+n = s+2,whatis 2(m+n)—(s—2)+(1—s)?

The area of a circle is 30 square meters. What is the
area of a circle whose radius is three times as long?
(The area of a circle of radius r is 772.)

the radius of the cylinder is doubled and the height of
the cylinder is tripled, what is the volume of the new
cylinder? (The volume of a cylinder of radius r and
height A is 7r2h.)

M 1n Problems 73-75, put the expression 622 4 12 in the form
given. Identify the values of r, v, and w, as applicable.

73.

2r 74. 3v+3 75. ro+(r+ 1w

M In Problems 76-77, write the expression in the form k —

T . .
, and identify the values of the constants k, m, and n.

76.

4z _5 — 3(x+5)—Tx
2z — 6 T+




78. Given w = —2 and v = k — 1, evaluate and simplify: the second position earnings increase by 5%, how
much does she earn a week?

20® + 3v* + 3w’y — 3(v — w)?. (e) If the pay for each of the two positions increases
by 5%, how much does she earn a week?
79. An employee holds two different part-time positions (f) Which, if any, of the expressions given in (a), (b),
with the same company, earning $A a week in the first (¢), (d), (e) are equivalent?

position and $B a week in the second position.

(a) How much does the employee earn a week from M 1n Problems 80-81, explain how the distributive law a (b +

this company? ¢) = ab + ac has been used in the identity.
(b) If the employee’s total earnings from the company

increase by 5%, how much does she earn a week? 80. (12 +x+ 6) (3333 + 6332) =’ (3333 + 65102) +(z+
(c) If the first position earnings increase by 5% and 6) (33:3 + 6x2)

the second position earnings stay the same, how

much does she earn a week? 81. (xz +x+ 6) (3333 + 6332) = 3z° (xz +x+ 6) (x +2)

(d) If the first position earnings stay the same and
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3.1 SOLVING EQUATIONS

In Chapter 1 we saw that the basic principle for solving equations is to replace the equation with a
simpler equivalent equation. In this section we look at the practical techniques for doing this.

Using the Operations of Arithmetic to Solve Equations

Often, mathematics problems that arise in everyday life can be solved by basic arithmetic reasoning.
For example, suppose you want to know the price p you can pay for a car if the tax is 5% and you
have a total of $4200 to spend. Since 5% tax on p dollars is 0.05p, the total amount you will spend
on a car with a sticker price p is p + 0.05p. So you want to know when

p +0.05p = 4200.

Using the distributive law we get

(14 0.05)p = 4200 distributive law
1.05p = 4200
4200 . i
p= 105 = 4000 divide both sides by 1.05.

So if you have $4200 to spend, you can afford a car whose sticker price is $4000.

You can go quite a long way in solving equations with basic arithmetic operations for producing
an equivalent equation:

e Adding or subtracting the same number to both sides
e Multiplying or dividing both sides by the same number, provided it is not zero

e Replacing any expression in an equation by an equivalent expression.

Example 1 Solve (a) 7+3p=1+5p (b) 1—-2(83—z)=10+ 5z.
Solution (a) For this equation we collect the p terms on the left and the constant terms on the right.

T+3p=1+5p
3p=5p—06 subtract 7 from both sides
=%p = =0 subtract 5p from both sides

p= - =3 divide both sides by —2.

We verify that p = 3 is the solution by putting it into the original equation:
7+3-3=1+5-3 — 16 =16.
(b) First we distribute the —2 and collect like terms:
1-2(3—z) =10+ 5z
1—6+2x =10+ 5z distribute —2

—5+2x =10+ 5z simplify left side
—5—3xz =10 subtract 5z from both sides



—3z =15 add 5 to both sides
r = — = —5 divide both sides by —3.

Checking z = —5:

=@ = (=h)) = 045=5 — —li=—15

Solving Equations with Constants Represented by Letters

Example 2
Solution

Example 3

Solution

Example 4

In the previous examples the coefficients and the constant terms were specific numbers. Often we
have to solve an equation where there are unspecified constants represented by letters. The general
method for solving such equations is the same.

Solve each of the equations 2z + 12 = 20 and 2x + z = N for the variable z.

2x 4+ 12 = 20 2r+2=N
2x =20 — 12  subtract 12 2x = N — z  subtract z
20— 12 . N —z ..
o = divide by 2. m = 5 divide by 2.

We use the same operations to solve both equations: subtraction in the first step and division in the
second. We can further simplify the solution on the left by writing (20 — 12)/2 as 4, but there is no
corresponding simplification of the solution for the equation on the right.

Solve Aw + 3w — 5 = 12 for w. Assume that A is a positive constant.

We collect terms involving w on the left side of the equal sign and the remaining terms on the right.

Aw+ 3w —5=12

Aw + 3w =17 add 5 to both sides
w(A+3) =17 factor out w on the left side
w = —— divide both sides by A + 3.
A3 Y

Dividing both sides by A + 3 is not a legitimate operation unless we know that A + 3 is not zero.
Since A is positive, A 4+ 3 cannot be zero, and the operation is allowed.

Solve the equation 2¢%p + 5p + 10 = 0 for p.



Solution We collect terms involving p on the left of the equal sign and the remaining terms on the right.

2¢°p +5p+ 10 = 0

2¢°p + 5p = —10 subtract 10 from both sides
p(2¢> +5) = —10 factor out p
p=— divide by 2¢2 + 5.

2¢2 +5

Since 2¢% + 5 cannot be zero, the last step is legitimate.

What Other Operations Can We Use?

As we learn about more and more complicated equations, we need more and more operations to
solve them, in addition to the basic arithmetic ones we have discussed here. To decide whether an
operation is allowable, we look at whether or not it changes the equality between two quantities. If
in doubt, we check the solutions we have obtained back in the original equation.

Example5 Solve the equation /z = 8.

Solution To undo the operation of taking the cube root, we cube both sides of the equation. Since cubing the
two sides does not change whether they are equal or not, this produces an equivalent equation.

V=8

/3 =8 rewriting in exponential form
(21/3)3 =8 cube both sides
z = H12.

We check to see that 512 is a solution: v/512 = 8.

In Example 5 we performed a new operation on both sides of an equation: cubing. Cubing two
numbers does not change whether they are equal or not: different numbers have different cubes. So
this operation produces an equivalent equation.

Example 6 Solve the equation \/z = —2.

Solution To undo the operation of taking the square root, we try squaring both sides of the equation.

(vVz)* = (=2)? square both sides

If we check the result, we see that

VEL=0) S 0]

so x = 4 is not a solution to the equation. Since square roots are always positive, we recognize that
\/x cannot equal —2 and the equation has no solutions.



Since different numbers do not necessarily have different squares, the operation of squaring
both sides of an equation (or taking the square root of both sides of an equation) does not give an
equivalent equation. Just as we need to be careful about multiplying or dividing by zero, we also
need to be careful about raising both sides of an equation to an even power.

Equations with Fractional Expressions

An equation involving a fractional expression can sometimes be solved by first transforming it into
a simpler equation. To do this we clear the equation of fractions. One way to do this is to multiply
by the product of the denominators. The resulting equation is equivalent to the original, except at
values of the variable that make one of the denominators zero.

2 5
Example7  Solve for z (a) - b) s=—2ifs#0anda+#0
3+ 6—=x 1=z
Solution (a) Multiply both sides of the equation by (3 + z)(6 — x):
S B+2)(6-2)= ——(3+2)(6—2).
o (B 42)6-0) = o (34 2)(6~ )

Canceling (3 + z) on the left and (6 — z) on the right, we have
26 —z) =5(3+2).
This is now a simpler equation, with solution given by

12 — 2z = 15+ 5z

—Tx =3
3

===

7

Since we cleared our fractions by multiplying by a quantity that can be zero, we need to check
the solution by substitution in the original equation.

2 2 2 T 7
3+x 3-3/7 (21-3)/7 18 9

500 6 5 s 1T
6—x 6-+3/7 (42+3)/7 ~ 45 9

Thus the solution is valid.
(b) Multiplying both sides by 1 — x gives

s(l—z)=a
s—sr=a
s—a=sz
s—a
xr = .
s

We can divide by s because it cannot be zero. Again, we need to check our solution. Substituting
it into the right side of the equation, we get

. . a a sa :
Right side = [ sa - s a g ° Left side.
s




Exercises and Problems for Section 3.1
EXERCISES

M Solve the equations in Exercises 1-14. 18. -3 2 =
r—2 x-—3
5 1
1. 0.5z —3 =11 2. g(y+4):§fy 1 9
19. =
1 1
— _ - _ 1 3
. 2(a+3) =10 4. =9+ 10r 3r +2793 +2793
5. 4p—1.3=—-6p—16.7 6. 6n —3 = —2n + 37
7. 5"~ 2=3r+5 8. 0.2(g—6) = 0.6(g—4) ‘r—4 3
9. —4(2m —5) =5 10.5:%(1576) o TS _ 2243,
2 5 4
1 230 -12) = %(471 _3)
1 5 17 7
—_ = — = 22. = —
12. 3d 2(2d 4) 4(d+ 4) ET— "
13. B—4(B—3(1—B)) =57
14. 1.065 — 0.01(240 — 5) = 22.67s 23 20 _
a—+2
M Solve the equations in Exercises 15-25.
15 3 2 24. 6h—1_3
.2 2_3 4h+1 5
2 3 3 5 ~3 5
16. - = 17. = y=°_2
-2 -5 " 5% 1 322 B T3
PROBLEMS
M In Exercises 2637, solve for the indicated variable. Assume 35. 2r —t = r + 2t, forr.
all constants are non-zero. 36. 6w — 4z = 3w + 5. for w.
26. A=1-w, forw. 27. y = 3mt, fort. 37. 3(3g — h) = 6(g — 2h), for g.
38. Solve for L:
28. t=1to + gw, for w. 29. s = vot + %atQ,fora. olvetor 3kl —8
=5.
30. ab+ aw = ¢ — aw, for w. rkL =7
31. 3xt+1 =2t — 5z, fort,if z # 2/3. Your answer may involve other letters.
39. Suppose x = 3 is a solution to the equation 2zx + 1 =

32. u(m+2) +w(m — 3) = z(m — 1), for m,

ifu+w—2z # 0.
33. x+y =z fory.
34. ab = ¢, for b.

3.2 SOLVING INEQUALITIES

Inequality Notation

j, where z and j are constants. Find a solution to the
equation
4z +5 =25+ 3.

Whereas an equation is a statement that two quantities are equal, an inequality is a statement that
one quantity is greater than (or less than) another. We use four symbols for expressing inequalities:

x <y means

x is less than y



Example 1

Solution

T >y means x is greater than y

r <y means x is less than or equal to y

r >y means x is greater than or equal to y.

If z is between x and y, we write x < z < y.

Under normal conditions, water freezes at 0°C and boils at 100°C. If H stands for the temperature

in °C of a quantity of water, write an inequality describing H given that

(a) The water has frozen solid.
(c) The water is liquid and is not boiling.

(b) The water has boiled into vapor.

(a) The value of H must be less than or equal to 0°C, so H < 0.
(b) The value of H must be greater than or equal to 100°C, so H > 100.

(c) The value of H must be greater than 0°C and less than 100°C, so 0 < H < 100.

Solutions to Inequalities

Example 2

Solution

A value of a variable that makes an inequality a true statement is a solution to the inequality.

Which of the given values is a solution to the inequality?

(a) 20—t > 12,fort = —10,10
(b) 16 —t2 < 0,fort = —5,0,5.

(a) We have:
Fort = —10: 20 — (—10) > 12,
—_———
30
For t = 10: 20 — 10 > 12,
~—
10

So t = —10 is a solution but ¢ = 10 is not.

(b) We have:
Fort = —5: 16 — (=5)2 <0,
————
-9
For t = 0: 16 — 02 <0,
——
16
Fort = 5: 16 — 5% <0,
——
-9
Sot = —5and t = 5 are solutions but ¢ = 0 is not.

Solving Inequalities

We solve inequalities the same way we solve equations, by deducing simpler inequalities having the

same solutions.

a true statement.

a false statement.

a true statement.

a false statement.

a true statement.



Example 3 Solve the equation 3z — 12 = 0 and the inequality 3z — 12 < 0.

Solution In this case the steps for solving the equation also work for solving the inequality:

3r—12=0 3r—12<0
o = 112 3z < 12 add 12 to both sides
x=4 xr <4  multiply both sides by 1/3.

In Example 3, adding 12 to both sides of the inequality, and multiplying both sides by 1/3, did
not change the truth of the inequality. But we have to be careful when multiplying or dividing both
sides of an inequality by a negative number. For example, although 2 > 1, this does not mean that
(—3) -2 > (—3) - 1. In fact, it is the other way around: —6 < —3. When we multiply or divide both
sides of an inequality by a negative number, we must reverse the direction of the inequality to keep
the statement true.

Example 4 Solve the equation 30 — x = 50 and the inequality 30 — = > 50.

Solution Solving the equation gives

30— 2 =50
—x = 20 subtract 30 from both sides
xr = —20 multiply both sides by —1.

To solve the inequality, we start out the same way, since subtracting 30 from both sides of an
inequality does not change whether it is true or not:

30—z > 50
—x > 20

The last inequality states that, when x is multiplied by —1, the result must be greater than 20. This
is true for numbers less than —20. We conclude that the correct solution is

x < —20.

Notice that multiplying both sides by —1 without thinking could have led to the incorrect solution
x > —20.

Another way to solve Example 4 is to write

30—z > 50
30 > 50+« add x to both sides
30 —50 > =x subtract 50 from both sides
—20 > x.

The statement —20 > x is equivalent to the statement z < —20.



Example 5

Solution

Example 6

Solution

Solve the inequality 4 — (3 + 2) > 6 + x.
We have

4—B3x+2)>6+=z
4—-3x—-2>6+=<x
2—3x>6+zx

—4x >4

r < —1.

Notice that in the last step of the solution, we had to reverse the direction of the inequality since we
multiplied both sides by the negative number —1/4.

Michele will get a final course grade of B+ if the average on four exams is greater than or equal to
85 but less than 90. Her first three exam grades were 98, 74 and 89. What fourth exam grade will
result in a B+ for the course?

For Michele’s average to be greater than or equal to 85 but less than 90 we write

98+ T4+89+g

85 90.
- 4

Collecting like terms, we have
261 +g¢g

4

85 < < 90.
Multiplying the inequality by four gives
340 < 261 + g < 360.
Subtracting 261 produces
79 <g<99.

Therefore, anything from a 79 up to but not including a 99 will give Michele a BT in the course.

Determining the Sign of an Expression from Its Factors

We are often interested in determining whether a quantity NV is positive, negative, or zero, which
can be expressed in terms of inequalities:

N is positive: N >0
N is negative: N <O
N is zero: N =0.

In practice, determining the sign of an expression often amounts to inspecting its factors and using
the following facts:
e A negative number times a negative number is positive.

e A negative number times a positive number is negative.

e A positive number times a positive number is positive.



Example 7

Solution

Example 8

Solution

Example9

Solution

For what values of x is the quantity 5z — 105 positive?

Factoring 5z — 105, we obtain 5(x — 21). This shows that if = is greater than 21, the quantity
52 — 105 is positive.

What determines the sign of a?z — a2y if a # 0?

Factoring, we obtain

a’x — a’y = d*(z — y).

Since a? is always positive,
o If z > y, then a(x — y) is positive.

o If z = y, then a®(x — y) is zero.
e If z < y, then a?(z — y) is negative.

The quantity H takes on values between 0 and 1, inclusive, that is, 0 < H < 1. For positive A,
what are the possible values of

@ 1+H b) 1-H © A+AH (d) 3A—2HA?

(a) Since H takes values between 0 and 1, the value of 1 + H varies between a low of 1 +0 = 1
and a highof 1 + 1 = 2. So
1<1+H<2.

(b) The value of 1 — H varies between alow of 1 —1 = 0 and a highof 1 — 0 = 1. So
0<1—-HCKI.

(¢) The value of A+ AH can be investigated directly, or by factoring out an A and using the results
of part (a).
A+ AH = A(1+ H).

Since A is positive,
A 1<AQ+H)<A-2.

So
A< A+ AH <2A.

(d) Factoring out an A gives
3A—2HA = A(3—2H).

Since H varies between 0 and 1, the value of 3 — 2H varies between alow of 3—2-1 =1 and
ahighof 3 — 2.0 = 3. Thus

A 1<AB-2H)< A3
A<3A4-2AH < 3A.



Exercises and Problems for Section 3.2
EXERCISES

M In Exercises 1-6, write an inequality describing the given
quantity. Example: An MP3 player can hold up to 120 songs.
Solution: The number of songs is n where 0 < n < 120, n
an integer.

1.

Chain can be purchased in one-inch lengths from one
inch to twenty feet.

. Water is a liquid above 32°F and below 212°F.
. A 200-gallon holding tank fills automatically when its

level drops to 30 gallons.

. Normal resting heart rate ranges from 40 to 100 beats

per minute.

. Minimum class size at a certain school is 16 students,

and state law requires fewer than 24 students per class.

11.

12z > 60 8. =5t < 17.5
—4.14+c¢<23 10. —15.03 > s+ 11.4
—-3P 6

T < ﬁ 12. 27 > —m

M Each of the inequalities in Exercises 13-18 can be solved
by performing two operations on both sides. State the oper-
ations in order of use and solve the inequality.

) ] 13. 5y +7 <22 14. —2(n—3) > 12
6. An insurance policy covers losses of more than $1000
but not than $20,000.
ut not more thn $ 15. 13 < 25— 3a 16. 3.7 — v < 5.3
B Each of the inequalities in Exercises 7-12 can be solved by 4
performing a single operation on both sides. State the oper- 17. §r —r<6 18. =z > 2z —3
ation, indicating whether or not the inequality changes di- 2 3
rection. Solve the inequality.
PROBLEMS
19. Table 3.1 shows values of z and the expression 4 — 2z. 21. In 2008, the euro varied in value from $1.24/euro to
For which values of z in the table is $1.60/euro. Express the variation in the dollar cost, c,
@@ 4—2z<2? (b) 4—2z>27 of a 140 euro hotel room during 2008 as an inequality.
(© 4-2:=27 22. An oven’s heating element turns on when the the inter-
g
nal temperature falls to 20 degrees below the set tem-
Table 3.1 perature and turns off when the temperature reaches
10 degrees above the set temperature. You preheat the
d 1 3 4 oven to 350 degrees before putting a cake in and bak-
4—2z 2]10])1-2] -4 ing it an hour at 350. Write an inequality to describe
the temperature in the oven while the cake is baking.
20. Table 3.2 shows values of a and the expressions 2 + a2 23. A company uses two different-sized trucks to deliver

and 10 — 2a. For which values of a in the table is

(a) 2+ a% < 10 — 2a?
(b) 2+a®> 10 — 2a?
(©) 2+a®>=10—-2a?

Table 3.2

a o123 |4]|5]| 66
24a2 | 2 |3|6|11 |18 |27 38
10—2a 108|641 2]0]-2

sand. The first truck can transport x cubic yards, and
the second y cubic yards. The first truck makes S’ trips
to a job site, while the second makes T’ trips.

(a) What do the following expressions represent in
practical terms?

@ S+T b)) z+y
(¢ xS+yT (d) (zS+yT)/(S+T)
e) =S >qyT ® y>«x

(b) If xS > yT and y > x what does this suggest
about S and 7'? Verify your answer using algebra.



B For what values of x are the quantities in Problems 24-27 26. (z —3)(z +2) 27. 2?4z —2
negative?

24, z -7 25. 3z + 18

3.3 ABSOLUTE VALUE EQUATIONS AND INEQUALITIES

The difference between two numbers, say 5 and 3, depends on the order in which we subtract them.
Subtracting the smaller from the larger gives a positive number, 5 — 3 = 2, but subtracting the larger
from the smaller gives a negative number, 3 — 5 = —2. Sometimes we are more interested in the
distance between the two numbers than the difference. Absolute value measures the magnitude of
a number, without distinguishing whether it is positive or negative. Thus, for example, the absolute
value of 5 — 3 is the same as the absolute value of 3 — 5, namely 2.

Absolute Value

On the number line the absolute value of a number x, written |z, is the distance between 0 and z.
For example, |5] is the distance between 0 and +5, so |+5| equals 5. See Figure 3.1. Likewise, |—5|
is the distance between 0 and —5, so |—5]| also equals 5. See Figure 3.2. Since distance is always
positive (or zero), || > 0 for every value of x.

—_— —_—
1 1 = 1 1 =
-5 0 5 -5 0 5
Figure 3.1: Distance on the number Figure 3.2: Distance on the number
line line
Example 1 Evaluate the following expressions.
(a) [100] (b) |-3| © 0]

Solution (a) The absolute value of 100 is the distance between 0 and 100, so [100| = 100.

(b) The absolute value of —3 is the distance between 0 and —3, so |—3| = 3.
(c) The absolute value of 0 is the distance between 0 and 0, so |0| = 0.

Measuring Distance

To find the distance between 2 and 5 on the number line, we subtract 2 from 5 to get 3. See Fig-
ure 3.3.

]

Figure 3.3: Distance on the number line



Example 2

Solution

Notice that the distance between 2 to 5 is the same as the distance between 5 and 2. This means
we could equally well subtract 5 from 2 as subtract 2 from 5, provided we take the absolute value:

Distance from2t05=15—-2|=|+3| =3
Distance from5to2 =2 - 5| = | — 3| = 3.

In general:

The expression |a — b| gives the distance between a and b on the number line.

Notice that |a — b| is equivalent to |b — a|, because the distance between a and b is the same as
the distance between b and a.

Interpret each expression as a distance between two points and evaluate it.
@ [5-3]| (b) |35 © [5+3]

(a) The expression |5 — 3| gives the distance between 5 and 3, which is 2. Confirming this, we see
that |5 — 3| = [2| = 2.

(b) The expression |3 — 5| gives the distance between 3 and 5, which is 2. Confirming this, we see
that |3 — 5| = | — 2| = 2, the same as the answer to part (a).

(c) Writing |5 + 3| in the form |a — b|, we have |5+ 3| = |5 — (—3)|. This expression gives the
distance between 5 and —3, which is 8. Confirming this, we see that |5 + 3| = [8| = 8.

An Algebraic Definition for Absolute Value

When we define |z| as the distance between 0 and x, we are giving a geometric definition, because
distance is a geometric concept. We now give an algebraic definition of |z|. Notice that if x is a
positive number (or zero), then |z| is the same as x. However, if 2 is a negative number, then |z| has
the opposite sign as x, which means |x| equals 2 multiplied by —1:

Definition of Absolute Value

If z is any real number then:
o |z|=x ifz>0

o |z|=—2 ifz<0.

We can see how this rule works by looking at a few specific cases:

For z > 0: Ifx =+43,then|z|= 2 = +3 =3
Ifrx=+4,then|z|= =z = +4 =4

For z < 0: Ifx = -3, then |z| = —2 = —(-3) =3
Ifx=—4,then|z| = —z=—(—4)=4

and so on.



Example 3 Evaluate the following expressions using the algebraic definition of absolute value.
a

@ |100] ®) |-3| © 0] @ o e<o
Solution (a) Since 100 is positive, its absolute value is the same as itself, so [100| = 100.

(b) Since —3 is negative, its absolute value has the opposite sign, so |—3| = —(—3) = 3.
(c) The absolute value of 0 is the same as itself, so |0] = 0.
(d) Since a is negative, its absolute value has the opposite sign, so |a| = —a. Thus,

a a

— = —
la|  —a

Absolute Value Equations

We can use the geometric interpretation of |z| to solve equations involving absolute values.

Example 4 Solve for x:
@ |z-2/=4 (b) |z +6|=15 © |z—2/=-3.

Solution (a) The statement
lx —2| =4

means that the distance between = and 2 equals 4. We know that z = 6 is 4 units to the right of
2, and x = —2 is 4 units to the left of 2, so the solutions are x = —2 and & = 6. Substituting

these values into the original equation, we have:

6 —2|=|4] =4 asrequired
[(=2) — 2| =|—4| =4 asrequired.

(b) We can rewrite this equation as
|z — (=6)] = 15.

This statement means that the distance between x and —6 equals 15. We know that x = 9is 15
units to the right of —6, and © = —21 is 15 units to the left of —6, so the solutions are z = —21

and x = 9. Substituting these values into the original equation, we have:

—21+4+ 6| = |—15| =15 as required
| q
|94 6| = |15] =15 asrequired.

(c) The statement
|z —2|=-3

means that the distance between = and 2 equals —3. We conclude there is no solution, because

a distance cannot be negative.



Example 5

Solution

Solving Absolute Value Equations Algebraically

In Example 4, we solved the equation |x — 2| = 4 by thinking geometrically. We can also solve it
algebraically. The key is to notice that there are two possibilities:

Since |z —2| =4,
theneither z—2=4 —x=6

or rv—2=—-4—gx=-2.

These solutions, x = —2 and z = 6, are the same as we got in part (a) of Example 4. Notice that
we rewrote the equation |« — 2| = 4 as two separate equations: © — 2 = 4 and x — 2 = —4. This is
similar to rewriting the equation (x —2)? = 4 as two separate equations: z —2 = 2 and z — 2 = —2.

Solve:
(@) [3t—4]=11 (b) 3)22—-5|-T7T=-1

(a) We first rewrite the equation |3t — 4| = 11 as two separate equations:

3t—4=+11 3t—4=-11

3t =15 3t=-T7
t=25 t——z
= =-3

Checking our answer, we see that:

[3-5—4| =|15—4| = |+11] =11 asrequired
[3-(=7/3) —4| =|-7—4| =|-11] = 11 as required.

(b) First, we isolate the absolute value:

312z —5|—7=-1
3|20 -5/ =6
22 — 5| = 2.

Next, we rewrite this as two separate equations:

20 — 5 =42 2r—5=—-2
Pap =7 20 =3
7 = 3B %= 1.5,

Checking our answer, we see that:

312(3.5) =5 —-7=3|7T—5|-7T=3|+2|—-7=3-2—7=—1 asrequired
312(1.5) =5/ —7=3|3—-5|—-7=3|-2|—7=3-2—7=—1 asrequired.



Absolute Value Inequalities

Example 6

Solution

Example 7

Solution

Since |x| gives the distance between 0 and x, the inequality |x| < 5 tells us that the distance between
0 and x must be less than 5. Looking at the number line, we see in Figure 3.4 that this means that x
must be between —5 and +5.

“5-4-3-2-10 1 2 3 4

Cle
8

Figure 3.4: Solution of |z| < 5
We can write our solution to this inequality as < 5 and z > —5. We say “and” because both
conditions must be true. We can write this solution more compactly as

-5 < x <o

Solve |z| > 5.

The statement
|z| > 5

means that the distance between 0 and x is greater than 5. Looking at the number line, we conclude
that = must not be between —5 and 5, not can it equal 5 or —5. See Figure 3.5.

2
—-5-4-3-2-101 2 3 4 5

Figure 3.5: Solution of |z| > 5

‘We can write the solution to Example 6 as z < —5 or x > 5. Here, we say “or” instead of “and”
because either condition (but not both) must apply. Note that there is no compact way of writing

r < —=borx > d.
In particular, writing something like 5 < x > —5 is incorrect!

Solve each absolute value inequality.
(@ [2z2-3|<7 (b) |1—4z|>10

(a) In order for |22 — 3| < 7, two things must be true:
20 —3 > —7 and 2x—3<7.
In other words, 22 — 3 must be between —7 and 7. We have:

20 —3 > —7 20 —3 <7
2 > —4 2x < 10



x> —2 T < 5.

Since both these statements must be true, we see that 2 must be between —2 and 5, and we can
write —2 < z < 5.
(b) In order for |1 — 4| > 10, one of two things must be true:

1—42x<—-10 or 1-—4x > 10.

In other words, 1 — 4z must not be between —10 and 10. We have:

1—42 < -10 1—4z >10
1< —-10+4x 1>10+ 4z
11 < 4z -9 > 4x
275 < «x —2.25 > a8
Thus, either x < —2.25 or x > 2.75.
Exercises and Problems for Section 3.3
EXERCISES
M In Exercises 1-7, are there values of = which satisfy the (b) The distance between x and 2 is exactly 6.
statements? Explain how you can tell without finding, or at- (¢) The distance between ¢ and —2 is exactly 1.
tempting to find, the values. (d) The distance between x and zero is less than 4.
(e) The distance between z and zero is greater than or
1. |Jz| —3=10 2. |z —3| =10 equal to 9.
(f) The distance between w and —5 is greater than 7.
3. lx+7=-3 4. 22 +5]=|—7-10|
S lp—1]>2 6. 3—a|—1<0 M In Exercises 11-15, solve the absolute value equation by

writing it as two separate equations.

7. 15+z[+7<0

11. |z —1] =6 12. 5=12z| -3
8. Interpret each of the following absolute values as a dis- 13. |2t —1] =3 14. ‘2 N
tance on the number line. Evaluate when possible. 3
(a) |3.5] (b) |—14] (© |7-2] 15. 9 = lp + 1]
@ [-7-2 (@ |z—4 O |o+4| 4
9. Classify each statement as true or false.
(a |-25]<0 () —|-11] =11 M In Exercises 16-19, solve the inequality.
© [5=7=5-17 @ [12-11]=|11-12| 16. |54+ 2w| <7
(e) Ife<y lz|<|yl ® |z]=]|—x .
. . . . 17. ’— + 7‘ >2
10. Write an absolute value equation or inequality to de- 3
scribe each of the following situations. 18. |8 —2z| <6

(a) The distance between z and zero is exactly 7. 19. |3z -9 >4



PROBLEMS

M In Problems 20-25, write an absolute value equation or in-
equality whose solution matches the graph.

20.
—f ettt —ft— =
-4 -3 -2 -1 0 1 2 3 4
Figure 3.6
21.
H——F—+—F+—+—+—o—F+ =
-4 -3 -2 -1 0 1 2 3 4
Figure 3.7
22.
—e—f+—F+—+—+—+—e¢—+ =z
-4 -3 -2 -1 0 1 2 3 4

Figure 3.8

23.
—+—f—f———t+——+—+——F+ =z
-4 -3 -2 -1 0 1 2 3 4
Figure 3.9
24.
H——f—"F—+—o—+—+—+ =
-4 -3 -2-10 1 2 3 4
Figure 3.10
25.
—t—"F+—"+—+—¢—+t+—¢—1— =
-4 -3 -2-10 1 2 3 4
Figure 3.11

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 3

EXERCISES

M Solve the equations in Exercises 1-4.
1. 0.5z —5=9
2. =T+ 9t = -4
3. —6(2k — 1) = 5(3 — 2k)
4. 4—(r—3)=6(1-r)

M In Exercises 5-7, solve for the indicated variable. Assume
all constants are non-zero.

5. br —d=ax+c,forz,ifa—b#0.
tL —a
t—1"

7. 2m +n = p, for m.

6. S=

for ¢, if S # L.

M Solve the equations in Exercises 8—11.

8. 8%:304—6
4
10. £+“f3 g
2 1 1
11'g+rrj2 6

M Each of the inequalities in Exercises 12-15 can be solved
by performing a single operation on both sides. State the
operation, indicating whether or not the inequality changes
direction. Solve the inequality.

12. 15z > 45 13. 14 < —q

14. 10.7 4+ > -8 15. _TQT >

KIFS

M Each of the inequalities in Exercises 1625 can be solved
by performing two operations on both sides. State the oper-
ations in order of use and solve the inequality.

16. 6+ 3z < 13 17. 7—4n <5 —5n
18. —3(t—2) > —15 19. 2k > 12 — 7k

20. 8 — 4b > 22b 21. =13 —12s < —17
22. 3¢ +2 <50 23, —8 < —4(z — 5)
24. 44— 5<64 25. gr—r>8



M In Exercises 26-29, are there values of = which satisfy the
statements? Explain how you can tell without finding the
values.

26. |z|+8=15

27. |z|+8=7

28. |72 — 70| = |14 — 100|
2. |—T—2[+1<0

M In Exercise 30-35, solve the absolute value equation by
writing it as two separate equations.

30. [z —3]=7
3. [4—3t|=5
PROBLEMS

k
5——|=4
‘ 7’
|3 —dw|—2=6

[3p + 7|
4
3lz—2/=8—|z—2|

+2=5

M In Exercises 36-39, solve the inequality.

36.

37.

38.

[2h+ 7] <5
J
4—2|>7
‘ 3‘_
d -3
2 — >
1 >5
. 14— 3c—4] <6

M Solve the equations in Problems 40-43 for the indicated
variable in terms of the other letters.

40. py/q+np =k, forq 41. py/q+ np =k, forp
1+rys—1
Crds—1
14+7rys—1
Cor4s—1

M For what values of z are the quantities in Problems 44-47
positive?

42 =z, forr

43 =z, fors

4. 45 45. 4z — 28

46. —7x — 35 47. (x4 3)(z — 12)

I www.boursorama.com

48.

49.

50.

In 2008, shares of Total varied on the Paris bourse at
prices from 33.18 euro to 58.90 euro.! Also during the
year, the euro varied in value from $1.24 to $1.60. How
many shares, s, of Total might you have been able to
buy on any given day in 2008 with $10,000? Your an-
swer should be an inequality.

A company’s one-pound boxes of pasta actually weigh
1 1b plus or minus 1/32 lbs. You serve 4 friends with
2 boxes. Write and solve an inequality to express the
amount of pasta per person. Do you think your friends
would notice the difference between the heaviest and
lightest packages?

A scale for weighing agricultural produce is accu-
rate within plus or minus 2%. If the price of corn is
$40/ton, write and solve an inequality describing how
much money a farmer gets for 10 tons of corn.


www.boursorama.com
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4.1 WHAT IS A FUNCTION?

Example 1

Solution

In everyday language, function expresses the notion of one thing depending on another. We might
say that election results are a function of campaign spending, or that ice cream sales are a function
of the weather. In mathematics, the meaning of function is more precise, but the idea is the same. If
the value of one quantity determines the value of another, we say the second quantity is a function
of the first.

A function is a rule that takes numbers as inputs and assigns to each input exactly one
number as output. The output is a function of the input.

A 20% tip on a meal is a function of the cost, in dollars, of the meal. What is the input and what is
the output to this function?

The input is the amount of the bill in dollars, and the output is the amount of the tip in dollars.

Function Notation

Example 2

Solution

We use function notation to represent the output of a function in terms of its input. The expression
£(20), for example, stands for the output of the function f when the input is 20. Here the letter f
stands for the function itself, not for a number. If f is the function in Example 1, we have

f(20) =4,
since the tip for a $20 meal is (0.2)(20) = $4. In words, we say “f of 20 equals 4.” In general,

f(Amount of bill) = Tip.

For the function in Example 1, let B stand for the bill in dollars and 7" stand for the tip in dollars.

(a) Express the function in terms of B and 7.
(b) Evaluate f(8.95) and f(23.70) and interpret your answer in practical terms.

(a) Since the tip is 20% of B, or 0.2B, we have
T = f(B) =0.2B.

(b) We have
£(8.95) = 0.2(8.95) = 1.79

and
£(23.70) = 0.2(23.70) = 4.74.

This tells us the tip on a $8.95 meal is $1.79, and the tip on a $23.70 meal is $4.74.



Example 3

Solution

Example 4

Solution

Example 5

Solution

If you buy first-class stamps, the total cost in dollars is a function of the number of stamps bought.

(a) What is the input and what is the output of this function?

(b) Use function notation to express the fact that the cost of 14 stamps is $6.16.

(c) If a first-class stamp costs 44 cents, find a formula for the cost, C, in dollars, in terms of the
number of stamps, n.

(a) The input is the number of stamps, and the output is the total cost:
Total cost = f(Number of stamps).
(b) If the total cost is $6.16 for 14 stamps, then
f(14) = 6.16.
(c) Since 44 cents is 0.44 dollars, n stamps cost 0.44n dollars, so

C = f(n) = 0.44n.

Dependent and Independent Variables

A variable used to stand for the input, such as B in Example 2 or n in Example 3, is also called the
independent variable, and a variable used to stand for the output, such as 7" in Example 2 or C in
Example 3, is also called the dependent variable. Symbolically,

Output = f(Input)
Dependent = f(Independent).

The cost in dollars of tuition, 7', at most colleges is a function of the number of credits taken, c.
Express the relationship in function notation and identify the independent and dependent variables.

We have
Tuition cost = f(Number of credits), or 7T = f(c).

The independent variable is ¢, and the dependent variable is 7'

The area of a circle of radius r is given by A = 7r2. What is the independent variable? What is the
dependent variable?

We use this function to compute the area when we know the radius. Thus, the independent variable

is 7, the radius, and the dependent variable is A, the area.

In a situation like Example 5, where we have a formula like
A= mr?

for the function, we often do not bother with function notation.



Example 6

Solution

Example 7

Solution

Evaluating Functions

If f(x) is given by an algebraic expression in z, then finding the value of f(5), for instance, is the
same as evaluating the expression at x = 5.

If f(x) =5 — \/z, evaluate each of the following:
() £(0) (b) f(16) (© f(122).

(a) We have f(0) =5 —+/0 = 5.
(b) We have f(16) =516 =5—4=1.
(c) Wehave f(12%) =5 - V122 =5-12= —T.

Example 6 (c) illustrates that the input to a function can be more complicated than a simple
number. Often we want to consider inputs to functions that are numerical or algebraic expressions.

Let h(z) = 2? — 3z + 5. Evaluate the following:
(@) h(a)—2 (b) h(a—2) () h(a—2)—h(a).

To evaluate a function at an expression, such as a — 2, it is helpful to remember that a — 2 is the
input, and to rewrite the formula for f as

Output = h(Input) = (Input)® — 3 - (Input) + 5.
(a) First input a, then subtract 2:

h(a) —2 = (a)? — 3(a) + 5 —2
N—— —
h(a)
=a?—3a+3.

(b) In this case, Input = a — 2. We substitute and multiply out:

h(a—2)=(a—2)>-3(a—2)+5
—a’—4a+4-3a+6+5
=a® —T7a + 15.

(c) We must evaluate h at two different inputs, a — 2 and a. We have

h(a—2) — h(a) = (a—2)® —3(a—2) + 5— ((a)® — 3(a) + 5)

h(a—2) h(a)
=a?—4a+4—-3a+6+5—(a®>—3a+5)
N——

h(a—2) h(a)

= —4a + 10.



Example 8

Solution

Example 9

Solution

Let n = f(p) be the average number of days a house in a particular community stays on the market
before being sold for price p (in $1000s), and let py be the average sale price of houses in the
community. What do the following expressions mean in terms of the housing market?

(@ f(250) (®)  f(po + 10) (© f(0.9po)

(a) This is the average number of days a house stays on the market before being sold for $250,000.

(b) Since pp + 10 is 10 more than py (in thousands of dollars), f(po + 10) is the average number
of days a house stays on the market before being sold for $10,000 above the average sale price.

(c) Since 0.9pg is 90% of pg, or 10% less than pg, f(0.9pp) is the average number of days a house
stays on the market before being sold at 10% below the average sale price.

When interpreting the meaning of a statement about functions, it is often useful to think about
the units of measurement for the independent and dependent variables.

Let f(A) be the number of gallons needed to paint a house with walls of area A ft2.

(a) In the statement f(3500) = 10, what are the units of the 3500 and the 10? What does the
statement tell you about painting the house?

(b) Suppose f(A) = A/350. How many gallons do you need to paint a house whose walls measure
5000 ft2? 10,000 ft>?

(c) Explain in words the relationship between the number of gallons and A. What is the practical
interpretation of the 350 in the expression for the function?

(a) The input, 3500, is the area of the walls, so its units are ft2. The output, 10, is the number of
gallons of paint. The statement f(3500) = 10 tells us that we need 10 gallons to paint 3500 ft?
of wall.

(b) For walls measuring 5000 ft*> we need f(5000) = 5000/350 = 14.3 gallons. For walls measur-
ing 10,000 ft?> we need f(10,000) = 10,000/350 = 28.6 gallons.

(c) The expression tells us to divide the area by 350 to compute the number of gallons. This means
that 350 ft? is the area covered by one gallon.

Tables and Graphs

We can often see key features of a function by making a table of output values and by drawing
a graph of the function. For example, Table 4.1 and Figure 4.1 show values of g(a) = a? for
a = —2,—1,0,1 and 2. We can see that the output values never seem to be negative, which is
confirmed by the fact that a square is always positive or zero.

Table 41 Values of

g(a) = a®
a (input) g(a) = a? (output)
—2 4
—1 1
0 0
a
1 1 -2 —1 1 2
2 4 9

Figure 4.1: Graph of values of g(a) = a



Example 10

Solution

Example 11

4 4

3 £

2 4

1 £

a | | | | a
-2 -1 1 2 -2 -1 1 2
Figure 4.2: More values Figure 4.3: Graph of
of g(a) = a? g(a) = a*

If we plot more values, we get Figure 4.2. Notice how the points appear to be joined by a
smooth curve. If we could plot all the values we would get the curve in Figure 4.3. This is the graph
of the function. A graphing calculator or computer shows a good approximation of the graph by
plotting many points on the screen.

Explain how Table 4.1 and Figure 4.3 illustrate that g(a) = g(—a) for any number a.

Notice the pattern in the right column of Table 4.1: the values go from 4 to 1 to 0, then back to 1
and 4 again. This is because (—2)2 and 22 both have the same value, namely 4, so

Similarly,
9(=1) =g(1) = 1.

We can see the same thing in the symmetrical arrangement of the points in Figures 4.1 and 4.2 about
the vertical axis. Since both a? and (—a)? have the same value, the point above a on the horizontal
axis has the same height as the point above —a.

For the function graphed in Figure 4.4, find f(z) forz = —3,—-2,—-1,0,1,2, 3.

Figure 4.4



Solution

The coordinates of a point on the graph of f are (a, f(a)) for some number a. So, since the point

(—3,0) is on the graph, we must have f(—3) = 0. Similarly, since the point (—2, 2) is on the graph,
we must have f(—2) = 2. Using the other marked points, we get the values in Table 4.2.

Table 4.2
x 3| -2 | -1 0 2 | 3
f(x) 0 2 0 -1 1o | -1 |1

Exercises and Problems for Section 4.1
EXERCISES

M 1n Exercises 1-2, write the relationship using function nota-
tion (that is, y is a function of x is written y = f(z)).

1. Weight, w, is a function of caloric intake, c.

2. Number of molecules, m, in a gas, is a function of the
volume of the gas, v.

3. The number, N, of napkins used in a restaurant is
N = f(C) = 2C, where C is the number of cus-
tomers. What is the dependent variable? The indepen-
dent variable?

4. A silver mine’s profit, P, is P = g(s) = —100,000 +
50,000s dollars, where s is the price per ounce of sil-
ver. What is the dependent variable? The independent
variable?

M 1n Exercises 5-6, evaluate the function for z = —7.

5 flx)=z/2-1 6. f(z)y=2>-3

7. Letg(z) = (12 — z)? — ( — 1)®. Evaluate
@ g(2) (b) g(5)

(© g(0) @ g(-1)

8. Let f(x) = 22% 4 7x + 5. Evaluate
@ f(3) (®) f(a)

(© f(2a) @ f(-2)

M In Exercises 9-14, evaluate the expressions given that

9.

12.

2z +1 1
f(0) 10. ¢(0) 11. g(-1)
£(10) 13. f(1/2) 14. g (V3)

M In Exercises 15-20, evaluate the expressions given that

h(t) =10 — 3t.
15. h(r) 16. h(2u) 17. h(k —3)
18. h(4 —n) 19. h(5t%) 20. h(4 —t°)
21. If f(x) = 1 —2® — z, evaluate and simplify f(1 — z).
22. The sales tax on an item is 6%. Express the total cost,
C, in terms of the price of the item, P.
23. Let f(T) be the volume in liters of a balloon at tem-

perature T°C. If f(40) = 3,

(a) What are the units of the 40 and the 3?
(b) What is the volume of the balloon at 40°C?

M In Exercises 24-26 use the table to fill in the missing values.
(There may be more than one answer.)

24. (a) g¢(0) =? ® g(?)=0
(© g(=5)=? @ g(?)=-5

y |10/ -5|0]5 ] 10

gly)| =5 | 0 | 5|10 | —10

25. (a) h(0) =? (b) h(?)=0
(¢) h(=2)=? @ h(?)=-2

t -3 -2 -1 0 1 2

ht) | =1 0 | =3| —2| 1| -2




26. (a) h(?) = 2h(0) (b) h(?) =2h(—3)+h(2)  28. (@) h(0)=? () h(?)=0
(© h(?)=n(-2) (@ h(?)=h(1)+h?)
t -3 -2| -1 0 1 2

ht) | -1] 0 | —4|—2]-1]|-2

M In Exercises 27-29, use the graph to fill in the missing val-
ues. (There may be more than one answer.)

27. (@) f(0) =? ) f(?)=0 29. (@) g(0) =? ) g(?)=0

3

f(=z)
1 u
1 1 Fox
-3 /72 71_1Jr N 2
PROBLEMS
30. Table 4.3 shows the 5 top winning teams in the NBA (a) d(30) =111 (b) d(a)=10
playoffs between 2000 and May 20, 2007 and the num- (¢ d(10)=b d s=d)

ber of games each team has won.

M The lower the price per song, the more songs are down-

Table 4.3 loaded from an online music store. Let n = r(p) give the
Team Playoff games won average number of daily downloads as a function of the
Lakers 66 price (in cents). Let po be the price currently being charged
(in cents). What do the expressions in Problems 33-40 tell
Spurs 66 you about downloads from the store?
Pistons 61
Nets 43 33. 7(99) 34. r(po)
Mavericks 41
35. r(po — 10) 36. r(po — 10) — r(po)
(a) Is the number of games a team won a function of 37. 3657 (po) 38. r(0.80po)
the team? Why or why not?
(b) Is the NBA team a function of the number of 39, 7"(2110) 40. po - r(po)

games won? Why or why not?

31. Let 7(p) be the revenue in dollars that a company re-
ceives when it charges p dollars for a product. Explain

. . M Evaluate the expressions in Problems 41-42 given that
the meaning of the following statements.

@ r(15)=112500 (b) r(a)=0 Fn) = %n(n—k ).
(© r(1)=b @ c=r(p)
32. Let d(v) be the braking distance in feet of a car trav-
eling at v miles per hour. Explain the meaning of the 41. f(100) 2. fln+1) = f(n)

following statements.



M Different strains of a virus survive in the air for different ~ B A car with tire pressure P Ibs/in? gets gas mileage g(P) (in

time periods. For a strain that survives ¢ minutes, let h(t) mpg). The recommended tire pressure is Py. What do the
be the number of people infected (in thousands). The most expressions in Problems 45-46 tell you about the car’s tire
common strain survives for top minutes. What do the expres- pressure and gas mileage?
sions in Problems 43-44 tell you about the number of people
infected?
hoto) 45. g(0.9P) 46. g(Po) — g(Po —5)

0

43. h(to + 3) 44. h(to)

4.2 FUNCTIONS AND EXPRESSIONS

A function is often defined by an expression. We find the output by evaluating the expression at the
input. By paying attention to the form of the expression, we can learn properties of the function.

Using Expressions to Interpret Functions

Example 1

Solution

Example 2

Bernardo plans to travel 400 miles over spring break to visit his family. He can choose to fly, drive,
take the train, or make the journey as a bicycle road trip. If his average speed is r miles per hour,
then the time taken is a function of = and is given by

400

Time taken at 7 miles per hour = T'(r)
r

(a) Find T'(200) and T'(80) and give a practical interpretation of the answers.
(b) Use the algebraic form of the expression for 7'(r) to explain why 7'(200) < 7'(80), and explain
why the inequality makes sense in practical terms.

(a) We have

400 400

This means that it takes Bernardo 2 hours traveling at 200 miles per hour and 5 hours traveling
at 80 miles per hour.

(b) In the fraction 400/, the variable r occurs in the denominator. Since dividing by a larger num-
ber gives a smaller number, making r larger makes 7'(r) smaller. This makes sense in practical
terms, because if you travel at a faster speed you finish the journey in less time.

It is also useful to interpret the algebraic form graphically.

For the function 7'(r) in Example 1,

(a) Make a table of values for » = 25, 80, 100, and 200, and graph the function.
(b) Explain the shape of the graph using the form of the expression 400 /7.



Solution

Example 3

Solution

Example 4

Solution

(a) Table 4.4 shows values of the function, and Figure 4.5 shows the graph.

Table 44 Values time taken, 7°(r), in hours
of T(r) =400/r 20
T T(r)
25 16 10
80 5
100 4 ! ‘ ‘ speed, r (mph)
200 100 200 300 400

Figure 4.5: Graph of 400/r

(b) The graph slopes downward as you move from left to right. This is because the points to the
right on the graph correspond to larger values of the input, and so to smaller values of the output.
Since the output is read on the vertical axis, as one moves to the right on the horizontal axis,
output values become smaller on the vertical axis.

Constants and Variables

Sometimes an expression for a function contains letters in addition to the independent variable. We
call these letters constants because for a given function, their value does not change.

Einstein’s famous equation E = mc? expresses energy F as a function of mass m. Which letters in
this equation represent variables and which represent constants?

We are given that F is a function of m, so E is the dependent variable and m is the independent
variable. The symbol c is a constant (which stands for the speed of light).

Which letters in an expression are constants and which are variables depends on the context in
which the expression is being used.

A tip of r percent on a bill of B dollars is given in dollars by
Tip=—B

Which letters in the expression (/100)B would you call variables and which would you call con-
stants if you were considering

(a) The tip as a function of the bill amount?  (b) The tip as a function of the rate?

(a) In this situation, we regard the tip as a function of the variable B and regard r as a constant. If
we call this function f, then we can write

r

TiP:f(B):ﬁ

(b) Here we regard the tip as a function of the variable r and regard B as a constant. If we call this

function g, then
r



Functions and Equivalent Expressions

Example 5

Solution

Example 6

Solution

A number can be expressed in many different ways. For example, 1/4 and 0.25 are two different
ways of expressing the same number. Similarly, we can have more than one expression for the same
function.

In Example 2 on page 78 we found the expression 0.25 for a 20% tip on a bill. Pares says she has
an easy way to figure out the tip: she moves the decimal point in the bill one place to the left, then
doubles the answer.

(a) Check that Pares’ method gives the same answer on bill amounts of $8.95 and $23.70 as Exam-
ple 2 on page 78.
(b) Does Pares’ method always work? Explain your answer using algebraic expressions.

(a) For $8.95, first we move the decimal point to the left to get 0.895, then double to get a tip of
$1.79. For $23.70, we move the decimal point to the left to get 2.370, then double to get a tip of
$4.74. Both answers are the same as in Example 2 on page 78.

(b) Moving the decimal point to the left is the same as multiplying by 0.1. So first Pares multiplies
the bill by 0.1, then multiplies the result by 2. Her calculation of the tip is

2(0.1B).
We can simplify this expression by regrouping the multiplications:
2(0.1B) = (2-0.1)B = 0.2B.

This last expression for the tip is the same one we found in Example 2 on page 78.

For each value of B the two expressions, 2(0.1 ) and 0.2B, give equal values for the tip. Al-
though the expressions appear different, they are equivalent, and therefore define the same function.

Let g(a) = a® — a. Which of the following pairs of expressions are equivalent?

(a) g(2a) and 2g(a)
(b) (1/2)g(a) and g(a)/2
(¢) g(a+1)and g(a) + 1

(a) In order to find the output for g, we square the input value, a and subtract a from the square.
This means that g(2a) = (2a)? — (2a) = 4a® — 2a. The value of 2g(a) is two times the value
of g(a). So 2g(a) = 2(a®? — a) = 2a® — 2a. The two expressions are not equivalent.

(b) Since multiplying by 1/2 is the same as dividing by 2, the two expressions are equivalent:

(3) st0) = 5 -y - 52 = L0,

(c) Toevaluate g(a+1) wehave gla+1) = (a+1)>—(a+1)=a’+2a+1—-a—1=a’+a.
To evaluate g(a) + 1 we add one to g(a), so g(a) + 1 = a? — a + 1. The two expressions are

not equivalent.

Often we need to express a function in a standard form to recognize what type of function it is.
For example, in Section 4.5 we study functions of the form () = kt, where k is a constant.



Example 7

(a) Q=5t+rt

Solution (a) We have

b Q==

Express each of the following functions in the form () = kt and give the value of k.

t
10 © Q=tt+1)—tt—-1)

Q="5t+7rt=(5+r)t,
which is the form Q = kt, with k =5 + r.

(b) Rewriting the fraction as

Q

we see that k = —0.1.
(c) We have

—t (-1
== <1—0> t = —0.1¢,

Q=t@+1)—t@—1)=t>+t— 12 +t=2¢,

so k = 2.

Exercises and Problems for Section 4.2
EXERCISES

M 1n Exercises 1-4
(a) Evaluate the function at the given input values. Which
gives the greater output value?

(b) Explain the answer to part (a) in terms of the algebraic
expression for the function.

1. flz)=9—2,2=1,3
2. gla)=a—2,a=—5,-2

3. C@p) = %p,p — 100, 200

M In Exercises 5-8, f(t) = t/2 + 7. Determine whether the
two expressions are equivalent.

f@) 1
5. T7 gf(t)

7. 2f(t), f(2t)

6. f(t*), (f(1))?
8. f(4t%), f((2t)*)

PROBLEMS

M In Exercises 9-16, are the two functions the same function?
9. f(x) =a* —4dx+5and g(z) = (z —2)* +1
10. f(x) =2(x +1)(z — 3) and g(x) = 2> — 22 — 3.
11. f(t) = 450 + 30t, and g(p) = 450 + 30p
12. A(n) = (n—1)/2and B(n) =0.5n — 0.5

13. r(z) =5(x —2) + 3 and s(z) = br + 7
14. h(t) =t* —t(t—1)and g(t) =t
15. Q(t) = % —gandP(t) =t—3
480 —16
16. B(v) =30 — — and C(v) = 30 (” . )

M In Exercises 17-20, which letters stand for variables and
which for constants?
17. V(r) = (4/3)7r? 18. f(z) =b+ mzx

19. P(t) = A(1 —rt) 20. B(r) = A(1 — rt)

21. The number of gallons left in a gas tank after driving d
miles is given by G(d) = 17 — 0.05d.
(a) Which is larger, G(50) or G(100)?
(b) Explain your answer in terms of the expression for
G(d), and give a practical interpretation.

22. If you drive to work at v miles per hour, the time avail-
able for breakfast is B(v) = 30 — 480,/v minutes.

(a) Which is greater, B(35) or B(45)?
(b) Explain your answer in terms of the expression for
B(v) and give a practical interpretation.



23. Abby and Leah go on a 5 hour drive for 325 miles at
65 mph. After ¢ hours, Abby calculates the distance re-
maining by subtracting 65¢ from 325, whereas Leah 1 at — Bt
subtracts ¢ from 5 then multiplies by 65. 28. Q = Et\/g 29. Q = T

(a) Write expressions for each calculation.
(b) Do the expressions in (a) define the same function?

24. To calculate the balance after investing P dollars for 30 Q=(t=3)(t+3) - (t+9)(t—-1)
two years at 5% interest, Sharif adds 5% of P to P, 31. The price of apartments near a subway is given by
and then adds 5% of the result of this calculation to it-
self. Donald multiplies P by 1.05, and then multiplies ) 1000 -
the result of this by 1.05 again. 2 10d dollars,

(a) Write expressions for each calculation.
(b) Do the expressions in (a) define the same function?

where A is the area of the apartment in square feet and
d is the distance in miles from the subway. Which let-
ters are constants and which are variables if

M 1n Problems 25-30, put the functions in the form Q = kt
and state the value of k. (a) You want an apartment of 1000 square feet?

25Q=£

(b) You want an apartment 1 mile from the subway?
26. Q=t(n+1) 27. Q=bt+rt (¢) You want an apartment that costs $200,000?

4.3 FUNCTIONS AND EQUATIONS

Using Equations to Find Inputs from Outputs

Example 1

Solution

In the last section we saw how to evaluate an expression to find the output of a function given an
input. Sometimes we want to find the inputs that give a certain output. To do that, we must solve
an equation. For example, if f(z) = 2, and we want to know what inputs to f give the output
f(x) = 16, we must solve the equation 2% = 16. The solutions x = 4 and x = —4 are the inputs to
f that give 16 as an output.

In Example 1 on page 85 we saw that the function

400
T(r)=—
(==
gives the time taken for Bernardo to travel 400 miles at an average speed of  miles per hour.

(a) Write an equation whose solution is the average speed Bernardo would have to maintain to
make the trip in 10 hours.
(b) Solve the equation and represent your solution on a graph.

(a) We want the time taken to be 10 hours, so we want T'(r) = 10. Since T'(r) = 400/r, we want
to solve the equation

4
10 = ﬂ
r
(b) Multiplying both sides by r we get
10r = 400,
4
= —00 = 40,



so we see that the solution is = 40. In function notation,
T(40) = 10.

See Figure 4.6. We also know the shape of the graph from Figure 4.5 on page 86.

time taken, in hours

Time is 10 hours when speed is 40 mph, so 7'(40) = 10

speed, 7 (mph)

Figure 4.6: Solution to 400/r = 10 is r = 40

Reading Solutions from the Graph

Example 2

Solution

In Example 1 we visualized the solution on a graph. Sometimes it is possible to see the solution
directly from a table or a graph.

A town’s population ¢ years after it was incorporated is given by the function f(¢) = 30,000+2000¢.

(a) Make a table of values for the population at five-year intervals over a 20-year period starting at
t = 0. Plot the results on a graph.
(b) Using the table, find the solution to the equation

f(t) = 50,000
and indicate the solution on your plot.

(a) The initial population in year ¢ = 0 is given by
£(0) = 30,000 + 2000(0) = 30,000.
In year ¢t = 5 the population is given by
f£(5) = 30,000 + 2000(5) = 30,000 + 10,000 = 40,000.
In year ¢ = 10 the population is given by
£(10) = 30,000 + 2000(10) = 30,000 + 20,000 = 50,000.

Similar calculations for year t = 15 and year ¢ = 20 give the values in Table 4.5 and Figure 4.7.



Table 4.5 Population over 20 years population
70,000 ¥
t, years Population 60,000 /.// o
0 30,000 0000 |- T g
) /./ |
5 40,000 30,000 ¢~ }
10 50,000 20,000 \
15 60,000 10,000 i
L L L H
20 70,000 5 6 o t, time (years)

Figure 4.7: Town’s population over 20 years

(b) Looking down the right-hand column of the table, we see that the population reaches 50,000
when ¢ = 10, so the solution to the equation

£() = 50,000

is t = 10. The practical interpretation of the solution ¢ = 10 is that the population reaches
50,000 in 10 years. See Figure 4.7.

It is important not to confuse the input and the output. Finding the output from the input is a
matter of evaluating the function, whereas finding the input (or inputs) from the output is a matter
of solving an equation.

Example 3 For the function graphed in Figure 4.8, give
(@ f(0) (b) The value of  such that f(z) = 0.
4,
f@) 4
/A I
—4 4 4
0

Figure 4.8

Solution (a) Since the graph crosses the y-axis at the point (0, 3), we have f(0) = 3.

(b) Since the graph crosses the z-axis at the point (—2,0), we have f(—2) = 0, so z = —2.

The value where the graph crosses the vertical axis is called the vertical intercept or y-intercept,
and the values where it crosses the horizontal axis are called the horizontal intercepts, or x-intercepts.
In Example 3, the vertical intercept is y = 3, and the horizontal intercept is * = —2.

How Do We Know When Two Functions Are Equal?

Often, we want to know when two functions are equal to each other. That is, we want to find the
input value that produces the same output value for both functions. To do this, we set the two outputs
equal to each other and solve for the input value.



Example 4

Solution

Example 5

Solution

The populations, in year ¢, of two towns are given by the functions

TownA: P(t) = 600 + 100(t — 2000)
TownB: Q(t) = 200 + 300(¢ — 2000).

(a) Write an equation whose solution is the year in which the two towns have the same population.
(b) Make a table of values of the populations for the years 2000-2004 and find the solution to the
equation in part (a).

(a) We want to find the value of ¢ that makes P(t) = Q(t), so we must solve the equation
600 + 100(¢t — 2000) = 200 + 300(¢ — 2000).

(b) From Table 4.6, we see that the two populations are equal in the year ¢ = 2002.

Table 4.6

t 2000 2001 2002 2003 2004
P(t) 600 700 800 900 1000
Q(t) 200 500 800 1100 1400

Checking the populations in that year, we see

P(2002) = 600 + 100(2002 — 2000) = 800
Q(2002) = 200 + 300(2002 — 2000) = 800.

Functions and Inequalities

Sometimes, rather than wanting to know where two functions are equal, we want to know where
one is bigger than the other.

(a) Write an inequality whose solution is the years for which the population of Town A is greater
than the population of Town B in Example 4.
(b) Solve the inequality by graphing the populations.

(a) We want to find the values of ¢ that make P(t) > Q(t), so we must solve the inequality

600 + 100(¢ — 2000) > 200 + 300(¢ — 2000).

(b) In Figure 4.9, the point where the two graphs intersect is (2002, 800), because the populations
are both equal to 800 in the year 2002. To the left of this point, the graph of P (the population
of town A) is higher than the graph of @ (the population of town B), so town A has the larger
population when ¢ < 2002.



Population
1600 -

1400 -
1200 ~
1000 +

800 -—————-

600 -
400 -
200

L4

(2002,800)

2000

2001 2002 2003 2004

't

Figure 4.9: When is the population of Town A greater than Town B?

Exercises and Problems for Section 4.3
EXERCISES

M n Exercises 1-6, solve f(z) = 0 for z.
1. flz)=vax—2—-4
3. f(z) =4z -9

5. f(z) =2yz — 10

2. f(z)=6—3x

4. f(z) =22% 18

M n Exercises 7-11, solve the equation g(¢) = a given that:

7. g(t)y=6—tanda =1

8. g(t) = (2/3)t +6and a = 10
9. g(t) =32t —1)and a = —3
10. g(t) = ! anda =1
11 g(t)=2(t—-1)+4(2t+3)anda =0
M Answer Exercises 12-13 based on the graph of y = v(x) in
Figure 4.10.
Yy
80
60 y = v(z)
40
20
0 T
20 40 60 80 100
Figure 4.10

12. Solve v(z) = 60. 13. Evaluate v(60).

6. f(x)=2(2x —3) +2

M In Exercises 14-16, give

@ f(0) (b) The values of x such that f(z) = 0.

Your answers may be approximate.

14. P 15. 100 +

757

8

,‘ 5\ ¢

16.

Figure 4.1

17. Chicago’s average monthly rainfall, R = f(¢) inches,
is given as a function of month, ¢, in Table 4.7. (January
is t = 1.) Solve and interpret:

@ f(t)=37 (b) f(t)=f(2)

Table 4.7

~~

1 2 3 4 5 6 7 8
R |18 |18 |27 | 31|35 |37 | 35| 34




PROBLEMS

18. The balance in a checking account set up to pay rent,

19.

20.

21.

22,
23.
24.

25.

m months after its establishment, is given by $4800 —
400m.

(a) Write an equation whose solution is the number of
months it takes for the account balance to reach
$2000.

(b) Make a plot of the balance form = 1,3,5,7,9,11
and indicate the solution m = 7 to the equation in
part (a).

The number of gallons of gas in a car’s tank, d miles
after stopping for gas, is given by 15 — d/20.

(a) Write an equation whose solution is the number of
miles it takes for the amount of gas in the tank to
reach 10 gallons.

(b) Make a plot of the balance for d = 40, 60, 80, 100,
120, 140, and indicate the solution m = 100 to the
equation in part (a).

A car’s distance (in miles) from home after ¢ hours is
given by s(t) = 11¢% + ¢ 4 40.

(a) How far from home is the car at ¢ = 0?

(b) Use function notation to express the car’s position
after 1 hour and then find its position.

(¢) Use function notation to express the statement
“For what value of ¢ is the car 142 miles from
home?”

(d) Write an equation whose solution is the time when
the car is 142 miles from home.

(e) Use trial and error for a few values of ¢ to deter-

mine when the car is 142 miles from home.

T

If f(z) = 232" solve f(b) = 20.
If h(z) =3 — 2/, solve 3h(z) +1 =T7.
If w(t) = 3t + 5, solve w(t — 1) = w(2t).
If w(z) = 0.5 — 0.25x, solve

w(0.2z + 1) = 0.2w(1 — ).
In Table 4.8, for which values of x is

(@ f(z)>g(x)? ) f(z)=g(x)?
(© f(z)=0? @ g(z)=0?
Table 4.8
x -2 -110)1}|2]3 4 5

f@ | 4| 1 fof1|alo|16]25
glz) |4 |12 |1 |2|4]8]16]32

26. Table 4.9 shows values of  and the expression 3z + 2.

217.

28.

29.

For which values of x in the table is

(a) 3xz+2<8? (b) 342> 8?7
(c) 3z+4+2=28?

Table 4.9

z |O|1|2] 3|4
3z4+2 |2 |58 |11 ] 14

The height (in meters) of a diver s seconds after begin-
ning his dive is given by the expression 10+25—9.8s>.
For which values of s in Table 4.10 is

(a) 10 + 25 — 9.85% < 9.89?
(b) His height greater than 9.89 meters?
(¢) Height = 9.89 meters?

Table 4.10

s 0
10 + 25 — 9.852 | 10

0.25 | 0.5
9.89 | 8.55

0.75 | 1
5.99 | 2.2

Table 4.11 shows values of v and the expressions
12 — 3v and —3 + 2v. For which values of v in the
table is

(a) 12 — 3v < =3+ 2v?
(b) 12 —3v > —3 + 20v?
(¢) 12 —3v = -3+ 20?

Table 4.11

v 0 1 12|3]|4)| 5 6
12 —3v | 12 9 |6|3[0]—-3]|—-6
—34+2v | -3 | -1|1|3|5]| 7 9

Table 4.12 shows monthly life insurance rates, in dol-
lars, for men and women. Let m = f(a) be the rate for
men at age a, and w = g(a) be the rate for women at
age a.

(a) Find f(65).

(b) Find g(50).

(¢) Solve and interpret f(a) = 102.

(d) Solve and interpret g(a) = 57.

(e) For what values of a is f(a) = g(a)?
(f) For what values of a is g(a) < f(a)?

Table 4.12

Age 35140 | 45| 50 | 55| 60 | 65 | 70

f(z) (indollars) | 13 | 17 | 27 | 40 | 65 | 102 | 218 | 381

g(z) (indollars) | 13 | 17 | 27 | 39 | 57 | 82 | 133 | 211




30. If a company sells p software packages, its profit per

1
package is given by $10,000 — 00,000

Figure 4.12.

, as shown in

(a) From the graph, estimate the number of packages
sold when profits per package are $8000.

(b) Check your answer to part (a) by substituting it
into the equation

100,000

10,000 — = 8000.

profit ($)
10,000
8000
6000
4000
2000

20 40 60 80

Figure 4.12

31. The tuition for a semester at a small public university ¢

years from now is given by $3000 + 100t, as shown in
Figure 4.13.

(a) From the graph, estimate how many years it will
take for tuition to reach $3700.

(b) Check your answer to part (a) by substituting it
into the equation

3000 + 100t = 3700.

4.4 FUNCTIONS AND CHANGE

32.

tuition ($)

4000
3500
3000
/( | | | | | | | | | | tyears
1 3 5
Figure 4.13

Antonio and Lucia are both driving through the desert
from Tucson to San Diego, which takes each of them 7
hours of driving time. Antonio’s car starts out full with
14 gallons of gas and uses 2 gallons per hour. Lucia’s
SUV starts out full with 30 gallons of gas and uses 6
gallons per hour.

(a) Construct a table showing how much gas is in each
of their tanks at the end of each hour into the
trip. Assume each stops for gas just as the tank is
empty, and then the tank is filled instantaneously.

(b) Use your table to determine when they have the
same amount of gas.

(¢) If they drive at the same speed while driving and
only stop for gas, which of them gets to San Diego
first? (Assume filling up takes time.)

(d) Now suppose that between 1 hour and 6.5 hours
outside of Tucson, all of the gas stations are closed
unexpectedly. Does Antonio arrive in San Diego?
Does Lucia?

(e) The amount of gas in Antonio’s tank after ¢ hours
is 14 — 2¢ gallons, and the amount in Lucia’s tank
is 30 — 6t gallons. When does

(i) 14 — 2t = 30 — 6t?
(i) 14 — 2t = 0?
(i) 30 — 6t = 0?

Functions describe how quantities change, and by comparing values of the function for different
inputs we can see how fast the output changes. For example, Table 4.13 shows the population P =
f(t) of a colony of termites ¢ months after it was started. Using the Greek letter A (pronounced

“delta”) to indicate change, we have

Change in first 6 months = AP = f(6) — f(0) = 4000 — 1000 = 3000 termites
Change in first 3 months = AP = f(3) — f(0) = 2500 — 1000 = 1500 termites.

Although the colony grows by twice as much during the first 6 months as during the first 3
months (3000 as compared with 1500), it also had twice as long in which to grow. Sometimes it is



Table 413 Population of a colony of termites

t (months) 0 3 6 9 12
P = f(t) 1000 2500 4000 7000 2800

more useful to measure not the change in the output, but rather the change in the output divided by
the change in the input, or average rate of change:

AP i

Average rate of change _ar 3000 termites _ 500 termites/month
in first 6 months At 6 months

Average rate of change AP _ 1500 termites — 500 termites/month.
in first 3 months At 3 months

Thus, on average, the colony adds 500 termites per month during the first 6 months, and also during
first 3 months. Even though the population change over the first 3 months is less than over the first
6 months (1500 versus 3000), the average rate of change is the same (500 termites/month).

An Expression for the Average Rate of Change

If the input of the function y = f(x) changes from x = a to x = b, we write

Change in input = New z-value — Old z-value = b — a

Change in output = New y-value — Old y-value = f(b) — f(a).

The average rate of change of y = f(x) between x = a and x = b is given by

Ch in output A b) —
Average rate of change = = 1.n (?u o 7f( ) = f(a) .
Change in input Az b—a

Example 1 Find the average rate of change of g(x) = (x — 2)? + 3 on the following intervals:
(a) Between 0 and 3 (b) Between —1 and 4.

Solution (a) We have

Averagerate _ ¢g(3) —g(0) 47
of change 3-0 3

(b) We have

Il
-
o

g(=1) = (-1-27+3



Example 2

Solution

g4)=(4-2%+3 =7,

o Averagerate g4)—g(-1) T7-12 o
of change 4—(-1) 5 '

For the termite colony in Table 4.13,

(a) What is the change in the population the last 6 months? Months 6 to 9?
(b) What is the average rate of change of the population during the last 6 months? Months 6 to 97

(a) In the last 6 months, we have

Change in last 6 months = AP = f(12) — f(6) = 2800 — 4000 = —1200 termites
Change from months 6 to 9 = AP = f(9) — f(6) = 7000 — 4000 = 3000 termites.

The change in the last 6 months is negative because the colony decreases in size, losing 1200
termites. However, for the first 3 of those months, months 6 to 9, it increases by 3000 termites.
(b) For the last 6 months, we see that

Average rate of change AP f(12) — f(6)  —1200 termites 900 termites

in last 6 months At 12 -6 - 6months month
Average rate of change _ AP _ f(9) — f(6) _ 3000 termites 000 termites
for months 6 to 9 At 9—-6 ~ 3 months month

The average rate of change over the last 6 months is negative, because the net change is negative,
as we saw in (). In general, if f(b) < f(a) then the numerator in the expression for the average
rate of change is negative, so the rate of change is negative (provided b > a).

As for months 6 to 9, even though the population change over this period is the same as
over the first 6 months (3000 termites), the average rate of change is larger from months 6 to 9.
This is because adding 3000 termites in a 3-month period amounts to more termites per month
than adding the same number of termites in a 6-month period.

Interpreting the Expression for Average Rate of Change

Suppose a car has traveled F'(¢) miles ¢ hours after it starts a journey. For example, F'(3) is the
distance the car has traveled after 3 hours and F'(5) is the distance it has traveled after 5 hours. Then
the statement F'(5) — F'(3) = 140 means that the car travels 140 miles between 3 and 5 hours after
starting. We could also express this as an average rate of change,

F(5) - F@3)

= T70.
5—3

Here 5 — 3 = 2 is the two-hour period from 3 to 5 hours after the start, during which the car travels
F(5) — F(3) = 140 miles, and the statement tells us that the average velocity of the car during the
2 hour period is 70 mph.



Example 3

Solution

Example 4

Solution

Interpret the following statements in terms of the journey of the car.
F(a+5)— F(a)

(a) F(a+5)— F(a) =315 (b) :

=63

(a) Since F'(a) is the distance the car has traveled after a hours and F'(a + 5) is the distance it has
traveled after a + 5 hours (that is, after 5 more hours), F'(a + 5) — F'(a) = 315 means it travels
315 miles between a and a + 5 hours after starting.

(b) Notice that (a+5)—a = 5 is the five-hour period during which the car travels F'(a+5)—F'(a) =
315 miles. The change in input is 5 hours, and the change in output is 315 miles. The statement

Fla+5)— F(a) F(a+5)— F(a)

5 ~ (@a+5)-a =03

tells us that the average rate of change of F', or average velocity of the car, during the 5 hour
period is 63 mph.

Using Units to Interpret the Average Rate of Change

It if often useful to consider the units of measurement of the input and output quantities when
interpreting the average rate of change. For instance, as we saw in Example 3, if the input is time
measured in hours and the output is distance measured in miles, then the average rate of change is
measured in miles per hour, and represents a velocity.

A ball thrown in the air has height h(t) = 90t — 16t feet after ¢ seconds.

(a) What are the units of measurement for the average rate of change of 2? What does your answer
tell you about how to interpret the rate of change in this case?

(b) Find the average rate of change of i between
i) t=0andt =2 (i) t=1landt =2 (iii)) t=2andt =4

(c) Use a graph of h to interpret your answers to part (b) in terms of the motion of the ball.

(a) In the expression
h(b) — h(a)
b—a
the numerator is measured in feet and the denominator is measured in seconds, so the ratio is
measured in ft/sec. Thus it measures a velocity.
(b) We have
(i) Average rate of change betweent = 0 and ¢t = 2
h(2) — h(0) _ (90-2—-16-4) — (0—0) _ g:58ft/sec.
2—-0 2—-0 2
(i) Average rate of change betweent = 1 and t = 2
h(2) — h(1) _ (90-2—16-4) — (90 — 16) _ 42 49 ft/sec.
2—1 2—-1 1
(iii) Average rate of change betweent = 2 and t = 4
h(4)—h(2) (90-4—-16-16)—(90-2—16-4) —12

) = 1o :T:—Gft/sec.




(c) Figure 4.14 shows the ball rising to a peak somewhere between 2 and 3 seconds, and then
starting to fall. The average velocity is positive during the first two seconds because the height
is increasing during that time period. The height is also increasing betweent = 1 and ¢t = 2,
but since the ball is rising more slowly, the velocity is less. Between ¢ = 2 and ¢t = 4 the ball
rises and falls, experiencing a net loss in height, so its average velocity is negative.

100 -

50

t (sec)

Figure 4.14: Height of a ball

Exercises and Problems for Section 4.4
EXERCISES

M Find the average rate of change of f(z) = x? + 3z on the
intervals indicated in Exercises 1-4.

1.
3.

2. Between —2 and 4.
4. Between 3 and 1.

Between 2 and 4.

Between —4 and —2.

M Find the average rate of change of g(z) = 22°® — 32 on the
intervals indicated in Exercises 5-8.

S.
7.
9.

6. Between —1 and 4.
8. Between —0.1 and 0.1.

Between 1 and 3.
Between 0 and 10.
The value in dollars of an investment ¢ years after 2003
is given by

V = 1000 - 2"/°.
Find the average rate of change of the investment’s
value between 2004 and 2007.

10.

11.

12.

Atmospheric levels of carbon dioxide (CO2) have risen
from 336 parts per million (ppm) in 1979 to 382 parts
per million (ppm) in 2007." Find the average rate of
change of CO2 levels during this time period.

Sea levels were most recently at a low point about
22,000 years ago.” Since then they have risen approxi-
mately 130 meters. Find the average rate of change of
the sea level during this time period.

Global temperatures may increase by up to 10°F be-
tween 1990 and 2100.? Find the average rate of change
of global temperatures between 1990 and 2100.

National Oceanic & Atmospheric Administration, http:/www.esrl.noaa.gov/gmd/aggi. Page last accessed September

26, 2007.

2See http://en.wikipedia.org/wiki/Sea_level_rise, http:/en.wikipedia.org/wiki/Last_glacial_maximum, and related links.

Pages last accessed September 13, 2006.

3See http://en.wikipedia.org/wiki/Global_warming. Page last accessed September 13, 2006.


http://en.wikipedia.org/wiki/Sea level rise
http://en.wikipedia.org/wiki/Last glacial maximum
http://en.wikipedia.org/wiki/Global warming.
http://www.esrl.noaa.gov/gmd/aggi

PROBLEMS

M Table 4.14 gives values of D = f(t), the total US debt (in $
billions) ¢ years after 2000.* Answer Problems 1316 based
on this information.

Table 4.14

D (8 billions)
5674.2
5807.5
6228.2
6783.2
7379.1
7932.7
8507.0
9007.7

10,024.7

13. Evaluate
f6)—fA)
5—1
and say what it tells you about the US debt.
14. Which expression has the larger value,
f(5) = f(3) f(3) = f(0),
5—3 3—-0
Say what this tells you about the US debt.
15. Show that

Average rate of change
from 2005 to 2006

Average rate of change
from 2004 to 2005.

Does this mean the US debt is starting to go down? If
not, what does it mean?
16. Project the value of f(10) by assuming

f(10) — f(6) _ £(6) — f(0)
10 -6 6-0

Explain the assumption that goes into making your pro-
jection and what your answer tells you about the US
debt.

M Let g(t) give the market value (in $1000s) of a house in
year ¢. Say what the following statements tell you about the
house.

17. g(5) — g(0) = 30

1o, 920 = 9(12)

0-12 !

M Let f(t) be the population of a town that is growing over
time. Say what must be true about a in order for the expres-
sions in Problems 20-22 to be positive.

3) —
0. o) - 19 n 191

—a

22. f(t+a)— f(t+b)

M Let s(t) give the number of acres of wetlands in a state in
year t. Assuming that the area of wetlands goes down over
time, say what the statements in Problems 23-25 tell you
about the wetlands.

23. 5(25) — s(0) = —25,000
5(20) — s(10)
20 — 10
25. 5(30) — s(20) < s(20) — s(10)

24. = —520

M Let g(t) give the amount of electricity (in kWh) used by a
manufacturing plant in year t. Assume that, thanks to con-
servation measures, g is going down over time. Assuming
the expressions in Problems 26-28 are defined, say what
must be true about h in order for them to be negative.

27. 4

26. g(h) — g(10) w

28. g(h+1)—g(h—1)

B Methane is a greenhouse gas implicated as a contributor to
global warming. Answer Problems 29-32 based on the ta-
ble of values of Q@ = w(t), the atmospheric methane level
in parts per billion (ppb) ¢ years after 1980.°

Table 4.15
t 0 5 10 15 20 25
Q | 1575 | 1660 | 1715 | 1750 | 1770 | 1775

4See http://www.treasurydirect.gov/govt/reports/pd/histdebt/histdebt_histo5.htm. Page last accessed April 25, 2009.
SNational Oceanic & Atmospheric Administration, http:/www.esrl.noaa.gov/gmd/aggi. Page last accessed September

26, 2007.
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29.

30.

31.

Evaluate
w(10) — w(5)

10-5 7

and say what it tells you about atmospheric methane
levels.
Which expression is larger,

w(10) — w(0) w(25) —w(10),

10-0 25 —-10 '

Say what this tells you about atmospheric methane lev-
els.

Show that

Average rate of change
from 1995 to 2000

Average rate of change
from 2000 to 2005.

32.

Does this mean the average methane level is going
down? If not, what does it mean?

Project the value of w(—20) by assuming

w(0) — w(—20) _ w(10) — w(O).

20 10

Explain the assumption that goes into making your pro-
jection and what your answer tells you about atmo-
spheric methane levels.

4.5 FUNCTIONS AND MODELING

When we want to apply mathematics to a real-world situation, we are not always given a function:
sometimes we have to find one. Knowledge about the real world can help us to choose a particular
type of function, and we then use information about the exact situation we are modeling to select a
function of this type. This process is called modeling. In this section we consider situations that can
be modeled by a proportional relationship between the variables.

Direct Proportionality

Example 1

Suppose a state sales tax rate is 6%. Then the tax, 7', on a purchase of price P is given by the
function

T =0.06P.

Rewriting this equation as a ratio, we see that 7'/ P is constant, 7//P = 0.06, so the tax is propor-
tional to the purchase price. In general

Tax = 6% x Price or

A quantity @ is directly proportional to a quantity ¢ if
Q =k- t)

where k is the constant of proportionality. We often omit the word “directly” and simply say
@ is proportional to £.

In the tax example, the constant of proportionality is £ = 0.06, because 7" = 0.06 P. Similarly,
in Example 2 on page 78, the constant of proportionality is £ = 0.2, and in Example 3 on page 79,
the constant of proportionality is 0.44.

A car gets 25 miles to the gallon.

(a) How far does the car travel on 1 gallon of gas? 2 gallons? 10 gallons? 20 gallons?
(b) Express the distance, d miles, traveled as a function of the number of gallons, g, of gas used.
Explain why d is proportional to g with constant of proportionality 25.



Solution

Example 2

Solution

Example 3

Solution

(a) The car travels 25 miles on each gallon. Thus

Distance on 1 gallon =25-1 = 25 miles
Distance on 2 gallons = 25-2 = 50 miles
Distance on 10 gallons = 25 - 10 = 250 miles
Distance on 20 gallons = 25 - 20 = 500 miles.

(b) Since an additional gallon of gas enables the car to travel an additional 25 miles, we have
d = 25g.
Thus d is proportional to g, with constant of proportionality 25, the car’s mileage per gallon.
Notice that in Example 1, when the number of gallons doubles from 1 to 2, the number of miles

doubles from 25 to 50, and when the number of gallons doubles from 10 to 20, the number of miles
doubles from 250 to 500. In general:

The Behavior of Proportional Quantities

If @ = kt, then doubling the value of ¢ doubles the value of @, tripling the value of ¢ triples
the value of (), and so on. Likewise, halving the value of ¢ halves the value of (), and so on.

Vincent pays five times as much for a car as Dominic. Dominic pays $300 sales tax. How much
sales tax does Vincent pay (assuming they pay the same rate)?

Since Vincent’s car costs five times as much as Dominic’s car, Vincent’s sales tax should be five
times as large as Dominic’s, or 5 - 300 = $1500.

For the same car as in Example 1:

(a) How many gallons of gas are needed for a trip of 5 miles? 10 miles? 100 miles?

(b) Find g, the number of gallons needed as a function of d, the number of miles traveled. Explain
why ¢ is proportional to d and how the constant of proportionality relates to the constant in
Example 1.

(a) We have
. 5
Number of gallons of gas for 5 miles = %5 = 0.2 gallon
10
Number of gallons of gas for 10 miles = %5 = 0.4 gallon
100
Number of gallons of gas for 100 miles = = 4 gallons.

25



(b) Since each mile takes 1/25 gallon of gas,

d 1
= — = —_— d
AT (25)

Thus ¢ is proportional to d and the constant of proportionality is 1/25, the reciprocal of the
constant in Example 1. We can also see that ¢ is proportional to d by solving for ¢ in d = 25g.

Sometimes we have to rewrite the expression for a function to see that it represents a direct

proportionality.
Example 4 Does the function represent a direct proportionality? If so, give the constant of proportionality, k.
(@ f(z) =19 (b) g(z) =x/53 (¢) F(a)=2a+5a
(d)  u(t) =5t (e) A(n)=nmn? (f) P(t)=2+5t
Solution (a) Here f(z) is proportional to = with constant of proportionality k& = 19.
(b) We rewrite this as g(z) = (1/53)z, so g(x) is proportional to  with constant of proportionality
k = 1/53.

(c) Simplifying the right-hand side, we get F(a) = 2a + 5a = Ta, so F(a) is proportional to a
with constant k = 7.
(d) Here u(t) is proportional to ¢ with constant k = /5.

(e) Rewriting this as A(n) = 72n, we see that it represents a direct proportionality with constant
k= m2.
(f) Here P(t) is not proportional to ¢, because of the constant 2 on the right-hand side.

Solving for the Constant of Proportionality

If we do not know the constant of proportionality, we can find it using one pair of known values for
the quantities that are proportional.

Example 5 A graduate assistant at a college earns $80 for 10 hours of work. Express her earnings as a function
of hours worked. What is the constant of proportionality and what is its practical interpretation?

Solution We have
E = f(t) = kt,

where F is the amount earned and ¢ is the number of hours worked. We are given
80 = f(10) = 10k,

and solving for k we have
80 dollars

10 hours
Thus, k& = 8 dollars/hour, which is her hourly wage.

— 8 dollars/hour.



Example 6

Solution

A person’s heart mass is proportional to his or her body mass.°

(a) A person with a body mass of 70 kilograms has a heart mass of 0.42 kilograms. Find the constant
of proportionality, k.
(b) Estimate the heart mass of a person with a body mass of 60 kilograms.

(a) We have
H=Fk- B.

for some constant k. We substitute B = 70 and H = 0.42 and solve for k:

042=Fk-70
0.42
k= —— = 0.006.
70

So the formula for heart mass as a function of body mass is
H = 0.0068,

where H and B are measured in kilograms.
(b) With B = 60, we have
H = 0.006 - 60 = 0.36 kg.

Proportionality and Rates

Example 7

Solution

Example 8

In general the average rate of a change of a function between two points depends on the points we
choose. However, the function f(¢) = kt describes a quantity which is growing at a constant rate k.

Show algebraically that the average rate of change of the function f(¢) = kt between any two
different values of ¢ is equal to the constant k.

We have
f(b)—f(a)_kb—ka_k(b—a)_k
b—a  b—a  b—a

Thus, if two quantities are proportional, the constant of proportionality is the rate of change of
one quantity with respect to the other. Using the units associated with a rate of change often helps
us interpret the constant k. For instance, in Example 5 on page 103, the constant of proportionality
can be interpreted as a pay rate in dollars per hour.

Suppose that the distance you travel, in miles, is proportional to the time spent traveling, in hours:
Distance = k£ x Time.

What is the practical interpretation of the constant k?

SK. Schmidt-Nielsen: Scaling, Why is Animal Size So Important? (Cambridge: CUP, 1984).



Solution

Example 9

Solution

Example 10

Solution

To see the practical interpretation of k, we write
miles = Units of £ x hours.

Therefore,
miles

Units of k = .
hours

The units of k£ are miles per hour, and it represents speed.

The data rate of an Internet connection is the rate in bytes per second that data, such as a web page,
image, or music file, can be transmitted across the connection.” Suppose the data rate is 300 bytes
per second. How long does it take to download a file of 42,000 bytes?

Let T be the time in seconds and /N be the number of bytes. Then

N = 3007
42,000 bytes = 300 bytes/sec - T’
42,000 b
_ o= Uoobytes 140 sec,
300 bytes/sec

so it takes 140 seconds to download the file.

Give the units of the constant 25 in Example 1 on page 101 and give a practical interpretation of it.
In the equation d = 25g, the units of g are gallons and the units of distance, d, are miles. Thus

miles = Units of % - gallons

Units of & = miles

gallons
= miles per gallon, or mpg.

The constant tells us that the car gets 25 miles to a gallon of gas.

Families of Functions

Because the functions ) = f(t) = kt all have the same algebraic form, we think of them as a
family of functions, one function for each value of the constant k. Figure 4.15 shows graphs of
various functions in this family. All the functions in the family share some common features: their
graphs are all lines, and they all pass through the origin. There are also differences between different
functions in the family, corresponding to different values of k. Although £ is constant for any given
member of the family, it changes from one member to the next. We call k a parameter for the family.

7Sometimes mistakenly called “bandwidth.” See http://foldoc.doc.ic.ac.uk/foldoc/contents.html.
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Figure 4.15: The family of functions y = kt

Exercises and Problems for Section 4.5

EXERCISES
M n Exercises 1-4 is the first quantity proportional to the sec-  BIn Exercises 14-17, assume the two quantities are directly
ond quantity? If so, what is the constant of proportionality? proportional to each other.
1. dis the distance traveled in miles and ¢ is the time trav- 14. If r = 36 when s = 4, find » when s is 5.
eled in hours at a speed of 50 mph. 15. If p = 24 when ¢ = 6, find ¢ when p is 32.
2. P.is the price paid in dollars for b barrels of oil at a 16. If y = 16 when z = 12, find y when x is 9.
price of $70.

. . . . L 17. If s = 35 when t = 25, find ¢ when s is 14.
3. pis the sale price of an item whose original price is po

in a 30% off sale. 18. The interest paid by a savings account in one year is
proportional to the starting balance, with constant of
proportionality 0.06. Write a formula for I, the amount
of interest earned, in terms of B, the starting balance.
Find the interest earned if the starting balance is

4. C'is the cost of having n drinks at a club, where each
drink is $5 and there is a cover charge of $20.

M For each of the formulas in Exercises 5-13, is y directly (a) $500 (b) $1000 (¢) $5000.

proportional to x? If so, give the constant of proportionality. 19. If y is directly proportional to z, and y = 6 when

x = 4, find the constant of proportionality, write a for-

Sy =5z 6. y=zx-7 mula for y in terms of z, and find x when y = 8.
Ty=w-x 8. y=vV5-x M 1n Exercises 20-28, determine if the graph defines a direct
9. y=2/9 10. y =9/ Ptropomon. If it does, estimate the constant of proportional-
ity.
1. y=z+2 12. y=3(z+2)
20.  y 21,y
13. y = 6z where z = Tz 20 8
15 6
10 — 4
5 A 2
€T x

3 6 9 12 2 4 6 8 10



22,y 23. Y 26. Y 27,y
4 2 2 4
3
3 1 0 x 2
I N N S
~ 1
2 0 —2 T
1 -1 -3 0 3 1 2
. -2
1 2 3 4 —2-10 1 2
28. y
24, y 25. y 4
3 5 g
. v \
0 x
x
s 1 2 3 4
—4 0 4
-3
-3 0 3
PROBLEMS
29. A factory makes 50 vehicles a week. Is ¢, the number of (a) What is the constant of proportionality, and what
weeks, proportional to v, the number of vehicles made? are its units?
If so, what is the constant of proportionality? (b) If an air conditioner has a cooling capacity of
30. One store sells 70 pounds of apples a week, and a sec- 10,000 BTUs, how large a room can it cool?
ond store sells 50 pounds of apples a week. Is the total
number of pounds of apples sold, a, proportional to the 35. You deposit $P into a bank where it earns 2% interest

31.

32.

33.

34.

number of weeks, w? If so, what is the constant of pro-
portionality?

The perimeter of a square is proportional to the length
of any side. What is the constant of proportionality?

A bike shop’s revenue is directly proportional to the
number of bicycles sold. When 50 bicycles are sold,
the revenue is $20,000.

(a) What is the constant of proportionality, and what
are its units?
(b) What is the revenue if 75 are sold?

The total cost of purchasing gasoline for your car
is directly proportional to the the number of gallons
pumped, and 11 gallons cost $36.63.

(a) What is the constant of proportionality, and what
are its units?
(b) How much do 15 gallons cost?

The required cooling capacity, in BTUs, for a room air
conditioner is proportional to the area of the room be-
ing cooled. A room of 280 square feet requires an air
conditioner whose cooling capacity is 5600 BTUs.

8

36.

www.internettrains.com, accessed December 11, 2004.

per year for 10 years. Use the formula B = P(1 + )"
for the balance $B, where r is the interest rate (written
as a decimal) and ¢ is time in years.

(a) Explain why B is proportional to P. What is the
constant of proportionality?

(b) Is P proportional to B? If so, what is the constant
of proportionality?

The length m, in inches, of a model train is propor-
tional to the length r, in inches, of the corresponding
real train.

(a) Write a formula expressing m as a function of r.

(b) An HO train is 1 /87th the size of a real train.?
What is the constant of proportionality? What is
the length in feet of a real locomotive if the HO
locomotive is 10.5 inches long?

(c) A Z scale trainis 1/ 220" the size of a real train.
What is the constant of proportionality? What is
the length, in inches, of a Z scale locomotive if the
real locomotive is 75 feet long?


www.internettrains.com

37.

38.

The cost of denim fabric is directly proportional to the
amount that you buy. Let C be the cost, in dollars, of
yards of denim fabric.

(a) Write a formula expressing C' as a function of z.

(b) One type of denim costs $28.50 for 3 yards. Find
the constant of proportionality and give its units.

(¢) How much does 5.5 yards of this type of denim
cost?

The distance M, in inches, between two points on a
map is proportional to the actual distance d, in miles,
between the two corresponding locations.

(a) If 1/2 inch represents 5 miles, find the constant of
proportionality and give its units.

(b) Write a formula expression M as a function of d.
(¢) How far apart are two towns if the distance be-
tween them on the map is 3.25 inches?

39. The blood mass of a mammal is proportional to its body
mass. A rhinoceros with body mass 3000 kilograms
has blood mass of 150 kilograms. Find a formula for
the blood mass of a mammal in terms of the body mass
and estimate the blood mass of a human with body
mass 70 kilograms.

40. The distance a car travels on the highway is propor-
tional to the quantity of gas consumed. A car travels
225 miles on 5 gallons of gas. Find the constant of pro-
portionality, give units for it, and explain its meaning.

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 4

EXERCISES

1.

Let f(r) be the weight of an astronaut in pounds at the
distance 7, in thousands of miles from the earth’s cen-
ter. Explain the meaning of the following statements.

(@ f(4) =180 (b) f(a) =36
(¢ f(36)=b @ w=f(r)

When there are ¢ cars on campus, the number of cars
without a parking space is w(c) = —2000+ c. Express
in function notation the number of cars without park-
ing spaces when there are 8000 cars on campus, and
evaluate your expression.

M Evaluate the expressions in Exercises 3-8 given that

10.

T+ 1
f@) =507
7(0) 4. f(-1) 5. f(0.5)
£(~0.5) 7. f (%) 8. f(r)
2 +1
Let g(t) = 51l Evaluate
(@ g(3) () g(-1) (© g(a)
Let g(s) = gz i_ i’ Evaluate
(@ g(4) () g(a)
(© g(a)+4 d gla+4)

11. Use Table 4.16 to evaluate the expressions.

(@) ¢(10) —10 (b) 69(0)
(© g(10) —g(=10) ) g(5)+ 79(5)

Table 4.16

Y —10| =50/ 5 10
gly) | =5 | 0 | 5|10 | —10

12. Table 4.17 gives the number of passenger cars in the
US from 1990 to 1994 as a function of year. (¢t = 0 is
1990.)

Table 4.17

t (years) 0 1 2 3 4
C(t) cars (in millions) | 133.7 | 128.3 | 126.6 | 127.3 | 127.9

(a) Evaluate C(1) and interpret its meaning.
(b) If C(t) = 127.3, find ¢ and interpret its meaning.

13. Census figures for the US population, P(t) (in mil-
lions), ¢ years after 1950, are in Table 4.18.

Table 4.18

t (years) 0 10 20 30 40 50

P(t) (millions) | 150.7 | 179.0 | 205.0 | 226.5 | 248.7 | 2814

(a) Evaluate P(20) and interpret its meaning.
(b) If P(t) = 281.4, find ¢ and interpret its meaning.



14. Using Figure 4.16, evaluate
@ f(2)-f1) (b) f(2) - f(-1)

(© 2f(-1)+ f(2) @ 1/f(-2)
6 —

Y N

Y 7 f(t)xi
0 t

y 7 I

T 7 b

¥

6 !

-4 =2 0 2 4

Figure 4.16

15. Using Figure 4.17, estimate

(@ d(2)/d(1) (b) d(1)-d(1)
(€ 4d(=2)—d(-1) (@ 4d(-2)—(-1)

d(s)

T~
A
|~

/

BN O N OO

[ ———

-3 -2 -1 0 1

Figure 4.17

M 1n Exercises 16-19, g(z) = 422 — 3. Determine whether the
two expressions are equivalent.

16. 22g(z)7 49(z)

18. 9(v2),1/9(2)

17. 49(z), g(4z2)

19. g(z- 2), g(z2)

M 1n Exercises 2027, find the z value that results in f(x) = 3.

20. f(z) =5z —2 21. f(z) =52 —5
2. f(z) = 2% 2. f(z) = %

24. The population of a town, ¢ years after it was founded,
is given by P(t) = 5000 + 350¢.

(a) Write an equation whose solution is the number of
years it takes for the population to reach 12,000.

(b) Make a plot of the population for t = 14, 16, 18,
20, 22, 24 and indicate the solution to the equation
in part (a).

25. The number of stamps in a person’s passport, ¢ years
after the person gets a new job which involves overseas
travel, is given by N (t) = 8 + 4t.

(a) Write an equation whose solution is the number of
years it takes for the passport to have 24 stamps.

(b) Make a plot of the number of stamps for t =
1,2,3,4,5,6, and indicate the solution to the
equation in part (a).

26. The number of dirty socks on your roommate’s floor, ¢
days after the start of exams, is given by s(¢) = 10+42¢.

(a) Write an equation whose solution is the number of
days it takes for the number of socks to reach 26.

(b) Make a plot of the number of socks for t =
2,4,6,8,10,12, and indicate the solution to the
equation in part (a).

27. For accounting purposes, the value of a machine, ¢
years after it is purchased, is given in dollars by V' (¢) =
100,000 — 10,000¢.

(a) Write an equation whose solution is the number
of years it takes for the machine’s value to reach
$70,000.

(b) Make a plot of the value of the machine at ¢ =
1,2,3,4, 5,6, and indicate, on the graph, the solu-
tion to the equation in part (a).

MIFind the average rate of change of f(z) = 2 — 2 on the
intervals indicated in Exercises 28-30.

28. Between 2 and 4. 29. Between —2 and 4.

30. Between —4 and —2.

31. Let f(IN) = 3N give the number of glasses a cafe
should have if it has an average of IV clients per hour.

(a) How many glasses should the cafe have if it ex-
pects an average of 50 clients per hour?

(b) What is the relationship between the number of
glasses and N? What is the practical meaning of
the 3 in the expression f(N) = 3N?

M In Exercises 32-37, is y directly proportional to 2? If so,
give the constant of proportionality.

32. x =by 3B.y=2zx—=z
34, 2y = -3z 35. y—2=3z
36. y/3 =5z 37. y=ax —2x



PROBLEMS

M Interpret the expressions in Problems 38-40 in terms of the
housing market, where n = f(p) gives the average num-
ber of days a house stays on the market before being sold
for price p (in $1000s), and po is the average sale price of
houses in the community.

38. f(po) 39. f(po) +10

40. f(po) — f(0.9p0)

41. The depth, in inches, of the water in a leaking cauldron
after ¢ hours is given by H(t) = (—0.08t + 6)°.

(a) Find H(0) and interpret its meaning.
(b) Interpret the meaning of H(75) = 0.
42. Using Figure 4.18, find

@ f(4)
(b) The values of z such that f(z) = 4
(c) The values of x such that f(z) =1

Figure 4.18

43. Consider the graphs in Figure 4.19.

(a) Evaluate f(0) and g(0).

(b) Find z such that f(z) = 0.
(c) Find z such that g(z) = 0.
(d) For which values of z is f(z) = g(z)?
(e) For which values of x is g(x) > f(x)?

Figure 4.19

M Evaluate and simplify the expressions in Problems 44-53.

44.

45.

46.

47.

54.

5S.

7(5) given (1) = .

g(3) given g(z) = 2v/z + 1 — (2 — 5)°.
g(4) given g(t) = 1/ 16 — /25 — ¢2.
g(—2) given g(z) = 2/ 25 — 44/10 — 3.

- F() given () = —VIT

5z -7

. g (2t +1) given g(¢t) = 4t — 2.

. h (4t2) given h(t) = /9t — 4.

. —2g(—x/2) given g(z) = —2z°.

. h(2z —b—3) given h(z) =2z — b — 2.

. v(3z — 2r — s) given v(r) = 2z — 3r — 4s.

_2-3x
 4—bx
Solve w(2v + 7) = 3w(v — 1) given that w(v)
v+ 2.

Solve h(r) = —4 for r given that h(x)

M Table 4.19 gives V = f(t), the value in Canadian dollars’
(CAD) of $1 (USD) t days after November 1, 2007. For in-
stance, 1 USD could be traded for 0.9529 CAD on Novem-
ber 1. Use the table in Problems 5658, and say what your
answers tell you about the value of the USD.

Table 4.19
t 0 1 2 3 4 5 6
V1 0.9529 | 0.9463 | 0.9441 | 0.9350 | 0.9350 | 0.9349 | 0.9295

56. Evaluate f(3). 57. Evaluate 20

f(5)

58. Evaluate and say which value is larger:

[3) = [O) 16~ ()
3-0 6—-3

9http://www.oanda.com/convert/fxhistory, page accessed November 7, 2007.
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M Answer Problems 59-61 given that a family uses ¢(t) gal-
lons of gas in week ¢ at an average price per gallon of p(t)
dollars.

59. Explain what this expression tells you about the fam-
ily’s use of gasoline:

p(t)q(t) — p(t — L)g(t — 1).

60. Suppose p(t2) > p(t1) and p(t2)q(t2) < p(t1)q(t1).
What does this tell you about the family’s gasoline us-
age?

61. Write an expression for the family’s average weekly
expenditure on gasoline during the four-week period
2<t<5.

62. Atmospheric levels of carbon dioxide (CO2) have risen
from 336 parts per million (ppm) in 1979 to 382 parts
per million (ppm) in 2007.'® Assuming a constant rate
of change of COa, predict the level in the year 2020.

63. Methane is a greenhouse gas implicated as a con-
tributor to global warming. The atmospheric methane
level'' in parts per billion (ppb) ¢ years after 1980,
@ = w(t), is in Table 4.20. Assuming a constant rate
of change in methane levels between years 15 and 20,
estimate w(18).

Table 4.20

t 0 5 10 15 20 25
Q | 1575 | 1660 | 1715 | 1750 | 1770 | 1775

M The investment portfolio in Problems 64—67 includes stocks
and bonds. Let v(¢) be the dollar value after ¢ years of the
portion held in stocks, and let w(t) be the value held in
bonds.

64. Explain what the following expression tells you about
the investment:
w(t)
v(t) +w(t)

65. The equation w(t) = 2v(¢ — 1) has a solution at ¢ = 5.
What does this solution tell you about the investment?

66. Write an expression that gives the difference in value
of the stock portion of the investment in year ¢ and the
bond portion of the investment the preceding year.

67. Write an equation whose solutions are the years in
which the value of the bond portion of the investment
exceed the value of the stock portion by exactly $3000.

68. The area, in cm?, of glass used in a door of width w, in
cm, is A(w) = 4500 + w?. (See Figure 4.20.)

(a) From the graph, estimate the width of a door using
7000 cm? of glass.
(b) Check your answer to part (a) algebraically.

amount of glass, A(w), (cm?)
14,500 |-

12,000
9500
7000

4500

Figure 4.20

M The development time of an insect is how long it takes the

insect to develop from egg to adult. Typically, development
time goes down as the ambient temperature rises. Table 4.21
gives values of T' = g(H), the development time in days at
an ambient temperature H°C for the bluebottle blowfly.!
Answer Problems 69-71 and say what your answers tell you
about the development time of blowflies.

Table 4.21

H |10 |11 |12 |13 |14 | 15|16 | 17 | 18 | 19 | 20

T |68 |58 |50 |43 |37 |32]29 |26 |24)|22]|21

69. Evaluate g(14).
70. Estimate the solution to g(H) = 23.
71. Evaluate and say which value is larger:

g(12) — g(10) d g(15) — g(12)
12 - 10 15— 12

10National Oceanic & Atmospheric Administration, http://www.esrl.noaa.gov/gmd/aggi. Page last accessed September

26, 2007.
Wibid,

Phttp://www.sciencebuddies.org/mentoring/project_ideas/Zoo_p023.shtml, accessed October 23, 2007.


http://www.sciencebuddies.org/mentoring/project ideas/Zoo p023.shtml,
http://www.esrl.noaa.gov/gmd/aggi

72.

73.

74.

75.

76.

77.

78.

During the holiday season, a store advertises “Spend
$50, save $5. Spend $100, save $10.” Assuming that
the savings are directly proportional to the amount
spent, what is the constant of proportionality? Interpret
this in terms of the sale.

The distance D, in miles, traveled by a car going at 30
mph is proportional to the time ¢, in hours, that it has
been traveling.

(a) How far does the car travel in 5 hours?

(b) What is the constant of proportionality? Show that
the units on each side of the proportionality rela-
tionship agree.

The formula for the circumference of a circle is given
by C' = 2xr, where 7 is the radius of the circle. Is the
circumference proportional to the radius?

Hooke’s law states that the force F' required to com-
press a spring by a distance of x meters is given by
F = —kx.Is F directly proportional to x?

The number of tablespoons of grounds needed to brew
coffee is directly proportional to the number of 8 oz
cups desired. If 18 tablespoons are needed for 12 cups
of coffee, how many cups can be brewed using 4% ta-
blespoons? What are the units of k?

The number of grams of carbohydrates ingested is pro-
portional to the number of crackers eaten. If 3 crackers
cause 36 grams of carbohydrates to be ingested, how
many grams of carbohydrates are ingested if 8 crack-
ers are eaten? What are the units of k, the constant of
proportionality?

Which of the lines (A-E) in Figure 4.21 represent a
function that is a direct proportion? For those that are,
find k.

6 E
4
D
2 C
A B
x
1 3 5 7
Figure 4.21

79. Observations show that the heart mass H of a mammal

is 0.6% of the body mass M, and that the blood mass
B is 5% of the body mass. "

(a) Write a formula for M in terms of H.

(b) Write a formula for M in terms of B.

(¢) Write a formula for B in terms of H. Is this con-
sistent with the statement that the mass of blood in
a mammal is about 8 times the mass of the heart?

80. When you convert British pounds (£) into US dollars

81.

($), the number of dollars you receive is proportional
to the number of pounds you exchange. A traveler re-
ceives $400 in exchange for £250. Find the constant of
proportionality, give units for it, and explain its mean-
ing.

Three ounces of broiled ground beef contains 245 calo-
ries.'* The number of calories, C, is proportional to the
number of ounces of ground beef, b. Write a formula
for C' in terms of b. How many calories are there in 4
ounces of ground beef?

13K. Schmidt-Nielsen, Scaling, Why is Animal Size so Important? (Cambridge: CUP, 1984).

14The World Almanac Book of Facts, 1999, p. 718.
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5.1 LINEAR FUNCTIONS

Linear functions describe quantities that have a constant rate of increase (or decrease). For instance,
suppose a video store charges $2.50 for overnight rentals plus a late fee of $2.99 per day. If C' = f(¢)
is the total cost as a function of ¢, the number of days late, then

f(0) = Rental plus 0 days late fee = 2.50 = 2.50 + 0(2.99) = 2.50

f(1) = Rental plus 1 day late fee = 2.50 + 2.99 =2.50 + 1(2.99) = 5.49

f(2) = Rental plus 2 days late fee = 2.50 + 2.99 + 2.99 = 2.50 + 2(2.99) = 8.48
—_———

2
f(3) = Rental plus 3 days late fee = 2.50 + 2.99 + 2.99 + 2.99 = 2.50 + 3(2.99) = 11.47
3

f(t) = Rental plus ¢ days late fee = 2.50 +2.99 + --- +2.99 = 2.50 + 2.99¢.
—_—
t

So
C = f(t) = 2.50 + 2.99¢.

See Table 5.1 and Figure 5.1. Notice that the values of C' go up by 2.99 each time ¢ increases by 1.
This has the effect that the points in Figure 5.1 lie on a line.

Table 5.1 c
—— 12 |
 J
_t] ¢ oL 77 (3,1147)
0 | 250 o
1| 549 81 7 (2,848)
3 | 1147 4 ;// o
L
4 | 14.46 27(0,2.50)

1 2 3

Figure 5.1: Cost, C, of renting a video as
a function of ¢, the number of days late

The Family of Linear Functions
The function f(t) = 2.50 4+ 2.99¢ belongs to the family of linear functions:

A linear function is a function that can be written
f(t) =b+mt, forconstantsband m.

We call the constants b and m the parameters for the family.

For instance, the function f(¢) = 2.50 + 2.99¢ has b = 2.50 and m = 2.99.



Example 1

Solution

What is the Meaning of the Parameters b and 1m.?

In the family of functions representing proportionality, y = kx, we found that the constant k has an
interpretation as a rate of change. The next example shows that m has the same interpretation for
linear functions.

The population of a town ¢ years after it is founded is given by the linear function
P(t) = 30,000 + 2000¢.

(a) What is the town’s population when it is founded?

(b) What is the population of the town one year after it is founded? By how much does the popula-
tion increase every year?

(c) Sketch a graph of the population.

(a) The town is founded when t = 0, so
Initial population = P(0) = 30,000 + 2000(0) = 30,000.

Thus, the 30,000 in the expression for P(t) represents the starting population of the town.
(b) After one year, we have t = 1, and

P(1) = 30,000 + 2000(1) = 32,000,
an increase of 2000 over the starting population. After two years we have ¢ = 2, and
P(2) = 30,000 + 2000(2) = 34,000,

an increase of 2000 over the year 1 population. In fact, the 2000 in the expression for P(t)
represents the amount by which the population increases every year.

(c) The populationis 30,000 when ¢ = 0, so the graph passes through the point (0, 30,000). It slopes
upward since the population is increasing at a rate of 2000 people per year. See Figure 5.2.

population

36,000 |- P(t)
34,000 |-
32,000 |-
30,000

1 ‘ ‘ X

1 2 3

Figure 5.2: Population of a town

The next example gives a decreasing linear function—one whose output value goes down when
the input value goes up.



Example 2 The value of a car, in dollars, ¢ years after it is purchased is given by the linear function V'(¢) =
18,000 — 1700¢.

(a) What is the value of the car when it is new?
(b) What is the value of the car after one year? How much does the value decrease each year?
(c) Sketch a graph of the value.

Solution (a) Asin Example 1, the 18,000 represents the starting value of the car, when it is new:
Initial value = V(0) = 18,000 — 1700(0) = $18,000.
(b) The value after one year is
V(1) = 18,000 — 1700(1) = $16,300,

which is $1700 less than the value when new. The car decreases in value by $1700 every year
until it is worthless. Another way of saying this is that the rate of change in the value of the car
is —$1700 per year.

(c) Since the value of the car is 18,000 dollars when ¢ = 0, the graph passes through the point
(0,18,000). It slopes downward, since the value is decreasing at the rate of 1700 dollars per
year. See Figure 5.3.

value ($)
18,000

14 \
000 v
10,000 |
6000 |-

2000 -

: : ' ¢ (years
1 2 B ey

Figure 5.3: Value of a car

Example 1 involves a population given by P(t) = 30,000 + 2000¢, so

Current population = Initial population + Growth rate x Number of years .
| —

30,000 people 2000 people per year t
In Example 2, the value is given by V' (t) = 18,000 + (—1700)t, so

Total cost = Initial value + Change per year x Number of years .
—_———

$18,000 —$1700 per year t

In each case the coefficient of ¢ is a rate of change, and the resulting function is linear, QQ = b+ m¢t.



Notice the pattern:

Output = Initial value + Rate of change x Input.
—— T’ |
Y m t

Graphical and Numerical Interpretation of Linear Functions

We can also interpret the constants b and m in terms of the graph of f(x) = b + ma.

Example 3 (a) Make a table of values for the function f(xz) = 5 + 2z, and sketch its graph.
(b) Interpret the constants 5 and 2 in terms of the table and the graph.

Solution (a) See Table 5.2 and Figure 5.4.
Table 5.2 Y flz) =5+ 2z
. 11 -
- £ The sl he ch
9 e slope is the change
0 5 iny whg,n T is ‘
1 7\ 7 increased by 1 unit
The y-intercept
2 9 isthevalugof —> 5
ywhen zis 0
3 11 3
1 [

Figure 5.4: Graph of y = 5 + 2

(b) The constant 5 gives the y-value where the graph crosses the y-axis. This is the y-intercept or
vertical intercept of the graph. From the table and the graph we see that 2 represents the amount

by which y increases when z is increased by 1 unit. This is called the slope.

In Example 3, the constant m is positive, so the y-value increases when x is increased by 1
unit, and consequently the graph rises from left to right. If the value of m is negative, the y-value

decreases when x is increased by 1 unit, resulting in a graph that falls from left to right.

Example 4 For the function g(z) = 16 — 3z,

(a) What does the coefficient of x tell you about the graph?
(b) What is the y-intercept of the graph?

Solution (a) Since the coefficient of x is negative, the graph falls from left to right. The value of the coeffi-
cient, —3, tells us that each time the value of x is increased by 1 unit, the value of y goes down

by 3 units. The slope of the graph is —3.

(b) Although we cannot tell from Figure 5.5 where the graph crosses the y-axis, we know that z = 0

on the y-axis, so the y-interceptis y = 16 — 3 - 0 = 16.



Table 5.3

8

|
w

‘ww

3 + Theslope s the
change in y when_3
- s increased

by 1 unit

Figure 5.5: Graph of y = 16 — 3z

In general, we have

For the linear function
Q= f(t)=b+mt,
e b = f(0) is the initial value, and gives the vertical intercept of the graph.
e m is the rate of change and gives the slope of the graph.
e If m > 0, the graph rises from left to right.
e If m < 0, the graph falls from left to right.

Example 5 Find the vertical intercept and slope, and use this information to graph the functions:
(@) f(z) =100+ 25z (b) g(t) =6—0.5t
Solution (a) The vertical interceptis 100 and the slope is 25, so f(z) starts at 100 when 2z = 0 and increases

by 25 each time x increases by 1. See Figure 5.6.
(b) The vertical intercept is 6 and the slope is —0.5, so g(¢) starts at 6 when ¢ = 0 and decreases by
0.5 each time ¢ increases by 1. See Figure 5.7.
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Figure 5.6: Graph of y = 100 + 25 Figure 5.7: Graph of y = 6 — 0.5¢



Interpreting Linear Functions Using Units

Example 6

Solution

Example 7

Solution

It is often useful to consider units of measurement when interpreting a linear function Q) = b + mt.
Since b is the initial value of (), the units of b are the same as the units of (). Since m is the rate of
change of @ with respect to ¢, the units of m are the units of () divided by the units of £.

Worldwide, soda is the third most popular commercial beverage, after tea and milk. The global
consumption of soda' rose at an approximately constant rate from 150 billion liters in 1995 to 179
billion liters in 2000.

(a) Find a linear function for the quantity of soda consumed, .S, in billions of liters, ¢ years after
1995.
(b) Give the units and practical interpretation of the slope and the vertical intercept.

(a) To find the linear function, we first find the rate of change, or slope. Since consumption in-
creased from S = 150 to S' = 179 over a period of 5 years, we have
AS 179-150 29

Rate of ch == 8.
ate of change Az 3 5 5.8

When ¢ = 0 (the year 1995), we have S = 150, so the vertical intercept is 150. Therefore

S =150+ 5.8t

(b) Since the rate of change is equal to AS/A{, its units are S-units over ¢-units, or billion liters
per year. The slope tells us that world soda production has been increasing at a constant rate of
5.8 billion liters per year.
The vertical intercept 150 is the value of S when ¢ is zero. Since it is a value of S, the units
are S-units, or billion liters of soda. The vertical intercept tells us that the global consumption
of soda in 1995 was 150 billion liters.

Functions Where the Independent Variable Is Not Time

Units are particularly useful in interpreting functions where the independent variable is not time.

A borehole is a hole dug deep in the earth, for oil or mineral exploration. Often temperature gets
warmer at greater depths. Suppose that the temperature in a borehole at the surface is 4°C and rises
by 0.02°C with each additional meter of depth. Express the temperature 7" in °C as a function of
depth d in meters.

The temperature starts at 4°C, and increases at the rate of 0.02 degrees per meter as you go down.
Thus

Temperature at d meters = Temperature at surface + Rate of change x Depth
——

T°C 4°C 0.02 degrees per meter d meters
T =4+40.02d.

I'The Worldwatch Institute, Vital Signs 2002 (New York: W.W. Norton, 2002), p. 140.



Exercises and Problems for Section 5.1

EXERCISES
1. A homing pigeon starts 1000 miles from home and flies 13. An orbiting spaceship releases a probe that travels di-
50 miles toward home each day. Express distance from rectly away from Earth. The probe’s distance s (in km)
home in miles, D, as a function of number of days, d. from Earth after ¢ seconds is given by s = 600 + 5t¢.
2. You buy a saguaro cactus 5 ft high and it grows at a rate 14. After a rain storm, the water in a trough begins to evap-
of 0.2 inches each year. Express its height in inches, h, orate. The amount in gallons remaining after ¢ days is
as a function of time ¢ in years since the purchase. given by V = 50 — 1.2¢.
3. The temperature of the soil is 30°.C at the surface and 15. The monthly charge of a cell phone is 25 + 0.06n dol-
decreases by 0.04°C for each centimeter below the sur- lars. where n is the number of minutes used.
face. Express temperature 1" as a function of depth d,
in centimeters, below the surface. 16. The number of people enrolled in Mathematics 101 is
200 — 5y, where y is the number of years since 2004.
Iine the values for b and m for the linear functions in Exer- 17. On a spring day the temperature in degrees Fahrenheit
cises 4-9. is 50 + 1.2h, where h is the number of hours since
noon.
4. f(z) =3z +12 5. g(t) = 250t — 5300
18. The value of an antique is 2500 + 80n dollars, where n
6. h(n) = 0.01n + 100 7. v(z) =30 is the number of years since the antique is purchased.
8. w(c) = 0.5¢ 19. A professor calculates a homework grade of 100 — 3n
for n missing homework assignments.
9. u(k) = 0.007 — 0.003k . .
. . L 20. The cost, C, in dollars, of a high school dance attended
10. The cost, $C, of hiring a repairman for i hours is given by n students is given by C' = 500 + 20n.
by C' = 50 + 25h.
. ) 21. The total amount, C, in dollars, spent by a company on
(@) Wha{t) does the repairman charge to walk in the a piece of heavy machinery after ¢ years in service is
door? given by C' = 20,000 + 1500¢.
(b) What is his hourly rate?
22. The population, P, of a city is predicted to be P =
11. The cost, $C, of renting a limousine for A hours above 9000 + 500t in ¢ years from now.
the 4 hour minimum is given by C' = 300 + 100hA. ) .
23. The distance, d, in meters from the shore, of a surfer
(a) What goes the 300 represent? riding a wave is given by d = 120 — 5¢, where ¢ is the
(b) What s the hourly rate? number of seconds since she caught the wave.
12. The population of a town, ¢ years after it is founded, is

given by P(t) = 5000 + 350¢.

(a) What is the population when it is founded?

(b) What is the population of the town one year after it
is founded? How much does it increase by during
the first year? During the second year?

M n Exercises 13-23, identify the initial value and the rate of
change, and explain their meanings in practical terms.

PROBLEMS

M 1n Exercises 24-29, identify the slope and y-intercept and
graph the function.

24.

26.

28.

fle)=2z+3 25. f(z)=4—=x

f(z) = —-2+0.5z 27. f(z) =3z —2

flx)=—-2z+5 29. f(z) = —0.52 — 0.2

30.

If the tickets for a concert cost p dollars each, the num-
ber of people who will attend is 2500 — 80p. Which of
the following best describes the meaning of the 80 in
this expression?

(1) The price of an individual ticket.

(ii) The slope of the graph of attendance against ticket
price.

(iii) The price at which no one will go to the concert.

(iv) The number of people who will decide not to go if
the price is raised by one dollar.



31.

32.

33.

5.2 WORKING WITH LINEAR EXPRESSIONS

Example 1

Long Island Power Authority charges its residential
customers a monthly service charge plus an energy
charge based on the amount of electricity used.” The
monthly cost of electricity is approximated by the func-
tion: C' = f(h) = 36.60 4 0.14h, where h represents
the number of kilowatt hours (kWh) of electricity used
in excess of 250 kWh.

(a) What does the coefficient 0.14 mean in terms of
the cost of electricity?
(b) Find f(50) and interpret its meaning.

The following functions describe four different collec-
tions of baseball cards. The collections begin with dif-
ferent numbers of cards and cards are bought and sold
at different rates. The number, B, of cards in each col-
lection is a function of the number of years, ¢, that the
collection has been held. Describe each of these collec-
tions in words.

(a) B =200+ 100¢
(c) B = 2000 — 100¢

(b) B =100+ 200t
(d) B =100 - 200t
Match the functions in (a)—(e) with the graphs in Fig-

ure 5.8. The constants s and k are the same in each
function.

@ f(z)=s (b) f(z)=kax
(¢ flz)=kx—s @ f(z)=2s— ko
(e) f(x)=2s—2kx
Y
x 0
AN 0
(i)
w
v)
Figure 5.8

34.

35.

36.

37.

The velocity of an object tossed up in the air is modeled
by the function v(t) = 48 — 32t, where ¢ is measured
in seconds, and v(t) is measured in feet per second.

(a) Create a table of values for the function.

(b) Graph the function.

(c) Explain what the constants 48 and —32 tell you
about the velocity.

(d) What does a positive velocity indicate? A negative
velocity?

If @ is a constant, does the equation y = ax + 5a define
y as a linear function of x? If so, identify the slope and
vertical intercept.

The graphs of two linear functions have the same slope,
but different z-intercepts. Can they have the same y-
intercept?

The graphs of two linear functions have the same x-
intercept, but different slopes. Can they have the same
y-intercept?

M Give the slope and y-intercept for the graphs of the functions
in Problems 38-43.

38.

40.

42,

4.

45.

fl@)=220-120 3. f(z) = go 11
20-2

41. f(x) 3

f(x):%—lQ

flz) =15—-2(3—2x) 43. f(z) =z

If n birds eating continuously consume V in® of seed in
T hours, how much does one bird consume per hour?

If n birds eating continuously consume W ounces of
seed in 7" hours, what are the units of W/(nT")? What
does W/(nT) represent in practical terms?

An expression, such as 3 + 2t, that defines a linear function is called a linear expression. When we
are talking about the expression, rather than the function it defines, we call b the constant term and

m the coefficient.

@) wu(t)=20+4t

2

www.lipower.org, accessed December 10, 2004.

Identify the constant term and the coefficient in the expression for the following linear functions.
(b) wv(t) =8-10.3t

() w(t)=t/T+5


www.lipower.org

Solution

(a) We have constant term 20 and coefficient 4.
(b) Writing v(t) = 8 + (—0.3)¢, we see that the constant term is 8 and the coefficient is —0.3.
(c) Writing w(t) = 5+ (1/7)t, we see that the constant term is 5 and the coefficient is 1/7.

Different forms for linear expressions reveal different aspects of the functions they define.

The Slope-Intercept Form

Example 2

Solution

The form that we have been using for linear functions is called the

Slope-Intercept Form

The form
fl@)=b+ma or y=b+mzx

for expressing a linear function is called slope-intercept form, because it shows the slope, m,
and the vertical intercept, b, of the graph.

Expressing a function in slope intercept form is helpful in reading its initial value and rate of
change.

The cost C of a vacation lasting d days consists of the air fare, $350, plus accommodation expenses
of $55 times the number of days, plus food expenses of $40 times the number of days.

(a) Give an expression for C' as a function of d that shows air fare, accommodation, and food
expenses separately.

(b) Express the function in slope-intercept form. What is the significance of the vertical intercept
and the slope?

(a) The cost is obtained by adding together the air fare of $350, the accommodation, and the food.
The accommodation for d days costs 55d and the food costs 40d. Thus

C = 350 + 55d + 40d.

(b) Collecting like terms, we get
C = 350 + 95d

dollars, which is linear in d with slope 95 and vertical intercept 350. The vertical intercept rep-
resents the initial cost (the air fare) and the slope represents the total daily cost of the vacation,
$95 per day.

The Point-Slope Form

Although slope-intercept form is the simplest form, sometimes another form reveals a different
aspect of a function.



Example 3

Solution

Example 4

Point-Slope Form
The form
f(x) =yo+m(z—1x0) or y=yo+m(z—xo)
for expressing a linear function is called point-slope form, because
e The graph passes through the point (xg, yo)-

e The slope, or rate of change, is m.

The population of a town ¢ years after it is founded is given by
P(t) = 16,000 + 400(t — 5).

(a) What is the practical interpretation of the constants 5 and 16,000 in the expression for P?
(b) Express P(t) in slope-intercept form and interpret the slope and intercept.

(a) The difference between point-slope form and slope-intercept form is that the coefficient 400
multiplies the expression ¢ — 5, rather than just t. Whereas the slope-intercept form tells us the
value of the function when ¢t = 0, this form tells us the value when ¢t = 5:

P(5) = 16,000 + 400(5 — 5) = 16,000 + 0 = 16,000.

Thus, the population is 16,000 after 5 years.
(b) We have

P(t) = 16,000 4 400(t — 5) Population in year 5 is 16,000.
= 16,000 4 400t — 400 - 5 Five years ago, it was 2000 fewer.
= 14,000 4 400t Thus, the starting value is 14,000.

From the slope-intercept form we see that 400 represents the growth rate of the population per
year. When we subtract 400 - 5 from 16,000 in the above calculation, we are deducting five years
of growth in order to obtain the initial population, 14,000.

How Do We Find the Slope?

In Section 4.4 we saw how to find the average rate of change of a function between two points. For
a linear function this rate of change is equal to the slope and is the same no matter which two points
we choose.

Find formulas for the linear functions graphed below.

(a) Y

50 (b)

40

30

20

10

0 7

—10

Y«




Solution

Example 5

Solution

(a) We use any two points to find the slope. If we use the points (0, —10) and (5, 10), we have

Ay 10— (=10) 20
= — = - = — = 4.
™= Az 5-0 5

The slope is m = 4. We see in the graph that the y-intercept is —10, so a formula for the
function is

y=—104 4z.
(b) We use the two points (0,5) and (4, 0) to find the slope:

Ay 05 5 s

M=Az 1-0 4 1

The slope is m = —5/4. The slope is negative since the graph falls from left to right. We see in
the graph that the y-intercept is 5, so a formula for the function is

5
y:5—1x.

Find linear functions satisfying:

(a) f(5) = —8 and the rate of change is —3
(b) g(5) =20and g(8) = 32.

(a) The graph passes through (x,yo) = (5, —8) and has slope m = —3, so we use point-slope
form:

f(@) = yo +m(z — x0)
=(=8)+ (=3)(z - 5)
=—-8-3x+15
=7 — 3z

(b) The graph passes through (5, 20) and (8, 32), so the slope is

Ay_ -2 12

Az 8—5 3

4.

Using point-slope form with the point (xg, yo) = (5, 20), we have

9(x) = yo +m(z — o)

=20+4(x—5)
=20+ 4x — 20
= 4z.

Notice that in either case, we could have left the equation of the line in point-slope form instead
of putting it in slope-intercept form.



How Do We Recognize a Linear Expression?

Example 6

Solution

Example 7

Solution

Sometimes a simple rearrangement of the terms is enough to recognize an expression as linear.

Is the expression linear in x? If it is, give the constant term and the coefficient.

(@ 5+0.222 (b) 3+5yx (©) 3+zV5
@ 2x+1)+3z-5 e (1+z)/2 ) axr+x+b

(a) This expression is not linear because of the 22 term.

(b) This expression is not linear because of the \/x term.

(c) This expression is linear. Writing this as y = 3 + (\/5) x, we see that the constant term is 3 and
the coefficient is v/5.

(d) We distribute the 2 and combine like terms:

20x+1)+3z—-5=2x+2+4+3x — 5= -3+ 5z,

so we see that the expression is linear. The constant term is —3, and the coefficient is 5.
(e) Distributing the 1/2 we get
14z 1 1

2 32"
so we see that the expression is linear. The constant term is 1/2, and the coefficient is 1/2.
(f) We collect the x terms to get ax +x +b = b+ (a + 1)z, so we see that the expression is linear.
The constant term is b, and the coefficientis a + 1.

How Do We Decide If a Function Is Linear?

To decide if a function f(x) given by an expression is linear, we focus on the form of the expression
and see if it can be put in the form f(z) = b + max.

Is each function linear?

(a) The share of a community garden plot with area A square feet divided between 5 families is
f(A) = A/5 square feet per family.

(b) The gasoline remaining in an electric generator running for i hours is G = 0.75 — 0.3h.

(¢) The circumference of a circle of radius r is C' = 27r.

(d) The time it takes to drive 300 miles at v mph is 7' = 300/v hours.

(a) This function is linear, since we can rewrite it in the form f(A) = 0+ (1/5)A. The initial value
is 0 and the rate of change is 1/5.

(b) Since G = 0.75+ (—0.3)h, we see this is linear with initial value 0.75 and rate of change —0.3.

(c) This function is linear, with initial value 0 and rate of change 2.

(d) This function is not linear, since it involves dividing by v, not multiplying v by a constant.

Expressions Involving More Than One Letter

In Example 6(f) there were constants a and b in the expression az + x + b, in addition to the variable
. We could change perspective on this expression, and regard a as the variable and = and b as the
constants. Writing it in the form

za + (xz + b) = Constant - a + Constant,



we see that it gives a linear function of a. In this case we say that the expression is linear in a.

Example 8 (a) Is the expression zy? + 5zy + 2y — 8 linear in 2? In y?
(b) Is the expression 772 h linear in 72 In h?

Solution (a) To see if the expression is linear in x, we try to match it with the form b + max. We have
xy® + 5xy + 2y — 8 = (2y — 8) + (v* + 5y)x

which is linear in  with b = 2y — 8 and m = y? + 5y. Thus the expression is linear in z. It is
not linear in y because of the y? term.

(b) The expression is not linear in 7 because of the 72 term. It is linear in h, with constant term 0
and coefficient 772,

Exercises and Problems for Section 5.2

EXERCISES
M In Exercises 1-8, is the expression linear? 23. Find the slope of each of the lines in Figure 5.9.
1. 5t —3 2. 5% +1
3.6r+r—1 4. (Ba+1)/4 (@) Yy (b) Y
7 20
5. (Ba+1)/a 6. 5r% 42 16
5
7. 4%+ (1/3)z 8. 6A —3(1—3A) 12
3 8
: o . 1 4
M For each of the linear expressions in z in Exercises 9-14, - =
give the constant term and the coefficient of x. 2 4 6 8 12345
9. 3z 44 10. 52—z +5 Figure 5.9: Find the slope of each of these lines

11. w+wz+1 12. =+ rx
13. mx+mn+5z+m+7

14. 5 -2 4) +6(2 1
(@ +4)+6(2z+1) 24. For working n hours a week, where n > 40, a personal

M1n Exercises 15-18, rewrite the function in slope-intercept trainer is paid, in dollars,
form.
15. f(z) =124 3(z —1) P(n) = 500 + 18.75(n — 40).
16. f(x) = 1800 + 500(z + 3)
17. g(n) =14 —2/3(n — 12) What is the practical meaning of the 500 and the
18. j(t) = 1.2+ 0.4(t — 5) 18.757
M In Exercises 19-22, the form of the expression for the func- 25. When n guests are staying in. aroom, where n > 2, the
tion tells you a point on the graph and the slope of the graph. Happy Place Hotel charges, in dollars,
What are they? Sketch the graph.
19. fz) =3 —1)+5 20 f(t) =4—2(t+2) C(n) =79 +10(n - 2).
21. g(s) =(s—1)/2+3  22. h(z)=—-5—(xz—1)

What is the practical meaning of the 79 and the 10?



26. A salesperson receives a weekly salary plus a commis-
sion when the weekly sales exceed $1000. The per-
son’s total income in dollars for weekly sales of s dol-
lars (where s > 1000) is given, in dollars, by

T(s) = 600 + 0.15(s — 1000).

What is the practical meaning of the 600 and the 0.15?

27. Find a possible formula for the linear function h(x) if
h(—30) = 80 and /(40) = —60.

28. Find a possible formula for the linear function f(x) if
£(20) = 70 and f(70) = 10.

PROBLEMS

29. Find a possible formula for the linear function f(z) if
F(=12) = 60 and f(24) = 42.

M In Exercises 30-33, does the description lead to a linear
function? If so, give a formula for the function.

30. The distance traveled is the speed, 45 mph, times the
number of hours, t.
31. The area of a circle of radius r is 7r2.

32. The area of a rectangular plot of land w ft wide and 20
ft long is 20w ft2.

33. The area of a square plot of land z ft on a side is z? ft2.

34. Greta’s Gas Company charges residential customers $8
per month even if they use no gas, plus 82¢ per therm
used. (A therm is a quantity of gas.) In addition, the
company is authorized to add a rate adjustment, or sur-
charge, per therm. The total cost of g therms of gas is
given by

Total cost = 8 4+ 0.82¢g 4 0.109g.

(a) Which term represents the rate adjustment? What
is the rate adjustment in cents per therm?
(b) Is the expression for the total cost linear?

35. A car trip costs $1.50 per fifteen miles for gas, 30¢ per
mile for other expenses, and $20 for car rental. The to-
tal cost for a trip of d miles is given by

d

Total cost = 1.5 ( —
otal cos (15

) + 0.3d + 20.

(a) Explain what each of the three terms in the expres-
sion represents in terms of the trip.

(b) What are the units for cost and distance?

(¢) Is the expression for cost linear?

M 1n Problems 36-46, is the given expression linear in the in-
dicated variable? Assume all constants are non-zero.

a+b 5
36. 3 ,a 37. 2nr® + wrh, r
38. 27r? + wrh, h 39. az’? +bx+c2,a
40. ax’ +bz+ 3z 41. 2ax +bx + ¢, a
42. 2ax +bx +c, x 43. 3xzy+5r+2— 10y, x

4. 3zy+5x+2—10y.y 45. P(P—¢), P

46. P(P—c¢),c

M1In Problems 47-49, find the function graphed and give a
practical interpretation of the slope and vertical intercept.

47. R, inches of rain
4
3
2
1
! ! ! — S, inches of snow
10 20 30 40
48. m, distance from home (miles)
250 -
200
150 (3,170)
100
50
: : : = h, time (hrs)
1 2
49. T, temperature (°F)
45
(0,40) &_ (1,37)
35 (3,31)
15
5 [
: ‘ : — h, time since midnight (hrs)
2 4



50.

51.

52.

53.

54.

55.

5.3

Example 1

A boy’s height h, in feet, ¢ years after his 10" birthday,
is given by h = 44-0.2¢. Which of the following equiv-
alent expressions for this function shows most clearly
his height at age 20?7 What is that height?

() h=4+0.2t (i) h=6+0.2(t—10)
(iii) h = 1040.2(t—30)

The number of books you can afford to buy, b, is a func-
tion of the number of CDs, ¢, you buy and is given by
b = 10 — 0.5¢. Which of the following equivalent ex-
pressions for this function most clearly shows the num-
ber of books you can afford if you buy 6 CDs?

() b=10-0.5c (i) b=6—0.5(c—28)
(iii) b=7-0.5(c—6)

A company’s profit after ¢ months of operation is given
by P(t) = 1000 + 500(t — 4).

(a) What is the practical meaning of the constants 4
and 1000?

(b) Rewrite the function in slope-intercept form and
give a practical interpretation of the constants.

After t hours, Liza’s distance from home, in miles, is
given by D(t) = 138 + 40(¢t — 3).

(a) What is the practical interpretation of the constants
3 and 138?

(b) Rewrite the function in slope-intercept form and
give a practical interpretation of the constants.

A cyclist’s distance in km from the finish line, ¢t min-
utes after reaching the flat, is given by f(¢) = 45 —
0.5(t — 12).

(a) What is the practical meaning of the constants 12,
45, and 0.5?

(b) Express f in a form that clearly shows the distance
from the start of the flat to the finish line.

The number of butterflies in a collection = years after
1960 is given by B(z) = 50 + 2(z — 20).

(a) What is the practical interpretation of the constants
20, 50, and 2?

SOLVING LINEAR EQUATIONS

56.

(b) Express B in a form that clearly shows the size of
the collection when it started in 1960.

The cost, C'(w), of mailing a large envelope weigh-
ing w ounces, 0 < w < 13, can be modeled by the
equation C'(w) = 0.88 + 0.17(w — 1). (Note that all
fractional ounces are rounded up to the next integer.)

(a) What is the practical interpretation of the constants
0.88 and 1?

(b) What does the 0.17 represent?

(¢) How much would it cost to mail a large envelope
weighing 9.1 ounces?

M In Problems 57-59, why do we expect the situation to be
modeled by a linear function? Give an expression for the
function.

57.

58.

59.

The profit from making g widgets is the revenue minus
the cost, where the revenue is the selling price, $27,
times the number of widgets, and the cost is $1000 for
setting up a production line plus $15 per widget.

The construction costs of a road d miles long with 4
toll booths are $500,000 per mile plus $100,000 per
toll booth.

A farmer builds a fence with two gates, each 4 meters
wide, around a square field = meters on a side. The cost
of the fence is $10 per meter plus $300 per gate.

M For Problems 60-62, write an expression in x representing
the result of the given operations on x. Is the expression lin-
ear in z?

60.
61.
62.
63.

Add 5, multiply by 2, subtract z.
Add 5, multiply by z, subtract 2.
Add z, multiply by 5, subtract 2.

Find a possible formula for the linear function y =
g(z) given that:

e The value of the expression ¢(100) is 30, and
e The solution to the equation g(x) = 15 is —50.

We are often interested in knowing which input values to a linear function give a particular output

value. This gives rise to a linear equation.

For the town in Example 1 on page 115, the population ¢ years after incorporation is given by

P(t) = 30,000 4 2000¢. How many years does it take for the population to reach 50,0007



Solution

We want to know the value of ¢ that makes P(t) equal to 50,000, so we solve the equation

30,000 + 2000t = 50,000

2000t = 20,000 subtract 30,000 from both sides
t 20,000 10. divide both sides by 2000
= = 10. divide both sides
2000 Y

Thus, it takes 10 years for the population to reach 50,000.

Finding Where Two Linear Functions Are Equal

Example 2

Solution

Linear equations also arise when we want to know what input makes two linear functions f(z) and
g(z) have the same output.

Incandescent light bulbs are cheaper to buy but more expensive to operate than fluorescent bulbs.
The total cost in dollars to purchase a bulb and operate it for ¢ hours is given by

f(t) = 0.50 4 0.004¢ (for incandescent bulbs)
g(t) = 5.00 + 0.001¢ (for fluorescent bulbs).

How many hours of operation gives the same cost with either choice?

We need to find a value of ¢ that makes f(¢) = g(t), so

0.50 + 0.004¢t = 5.00 4+ 0.001¢  set expressions for f(¢) and g(¢) equal

0.50 4+ 0.003t = 5.00 subtract 0.001¢
0.003t = 4.50 subtract 0.50
4.50

= 0.003 = 1500 divide by 0.003.

After 1500 hours of use, the cost to buy and operate an incandescent bulb equals the cost to buy and
operate a fluorescent bulb.? Let’s verify our solution:

Cost for incandescent bulb: £(1500) = 0.50 4+ 0.004(1500) = 6.50
Cost for fluorescent bulb: ¢(1500) = 5.00 + 0.001(1500) = 6.50.

We see that the cost of buying and operating either type of bulb for 1500 hours is the same: $6.50.

Using a Graph to Visualize Solutions

If we graph two functions f and g on the same axes, then the values of ¢ where f(t) = ¢(t)
correspond to points where the two graphs intersect.

3In fact incandescent bulbs typically last less than 1000 hours, which this calculation does not take into account.



Example 3

Solution

In Example 2 we saw that the cost to buy and operate an incandescent bulb for 1500 hours is the
same as the cost for a fluorescent bulb.

(a) Graph the cost for each bulb and indicate the solution to the equation in Example 2.
(b) Which bulb is cheaper if you use it for less than 1500 hours? More than 1500 hours?

See Figure 5.10. The t-coordinate of the point where the two graphs intersect is 1500. At this
point, both functions have the same value. In other words, ¢ = 1500 is a solution to the equation
f(t) = g(t). Figure 5.10 shows that the incandescent bulb is cheaper if you use it for less than 1500
hours. For example, it costs $4.50 to operate the incandescent bulb for 1000 hours, whereas it costs
$6.00 to operate the fluorescent bulb for the same time. On the other hand, if you operate the bulb
for more than 1500 hours, the fluorescent bulb is cheaper.

cost (dollars
( ) Cost of incandescent bulb, f(¢) = 0.50 + 0.004¢

Cost of fluorescent bulb, g(¢) = 5.00 + 0.001¢

N

Costs agree when t = 1500

=N W ks Ot O 3

: ! : — ¢, time (hours)
500 1000 1500 2000

Figure 5.10: Costs of operating different types of bulb

How Many Solutions Does a Linear Equation Have?

Example 4
Solution

In general a linear equation has one solution. If we visualize the equation graphically as in Exam-
ple 3, we see that the two lines intersect at one point.

Solve (a) 3z +5=3(z+5) (b) 3x+5=3x+1)+2.
(a) We have

3x+5=3(x+5)
3z +5=3zx+4+15
b= 15,

What is going on here? The last equation is false no matter what the value of z, so this equation
has no solution. Figure 5.11 shows why the equation has no solution. The graphs of y = 3z + 5
and y = 3(x + 5) have the same slope, so never meet.



30—+ y=3(z+5)
20—+ y=3z+5
/ = Z
-5 5
_10,,

Figure 5.11: Graphs of y = 3z + 5 and
y = 3(z + 5) do not intersect

(b) We have

3x+5=3(x+1)+2
3r+5=3z+5
0=0
You might find this result surprising as well. The last equation is true no matter what the value

of z. So this equation has infinitely many solutions; every value of x is a solution. In this case,
the graphs of y = 3z + 5 and y = 3(x + 1) + 2 are the same line, so they intersect everywhere.

In summary

A linear equation can have no solutions, one solution, or infinitely many solutions. See Fig-
ure 5.12.

I No solutions: Graphs of s e
y One solution: Graphs of Y X y Infinite solutions: Graphs
f and g intersect in one point f and g never intersect of f and ¢ the same
f g
! g !
g
x x

Figure 5.12: Graphs of f(z) and g(x)

Looking Ahead When Solving Equations
With foresight, we do not need to solve equations like the ones in Example 4 all the way to the end.

Example 5 At what point during solving the equations in Example 4 could you have stopped and foreseen the

number of solutions?



Solution

Example 6

Solution

Example 7

Solution

In part (a), we can see at the second line that no value of x satisfies the equation. The left side has 5
added to 3z, and the right side has 15 added to the same 3x. So 3x + 5 can never equal 3z + 15, no
matter what value 3x takes on.

In part (b), we see from the second line that the two sides, 3z +5 and 3(x+ 1)+ 2 are equivalent
expressions, so they are equal for all values of x.

You can also often use the context of an equation to make predictions about the solutions.

For the equation comparing light bulb performance in Example 3, explain how you could predict
that the solution is a positive number.

A positive solution means that there is a time in the future (after you buy the bulbs) when the two
bulbs end up costing the same. This makes sense, because although the incandescent bulb is cheaper
to buy, it uses energy at a greater rate, so the cost of using it will eventually catch up with the
fluorescent bulb. This is illustrated in Figure 5.10 on page 130, where the graph for the incandescent
bulb starts out lower but rises more steeply than the other graph.

Sometimes you can tell whether the solution is going to be positive or negative just by looking
at the sign of the coefficients.

Is the solution positive, negative, or zero?

(a) 53z =-29 (b) 29x + 53 = 53x + 29
() 29z + 13 =53z + 29 (d) 29z + 53 = 53z + 53

(a) The solution is negative, since it is the ratio of a negative number and a positive number.
(b) When we collect all the  terms on the right and the constant term on the left, we get

Positive number = (Positive number)z,

because 53 > 29, so the solution is positive.
(c) This time the equation is equivalent to

Negative number = (Positive number)z,

because 13 < 29, so the solution is negative.
(d) Since the constant terms are the same on both sides, the equation is equivalent to

0 = (Positive number)x,

so the solution is 0.

Equations with More Than One Letter

Example 8

Suppose you pay a total of $16,368 for a car whose list price (the price before taxes) is $p. Find the
list price of the car if you buy it in:

(a) Arizona, where the sales tax is 5.6%.

(b) New York, where the sales tax is 8.25%.

(c) A state where the sales tax is r.



Solution (a) If p is the list price in dollars then the tax on the purchase is 0.056p. The total amount paid is
p+ 0.056p, so

p+ 0.056p = 16,368
(1+0.056)p = 16,368

16,368
= —1 = $15,500.
P= 130056
(b) The total amount paid is p + 0.0825p, so
p + 0.0825p = 16,368
(1+0.0825)p = 16,368
16,368
= —"—— = $15,120.55.
P= {00825 1012055
(c) The total amount paid is p + rp, so
p+rp= 16,368
(I1+r)p = 16,368
1
_ 16,368 dollars.
1+7r

In part (c) of Example 8, there is a constant r in the equation, in addition to the variable p.
Since the equation is linear in p, we can solve it. The only difference is that the solution contains
the constant .

Equations with more than one letter can be nonlinear in some of the letters, but still be linear in
the letter that you are trying to solve for.

Example 9 If P dollars is invested at an annual interest rate » compounded monthly, then its value in dollars
after T years is
pl1a " 127
(+5)

What amount must be invested to produce a balance of $10,000 after 1" years?

Solution We must solve the equation

P(1+ )" = 10,000
(+E) =19

for P. If we treat  and 71" as constants, then the expression on the left is linear in P, because it is P
multiplied by an expression that involves only 7 and 7T". So it is of the form

constant

r N\ 127
P (1 + E) = P X constant.

Thus, we can solve for P by dividing through by the constant:

10,000

)12T'

=
I+



Exercises and Problems for Section 5.3

EXERCISES
1. The tuition cost for part-time students taking C' credits 12. 3t + 2(t—1) — 4
at Stonewall College is given by 300 + 200C" dollars. 3
13. 2 5)—3=3(r—8)+20
(a) Find the tuition cost for eight credits. (r+5) (r )+
(b) If the tuition cost is $1700, how many credits are 14. 2z +x =27
taken ? 15. 4t +2(t+1) — 5t = 13
2. A car’s value ¢ years after it is purchased is given by 16. 9 5 -0
r—3 1l—-=x

4.

V(t) = 18,000 — 1700¢. How long does it take for the
car’s value to drop to $2000?

For the function f(t) = 2t5+ 3,
(a) Evaluate f(11) (b) Solve f(t) = 2.
Solve g(z) = 7 given that g(z) = o

g =18 g T or_3°

M n Exercises 5-9, a company offers three formulas for the
weekly salary of its sales people, depending on the number
of sales, s, made each week:

(a)
(c)

5.

100 + 0.10s dollars
175 dollars

(b) 150 + 0.05s dollars

How many sales must be made under option (a) to re-
ceive $200 a week?

How many sales must be made under option (c) to re-
ceive $200 a week?

At what sales level do options (a) and (b) produce the
same salary?

At what sales level do options (b) and (c) produce the
same salary?

At what sales level do options (a) and (c) produce the
same salary?

M Solve the equations in Exercises 10-16.

B Without solving them, say whether the equations in Exer-
cises 17-28 have a positive solution, a negative solution, a
zero solution, or no solution. Give a reason for your answer.

17.

19.

21.

23.

25.

27.

3r =5 18. 3a+7=5

5z +T7=3 20. 3u—7=5
7T—5w=3 22. 4y =9y
4b=90+6 24. 6p=9p — 4
8r+3=2r+11 26. 8+ 3t =2+ 11t
2—-11c=8—-3c 28. 8d+3=11d +3

M In Exercises 29-35, does the equation have no solution, one
solution, or an infinite number of solutions?

29.
30.
31.
32.
33.
34.

dr+3=7
dr+3=—-7
dr+3=4(x+1) -1

dz+3=4(z+1)+1
dr+3=3
dr+3=4(x—-1)+5

35. 4 3=4x—-1)+7
10. 7— 3y = —17 11. 13t +2 = 49 T @-1+

36. Solve t(t +3) —t(t —5) =4(t —5) — 7(t — 3).
PROBLEMS
37. You have a coupon worth $20 off the purchase of a sci- 39. A car rental company charges $37 per day and $0.25

38.

entific calculator. At the same time the calculator is of-
fered with a discount of 20%, and no further discounts
apply. For what tag price on the calculator do you pay
the same amount for each discount?

Apples are 99 cents a pound, and pears are $1.25 a
pound. If T spend $4 and the weight of the apples I buy
is twice the weight of the pears, how many pounds of
pears do I buy?

per mile.

(a) Compute the cost of renting the car for one day,
assuming the car is driven 100 miles.

(b) Compute the cost of renting the car for three days,
assuming the car is driven 400 miles.

(¢) Andy rented a car for five days, but he did not keep
track of how many miles he drove. He gets a bill
for $385. How many miles did he drive?



40. Using Figure 5.13, determine the value of s.

2s 15

Figure 5.13

41. The floor plan for a room is shown in Figure 5.14. The
total area is 144 ft>. What is the missing length?

4 6

Figure 5.14: Not drawn to scale

42. You drive 100 miles. Over the first 50 miles you drive
50 mph, and over the second 50 miles you drive V' mph.

(a) Calculate the time spent on the first 50 miles and
on the second 50 miles.

(b) Calculate the average speed for the entire 100 mile
journey.

(¢) If you want to average 75 mph for the entire jour-
ney, whatis V'?

5.4 EQUATIONS FOR LINES IN THE PLANE

(d) If you want to average 100 mph for the entire jour-
ney, whatis V'?

M 1n Problems 43-50, decide for what value(s) of the constant
A (if any) the equation has

(@) The solutionz =0 (b) A positive solution in x
(¢c) No solution in x.

43. 3zr = A 44. Az =3
45. 3z +5=A4A 46. 3z + A =5
47. 3x+ A=5zx+ A 48. Az +3=Az+5
49.z:A 50.é:5
x x

M 1n Problems 51-57, f(t) = 2t + 7. Does the equation have
no solution, one solution, or an infinite number of solutions?

51 f(H) =17 52. 2f(t) = f(2t)
53. f)=f(t+1)—2 54. f(t) = f(=t)
55. f(t) = —f(¥) 56. f(H)+1=f(t+1)

57. f(t)+ f(3t) —2f(2t) =0
58. If by + mix = bz + mex, what can be said about the
constants by, m1, bz, and my if the equation has

(a) One solution?
(b) No solutions?
(¢) An infinite number of solutions?

The formula y = b + ma expresses y as a linear function of x, whose graph is a line. But it can also
be thought of in a different way, as a linear equation in two variables, whose solution is a line in the
zy-plane. In this section we use this point of view to analyze the geometry of lines.

Slope-Intercept Form and Point-Slope Form Revisited

In Section 5.2 we used slope-intercept form and point-slope form to interpret linear functions. We

can also use them to understand lines.



Example 1 For each of the following equations, find the vertical intercept and slope of its graph by putting the
equation in slope-intercept form. Use this information to match the equations with the graphs.

(@ y—5=8(xz+1) (b) 3x+4y =20 (¢) 6z—15=2y—3
() y (I y (I y
21 21 21
o ol i
| -z | b | @
e i 2 7% 5 l 2
—12 12 —12

Figure 5.15: Which graph goes with which equation?

Solution We solve for y in each case:
(a) y—5=8(z+1)
y—5=8x+8

y=8xr+8+5=13+ 8.
The y-intercept is 13 and the slope is 8. This matches graph (III).

(b) 3z +4y =20
4y =20 — 3z
_20—3m_@_§x_5_§x
T4 4 47 4

The y-intercept is 5 and the slope is —3/4. Since the slope is negative, the y-values decrease as
the xz-values increase, and the graph falls. This matches graph (I).

() 6z —15=2y—3

2y =62 — 15+ 3 =62 — 12
_6r—12 6 12 643
~ 3 3 3 -
The y-intercept is —6 and the slope is 3. This matches graph (II). Notice that this graph rises

more gently than graph (III) because its slope is 3, which is less than 8, the slope of graph (III).

Example 2 Explain how the form of the equation
y=5+3(zx—2)
enables you to see without calculation that
(a) its graph passes through the point (2, 5) (b) the slope is 3.
Solution (a) When we putz = 2 in 5 + 3(x — 2) the second term is zero, so we know the value is 5:
y=5+312-2)=5+0=5.

(b) The coefficient 3 in y = 5 + 3(z — 2) becomes the coefficient of © when we distribute it over
the v — 2:

y =5+ 3(z — 2) = constant + 32 + constant.



Combining the constants, we see the graph has slope 3. See Figure 5.16.

—10+

Figure 5.16: Graph of y = 5 + 3(z — 2)

Equations of Horizontal and Vertical Lines

Example 3

Solution

A line with positive slope rises and one with negative slope falls as we move from left to right. What
about a line with slope m = 0? Such a line neither rises nor falls, but is horizontal.

Explain why the equation y = 4 represents a horizontal line and the equation z = 4 represents a
vertical line, when regarded as equations in two variables x and y.
We can think of y = 4 as an equation in x and y by rewriting it

y=44+0-x.

The value of y is 4 for all values of z, so all points with y-coordinate 4 lie on the graph. As we see
in Figure 5.17, these points lie on a horizontal line. Similarly, the equation £ = 4 means that = is 4
no matter what the value of y is. Every point on the vertical line in Figure 5.18 has z equal to 4.

Yy
Value of y is 4 Y
8 no matter what
7 the value of =
64 Value of 2 is 4
3r (4,3) ® «<—— no matter what
'/,, 5 B the value of y
e e | e e
(=2,4)  (—1,49)34 (1,40 (2.4 1 (41
91 —+— F+—++
1 1 2 34%5 6 7 8
| | | | 98 (47—1)
-2 -1 1 2

Figure 5.17: The horizontal line y = 4 has slope 0 Figure 5.18: The vertical line = 4 has an undefined slope



In Example 3 the equation x = 4 cannot be put into slope-intercept form. This is because the
slope is defined as Ay/Ax and Az is zero. A vertical line does not have an equation of the form
y = mx + b, and its slope is undefined.

In summary,

For any constant k:
e The graph of the equation y = k is a horizontal line, and its slope is zero.

e The graph of the equation = = k is a vertical line, and its slope is undefined.

The Standard Form of a Linear Equation

Example 4

Solution

Example 5

Solution

The slope-intercept and point-slope forms for linear equations have one of the variables isolated on
the left side of the equation. Linear equations can also be written in a form like 5z + 4y = 20, where
neither x nor y is isolated on one side. This is called standard form.

Standard Form for a Linear Equation

Any line, including horizontal and vertical lines, has an equation of the form

Ax + By = C, where A, B, and C are constants.

What values of A, B, and C' in the standard form give the horizontal and vertical lines in Example 3?

Writing y = 4 as
O-z+1-y=4

we have A = 0, B = 1, and C' = 4. Similarly, writing x = 4 as
l-z24+0-y=4

wehave A=1,B =0, and C = 4.

The standard form makes it easy to find the places where a line intercepts the axes.

Find the intercepts of the line 5z + 4y = 20 and graph the line.

The y-axis is the line z = 0, so we put x = 0 and get

20
50+ 4y = 4y = 20, y:I:5.

So the y-intercept is 5. Similarly, the z-intercept is 4, because putting y = 0 we get

20
5z +4 -0 = 5z = 20, x:€:4.



Slopes of Parallel and Perpendicular Lines

Figure 5.19 shows two parallel lines. These lines are parallel because they have equal slopes.

I I
l2

l2

Figure 5.19: Parallel lines: Figure 5.20: Perpendicular lines: [ has a positive slope and
l1 and [ have equal slopes l2 has a negative slope

What about perpendicular lines? Two perpendicular lines are graphed in Figure 5.20. We can
see that if one line has a positive slope, then any line perpendicular to it must have a negative slope.
Perpendicular lines have slopes with opposite signs.

We show (on page 141) that if /; and [ are two perpendicular lines with slopes m; and mso,
then m is the negative reciprocal of ms. If m; and ms are not zero, we have the following result:

Let [; and I3 be two lines having slopes m; and ms, respectively. Then:
e These lines are parallel if and only if m1 = mao.

e These lines are perpendicular if and only if m; = ——.
ma

In addition, any two horizontal lines are parallel and m; = mgy = 0. Any two vertical lines
are parallel and m; and ms are undefined. A horizontal line is perpendicular to a vertical line. See
Figures 5.21-5.23.

Y lg:x= -3 Y ly :x =2 l5:3:=—2y
] hiy=5 . lo:y=4
— T T x
—_— lp:y=—-3

Figure 5.21: Any two horizontal Figure 5.22: Any two vertical lines ~ Figure 5.23: A horizontal line and a
lines are parallel are parallel vertical line are perpendicular

Example 6 Show that the three lines are parallel:

3z + 2y =20
3z +2y=>5
122 + 8y = 5.
Solution We find the slope of line 3z + 2y = 20 by putting it in slope-intercept form.
3z + 2y = 20

2y =20—-3z



Example 7

Solution

3
=10—(2)
v=0-()
So the slope of the first line is —3/2.
The only difference between first and second equation is the 5 instead of 20 on the right-hand
side. This affects the intercept, but not the slope. The equation is

For the third equation, the coefficients of x and y have changed, but notice they are both multiplied
by 4. The equation is

and once again the slope is —3/2.

Find an equation for

(a) The line parallel to the graph of y = 12 — 3x with a y-intercept of 7.
(b) The line parallel to the graph of 52 + 3y = —6 containing the point (9,4).
(c) The line perpendicular to the graph of y = 5x — 20 that intersects the graph at z = 6.

(a) Since the lines are parallel, the slope is m = —3. The y-intercept is b = 7, and from the
slope-intercept form we gety = 7 — 3.

(b) To find the slope of 52 4+ 3y = —6, we put it in slope-intercept form y = —2 — (5/3)z. So the
slope is m = —5/3. Since the parallel line has the same slope and contains the point (9, 4), we
can use point-slope form y = yo + m(x — ) to get

5
=19— —z.
3%
(c) The slope of the original line is m; = 5, so the slope of the perpendicular line is
1
me=—p = —0.2.

The lines intersect at x = 6. From the original equation, this means
y=5x—20=5-6—20=10,
so the lines intersect at the point (6, 10). Using the point-slope form, we have

y =10+ (—0.2)(z — 6)
=10—-02zx+1.2
=11.2-0.2z.



Justification of the Formula for Slopes of Perpendicular Lines

Figure 5.24 shows [ and ls, two perpendicular lines through the origin with slope m; and ms.
Neither line is horizontal or vertical, so my and msy are both defined and nonzero.

We measure a distance 1 along the z-axis and mark the point on [y above it. This point has
coordinates (1,m1), since x = 1 and since the equation for the line is y = mjx:

y=mix=mi-1=mj.

Likewise, we measure a distance 1 down along the y-axis and mark the point on [5 to the right of it.

This point has coordinates (—1/ma, —1), since y = —1 and the equation for the line is y = mox:
1
—1 =mox SO r=—-——":
ma

By drawing in the dashed lines shown in Figure 5.24, we form two triangles. These triangles have
the same shape and size, meaning they have three equal angles and three equal sides. (Such triangles
are called congruent triangles.) We know this is true because both triangles have a side of length
1 along one of the axes and the angle between that side and and the longest side (the hypotenuse)
is the same in both triangles, since the axes are perpendicular to each other, and /; and /5 are also
perpendicular to each other. Therefore the sides drawn with dashed lines are also equal. From the
coordinates of the two labeled points, we see that these two dashed lines measure m, and —1/ma,
respectively, so

my = _—1
ma2

A similar argument works for lines that do not intersect at the origin.

Y
(l,ml) ll

—_t

Figure 5.24: Perpendicular lines

Exercises and Problems for Section 5.4

EXERCISES
M Write the linear equations in Exercises 1-4 in slope-  BIn Exercises 5-10, graph the equation.
intercept form y = b-+ma. What are the values of m and b?
5.y=3x—6 6. y=>5
1. y =100 — 3(x — 20) 2. 80x + 90y = 100 7. % — 3y = 24 8 p—7
T y o _ 2 2
3 100 T 300 = ! 4 r=30-3y 9. y=—2r—14 10. y = 200 — 4z

3



11.

Without a calculator, match the equations (a)—(g) to the
graphs (D)—(VII).

(@ y=xz-3 (b) —3z+2=y
(© 2=y d y=—-42-3
(e y=z+2 ® y=uax/3
(g 4=z
Yy Yy Yy Yy
A
() () () (V)
Yy Yy Yy
| | i
AN
(V) (V1) (il

M In Exercises 12-22, write an equation in point-slope form
for the line.

12.
13.
14.
15.
16.
17.
18.
19.
20.

Through (2, 3) with slope m = 5
Through (—1,7) with slope m = 6
Through (8, 10) with slope m = —3
Through (2, —9) with slope m = —2/3
Through (4, 7) and (1, 1)
Through (6,5) and (7, 1)

(=2,-8) and (2,4)

(6,—7) and (—6,—1)

(—1, —8) and parallel to y = 5z —

Through
Through (6,
Through

PROBLEMS

21.
22.

Through (3, —6) and parallel to y = 5/4(z + 10)
Through (12, 20) and perpendicular to y = —4x — 3.

M For Exercises 23-32, put the equation in standard form.

23.

25.

27.

29.

30.
31.
32.
33.

34.
35.
36.
37.
38.
39.

40.
41.

x=3y—2 24. y=2+4(x —3)
bx =T7—2y 26. y—6=>5(x+2)
r+4=3@y—1) 28. 6(x+4) =3y —x)

Iy+=x)=5

32y +4x —7) =53y +z —4)

y = 5x + 2a, with a constant

5b(y + bx + 2) = 4b(4 — = + 2b), with b constant
Find an equation for the line parallel to the graph of

(a) y = 3 + 5z with a y-intercept of 10.

(b) 4x + 2y = 6 with a y-intercept of 12.

(¢) y = Tz + 2 and containing the point (3, 22).
(d) 9z + y = 5 and containing the point (5, 15).

M In Exercises 34—41, are the lines parallel?

y = 12 + ax; y = 20 + ax, where a is a constant
y=1l+zy=1+2z
y=5+4(x—2);y=2+4z
y=24+3x+5);y=2+4(z+5)

20+ 3y =54+ 6y =7

qr +ry = 3; qr + ry = 4, where ¢ and r are nonzero
constants

y=T+4(x—2);y=8+2(2z+3)
y=5+6(x+2)y=5+6(3z—1)

B Match the statements in Problems 42-43 with the lines I—

VL

L
III.

V. y=9-2(4-xz) VI

42.

y=2(z—-4)+9 II.

y—9=-3x—-4)

IV. y=4z+9

4 —8x
4

y+9=-2(z—4)

y=9-

These three lines pass through the same point.

43. These three lines have the same slope.

B Match the statements in Problems 44-46 with equations I—

VL
L

y=20+2x—-8) IL

y=20—2(x—8)

I11.

4.

45.

46.

47.

y = 5z + 30 IV. y=-506-1)
:2x§% w.y:fgu7$+ao

These three lines pass through the same point.
These two lines have the same y-intercept.
These two lines have the same slope.

Find the equation of the line intersecting the graph of
y=a—z+3atz=—2andz = 2.



M Tind possible equations for the straight lines in Exer-
cises 48-50.

48.

49.

50.

The line is perpendicular to the graph of 5z — 3y = 6,
and the two lines intersect at x = 15.

The line is perpendicular to the graph of y = 0.7—0.2x
and intersects it at x = 1.5.

The line is perpendicular to the graph of y = 4004252
and intersects it at z = 12.

MIn Problems 51-55, is the point-slope form or slope-
intercept form the easier form to use when writing an equa-
tion for the line?

51.
52.
53.
54.

55.

Slope = 3, Intercept = —6
Passes through (2, 3) and (—6, 7)
Passes through (—5, 10) and has slope 6

Is parallel to the line y = 0.4x — 5.5 and has the same
y-intercept as the liney = —2z — 3.4

Is parallel to the line y = 42 — 6 and contains the point
(27 73)

M In Problems 56-59, write the equation in the form y =
b + max, and identify the values of b and m.

56.

58.
59.
60.

Yy —yo =r(z — o) 57-y:B72
Az + By=C,if B#£0
y = b1 +mix + b2 + max

Give an equation for the line parallel to y = 20 — 3x
and passing through the point (v/3, v/8).

M In Problems 61-66, which line has the greater

(a)

Slope? (b) y-intercept?

61.
62.

64.
65.
66.
67.

68.

69.

70.

71.

72.

y=3+6x, y=>5—-3z

y:éx, y=1—6z

22 =4y+3, y=-x-2
3y=5x—2, y=2x+1
y+2=3zx—-1), y=6-50x
y—3=—-4(z+2), —2zx+5y=-3

Which equation, (a)—(d), has the graph that crosses the
y-axis at the highest point?

(@ y=3z—-1)4+5 () xz=3y+2

(¢c) y=1—6x d 2y=3z+1
Which of the following equations has a graph that
slopes down the most steeply as you move from left
to right?

(@ y+4zx =5
(¢) y=10—-2z

b y=5z+3
@d y=-37+2

Explain the differences between the graphs of the equa-
tions y = 14z — 18 and y = —14z + 18.

Put the equation y = 3zt + 2zt 4+ 5 in the form
y = b + max. What are the values of b and m? [Note:
Your answers could include ¢.]

Show that the points (0,12), (3,0), and (17/3,2/3)
form the corners of a right triangle (that is, a triangle
with a right angle).
(a) Find the equation of the line with intercepts
(i) (2,0) and (0,5)

(i) Double those in part (i)
(b) Are the two lines in part (a) parallel? Justify your

answer.
(¢) In words, generalize your conclusion to part (b).

(There are many ways to do this; pick one. No jus-
tification is necessary.)

5.5 MODELING WITH LINEAR FUNCTIONS AND EQUATIONS

We have seen that linear functions model situations in which one quantity is varying at a constant
rate of change with respect to another. How do we know if a linear model is appropriate?

Deciding When to Use a Linear Model

Table 5.4 gives the temperature-depth profile measured in a borehole in 1988 in Belleterre, Quebec.*
How can we decide whether a linear function models the data in Table 5.4? There are two ways to
answer this question. We can plot the data to see if the points fall on a line, or we can calculate the

slope to see if it is constant.

“Hugo Beltrami of St. Francis Xavier University and David Chapman of the University of Utah posted this data at
http://geophysics.stfx.ca/public/borehole/borehole.html. Page last accessed on March 3, 2003.


http://geophysics.stfx.ca/public/borehole/borehole.html

Table 5.4 Temperature in a borehole at different depths

d, depth (m) 150 175 200 225 250 275 300
H, temp (°C) 5.50 5.75 6.00 6.25 6.50 6.75 7.00

Example 1 Is the temperature data in Table 5.4 linear with respect to depth? If so, find a formula for temperature,
H, as a function of depth, d, for depths ranging from 150 m to 300 m.

Solution Since the temperature rises by 0.25°C for every 25 additional meters of depth, the rate of change of
temperature with respect to depth is constant. Thus, we use a linear function to model this relation-
ship. The slope is the constant rate of change:

AH 0.25
1 =—=—=001° .
Slope Ad o5 0.01 °C/m

To find the linear function, we substitute this value for the slope and any point from Table 5.4 into
the point-slope form. For example, using the first entry in the table, (d, H) = (150, 5.50), we get

H = 5.50 + 0.01(d — 150)
H=550+0.01d—1.5
H =4.0+0.01d.

The linear function H = 4.0 + 0.01d gives temperature as a function of depth.

Recognizing Values of a Linear Function

Values of = and y in a table could be values of a linear function f(x) = b + ma if the same
change in z-values always produces the same change in the y-values.

Example 2 Which of the following tables could represent values of a linear function?
(a) (b)
a5 20 25 30 35 7z 2 4 6 8
y | 7| 14| 11 8 y | 10 | 20 | 28 | 34
Solution (a) The z-values go up in steps of 5, and the corresponding y-values go down in steps of 3:

14 -17= -3 and 11 -14= -3 and 8—11= 3.

Since the y-values change by the same amount each time, the table satisfies a linear equation.

(b) The x-values go up in steps of 2. The corresponding y-values do not go up in steps of constant
size, since

20—-10=10 and 28—-20=38 and 34 — 28 = 6.

Thus, even though the value of Az is the same for consecutive entries in the table, the value of
Ay is not. This means the slope changes, so the table does not satisfy a linear equation.



Using Models to Make Predictions

In Example 1 we found a function for the temperature in a borehole based on temperature data for
depths ranging from 150 meters to 300 meters. We can use our function to make predictions.

Example 3 Use the function from Example 1 to predict the temperature at the following depths. Do you think
these predictions are reasonable?

(a) 260m (b) 350 m (¢c) 25m

Solution (a) We have H = 4 + 0.01(260) = 6.6, so the function predicts a temperature of 6.6°C at a depth
of 260 m. This is a reasonable prediction, because it is a little warmer than the temperature at
250 m and a little cooler than the temperature at 275 m:

(shallower) (in between) (deeper)
Depth(m) | 250 | 260 | 275
Temp(°C) | 650 | 660 | 675

(cooler) (in between) (warmer)

(b) We have H = 4 + 0.01(350) = 7.5, so the function predicts a temperature of 7.5°C at a depth
of 350 m. This seems plausible, since the temperature at 300 m is 7°C. However, unlike in part
(a), the value 350 is outside the range 150-300 represented in Table 5.4 on the preceding page.
It is possible that the linear trend fails to hold as we go deeper.

(c) We have H = 4+ 0.01(25) = 4.25, so the function predicts a temperature of 4.25°C at a depth
of 25 m. Since this prediction is using a value of d that is well outside the range of our original
data set, we should treat it with some caution. (In fact it turns out that at depths less than 100 m,
the temperature actually rises as you get closer to the surface, instead of falling as our function
predicts, so this is not a good prediction.)

Modeling With Linear Equations: Constraint Equations

The standard form of a linear equation is useful for describing constraints, or situations involving
limited resources.

Example 4 A newly designed motel has S small rooms measuring 250 ft> and L large rooms measuring 400
ft?. The designers have 10,000 ft? of available space. Write an equation relating S and L.

Solution Altogether, we have

Total room space = space for small rooms + space for large rooms

2509 400L
= 2505 +400L.

We know that the total available space is 10,000 ft2, so

2505 + 400L = 10,000.



Example 5

Solution

We graph this by determining the axis intercepts:

10,000

If S =0then L = = 25.

S = 0 then 200 5
10,000

If L =0 th = ——— =4,

0 then S 260 0

See Figure 5.25.

L
25 & 0 small rooms, 25 large rooms
20 8 small rooms, 20 large rooms
15 -
10 - 24 small rooms, 10 large rooms
5 L

40 small rooms, 0 large rooms

oL | |

8 16 24 32 40

Figure 5.25: Different combinations of small and large rooms for the motel

The equation 2505 +400L = 10,000 in Example 4 on the preceding page is called a constraint
equation because it describes the constraint that floor space places on the number of rooms built.
Constraint equations are usually written in standard form.

Revised plans for the motel in Example 4 on the previous page provide for a total floor space of
16,000 ft>. Find the new constraint equation. Sketch its graph together with the graph of the original
constraint. How do the two graphs compare?

The constraint in this case is the total floor area of 16,000 ft2. Since small rooms have an area of
250 ft2, the total area of S small rooms is 2505. Similarly, the total area of L large rooms is 400L.
Since

Area of small rooms + Area of large rooms = Total area,

we have a constraint equation

2505 + 400L = 16,000.

Since the coefficients of .S and L stay the same as in Example 4, the new constraint line is parallel
to the old one. See Figure 5.26. However, at every value of S < 40, the value of L is 15 units larger
than before. Since one large room uses 400 ft2, we see that 6000 ft> provides for the additional
6000/400 = 15 large rooms.

Likewise, for every value of L < 25, the value of S is 24 units larger than before. Again, this
is a consequence of the extra space: at 250 ft® each, there is space for 6000/250 = 24 additional
small rooms.



40 & 0 small rooms, 40 large rooms

35 8 small rooms, 35 large rooms
30
25 24 small rooms, 25 large rooms

20
15
10

40 small rooms, 15 large rooms

64 small rooms, O large rooms

S
8 16 24 32 40 48 56 64

Figure 5.26: Graph of the new motel room constraint equation 2505 + 400L = 16,000 together
with the old constraint equation 2505 + 400L = 10,000

Exercises and Problems for Section 5.5

EXERCISES
M In Exercises 1-5, could the table represent the values of a 7.
linear function? t 3 7 19 21 26 42
Q| 579|667 | 931|975 | 10.85 | 14.37
1.
z | —6| -3 6
y| 12| 8 —4
8.
z| 0 2 (10| 20
2.
x| 719 |11]|13]15 y | 50|58 |90 130
43 | 46 | 49 | 52 | 55
3. M For Exercises 9-12,
z|2| 4 8 | 16 . . .
(a) Write a constraint equation.
y|s5|10f15]20 )
(b) Choose two solutions.
4 (¢) Graph the equation and mark your solutions.
T 41 8 |16 | 32
11 19 [ 35 9. The relation between quantity of chicken and quan-
tity of steak if chicken costs $1.29/Ib and steak costs
$3.49/1b, and you have $100 to spend on a barbecue.
5.
z| =204 10 10. The relation between the time spent walking and driv-
y| 3 [2]0| -3 ing if you walk at 3 mph then hitch a ride in a car trav-

eling at 75 mph, covering a total distance of 60 miles.

11. The relation between the volume of titanium and iron
in a bicycle weighing 5 kg, if titanium has a density of
4.5g/cm® and iron has a density of 7.87 g/cm® (ignore

6. other materials).

M In Exercises 6-8, could the table represent the values of a
linear function? Give a formula if it could.

12. The relation between the time spent walking and the
time spent canoeing on a 30 mile trip if you walk at 4
mph and canoe at 7 mph.

@ | 100.00 | 95.01 | 90.05 | 85.11 | 80.20 | 75.31




PROBLEMS

13. Table 5.5 shows the readings given by an instrument
for measuring weight when various weights are placed

onit.’
Table 5.5
w, weight (Ibs) 0.0 0.5 1.0 1.5 2.0 2.5
1, reading 46.0 | 272.8 | 499.6 | 726.4 | 953.2 | 1180.0
(a) Is the reading, I, a linear function of the weight,
w? If so, find a formula for it.

(b) Give possible interpretations for the slope and ver-
tical intercept in your formula from part (a). [Hint:
11b=453.6 g.]

14. Table 5.6 shows the air temperature 7" as a function of
the height h above the earth’s surface.® Is 7" a linear
function of h? Give a formula if it is.
Table 5.6
h, height (m) 2000 | 4000 | 6000 | 8000 | 10,000
T, temperature (°C) | 15 2| —11 | =24 | =37 —50

15. A gram of fat contains 9 dietary calories, whereas a
gram of carbohydrates contains only 4.

(a) Write an equation relating the amount f, in grams,
of fat and the amount c, in grams, of carbohydrates
that one can eat if limited to a total of 2000 calo-
ries/day.

The USDA recommends that calories from fat
should not exceed 30% of all calories. What does
this tell you about f?

(b)

16. Put the equation 2505 + 400L = 10,000 from Exam-

ple 4 into slope-intercept form in two different ways by
solving for (a) L (b) S.

Which form fits best with Figure 5.25?

The graph in Figure 5.27 shows the relationship be-
tween hearing ability score h and age a.

17.

(a) What is the expected hearing ability score for a 40
year old?

5.6 SYSTEMS OF LINEAR EQUATIONS

(b) What age is predicted to have a hearing ability
score of 407

(¢) Give an equation that relates hearing ability and
age.

h (hearing ability)
100

80

60
40

20

a (age)
20 40 60 80

Figure 5.27

18. The final plans for the motel in Example 4 call for a to-
tal floor space of 16,000 ft2, and for less spacious small
rooms measuring 200 ft* instead of 250 ft?. The large
rooms are to remain 400 ft?. Sketch a graph of the re-
sulting constraint equation together with the constraint
from Example 5. How do the two graphs compare?

M The coffee variety Arabica yields about 750 kg of cof-

fee beans per hectare, while Robusta yields about 1200
kg/hectare. In Problems 19-20, suppose that a plantation has
a hectares of Arabica and r hectares of Robusta. ®

19. Write an equation relating a and r if the plantation
yields 1,000,000 kg of coftee.

20. On August 14, 2003, the world market price of coffee

was $1.42/kg for Arabica and $0.73/kg for Robusta.’

Write an equation relating a and r if the plantation pro-

duces coffee worth $1,000,000.

The solutions of a linear equation in two variables x and y are pairs of numbers. For any given
x-value, we can solve for y to find a corresponding y-value, and vice versa.

5 Adapted from J.G. Greeno, Elementary Theoretical Psychology (Massachusetts: Addison-Wesley, 1968).

6 Adapted from H. Tennekes, The Simple Science of Flight (Cambridge: MIT Press, 1996).

TFood and Nutrition Information Center, USDA, www.nalusda.gov/fnic/Dietary/9dietgui.htm, accessed October 6, 2007.
8http://www.da.gov.ph/tips/coffee.html, accessed October 6, 2007.

9http://www.cafedirect.co.uk/about/gold_prices.php, accessed August 14, 2003.


http://www.cafedirect.co.uk/about/gold prices.php,
http://www.nalusda.gov/fnic/Dietary/9dietgui.htm
http://www.da.gov.ph/tips/coffee.html

Example 1

Solution

Example 2

Solution

Find solutions to the equation 3z + y = 14 given
(a z=1,2,3 by y=1,2,3.

(a) We substitute the given values for x, then solve for y:

z=1 31 +y=14 — y=11
=2 32 +y=14
x=3  3B8)+y=14 — y=

!
<
I

The solutions are the (z,y)-pairs (1, 11), (2,8), (3, 5).
(b) We substitute the given values for y, then solve for x:

y=1 3z+1=14 — 2=13/3
y =2 3r+2=14 — z=4
y=3 3x+3=14 — z=11/3.

The solutions are the (x, y)-pairs (13/3,1), (4,2), (11/3, 3).

Sometimes we are interested in finding pairs that satisfy more than one equation at the same
time.

The total cost of tickets to a play for one adult and two children is $11. The total for two adults and
three children is $19. What are the individual ticket prices for adults and children?

If A is the adult ticket price and C' is the child ticket price, then
A+4+2C =11 and 2A+3C =19.

We want a pair of values for A and C that satisfies both of these equations simultaneously. Because
adults are often charged more than children, we might first guess that A = 9 and C' = 1. While
these values satisfy the first equation, they do not satisfy the second equation, since the left-hand
side evaluates to

2-9+3-1=21,

whereas the right-hand side is 19. However, the values A = 5 and C' = 3 satisfy both equations:
5+2-3=11 and 2-5+4+3-3=19.

Thus, an adult ticket costs $5 and a child ticket costs $3.

What is a System of Equations?

In Example 2, we saw that the (A, C')-pair (5, 3) is a solution to the equation A+ 2C = 11 and also
to the equation 24 + 3C = 19. Since this pair of values makes both equations true, we say that it is
a solution to the system of equations

A+2C =11
2A+3C =19.



Systems of Equations

A system of equations is a set of two or more equations. A solution to a system of equations
is a set of values for the variables that makes all of the equations true.

We write the system of equations with a brace to indicate that a solution must satisfy both
equations.

Example 3 Find a solution to the system of equations

3x +y =14  (equation 1)
2x + Yy = 11 (equation 2).

Solution In Example 1 we saw that solutions to equation 1 include the pairs (1,11), (2, 8), and (3,5). We can
also find pairs of solutions to equation 2:

7= 1l 2(1)+y=11 — y=9
=2 229)+y=11 — y=7T
r=3 28)+y=1 — y=5

As before, the solutions are pairs: (1,9), (2,7), (3,5), . ... Notice that one of these pairs, (3,5), is
also a solution to the first equation. Since this pair of values solves both equations at the same time,
it is a solution to the system.

In Example 3, we find the solution by trial and error. We now consider two algebraic methods
for solving systems of equations. The first method is known as substitution.

Solving Systems of Equations Using Substitution

In this approach we solve for one of the variables and then substitute the solution into the other
equation.

Example 4 Solve the system
3x + Yy = 14 (equation 1)
2¢ +y =11  (equation 2).
Solution Solving equation 1 for y gives
Y= 14 — 3z (equation 3).
Since a solution to the system satisfies both equations, we substitute this expression for y into
equation 2 and solve for z:
22 +y =11
20+ 14 — 3z =11 using equation 3 to substitute for y in equation 2
——

Y



2z —3zx=11-14
—r=-3
z = 3.
To find the corresponding y-value, we can substitute z = 3 into either equation. Choosing equa-

tion 1, we have 3(3) + y = 14. Thus y = 5, so the («, y)-pair (3, 5) satisfies both equations, as we
now verify:

3(3) +5 =14 — (3,5) solves equation 1
2(3) +5=11 — (3,5) solves equation 2.

To summarize:

Method of Substitution

e Solve for one of the variables in one of the equations.
e Substitute into the other equation to get an equation in one variable.

e Solve the new equation, then find the value of the other variable by substituting back into
one of the original equations.

Deciding Which Substitution Is Simplest

When we use the method of substitution, we can choose which equation to start with and which
variable to solve for. For instance, in Example 4, we began by solving equation 1 for y, but this is
not the only possible approach. We might instead solve equation 1 for x, obtaining
14—y
xTr =

———— (equation 4).

3

We can use this equation to substitute for z in equation 2, obtaining

14—y
2 ( 3 +y = 11 using equation 4 to substitute for & in equation 2

x

2
sld-y+y=11

2(14 — y) + 3y = 33 multiply both sides by 3
28 — 2y +3y =33
y =33 28 =5.

From equation 4, we have © = (14 — 5)/3 = 3, so we get the solution (z,y) = (3, 5). This is same
pair of values as before, only this time the fractions make the algebra messier. The moral is that we
should make our substitution as simple as possible. One way to do this is to look for terms having a
coefficient of 1. This is why we chose to solve for y in Example 4.



Solving Systems of Equations Using Elimination

Example 5

Solution

Example 6

Solution

Another technique for solving systems of equations is known as elimination. As the name suggests,
the goal of elimination is to eliminate one of the variables from one of the equations.

We solve the system from Example 4 using elimination instead of substitution:

3x +y =14  (equation 1)
2x + Yy = 11 (equation 2).

Since equation 2 tells us that 2z + y = 11, we subtract 2z + y from both sides of equation 1:

3x+y—(2z+y) =14—-(2z+y)
3x+y— (2x4+y) =14 — 11 (equation3) because 2z + y equals 11
3z ty—2z—y =3
z=3.
We have eliminated y from the first equation by subtracting the second equation, allowing us to solve

for z, obtaining x = 3. As before, we substitute z = 3 into either equation to find the corresponding
value of y. Our solution, (z,y) = (3,5), is the same answer that we found in Example 4.

Adding and Subtracting Equations

In Example 5, we subtracted 2x + y from the left-hand side of equation 1 and subtracted 11 from the
right-hand side. We can do this because, if equation 2 is true, then 2x + y has the value 11. Notice
that we have, in effect, subtracted equation 2 from equation 1. We write

Equation 3 = Equation 1 — Equation 2.

Similarly, we say that we add two equations when we add their left- and right-hand sides, respec-
tively. We also say that we multiply an equation by a constant when we multiply both sides by a
constant.

Solve the following system using elimination.

2x + 7y = —3  (equation 1)
4y — 2y =10 (equation 2).

In preparation for eliminating « from the two equations, we multiply equation 1 by —2 in order to
make the coefficient of = into —4, the negative of the coefficient in equation 2. This gives equation 3:

—4x — 14y = 6 (equation 3 = —2 x equation 1)

—2(2z+7y) —2(=3)

Notice that equation 2 has a 4x term and equation 3 has a —4x term. We can eliminate the variable



z by adding these two equations:

4x = 2y = 10 (equation 2)
+ —4x —14y = 6 (equation 3)
— 16y = 16 (equation 4 = equation 2 + equation 3)
Solving equation 4, we obtain y = —1. We substitute y = —1 into equation 1 to solve for x:
2x + 7(— 1) = —3  solving for z using equation 1
2¢ =4
B = o

Thus, (2, —1) is the solution. We can verify this solution using equation 2:

4-2-2(-1)=8+2=10.

In summary:

Method of Elimination
e Multiply one or both equations by constants so that the coefficients of one of the variables
are either equal or are negatives of each other.

e Add or subtract the equations to eliminate that variable and solve the resulting equation
for the other variable.

e Substitute back into one of the original equations to find the value of the first variable.

Solving Systems of Equations Using Graphs

The number of solutions to a system of linear equations is related to whether their graphs are parallel
lines, overlapping lines, or lines that intersect at a single point.

One Solution: Intersecting Lines

In Example 5 we solved the system of equations:
3r+y=14
2¢ +y = 11.

We can also solve this system graphically. In order to graph the lines, we rewrite both equations in

slope-intercept form:
y=14—-3x
y=11-2x.

The graphs are shown in Figure 5.28. Each line shows all solutions to one of the equations. Their
point of intersection is the common solution of both equations. It appears that these two lines inter-
sect at the point (z,y) = (3,5). We check that these values satisfy both equations, so the solution
to the system of equations is (z,y) = (3,5).



If it exists, the solution to a system of two linear equations in two variables is the point at
which their graphs intersect.

15

10

0
1 2 3 4 5

Figure 5.28: The solution to the system y = 14 — 3x and
y = 11 — 2x is the point of intersection of these two lines

No Solutions: Parallel Lines

The system in the next example has no solutions.

Example 7 Solve
6x — 2y =8 (equation 1)
9x — 3y =@ (equation 2).

Solution We can use the process of elimination to eliminate the z terms.

18x — 6y = 24  (equation 3 = 3 X equation 1)
182 — 6y = 12 (equation 4 = 2 X equation 2).

There are no values of z and y that can make 18x — 6y equal to both 12 and 24, so there is no solution
to this system of equations. To see this graphically, we rewrite each equation in slope-intercept form:

y=—4+3z
y=—2+ 3.

Since their slopes, m, are both equal to 3, the lines are parallel and do not intersect. Therefore, the
system of equations has no solution. See Figure 5.29.



Example 8

Solution

<

y=—-24 3z
y=—4+3x

AN
\\
—_
[N}
w

Figure 5.29: The system y = —4 + 3z and y = —2 + 3z has no solution, corresponding to the fact
that the graphs of these equations are parallel (non-intersecting) lines

Many Solutions: Overlapping Lines

The system in the next example has many solutions.

Solve:
a8 = 2y =4 (equation 1)
2 — 4y =& (equation 2).

Notice that equation 2 is really equation 1 in disguise: Multiplying equation 1 by 2 gives equation 2.
Therefore, our system of equations is really just the same equation written in two different ways.
The set of solutions to the system of equations is the same as the set of solutions to either one of the
equations separately. To see this graphically, we rewrite each equation in slope-intercept form:

y=—2+40.5z
y=—240.5z.

We get the same equation twice, so the two equations represent the same line. The graph of this
system is the single line y = —2 + 0.5z, and any (z, y) point on the line is a solution to the system.
See Figure 5.30. The system of equations has infinitely many solutions.

Y
5,,
y=—-2+40.5z
1 -z
—5 5
_54

Figure 5.30: The system @ — 2y = 4 and 2z — 4y = 8 has infinitely many solutions, since
both equations give the same line and every point on the line is a solution



Applications of Systems of Linear Equations

Example 9

Solution

Example 10

Solution

At a fabric store, silk costs three times as much as cotton. A customer buys 4 yards of cotton and
1.5 yards of silk, for a total cost of $55. What is the cost per yard of cotton and what is the cost per
yard of silk?

Let = be the cost of cotton and y the cost of silk, in dollars per yard. Then

Total cost = 4 x Cost per yard of cotton + 1.5 x Cost per yard of silk
55 = 4x + 1.5y.

Also, since the price of silk is three times the price of cotton, we have y = 3x. Thus we have the
system of equations:
y =3z
55 =4z + 1.5y.

We use the method of substitution, since the first equation is already in the right form to substitute
into the second:

55 = 4z + 1.5(3z)

55 = 4z + 4.5
55 = 2.5
55
= 22 _ 647,
Ry

Thus cotton costs $6.47 per yard and silk costs 3(6.47) = $19.41 per yard.

A farmer raises chickens and pigs. His animals together have a total of 95 heads and a total of 310
legs. How many chickens and how many pigs does the farmer have?

We let x represent the number of chickens and y represent the number of pigs. Each animal has
one head, so we know x + y = 95. Since chickens have 2 legs and pigs have 4 legs, we know
2z + 4y = 310. We solve the system of equations:

z+y=95
2z + 4y = 310.

We can solve this system using the method of substitution or the method of elimination. Using the
method of substitution, we solve the first equation for y:

y=95—uz.
We substitute this for y in the second equation and solve for x:

92z + 4y = 310
22 +4(95 — z) = 310
2z 4 380 — 4z = 310



—2x = 310 — 380
—2x = —"70
x = 35.

Since z = 35 and x 4+ y = 95, we have y = 60. The farmer has 35 chickens and 60 pigs.

Exercises and Problems for Section 5.6
EXERCISES

M Solve the systems of equations in Exercises 1-20.

1.

»

o

~

11.

13.

15.

17.

19.

{m+y:5
r—y="7

2p+3r =10
—5p+2r =13

20n + 50m = 15
70m + 30n = 22

b

a

o

10.

12.

14.

16.

18.

20.

{Sx—l—yzl()
r+2y =15

5d +4e =2
4d+5e =7

4w + 5z =11
z—2w =25

M Determine the points of intersection for Exercises 21-24.

21. 22. y

y=x+1

2x + 3y =13

T

M In Exercises 25-28, solve the system of equations graphi-
cally.

25, ¥ =67 -7 26, J Y= T2AT
y =3z +2 y=4r+1

2. 20 +5y =7 28, y =22+ 4(x —8)
—3zr+2y=1 y=11—2(z + 6)



PROBLEMS

M In Problems 29-33, without solving the equations, decide
how many solutions the system has.

29 {TTW=T 3. TH3=1
r+y=9 3z +9y =3

32. dr—y =2
120 — 3y =2

M Solve the systems of equations in Problems 34-41.

34, 20 + 5y =1 35, Tr —3y =24
2y — 3z =8 4y + bz =11
36. 5z — 7y = 31 37, 1la -7 =31
2r + 3y = =5 48 —3a =2
38 3a+ 3 =32 39, 3r—2y =4
26 —-3a=1 3y — 5 = =5
40 3le+ f)=5e+ f+2
Af—e)=e+2f—4
4l Tk — 9 =23
25+ 3y =

42. You want to build a patio. Builder A charges $3 a
square foot plus a $500 flat fee, and builder B charges
$2.50 a square foot plus a $750 flat fee. For each
builder, write an expression relating the cost C' to the
area s square feet of the patio. Which builder is cheaper
for a 200 square foot patio? Which is cheaper for a
1000 square foot patio? For what size patio will both
builders charge the same?

43. Which of the following systems of equations have the
same solution? Give reasons for your answers that do
not depend on solving the equations.

o ety =9
z—y =26

THY g3
Iv. 5

I9t+y==zx

I 2x + 2y = 52
r—y=29

44.

45.
46.

47.

48.

v 20 —y =18

2z +y = 52
Consider two numbers x and y satisfying the equations
r+y=4andz —y = 2.

(a) Describe in words the conditions that each equa-
tion places on the two numbers.

(b) Find two numbers x and y satisfying both equa-
tions.

Find two numbers with sum 17 and difference 12.

A motel plans to build small rooms of size 250 ft* and
large rooms of size 500 ft?, for a total area of 16,000
ft2. Also, local fire codes limit the legal occupancy of
the small rooms to 2 people and of the large rooms to
5 people, and the total occupancy of the entire motel is
limited to 150 people.

(a) Use linear equations to express the constraints im-
posed by the size of the motel and by the fire code.

(b) Solve the resulting system of equations. What does
your solution tell you about the motel?

A fast-food fish restaurant serves meals consisting of
fish, chips, and hush-puppies.

e One fish, one order of chips, and one pair of hush-
puppies costs $2.27.

e Two fish, one order of chips, and one pair of hush-
puppies costs $3.26.

e One fish, one order of chips, and two pairs of hush-
puppies costs $2.76.

(a) How much should a meal of two fish, two orders
of chips, and one pair of hush-puppies cost?
(b) Show that

24+ 2y+z2=3(x+y+z)— (x+y+22)

is an identity in x, y, and z.

(¢) Use the identity in part (b) to solve part (a).

(d) Someone says that you do not need the informa-
tion that “Two fish, one order of chips, and one
pair of hush-puppies costs $3.26” to solve part (a).
Is this true?

For the system

20+ 3y =5
4x + 6y = n,

what must be true about n in order for there to be many
solutions?



49. Solve the system of equations
3 +2y+ 5z =11
2t —3y+2="7

z = 2x.

Hint: Use the third equation to substitute for z in the
other two.

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 5

EXERCISES

M In Exercises 1-4, give the initial value and the slope and
explain their meaning in practical terms.

1. The rental charge, C, at a video store is given by
C' = 4.29 + 3.99n, where n is the number of days
greater than 2 for which the video is kept.

2. While driving back to college after spring break, a stu-
dent realizes that his distance from home, D, in miles,
is given by D = 55t + 30, where ¢ is the time in hours
since the student made the realization.

3. The cost, C, in dollars, of making n donuts is given by
C = 250 4 n/36.

4. The number of people, P, remaining in a lecture hall m
minutes after the start of a very boring lecture is given
by P =300 — 19m/3.

M In Exercises 5-7, describe in words how the temperature
changes with time.

- T, temperature (°F)

T =50+ 2h

h, hours since midnight

50 T =50—2h

h, hours since midnight

T, temperature (°F)

70
60
50
40
30
20
10

~
Il

o
)

h, hours since midnight

[\
o~
=2

j

M Match functions I-VI, which describe the value of invest-
ments after ¢ years, to the statements in Exercises 8-10.

L

III.

V.

8.

9.
10.

V' = 5000 + 200t II. 'V =500t

V = 8000 IV. V =10,000+200(t—10)
V' =200t 4 7000 VL. V =8500 — 550¢

These investments begin with the same amount of
money.

This investment’s value never changes.

This investment begins with the most money.

M In Exercises 11-19, express the quantity as a linear function
of the indicated variable.

11.

12.

13.

14.

16.

17.

The cost for h hours if a handyman charges $50 to
come to the house and $45 for each hour that he works.

The population of a town after y years if the initial pop-
ulation is 23,400 and decreases by 200 people per year.
The value of a computer y years old if it costs $2400
when new and depreciates $500 each year.

A company’s cumulative operating costs after m
months if it needs $7600 for equipment, furniture, etc.
and if the rent is $3500 for each month.

. A student’s test score if he answers p extra-credit prob-

lems for 2 points each and has a base score of 80.

A driver’s distance from home after h hours if she starts
200 miles from home and drives 50 miles per hour
away from home.

The cumulative cost of a gym membership after m
months if the membership fee is $350 and the monthly
rate is $30.



18. P = h(t) gives the size of a population at time ¢ in
years, that begins with 12,000 members and grows by
225 members each year.

19. In year t = 0, a previously uncultivated region is
planted with crops. The depth d of topsoil is initially
77 cm and begins to decline by 3.2 cm each year.

20. The number of viewers for a new TV show is 8 million
for the first episode. It drops to half this level by the
fifth episode. Assuming viewership drops at a constant
rate, find a formula for p(n), the number of viewers (in
millions) for the n" episode.

M 1dentify the constants b and m in the expression b + m¢t for
the linear functions in Exercises 21-26.

21, f(t) =200 + 14t 22. g(t) =TTt — 46

23. h(t) = /3 24. p(t) = 0.003
25. q(t) = 2t3+7 26. r(t) = V7 — 0.3t\8

M Evaluate the expressions in Exercises 27-30 given that w(x)
is a linear function defined by

w(z) =9+ 4x.

Simplify your answers.

27. w(—4) 28. w(xz —4)

29. w(z + h) —w(x) 30. w(9+ 4x)

M In Exercises 31-42, is the expression linear in the indicated
variable? Assume all constants are nonzero.

31. be — 7+ 2z, x 32. 3z — 222, x

33. me+b+cE 3. mx+b+ A%z
35. P(P—-0b)(c—P),P 36. P(P—-0b)(c—P),c
37. P(2+P)—- P3P 38. P(2+ P)—-2P% P
39, xy+ax+by+ab,x  40. xy+ ax + by + ab, y

41. xy+ax + by +ab,a  42. xy+ ax + by + ab, b

B Without solving them, say whether the equations in Exer-
cises 43-54 have a positive solution, a negative solution, a
zero solution, or no solution. Give a reason for your answer.

43. Tx =5 4. 3z +5=T7

45. bz +3=17 46. 5 —-3x =7

47. 3 —-bx =7 48. 9x =4x +6

49. 9z =6 — 4z 50. 9 —6x =42 —9
51. 8z 4+ 11 =22 +3 52. 11 -2z =8 -4z
53. 8z +3=8z+11 54. 8z 4 3x =2z + 11z

M In Exercises 55-58, solve for the indicated variable. Assume
all constants are nonzero.

55. I = Prt, forr. 56. F = §C+32, for C.

- a—cy .

7. =0, fi f .

5 b+dy+a 0, for y, if ¢ # ad
Ax— B .

58. m = 3, for x, if A §£ 6B.

M In Exercises 59-60, which line has the greater

(a) Slope? (b) y-intercept?

59. y=5—2z,
60. y =17+ 3z,

y=8—4x
y=8—10x

M In Exercises 61-62, graph the equation.

61.y:§m74 62. dx + 5y =2

M Write the equations in Exercises 63—68 in the form y =
b + max, and identify the values of b and m.

63. y=12—14 64. y—8=3(z —5)

5 3

66. 4o — Ty =12
67. y =90 68. y =8z
M For Exercises 6970, put the equation in standard form.

69. y =3z —2 70. 3x =2y —1



M In Exercises 71-73, write an equation for each of the lines
whose graph is shown.

71.

72.

73.

M In Exercises 74-85, write an equation in slope-intercept
form for the line that

74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.

Passes through (4, 6) with slope m = 2
Passes through (—6, 2) with slope m = —3
Passes through (—4, —8) with slope m = 1/2
Passes through (9, 7) with slope m = —2/3

Contains (6, 8) and (8,12)

Contains (—3,5) and (—6,4)

Contains (4, —2) and (—8, 1)

Contains (5, 6) and (10, 3)

Contains (4, 7) and is parallel toy = (1/2)x — 3
Contains (—10, —5) and is parallel to y = —(4/5)x

Passes through (0, 5) and is parallel to 3z + 5y = 6

85S.

Passes through (—10,—30) and is perpendicular to
12y — 4z = 8.

MFind formulas for the linear functions described in Exer-
cises 86-94.

86.

87.

88.

89.

90.

91.
92.
93.

94.

The graph intercepts the x-axis at « = 30 and the y-
axis at y = —80.

P = s(t) describes a population that begins with 8200
members in year ¢ = 0 and reaches 12,700 members in
year t = 30.

The total cost C' of an international call lasting n min-
utes if there is a connection fee of $2.95 plus an addi-
tional charge of $0.35/minute.

w(z), where w(4) = 20, w(12) = —4

The graph of y = p(x) contains the points (—30, 20)
and (70, 140).

w(0.3) = 0.07, w(0.7) = 0.01

g(z), where g(5) = 50, g(30) = 25

This function’s graph is parallel to the line y = 20 —4x
and contains the point (3, 12).

The graph of f(z) passes through (—1,4) and
(2,-11).

M Exercises 95-100 give data from a linear function. Find a
formula for the function.

9s.

96.

97.

Temperature, y = f(z) (°C) | 0 | 5 |20
Temperature, x (°F) 32 | 41 | 68

p, price of apartment ($)
225000

175000
150000 [~

L h, height of
90 apartment (m)

u, meters of shelf space used
12 +
10

| L1 n, number of different
60 120144 medicines stocked




98.

99.

100.

s, hours of sleep obtained
7 [

q, cups of tea drunk

Temperature, y = f(z), (°R) | 459.7 | 469.7 | 489.7
Temperature, x (°F) 0 10 30

Price per bottle, p ($) 0.50 | 0.75 | 1.00
Number of bottles sold, ¢ = f(p) | 1500 | 1000 | 500

M n the tables in Exercises 101-106 could the second row be
a linear function of the first?

103.
T 11213 4
y 114916
104.
n|3 91215
cl|s 4|5
105.
z| 15|19
yliwo|s|s |1
106.
x| 1 3 9 | 27
y| —5|-10|-15|-20

M Solve the systems in Exercises 107-110.

101.
t |1 3 5
v | s 3 ) 107, 2a — 3b = 22 108. 2n+Tm =1
3a+4b = —1. 3n 4+ 10m = 3.
102.
pl—-4| -210 2 4 109. 10z + 4y = -3 110. 20+ 3w =11
q| 15 | 155 |16 | 165 | 17 6x — 5y = 13. 2w — 3v = 29.
PROBLEMS
111. Water is added to a barrel at a constant rate for 25 min- R320 printer is given by

112.

113.

114.

utes, after which it is full. The quantity of water in the
barrel after ¢ minutes is 100 + 4t gallons. What do the
100 and 4 mean in practical terms? How much water
can the barrel hold?

A party facility charges $500 for a banquet room and
$20 per person. In addition there is a 20% surcharge on
the entire fee. Why would you expect the total cost of
the party to be given by a linear function of the number
of people, P? Give the function.

A design shop offers ceramics painting classes. The fee
for the class is $30 and each item that is painted costs
$12. There is also a firing fee of $3 for each item and
a 7% tax on the cost of the item. Why would you ex-
pect the total cost of the class to be given by a linear
function of the number of items, ¢? Give the function.

The total cost of ownership for an Epson Stylus Photo

Total cost = 200 + 1.00n,

where n is the number of 8 x 10 photos printed. Inter-

pret the constants 200 and 1.00 in practical terms.

115.

the 9 in this formula?

MFind formulas for the linear functions described in Prob-

lems 116-117.

116. The graph of y = v(x) intersects the graph of u(z)

l1+zatz=—2andz = 3.

117.
atx = —2and x = 4.

A ski shop rents out skis for an initial payment of [
dollars plus 7 dollars per day. A skier spends I + 9r
dollars on skis for a vacation. What is the meaning of

The graph of f intersects the graph of y = 0.5z° — 4



MIf two populations have the same constant rate of change,
then the graphs that describe them are parallel lines. Are
the graphs of the populations in Problems 118-121 parallel
lines?

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

Towns A and B are each growing by 1000 people per
decade.

Bacteria populations C' and D are each growing at 30%
each hour.

Country F is growing by 1 million people per decade.
Country F'is growing by 100 thousand people per year.
Village G has 200 people and is growing by 2 people
per year. Village H has 100 people and is growing by
1 person per year.

A Chinese restaurant charges $3 per dish. You leave a
15% tip. Express your cost as a function of the number,
d, of dishes ordered. Is it a linear function?

You buy a $15 meal and leave a t% tip. Express your
your total cost as a function of ¢. Is it a linear function?

Your personal income taxes are 25% of your adjusted
income. To calculate your adjusted income you sub-
tract $1000 for each child you have from your income,
I. You have five children. Find an expression for the
tax in terms of I and say whether it is linear in 1.

Two parents take their /V children to the movies. Adult
tickets are $9 each and child tickets are $7. They buy a
$3 box of popcorn for each child and pay $5 parking.
Find an expression for the cost of the excursion and say
whether it is linear in V.

A person departs Tucson driving east on I-10 at 65
mph. One hour later a second person departs in the
same direction at 75 mph. Both vehicles stop when the
second person catches up.

(a) Write an expression for the distance, D, in miles,
between the two vehicles as a function of the time
t in hours since the first one left Tucson.

(b) For what values of t does the expression make
sense in practical terms?

A pond with vertical sides has a depth of 2 ft and a
surface area of 10 ft2. If the pond is full of water and
evaporation causes the water level to drop at the rate of
0.3 inches/day, write an expression that represent the
volume of water in the pond after d days. For what val-
ues of d is your expression valid?

A 200 gallon container contains 100 gallons of water.
Water pours in at 1 gallon per minute, but drains out at
the rate of 5 gallon per minute. How much water is in
the container after t minutes? Is the container emptying
or filling? When is the container empty or full?

10
11

129.

130.

131.

132.

While on a European vacation, a student wants to be
able to convert from degrees Celsius (°C) to degrees
Fahrenheit (°F). One day the temperature is 20°C,
which she is told is equivalent to 68°F. Another day,
the temperature is 25°C, which she is told is equivalent
to 77°F.

(a) Write a linear function that converts temperatures
from Celsius to Fahrenheit.
(b) Using the function from part (a), convert the tem-
perature of
(i) 10°C to Fahrenheit.
(i) 86°F to Celsius.

The road to the summit of Mt. Haleakala, located in

Haleakala National Park in Hawaii, holds the world’s

record for climbing to the highest elevation in the short-

est distance.'” You can drive from sea level to the

10,023 ft summit over a distance of 35 miles, pass-

ing through five distinct climate zones. The tempera-

ture drops about 3°F per 1000 foot rise. The average
temperature at Park Headquarters (7000 foot elevation)
is 53°F."

(a) Express the average temperature 7', in °F, in
Haleakala National Park as a function of the ele-
vation E in ft.

(b) What is the average temperature at

(1) Sun Visitor Center, at 9745 feet?
(i) Sea level?

When the carnival comes to town, a group of students
wants to attend. The cost of admission and going on 3
rides is $12.50, while the cost of admission and going
on 6 rides is $17.

(a) Write a linear function to represent the cost, C', of
entering and the carnival and going on n rides.

(b) Express the function in slope-intercept form.

(¢) What is the meaning of the slope and the intercept
in part (b)?

A small band would like to sell CDs of its music. The
business manager says that it costs $320 to produce
100 CDs and $400 to produce 500 CDs.

(a) Write a linear function to represent the cost, $C,
of producing n CDs.

(b) Find the slope and the intercept of the graph of the
function, and interpret their meaning.

(¢) How much does it cost to produce 750 CDs?

(d) If the band can afford to spend $500, how many
CDs can it produce?

www.hawaiiweb.com/maui/html/sites/haleakala_national_park.html.
www.mauidownhill.com/haleakala/facts/haleakalaweather.html.


www.hawaiiweb.com/maui/html/sites/haleakala national park.html.
www.mauidownhill.com/haleakala/facts/haleakalaweather.html

133. The cost of owning a timeshare consists of two parts:

the initial cost of buying the timeshare, and the annual
cost of maintaining it (the maintenance fee), which is
paid each year in advance. Figure 5.31 shows the cu-
mulative cost of owning a particular California time-
share over a 10-year period from the time it was
bought. The first maintenance fee was paid at the time
of purchase. What was the maintenance fee? How
much did the timeshare cost to buy?

cost (dollars)
8000
6000
4000
2000
! = time (years)
5 10
Figure 5.31

M Without solving, decide which of the following statements
applies to the solution to each of the equations in Prob-
lems 134-153:

1 < -1 (i) —-1<z<0 (i) z=0
iv) O0<z<l (v) z>1 (vi) No solution
Give a reason for your answer.
134. 7x =4 135 dx4+2=7
136. 20 +8=7 137. 1lla +7=2
138. 1lx —7=5 139. 8 =2z =7
140. 52 +3=Tx+5 141. be+7=2x+5
142. 3 —4dx = —4x — 3 143. bz +3=8x+3

T 1 2 3
144, — = = 145, — = —

2 5 r 5

r+8 z+8
146. =4 147. =2

2 3

148. 10 =1 149. 10 =2

5+ 5+

2¢ +5 20+ 2
150. = 151. =

2¢ +6 3x+5
152.172*2 153.37123

T T

M For Problems 154-156, use the equation

Fe §c+32,

which relates temperatures in degrees Celsius (°C) to de-
grees Fahrenheit (°F).

154.

155.

156.

(a) By solving the equation for C, find a formula
which converts temperatures in degrees Fahrenheit
(°F) to degrees Celsius (°C).

(b) Typical oven cooking temperatures are between
350°F and 450°F. What are these temperatures in
°C?

A rule of thumb used by some cooks'? is: For the range

of temperatures used for cooking, the number of de-

grees Fahrenheit is twice the number of degrees Cel-
sius.

(a) Write an equation, in terms of F' and C, that rep-

resents this rule of thumb.

For what values of F' and C does this rule of

thumb give the correct conversion temperature?

(¢) Typical oven cooking temperatures are between
350°F (176.7°C) and 450°F (232.2°C). Use
graphs to show that the maximum error in using
this rule of thumb occurs at the upper end of the
temperature range.

(b)

A convenient way to get a feel for temperatures mea-
sured in Celsius is to know'® that room temperature is
about 21°C.

(a) Show that, according to this, room temperature is
about 70°F.

(b) Someone says: “So if 21°C is about 70°F, then
42°C is about 140°F.” Is this statement accurate?

M Problems 157-159 concern laptop computer batteries. As
the computer runs, the total charge on the battery, mea-
sured in milliampere-hours or mAh, goes down. A typical
new laptop battery has a capacity of 4500 mAh when fully
charged, and under normal use will discharge at a constant
rate of about 0.25 mAh/s.

157.

158.

Find an expression for f(t), the amount of charge (in
mAh) remaining on a new battery after ¢ seconds of
normal use, assuming that the battery is charged to ca-
pacity at time ¢ = 0.

If fully charged at time ¢ = 0, the charge remaining on
an older laptop battery after ¢ seconds of use is given
by g(t) = 3200 — 0.4¢. What do the parameters of this
function tell you about the old laptop battery as com-
pared to a new battery?

12Graham and Rosemary Haley, Haley’s Hints, Rev. Ed. (Canada: 3H Productions, 1999), p. 355.
13Graham and Rosemary Haley, Haley’s Hints, Rev. Ed. (Canada: 3H Productions, 1999), p. 351.



159. Given that f(t1) = 0 and g(t2) = 0, evaluate the
expression t1/t2. What does the expression tells you
about the two batteries?

M Problems 160-162 involve a simple mathematical model of
the behavior of songbirds. This model relates d, the amount
of time in hours a songbird spends each day defending its
territory, to s, the amount of time it spends singing (look-
ing for mates). The more time a bird devotes to one of these
behaviors, the less time it can devote to the other.'

160. Suppose that a particular species must consume 5 calo-
ries for each hour spent singing and 10 calories for each
hour spent defending its territory. If this species con-
sumes 60 calories per day on these activities, find a
linear equation relating s and d and sketch its graph,
placing d on the vertical axis. Say what the s- and d-
intercepts of the graph tell you about the bird.

161. A second species must consume 4 calories for each
hour spent singing and 12 calories for each hour spent
defending its territory. If this species also consumes 60
calories per day on these activities, find a linear equa-
tion relating s and d and sketch its graph, placing d on
the vertical axis. Say what the intercepts tell you about
the bird.

162. What does the point of intersection of the graphs you
drew for Problems 160 and 161 tell you about the two
bird species?

Mtalian coffee costs $10/b, and Kenyan costs $15/Ib. A
workplace has a $60/week budget for coffee. If it buys I
Ibs of Italian coffee and K pounds of Kenyan coftee, which
of the following equations best matches the statements in
Problems 163-166?

(a) The total amount spent each week on coffee equals $60.

(b) The amount of Kenyan coffee purchased can be found
by subtracting the amount spent on Italian coffee from
the total and then dividing by the price per pound of
Kenyan.

(¢) The amount of Italian coffee that can be purchased is
proportional to the amount of Kenyan coffee not pur-
chased (as compared to the largest possible amount of
Kenyan coffee that can be purchased).

(d) For every two pounds of Kenyan purchased, the amount
of Italian purchased goes down by 3 Ibs.

163. 1 =6- %K 164, = 010
15
165. I =1.5(4 - K) 166. 101 + 15K = 60

M Solve the systems of equations in Problems 167170 for x
and .

2z + 4y = 44 3z —y =20
167.{y:%x+6 168.{_2x_3y:5

2(x+y)=5
169. {x=y+3(x—3)

170 {ba:+y:2b
T ladby =140 ifb#£+1

171. Two companies sell and deliver sand used as a base for
building patios. Company A charges $10 a cubic yard
and a flat $40 delivery fee for any amount of sand up
to 12 cubic yards. Company B charges $8 a cubic yard
and a flat $50 delivery fee for any amount of sand up to
12 cubic yards. You wish to have x cubic yards of sand
delivered, where 0 < x < 12. Which company should
you buy from?

B Measures in US recipes are not the same size as in UK
recipes. Suppose that a UK cup is v US cups, a UK ta-
blespoon is ¢ US cups, and a UK dessertspoon is d US
cups. Problems 172-173 use information from the same
web page."’

172. According to the web, 3/4 of a US cup is 1/2 a UK cup
plus 2 UK tablespoons, and 2/3 of a US cup is 1/2 a UK
cup plus 1 UK tablespoon, so

3 1

2 _ Z 2
1 2u—|—t
2*lu+t
32 ’

Solve this system and interpret your answer in terms of
the relation between UK and US cups, and between the
UK tablespoon and the US cup.

173. According to the web, 1 US cup is 3/4 of a UK cup plus
2 UK dessertspoons, and 1/4 of a US cup is 1/4 of a UK
cup minus 1 UK dessertspoon, so

1 1
1o

Solve this system and interpret your answer in terms
of the relation between UK and US cups, and the UK
dessertspoon and the US cup.

14This model neglects other behaviors such as foraging, nest building, caring for young, and sleeping.
Shttp://allrecipes.com/advice/ref/conv/conversions_brit.asp, accessed on May 14, 2003.


http://allrecipes.com/advice/ref/conv/conversions brit.asp

SOLVING DRILL

M In Problems 1-25, solve the equation for the indicated variable.

VO T S T N T N T N T O B N e e e e e
N A W NP —= O O 0 3 N N A W N = O

© 0 N AW N

5x + 2 = 12; for x

7 — 3z = 25; for x

549t =72;fort

10 = 25 — 3r; for r
S5r+2=3x —T;forx
745t =10 — 3t; fort

100 — 24w = 5w — 30; for w
1.25 + 0.07x = 3.92; for

. 0.5t — 13.4 = 25.8; for t

. 12.53 + 5.67x = 45.1x — 125; for x

. 3(x—2)+15=5(z+4); forz

.3t —5(t+2) =3(2—4t) + 8; fort

. 5(2p—6)+10=06(p+3) +4(2p — 1); forp

. 2322 4+ 5.9) = 0.1(24.7 + 54.2x) + 2.4z; for x

. 10.8 — 3.5(40 — 5.1t) = 3.2t + 4.5(25.4 — 5.6t); for ¢
.ar+b=cforx

.rt+s=pt+q;fort

. rsw — 0.2rw + 0.1sw = 5r — 1.8s; for s

. rsw — 0.2rw + 0.1sw = 5r — 1.8s; for r

. 7(As — Bt + Cr) = 25t + A(st + Br); for t

. 7(As — Bt + Cr) = 25t + A(st + Br); for s

. 0.2PQ* + RQ(P — 1.5Q + 2R) = 2.5; for P
.22y 4 2zyy’ + 2%y’ — b + 2y’ + 10 = 0; for

. 25V 83T + 10(H? + Vo) = Ao(3V + Vp); for Vo
. 25V S2[T) + 10(H? 4 V) = Ao(3V + Vp); for [T]
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6.1 INTEGER POWERS AND THE EXPONENT RULES

Repeated addition can be expressed as a product. For example,

24+24+242+2=5x2.
—_——

5 terms in sum

Similarly, repeated multiplication can be expressed as a power. For example,

2X2%X2%x2x2=2%
N——— —

5 factors in product

Here, 2 is called the base and 5 is called the exponent. Notice that 25 is not the same as 52, because
22 =2x2x2x2x2=232but5?=5x5=25.
In general, if @ is any number and n is a positive integer, then we define

a"=a-a-a---a.
—_——

n factors

Notice that a* = a, because here we have only 1 factor of a. For example, 51 = 5. We call a? the
square of a and a? the cube of a.

Multiplying and Dividing Powers with the Same Base

Example 1

Solution

When we multiply powers with the same base, we can add the exponents to get a more compact
form. For example, 52 - 5% = (5-5) - (5- 5 5) = 52*3 = 55 In general,

an.am:a.a.a...a.a.a.a...a:a.a.a...a:an—"_m_
n factors m factors n + m factors
Thus,
a® - a™ :an+m

Write with a single exponent:
@ ¢-q (b) 6*-6° (o 2n.2™
d 3.3t © (z+y)*@+y)*

Using the rule a” - a™ = a™ ™ we have

(a) q5 . q7 _ q5+7 — q12 (b) 62 . 63 — 62+3 — 65
(c) 2m.2m =2ntm (d 3m.3%=3"t

@ (z+y)*(z+y)’ = (z+9)*"° = (z+y)*.

Just as we applied the distributive law from left to right as well as from right to left, we can use
the rule a™ - a™ = a™T™ written from right to left as a"*™ = a™ - a™.



Example 2 Write as a product:

(a) 5%t (b) ot () y'te d (z+2)*12
Solution Using the rule ™™ = @™ - a™ we have

(@ b*t*=5%.5%=25.5" (b) z'tt=2a" g*

(© yte=y -y @ (2422 =(2+2)* (2 +2).

When we divide powers with a common base, we subtract the exponents. For example, when
we divide 5% by 52, we get

6 — 2 = 4 factors
2 factors of 5 are left

6 factors of 5 of 5 cancel after canceling
6 ——— N——— A~ —_—

56 5.555:55 p-p- 5555 oo
2 = = 5555 =5""=5"
~~ —— 6 — 2 = 4 factors
2 factors of 5 2 factors

of 5 cancel

More generally, if n > m,

n — m factors
of a are left
after canceling

—_————— —— A
an a/.a.a/.a/-..a_/&-ﬁ.-./&. a...a

m factors

of a cancel
n factors of a

n—m

= =a-a-a---a=a
am™ a-a---a ﬂ/&ﬂ N————
—— —_—— n — m factors
m factors of a m factors
of a cancel
Thus,
a” .
— =a""", ifn>m.
am
Example 3 Write with a single exponent:
7 7 n
6 3
(a) 2—5 ®) = (©) 5. wheren > 4
o c+d)3
@ = o D
™ (c+d)
Solution Since — = a""~ " we have
am
7 7
9 _ 7-5_ 2 6_773_4
(a) q—5—q =q (b) 6—3—6 =6
3" n—4 7T5 5—3 2
(c) ¥:3 (d) F:’ﬂ' =7

(e)



. .a” s _ "
Just as with the products, we can write — = a" ™inreverseas """ = —.
a

am
Example 4 Write as a quotient:
(@ 10%F (b) et~ (© =2v=° @ @+
Solution Since a " = e we have
am
102 100 eb
(@ 107F=—=— (b) et =—
10 10k et
© =2 @ (p+qe= LT
2° (p+q)?

Raising a Power to a Power

When we take a number written in exponential form and raise it to a power, we multiply the expo-
nents. For example,

(52)3 — 52 . 52 . 52 — 52+2+2 — 52~3 — 56.
More generally,

The m factors of a are multiplied n times,
giving a total of m - n factors of a

@) =(a-a-a--a)"=(a-a-a--a)a-a-a--a)-(a-a-a--a)=a""

m factors of a m factors of a m factors of a m factors of a

Thus,

(am)n — am~n.

Example 5 Write with a single exponent:

@ (q")° (b) (77)° , © (y)°

@ (29)° @ ((z+y)?) ® ((r—s)")".
Solution Using the rule (™)™ = o we have

@ (¢)°=q""=q% (b) (77)° =7

(c) (ya)b — yab (d) (Qx)ac — 2952

© (@+9?)’ =@+p?2=(+y)° O (-9 =@r-9"=

Example 6 Write as a power raised to a power:
(a) 232 (b) 437 ) et d 6%



Solution Using the rule ™™ = (a™)™ we have

(a) 232 = (23)2. This could also have been written as (22)3.
(b) 43% = (43)*, which simplifies to 64%. This could also have been written as (4%)3.
(c) e* = (e*)’. This could also have been written as (e?)?.

(d) 62" = (67).

Products and Quotients Raised to the Same Exponent

When we multiply 52 - 42 we can change the order of the factors and rewrite it as 52 - 4% = (5 - 5) -
(4-4)=5-5-4-4=(5-4)-(5-4) = (5-4)? = 20%. Sometimes, we want to use this process in
reverse: 10% = (2 5)2 = 22 . 52,

In general,

n factors of a n factors of b

(a'b)":(a-b)(a-b)(a'b)-"(a'b):(M)~(b-b'b'~b):a"'b".

n factors of (a - b) since we can rearrange the order using the
commutative property of multiplication

Thus,
(ab)” = a™b"™.
Example 7 Write without parentheses:
@ (gp)” (b) (32)" © (4ab®)? d (2227)%"

Solution Using the rule (ab)™ = a™b™ we have
@ (qp)" =4q"p"
(b) (3z)" = 372"
(©) (4ab?)® = 43a3(b?)3 = 64436
(d) (2m2n)3n — (23n)(x2n)3n — (23)n(x)2n-3n — 8nx6n2'

Example 8 Write with a single exponent:

(@) ctd* (b) 2m-3" (c) 4a2?
(d a*(b+c)t (e) (22 +y?)5(c—d)>.
Solution Using the rule a”b™ = (ab)™ we have
@) ctdt = (cd)* (b) 2737 =(2.3)" =6"
() 422 = 2222 = (22)2 ) a*(b+c)* = (a(b+c))!

© (@2 +y2)P(c—d)P® = ((@® +y?)(c—d)’.

Division of two powers with the same exponent works the same way as multiplication. For

example, )
6°_6-6-6-6_6 6 6 6_(6)" _,i_q
- 3.3-3.3 n ST



Or, reversing the process,

4-4-4 43
5.5.5 537

More generally,
n factors of a
a\™ a a a a a-a-a---a a”
(5) - (E) ' (5) ' (3)(5) T bbby b
n factors of a/b n factors of b
Thus,
a\™ a"
G) =&
Example9 Write without parentheses:
4\? c\ 12 Y\ 4 2u)?
@ (3) ® (3) © (%) @ (3—) '
Solution Using the rule (%)n = Z_” we have
4\* 42 16 c\12 2
@ (5) 2" ® (3) =@
4 4 = 2u? 2u)3 2343 8u?
©) (%)Z(yg42% @ {3 - )3:33: 3
& (23) % 3v (3v) 330 2Tv
Example10  Write with a single exponent:
3° q 922
(a) 5 ) (b) ]72 . () y_2
(P+9) (z* +y7)
@ 7 © (a+0b)°
Solution Using the rule o (%)n we have
3 /3)\° v ! 922 (3z\’
Q3w e
7 7 , p p .Y Yy
@ @t9'_ (ptq 0 EERE R (e
& z (a+0b)° a+b )’

Zero and Negative Integer Exponents

We have seen that 4° means 4 multiplied by itself 5 times, but what is meant by 4°, 4! or 4727 We
choose definitions for exponents like 0, —1, —2 that are consistent with the exponent rules.



If a # 0, the exponent rule for division says

@ _ 2.2 _ 0
a—2 =a =a
a2
But — = 1, so we define a® = 1 if a # 0. The same idea tells us how to define negative powers. If

2
a
a # 0, the exponent rule for division says

0
a 1

But — = —,sowe define ¢~ = 1/a. In general, we define
a a

1
a"=—, ifa#0.
an

Note that a negative exponent tells us to take the reciprocal of the base and change the sign of
the exponent, not to make the number negative.

Example11  Evaluate:

—il
2
(@ »5° (b) 372 ) 27! @ (-2)7° (e) <§>
Solution (a) Any nonzero number to the zero power is one, so 5° = 1.
(b) We have
372=_ = 1
32 9
(c) We have
1 1
27l=— ==
21 2
(d) We have

(e) We have

n

. .. o a
With these definitions, we have the exponent rule for division, — = a”
a

~"™ where n and m are

integers.

Example12  Rewrite with only positive exponents. Assume all variables are positive.

z\ 3 3r—2 (a+b)~2
(b) <—> (©) 2r) (d) (@xb)—5

(a)

32



Solution (a) We have

11 1 a?
3r72 3.5 N 95:2 -3
(b) We have
-3 3
<m) 1 1 Y
)R
y
(c) We have
2 3% = 3 167t _ 48rt o s
@)t I, L g2 1 2
@)y 1674
(d) We have
(a+b)~2 _
Gy EFT = lesr

In part (a) of Example 12, we saw that the =2 in the denominator ended up as 2 in the
numerator. In general:

Example13  Write each of the following expressions with only positive exponents. Assume all variables are

positive.

@ 1 O o © (§>_2 @ (%)_3 © (Zflg)_l
Solution (a) 4%2 4% = 16.

3 3m*

N 4731174*2_T5 > 25

© (5) =\1) %

() ()

o ((5) -5

Summary of Exponent Rules

We summarize the results of this section as follows.



Example 14

Solution

Expressions with a Common Base

If m and n are integers,

n m

1. a"-a™=a"m 2. —=qg"" 3. (@™ =a™"

m
Expressions with a CommonaExponent

If n is an integer,

1. (ab)™ =a™b" 2. (g>n =L
Zero and Negative Exponents

If a is any nonzero number and n is an integer, then:
0
e a’ =1

Common Mistakes
Be aware of the following notations that are sometimes confused:
ab” = a(b"), but, in general, ab” # (ab)",
—b" = —(b"), but, in general, — 0" # (—b)",
—ab™ = (—a)(b").
For example, —2% = —(21) = —16, but (=2)* = (-2)(-2)(-2)(-2) = 16.

Evaluate the following expressions for x = —2 and y = 3:
@ (zy)! (b) —ay? © (v+y)?
(d) av () —4x® O -y

@ (=2 )4=( 6)4 ( )(—6)(—6)(—6)=1296-

© (- 2+3)2 (1)? =

@ (-2)* = (-2)(-2)(- 2)=—8

(e) —4(-2 ) = —4(-2)(-2)(-2) =32
) —(3)> = -9.

Exercises and Problems for Section 6.1

EXERCISES
M Evaluate the expressions in Exercises 1-12 without using a 7. (=5)3-(-2)? 8. —5%. —
calculator. N 2
1. 3.9 2. _32 9. -1 (=3)* (-2°) 10. <_—;13>
3. (-2)° 4. 54.1%.32 11. 3 12. 07
5.5%.22 6. i )

92



M In Exercises 13-22, evaluate the following expressions for
r=2,y=—3,and z = —5.

13. —zxyz

15. —y”

o (@)

19. —z=*

3y\°®
21 <2z)

14. y*

o)

18. =77

3y :
20. (E
2. (x_ﬂ/)

r—z

M 1n Exercises 23-31, write the expression in the form 2", as-

suming x # 0.

M In Exercises 3245, write with a single exponent.

40. (2% + )3 (z +y*)?

42,

44.

16248

((a+b)?)°

41.

45.

(@+y)")°

(g+h)°(g+h)°
((g+h)?)*

(a+b)°
(a+b)2

M Without a calculator, decide whether the quantities in Exer-
cises 4659 are positive or negative.

46.

48.

50.

52.

54.

56.

58.

(=73)°

(747)715

47.

49.

51.

53.

55.

57.

59.

—43

(-4~
—48°

(*61)742

M In Exercises 6072, write each expression without parenthe-
ses. Assume all variables are positive.

60.

63.

o)
()

6. <
64. (

3

4
w4)

5
2p
o (%)

2 gn no2 4
32474 33 212 66. (cf)? 67. (2p)° 68. (%)
34. o 35. Z—z N ,

69. (4b%) 70. 3 (10e®") 71. 3(2%e%)*

2434 4™
36 5~ g 7. (32)™"

38. Amt3pnp? 39. B*Bet!
PROBLEMS
M In Problems 73-77, decide which expressions are equiva- 75. (a) 1 (b) i (© (l) -
lent. Assume all variables are positive. " 3«; x
L 1 1 d =" (e —
73. (@) 3 (b) 32 (©) 32 T
1\ 2 1\ 2 ¢t
@ (50 © () Bw = m (5 e
(£) (%)
—n n n _ 1 Nt
@ (37w é) © (3) @ () @ (rs7)
3
n 2771
@ -(5) © 5=



o (b) ( é ) " © ( pt ) o M In Problems 92-98, write each expression as a power raised
T
q

q ! to a power. There may be more than one correct answer.
2N\
@ (p'a) " @ [ 92. 424 93, 93%
T
94. 5% 95. 3%
M In Problems 78-91, write each expression as a product or a
quotient. Assume all variables are positive. 9. 5% 97. 3e*
243 441
78. 3 79. a 98. (33 4 3)2w
80. &t 81. 10**
82. k*° 83. 47*3
84. 621 85. (—n)o+? 99. If 3% = w, express 3°* in terms of w.
. . (—n
86. potbTl 87. pl—(a+b) 100. If 3" = y, express 3%%2 in terms of 1.
88. (r—s)it= 89. (p+q)* " 101. If 4° = ¢, express 4°~3 in terms of c.
t—1 ab+c
90. e (t + 1) 91. (3: + 1) 102. If .Ta _ g7y _ xb’ and 2z = mc, what is a?

6.2 FRACTIONAL EXPONENTS AND RADICAL EXPRESSIONS

Example 1

Solution

A radical expression is an expression involving roots. For example, y/a is the positive number
whose square is a. Thus, V9 = 3since 32 = 9, and V625 = 25 since 252 = 625. Similarly, the
cube root of a, written {/a, is the number whose cube is a. So 64 = 4, since 43 = 64. In general,
the n'® root of a is the number b, such that b = q.

If a < 0, then the n'® root of a exists when n is odd, but is not a real number when n is even.
For example, ¢/—27 = —3, because (—3)% = —27, but \/—9 is not defined, because there is no real
number whose square is —9.

Evaluate:

(@ V121 (b) /=32 ) V-4 @ 1 o

(a) Since 11?2 = 121, we have /121 = 11.
(b) The fifth root of —32 is the number whose fifth power is —32. Since (—2)° = —32, we have

32— 2.

(c) Since the square of a real number cannot be negative, v/ —4 does not exist.

(d) Since
3\'_sL o 8L _3
5/ 625 625 5

Using Fractional Exponents to Describe Roots

The laws of exponents suggest an exponential notation for roots involving fractional exponents. For
instance, applying the exponent rules to the expression a'/2, we get

(01/2)2 — /22— 1,



Thus, a!/2 should be the number whose square is a, so we define

a'’? = \/a.

Similarly, we define
a’/?=Ya and o™ = Y.

The Exponent Laws Work for Fractional Exponents

Example 2

Solution

Example 3

Solution

The exponent laws on page 175 also work for fractional exponents.

Evaluate
(a) 251/2 (b)y 9-1/2 (c) 8/3 (d) 271/3,

(a) We have 25'/2 = /25 = 5.
(b) Using the rules about negative exponents, we have

1
1/2
9-Y/ 91/2

(c) Since 23 = 8, we have 81/3 = /8 = 2.

(d) Since 33 = 27, we have

3o o L

1
T 2113 T a7 3

Fractional Exponents with Numerators Other Than One

We can also use the exponent rule (a™)™ = a™™ to define the meaning of fractional exponents in
which the numerator of the exponent is not 1.

Find
(a) 64%/3 (b) 973/2 (c) (—216)%/3 (d) (—625)3/4

(a) Writing 2/3 = 2- (1/3) we have
642/3 = 6421/3) — (64%)"/° = V/64% = /4096 = 16.

We could also do this the other way around, and write 2/3 = (1/3) - 2:
642/3 = 64(1/32 = (641/3>2 = ( : 64)2 =42 =16.

(b) We have

gap_ L _ 1 1 1

T 932 (Vo 3B 27
(c) To find (—216)%/?, we can first evaluate (—216)'/3 = —6, and then square the result. This gives
(—216)%/3 = (—6)? = 36.
(d) Writing (—625)3/4 = ((—625)1/4)3, we conclude that (—625)3/4 is not a real number since
(—625)'/ is an even root of a negative number.




Example 4

Solution

Example 5

Solution

Write each of the following as an equivalent expression in the form =™ and give the value for n.

1
@ — b Yz © (V)
; . 1 1\?*
(d Vz (e) 7z () <ﬁ)
(a) We have
%:m*?’ so n=-3

(b) We have {/z = z'/%, son = 1/5.

(c) We have (¢/z)? = (z'/3)2. According to the exponent laws we multiply the exponents in this
expression, so (z1/3)? = 22/3,son = 2/3.

(d) We have V25 = (25)1/2 = 25/2, son = 5/2.

(e) We have

1 1
:1—/4:.13_1/4 SO n:—1/4
T

(%)3 - (ﬁ)g =@ V2P =22 so n=-3/2.

B

(f) We have

Simplify each expression, assuming all variables are positive.

(@) V2V4 (b) V25w

(a) Using the fact that {/a - Vb= ?/@, we have /2. /4 = /8 = 2.
(b) We can write v/26w9 as (26w?)/3 = 22w?>.

Working with Radical Expressions

Example 6

Solution

Since roots are really fractional powers, our experience with integer powers leads us to expect that
expressions involving roots of sums and differences will not be as easy to simplify as expressions
involving roots of products and quotients.

Do the expressions have the same value?

(@) 9+ 16 and v9 + V16 (b) /100 — 64 and v/100 — v/64
© VO and V5 V1 @ /5 and —jgo

(a) We have /9 + 16 = /25 = 5, but V9 + 16 = 3+ 4 = 7, so the expressions have different
values. In general, v/a + b # \/a + V/b.

(b) Here, v/100 — 64 = /36 = 6. However, /100 — /64 = 10 — 8 = 2. In general, va — b #
va—b.



Example 7

Solution

Example 8

Solution

(c) We have 1/(9)(4) = v/36 = 6. Also, V9 -4 = 3-2 = 6. In general, the square root of a
product is equal to the product of the square roots, or v/ab = \/a - V/b.

/100 v/100 10 a +a
d) We have {/ — = V25 = 5. Also, ——— = — = 5. In general, \/j = ==,

Simplifying Radical Expressions That Contain Sums and Differences

Although the laws of exponents do not tell us how to simplify expressions involving roots of sums
and differences, there are other methods that work. Again, we start with a numerical example.

Are the expressions equivalent?

(a) +100+ +/100 and /200 (b) 100+ /100 and 2+/100

(a) We know that V100 4+ /100 = 10 + 10 = 20. But, the square root of 200 cannot be 20, since
202 = 400, so they are not equivalent.

(b) They are equivalent, since V100 + /100 = 10 + 10 = 20 and 2+/100 — 2(10) = 20. Another
way to see this without evaluating is to use the distributive law to factor out the common term

V/100:
V100 + v/100 = v100(1 + 1) = 2v/100.

Expressing roots as fractional powers helps determine the principles for combining like terms
in expressions involving roots. The principles are the same as for integer powers: we can combine
terms involving the same base and the same exponent.

Combine the radicals if possible.

(@ 3v7+6V7 (b) 4vZ+3VT— VT
() 9V2-5v2+2 d) —5v5+8v20

(e) 5V4daxd + 3xv36x

(a) We have 3v/7 + 67 = 9V/7.
(b) We have 4/z + 3\/z — \/z = 6 /.

(c) Expressing the roots in exponential notation, we see that not all the exponents are the same:
9V2—5V2+v2=9.213—5.21/3 4 ol/2 = 4. 913 4 o1/2 =42 + V2.

(d) Here there is a term involving /5 = 5'/2 and a term involving v/20 = 20'/2. Thus the expo-
nents are the same in both terms, but the bases are different. However, 8v/20 = 8,/(4)(5) =

8v/4V/5 = 8 - 2¢/5 = 161/5. Therefore,
—5V5 +8v20 = —5v5 + 16v5 = 11v/5.
(e) Expressing each term in exponential form, we get

5vV4a3 + 3xv/36x = 5(4x%)1? 4 32(362)Y/2 = 5 - 412 (2%)1/? 4 32(36)/221/?
= 10z%/2 4+ 182%/% = 284°/2,



Example 9

Solution

Example 10

Solution

Rationalizing the Denominator

In Section 2.3 we saw how to simplify fractions by taking a common factor out of the numerator and
denominator. Sometimes it works the other way around: we can simplify a fraction with a radical
expression in the denominator, such as

V2
2442
by multiplying the numerator and denominator by a carefully chosen common factor.
Simplify SN by multiplying the numerator and denominator by 2 — /2.

You might think that multiplying 2 4+ v/2 by 2 — /2 will result in a complicated expression, but in
fact the result is very simple because the product is a difference of squares, and squaring undoes the
square root:

2+vV2)(2-V2)=22—(V2)2=4—-2=2.

V2

by 2 — /2 gives
vz ¢
V2 2-V2 2vV2-2

: = =v2-1.
24+v2 2-2 2

So multiplying the numerator and denominator of 5

The process in Example 9 is called rationalizing the denominator. In general, to rationalize a
sum of two terms, one or more of which is a radical, we multiply it by the sum obtained by changing
the sign of one of the radicals. The resulting sum is a conjugate of the original sum.

Multiply each expression by a conjugate.
@ 1+v2 (b) —6-2V7 © 3v5-2 @ V3+3V6
(a) The conjugate of 1 + V2is 1 — /2, and the product is
A+v2)1-v2)=12—(vV2)?=1-2=—1.
(b) The conjugate of —6 — 2/7 is —6 + 21/7, and the product is
(=6 — 2V7) (=6 +2V7) = (—=6)% — (2V7)2 =36 —28 = 8.

(c) The conjugate of 3v/5—2 is —3+/5—2. We rewrite the product so it is easier to see the difference
of two squares:

(3v/5 —2)(=3v5 — 2) = (=2 + 3v5) (=2 — 3v/5) = (=2)> — (3V/5)2 =4 — 45 = —41.

(d) Here there are two radicals, so there are two possible conjugates, V3 — 3v6 and —/3 + 3V/6.
We choose the first one:

(vV3+3VE)(V3 - 3V6) = (V3)? - (3V6)’ =3 - 54 = —51.



Exercises and Problems for Section 6.2
EXERCISES

M Evaluate the expressions in Exercises 1-4 without using a
calculator.

1. 4%/2 2. 25~ 1/2

—1/2 —1/3
3, (ﬁ) 4. (%)
9 27

M In Exercises 5-6, write each expression without parenthe-
ses. Assume all variables are positive.

6a 1/3
. <10 >
56a

M Simplify the expressions in Exercises 7-10, assuming all
variables are positive.

5. (2415490) 1/2

10

7. ¥ 8. V/4a® /4
y

3 96 708

9. \/A8a3b7 10, Y2 Y

{/3xty

M In Exercises 11-16, write the expression as an equivalent
expression in the form =" and give the value for n.

11. Lx 12. % 13. Va3
14. (¥z)° 15. 1/(1/z72)  16. (2°)"

M In Exercises 17-26, combine radicals, if possible.

17. 12v/11 — 3v/11 + /11

PROBLEMS

18. 5v/9 — 2/144

19. 2V3 + ?

20. Az + 64x — 24z

21. 8Y/3—-2¥3-2V3

22. —6v/98 + 48

23. 6v/48a* + 2aV/27a? — 3a*\V/75
24. 5v/1213 + 2t/128t — 3t/48t

b VA5 2v20 VRO
© 5 5 V25

26. 4xy/90zy + 24/40x3y3 — 3xy /50y

M In Exercises 27-32, find a conjugate of each expression and
the product of the expression with the conjugate.

27. 446 28. V13 — 10
29. —/5 -6 30. V2 —2V7
31. by/a +avh 32, 1—r+1

M In Exercises 33-37, rewrite each expression by rationalizing
the denominator.

2 NG
= V3+1 - 5-5
10 V3
35- \/67 36. m
V6 + 2
37. N,

38. The surface area (not including the base) of a right cir-
cular cone of radius r and height A > 0 is given by

wra/r2 + h2.

Explain why the surface area is always greater than 772

(a) Interms of the structure of the expression.
(b) In terms of geometry.

BBy giving specific values for a,b, and ¢, explain how the
exponent rule
( b)C _ _be
a) =a

is used to rewrite the expressions in Problems 39-40.
39. (2m2n4)3r+3 = (SmGnIQ)H_1

40. J(z+1) (22 + 20+ 1) = (z+1)%?




REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 6

EXERCISES

M Evaluate the expressions in Exercises 1-6 without using a
calculator.

1. —2%. 32 2. (=2)3%-(-3)2
3. —4%. -1 4. —2(-3)*
5. 572 6. 97!

M In Exercises 7-13, write with a single exponent.

b 2
7. = 5. 2
3b q4
3,6
9, 842y 10. 27%(z?)?

y3
11. (a+b)*(a+b)°
12 ((p+9*)" ((r+9)°)°
13, (z4+y+2)* (u+v+w?

B Without a calculator, decide whether the quantities in Exer-
cises 1419 are positive or negative.

14. —16 15. (—-12)'®
16. 147° 17. =773
18. (—44)° 19. (=20)7*3
M Evaluate the expressions in Exercises 20-24 using r = —1
and s = 7.
_3 rs 2
20. (5r) 21. — =0
22. =5" 23. 25"

24. (174s*r'2)0

M In Exercises 25-30, write each expression without parenthe-
ses. Assume all variables are positive.

< ()

3° \'
28. (6m°n®)°  29. =5 (ab?)" 30 <§q2>

26. (54°)”

M In Exercises 31-50, write each expression with only positive
exponents. Assume all variables are positive.

6 k3
3. — 32, 2
5 5
-3
33. 942 34, 3m
1
_n —4
3s. (f) 36. <3—f)
E y
a,_ b 3 -2
xr T a
—4
39. ;LZTG 40. (-24%)7°
4, —2\~3 3ty ?
41. =5 (z'y?) e
0 (2bc2)2 " 3(p27“73)_
" 2(be) ! ) p3
N 1/2
T la
45. % a6. (2727°9)""°
axr—
3(cx)"? a\“'/b\?
47. =20 48. 4 (2 -
(3¢c)3z—1 ¢ (b) (aQ)
_ —3\0
g0, 05T so, 2\ (3% )

5t+4 7174

M In Exercises 51-54, find a conjugate of each expression and
the product of the expression with the conjugate.

51. =234+ /5 52. /m —4
53. V4+h—-2 54. Ve +h++Vax—h

M 1n Exercises 55-58, rewrite each expression by rationalizing
the denominator.

55 Ve 56, VP9
Vatb N
1—=x r—4

57. 58 %
11—z Jr—3-1



PROBLEMS

Mifa > 0,b > 0,c < 0, and d < 0, decide whether the

M In Problems 67-70, write each expression as a product or a
quantities in Problems 59-66 are positive or negative.

quotient. Assume all variables are positive.

5 3
59. (ab) 60. —c 67. (a+ b)) 68. 2(m +n)**3
61. (bc)* 62. (—abc)'” - o, .
63. (—c)® 64. —(be)*! 69. pP*(p +q)*~ 70. (x +y)**~
_ 5 o 5
6s. (=99 66. =90

—(bd)? " —(cd)?
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7.1 POWER FUNCTIONS

Example 1

Solution

The area of a circle, A, is a function of its radius, r, given by
A= mr?.

Here A is proportional to 72, with constant of proportionality 7. In general,

A power function is a function that can be given by
f(z) = kaP, for constants % and p.

We call k the coefficient and p the exponent.

The braking distance in feet of an Alfa Romeo on dry road is proportional to the square of its speed,
v mph, at the time the brakes are applied, and is given by the power function

f(v) = 0.036v>.

(a) Identify the constants k and p.
(b) Find the braking distances of an Alfa Romeo going at 35 mph and at 140 mph (its top speed).
Which braking distance is larger? Explain your answer in algebraic and practical terms.

(a) This is a power function f(v) = kv? with k = 0.036 and p = 2.
(b) At 35 mph the braking distance is

f(35) = 0.036 - 352 = 44 ft.

At 140 mph it is
£(140) = 0.036 - 140 = 706 ft.
This is larger than the braking distance for 35 mph; it is almost as long as two football fields.

This makes sense algebraically, because 140 > 35, so 1402 > 352. It also makes sense in
practical terms, since a car takes longer to stop if it is going faster. See Figure 7.1.

(140, 706)
600
400
(35,44)
200 l
| | @
50 100

Figure 7.1: Braking distance of an Alfa Romeo



Interpreting the Coefficient

Example 2

Solution

Example 3

If we want to compare two power functions with the same exponent, we look at the coefficient.

The braking distance of an Alfa Romeo on wet road going at v mph is given by
g(v) = 0.04502.

Find the braking distance at 35 mph. Is it greater than or less than the braking distance on dry road,
from Example 1? Explain your answer in algebraic and practical terms.

The braking distance on wet road at 35 mph is
g(35) = 0.045(35)% = 55 ft.

This is greater than the stopping distance of 44 ft at the same speed on dry road, from Example 1.
This makes sense algebraically, since

0.045 > 0.036, so 0.045(35%) > 0.036(35%).

It also makes sense in practical terms, since it takes a greater distance to stop on a wet road than on
a dry one.

Power functions arise in geometry, where the exponent is related to the dimension of the object.

The solid objects in Figure 7.2 have volume, V, in cm?, given by

Cube: V =uw?
o3
Sphere: V= Y
. ™ 3
Cylinder: V = e

(a) What is the exponent?
(b) Which has the largest coefficient? Which the smallest?

Interpret your answers in practical terms.

— &

——wW———> e W ——>

Figure 7.2: Three solid objects



Solution

(a) Each expression has the form V' = kw3, so the exponent is 3. This makes sense since w is a
length, measured in cm, and V' is a volume, measured in cm®.

(b) For the cube we have V' = w? = 1 - w?, so k = 1. For the sphere we have k = /6 and for the
cylinder we have k = 7 /4. Since /6 ~ 0.5 and /4 ~ 0.8, the cube has the largest coefficient
and the sphere has the smallest. This makes sense, since the cube has the largest volume and the
sphere has the smallest. The sphere can fit inside the cylinder, which in turn can fit inside the
cube.

Comparing Different Powers

Example 4

Solution

Figures 7.3 and 7.4 show comparisons of the first three powers, =z, 22, and 2°. Notice that all the
graphs pass through the points (0,0) and (1, 1), because 0 to any power is 0 and 1 to any power is
1. What is the relationship between different powers when z is not O or 1?

Y
4 - y =z
3 [
2 y=a
1 [
1 1 T
1 2
Figure 7.3: Comparison of 22 with z Figure 7.4: Comparison of z° with 22

In Figure 7.3, the graph of y = 22 is above the graph of y = = when z is greater than 1, and it is
below it when z is between 0 and 1.

(a) Express these facts algebraically using inequalities.
(b) Explain why they are true.

(a) If one graph is above another then the y-values on the first are greater than the corresponding
y-values on the second. So Figure 7.3 suggests that

z2 >z when z>1,

z2 <z when O<z<l1.
(b) We write 2 = x - z and = x - 1. So we want to compare
r-x and x-1.
On the left we have x multiplied by itself, and on the right we have x multiplied by 1. So if

x > 1 the quantity on the left is larger, and if # < 1 (and positive) then the quantity on the right
is larger.

Similarly, Figure 7.4 illustrates that 2> > 22 when 2 > 1 and 2 < 22 when 0 < < 1. In
general,



Example 5

Solution

Example 6

Solution

e When = > 1, a higher power of x is greater than a lower power.

e When 0 < x < 1, a higher power of z is less than a lower power.

Powers with Coefficients

Which of the expressions
62> or z°

is larger if

(@) z=2 b =5 © z=10 @ =z =100.

(a) When z = 2, the expression 622 is 6 - 2 - 2 and the expression 23 is 2 - 2 - 2. Since 6 is larger
than 2, we have

6-2:2>2.2.2
.22 > 2%,

When x = 2, we have 622 > a3 and the expression 622 is larger.
(b) Similarly, when x = 5, we have

6-5-5>5-5-5.

When z = 5, we have 62> > z° and the expression 622 is larger.
(c) Since 6 < 10, we have

6-10-10 < 10-10-10.

When z = 10, we have 622 < z° and the expression x° is larger.
(d) Since 6 < 100, we have

6-100-100 < 100 - 100 - 100.

When z = 100, we have 62 < z° and the expression x° is larger.

We see in Example 5 that for small values of z, the expression 622 is larger and for large values of
x the expression 23 is larger. At what value of = does x> become larger than 62:2?

‘We have
r-x-r>6-r -2 when x> 6.

We see that
3 > 622 if T > 0,
° < 62> if xr < 6.



Example 7

Solution

A higher power of x will always eventually be larger than a lower power of =. The value of x
at which it becomes larger depends on the expressions and the coefficients.

When z is large enough, a power function with a higher power of x is greater than a power
function with a lower power.

(a) For large values of z, is 222 or 10022 larger?
(b) At what value of x does it become larger?
(c) Use a graph of y = 223 and y = 10022 to illustrate this relationship.

(a) Since the exponent 3 is greater than the exponent 2, we know that 22 is larger for large values
of x.

(b) Since 22% =2 -z -z - 2 and 10022 = 100 - z - , we want to know what value of = makes

2-z-2-2>100-2 - z.
We want 2.2 > 100,
SO x > 50.
For all values greater than 50, the expression 222 will be larger and for all values less than 50,

the expression 10022 will be larger.
(c) See Figure 7.5.

Y
500,000

250,000

— x

50 100

Figure 7.5: Comparison of 22> with 100z>

Figure 7.5 looks very similar to Figure 7.4. In both cases, the expression with the higher power
becomes larger than the expression with the lower power. This general rule always holds. Coeffi-
cients determine where the graphs intersect, but not the overall behavior of the functions.

Powers of Negative Numbers

When z is negative, we have

2?2 = x - = Negative - Negative = Positive.

Since 22 is also positive when z is positive, we see that 22 is always positive, except when z = 0.
On the other hand, if x is negative,

z® = x - x - © = Negative - Negative - Negative = Negative - Positive = Negative.



In general, if you multiply a negative number by itself an even number of times, you get a positive
number, since the factors can be paired up, and if you multiply it by itself an odd number of times,
you get a negative number. See Figures 7.6 and 7.7. Note that y = 22 and y = 2* are entirely above
the z-axis, except at x = 0, whereas y = 2> and iy = z° are below the axis when z is negative.

T

—4-3-2-101 2 3 4

Figure 7.6: Graphs of positive even Figure 7.7: Graphs of positive odd
powers of x powers of ©

Zero and Negative Powers

Example 8

Solution

In Example 1 we use the fact that squaring a larger number gives a larger value. In the next example
we consider what happens when the exponent p is negative.

The weight, w, in pounds, of an astronaut r thousand miles from the center of the earth is given by
w = 2880r 2.

(a) Is this a power function? Identify the constants k and p.
(b) How much does the astronaut weigh at the earth’s surface, 4000 miles from the center? How
much does the astronaut weigh 1000 miles above the earth’s surface? Which weight is smaller?

(a) This is a power function w = kr? with k£ = 2880 and p = —2.
(b) At the earth’s surface we have r = 4, since r is measured in thousands of miles, so

2
580 _ 180 Ib.

_ -2 _
w=2880-4"° = YR

So the astronaut weighs 180 Ib at the earth’s surface. At 1000 miles above the earth’s surface

we have r = 5, so
2880
w=2880-5"%= =5 = 115.21b,
So the astronaut weighs about 115 Ib when she is 1000 miles above the earth’s surface. Notice
that this is smaller than her weight at the surface. For this function, larger input values give

smaller output values.



Example 9

Solution

Rewrite the expression for the function in Example 8 in a form that explains why larger inputs give
smaller outputs.

If we write
2880

w = 2880r % = ——,
”

we see that the 2 is in the denominator, so inputting a larger value of » means dividing by a larger
number, which results in a smaller output. This can be seen from the graph in Figure 7.8, which
shows the function values decreasing as you move from left to right.

1000 r

* 180)(5, 115.2)

100 r

1 2 3 4 5

Figure 7.8: Weight of an astronaut

Inverse Proportionality

We often describe a power function y = kxP by saying that y is proportional to zP. When the
exponent is negative, there is another way of describing the function that comes from expressing it

as a fraction. For example, if
. 2
-3

y:2£€ *Ev

we say that y is inversely proportional to z>. In general, if
y=ka " =—, npositive,
x’ﬂ
we say y is inversely proportional to x™.

Graphs of Negative Integer Powers

In Example 9 we saw that the value of w = 288072 gets smaller as r gets larger. This is true in
general for negative powers. See Table 7.1, and Figures 7.9 and 7.10.

Table 7.1 Negative powers of x get small as x gets large

T 0 10 20 30 40 50
T =1/z Undefined 0.1 0.05 0.033 0.025 0.02
x7? =1/2? Undefined 0.01 0.0025 0.0011 0.0006 0.0004




(171) (_171) (171)
y=a y=a"
x x
(717 71)
Figure 7.9: Graphof y =z ' = 1/z Figure 7.10: Graphof y = 22 = 1/2?

Figures 7.9 and 7.10 also illustrate what happens when = < 0. Just as with positive exponents,
the graph is above the z-axis if the exponent is even and below it if the exponent is odd.

The Special Cases p = 0andp = 1

In general a power function is not linear. But if p = 0 or p = 1, then the power functions are linear.
For example, the graph of y = 2 = 1 is a horizontal line through the point (1,1). The graph of
y = x' = x is a line through the origin with slope 1. See Figures 7.11 and 7.12.

Figure 7.11: Graphof y = 2° = 1 Figure 7.12: Graphof y = 2 = z

Fractional Powers

Power functions where the exponent p is not an integer arise in biological applications.

Example10  For a certain species of animal, the bone length, L, in cm, is given by

L ="7VA,

where A is the cross-sectional area of the bone in cm?.

(a) Is L a power function of A? If so, identify the values of k and p.
(b) Find the bone lengths for A = 36 cm? and A = 100 cm?. Which bone length is larger? Explain
your answer in algebraic terms.



Solution

Example 11

Solution

(a) Since VA = A'/2 we have
L=71AY2

So this is a power function of A with k = 7 and p = 1/2. See Figure 7.13.
(b) For A = 36 cm?, the bone length is

L ="T7v36 =42 cm.
For A = 100 cm?, the bone length is
L =7v100 = 70 cm.

The bone length for A = 100 cm? is larger. This makes sense algebraically, because 100 > 36,
so /100 > v/36.

L
15 | L=7/A
O 1 1 1 1 1 A 1 1 1 1 98
1 2 3 4 5 1 2 3 4
Figure 7.13: Bone length as a function of cross-sectional  Figure 7.14: Comparison of y = z'/2, y = z,
area and y = 2%/2

Comparing Different Fractional Powers

We can compare the size of fractional powers using the same ideas we used for integer powers. As
before, the relative size of powers of  depends on whether x is greater than or less than 1. The box
on page 189 tells us that if x > 1, a higher power of x is greater than a lower power. Figure 7.14
shows us that this result holds for fractional exponents as well. Notice that the function y = x
in Figure 7.14 is the power function y = z!. We see that when = > 1, we have z°/2 > z! and
2! > 2'/2. In each case, the higher power of x is greater than the lower power. For 0 < z < 1, the
situation is reversed, and the higher power of z is less than the lower power.

For each pair of numbers, use the exponents to determine which is greater.
(@) 3or3!/? (b) 0.3 0r (0.3)'/2

(a) Since the base 3 is larger than 1, we know that a higher power is bigger than a lower power. The
two exponents are 1 and 1/2 and 1 is larger than 1/2, so we have 3! > 3'/2. The number 3 is
greater than the number g2,

(b) Since the base 0.3 is less than 1, the situation is reversed, and a higher power is smaller than a
lower power. Since the exponent 1 is larger than the exponent 1/2, we have (0.3)! < (0.3)'/2.
The number (0.3)'/? is greater than the number 0.3.

Figure 7.14 illustrates these calculations. It shows that the graph of y = x'/2 lies above the

graph of y = x when 0 < x < 1, and below it when x > 1.



Example 12
(a) 3or3%?

Solution

For each pair of numbers, use the exponents to determine which is greater.
(b) 0.30r(0.3)3/2

(a) Since the base 3 is larger than 1, we know that a higher power is bigger than a lower power. The

two exponents are 1 and 3/2 and 3/2 is larger than 1, so we have 3%/2 > 3. The number 33/2

is greater than the number 3.

(b) Since the base 0.3 is less than 1, the situation is reversed and a higher power is smaller than a
lower power. Since the exponent 3/2 is larger than the exponent 1, we have (0.3)3/2 < (0.3).
The number 0.3 is greater than the number (0.3)%/2.

Again, Figure 7.14 illustrates these calculations. It shows that the graph of y = 2%/ lies below

the graph of y = 2 when 0 < z < 1, and above it when x > 1.

Exercises and Problems for Section 7.1
EXERCISES

M 1n Exercises 1-5, identify the exponent and the coefficient
for each power function.

. The area of a square of side = is A = z2.

. The perimeter of a square of side = is P = 4x.
. The side of a cube of volume V is z = ¢/V.
. The circumference of a circle of radius 7 is C' = 27r.

. The surface area of a sphere of radius r is S = 4772

A Ui A W N

. The area, A, of a rectangle whose length is 3 times its
width is given by A = 3w?, where w is its width.

(a) Identify the coefficient and exponent of this power
function.

(b) If the width is 5 cm, what is the area of the rectan-
gle?

7. The volume, V/, of a cylinder whose radius is 5 times
its height is given by V' = %777"3, where 7 is the radius.

(a) Identify the coefficient and exponent of this power
function.

(b) If the radius is 2 cm, what is the volume?

(¢) If the height is 0.8 cm, what is the volume?

8. A ball dropped into a hole reaches a depth d = 4.9¢*
meters, where ¢ is the time in seconds since it was
dropped.

(a) Identify the coefficient and exponent of this power
function.

(b) How deep is the ball after 2 seconds?

(¢) If the ball hits the bottom of the hole after 4 sec-
onds, how deep is the hole?

B For the graphs of power functions f(x) = kx? in Exer-
cises 9-13, is

@@ p>1? b p=1? (© 0<p<1?
d p=0? (&) p<0?

9. / 10.

11. - 12. &
13.

M 1n Exercises 14-17,
(a) Is y proportional, or is it inversely proportional, to a
positive power of x?
(b) Make a table of values showing corresponding values
for y when «x is 1, 10, 100, and 1000.

(¢) Use your table to determine whether y increases or de-
creases as x gets larger.

14. y = 22?

15. y =3z

1 5



PROBLEMS

M Problems 18-20 describe power functions of the form y =
kP, for p an integer. Is p

(a)

18.

20.

Even or odd? (b) Positive or negative?

Y 19.

Table 7.2
x Yy
-2 | —24
-1] -3
. 0 0
Figure 7.15 1 3
2]

The graph of y = f(z) gets closer to the z-axis as «
gets large. For x < 0, y < 0, and for x > 0, y > 0.

M 1n Problems 21-24, a and b are positive constants. If @ > b
then which is larger?

21.

23.

25.

26.

a', b 22. a*/*, pt/*
=4 bt 24, g~V p /A
(a) In Figure 7.7, for which z-values is the graph of

y = x° above the graph of y = >, and for which
x-values is it below?

(b) Express your answers in part (a) algebraically us-
ing inequalities.

(a) In Figure 7.16, for which z-values is the graph of
y = /% above the graph of y = 2'/%, and for
which x-values is it below?

(b) Express your answers in part (a) algebraically us-
ing inequalities.

Yy
24 y=z!/?
y:x1/4
1,,
(1,1)
1 F———+ =z
—4-3-2-1 1 2 3 4
-1+
72,,
Figure 7.16

217.

28.

29.

30.

31.

32.

Figure 7.6 shows that the graph of y = z? is above the
graph of y = 2% when = is greater than 1, and it is be-
low it when z is between 0 and 1. Express these facts
algebraically using inequalities.

When a car’s tires are worn, its braking distance in-
creases by 30%. Use this information and Example 1
to find h(v), the braking distance of an Alfa Romeo
with worn tires going at a speed of v mph.

A student takes a part-time job to earn $2400 for sum-
mer travel. The number of hours, h, the student has to
work is inversely proportional to the wage, w, in dol-
lars per hour, and is given by

2400
==

h

(a) How many hours does the student have to work if
the job pays $4 an hour? What if it pays $10 an
hour?

(b) How do the number of hours change as the wage
goes up from $4 an hour to $10 an hour? Explain
your answer in algebraic and practical terms.

(c) Is the wage, w, inversely proportional to the num-
ber hours, h? Express w as a function of h.

If a ball is dropped from a high window, the distance,
D, in feet, it falls is proportional to the square of the
time, ¢, in seconds, since it was dropped and is given
by

D = 16t°.

How far has the ball fallen after three seconds and after
five seconds? Which distance is larger? Explain your
answer in algebraic terms.

A city’s electricity consumption, F, in gigawatt-hours
per year, is given by

_ 015
- p3/2’

where p is the price in dollars per kilowatt-hour
charged.

(a) Is E a power function of p? If so, identify the ex-
ponent and the constant of proportionality.

(b) What is the electricity consumption at a price of
$0.16 per kilowatt-hour? At a price of $0.25 per
kilowatt hour? Explain the change in electricity
consumption in algebraic terms.

The surface area of a mammal is given by f(M) =
kM>/ 3 where M is the body mass, and the constant
of proportionality k is a positive number that depends
on the body shape of the mammal. Is the surface area
larger for a mammal of body mass 60 kilograms or for



a mammal of body mass 70 kilograms? Explain your
answer in algebraic terms.

33. The radius, 7, in cm, of a sphere of volume V' cm?® is

approximately » = 0.620 V.

(a) Graph the radius function, r, for volumes from 0
to 40 cm?®.

(b) Use your graph to estimate the volume of a sphere
of radius 2 cm.

34. Plot the expressions =2 - x

3 2%, and 2%, on three sepa-
rate graphs in the window —1 <z < 1, -1 <y < 1.
Does it appear from the graphs that z° - 2> = 2° =
2> ora? . 23 = 2% = 2239

35. Plot the expressions —2 and (—2)" on the same graph

in the window —1 < =z < 1, -1 < y < 1. Is
—gt = (—2)"?

7.2 WORKING WITH POWER EXPRESSIONS

Recognizing Powers

Example 1

Solution

Example 2

Solution

In practice, an expression for a power function is often not given to us directly in the form kz?, and
we need to do some algebraic simplification to recognize the form.

Is the given function a power function? If so, identify the coefficient k£ and the exponent p.

2 5z , 3z°
@ f@== O geo)=4+2 © h@)=5 @ j@)=1
(a) We have
2 -8
f(z) = o 2r7°,
so this is a power function with £ = 2 and p = —3.

(b) We cannot rewrite 4x + 2 in the form kzP, so this is not a power function.
(c) We have

5T
hiz) == = =g!
(0) =5 = 5,
sok=>5/2andp = 1.
(d) We have
, 3z° 11
IO =E = =1

sok=1/4andp = —1.

It is important to remember the order of operations in a power function f(x) = kaP: first raise
x to the p'" power, then multiply by k.

Which of the expressions define the same function?

1 2
® 53 © =

9p~3
() 2z 973

(d) 0.5z73

‘We have

1 1 2
.13_3:—, SO 2.13_3:2(;) :F

Thus (a) and (c) define the same function. From (a) we see that it is a power function with k£ = 2



Example 3

and p = —3. Also,

1 1\ /1) . 4

So (b) and (d) define the same function, and from (d) we see that it is a power function with £ = 0.5
and p = —3. So it is different from the power function defined by (a) and (c).

Power functions arising in applications often have constants represented by letters. Recognizing
which letter in an expression stands for the independent variable and which letters stand for con-
stants is important if we want to understand the behavior of a function. Often a quite complicated-
looking expression defines a simple function.

For each power function, identify the coefficient k, and the exponent, p. (Assume that all constants
are positive.) Which graph (I)—(IV) gives the best fit?

(a) The volume of a sphere as a function of its radius r:

4
V= 5777“3.

(b) The gravitational force that the Earth exerts on an object as a function of the object’s distance r

from the earth’s center:
GmM

2
(c) The period of a pendulum as a function of its length {:

l
P = 277\/; g a constant.
g

(d) The pressure of a quantity of gas as a function of its volume V' (at a fixed temperature 7):

nRT

F =

, G, m, M constants.

P = , n, R,T constants.

(e) Energy as a function of mass m:

E =mc?, caconstant (the speed of light).

() (I

() (V)

Figure 7.17: Which graph fits?



Solution

(a)

(b)

()

(d)

(e)

The volume V is a power function of 7, with & = (4/3)7 and exponent p = 3. Recall that the
graph of a power function with p a positive odd integer resembles Figure 7.7 on page 191. In
the first quadrant, a graph such as (I) satisfies this requirement.
Writing the equation as

GmM

r2

F = = GmMr—2,

we see that F' is a constant times 72, so it is a power function of r with & = GmM and
exponent p = —2. Since the exponent is negative, the function’s output decreases as its input
increases, and graph (II) fits best.

Writing the equation as

P =97 izgﬂﬂ — 2_7T11/2
g

Vi VI
we see that P is a power function of [ with k = % and exponent p = 1/2. Graph (IV) looks
most like a square root function, so it fits best.

Writing the equation as

p_ nRT

=nRTV !,
we see that P is a constant times V1, so it is a power function of V' with & = nRT and
exponent p = —1. Since the exponent is negative, as in part (b), graph (II) again fits best.
Writing the equation as

E =cmt,

we see that E is a power function of m with coefficient k& = ¢?

recognize this as an equation of a line. Thus graph (III) fits best.

and exponent p = 1. We

Writing Expressions for Power Functions

Example 4

Solution

In Example 3 on page 187 we gave formulas for the volume of a sphere of diameter w, and of a
cylinder of diameter w and height w (see Figure 7.2). Derive these formulas from the usual formulas
for the volume of a sphere and a cylinder.

A sphere of radius r has volume V' = (4/3)7r3. The width of the sphere is twice the radius, so
w = 2r. Therefore r = w/2, and

4 4 34 (1\°
V=c-nrd=-n (E> =r(=) w=Zuwd
3 37 \2 37 \2 6

A cylinder with radius r and height h has volume V' = mr2h. As before we have r = w /2, and,
since the height is equal to the diameter, we also have h = w, so

2l — 2)2 _E g
me*hfw(Q w 4w.



Example 5

Solution

The surface area of a closed cylinder of radius r and height A is
S = 2nr? + 27rh.

(a) Write the expression as a power function of 7 or h, if possible.
(b) If the height is twice the radius, write .S as a power function of .

(a) We cannot write this expression as a power function of i or r, because there are two terms that
cannot be combined into either the form S = krP or the form S = khP.
(b) Since h = 2r, we have

S = 2nr? + 21r - 2r
= 2712 + 47r?

= 6mr2.

Thus, S is a power function of 7, with k = 67, and p = 2.

Interpreting Expressions for Power Functions

Example 6

Solution

Example7

We saw in Section 7.1 that power functions with positive exponents have very different behavior
from power functions with negative exponents. Sometimes all we need to know in order to answer
a question about a power function is whether the exponent is positive or negative.

Which is larger, f(10) or f(5)?

@ FA=TA  © f@)=\2 © fu=V3d

x3

If p is positive, then 107 > 57, and if p is negative, then 107 < 5P. Multiplying both sides of these
inequalities by a positive coefficient k does not change them.

(a) Here exponent p = 3 and the coefficient & = 7 are both positive, so f(10) > f(5).

(b) We have
2 2
fwy B VB 5 e
€T Va3 x3/2

Since the exponent is negative, we have 103/2 < 573/2 50 £(10) < f(5).

(c) We have
flu) = V3u3 = V3Vud = 31/243/2,

Since both the coefficient and the exponent are positive, f(10) > f(5).
The following example shows how to interpret power functions that have a negative coefficient.
Which is larger, f(0.5) or f(0.25)?

—4 - —r2

@ f(t)=—= ® f=+355

<



Solution

Example 8

Solution

Example 9

Solution

Since 0.5 > 0.25, we have 0.5 > 0.25% if p is positive, and 0.57 < 0.257 if p is negative. However,
these inequalities are reversed if we multiply both sides by a negative coefficient k.

(a) We have
f(t) = _4t71/37

with coefficient —4 and exponent —1/3. Since the exponent is negative, we have 0.5 /% <
0.25~1/3. Multiplying both sides by the negative number —4 reverses the direction of this in-
equality, so f(0.5) > f(0.25) (both numbers are negative, and f(0.5) is closer to zero).

(b) We have

2
Fr) = = _ _—17"2_3/2 _ _17,1/2'

-~ 5r3/2 5 5

Since the exponent 1/2 is positive, we have 0.5'/2 > 0.25/2. Multiplying both sides by —1/5
reverses the inequality, so f(0.5) < f(0.25).

Although the functions in the next examples are not strictly speaking power functions, the same
principles apply in interpreting them.

After ten years, the value, V, in dollars, of a $5000 certificate of deposit earning annual interest
is given by
V = 5000(1 + x)*°.

What is the value of the certificate after 10 years if the interest rate is 5%? 10%?
If the interest rate is 5% then x = 0.05, so
V = 5000(1 + 0.05)'° = 5000 - 1.05'" = 8144.47 dollars.
When the interest rate is 10%, we have = = 0.10, so
V = 5000(1 + 0.10)*° = 5000 - 1.10'° = 12,968.71 dollars.

Note that since 1.10 > 1.05, we have 1.10' > 1.05'°, so the certificate with the higher interest
rate has a greater value after 10 years.

The amount you need to invest for 10 years at an annual interest rate « if you want to have a final
balance of $10,000 is given by

P =10,000(1 + 2)~'° dollars.
How much do you have to invest if the interest rate is 5%? 10%?
For an interest rate of 5% we have
P =10,000(1 + 0.05) "% = 10,000 - 1.05" % = 6139.13 dollars.
When the interest rate is 10% we have
P =10,000(1 + 0.10) 7% = 10,000 - 1.107 % = 3855.43 dollars.

In this case, 1.10 > 1.05, we have 1.107'0 < 1.057'°, so the certificate with the higher interest
rate requires a lower initial investment.



Exercises and Problems for Section 7.2
EXERCISES

M Are the functions in Exercises 1-6 power functions?

1. y = 142" 2. y=12-14"
3. y=3z® + 227 4.y =2/(z?)
5 y=ux%/2 6. y =izt

M In Exercises 7-16, write the expression as a constant times
a power of a variable. Identify the coefficient and the expo-
nent.

7. 3P 8. v2b
4 VT
9, = 10. Y2
7 Iz
x4 1 3
1. 2 _z>0 12, [ ——
4/ 2 5z
3 8 2
13 = 14. (2v7)z
1'6
15. ?s 16. /a3

M In Exercises 17-30, can the expression be written in the
form kxP? If so, give the values of k and p.

2 1
17. m 18- 3?
PROBLEMS

19.

21.

23.

25

27.

29.

49
3\2
(72%) 2. /=
3
2
3z2)3 22. | —
3%) (%)

1 2 232
y=5 24. (z* 4 3z%)
3+ 2? 26. V9x?

1 3
— 28. (¢ + 4x)?
<2\/5) (z° + 4x)
((—22)%)° 30. {/z/8

M 1n Exercises 31-36, a and b are positive numbers and a > b.
Which is larger, f(a) or f(b)?

31.

33.

35.
36.

f@) =5 32, f(t) = ?
Jiry =4/ 2 34, f(t) = -3¢ (—26)°

M 1n Problems 37-48, what is the exponent of the given power
function? Which of (I)~(IV) in Figure 7.18 best fits its
graph? Assume all constants are positive.

U] )

(1) (V)

Figure 7.18

37.

38.

39.

40.

The heart mass, H, of a mammal as a function of its
body mass, B:
H = kB.

The number of species, IV, on an island as a function
of the area, A, of the island:

N = kV/A.

The energy, F, of a swimming dolphin as a function of
the speed, v, of the dolphin:

3
E =av”.

The strength, S, of a beam as a function of its thick-
ness, h:
S = bh®.



41.

42,

43.

44.

46.

47.

48.

The average velocity, v, on a trip over a fixed distance
d as a function of the time of travel, ¢:

The surface area, S, of a mammal as a function of the
body mass, B:
S = kB3,

The number of animal species, N, of a certain body

length as a function of the body length, L:

A

The circulation time, T°, of a mammal as a function of
its body mass, B:

T = M+B.

. The weight, W, of plaice (a type of fish) as a function

of the length, L, of the fish:
a 3
W=—-.L".
b
The surface area, s, of a person with weight w and
height h as a function of w, if height A is fixed:

s = 0.01w”*°p*".

The judged loudness, J, of a sound as a function of the
actual loudness L:

J = alL’®.

The blood mass, M, of a mammal as a function of its
body mass, B:
M = kB.

B Given that each expression in Problems 49-52 is defined
and not equal to zero, state its sign (positive or negative).

49.

51.

53.

—(b—1)? 50. ev/—c

(1—|—r2)2—1 52. wv/—v + v/ow

The perimeter of a rectangle of length [ and width w is
P = 2]+ 2w.

(a) Write the expression as a power function of [ or w,
if possible.

(b) If the length is three times the width, write P as
a power function of w and give the values of the
coefficient k£ and the exponent p.

54.

55.

A window is in the shape of a square with a semicircle
on top. If the side of the square is [ feet long then the
area of the glass sheet in the window is

2 T (! ? 2
A=+ <§> £t2.
(a) Is A a power function of [? If so, identify the co-
efficient k£ and the exponent p.
(b) Without computing the area, say whether the area
is larger when [ = 1.5 feet or when [ = 2.5 feet.
Explain your answer in algebraic terms.

The side length of an equilateral triangle of area A is

4
szﬂﬁA.

Write s as a power function of A and identify the coef-
ficient and the exponent.

M In Problems 56-65, a and x are positive. What is the ef-
fect of increasing a on the value of the expression? Does the
value increase, decrease, or remain unchanged?

56.

58.

60.

62.

64.

(az)?
22 57. (az)? + a?
(G?Q 59. a*
a
—1
o 61l. x+a
a’z 63. x + L
. e
a4 . (am)1/3
(az)? C Va

W A certificate of deposit is worth P(1 + r)* dollars after ¢
years, where r is the annual interest rate expressed as a
decimal, and P is the amount initially deposited. In Prob-
lems 6668, state which investment will be worth more.

66.

67.

68.

Investment A, in which P = $7000, » = 4%, and
t = 5 years or investment B, in which P = $6500,
r = 6% and t = 7 years.

Investment A, in which P = $10,000, » = 2%, and
t = 10 years or investment B, in which P = $5000,
r = 4%, and t = 10 years.

Investment A, in which P = $10,000, » = 3%, and
t = 30 years or investment B, in which P = $15,000,
r = 4%, and t = 15 years.



69. A town’s population in thousands in 20 years is given

by 15(1 + )%, where x is the growth rate per year.
What is the population in 20 years if the growth rate is

earth weighs 2880/72 Ibs, and the surface of the earth
is 4000 miles from the center.

(@ 2%?

70. An astronaut r thousand miles from the center of the

(a) If the astronaut is & miles above the surface of the
earth, express 7 as a function of h.
(b) Express her weight w in pounds as a function of h.

(b) 7%? () —5%?

7.3 SOLVING POWER EQUATIONS

Example 1

Solution

In Example 1 on page 186 we considered the braking distance of an Alfa Romeo traveling at v mph,
which is given, in feet, by
Braking distance = 0.036v°.

Suppose we know the braking distance and want to find v. Then we must solve an equation.

At the scene of an accident involving an Alfa Romeo, skid marks show that the braking distance is
270 feet. How fast was the car going when the brakes were applied?
Substituting 270 for the braking distance, we have the equation

270 = 0.036v2.

To find the speed of the car, we solve for v. First, we isolate v? by dividing both sides by 0.036:

270
2 = — =
v = 35036 7500.

Taking the square root of both sides, we get
v = +/7500.
Since the speed of the car is a positive number, we choose the positive square root as the solution:
v = /7500 = 86.603 mph.
We see that the car was going nearly 87 mph at the time the brakes were applied.
Notice that in Example 1, we introduced a new operation for solving equations, taking the

square root of both sides. Taking the square root of both sides of an equation is different from the
other operations we have looked at since it leads to two equations.

Taking the square root of both sides of an equation leads to two equations,

VLeft side = y/Right side and +/Leftside = —/Right side.

The same is true of any even root.

For example, taking the square root of both sides of the equation
2 =9
leads to the two equations
r=+V9=43 and r=—/9=-3.

As in Example 1, we often combine the two possibilities using the £ symbol, and write z = £3.



Example 2

Solution

Example 3

For the cube, sphere, and cylinder in Example 3 on page 187, find the width w if the volume is
10 ft3. See Figure 7.19.

V =w? T 3

e wW— W —>

Figure 7.19

For the cube the volume is V = w?

, so we must solve the equation
w3 = 10.

Taking the cube root of both sides, we get

w =103 = 2.15 ft.

For the sphere, the volume is V' = (7/6)w?, so we must solve

w3
—w” =10
sV
6 60
wP=—.10=—
s 7r
/60
w= {/— =267 ft.
’/T
Similarly, for the cylinder we solve
%wg =10
4 40

w=-10= —
™ ™

4
w={ —0=2.34.
w

Taking the cube root of both sides of an equation does not create the same problems as taking the
square root, since every number has exactly one cube root.

An astronaut’s weight in pounds is inversely proportional to the square of her distance, r, in thou-
sands of miles, from the earth’s center and is given by

2880

5 -

Weight = f(r) =

r

Find the distance from the earth’s center at the point when the astronaut’s weight is 100 Ibs.



Solution

Since the weight is 100 lbs, the distance from the earth’s center is the value of r such that 100 =

f(r), so

100 = 2830

,
10072 = 2880
r? =928.8

r = +v28.8 = +5.367 thousand miles.

We choose the positive square root since 7 is a distance. When the astronaut weighs 100 1bs, she
is approximately 5367 miles from the earth’s center (which is about 1367 miles from the earth’s
surface).

How Many Solutions Are There?

Example 4

Notice that in Examples 1 and 3 the equation had two solutions, and in Example 2 the equation had
only one solution. In general, how many solutions can we expect for the equation P = a? In what
follows we assume the exponent p can be either a positive or negative integer, but not zero.

Two Solutions

When we have an equation like 2 = 5 or * = 16, in which an even power of x is set equal to
a positive number, we have two solutions. For instance, z* = 16 has two solutions, z = 2 and
x = —2, because (—2)* = 2% = 16. See Figure 7.20.

In general, if p is an even integer (other than zero) and a is positive, the equation

¥ =a
has two solutions, z = a/? and z = —a/P.
Find all solutions for each equation.
(a) z2 =64 (b) z*=64 (c) z2=64 d z*=64

Figure 7.20: Solutions to z* = 16



Solution

Example 5

(a) We take square roots of both sides. Because there are two numbers whose square is 64, there
are two solutions, 8 and —8.
(b) We take the fourth root of both sides and get

T = +(64)V4 = £(20)1/4 = £26/4 — 424/% . 9%/4 — 121/,

(c) Multiplying both sides by 2, we get

1 = 6422
1 2
6—4—13
j[1
T ==xI<.
8

(d) We can use the same method as in part (c), or we can simply raise both sides to the —1/4 power:

1 1
=464 V4 =+ =+,
& 641/4 2\/5
One Solution
When we have an equation like 2® = 8 or 2% = —2, in which an odd power of x is set equal to a
number (positive or negative), we have one solution. For instance, 23 = 8 has the solution z = 2,
because 2% = 8, and z° = —8 has the solution z = —2, because (—2)3 = —8. See Figure 7.21.

In general, if p is odd,

2P =a

has one solution, z = a!/?. There is another situation when the equation P = a has one solution,
and that is if ¢ = 0. In that case there is just the one solution z = 0.

Find all solutions for each equation.
(@ x°=-773 (b) 2*=773 () 28=0

Figure 7.21: Solutions to z®> = 8 and 2 = —8



Solution

Example 6

Solution

Example 7

Solution

(a) Since p = 5 1is odd, there is one solution: x = /—773 = —3.781.

(b) Since p = 4 is even and a = 773 is positive, there are two solutions, x = V773 = 5.273 and
x=—+/773 =—5.273.

(c) Since a = 0, there is one solution, x = 0.

No Solutions

2:

Since we cannot take the square root of a negative number, the equation x —64 has no solutions.

In general, if p is even and a is negative, then the equation
2 =a

has no solutions. There is another situation when the equation 2 = a has no solution, and that is if
p is negative and a = 0.

How many solutions are there to each of the following equations?

(a) —773 =223 (b) —773 = 2222
(c) 773 = 2222 (d) 0=2222

(a) Since the exponent is odd, there is one solution.

(b) Since the exponent is even and —773/22 is a negative number, there are no solutions.
(c) Since the exponent is even and 773/22 is a positive number, there are two solutions.
(d) Since 0/22 is 0, there is one solution.

A $5000 certificate of deposit at an annual interest rate of 7 yields 5000(1 + )0 after 10 years.
What does the equation 5000(1 + r)'? = 10,000 represent? How many solutions are there? Which
solutions make sense in practical terms?

We know that 5000(1 + 7)° represents the value of the certificate after 10 years. So the solution to
the equation
5000(1 +7)** = 10,000

represents the interest rate at which the certificate will grow to $10,000 in 10 years. To solve the
equation, we divide both sides by 5000 to get

1
Lo 00
then take 10" roots to get
l+r=2%2

r=-1+ V2.
Since /2 = 1.0718, there are two possible values for r,
r=-—14+1.0718=0.0718 and r=-1-1.0718=—-2.0718.

Since r represents an interest rate, it must be positive, so only the first solution makes sense. The
interest rate needed to double the value in 10 years is » = 0.0718, or 7.18%.



Equations Involving Fractional Powers

Example 8

Solution

In previous chapters we considered the operations of adding a constant to both sides and multiplying
both sides by a nonzero constant. These operations produce an equivalent equation, because they do
not change whether two numbers are equal or not.

In this chapter we have introduced new operations, such as squaring both sides, which can
change the equality or inequality of two numbers. For example, the two numbers 2 and —2 are
unequal before squaring, but both equal to 4 after squaring. The same problem can arise in raising
both sides of an equation to any even power. These operations can lead to extraneous solutions:
solutions to the new equation obtained by squaring both sides which are not solutions to the original
equation. Whenever we use these operations, we have to check all solutions by substituting in the
original equation.

Solve each of the following equations:

(@ Vt+9=21 (b)) Vt+21=9
(c) 2A4Y5=10

(a) We solve for v/t and then square both sides:

Vi+9=21
Vi =12
(V1)? = (12)?

t=144.

We check that 144 is a solution: v/144 + 9 = 12 4+ 9 = 21.
(b) Proceeding as before, we solve for /¢ and then square both sides:

Vi+21=9
Vit=-12
(V1)? = (—12)?
t = 144.

However, in this case 144 is not a solution: v/144 + 21 = 12 4+ 21 = 33 # 9. We could have
noticed this without solving the equation, since /¢ is always positive, so v/t + 21 cannot be 9.
(c) The first step is to isolate the A'/5. We then raise both sides of the equation to the fifth power:

245 =10
A% =5
(A1/5)5 _ 55
A =3125.

Checking A = 3125 in the original equation, we get

2(3125)1/° = 2(5%)1/5 = 2. 5 = 10.

In Example 8(b), something strange happened. Although we started out with an equation that



Exercises and Problems for Section 7.3

had no solutions, we ended up with ¢t = 144. This is because we used the operation of squaring both
sides, which produced an extraneous solution. When we raise both sides of an equation to an even
power, it is possible to get an equation that is not equivalent to the original one.

Summary: Using Powers and Roots to Solve Equations

We offer the following summary about solving equations involving powers and roots. In general:

e Taking the square root of both sides of an equation leads to two equations,
VLeft side = \/ Right side and +/Leftside = —4/Right side.

Similarly, taking any even root of both sides of an equation leads to two equations.

e Squaring both sides of an equation can lead to extraneous solutions, so you have to check
your solutions in the original equation. The same rules apply for any even exponent, such
as 4,0, ..

e For odd exponents such as 3, 5, ..., or odd roots, there is no problem. Taking the cube
root of or cubing both sides of an equation leads to an equivalent equation.

EXERCISES

M In Exercises 1-21, solve the equation for the variable.

1.

15.
17.

19.

21.

z* =50

4=g"1/2
224+5=0
Va—-2=17
Vy—2=11

2p° +64 =0

1

10.

VBT —24+1=10 12.
. (3¢ —2)* —50=100 14.

16.
18.

20.

227 = 8.6

4w® +7=0
207 — 11 =381
3Yr+1=16
VIy—1=9

(x+1)>+4=29

2x = 5dx 2

M In Exercises 22-26, solve the equation for the indicated vari-
able. Assume all other letters represent nonzero constants.
22. y = ka?, for
24. L = kB*D?, for D

26. w = 47r\/§, for x.

B Without solving them, say whether the equations in Exer-
cises 27-42 have

(i) One positive solution  (ii) One negative solution
(iii) One solution at z = 0 (iv) Two solutions
(v)  Three solutions (vi) No solution

23. A= %wrQ,forr

25. y*z? = (3y?)?, for x

Give a reason for your answer.

27. 23 =5 28. 25 =3 29. 22 =5
30. 22 =0 31 2 = -9 2.z
3Bzt =-16 34 27 =-9 35 2% =2
36. /3 =-2 37 zY%2=12 38 2'/%?=-12
39. z =4 40. z7%2 =4 41, 73 = -8
42, z76=—-L



M In Exercises 43-48, what operation transforms the first

equation into the second? Identify any extraneous solutions
and any solutions that are lost in the transformation.

45. r* +3r =Tr 46. (2z)? = 16
r+3=7 20 =4
47, 3_+_p-1 48, 22 ___2_
P p x+1 x+1
Ip—1=p—-1 20 =x+1-2

43. Ve +4=x—-2 44. t+1=1

r+4=(x—2)? (t+1)*=1

PROBLEMS

49. The equation

V8 —x =5
has two solutions. Are they positive, zero, or negative?
Give an algebraic reason why this must be the case.
You need not find the solutions.

50. The volume of a cone of height 2 and radius r is
V = %m‘2. What is the radius of such a cone whose
volume is 37?

51. Let V = s give the volume of a cube of side length s
centimeters. For what side length is the cube’s volume
27 cm®?

52. A city’s electricity consumption, F, in gigawatt-hours

53.

54.

55.

per year, is given by £ = 0.15p’3/2, where p is the

price in dollars per kilowatt-hour charged. What does
the solution to the equation 0.15p%/%2 = 2 represent?
Find the solution.

The surface area, S, in cm?, of a mammal of mass M
kg is given by S = kM?*/3, where k depends on the
body shape of the mammal. For people, assume that
k = 1095.

(a) Find the body mass of a person whose surface area
is 21,000 cm?.

(b) What does the solution to
1095M2/3 = 30,000 represent?

(¢) Express M in terms of S.

the equation

Solve each of the following geometric formulas for the
radius r.

(a) The circumference of a circle of radius r: C' =
27,

(b) The area of a circle of radius r: A = 712,

(¢) The volume of a sphere of radius r: V. =
(4/3)mr3.

(d) The volume of a cylinder of radius 7 and height h:
V = mr?h.

(e) The volume of a cone of base radius r and height
h:V = (1/3)7r?h.

The volume of a cone of base radius r and height A is
(1/3)mr?h, and the volume of a sphere of radius r is

56.

57.

58.

(4/3)mr®. Suppose a particular sphere of radius 7 has
the same volume as a particular cone of base radius 7.

(a) Write an equation expressing this situation.
(b) What is the height of the cone in terms of r?

When P dollars is invested at an annual interest rate r
compounded once a year, the balance, A, after 2 years
is given by A = P(1 + r)2.

(a) Evaluate A when r = 0, and interpret the answer
in practical terms.

(b) If r is between 5% and 6%, what can you conclude
about the percentage growth after 2 years?

(c) Express r as a function of A. Under what circum-
stances might this function be useful?

(d) What interest rate is necessary to obtain an in-
crease of 25% in 2 years?

The balance in a bank account earning interest at r%
per year doubles every 10 years. What is r?

How can you tell immediately that the equation x +
5y/2 = —4 has no solutions?

M In Problems 59-70, decide for what values of the constant
A the equation has

(a) The solutiont =0 (b) A positive solution

(¢) A negative solution

59. P =A 60. t*=A 61. (—)*=A
62. (-)*=A 63. 13 =A? 64. t* = A?

65. t'=—-A> 66. t*=-A> 6. °+1=A4A
68. At? +1=0 69. At =0 70. A’ +1=0

A (if any) the equation has

(a) The solution z = 1
(¢) No solution

71. 422 = A
73. 4z = A

M 1n Problems 71-74, decide for what value(s) of the constant

(b) A solutionx > 1

72. 42 = A
74, 47 = A



75. Figure 7.22 shows two points of intersection of the 76. Figure 7.23 shows two points of intersection of the

graphs of y = 1.3z% and y = 120z. graphs of y = 0.2° and y = 100022,

(a) Use a graphing calculator to find the z-coordinate (a) Use a graphing calculator to find the z-coordinate
of the nonzero point of intersection accurate to one of the nonzero point of intersection accurate to one
decimal place. decimal place.

(b) Use algebra to find the nonzero point of intersec- (b) Use algebra to find the nonzero point of intersec-
tion accurate to three decimal places. tion accurate to three decimal places.

Y y = 1.3z Y y = 0.22°
3000 / 600,000 c y = 100022
/ y = 120z
///
— -z T
20 25
Figure 7.22 Figure 7.23

7.4 MODELING WITH POWER FUNCTIONS

Example 1

Solution

In Example 1 on page 186, an Alfa Romeo’s braking distance as a function of velocity is given
by f(v) = 0.036v% How does the engineer testing the car find the function? Often we model
a phenomenon with a family of functions such as f(v) = kv?, and find the parameter k using
experimental data. For example, if a test drive shows that the braking distance at 35 mpg is 44 ft,
then we know f(35) = 44, so we can solve k(35)% = 44 for k and get k = 44/35% = 0.036.

Find a formula for y in terms of x.
(a) The quantity y is proportional to the fourth power of x, and y = 150 when z = 2.
(b) The quantity y is inversely proportional to the cube of z, and y = 5 when = = 3.

(a) We have y = kx*. We substitute y = 150 and = = 2 and solve for k:
y = ka?
150 = k- (2%)
k =150/(2%) = 9.375.

The formula is

y = 9.375z%.
(b) We have y = k/2°. We substitute y = 5 and x = 3 and solve for k:
k
Y= 23
k
5 = 3—3

k=5-3%=135.

The formula is
135

Y 3



Example 2

Solution

Example 3

Solution

The Period of a Pendulum

The period of a pendulum is the time it takes to make one full swing back and forth. As long as the
pendulum is not swinging too wildly the period depends only on the length of the pendulum.

A pendulum’s period P, in seconds, is proportional to the square root of its length L, in feet. If
a 3 foot pendulum has a period of 1.924 seconds, find the constant of proportionality and write
P = f(L) as a power function.

Since P is proportional to the square root of L, we have
P = f(L) = kVL = kL'/2,

To find k, we substitute L = 3 and P = 1.924:

P =kL'?
1.924 = k(3%/2)
1.924

So
P=f(L)=1.111L"Y2

Once we have obtained a model using data, we can apply it to other situations.

The length of Foucault’s pendulum, built in 1851 in the Panthéon in Paris, is 220 feet. Find the
period of Foucault’s pendulum.

We substitute I = 220 and see that P = 1.111(220%/2) = 16.48 seconds.

What If We Do Not Know the Power?

In Example 2 we are given the power of L that P is proportional to, L'/2. But what if we are looking
for a power function without knowing what the power is? For example, in biology, scientists often
look for power functions to describe the relationship between the body dimensions of individuals
from a given species. Table 7.3 relates the weight, ¥, of plaice (a type of fish) to its length, z.!

Table 7.3 Are length and weight of fish proportional ?

Length (cm), 33.5 34.5 35.5 36.5 37.5 38.5 39.5 40.5 41.5
Weight (gm), y 332 363 391 419 455 500 538 574 623

We want to model the relationship between y and x by a power function, y = kz?P.

! Adapted from R. J. H. Beverton and S. J. Holt, “On the Dynamics of Exploited Fish Populations”, in Fishery Investiga-
tions, Series II, 19, 1957.



Example 4

Solution

Example 5

Solution

Example 6

Show that the data in Table 7.3 does not support the hypothesis that y is directly proportional to x.

If one quantity y is directly proportional to another quantity x, then y = kz, and so k = y/x. This
tells us that the ratio of the first quantity to the second quantity is the constant value k. So to test the
hypothesis we see if the ratios y/x are approximately constant:

332 363 391

— =9.910 — = 10.522 — =11.014.

33.5 ’ 34.5 ’ 35.5
Since the ratios do not appear to be approximately constant, we conclude that y is not proportional
to x.

Similarly, if one quantity y is proportional to a power of another quantity, =, then we have
y = kaP, for some p.
We can solve for k to obtain
k= —=.
P
In this case, the ratio of y to the p*® power of x is a constant.

If y is proportional to aP, then the ratio y/«? is constant.

Determine whether the data in Table 7.3 supports the hypothesis that the weight of a plaice is
approximately proportional to the cube of its length.

To see if weight y is proportional to the cube of length z, we see if the ratios i/ are approximately
constant. To three decimal places, we have

332 363 391 419
B35 0.009, Ba5F 0.009, G557 0.009, 657 0.009,

and so on for the other ratios. To three decimal places, all the ratios y/ 23 are the same, so weight is
approximately proportional to the cube of its length, with constant of proportionality 0.009.

The same method can be used to determine if one quantity is inversely proportional to a positive
power of another quantity.

Using Table 7.4, show that y could be inversely proportional to z2.

Table 7.4

a5 1 2 3 4 5 6
Y 21,600 5400 2400 1350 864 600




Solution

If 3 is inversely proportional to 22 then it is proportional to =2, so y = kx 2. We calculate y/x 2
to see if this ratio is constant. We have:

21,600 5400 2400
1350 864 600
12 = 21,600 2= 21,600 62 = 21,600.

We see that the ratio is constant: 21,600. Therefore y = 21,600z 2.

The Behavior of Power Functions

Example 7

Solution

Example 8

Understanding power functions can help us predict what happens to the value of the output variable
when we change the input. If y is directly proportional to x, then doubling the value of « doubles the
value of y, tripling the value of x triples the value of y, and so on. What happens if y is proportional
to a power of x?

What happens to the braking distance for the Alfa Romeo in Example 1 on page 186:

(a) If its speed is doubled from v = 20 mph to 40 mph? From 30 mph to 60 mph?
(b) If the speed is tripled from 10 mph to 30 mph? From 25 mph to 75 mph?

(a) If the speed doubles from v = 20 mph to 40 mph, then the braking distance increases from
0.036(20)? = 14.4 ft to 0.036(40)? = 57.6 ft. Taking ratios, we see that the braking distance

increases by a factor of 4:
57.6 ft

14.4ft

Likewise, if the speed doubles from v = 30 mph to 60 mph, the braking distance increases from
32.4 ft to 129.6 ft. Once again, this is a fourfold increase:

129.6 ft
324t

(b) If the speed triples from v = 10 mph to 30 mph, the braking distance increases from 3.6 ft to
32.4 ft. If the speed triples from 25 mph to 75 mph, the braking distance increases from 22.5 ft
to 202.5 ft. In both cases the braking distance increases by a factor of 9:

32.4ft  202.5ft
3.6ft  225ft

Notice that in each case in Example 7(a), multiplying the speed by 2 multiplies the braking
distance by 4 = 22, and in each case in Example 7(b), multiplying the speed by 3 multiplies the
braking distance by 9 = 32. Doubling the speed quadruples the braking distance, while tripling the
speed multiplies the braking distance by 9. Examples 8 and 9 show why this is true algebraically.

For the Alfa Romeo in Example 1 on page 186, what does the expression 0.036(2v)? represent
in terms of braking distance? Write this expression as a constant times 0.036v%. What does your
answer tell you about how braking distance changes if you double the car’s speed?



The expression 0.036v2 represents the braking distance of an Alfa Romeo traveling at v mph, so the

expression 0.036(2v)? represents the braking distance if the car’s speed is doubled from v to 2v.

New braking distance = 0.036(2v)? = 0.036 - 2%0* = 4(0.036v?)
= 4 - Old braking distance.

So if the car’s speed is doubled, its braking distance is multiplied by 4.

Solution

We have
Example 9

tripled?
Solution

What happens to the braking distance if the speed of the Alfa Romeo in Example 1 on page 186 is

If the original speed is v, then after being tripled the speed is 3v, so

New braking distance = 0.036(3v)? = 0.036 - 3%0* = 9(0.036v?)
=9 - Old braking distance.

So if the car’s speed is tripled, its braking distance is multiplied by 9.

Exercises and Problems for Section 7.4
EXERCISES

M In Exercises 1-4, write a formula for y in terms of z if y
satisfies the given conditions.

1. Proportional to the 5*" power of z, and y = 744 when
T =2.

2. Proportional to the cube of x, with constant of propor-
tionality —0.35.

3. Proportional to the square of z, and y = 1000 when
T =5.

4. Proportional to the 4™ power of x, and y = 10.125
when z = 3.

5. Find a formula for s in terms of ¢ if s is proportional to
the square root of ¢, and s = 100 when ¢ = 50.

6. If A is inversely proportional to the cube of B, and
A = 20.5 when B = —4, write A as a power function
of B.

7. Suppose c is directly proportional to the square of d. If
¢ = 50 when d = 5, find the constant of proportional-
ity and write the formula for ¢ in terms of d. Use your
formula to find c when d = 7.

8. Suppose c is inversely proportional to the square of d.
If ¢ = 50 when d = 5, find the constant of proportion-

ality and write the formula for c in terms of d. Use your
formula to find ¢ when d = 7.

M In Exercises 9-12, write a formula representing the func-
tion.

9. The strength, .S, of a beam is proportional to the square
of its thickness, h.

10. The energy, E, expended by a swimming dolphin is
proportional to the cube of the speed, v, of the dolphin.

11. The radius, 7, of a circle is proportional to the square
root of the area, A.

12. Kinetic energy, K, is proportional to the square of ve-

locity, v.

M In Exercises 13—16, what happens to y when z is doubled?
Here k is a positive constant.

13. y = ka® 14. y:%

X

15. 2y = k 16. L =k
X



PROBLEMS

17.

18.

19.

20.

The thrust, 7", in pounds, of a ship’s propeller is pro-
portional to the square of the propeller speed, R, in ro-
tations per minute, times the fourth power of the pro-
peller diameter, D, in feet.”

(a) Write a formula for 7" in terms of R and D.

(b) If R = 300D for a certain propeller, is 1" a power
function of D?

(¢) If D = 0.25\/§ for a different propeller, is 7" a
power function of R?

Poiseuille’s Law gives the rate of flow, R, of a gas
through a cylindrical pipe in terms of the radius of the
pipe, r, for a fixed drop in pressure between the two
ends of the pipe.

(a) Find a formula for Poiseuille’s Law, given that the
rate of flow is proportional to the fourth power of
the radius.

(b) If R = 400 cm®/sec in a pipe of radius 3 cm for
a certain gas, find a formula for the rate of flow of
that gas through a pipe of radius 7 cm.

(c) What is the rate of flow of the gas in part (b)
through a pipe with a 5 cm radius?

The circulation time of a mammal (that is, the aver-
age time it takes for all the blood in the body to circu-
late once and return to the heart) is proportional to the
fourth root of the body mass of the mammal.

(a) Write a formula for the circulation time, 7', in
terms of the body mass, B.

(b) If an elephant of body mass 5230 kilograms has a
circulation time of 148 seconds, find the constant
of proportionality.

(¢) What is the circulation time of a human with body
mass 70 kilograms?

When an aircraft takes off, it accelerates until it reaches
its takeoff speed V. In doing so it uses up a distance R
of the runway, where R is proportional to the square
of the takeoff speed. If V' is measured in mph and R
is measured in feet, then 0.1639 is the constant of pro-
portionality.?

(a) A Boeing 747-400 aircraft has a takeoff speed of
about 210 miles per hour. How much runway does
it need?

(b) What would the constant of proportionality be if
R was measured in meters, and V' was measured
in meters per second?

21.

Biologists estimate that the number of animal species
of a certain body length is inversely proportional to the
square of the body length.* Write a formula for the
number of animal species, [V, of a certain body length
in terms of the length, L. Are there more species at
large lengths or at small lengths? Explain.

M In Problems 22-25, find possible formulas for the power

functions.
22. 23.
T 112] 3 x 2 3 4
2 18 4116 | 36 | 64
24,
z| -2 | -1 1 2
—-16 | —-1| —-1| —16
25.
z| -2 | -1 1 2
y |8/ |15 —1/5 | —8/5
26. The volume V' of a sphere is a function of its radius r

27.

given by
V=rFfr= §7r7“3,
f(2r) f(r)
f(r) f(57)
(¢) What do you notice about your answers to (a) and
(b)? Explain this result in terms of sphere volumes.

(a) Find

(b) Find

The gravitational force F' exerted on an object of mass
m at a distance r from the Earth’s center is given by

F=g(r)=kmr?, k,m constant.

L 9() g(r)
(a) Find . .
g(r) g(10r)
(¢) What do you notice about your answers to (a) and

(b)? Explain this result in terms of gravitational
force.

(b) Find

2Thomas C. Gillner, Modern Ship Design (US Naval Institute Press, 1972).
3 Adapted from H. Tennekes, The Simple Science of Flight (Cambridge: MIT Press, 1996).
4US News & World Report, August 18, 1997, p. 79.



28.

29.

30.

31.

32.

33.

A square of side z has area 2.2. By what factor does the
area change if the length is
(a) Doubled?

(c) Halved?

(b) Tripled?
(d) Multiplied by 0.1?

A cube of side z has volume . By what factor does
the volume change if the length is

(a) Doubled? (b) Tripled?

(c) Halved? (d) Multiplied by 0.1?

If the radius of a circle is halved, what happens to its
area?

If the side length of a cube is increased by 10%, what
happens to its surface area?

If the side length of a cube is increased by 10%, what
happens to its volume?

Figure 7.24 shows the life span of birds and mammals
in captivity as a function of their body size.’

average lifespan (yr)

60 — birds
40 /
| mammals
20 o
mass (kg)
10 20 30
Figure 7.24

(a) Which mammals live longer in captivity, large
ones or small ones? If a bird and a mammal have

34.

35.

36.

37.

the same size, which has the greater life span in
captivity?
What would you expect the life span to be for a
body size of 0 kg? For each of the body sizes 10,
20, 30, 40 kg, estimate the life span for birds and
mammals, and then use these estimates to plot bird
life span as a function of mammal life span. Use
this graph to support the statement that in captiv-
ity “birds tend to live more than twice as long as
mammals of the same size”.

(¢) The graphs come from the experimentally de-
rived estimates Ly = 11.8W%2° and Lp =
28.3W0'19, where L and Lp are the life spans
of the mammals and birds, and W is body size.

(b)

(i) Solve each formula for W and show that

Lo \ 09
Lp = 28.3 (m> . What does this
have to do with the graph you produced in

part (b)?

Clearly Lyr = Lp when W = 0. Is there
another value of W that makes Ly = Lg?
What does this mean in terms of the life spans
of birds and mammals? Is this realistic?

(ii)

If z is proportional to a power of y and y is proportional
to a power of z, is z proportional to a power of z?

If z is proportional to a power of x and y is propor-
tional to the same power of z, is z + y proportional to
a power of x?

If z is proportional to a power of x and y is proportional
to a power of x, is zy proportional to a power of x?

If z is proportional to a power of x and y is propor-
tional to a different power of x, is z 4 y proportional to
a power of x?

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 7

EXERCISES

M In Exercises 1-12, is the function a power function? If it is
a power function, write it in the form y = ka? and give the
values of k and p.

3 3
LY== 2. y= 3. y= >
y=3 y =5z V=g
y=2° 5 y= o 6. y = (32°)2

2\/x

212 »

V=5 8. y=3.5 9. y= (5x)3

10.

y:% 12. y = 3a%+4

M In Exercises 13-24, write each expression as a constant
times a power of the variable, and state the base, exponent
and coefficient.

13.

-1

1250°
14. (=2¢t)® 15.
Tw (=2t) 2503

3 Adapted from K. Schmidt-Nielsen, Scaling, Why is Animal Size So Important? (Cambridge: CUP, 1984), p. 147.



16. %m*?’ 17. (42®)(3z72) 18. —z*

3 8 2
19. o~ 20. 2/ 21. 3(—4r)
5
22. 15? 23. (mwa)(wa) 24. ma+ ma

M 1n Exercises 25-30, solve for x, assuming all constants are
nonzero.

_ 50 5 8
25. E =2.8 26. P = F
2. 23 28 L -5
NG zx—3 4
PROBLEMS

100 A
29, ——— =14 0. =
(z—2)2 ? Bz ¢
31. Solve the equation QWCZE =R
(a) For L (b) ForC

M 1n Exercises 32-37, say without solving how many solutions

the equation has. Assume that a is a positive constant.

32. 23 =a 33. 22 =a
34. /2 =q 35 s = —qa
36. 3tY/5 =g 37. 2° = —a

38. The energy, F, in foot-pounds, delivered by an ocean
wave is proportional® to the length, L, of the wave
times the square of its height, h.

(a) Write a formula for £ in terms of L and h.

(b) A 30-foot high wave of length 600 feet delivers 4
million foot-pounds of energy. Find the constant
of proportionality and give its units.

(¢) If the height of a wave is one-fourth the length,
find the energy F in terms of the length L.

(d) If the length is 5 times the height, find the energy
FE in terms of the height h.

39. Poiseuille’s Law tells us that the rate of flow, R, of a gas
through a cylindrical pipe is proportional to the fourth
power of the radius, 7, of the pipe, given a fixed drop in
pressure between the two ends of the pipe. For a certain
gas, if the rate of flow is measured in cm® /sec and the
radius is measured in cm, the constant of proportional-
ity is 4.94.

(a) If the rate of flow of this gas through a pipe is 500
cm?® /sec, what is the radius of the pipe?

(b) Solve for the radius r in terms of the rate of
flow R.

(¢) Is r proportional to a power of R? If so, what
power?

40. The energy, F, in foot-pounds, delivered by an ocean
wave is proportional’ to the length, L, in feet, of the
wave times the square of its height, A, in feet, with con-
stant of proportionality 7.4.

(a) If a wave is 50 ft long and delivers 40,000 ft-lbs
of energy, what is its height?

(b) For waves that are 20 ft long, solve for the height
of the wave in terms of the energy. Put the answer
in the form h = kE? and give the values of the
coefficient k and the exponent p.

41. A quantity P is inversely proportional to the cube of a
quantity R. Solve for R in terms of P. Is R inversely
proportional or proportional to a positive power of P?
What power?

42. The thrust, 7', in pounds, of a ship’s propeller is pro-
portional to the square of the propeller speed, R, in ro-
tations per minute, times the fourth power of the pro-
peller diameter, D, in feet.®

(a) Write a formula for 7" in terms of R and D.

(b) Solve for the propeller speed R in terms of the
thrust 7" and the diameter D. Write your answer
in the form R = CT" D™ for some constants C,
n, and m. What are the values of n and m?

(¢) Solve for the propeller diameter D in terms of the
thrust 7" and the speed R. Write your answer in the
form D = CT"™R™ for some constants C', n, and
m. What are the values of n and m?

%Thomas C. Gillner, Modern Ship Design (US Naval Institute Press, 1972).
TThomas C. Gillner, Modern Ship Design, (US Naval Institute Press, 1972).
8Thomas C. Gillner, Modern Ship Design, (US Naval Institute Press, 1972).



M Without solving them, say whether the equations in Prob-
lems 43-56 have a positive solution = a such that

i) a>1 i) a=1
(i) O0<a<1 (iv) No positive solution

Give a reason for your answer.

43, 2% =2 4. x> =5

45. 2" =1 46. z° = 0.6

47. 22° =5 48. 522 =3

49. 2z° =3 50. 3z° =3
51,271 =9 52. z7% =1

53. 8z =3 54, 5078 = -3
55. 3z =8 56. —8x % = -8

M In Problems 57-59, demonstrate a sequence of operations
that could be used to solve 42® = 16. Begin with the step
given.

57. Take the square root of both sides.

58. Divide both sides of the equation by 4.

59. Divide both sides of the equation by 16.

60. Which of the following steps is the appropriate next
step to solve the equation x® 4- 8 = 64?

(a) Take the cube root of both sides of the equation
(b) Subtract 8 from both sides of the equation.

61. Which of the following equations have the same solu-
tions as the equation 922 = 817
(@ 3z=9 (b) 9z ==9
(©) 3z =49 @ z*=9

62. Table 7.5 shows the weight and diameter of various dif-
ferent sassafras trees.” The researchers who collect the

data theorize that weight, w, is related to diameter, d,
by a power model

w = kd°®

for some constants k and s.

Table 7.5 Weight and diameter of sassafras trees

Diameter, d (cm) 5.6 6.5 11.8 16.7 234

Weight, w (kg) 5.636 | 7.364 | 30.696 | 76.730 | 169.290

(a) Plot the data with w on the vertical axis and d on
the horizontal axis.

(b) Does your plot support the hypothesis that s = 1?
Why or why not?

63.

64.

(¢) What would a graph of the relationship look like if
s = 2? What would it look like if s = 3? Does it
look possible that s = 2 or 3 from your data plot?

(d) Instead of looking at the plot to decide whether
s = 2 s a possibility, look at the data. Add a row
to Table 7.5 that shows the ratios w/d?. What is
the overall trend for the numbers in this table: in-
creasing, decreasing, or roughly the same? What
should the trend be if s = 2 is the correct value for
the hypothesis?

(e) To decide if s = 3 is a possibility, add a row to Ta-
ble 7.5 that shows the ratio w/d®. How does this
table behave differently from the one in part (d)?
What do you conclude about the correct value of s
for the hypothesis?

(f) Make your best estimate of the exponent s and the
constant of proportionality k.

One of Kepler’s three laws of planetary motion states
that the square of the period, P, of a body orbiting the
sun is proportional to the cube of its average distance,
d, from the sun. The earth has a period of 365 days and
its distance from the sun is approximately 93,000,000
miles.

(a) Find a formula that gives P as a function of d.

(b) The planet Mars has an average distance from the
sun of 142,000,000 miles. What is the period in
earth days for Mars?

Heap’s Law says that the number of different vocabu-
lary words V' in a typical English text of length n words
is approximately

VvV =Kn" , for constants K and (3.

Figure 7.25 shows a typical graph of this function for
specific values of K and f3.

1%
10,000 -
8000
6000 |-
4000
2000
| | | n
200,000 600,000 1,000,000

Figure 7.25: Heap’s Law

(a) For the function graphed, which of the following
istrue: < 0or0< B <lorp>1?

(b) Assuming $ = 0.5 in Figure 7.25, is K closer to
1, 10, or 100?

http://www.yale.edu/fes519b/totoket/allom/allom.htm, accessed April 19, 2008.


http://www.yale.edu/fes519b/totoket/allom/allom.htm

SOLVING DRILL

M In Problems 1-30, solve the equation for the indicated variable.

1. 2% = 10; for

2. 522 =32; forz
3. 4o 4+ 1 = 8; forx
4. 2t° =74; fort

5. bp—12=3p+8;forp
6. 1.3t +10.9 = 6.2; for t

7. 25v/t = 8;fort

8. 8w? + 5 = 30; for w

9. 1.2p* = 60; for p

10. 5.2 — 17.1 = 3.9z + 15.8; for =

11. 2.32% — 4.5 = 6.8; for x

12. 25.6t*% = 83.1; fort > 0

13. 6¢° = 15¢%; for q

14. 254257 = 4.62%; forx > 0

15. 25t%2% = 4.9t%; for t > 0

16. 5(z® —31) = 27; for =

17. 3.1(t° 4 12.4) = 10; for t

18. 4(s+3) — 7(s+ 10) = 25; for s

19. 10(r? — 4) = 18; for r

20. 5.2(t* +3.1) = 12; for t

21. az® =b; forx

22. p*r® — 5p* = 100; for

23. 5p* 4 6q + 17 = 8q; for p

24. 5p® 4+ 6q + 17 = 8q; for q

25. 5z(2x + 6y) = 2y(3z + 10); for y

26. 61%(s% 4 5rt 4+ 2) = 8rt — 15; for s

27. 6r%(s® 4 5rt + 2) = 8rt — 15; for ¢

28. 6 /Ty — 32y" + 56y% = 3y(6y> + 5y); for 2, assuming = > 0 and y > 0
29. A+ V/Bz+C = D;forx

30. 25VoS?[T] + 10(H? + Vp) = Ao(3V + Vp); for S
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8.1 DOMAIN AND RANGE

Often there is a restriction on the numbers a function can take as inputs. For example, the function
P=f(L)=1111VL

from Example 2 on page 213 is not defined if L < 0, since the square root of a negative number is
not real. Thus the inputs for f are values with L > 0.

If Q = f(t), then
o the domain of f is the set of input values, ¢, which yield an output value.

o the range of f is the corresponding set of output values, Q.

For f = 1.111v/L, the domain is all non-negative numbers.

Finding the Domain: Evaluating Expressions

If f is defined by an algebraic expression and no other information is given, we often take the
domain to be all inputs = for which f(z) is defined. For example, we exclude any input that leads
to dividing by zero or taking the square root of a negative number.

Example 1 For each of the following functions, find the domain.

@ f@)=—5 ® g@=1-2 © h@)=vI"F @ h@)=viT

Solution (a) Since the expression for f(x) is an algebraic fraction, we watch out for inputs that lead to
dividing by zero. The denominator is zero when x = 2,

1 1
f(2) = m = 6 — Undefined.

Any other value of z is allowable, so the domain is all real numbers except x = 2. We sometimes
write this as
Domain: all real = # 2.

(b) Here we have an «x in the denominator, so z = 0 is a problem:

1
g(0) = 0 2 = Undefined.

Any other input is allowable, so
Domain: all real = # 0.

(c) Here we need to make sure that we are taking the square root of a number that is positive or
zero. So we must have 1 — x > 0, which means z < 1. So

Domain: z < 1.

(d) This time the order of subtraction under the square root is reversed, so we want x — 1 > 0,
which means x > 1. So
Domain: x > 1.



Finding the Range: Solving Equations

If the equation f(¢) = —3 has a solution, then the number —3 is an output value of the function f.
The range of f is the set of all outputs, so it is the set of numbers k for which the equation f(t) = k
has a solution.

Example2 Find the range of (a) h(z)=5—2x (b) ft)=3t+5 (© g(x)=5

Solution (a) We try to solve the equation h(z) = k, where k is an arbitrary number:
S5—x=k
S5=k+x
z' =5 — k.

Since k can be any number, we have
Range: all real numbers.

(b) The equation
ft)=3t+5=k

always has the solution ¢ = (k — 5)/3, no matter what the value of k. So we have
Range: all real numbers.

(c) The outputis 5 no matter what the input, so the range consists of the single number 5.

In general, if m is not zero, the range of a linear function f(x) = b + mu is all real numbers.

Visualizing the Domain and Range on the Graph

An input value a for a function f corresponds to a point on the graph with x-coordinate a, and an
output value b corresponds to a point with y-coordinate b. So the domain of f is the set of all values
on the input axis for which there is a corresponding point on the graph. For example, Figure 8.1
shows the graph of k(z) = /2 — 1, which we saw in Example 1(d) has domain x > 1. The graph
has no portion to the left of 2z = 1, starts at (1, 0), and has points corresponding to every number to
the right of x = 1. Similarly, the range is the set of all values on the output axis with a corresponding
point on the graph, or all real y > 0.

)
102>

2,,
1+ 6

|

|

|

1t
\ \ T
1 6

Figure 8.1: The domain of k(z) = v/ — 1  Figure 8.2: Find the domain and range of this
isx>1 function



Example 3

Solution

Example 4

Solution

Estimate the domain and range of the function in Figure 8.2, assuming that the entire graph is shown.

Since the graph has points with z-coordinates between 1 and 6, these are the z-values for which
f(zx) is defined, so the domain is 1 < x < 6. To estimate the range, we look for the highest and
lowest points on the graph. The highest point has y = 10, the lowest point has y = 1, and the graph
appears to have points with every y-value in between, so the range is 1 < y < 10.

For the function

(a) Find the domain and range from its graph
(b) Verify your answer algebraically.

(a) In Figure 8.3, we see that there is no point (z, y) on the graph with = 1, because the vertical
line x = 1 does not intersect the graph. Assuming that the graph keeps leveling out along the
parts of the z-axis that are not visible, it appears that every other x-value has an associated
y-value, so the domain is all real numbers x # 1.

Similarly, the only y-value that does not correspond to a point on the graph seems to be
y = 0, since the horizontal line y = 0 does not intersect the graph anywhere. For any other
value k # 0, the horizontal line intersects the graph, so there is a point on the graph with y = k,
and therefore k is an output of the function. So the range is all real numbers y # 0.

Figure 8.3: The graph of g(z) = 1/(z — 1)
(b) The expression for g(z) is undefined when = = 1, because 1/(1 — 1) = 1/0 and division by 0
is undefined. It is defined for all other values of z, so
Domain: all real x, x # 1.

To find the range, we check to see if y = k is an output of the function by seeing if the equation
1/(z — 1) = k can be solved for z. Provided k # 0, the equation can be solved as follows:




Example 5

Solution

1
1=
* k
1
=1+ —.
x +k:
If £ = 0, then the equation
1
r—1 =0

has no solution, since 1 divided by a number is never zero. Thus we have

Range: allreal y, y # 0.

Graph

then find its domain algebraically.

The graph in Figure 8.4 lies to the right of the line x = 2, and appears to have a break at z = 6.
Thus it appears that the domain is x > 2, x # 6.

Figure 8.4

To confirm this algebraically, we need to know for what values of = the expression for f is
defined, so we consider one by one the operations used in forming the expression.

(a) Subtract 2 from x. This does not restrict the domain, since we can subtract 2 from any number.

(b) Take the square root of x — 2. We cannot take the square root of a negative number, so the result
of step (a) cannot be negative. Thus, z > 2.

(c) Subtract v/x — 2 from 2. This does not restrict the domain, since we can subtract any number
from 2.

(d) Divide 5 by 2 — /& — 2. We cannot divide by 0, so v/x — 2 cannot equal 2. Therefore, z — 2
cannot equal 4, and x cannot equal 6.

(e) Putting steps (c) and (d) together, we see that the domainis x > 2, x # 6, as the graph suggests.



Determining the Domain from the Context

Example 6

Solution

Example 7

Solution

If a function is being used to model a particular situation, we only allow inputs that make sense
in the situation. For instance, in the function P = 0.111L'/? for the period of a pendulum, a real
pendulum would have to have positive length, so we should exclude L. = 0, leaving L > 0.

Find the domain of

(a) The function f(A) = A/350 used to calculate the number of gallons of paint needed to cover
an area A.
(b) The function f giving the cost of purchasing n stamps,

f(n) = 0.44n.

(a) Although the algebraic expression for f has all real numbers A as its domain, in this case we
say f has domain A > 0 because A is the area painted, and an area cannot be negative.

(b) We can only purchase a whole number of stamps, or possibly no stamps at all, so the domain is
all integers greater than or equal to 0.

Find the domain of the function
G =0.75—-0.3h

giving the amount of gasoline, GG gallons, in a portable electric generator h hours after it starts.

Considered algebraically, the expression for G makes sense for all values of h. However, in the
context, the only values of / that make sense are those from when the generator starts, at ~ = 0, until
it runs out of gas, where G = 0. Figure 8.5 shows that the allowable values of h are 0 < h < 2.5.

G (gallons)
0.75
G =0.75—-0.3h
275 h (hours)

Figure 8.5: Gasoline runs out when h = 2.5

We can also calculate algebraically the value of A that makes G = 0 by solving the equation
0.3h = 0.75, so when h = 0.75/0.3 = 2.5.

Domain and Range of a Power Function

Example 8

The domain of a power function f(z) = kaP, with k £ 0, is the values of x for which z? is defined.

Graph the following functions and give their domain.
(@ g(x) =23 (b) h(x) =272 ) f(z)=2'/? d) k(x)=z"1/3



Solution

See Figure 8.6.

g(z) =2 (b)
1004
50 -
| [ z
-5 5
,50,,
—100 -+ _5
3 (d)
sl f(x) ==
-5
177 I
1 { x
-5 5 —2
-3

Figure 8.6: Domains of power functions

(a) Since we can cube any number, the domain of g is all real numbers.
(b) We have

_ 1

hz) =272 = ok
Since we cannot divide by 0, we cannot input 0 into i. Any other number produces an output,
so the domain of A is all numbers except 0. Notice that on the graph of h, there is no point with
z=0.

(c) The domain of f is all non-negative numbers. Notice that the graph of f has no points with
negative x-coordinates.

(d) We can take the cube root of any real number, but we cannot divide by 0, so the domain of k is
all real numbers except 0.

In general, we have the following rules for determining the domain of a power function:

e 1P is defined if  and p are positive
e Negative powers of z are not defined at x = 0

e Fractional powers /™, where n/m is a fraction in lowest terms and m is even, are not
defined if x < 0.

The next examples show how we can also use these rules to decide whether a number a is in
the range of a power function f(z) = kaP.



Example9 Find the range, and explain your answer in terms of equations.

1 -3
@ f(z) = 227 ®) g() = 5a° © h(z)=— @) k@)=
Solution (a) The equation 222 = a is equivalent to 22 = a/2, which has no solutions if a is negative, and

has the solution z = \/a/2 if a > 0, so
Range = all @ such thata > 0.

We can see this from the graph of y = 222 in Figure 8.7. There is a point on the graph corre-
sponding to every non-negative y-value.
(b) The equation 523 = a has the solution z = {/a/5 for all values of a, so

Range = all real numbers.

We also see this from the graph of y = 52 in Figure 8.8. There is a point on the graph corre-
sponding to every number on the vertical axis.

(c) The equation z—! = a has the solution z = a~! for all a except a = 0, so the range is all real
numbers except 0. Figure 8.9 shows that there is a point on the graph for every y-value except 0.

(d) The equation —3/x~2 = a is equivalent to 2> = —3/a. The right-hand side must be positive
for this to have solutions, so @ must be negative. There is no solution if @ = 0, since a is in the
denominator. So the range is all negative numbers. Figure 8.10 shows that there are points on
the graph for all negative y-values, and no points if y > 0.

N N N 3 3

8 40 377 | | } } | | x

, P 3 N

1 — — — T 4+

‘ - —ta e Z
27 ﬂ K -8

:: L a T \

o1 1o —40+ 13 _12+

Figure 8.7: Graph of Figure 8.8: Graph of Figure 8.9: Graph of Figure 8.10: Graph of
f(z) = 222 g(z) = 5a® h(z) =z~ " k(z) = -3z 2

Exercises and Problems for Section 8.1

EXERCISES
M 1n Exercises 1-13, find 7. flz) = x1, - 8. y=vr+1
(a) The domain. (b) The range. Y
9. y=vTF1 10 y_—12
1. m(z)=9—=x 2. y=ua? N
1
3.y="7 4. y=22-3 11. f(a:):x+1—|—3 12 y=+2x -4

5 f(z)y=z-3 6. y=>5r—1 13. h(z) =5+ vz — 25.



14. A restaurant is open from 2 pm to 2 am each day, and
a maximum of 200 clients can fit inside. If f(¢) is the
number of clients in the restaurant ¢ hours after 2 pm
each day,

(a) What is reasonable domain for f?
(b) What is a reasonable range for f?

15. A car’s average gas mileage, G, is a function f(v) of
the average speed driven, v. What is a reasonable do-
main for f(v)?

M In Exercises 16-19, assume the entire graph is shown. Esti-
mate:

(a) The domain (b) The range

16. vy 17. Y
3 41
/(@) N
1
-8 4+
| F
2 6 / _5 L1
PROBLEMS

18.

20.

21.

22.

23.

Y 19. Y
12 +8
6 \j
. Hf\muwz
L N €T 73 T 7
6 12
The value, V, of a car that is a years old is given by

V = f(a) = 18,000 — 3000a. Find and interpret:
(a) The domain (b) The range

The cost, $C, of producing x units of a product is
given by the function C' = 2000 + 4z, up to a cost
of $10,000. Find and interpret:

(a) The domain (b) The range

For what values of k does the equation 5 — 3z = k
have a solution? What does your answer say about the
range of the function f(z) =5 — 32?

For what values of k does the equation —1 = k have
a solution? What does your answer tell you about the
range of the function f(z) = —1?

M The range of the function y = 9 — (z — 2)% is y < 9. Find
the range of the functions in Problems 24-27.

24. y=10— (z —2)° 25. y=(z—2)°-9

26, y =18 — 2(z — 2)° 27. y=+/9 — (z — 2)2
28. A movie theater is filled to capacity with 550 people.
After the movie ends, people start leaving at the rate of

100 each minute.

(a) Write an expression for NV, the number of people
in the theater, as a function of ¢, the number of
minutes after the movie ends.

(b) For what values of t does the expression make
sense in practical terms?

M Give the domain and range of the functions described in
Problems 29-32.

29. Let d = g(q) give the distance a certain car can travel
on g gallons of gas without stopping. Its fuel economy
is 24 mpg, and its gas tank holds a maximum of 14
gallons.

30.

31.

32.

Let N = f(H) given the number of days it takes a
certain kind of insect to develop as a function of the
temperature H (in °C). At 40° C—the maximum it can
tolerate—the insect requires 10 full days to develop.
An additional day is required for every 2°C drop, and
it cannot develop in temperatures below 10° C.

Let P = v(t) give the total amount earned (in dollars)
in a week by an employee at a store as a a function
of the number of hours worked. The employee earns
$7.25 per hour and must work 4 to 6 days per week,
from 7 to 9 hours per day.

Let T = w(r) give the total number of minutes of ra-
dio advertising bought in a month by a small company
as a function of the rate r in $/minute. Rates vary de-
pending on the time of day the ad runs, ranging from
$40 to $100 per minute. The company’s monthly radio
advertising budget is $2500.



M For the functions in Problems 33-38, 41. f(z) = 2(z +3)* 42. f(x) =5+2(4x+3)>
(a) List the algebraic operations in order of evaluation.
What restrictions does each operation place on the do-
main of the function?

(b) Give the function’s domain. M n Problems 4344 z(t) = 2a + v/b — 2t.
3 oy= —2 M. y=vT_5+1 43. Find b if the domain of y = z(t) ist < 7.
33. po 3M.oy=
7 44. Find a given that the range of y = z(¢) is y > —8.
M Judging from their graphs, find the domain and range of the
7 . . =
37, y=4— (z —3)/? 38, y — functions in Problems 45-48.
Y (x—3) Al vy e 1YE
45. y=100-2""" 46. y =20z - 277
M In Problems 3942, find the range of f by finding the values
f a f hich =ah lution.
of a for which f(x) = a has a solution 47, y:\/m 48, y:(xf3)2+1
S+ 7 2
39. = 40. = —
flz) = —; 1@) = 5057

8.2 COMPOSING AND DECOMPOSING FUNCTIONS

Sometimes it helps in understanding how a function works if we break it down into a series of
simpler operations.

Example 1 Most countries measure temperature in degrees Celsius (°C), different from the degrees Fahrenheit
(°F) used in the United States. The freezing point of water is 0°C and 32°F. Also, an increase
of 1°C corresponds to an increase of 1.8°F. If the temperature is 7" in degrees Fahrenheit, then
corresponding temperature ¢ in degrees Celsius is given by

T — 32

t= .
1.8

Describe the steps in evaluating this function and explain the significance of each step in terms of
temperature scales.

Solution Starting with the input 7', we compute the output in the following two steps:

e subtract 32, giving T' — 32

e divide by 1.8, giving (7" — 32)/1.8
The first step subtracts the freezing point, and gives the number of degrees Fahrenheit above freez-
ing. The second step converts that into the number of degrees Celsius above freezing. Since freezing
point is 0°C, this is the temperature in degrees Celsius.

Composition of Functions

Each of the two steps in Example 1 is itself a function:
e the “subtract 32” function, u = T — 32

o the “divide by 1.8” function, t = —.

To obtain ¢, we take the output of the first function and make it the input of the second. This process
is called composing the two functions. In general, given two functions

u=g(z) and y= f(u),



Example 2

Solution

Example 3

Solution

the composition of f with g is
y = f(g(x)).
We call g the inside function and f the outside function.
The process of composing two functions is similar to the process of evaluating a function, ex-

cept that instead of substituting a specific number for the independent variable, you are substituting
a function u = g(x).

If f(z) = 5z + 1 and g(z) = 22 — 4, find
@ f(2) (b) f(a) © fla—2) @ flz+3) (@ [flg(x))

(a) Wehave f(2) =5(2)+1=10+1=11.

(b) We have f(a) = 5a + 1.

(c) Wehave f(a—2)=5(a—2)+1=5a—10+1=>5a—9.
(d) Using = + 3 as the input to f, we have

flx+3)=5(x+3)+1=5x+15+1=>5z+ 16.
(e) Using g(x) as the input to f, we have

flg(x)) = f(2® —4) =5(z* —4) +1 = 52° — 20+ 1 = 52 — 19.

The order in which you compose two functions makes a difference, as the next example shows.

If f(z) = 2+ 3vand g(z) = 52+ 1, find @) f(g()) () g(f(=))
(a) We have
flg(z)) = f(bx+1) =2+3(bx + 1) =5+ 15z.

(b) We have
g(f(x)=9g(2+3z)=52+3z)+1=11+ 15z.

Notice that f(g(z)) # g(f(x)) in this case.

Expressing a Function as a Composition

Example 4

In Example 1, we saw how to make sense of the function converting from Fahrenheit to Celsius
by breaking it down into its component operations. For functions modeling a real-world situation,
expressing the function as a composition of smaller functions can often help make sense of it.

After ten years, the value, V, in dollars, of a $5000 certificate of deposit earning annual interest x
is given by
V = 5000(1 + x)°.

Express V' as a composite of simpler functions and interpret each function in terms of finance.



Solution

Example 5

Solution

Example 6

Solution

We choose u = 1+ z as the inside function, so that V' = 5000w is the outside function. The inside
function can be interpreted as the factor the balance is multiplied by each year. For example, if the
interest rate is 5% then x = 0.05. Each year the balance is multiplied by v = 1 + x = 1.05. The
outside function V' = 5000u'° describes the effect of multiplying a balance of $5000 by a factor of
u every year for 10 years.

If a function is given by a complicated expression, we can try to express it as a composition of
simpler functions in order to better understand it.

Express each of the following as a composition of two simpler functions.

1
(@ y=Qz+1)° b y=

\/TT (C) y:2(5—$2)3+1

(a) We define u = 2z + 1 as the inside function and y = u® as the outside function. Then
y=u’=(2z+1)°.
(b) We define u = 22 + 1 as the inside function and y = 1/,/u as the outside function. Then
1 1
V=T 7oeT

Notice that we instead could have defined u = /22 + 1 and y = 1/u. There are other possibil-
ities as well. There are multiple ways to decompose a function.
(c) One possibility is to define u = 5 — 2 as the inside function and yy = 2u? + 1 as the outside
function. Then
y=2u®>+1=2(5-2%)3+1.

Again, there are other possible answers.

By looking for ways to express functions as compositions of simpler functions, we can often
discover important properties of the function.

Explain why the functions
y=(2z+1)° y=@"-17> y=(5-22)°
have no negative numbers in their range.

Each function is of the form
y = (expression)?,

so we can write the function as a composition in which the outside function is ¥y = u?. Since a
square can never be negative, the values of y can never be negative.

There are usually many different ways to express a function as a composition. Choosing the
right way for a given real-world situation can reveal new information about the situation.



Example 7 As a spherical balloon inflates, its volume in cubic inches after ¢ seconds is given by

32
V= Zxts.
3
(a) Express V as a composition in which the outside function is the formula for the volume in terms
of the radius, r, in inches:

V=3

3
(b) Use your answer to (a) to determine how fast the radius is increasing.

Solution (a) Comparing the formula for the volume in terms of ¢ with the formula in terms of 7, we see that
they differ by a factor of 8, which is 23. So we can rewrite

2 4 4 4
V = %ﬂt?’ as V = 8§7rt3 = 23§7rt3 = g’ﬁ(?i)g.

This is the composition of
4
V= 571'7"3 with r = 2t.

(b) The inside function, » = 2t, tells us that the radius is growing at a rate of 2 in/sec.

Exercises and Problems for Section 8.2

EXERCISES
M 1n Exercises 1-8, use substitution to compose the two func- 11. y=32% -2

tions.

Ly=vtandu=2xz+1
3 M Write the functions in Exercises 12-19 in the form y =
2.y=buandu=3-4z k - (h(z))? for some function h(z).
3. w=r’+5andr =1t
4. p=2¢*and D =5p — 1 12 7(235*‘1)5 13. y= 17
A cJd T _ 13)4
5. w=>5s>and ¢ = 3+ 2w 3 (1 —a?)
_ 9.2 _ 9,3

6. P=3¢"+1landgq = 2r 4. y= /5 _ 43 15. y = 2
7. y=u?+u+1landu = z? /1+l
8. y=2u?+5u+7and u = 323 r

o 4 o 2\ 3
M n Exercises 9-11, express the function as a composition of 16. y =100 (1 + Vz) 17.y = (1+2+2%)

two simpler functions.
P 18. y =512 — ¥«
9. y=+vax2 1 10. y =5(z —2)3 19. y=0.5(x +3)> + 73+ z)°
PROBLEMS
M In Problems 20-21, the two functions share either an inside 21. y=+/bz —2andy = Va2 +4
function or an outside function. Which is it? Describe the 22. If we compose the two functions w = f(s) and ¢ =

shared function. g(w) using substitution, what is the input variable of

1 the resulting function? What is the output variable?

V2r + 1

20. y=R2z+1)®andy =



23. Evaluate and simplify g(0.6¢) given that 28. f(z)=2®+1land g(z) = Vx
) = o2 29. Using f(t) = 3t* and g(t) = 2t + 1, find
o) = £ (1 —?/e). @ JeD) b gIO)© FTOI@ glo(e)
30. If f(g(x)) = 5(z* 4+ 1)% and g(z) = = + 1, find
24. Evaluate and simplify p(2) given that f(x).
V(r) = émﬁ 31. Give three different composite functions with the prop-
3 erty that the outside function raises the inside function
p(t) = V(3t). to the third power.

25. Find a possible formula for f given that

26. Give the composition of any two functions such that

32. Give a formula for a composite function with the prop-
erty that the outside function takes the square root and
the inside function multiplies by 5 and adds 2.

f(#?) =22t 41
Fl2x) = 8 2,1 33. Give a formula for a composite function with the prop-
)= 362 erty that the inside function takes the square root and
fle+1) =227 + 4z + 3. the outside function multiplies by 5 and adds 2.

34. The amount, A, of pollution in a certain city is a func-
tion of the population P, with A = 100P°-3. The pop-

(a) The outside function is a power function and the ulation is growing over time, and P = 10000 + 2000¢,
inside function is a linear function. with ¢ in years since 2000. Express the amount of pol-
(b) The outside function is a linear function and the lution A as a function of time ¢.

inside function is a power function.

M In Problems 27-28, find
(@ f(g(=))

35. The rate R at which the drug level in the body changes
when an intravenous line is used is a function of the
amount () of the drug in the body. For a certain drug,

) g(f(z)) we have R = 25 — 0.08Q. The quantity @ of the drug

is a function of time ¢ with Q = /¢ over a fixed time

27. f(x) = 2® and g(x) = 5 + 2z period. Express the rate R as a function of time £.

8.3 SHIFTING AND SCALING

In the previous section we saw how to break the expression for a function into simpler components.
It is also useful to be able to add components to a function. When we use functions to model real-
world situations, we often want to adjust an expression for a function that describes a situation in
order to be able to describe a different but related situation.

Adding a Constant to the Output: Vertical Shifts

Example 1

Solution

Two balls are thrown in the air at the same time. After ¢ seconds, the first has height h(t) = 90t —
16t2 feet and the second has height g(¢) = 20 + 90t — 16¢%. How do the expressions for the two
functions compare with each other, and what does this say about the motion of the two balls?

Looking at the expressions for the two functions, we see that

204+ 90t — 1662 = 90t — 16t2  +20
— N—

expression for g(¢t)  expression for f(t)

The expression for the height of the second ball is obtained by adding the constant 20 to the expres-
sion for the height of the first ball. This means that the second ball must be 20 feet higher than the



first ball at all times. In particular, it was thrown from a position 20 feet higher. See Figure 8.11.

height (ft)
150 - ——~
’ N
/ \
// h(t) \\
100 - / \
/ \ g(t)
/ \
50 —// \\
/ \
\
\
| | | | | \1

t (sec)
1 2 3 4 5 6

Figure 8.11: Height of two balls thrown from different heights

Notice that the effect of adding a constant to the output is simply to shift the graph of the
function up by a certain amount. This also affects the range of the function, as the next example
illustrates.

Example 2 Sketch the graph and give the range of each function.
(@ y=a? b) y=a"+1 © y=2"-3
Solution (a) See Figure 8.12(a). The expression z2 is never negative, but can take on any positive value, so
we have
Range: all real y > 0.
(b) For every z-value, the y-value for y = x2 + 1 is one unit larger than the y-value for y = z2.
Since all the y-coordinates are increased by 1, the graph shifts vertically up by 1 unit. See
Figure 8.12(b). We have
Range: all real y > 1.
(c) The y-coordinates are 3 units smaller than the corresponding y-coordinates of y = z2, so the
graph is shifted down by 3 units. See Figure 8.12(c). The range is
Range: all real y > —3.
(a) Y (b) Yy (©) Y
6 6 6
y=a>+1
y =2
Yy = z2—3
—f—"F—7f—1+—1 z —f—"F—7F—"+—"F+—+ = ——"t+—"T"+t/—1 =
3 3 -3 3 -3 \/ 3
—44 —44 —44

Figure 8.12: Vertical shifts of y = x°



In general, we have

For a positive constant k, the graph of
y=[flx)+k

is the graph of y = f(x) shifted up by k units, and the graph of

y=f(z)—k

is the graph of y = f(x) shifted down by £ units.

Adding a Constant to the Input: Horizontal Shifts

Another adjustment we can make to a function is to add or subtract a constant to the input.

Example 3 Two balls are thrown in the air one after the other. At time ¢ seconds after the first ball is thrown, it
has height h(t) = 90t — 162 feet and the second ball has height g(t) = 90(t —2) + 16(t — 2). How
do the expressions for the two functions compare with each other, and what does this say about the
motion of the two balls?

Solution The expression for g(t) is obtained by replacing ¢ with ¢ — 2 in the expression for i(¢). Thus the
second ball always has the same height as the first ball had 2 seconds earlier. The second ball was
thrown two seconds after the first ball, but after that its motion is exactly the same (see Figure 8.13).

height (ft)
1 [
o0 g(t)
h(t) 77N
\\
100 - / \
/ \
/ \
/ \
/ \
50 // ‘\
/ \
] \
/ \
T W |

T ‘t(sec)
12345678

Figure 8.13: Height of two balls thrown at different times

Notice that in Example 3, the effect of subtracting 2 from the input was to describe the motion
of a ball that was lagging 2 seconds behind the first ball. Since this makes the motion of the ball
occur 2 seconds later, its graph is shift to the right by 2.

Example 4 Sketch the graph of each function and give its domain.

1 1 1
@ y=— b) y=_— (c) Y=773



Solution

(a) See Figure 8.14(a). Since 1/ is defined for all 2 except z = 0, we have
Domain: all real z, x # 0.

(b) See Figure 8.14(b). Notice that it is the same shape as the graph of y = 1/z, shifted 1 unit to the
right. Since the original graph has no y-value at x = 0, the new graph has no y value at x = 1,
which makes sense because 1/(z — 1) is defined for all = except x = 1, so

Domain: all real x, x # 1.

(c) See Figure 8.14(c), which has the same shape as the graph of y = 1/, shifted 3 units to the
left. This time there is no y-value for = —3, and 1/(z + 3) is defined for all z except x = —3,
)
Domain: all real =, x # —3.

L _4 Y/

Figure 8.14: Horizontal shifts of y = 1/x

In general, we have

For a positive constant k, the graph of
y=f(z—k)

is the graph of y = f(x) shifted & units to the right, and the graph of
y=f(z+k)

is the graph of y = f(x) shifted & units to the left.

Vertical and Horizontal Shifts on Graphs

Example 5

Figure 8.15 shows the graph of y = /. Use shifts of this function to graph each of the following:
@ y=vo+l b) y=Va-1 © y=vz-2 @ y=vz+3



Solution

-3+

Figure 8.15: Graph of y = \/x

(a) Here the output values of y = \/z are shifted up by 1. See Figure 8.16(a).

(b) Since x — 1 is substituted for  in the expression /z, the graph is a horizontal shift of the graph
of 4y = \/z. Substituting z = 1 gives v/T — 1 = 1/0, so we see that z = 1 in the new graph
gives the same value as * = 0 in the old graph. The graph is shifted to the right 1 unit. See
Figure 8.16(b).

(c) Since 2 is subtracted from the expression /z, the graph is a vertical shift down 2 units of the
graph of y = /. See Figure 8.16(c).

(d) Since x + 3 is substituted for x in the expression /7, the graph is a horizontal shift of the graph
of y = /z. Substituting z = —3 gives v/—3 + 3 = /0, so we see that z = —3 in the new
graph gives the same value as = 0 in the old graph. The graph is shifted to the left 3 units.
See Figure 8.16(d).

(a) Y (b) Y
3+ y=va+l 34
/ Ty=vr=1
I ———+ e ——+ 2
-3 1 3 -3 1 3
73,, 73,,
(©) Y (d Y
3+ 3’y) Ve +3
o ——+ = f ———+ 2
— 3 -3 3
- y — a: _ 2 —_+
73,, 73,,

Figure 8.16: Horizontal and vertical shifts of y = /x



Multiplying the Outside of a Function by a Constant: Vertical Scaling

Example 6

Solution

Example 7

Solution

In Example 1, we observed the effect of composing a function with a vertical shift by 20. In the next
example, we observe the effect of composing a function with multiplication by k. Multiplying by a
constant is also called scaling.

1
Let f(z) = 23 and g(z) = 223 and h(x) = 53:3. Compare f and g and h using their output values
and graphs.
Each output value of g is double the corresponding output value of f. For example, f(3) = 27 and
g(3) = 54. Since the output values are displayed on the vertical axis, the graph of g is stretched

vertically away from the x-axis by a factor of 2. Each output value of & is half the corresponding
output value of f. For example, f(3) = 27 and h(3) = 13.5. Since the output values are displayed

1
on the vertical axis, the graph of / is compressed vertically towards the x-axis by a factor of ok See
Figure 8.17.

Y
54 +

27+
13.5 h

—13.5+ )
—o7 1

754 £

Figure 8.17: Effect of k for k - f(z)

Let r(t) = v/t and s(t) = —+/t. Compare 7 and s using their output values and graphs.

Multiplying the output values of r by the constant, —1, changes the sign of corresponding output
value of s. For example, 7(4) = 2 and s(4) = —2. The graph of s resembles the graph of r with
positive outputs becoming negative and negative outputs becoming positive. See Figure 8.18. The
graph of s is a reflection of the graph of r across the z-axis.

Figure 8.18: Effect of negative multiplication factor



Example 8

Solution

Let f(t) give the altitude in yards of a weather balloon ¢ minutes after it is released. Find an expres-
sion for g(t), the balloon’s altitude in feet.

For every yard there are 3 feet, so if the altitude in yards is f(¢), then the altitude in feet is 3 f(¢).
Thus g(t) = 3f(t).

Multiplying the Inside of a Function by a Constant: Horizontal Scaling

Example 9

Solution

Example 10

Solution

Previously when we multiplied the outside function by a constant we changed the output value
corresponding to a certain input. Now if we multiply the inside of a function by a constant it is the
input value that changes.

1
If F(z) = ——, find a formula for
;

1
@ 5F(z) ®) F(5z) © F (%)
1 5
(@ 5F(z) =5 <x+1> T+l
1
®) FG2) = G TT " ot 1

m
T 1 5 1 5
© F(3>: (§)+1:3'<(£)+1> T r+5

Let f(t) give the altitude in yards of a weather balloon ¢ minutes after it is released. Find an expres-
sion for w(r), the balloon’s altitude r hours after it is released.

The number of minutes in 7 hours is ¢ = 60r, so the height after » hours is the same as the height
after 607 minutes, namely f(60r). Thus w(r) = f(60r).

Combining Inside and Outside Changes

Example 11

Solution

Just as the order in which a sequence of operations is performed can matter in arithmetic, the same
is true with transformations of functions.

Let f(xz) = 2x. Write a formula for a new function g(x) resulting from the following sequence of
operations.

(a) Add 2 units to the output, then multiply by a factor of 5.

(b) Multiply the output by a factor of 5, then add 2 units to the result.

(a) The first operation changes f to 2x + 2, then the multiplication by 5 gives g(z) = 52z +2) =
10z + 10
(b) The first operation changes f to 10z, then the adding 2 units gives g(x) = 10z + 2



Example 12

Solution

Example 13

Solution

A new function g(x) is formed from f(z) by a sequence of operations. List the operations in order
for the following:

@ g(z)=5f(2z) -4 b) g(z) =5(f(2x) —4)

(a) First the input of f is multiplied by a factor of 2, then that result is multiplied by a factor of 5.
Finally the function values are shifted down by 4 units.

(b) Although the operations are the same as those in Part (a), the order in which they are performed
is different. First the input of f is multiplied by a factor of 2, then 4 units are subtracted from
that result. The final operation is multiplication by a factor of 5.

If H = f(d) is the Celsius temperature (°C) at an ocean depth of d meters, find a formula for g(s),
the Fahrenheit temperature (°F) at an ocean depth of s feet, given that:

9
e The Fahrenheit temperature, 7', for a given Celsius temperature of H is T' = 5 H + 32.
e The depth d in meters at s feet is d = 0.3048s.

‘We have

f(d) = Temperature in °C at d meters
£(0.3048s) = Temperature in °C at s feet since d = 0.3048s

9
5 £(0.3048s) + 32 = Temperature in °F at s feet since T' = g - H + 32.

Thus, 9
g(s) = B £(0.3048s) + 32.

We see that g involves scaling the input by a factor of 0.3048, scaling the output by a factor of 9/5,
and shifting the output up by 32 units.

Exercises and Problems for Section 8.3

EXERCISES

M In Exercises 1-6, the graph of the function g(x) is a horizon- 1. Shifted vertically up 3 units.
tal and/or vertical shift of the graph of f(z) = x*, shown
in Figure 8.19. For each of the shifts described, sketch the 2. Shifted vertically down 2 units.

graph of g(z) and find a formula for g ().

3. Shifted horizontally to the left 1 unit.

Y
f@) =a?
9 U 4. Shifted horizontally to the right 2 units.

\ \ x 5. Shifted vertically down 3 units and horizontally to the
-2 @ 2 left 1 unit.

6. Shifted vertically up 2 units and horizontally to the
Figure 8.19 right 4 units.



M 1n Exercises 7-10, the graph of the function g(z) is a hor-
izontal and/or vertical shift of the graph of f(z) = 5 — z,
shown in Figure 8.20. For each of the shifts described,
sketch the graph of g(x) and find a formula for g(x).

Figure 8.20

7. Shifted vertically down 3 units.

8. Shifted vertically up 1 unit.

9. Shifted horizontally to the right 2 units.
10. Shifted horizontally to the left 4 units.

M The graphs in Exercises 11-16 are horizontal and/or verti-
cal shifts of the graph of y = 2. Find a formula for each
function graphed.

11. Y 12.
4
2 T
T
-2 2
13 Y 14. Y
8 8
6 6
4 4
2
T T
-2 2 -4 =2 2
PROBLEMS

15. Y 16.

N O 0

M Exercises 17-22 refer to the graph of y = f(z) in Fig-
ure 8.21. Sketch the graph of each function.

Figure 8.21

17. y = f(z) — 3
19. y=f(z —1)

2. y=flz+1)+2

18. y= f(z) +2
20. y = f(z+3)

2. y=f(z—3)—1

M In Exercises 23-28, find a formula for n in terms of m
where:
23. nis a weight in oz and m is the weight in lbs.
24. nis alength in feet and m is the length in inches.
25. nis a distance in km and m the distance in meters.
26. n is an age in days and m the age in weeks.
27. nis an amount in dollars and m the amount in cents.

28. n is an elapsed time in hours and m the time in min-
utes.

29. The function H = f(t) gives the temperature, H °F, of
an object ¢t minutes after it is taken out of the refriger-
ator and left to sit in a room. Write a new function in
terms of f(¢) for the temperature if:

(a) The object is taken out of the refrigerator 5 min-
utes later. (Give a reasonable domain for your
function.)

(b) Both the refrigerator and the room are 10°F colder.



30.

31.

32.

The height, h in cm, of an eroding sand dune as a func-
tion of year, ¢, is given by h = f(¢). Describe the dif-
ference between this sand dune and a second one one
whose height is given by

(@) h= f(t+30)
(b) h = f(t) +50.

A line has equation y = x.

(a) Find the new equation if the line is shifted verti-
cally up by 5 units.

(b) Find the new equation if the line is shifted hori-
zontally to the left by 5 units.

(¢) Compare your answers to (a) and (b) and explain
your result graphically.

The growth rate of a colony of bacteria at temperature
T°F is P(T'). The Fahrenheit temperature 7" for H°C
is

T:§~H+32,

Find an expression for Q(H ), the growth rate as a func-
tion of H.

M In Problems 33-38, find a formula for g by scaling the out-
put of f.

33.

34.

Let f(t) give the snowfall in feet ¢ hours after a bliz-
zard begins, and ¢(¢) the snowfall in inches.

Let f(¢) give the number of liters of fuel oil burned in ¢
hours, and g(t) the number of gallons burned. Use the
fact that 1 gal equals 3.785 liters.

. Let f(n) give the average time in seconds required for

a computer to process n megabytes (MB) of data, and
g(n) the time in microseconds. Use the fact that 1 s
equals 1,000,000 gs.

. Let f(t) give the speed in mph of a jet at time ¢, and

g(t) the speed in kilometers per hour (kph). Use the
fact that 1 kph is 0.621 mph.

. Let f(t) give the distance in light years to a receding

star in year t, and g(¢) the distance in parsecs. Use the
fact that 1 parsec equals 3.262 light years.

. Let f(t) give the area in square miles (mi®) of a town

in year t, and g(t) the area in square kilometers (km?).
Use the fact that 1 mi® equals 2.59 km?.

M 1n Problems 39-44, find a formula for w by scaling the input
of f.

39.

40.

41.

42,

43.

44.

Let f(t) give the snowfall in feet ¢ hours after a bliz-
zard begins, and w(r) the snowfall after » minutes.

Let f(t) give the number of liters of fuel oil burned in
t days, and w(r) the liters burned in 7 weeks.

Let f(n) give the average time in seconds required for
a computer to process n megabytes (MB) of data, and
w(r) the time required for r gigabytes (GB). Use the
fact that 1 GB equals 1024 MB.

Let f(u) give the maximum speed of a jet at a thrust
of u pounds-force (Ibs) and w(v) the maximum speed
at a thrust of v newtons (N). Use the fact that 1 1b is
4.448 N.

Let f(r) be the average yield in bushels from r acres
of corn, and w(s) be the yield from s hectares. Use the
fact that one hectare is 2.471 acres.

Let f(p) be the number of songs downloaded from an
online site at a price per song of p dollars, and w(q) be
the number downloaded at a price per song of ¢ cents.

M In Problems 45-50, find a formula for g by scaling the input
and/or output of f.

45.

46.

47.

48.

49.

50.

Let f(t) give the measured precipitation in inches on
day t, and g(t) give the precipitation in centimeters.
Use the fact that 1 in equals 2.54 cm.

Let f(t) give the area in acres of a county’s topsoil lost
to erosion in year ¢, and g(t) give the area in hectares
lost. Use the fact that 1 acre equals 0.405 hectares.

Let f(s) give the volume of water in liters in a reser-
voir when the depth measures s meters, and g(s) give
the volume of water in gallons. Use the fact that 1 gal
equals 3.785 1.

Let f(s) give the volume of water in liters in a reser-
voir when the depth measures s meters, and g(d) give
the volume of water in liters when the depth measures
d centimeters. Use the fact that 1 m equals 100 cm.

Let f(w) give the expected weight in Ibs of an infant
at one month’s age if its weight at birth is w 1bs, and
g(m) give the expected weight in kg if the weight at
birth is m kg. Use the fact that 1 1b equals 0.454 kg.

Let f(t) give the number of acres lost to a wildfire ¢
days after it is set, and g(n) give the number of hectares
lost after n hours. Use the fact that 1 acre equals 0.405
hectares.



8.4 INVERSE FUNCTIONS

In Section 8.2 we saw how to break a function down into a sequence of simpler operations. In this
section we consider how to use this idea to undo the operation of a function.

Inverse Operations

Example 1

Solution

Example 2

Solution

Example 3

Solution

An inverse operation is used to undo an operation. Performing an operation followed by its inverse
operation gets us back to where we started. For example, the inverse operation of “add 5 is “subtract
5.7 If we start with any number = and perform these operations in order, we get back to where we
started:

xr — x+5 — (x+5)-5 — =z
(add 5) (subtract 5)

State in words the inverse operation.

(a) Add 12 (b) Multiply by 7
(c) Raise to the 5" power (d) Take the cube root

(a) Toundo adding 12, we subtract 12. The inverse operation is “Subtract 12”.

(b) To undo multiplying by 7, we divide by 7. The inverse operation is “Divide by 7. (We could
also say that the inverse operation is to multiply by 1/7, which is equivalent to dividing by 7.)

(c) To undo raising an expression to the 5 power, we raise to the 1/5'" power. The inverse oper-
ation is to “Raise to the 1/5'"® power” or, equivalently, “Take the fifth root”.

(d) To undo taking a cube root, we cube the result. The inverse operation is “Cube” or “Raise to the
3*4 power”.

Find the sequence of operations to undo “multiply by 2 and then add 5.

First we undo “add 5” by performing the operation “subtract 5. Then we undo “multiply by 2”
by performing the operation “divide by 2.” Thus the sequence that undoes “multiply by 2 and add
5” is “subtract 5 and divide by 2.” Notice that we have not only inverted each operation, but we
performed them in reverse order, since we had to undo the most recently performed operation first.

Not every operation has an inverse operation.

Explain why the operation of squaring a number does not have an inverse operation.

You might think that the inverse of squaring a number would be to take the square root. However, if
we start with a negative number, such as —2, we have
— — (—2)2 =4 — V4 — 2
(square) (take square root)

Notice that we do not get back to the number we started with. There is no inverse operation for
squaring a number that works for all numbers.



Example 4

Solution

Inverse Operations and Solving Equations

We use inverse operations routinely in solving equations. For example, in the equation
20 +5=09,

the sequence of operations “multiply by 2 and add 5” from Example 2 is applied to « and the result
set equal to 9. To solve the equation we undo this sequence by performing the sequence “subtract 5
and divide by 2.”

20 +5=9 subtract 5 from both sides
20 =9 -5 divide both sides by 2
9-5 9
r= — =
2

Describe the operations you would use to solve the following equations:
(a 3z—2=7 (b) 3(x—-2)=7 () 3z2=7

(a) The left-hand side is formed by first multiplying = by 3 and then subtracting 2. To reverse this
we add 2 and divide by 3. So the solution is

7+ 2
= =

3.
3

(b) This equation uses the same operations as the previous one but in the other order. The left-hand
side is formed by first subtracting 2 from = and then multiplying by 3. To reverse this we divide

by 3 and then add 2. So

7 1
— Lo yo
T=3t 3

(c) Here the left-hand side is formed by squaring « and then multiplying by 3. We can partially
undo this by dividing by 3, which gives
T =

27
3

Unlike the equations in (a) and (b), this equation has two solutions, x = +/7/3. There is no
single operation that is the inverse of squaring.

Inverse Functions

For any function f, in order to solve the equation

we want to be able to “undo” f, that is, find a function g so that when we compose it with f we get
back to where we started. This leads to the following definition:



Inverse Functions

Given a function f(z), we say that g(z) is the inverse function to f(x) if
g(f(z)) =z forall z in the domain of f

and
f(g(x)) =« forall z in the domain of g.

Example 5 A town’s population ¢ years after incorporation is given by P(¢) = 30,000 + 2000¢.

(a) Find the time it takes for the population to reach a level of k.
(b) Find the inverse function to P(t).

Solution (a) We want to know the value of ¢ that makes P(t) equal to k, so we solve the equation

30,000 4 2000t = k

2000t = k — 30,000  subtract 30,000 from both sides

k—30,000 .
t = ————— divide both sides by 2000.
2000

Thus, it takes (k — 30,000),/2000 years for the population to reach a level of k.
(b) The formula for ¢ obtained in part (a) is also the formula for the inverse function to P:
k — 30,000

Q(k) = Number of years to reach a population of k = 5000

The output of a function becomes the input for its inverse function, if it has one. Furthermore,
the output of the inverse function is the input of the original function.

Example 6 Let s = f(t) give the altitude in yards of a weather balloon ¢ minutes after it is released. Describe
in words the inverse function ¢ = g(s).

Solution Since the input of f is the output of g, and the output of f is the input of g, we see that t = g(s)
gives the number of minutes required for the balloon to reach an altitude of s.

Finding an Inverse
If a function is built up out of a series of simple operations, we can find the inverse function by

finding the inverse operations.

Example 7 In Example 2 we saw that the inverse to “multiply by 2 and add 5 is “subtract 5 and divide by 2.”
Express both of these as functions and show that they are inverses.




Solution

Example 8

Solution

The sequence of operations “multiply by 2 and add 5 takes x to 2x and then takes 2x to 2x + 5, so

it expresses the function
flz) =2z +5.

The inverse sequence of operations is “subtract 5 and divide by 2”, which takes x to z — 5 and then
takes  — 5 to (z — 5)/2, and so describes the function

o) = 2.

We check that these two functions are inverses by composing them in both orders. We have

flg(z)) =2g(z)+5=2 (x _ 5) + 5 multiplying by 2 undoes dividing by 2
=(x—5)+5 adding 5 undoes subtracting 5
=z. We are back to where we started.
Also,
g(f(x)) = f(x)2— b _ (2 +25) . subtracting 5 undoes adding 5
= 2; dividing by 2 undoes multiplying by 2
=z. We are back to where we started.

We have seen that inverse functions can be used to solve equations. We can turn this around
and use the process of solving an equation to find the inverse function.

Find the inverses of the linear functions (a) y =6 — 2¢ (b)) p=2(n+1)
(a) The equation
y=06—2t

expresses y as a function of £. To get the inverse function we solve this equation for ¢. This has
the effect of reversing the operations that produce y from ¢, but enables us to keep track of the
process. We have

This expresses t as a function of y, which is the inverse of the original function.
(b) We solve p = 2(n + 1) for n.



This expresses n as a function of p, which is the inverse of the original function.

Example9 Find the inverse of the function f(z) = 523 — 2.

Solution In this case there is no variable representing the dependent variable, but we can choose one, say k,

for the purpose of finding the inverse. So we want to solve

f(z) =k.
We have
523 —2=k add 2 to both sides
523 =k +2 divide both sides by 5
T = ——0 take the cube root of both sides
2 k+2
T =\ ——

So the inverse function is the function g that outputs {/(k + 2)/5 whenever you input k. Using

to stand for the input, we get

Exercises and Problems for Section 8.4
EXERCISES

9(z) = i/@

M In Exercises 1-4, state in words the inverse operation.

1. Subtract 8. 2. Divide by 10.

3. Raise to the 7" power. 4. Take the ninth root.

M In Exercises 5-8, find the sequence of operations to undo
the sequence given.

Multiply by 5 and then subtract 2.

Add 10 and then multiply the result by 3.

Raise to the 5" power and then multiply by 2.

Multiply by 6, add 10, then take the cube root.

S A

M In Exercises 9-12, show that composing the functions in ei-
ther order gets us back to where we started.

9. y:7m—5andx:¢
10. y=8z3andz = ¢ %
1. y=2"+1landz = &y — 1

12, y= 10 4+«

and z = 3y — 10



M In Exercises 13-14,
(a) Write a function of x that performs the operations de-
scribed.

(b) Find the inverse and describe in words the sequence of
operations in the inverse.

13. Raise z to the fifth power, multiply by 8, and then
add 4.

14. Subtract 5, divide by 2, and take the cube root.

M In Exercises 15-20, let g be the inverse of f. Describe in
words the function g.

15. Let T = f(n) give the average time in seconds re-

PROBLEMS

quired for a computer to process n megabytes (MB) of
data.

16. Let v = f(r) give the maximum speed of a jet at a
thrust of r pounds-force.

17. LetY = f(r) give the average yield in bushels from
acres of corn.

18. Let P = f(N) give the cost in dollars to cater a wed-
ding reception attended by N people.

19. Let P = f(s) give the atmospheric pressure in kilo-
pascals (kPa) at an altitude of s km.

20. Let T' = f(c) give the boiling point in °C of salt water
at a concentration (in moles/liter) of c.

M In Problems 21-25, check that the functions are inverses.

M Solve the equations in Problems 26-29 exactly. Use an in-
verse function when appropriate.

21. f(z) =2x — 7and g(t) = % + %
; t— A\ UT 26. 22° +7= -9 21§1§i5:5
22. f(z) =627 +4and g(t) = (T) 1
(t+2)V/° 28. /30— x =3 29. Va3 —2=5
23. f(x) =322° —2and g(t) = 5
r 3 3
24. -z - —4 2
f@) =7 —5andg(t) (t * 2) B In Problems 30-34, find the inverse function.
t—1
25. f(x) =1+ 72 and g(t) = B-fy— 30. h(z) =2x+4 31 h(z) =92° +7
5— &
32. h(z) = <% 33. =
(0) = V573 p@) = o
4 — 3x
34. = .
() = ——o—
REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 8
EXERCISES
1. Tuition cost 7, in dollars, for part-time students at a 6. P =62%? 7. Q= ro/3
college is given by 7' = 300 + 200C, where C' rep-
resents the number of credits taken. Part-time students 8. y=2a"1? 9. M = 6n®

cannot take more than 10 credit hours. Give a reason-
able domain and range for this function.

M In Exercises 2-9, give the domain and range of the power
function.

3.y=z"3

5. A=5¢"1

2. y=at
4. y:2$3/2

M n Exercises 10-11, give the domain and range.

oy—d+ 2.

4—9—u. —

10. y =



M In Exercises 12-19, find the range. M 1n Exercises 27-30, the graph of the function g(z) is a hori-
zontal and/or vertical shift of the graph of f(z) = 22% — 1,

12. m(z) =9 —x 13. f(z) = 1 shown in Figure 8.22. For each of the shifts described,
’ h Ve —4 sketch the graph of g(x) and find a formula for g(z).
3 1 Yy
4. f(z)=z-3 15. h(z) = {|—
T €
2 flx) =222 -1
16. y = 3+2‘/5 17. y=(2+va)° il
——— —t—F =
18.y:%+9 19. y = (z — v2)? -2 \/ 2
_2 _£

M n Exercises 20-21, assume the entire graph is shown. Esti-
mate: Figure 8.22

(a) The domain (b) The range

20. y 27. Shifted horizontally to the left 1 unit.

18 28. Shifted vertically down 3 units.

f(=) 29. Shifted vertically up 2 units and horizontally to the

right 3 units.

=]

30. Shifted vertically down 1 unit and horizontally to the
x left 2 units.

)

B The function f(t) gives the distance in miles traveled by a
car after ¢ hours. Express the functions in Exercises 31-34

21. y in terms of f.

31. g(s), the distance in miles traveled in s seconds.
32. F(t), the distance in feet traveled in ¢ hours.
x 33.

h(m), the distance in kilometers traveled in 7 minutes.
34. r(s), the distance in meters traveled in s seconds.

M 1In Exercises 35-38, find the inverse function.

M In Exercises 22-24, express the function as a composition

of two simpler functions. 35. h(z) =Tz +5

36. h(z) = 112® — 2

5
22, y= ——— 5
LR 37. h(z) = ;ﬁsig

23. y=1+2(x—1)+5(x —1)?
38, h(z) = —2

24. y = 25(3z — 2)° 4+ 100 ’ T bz 44

M In Exercises 25-26, find M 1n Exercises 39-42, state in words the inverse operation.

(@ f(g(x)) ®) g(f(z)) 39. Multiply by 77.

40. Add —10.

25. f(z) = 522 and g(z) = 3z
41. Raise to the 1/7th power.

1
26. = —and =z2+1
fz) = Zandg(z) =27 + 42. Take the 7th root.



PROBLEMS

43.

44.

45.

A movie theater seats 200 people. For any particular
show, the amount of money the theater makes is a func-
tion of the number of people, n, in attendance. If a
ticket costs $4.00, find the domain and range of this
function. Sketch its graph.

The gravitational force (in Newtons) exerted by the
Earth on the Space Shuttle depends on r, the Shuttle’s
distance in km from the Earth’s center, and is given by

F = GmMET72,
where!

Mpg = 5.97 x 10**
m = 1.05 x 10°
G =6.67x10""

R = 6380
A = 1000 km

Mass of Earth in kg

Mass of Shuttle orbiter in kg
Gravitational constant
Radius of Earth in km

Max. altitude of Orbiter.

Based on this information, give the domain and range
of this function.

(a) What is the domain of the function P =
—100,000 + 50,000s?

(b) If P represents the profit of a silver mine at price
s dollars per ounce, and if the silver mine closes if
profits fall below zero, what is the domain?

M The range of the function y = 2_302 is 0 < y < 1. Find the
range of the functions in Problems 46-49.

46.

48.

y=5-2"" 47. y=3.27%

_ —z? _ 2— 72
y="7-2 +3 49. y=2

M In Problems 50-51, find the range.

50.
51.
52.

g(z) = Vz? -8
plx) = Vo2 — 1+ Va2 -1

For what values of k does the equation

b

=k
r—1

have a solution? What does your answer say about the
range of the function f(z) = 5z /(z — 1)?

53.

54.

Find the range of the function G = 0.75 — 0.3h in Ex-

ample 7 on page 228 giving the amount of gasoline, G

gallons, in a portable electric generator h hours after it

starts.

(a) Give the domain and range of the linear function
y =100 — 25z.

(b) If x and y represent quantities which cannot be
negative, give the domain and range.

M 1n Problems 55-56, the two functions share either an inside
function or an outside function. Which is it? Describe the
shared function.

55.
56.

y=5(1—3z)*andy = 5(z% +1)2
y=+v22+landy = (2> +1)*+5

M In Problems 57-58, find

(a)

57.
58.
59.

60.
61.

62.

63.

64.

65.

g(h(z)) (b) h(g(x))

g(x) =2 h(z) =2 +3
9(z) =V, h(z) =2z +1
Using f(t) = 2 — 5t and g(t) = t* + 1, find

@ f(g(t) (b) g(f(t))
© ff(@®) @ g(g(t)

If f(g(x)) = V/bx + 1and f(z) = \/x, find g(x).
Give three different composite functions with the prop-
erty that the outside function takes the square root of
the inside function.

Give a formula for a function with the property that the
inside function raises the input to the 5th power, and
the outside function multiplies by 2 and subtracts 1.

Give a formula for a function with the property that the
outside function raises the input to the 5th power, and
the inside function multiplies by 2 and subtracts 1.

If we compose the functions U = f(V) and V =
g(W) using substitution, what is the input variable of
the resulting function? What is the output variable?

A line has equation y = b + ma.

(a) Find the new equation if the line is shifted verti-
cally up by k units. What is the y-intercept of this
line?

(b) Find the new equation if the line is shifted horizon-
tally to the right by £ units. What is the y-intercept
of this line?

IFigures from Google calculator (see http://www.google.com/intl/en/help/features. html#calculator) and from
http://en.wikipedia.org/wiki/Space_Shuttle accessed June 9, 2007. The mass given for the Shuttle is for the Orbiter alone;
at liftoff, the total mass of the Shuttle, including the plane-like Orbiter, the external solid rocket boosters, and the external

liquid-fuel tank, is closer to 2 million kg than to 105,000 kg.


http://www.google.com/intl/en/help/features.html#calculator
http://en.wikipedia.org/wiki/Space

66. The cost, C'in dollars, for an amusement park includes
an entry fee and a certain amount per ride. We have
C = f(r) where r represents the number of rides.
Give a formula in terms of f(r) for the cost as a func-
tion of number of rides if the situation is modified as
described:

(a) The entry fee is increased by $5.
(b) The entry fee includes 3 free rides.

M 1n Exercises 67-68, check that the functions are inverses.

67. g(z)=1-— and f(t) =1+

r—1 1—t
2

68. h(z) =2z and k(t) = %, forz,t >0

M Find the inverse, g(y), of the functions in Problems 69-71.

6. fla) = o ;23 70. f(z) = i_j;’
7. f(z) = 11\/5_7*\/?%

M In Problems 72-73,
(a) Write a function of x that performs the operations de-
scribed.

(b) Find the inverse and describe in words the sequence of
operations in the inverse.

72. Multiply by 2, raise to the third power, and then add 5.

73. Divide by 7, add 4, and take the ninth root.



GYETICIME CONTENTS

Qu ad ratl C FU n Ctl ons Il 9.1 Quadratic Functions 256
EX p Fessions : an d Interpreting Standard Form 256
E q u atl O n S Interpreting Factored Form 257

Interpreting Vertex Form 259

9.2 Working With Quadratic Expressions 263
Constructing Quadratic Expressions 263
Standard and Factored Form 265
Converting to Standard Form 265
Converting to Factored Form 265
How Do We Put an Expression in Vertex Form? 266
Alternative Method Using Equations 267
Visualizing Completing the Square 269

9.3 Solving Quadratic Equations by Completing the
Square 271

The General Method 273
The Quadratic Formula 274
The Discriminant 276

rrr——— Ty

9.4 Solving Quadratic Equations by Factoring 279
Solving Other Equations Using Quadratic Equations 282

9.5 Complex Numbers 286
Using Complex Numbers to Solve Equations 286
Algebra of Complex Numbers 287
Addition and Subtraction of Complex Numbers 288
Multiplication of Complex Numbers 288

Division of Complex Numbers 290
REVIEW PROBLEMS 291

SOLVING DRILL 295



9.1 QUADRATIC FUNCTIONS

Example 1

Solution

Unlike linear functions, quadratic functions can be used to describe situations where the speed or
rate of change of an object changes as it moves.

The height in feet of a ball thrown upward from the top of a building after ¢ seconds is given by
h(t) = —16t> + 32t + 128, t>0.

Find the ball’s height after 0, 1, 2, 3, and 4 seconds and describe the path of the ball.

We have

h(0) = —16- 02 +32- 0 4 128 = 128 ft.
h(1) = —16-12 432 -1+ 128 = 144 ft.
h(2) = —16-2% 43224 128 = 128 ft.

Continuing, we get Table 9.1. The ball rises from 128 ft when ¢ = 0 to a height of 144 ft when
t = 1, returns to 128 ft when ¢ = 2 and reaches the ground, height O ft, when ¢t = 4.

Table 9.1 Height of a ball height (ft)
150 -
t (seconds) h(t) (ft) .
0 128
100 -
1 144
2 128 s |
3 80
& 0 0 : : : & { (seconds)
1 2 ) 4
Figure 9.1: Height of a ball thrown from
the top of a building

Interpreting Quadratic Functions Expressed in Standard Form

The expression defining the function in Example 1 has a term, —16t2, involving the square of the
independent variable. This term is called the quadratic term, the expression is called a quadratic
expression, and the function it defines is called a quadratic function. In general,

A quadratic function is one that can be written in the form
y=f(x) = az? 4+ bxr + ¢, a,b, cconstants, a # 0.

The expression ax? + bx + c is a quadratic expression in standard form.
2

The term ax~ is called the quadratic term or leading term, and its coefficient a is the
leading coefficient.

The term bz is called the linear term.

The term c is called the constant term.




Example 2

Solution

For the function h(t) = —16t% + 32t + 128 in Example 1, interpret in terms of the ball’s motion
(a) The constant term 128 (b) The sign of the quadratic term —16¢2.

(a) The constant term is the value of the function when ¢ = 0, and so it represents the height of the
building.

(b) The negative quadratic term —16t> counteracts the positive terms 32¢ and 128 for ¢ > 0, and
eventually causes the values of h(t) to decrease, which makes sense since the ball eventually
starts to fall to the ground.

Figure 9.1 shows an important feature of quadratic functions. Unlike linear functions, quadratic
functions have graphs that bend. This is the result of the presence of the quadratic term. See Fig-
ure 9.2, which illustrates this for the power functions f(z) = 2% and g(x) = —22. The shape of the
graph of a quadratic function is called a parabola. If the coefficient of the quadratic term is positive
then the parabola opens upward, and if the coefficient is negative the parabola opens downward.

v f(@) = a® Y
5 14
-3 -2 -1 1 2 3
4+ o "+
3+ L1+
2 24
1+ ~3+
—— —t—F = —4+
-3 -2 -1 1 2 3
“14 ~5-+ 2

Figure 9.2: Graphs of f(z) = 2? and g(z) = —z*

Interpreting Quadratic Functions Expressed in Factored Form

Example 3

Solution

Factoring a quadratic expression puts it in a form where we can easily see what values of the variable
make it equal to zero.'

The function h(t) = —16¢> + 32t + 128 in Example 1 can be expressed in the form
h(t) = —16(t — 4)(t+2), t>0.
What is the practical interpretation of the factors (¢ — 4) and (¢ + 2)?
When ¢ = 4, the factor (¢t — 4) has the value 4 — 4 = 0. So
h(4) = —16(0)(4 + 2) = 0.

In practical terms, this means that the ball hits the ground 4 seconds after it is thrown. Whent = —2,
the factor (¢ + 2) has the value —2 + 2 = 0. However, there is no practical interpretation for this,
since the domain of i is ¢t > 0. See Figure 9.3.

I'See Section 2.3 for a review of factoring.



height (ft)

150 +
/
100+
/
/
Expressionis 0 whent = —2 // 50 1 Height of the ball is 0 when t = 4
\ /
/
t (seconds)
—2-1 1 2

Figure 9.3: Interpretation of the factored form h(t) = —16(t — 4)(¢ + 2)

Values of the independent variable where a function has the value zero, such as the ¢ = 4 and

t = —20 in the previous example, are called zeros of the function. In general, we have the following
definition.

A quadratic function in x is expressed in factored form if it is written as
y = f(z) =alx —r)(z —s), wherea,r, and s are constants and a # 0.

e The constants 7 and s are zeros of the function f(z) = a(z — r)(z — s).

e The constant a is the leading coefficient, the same as the constant @ in the standard form.

The zeros of a function can be easily recognized from its graph as the points where the graph
crosses the horizontal axis.

Example 4 Can each function graphed in Figure 9.4 be expressed in factored form f(z) = a(x —r)(z — $)? If
S0, is each of the parameters r and s positive, negative, or zero? (Assume r < s.)

(a) Y (b) Y @ Y
x x
‘ X
(d) Y (e) Yy
s
x
Figure 9.4
Solution Since r and s are the z-intercepts, we look at whether the x-intercepts are positive, negative or zero.

(a) There is only one x-intercept at x = 0,507 = s = 0.

(b) There are two z-intercepts, one positive and one negative, so r < 0 and s > 0.

(c) There is only one z-intercept. It is positive and r = s.

(d) There are no z-intercepts, so it is not possible to write the quadratic in factored form.
(e) There are no x-intercepts, so it is not possible to write the quadratic in factored form.



Example 5

Solution

Expressing a quadratic function in factored form allows us to see not only where it is zero, but
also where it is positive and where it is negative.

A college bookstore finds that if it charges p dollars for a T-shirt, it sells 1000 — 20p T-shirts. Its
revenue is the product of the price and the number of T-shirts it sells.

(a) Express its revenue R(p) as a quadratic function of the price p in factored form.
(b) For what prices is the revenue positive?

(a) The revenue R(p) at price p is given by
Revenue = R(p) = (Price)(Number sold) = p(1000 — 20p).

(b) We know the price, p, is positive, so to make R positive we need to make the factor 1000 — 20p
positive as well. Writing it in the form

1000 — 20p = 20(50 — p)

we see that R is positive only when p < 50. Therefore the revenue is positive when 0 < p < 50.

Interpreting Quadratic Functions Expressed in Vertex Form

Example 6

Solution

The next example illustrates a form for expressing a quadratic function that shows conveniently
where the function reaches its maximum value.

The function h(t) = —16¢> + 32t + 128 in Example 1 can be expressed in the form
h(t) = —16(t — 1) 4 144.
Use this form to show that the ball reaches its maximum height h = 144 when ¢ = 1.

Looking at the right-hand side, we see that the term —16(# — 1)? is a negative number times a square,
so it is always negative or zero, and it is zero when ¢t = 1. Therefore h(t) is always less than or equal
to 144 and is equal to 144 when ¢ = 1. This means the maximum height the ball reaches is 144 feet,
and it reaches that height after 1 second. See Table 9.2 and Figure 9.5.

Table 9.2 Values of h(t) = —16(t — 1)? + 144 are height (f)
less than or equal to 144 150 + (1L, 12
|
t (seconds) —16(t — 1)? —16(t — 1)% + 144 100’77 |
) |
0 —16 128 // }
/
1 0 144 50+ i
2 —16 128 Il \
|
3 —64 80 / -+ ¢ (seconds)
4 —144 0 —2 23 d

Figure 9.5: Ball reaches its greatest
height of 144 ftat¢t =1



The point (1, 144) in Figure 9.5 is called the vertex of the graph. For quadratic functions the
vertex shows where the function reaches either its largest value, called the maximum, or its smallest
value, called the minimum. In Example 6 the function reaches its maximum value at the vertex
because the coefficient is negative in the term —16(t — 1),

In general:

A quadratic function in x is expressed in vertex form if it is written as
y = f(x) = a(x —h)? +k, wherea,h,and k are constants and a # 0.
For the function f(x) = a(z — h)? + k,
e f(h) =k, and the point (h, k) is the vertex of the graph.

e The coefficient a is the leading coefficient, the same «a as in the standard form.

- If a > 0 then k is the minimum value of the function, and the graph opens upward.
- If a < 0 then k is the maximum value of the function, and the graph opens downward.

Example 7 For each function, find the maximum or minimum and sketch the graph, indicating the vertex.
@ g(x)=(r—-3)2%+2 (b) A(t)=5—(t+2)? () h(z)=2%—4z+4
Solution (a) The expression for g is in vertex form. We have

g(z) = (z — 3)2 + 2 = Positive number (or zero) + 2.

Thus g(x) > 2 for all values of = except x = 3, where it equals 2. The minimum value is 2, and
the vertex is at (3, 2) where the graph reaches its lowest point. See Figure 9.6(a).
(b) The expression for A is also in vertex form. We have

A(t) =5 — (t +2)? = 5 — Positive number (or zero).

Thus A(t) < 5 for all t except t = —2, where it equals 5. The maximum value is 5, and the
vertex is at (—2, 5), where the graph reaches its highest point. See Figure 9.6(b).
(c) The expression for A is not in vertex form. However, recognizing that it is a perfect square,” we
can write it as
h(z) = 2° — 4z +4 = (z — 2)?,

which is in vertex form with & = 0. So h(2) = 0 and h(z) is positive for all other values of .
Thus the minimum value is 0, and it occurs at © = 2. The vertex is at (2, 0). See Figure 9.6(c).

(a) g(z) = (x —3)> +2 (b) Vertex —— 5 () 10 h(z) =2® — 4z +4
10

|
‘ t

- / _3 J\ B Vertex

<— Vertex —5_ 2 _ l
. ‘ - A(t)=5—(t+2) 5 .
3 6 0 3

Figure 9.6: Interpretation of the vertex form of a quadratic expression

2See page 42 for a review of perfect squares.



Example 8 The functions in Example 7 can be thought of as resulting from shifts or scales of the basic function
f(x) = 2%. Describe these operations in each case.

Solution (a) The function g(x) is formed from f(x) by a horizontal shift 3 units to the right and a vertical
shift up 2 units.
(b) The function A(x) is formed from f(z) by a horizontal shift 2 units to the left followed by a
vertical shift up 5 units and a multiplication by —1.
(c) Using the form h(z) = (x — 2)? shows that h(z) is formed from f(x) by a horizontal shift 2
units to the right.

Exercises and Problems for Section 9.1
EXERCISES

1. A peanut, dropped at time ¢t = 0 from an upper floor of ~ BIn Exercises 4-7, for which values of z is the function posi-
the Empire State Building, has height in feet above the tive and for which is it negative?
ground ¢ seconds later given by

4. f(z) = (z —4)(z+5)
h(t) = —16t° 4 1024. 5. g(z) = 2% — 2 — 56
What does the factored form 6. h(z) =2 — 12z + 36
7. k(z)=—(x—1)(z — 2)

h(t) = —16(t — 8)(t + 8)

M For each function f(z) = a(z — h)? + k graphed in 8-12,

tell us about when the peanut hits the ground? . - .
is each of the constants h and k positive, negative, or zero?

2. A coin, thrown upward at time ¢ = 0 from an office in
the Empire State Building, has height in feet above the 8.
ground ¢ seconds later given by

h(t) = —16t> + 64t + 960 = —16(t — 10)(t + 6).

(a) From what height is the coin thrown?
(b) At what time does the coin reach the ground?

Y
Y
3. When a company charges a price p dollars for one of
its products, its revenue is given by \ /
x
Revenue = f(p) = 500p(30 — p). . \\/
Yy

(a) For what price(s) does the company have no rev-
enue? 12.
(b) What is a reasonable domain for f(p)?



B Match the graphs in Exercises 13-20 to the following equa- 17.
tions, or state that there is no match.
@ y=@-2°+3 (b y=—(z-27°+3
© y=(@+2°+3 @ y=(r+2)°-3
e y=—(x+2%*+3 ® y=2@-27>+3
@ y=(z—-372+2 (h) y=(z+3)*-2

13. 14. Y
12
19.
7
3
€T
-10 1 2 3 4 5
15 Y 16. Yy
21 7
11
0 T
3 T -2 1 5
-10 1 2 3 4 5
PROBLEMS
21. A ball is dropped from the top of a tower. Its height (c) Can the expression for the function be factored as y =
above the ground in feet ¢ seconds after it is dropped is a(z — r)(xz — s)? If it can, are r and s equal to each
given by 100 — 16t°. other? Say whether they are positive, negative, or zero

(a) Explain why the 16 tells you something about how (assume r < 5).

fast the speed is changing. 23.
(b) When dropped from the top of a tree, the height of
the ball at time ¢ is 120 — 16¢%. Which is taller, the
tower or the tree?
(¢) When dropped from a building on another planet,
the height of the ball is given by 100 — 20t>. 25.
How does the height of the building compare to
the height of the tower? How does the motion of
the ball on the other planet compare to its motion
on the earth?
22. The average weight of a baby during the first year of 27.
life is roughly a quadratic function of time. At month
m, its average weight, in pounds, is approximated by?

24

(a) What is the practical interpretation of the 8?

(b) What is the average weight of a one-year-old? 29. A company finds that if it charges x dollars for a wid-
get it can sell 1500 — 3z of them. It costs $5 to produce
M Each of the graphs in Problems 23-28 is the graph of a a widget.
quadratic function.
(a) If the function is expressed in the form y = az?+ bz + (a) Express the revenue, R(z), as a function of price.

¢, say whether a and c are positive, negative, zero. (b) Express the cost, C'(x), as a function of price.
(c¢) Express the profit, P(z), which is revenue minus

cost, as a function of price.

26
28

(>C

w(m) = —0.042m> + 1.75m + 8.

(b) If the function is expressed in the form y = a(z—h)?+
k, say whether h and k are positive, negative, zero.

3hitp://www.cde.gov/growthcharts/, accessed June 6, 2003.


http://www.cdc.gov/growthcharts/

B What changes to the parameters a, h, k in the equation M In Problems 32-33, use what you know about the graphs of
quadratic functions.

y=alz—h)>+k
32. Find the domain of g given that

roduce the effects described in Problems 30-31?
: 9(2) = \/(z = 4)(z +6).

30. The vertex of the graph is shifted down and to the right.
33. Find the range of h given that
31. The graph changes from upward-opening to

downward-opening, but the zeros (x-intercepts) do h(x) = /25 + (z — 3)2.
not change.

9.2 WORKING WITH QUADRATIC EXPRESSIONS

In the previous section we saw how to interpret the form in which a quadratic function is expressed.
In this section we see how to construct and manipulate expressions for quadratic functions.

Constructing Quadratic Expressions

In the previous section we saw that different forms give us different information about a quadratic
function. The standard form tells us the vertical intercept, the factored form tells us the horizontal
intercepts, and the vertex form tells us the maximum or minimum value of the function. We can also
go the other way and use this information to construct an expression for a given quadratic function.

Example 1 Find a quadratic function whose graph could be

(3,-13)

Figure 9.7: Find possible expressions for these functions
Solution (a) Since we know the zeros, we start with a function in factored form:
f@)=a(z —r)(x — s).

The graph has z-intercepts at z = 1 and = 4, so the function has zeros at those values, so we
choose » = 1 and s = 4, which gives

f@)=a(z —1)(z —4).
Since the y-intercept is —12, we know that y = —12 when = 0. So

—12 = a(0 — 1)(0 — 4)



Example 2

Solution

—12 = 4a

-3 =a.

So the function
f(@)==3(z—1)(z—4)

has the right graph. Notice that the value of a is negative, which we expect because the graph
opens downward.
(b) We are given the vertex of the parabola, so we try to write its equation using the vertex form
y = f(z) = a(x — h)? + k. Since the coordinates of the vertex are (3, —13), we let h = 3 and
k = —13. This gives
f(z) = a(z — 3)% - 13.

The y-intercept is (0, 5), so we know that y = 5 when 2 = 0. Substituting, we get

5=a(0—3)%-13

5=9a— 13
18 = 9a
2=a.

Therefore, the function
f(x) =2(z—3)> - 13

has the correct graph. Notice that the value of a in positive, which we expect because the graph
opens upward.

In Example 5 on page 259 about T-shirt sales at a bookstore, we saw how a quadratic function
can arise in applications to economics that involve multiplying two linear functions together, one
representing price and one representing sales. In the next example we see how a quadratic function
can be used to represent profit.

The revenue to a bookstore from selling 1000 — 20p T-shirts at p dollars each is
R(p) = p(1000 — 20p).

Suppose that each T-shirt costs the bookstore $3 to make.

(a) Write an expression for the cost of making the T-shirts.

(b) Write an expression for the profit, which is the revenue minus the cost.
(c) For what values of p is the profit positive?

(a) Since each T-shirt costs $3, we have

Cost = 3(Number of T-shirts sold) = 3(1000 — 2p).

(b) We have
Profit = Revenue — Cost = p(1000 — 20p) — 3(1000 — 20p).

(c) Factored form is the most useful for answering this question. Taking out a common factor of
(1000 — 20p), we get

Profit = p(1000 — 20p) — 3(1000 — 20p) = (p — 3)(1000 — 20p) = 20(p — 3)(50 — p).



This first factor is p — 3, which is positive when p > 3 and negative when p < 3. So

p>50: g(p) =20(p—3)(50 — p) = positive x negative = negative
3<p<50: g(p)=20(p—3)(50— p) = positive X positive = positive
p<3: g(p) =20(p—3)(50 — p) = negative X positive = negative.

So the profit is positive if the price is greater than $3 but less than $50.

In Example 2 we converted the expression for the function into factored form to see where it
was positive. How do we convert between different forms in general?

Converting Quadratic Expressions to Standard and Factored Form

In the previous section we saw three forms for a function giving the height of a ball:

h(t) = —16t* + 32t + 128 (standard form)
= —16(t —4)(t+2) (factored form)
= —16(t — 1)? + 144 (vertex form).

One way to see that these forms are equivalent is to convert them all to standard form.

Converting to Standard Form

We convert an expression to standard form by expanding and collecting like terms, using the dis-
tributive law. For example, to check that —16(# — 1) + 144 and —16t2 + 32t + 128 are equivalent
expressions, we expand the first term:

—16(t — 1)? + 144 = —16(t* — 2t + 1) + 144
= —16t% + 32t — 16 4 144
= —16t% + 32t + 128.

Similarly, expanding shows that —16(¢ — 4)(¢ + 2) and —16t2 + 32t + 128 are equivalent:

—16(t — 4)(t +2) = —16(t* — 4t + 2t — 8)
= —16(t* — 2t — 8)

= —16t% + 32t + 128.

Converting to Factored Form

Factoring takes an expression from standard form to factored form, using the distributive law in
reverse. Factoring is reviewed in Section 2.3.

Example 3 Write each of the following expressions in the indicated form.

(@ 2— a2+ 3z(2 — ) (standard) (b) w (factored)

2
(©) (2+3)(z—2)+ 2 — 2 (factored) (d) 5(z% — 2z + 1) — 9 (vertex)



Solution (a) Expanding and collecting like terms, we have
2—2°+32(2—2)=2—2°+6x—32° = —42% + 6z + 2.

(b) This is already almost in factored form. All we need to do is express the division by 2 as
multiplication by 1/2:

(n-1)2-n) 1 1 1
= VEZ) 1)@ - m) = 3= D(~(-24 ) = 3 (0 —1)n ~2).

(c) We could expand this expression and then factor it, but notice that there is a common factor of
z — 2, which enables us to get to the factored form more directly:

(z+3)(z—2)+2—2=(2—2)((2+3)+1) factorout (z — 2)
=(z—2)(z+4)
= (2=2)(z = (-4))-

(d) The key to putting this in vertex form is to recognize that the expression in parentheses is a
perfect square:

5(x2 —2z4+1)-9=>5(z—1)2-09.
~—_————
(@—1)2

In Example 3(d) we had to rely on recognizing a perfect square to put the expression in vertex
form. Now we give a more systematic method.

How Do We Put an Expression in Vertex Form?

Example 4 Find the vertex of the parabolas (a) y = 2% + 6z + 9 (b) y=2%+6x+8.

Solution (a) We recognize the expression on the right-hand side of the equal sign as a perfect square: y =
(z + 3)2, so the vertex is at (—3, 0).
(b) Unlike part (a), the expression on the right-hand side of the equal sign is not a perfect square. In
order to have a perfect square, the 62 term should be followed by a 9. We can make this happen
by adding a 9 and then subtracting it in order to keep the expressions equivalent:

2?24+ 62+8=224+62x+9—-9+8 add and subtract 9
—_———
Perfect square

= (z+3)? -1 since —9 + 8 = —1.

Therefore, y = 2% + 6x + 8 = (x + 3)? — 1. This means the vertex is at the point (=3, —1).

In the last example, we put the equation y = 2 + 6x + 8 into a form where the right-hand side
contains a perfect square, in a process that is called completing the square. To complete the square,
we use the form of a perfect square

(z + p)? = 22 4 2px + p°.



Example 5 Put each expression in vertex form by completing the square.

(a)

Solution (a)

(b)

2?2 — 8z b)) z*+4z—7

We compare the expression with the form of a perfect square:

2 — 8z
z2 + 2px + p2.
To match the pattern, we must have 2p = —8, so p = —4. Thus, if we add (—4)2 = 16 to

x? — 8z we obtain a perfect square. Of course, adding a constant changes the value of the
expression, so we must subtract the constant as well.

22 — 8z =22 — 8z + 16 —16 add and subtract 16
—_———
Perfect square

z? — 8z = (z — 4)*> — 16.

Notice that the constant, 16, that was added and subtracted could have been obtained by taking
half the coefficient of the z-term, (—8/2), and squaring this result. This gives (—8/2)% = 16.
We compare with the form of a perfect square:

24 4z -7
z? + 2px + p°.

Note that in each of the previous examples, we chose p to be half the coefficient of z. In this
case, half the coefficient of z is 2, so we add and subtract 22 = 4:

22 +4r—7T=2>+4x+4—-4—7 addand subtract 4
—_———
Perfect square

22 44— 7= (z+2)° - 11.

An Alternative Method for Completing the Square

In Examples 4 and 5 we transform the quadratic expression for f(z). Example 6 illustrates a varia-
tion on the method of completing the square that uses the equation y = f(z). Since there are more
operations available for transforming equations than for transforming expressions, this method is
more flexible.

Example 6 Put the expression on the right-hand side in vertex form by completing the square.

(a)

Solution (a)

y=22+z+1 (b) y=32%2+24z—15

The overall strategy is to add or subtract constants from both sides to get the right-hand side in
the form of a perfect square. We first subtract 1 from both sides so that the right-hand side has
no constant term, then add a constant to complete the square:

y=z’+z+1
y—1l=2>+z subtract 1 from both sides
1 1
y—l—i—Z:xQ—i—J;—i—Z add 1/4 = (1/2)? to both sides



1\* 3
(m + —) + 1 isolate y on the left side.

<
Il

(b) This time we first divide both sides by 3 to make the coefficient of 22 equal to 1, then proceed

as before:
y=3z2+24z - 15
% =2°4+82—5 divide both sides by 3
% +5=2%+8z add 5 to both sides so there is

no constant term on the right

%Jr 5442 =22 +8x+4%  add4® = (8/2)? to both sides
%+21 = (z +4)?
%;( F4)2 21

y=3(zx+4)%2 —63 isolate y on the left side.

Example 7 A bookstore finds that if it charges $p for a T-shirt then its revenue from T-shirt sales is given by
R = f(p) = p(1000 — 20p)
What price should it charge in order to maximize the revenue?

Solution We first expand the revenue function into standard form:
R = f(p) = p(1000 — 20p) = 1000p — 20p>.

Since the coefficient of p? is —20, we know the graph of the quadratic opens downward. So the
vertex form of the equation gives us its maximum value. The expression on the right is more com-
plicated than the ones we have dealt with so far, because it has a coefficient —20 on the quadratic
term. In order to deal with this, we work with the equation R = 1000p — 20p? rather than the

expression 1000p — 20p?:

R = 1000p — 20p?

R
—= p? —50p divide by —20
R
—— +25% = p? —50p+ 252 add 252 to both sides

20
R
—— = — )
o (p — 25)
R = —20(p — 25)% 4 20 - 25
R = —20(p — 25) + 12,500.



So the vertex is (25, 12,500), indicating that the price that maximizes the revenue is p = $25.
Figure 9.8 shows the graph of f. The graph reveals that revenue initially rises as the price increases,
but eventually starts to fall again when the high price begins to deter customers.

L (25, 12,500)

10000

5000

p
10 20 30 40 50

Figure 9.8: Revenue from the sale of T-shirts

Notice two differences between the method in Example 7 and the method in Examples 4 and 5:
we can move the —20 out of the way temporarily by dividing both sides, and instead of adding and
subtracting 252 to an expression, we add to both sides of an equation. Since in the end we subtract
the 252 from both sides and multiply both sides by —20, we end up with an equivalent expression
on the right-hand side.

Visualizing The Process of Completing The Square

We can visualize how to find the constant that needs to be added to z:2+bz in order to obtain a perfect
square by thinking of 22 + bz as the area of a rectangle. For example, the rectangle in Figure 9.9 has
area x(x +8) = 2 + 8. Now imagine cutting the rectangle into pieces as in Figure 9.10 and trying
to rearrange them to make a square, as in Figure 9.11. The corner piece, whose area is 42 = 16, is
missing. By adding this piece to our expression, we “complete” the square: 22 4+ 82416 = (1 +4)2.

r+4
x
T
} } x x
T - i i r+4
\ \ I
! 4 i
z+8 x 4 4 v e
Figure 9.9: Rectangle with Figure 9.10: Cutting off a Figure 9.11: Rearranging the piece to
sides z and = + 8 strip of width 4 make a square with a missing corner
Exercises and Problems for Section 9.2
EXERCISES
M Exercises 1-4 show the graph of a quadratic function. Find 3. Y 4.
a possible formula for the function.
1. Y 2. Y
(6, 15) s

€T -2 5 (31 _5)



B Find possible formulas for the quadratic functions described
in Exercises 5-8.

$ *® X a0

10.

Graph has vertex (2, 3) and y-intercept —4.

Zeros x = 3, —5, and graph has y-intercept 12.
Graph has vertex (3, 9) and passes through the origin.
Graph has z-intercepts 8 and 12 and y-intercept 50.

A rectangle is 6 feet narrower than it is long. Express
its area as a function of its length [ in feet.

The height of a triangle is 3 feet more than twice the
length of its base. Express its area as a function of the
length of its base, x, in feet.

M In Exercises 11-12, a quadratic expression is written in ver-
tex form.
(a) Write the expression in standard form and in factored

form.

(b) Evaluate the expression at z = 0 and = 3 using each

11.

of the three forms and compare the results.

(x+3)*—1 12. (x—2)%—25

M n Exercises 13-22, express the quadratic function in stan-
dard form, and identify a, b, and c.

13.

15.

17.

19.

21.
22.

f(z) = z(x-3)
f(n) = (n=4)(n+7)

14. g(m) = (m = 7)*
16. g(p) =1 —v2p?
m(t) =2(t—1)2+12  18. p(q) = (¢+2)(3¢—4)
h(z) —r)(z—s)
q

= (z
(p)=({@—-1)(p—6)+p@Bp+2)
h(t) = 3(2t — 1)(t + 5)

20. p(z) = a(z —h)? +k

M In Exercises 23-30, write the expression in factored form.

B In Exercises 31-42, put the functions in vertex form f(x) =
a(z — h)? + k and state the values of a, h, k.

31.

32.

33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

y=-2x—-57+5
(z+4)?

y="% 7

y=02z—-4)>+6
y-5=02-=)°
y:$2—|—12$+20

y = 4a” + 24z + 17
y75:m2+2m+1
y—12=22"+8x+8
y:$2—|—6$—|—4

y = 22> + 20z + 12
y+2:m273m
y:3$2+7m+5

M 1n Exercises 43-46, find the 2- and y-intercepts.

43.
44.
45.
46.

y = 3z% + 15z + 12
y=a2—3z—10
y=a?+5x+2
y =322 + 18z — 30

M 1n Exercises 47-50, find the vertex of the parabola.

47.

49.

y=z(x—1) 48, y=2a2% — 22 +3

y=2—a? 50, y =2 +2— 22

M In Exercises 51-54, find the minimum value of the function,
if it has one.

(22
23. 2%+ 8z + 15 24, 2% 42— 2 SI. f(z) = (=3)"+10
, 52. g(x) =2 - 22 -8
2
25. (x—4)°—4 26. 2=+ 72+ 10 53. h(z) = (z - 5)(z — 1)
27. 42° — 49 28. 9t° + 60t + 100 54. j(z) = —(z—4)>+7
29. (z+2)(x —3) +2(z — 3)
30. 6w® + 31w + 40
PROBLEMS
55. The profit (in thousands of dollars) a company makes Standard form: —2p2 + 24p — 54
from selling a certain item depends on the price of the Factored form: —2(p — 3)(p — 9)
item. The three different forms for the profit at a price 2
Vertex form: —2(p — 6)” + 18.

of p dollars are:



(a) Show that the three forms are equivalent.

(b) Which form is most useful for finding the prices
that give a profit of zero dollars? (These are called
the break-even prices.) Use it to find these prices.

(¢) Which form is most useful for finding the profit
when the price is zero? Use it to find that profit.

(d) The company would like to maximize profits.
Which form is most useful for finding the price
that gives the maximum profit? Use it to find the
optimal price and the maximum profit.

M 1n Problems 56-57, find a quadratic function with the given
zeros and write it in standard form.

56. 3 and 4

57. a + 1 and 3a, where a is a constant

58. Group expressions (a)—(f) together so that expressions
in each group are equivalent. Note that some groups
may contain only one expression.
(@ (t+3)? b)) *+9
(©) t*46t+9 @ t(t+9)—3(t—3)

2
© t8l o 20

B Write the quadratic functions in Problems 59—60 in the fol-
lowing forms and state the values of all constants.
(a) Standard form y = az? + bz + c.
(b) Factored formy = a(x — r)(z — s).
(¢) Vertex formy = a(z — h)? + k.

59. y=x(x—3) —7(x —3)

60. y =21 — 23z + 62°.

61. Find a quadratic function F'(x) that takes its largest
value of 100 at z = 3, and express it in standard form.

62. A carpenter finds that if she charges p dollars for a
chair, she sells 1200 — 3p of them each year.

(a) At what price will she price herself out of the mar-
ket, that is, have no customers at all?

(b) How much should she charge to maximize her an-
nual revenue?

63. The length of a rectangular swimming pool is twice its
width. The pool is surrounded by a walk that is 2 feet
wide. The area of the region consisting of the pool and
the walk is 1056 square feet.

(a) Use the method of completing the square to deter-
mine the dimensions of the swimming pool.

(b) If the material for the walk costs $10 per square
foot, how much would the material cost for the en-
tire walk?

M In Problems 64-65, put the quadratic function in factored
form, and use the factored form to sketch a graph of the
function without a calculator.

64. y =% +8x 412 65. y=a>—6x—7
M Write the quadratic function
Yy = 8z% — 2z — 15

in the forms indicated in Problems 66-68. Give the values
of all constants.

66. y=a(z—7r)(x—s) 67. y=a(z—h)’+k

68. y=kax(vz+1)+w

69. Explain how you can determine the coefficient of z2 in
the standard form without expanding out:

x(2z +3) — 5(z® + 2z + 1) — 5(10z + 2) 4 3z + 25
What is the coefficient?

M 1n Problems 70-71, write an expression f(x) for the result
of the given operations on x, and put it in standard form.

70. Add 5, multiply by x, subtract 2.
71. Subtract 3, multiply by x, add 2, multiply by 5.

9.3 SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

In Example 3 on page 257 we solved the equation A(t) = 0 to find when the ball hit the ground.
When we find the zeros of a quadratic function f(x) = ax? + bz + ¢, we are solving the equation

ar® + bz +c=0.

ar’ +br+c=0,

A quadratic equation in x is one which can be put into the standard form

where a, b, ¢ are constants, with a # 0.




Example 1

Solution

Example 2

Solution

Example 3

Solution

Some quadratic equations can be solved by taking square roots.

Solve (a) z2—4=0 (b) z2—-5=0
(a) Rewriting the equation as
2 _
x° =4,
we see the solutions are
z=+V4 =42

(b) Similarly, the solutions to 22 —5=0arex = +/5 = +2.236.

Use the result of Example 1 to solve (z — 2)% = 5.

Since the equation
z2=5 has solutions z=+5,

the equation
(r—2)2=5 has solutions z—2=+V5.

Thus the solutions to (x — 2)? = 5 are
r=2+V5 and z=2-—5,
which can be combined as 2 = 2 + /5. Using a calculator, these solutions are approximately

r=2+2.236=4.236 and z=2—2236 = —0.236.

Solve (a) 2(y+1)2=0 b) 2(y—-3)2+4=0.
(a) Since 2(y + 1)? = 0, dividing by 2 gives
(y+1)2=0 ) y+1=0.

Thus the only solution is y = —1. It is possible for a quadratic equation to have only one
solution.
(b) Since 2(y — 3)% + 4 = 0, we have

2(y — 3)%? = —4,

so dividing by 2 gives
(y—3)*=-2

But since no number squared is —2, this equation has no real number solutions.

In general, if we can put a quadratic equation in the form
(z — h)? = Constant,

then we can solve it by taking square roots of both sides.



Example 4

Solution

For the function
h(t) = —16(t — 1) 4 144

giving the height of a ball after ¢ seconds, find the times where the ball reaches a height of 135 feet.
We want to find the values of ¢ such that h(¢) = 135, so we want to solve the equation
—16(t — 1)* + 144 = 135.

Isolating the (t — 1)? term we get

(t_1)2_135—144_3
- —16 16
3
t—1=+=
4
3
t=14+Z<.
4

Therefore, the solutions are ¢ = 0.25 and ¢ = 1.75. So the ball reaches a height of 135 ft on its way
up very soon after being thrown and again on its way down about 2 seconds after being thrown.

Next we develop a systematic method for solving quadratic equations by taking square roots.
The solutions to quadratic equations are sometimes called roots of the equation.

The General Method of Completing the Square

Example 5

Solution

In Section 9.2 we saw how to find the vertex of a parabola by completing the square. A similar
method can be used to solve quadratic equations.

Solve 22 + 6z + 8 = 1.

First, we move the constant to the right by adding —8 to both sides:

224+ 6x+8—-8=1-8 add —8 to each side
2%+ 62 = -7

22 +6x+9=-7+9 complete the square by adding
(6/2) = 9 to both sides

(x+3)2=2

r+3=+V2 take the square root of both
sides

r=-3+2.



Example 6

Solution

If the coefficient of 22 is not 1 we can divide through by it before completing the square.
Solve 322 + 62 — 2 = 0 for z.
First, divide both sides of the equation by 3:
2
2
2z — ==,
x° + 2z 3
Next, move the constant to the right by adding 2/3 to both sides:
2
2
20 = =,
x° + 2z 3

Now complete the square. The coefficient of x is 2, and half this is 1, so we add 12 = 1 to each
side:

2
?+2c+1= 3 +1 completing the square

)
1)? ==
@12 =2

)

1=+4/=

T+ 3

5
=144/
’ \/g

The Quadratic Formula

Completing the square on the equation az? + bx + ¢ = 0 gives a formula for the solution of any
quadratic equation. First we divide by a, getting

b c
2+ -z +-=0.
a a

Now subtract the constant ¢/a from both sides:

We complete the square by adding a constant to both sides of the equation. The coefficient of x is

b/a, and half this is
Lb_ b

We square this and add the result, (b/2a)?, to each side:

5 b b\? c b\’
4+ s+ —) =—=+ complete the square
a

2a a 2a
9 b? c b2
-+ —=—+-— expand parentheses
a 4a? a 4a?
¢ 4da b2 )
= —— + — find a common denominator

a 4da ' 4a?



b? — dac T .
= simplify right-hand side.
4a?

We now rewrite the left-hand side as a perfect square:

n b\? b2 —dac
T+ —] = ———.
2a 4a?

Taking square roots gives

b Vb2 —dac b —Vb2 — dac
T+ —=— or T+ —=———

2a 2a 2a 2a

o)

b Vb% —dac b Vb% —4ac
r=—+—— or r=————,

2a 2a 2a 2a

which gives the solutions

—b+Vb% —dac —b—b% —4dac

r=—--"—"—— and r=———=—"".
2a 2a
The quadratic formula combines both solutions of ax? + bz + ¢ = 0:
—b+ Vb2 — dac
rT=——.
2a
Example 7 Use the quadratic formula to solve for : (a) 2x? —2z —7 =0 (b) 322 +3z=10
Solution (a) Wehavea =2, b= —2,c= —7,s0
C—(=2) £ /(-2)2-4-2(-7)  2+£4+56 2+60
v 2.2 -1 1
If we write /60 = v/4 - 15 = 24/15, we get
2+ 2V15 1i\/15
= ——— = =3t ——,
4 2 2

(b) We first put the equation in standard form by subtracting 10 from both sides:
3z% + 3z — 10 = 0.
Thus a = 3, b = 3, and ¢ = —10, so

—34+./32-4-3(—10) -3+,09+120 -3++120 1 /129
— = = =
6

o+ X
6 276



Example 8

Solution

Example 9

Solution

A ball is thrown into the air, and its height, in feet, above the ground ¢ seconds afterward is given
by y = —16t2 + 32t + 8. How long is the ball in the air?

The ball is in the air until it hits the ground, which is at a height of y = 0, so we want to know when
—16t% + 32t + 8 = 0.

Using the quadratic formula gives

—32+ /322 —4(—16)(8) — V
=3 3 (=16)(8) _ —32+ 1536:1i§:2.22,—0.22.

2(—16) —32

The negative root does not make sense in this context, so the time in the air is ¢ = 2.22 seconds, a
little more than 2 seconds.

The distance it takes a driver to stop in an emergency is the sum of the reaction distance (the distance
traveled while the driver is reacting to the emergency) and the braking distance (the distance traveled
once the driver has put on the brakes). For a car traveling at v km/hr, the reaction distance is 0.42v
meters and the stopping distance is 0.0085v? meters. What is the speed of a car that stops in 100
meters?

The total stopping distance is 0.42v + 0.0085v% meters, so we want to solve the equation
0.42v + 0.0085v% = 100, or, in standard form, 0.0085% 4 0.42v — 100 = 0.

Using the quadratic formula, we get

,_ —042+ 1/0.422 — 4. 0.0085(—100)

2.0.0085 = 86.537 or —135.950.

The positive root is the only one that makes sense in this context, so the car was going about 87
km/hr.

The Discriminant

We can tell how many solutions a quadratic equation has without actually solving the equation.
Look at the expression, b2 — 4ac, under the square root sign in the quadratic formula.

For the equation az? + bz + ¢ = 0, we define the discriminant D = b2 — 4ac.
e If D =02 — 4acis positive, then #=1/b2 — 4ac has two different values, so the quadratic
equation has two distinct solutions (roots).

e If D = b? — 4ac is negative, then v/b2 — 4ac is the square root of a negative number, so
the quadratic equation has no real solutions.

o If D = b? — 4ac = 0, then v/b2 — 4ac = 0, so the quadratic equation has only one
solution. This is sometimes referred to as a repeated root.




Example10  How many solutions does each equation have?
(@ 422 -10x+7=0 (b) 0.3w?+1.5w+1.8=0 () 3t2—18t+27=0

Solution (a) We use the discriminant. In this case, a = 4, b = —10, and ¢ = 7. The value of the discriminant
is thus
b? — dac = (—10)> —4-4.7 =100 — 112 = —12.

Since the discriminant is negative, we know that the quadratic equation has no real solutions.
(b) We again use the discriminant. In this case, a = 0.3, b = 1.5, and ¢ = 1.8. The value of the
discriminant is thus
b — 4ac = (1.5)*> —4-0.3-1.8 = 0.09.

Since the discriminant is positive, we know that the quadratic equation has two distinct solu-
tions.
(c) Checking the discriminant, we find

b> —dac=(-18)>—-4-3.27=0.

Since the discriminant is zero, we know that the quadratic equation has only one solution.

Exercises and Problems for Section 9.3
EXERCISES

1. You wish to fence a circular garden of area 80 square 19. 1 —4(9—2)*>=13 20. 2(z—1)* =5
meters. How much fence do you need? 5 5

21 ((x=3)*+1)" =16 22 (2 =5)"-5=0

B Write the equations in Exercises 2-10 in the standard form
ax? 4 bz + ¢ = 0 and give possible values of a, b, c. Note
that there may be more than one possible answer.

M Solve the quadratic equations in Exercises 23-28 or state
that there are no solutions.

) ) 23, 2® +62+9=14 24. 2 - 122 -5=0
2. 22 —0.3x =9 3. 3z — 22" = -7 ) 5
, 25. 22" 4+3x—1=0 26. bx — 2z —5=0
x
4. 4-2"=0 S-A:W<§> 27. 2° 452 —7=0 28. 2z +5)(x—3)=7
1 4_ M In Exercises 29-45, solve by
6. —2(22—3)(z—1)=0 7. gy iz . . .
1—zx 2 g1 (a) Completing the square (b) Using the quadratic formula
8. —x— — = (2z — -2
72“7(7 o 5(x2 7))3 ( ° 3)(8e —2) 20. 22 4+ 82+12=0 30. 2% — 10z — 15 =0
9. t"x —a"t" +ta” —t° —4a” —3x =5 5 5
5 9 31. 22° 4+ 162 —24 =0 32. 2+ T7x+5=0
10. 5z ((x +1)° — 2) = bz ((x +1)° — x)
322 -92+2=0 34. 2 + 172 —8=10
M Solve the quadratic equations in Exercises 11-22 by taking 35. 22— 222+ 10 = 0 36. 222 — 320 +7=0

square roots.
37. 322 + 182 4+2=0 38. 522 +17x+1=0

1. 2* =9 12. 2 =7=0 39. 622+ 11 —10=0  40. 222 = -3 — Tz
13. 22 +3=17 14. (z+2)%—4=0 41. 7 =z +8 42. 42° +4x+1=0
2 _ 2 _

45. 92° —6x+2=0
17. (x—5)>=6 18. 7(z — 3)> =21 voors



M Find all zeros (if any) of the quadratic functions in Exer-
cises 46-47.

46, y = 32> — 2z — 4

47. y =5z — 2z + 2

M In Exercises 4853, use the discriminant to say whether the
equation has two, one, or no solutions.

PROBLEMS

48.
50. 922 —6x+1=0

52.

202+ T +3=0 49, 722 -2 —-8=0
51. 422 +4x4+1=0

922 —6x+2=0 53. 422 +4x4+3=0

54.

55.

At time t = 0, in seconds, a pair of sunglasses is
dropped from the Eiffel Tower in Paris. At time ¢, its
height in feet above the ground is given by

h(t) = —16t> 4 900.

(a) What does this expression tell us about the height
from which the sunglasses were dropped?
(b) When do the sunglasses hit the ground?

The height of a ball ¢ seconds after it is dropped from
the top of a building is given by

h(t) = —16t> 4 100.

How long does it take the ball to fall k feet, where
0 <k <1007

M In Problems 56-59, for what values of the constant A (if
any) does the equation have no solution? Give a reason for
your answer.

56.
58.

60.

61.

3(x—2P2=A 57. (x—A)* =10

Az —2)?+5=0 59. 5(x—3)*+A=10

Squaring both sides of the first equation below yields
the second equation:

r=+2zxr+3

m2:2m+3,

Note that # = 3 is a solution to both equations. Are the
equations are equivalent? Explain your reasoning.

A Norman window is composed of a rectangle sur-
mounted by a semicircle whose diameter is equal to
the width of the rectangle.

(a) What is the area of a Norman window in which the
rectangle is [ feet long and w feet wide?

(b) Find the dimensions of a Norman window with
area 20 ft? and with rectangle twice as long as it is
wide.

4

62.

63.

64.

65.

66.

The New River Gorge Bridge in West Virginia is the
second longest steel arch bridge in the world.* Its
height above the ground, in feet, at a point x feet from
the arch’s center is h(z) = —0.0012124622 4 876.

(a) What is the height of the top of the arch?
(b) What is the span of the arch at a height of 575 feet
above the ground?

A rectangle of paper is 2 inches longer than it is wide.
A one inch square is cut from each corner, and the pa-
per is folded up to make an open box with volume 80
cubic inches. Find the dimensions of the rectangle.

The stopping distance, in feet, of a car traveling at v
miles per hour is given by’

2

v
d=220+ 2.
vt

(a) What is the stopping distance of a car going 30
mph? 60 mph? 90 mph?

(b) If the stopping distance of a car is 500 feet, use a
graph to determine how fast it was going when it
braked, and check your answer using the quadratic
formula.

If a and ¢ have opposite signs, the equation ax? + bz +
¢ = 0 has two solutions. Explain why this is true in two
different ways:

(a) Using what you know about the graph of y =
az® + bz + c.
(b) Using what you know about the quadratic formula.

Graph each function on the same set of axes and count
the number of intercepts. Explain your answer using
the discriminant.

@ f(z) =2’ -4z +5 (b) f(z) =2 -4z +4
(© fx) =2 -4z +3 @) f(z) =22 — 4z +2

www.nps.gov/neri/bridge.htm, accessed on February 19, 2005.

Shttp://www.arachnoid.com/lutusp/auto.html, accessed June 6, 2003.


www.nps.gov/neri/bridge.htm
http://www.arachnoid.com/lutusp/auto.html

67.

68.

69.

70.

Use what you know about the discriminant b? — 4ac
to decide what must be true about ¢ in order for the
quadratic equation 3z% + 2z + ¢ = 0 to have two dif-
ferent solutions.

Use what you know about the discriminant b? — 4ac
to decide what must be true about b in order for the
quadratic equation 22° + bz + 8 = 0 to have two dif-
ferent solutions.

Show that 2ax? —2(a— 1)z — 1 = 0 has two solutions
for all values of the constant a, except for a = 0. What
happens if a = 0?

Under what conditions on the constants b and ¢ do the
line y = —x + b and the curve y = ¢/ intersect in

(a) No points?
(b) Exactly one point?

71.

72.

73.

(¢) Exactly two points?
(d) Isitpossible for the two graphs to intersect in more
than two points?

If the equation 22> — bz + 50 = 0 has at least one real
solution, what can you say about b?

What can you say about the constant ¢ given that x = 3
is the largest solution to the equation 2?43z 4c¢=07?

Use what you know about the quadratic formula to find
a quadratic equation having

—248
sz

as solutions. Your equation should be in standard form
with integer (whole number) coefficients.

9.4 SOLVING QUADRATIC EQUATIONS BY FACTORING

Example 1

Solution

In this section we explore an alternative method of solving quadratic equations. It does not always
apply, but when it does it can be simpler than completing the square. In Section 9.1 we saw that r

and s are solutions of the equation

a(x —r)(z —s)=0.

The following principle shows that they are the only solutions.

The zero-factor principle states that

sions.

If A- B = 0 then either A = 0 or B = 0 (or both).

The factors A and B can be any numbers, including those represented by algebraic expres-

‘We have

Find the zeros of the quadratic function f(z) = 22 — 4z + 3 by expressing it in factored form.

flx) =2 —424+3=(z —1)(z — 3),

so x = 1 and & = 3 are zeros. To see that they are the only zeros, welet A = x — 1 and B = = — 3,
and we apply the zero-factor principle. If z is a zero, then

(x—1)(z-3) =0,
—— ——

so either A = 0, which implies

B

z—1=0



or B = 0, which implies

T—3=
B = 3

In general, the zero-factor principle tells us that for a quadratic equation in the form

alx —r)(x—s) =0, where a, r, s are constants, a # 0,

the only solutions are x = r and x = s.

Example 2 Solve for z.

@ (z-2)(z-3)=0 (b) (z—q)(z+5)=0

() z2+4zx=21 d (2r—2)(x—4)=20
Solution (a) This is a quadratic equation in factored form, with solutions z = 2 and z = 3.

(b) This is a quadratic equation in factored form, with solutions = ¢ and x = —5.

(c) We put the equation into factored form:

z? + 4z =21
22 +4x—-21=0
(x+7)(z—3)=0.
Thus the solutions are = —7 and z = 3.

(d) The left side is in factored form, but the right side is not zero, so we cannot apply the zero-factor
principle. We put the equation in a form where the right side is zero:

(2x —2)(z —4) =20
2(x — 1)(x —4) =20 factoring outa 2
(x —1)(z —4) = 10 dividing both sides by 2
22 —5z+4 =10 expanding left-hand side
£ —5z—6=0
(x+1)(z—6)=0.

Applying the zero-factor principle we have either
r+1=0 or x—-6=0.

Solving these equations for z gives z = —1 and x = 6.



Example 3

Solution

Example 4

Solution

Find the horizontal and vertical intercepts of the graph of h(x) = 22% — 16 + 30.

The vertical intercept is the the constant term, 2(0) = 30. The horizontal intercepts are the solutions
to the equation h(z) = 0, which we find by factoring the expression for h(z):

h(z) = 2(z* — 8z + 15)
0=2(x—3)(x—5) letting h(x) = 0 and factoring

The z-intercepts are at z = 3 and = = 5. See Figure 9.12.

30

p—y

Figure 9.12: A graph of
h(z) = 2z — 16z + 30

Find the points where the graphs of
fx) =222 —4x+7 and g(z)=2°+2+1
intersect.

See Figure 9.13. At the points where the graphs intersect, their function values match so

22 —dr+T7=2’+x+1
22— —dr—ax+7-1=0 combine like terms
22 —524+6=0 simplify.

To apply the zero-factor principle, we factor the left-hand side:
(x —2)(z—3)=0.

If x is a solution to this equation then either z — 2 = 0 or z — 3 = 0, by the zero-factor principle.
So the possible solutions are x = 2 and x = 3. We check these values in the original equation:

f(2)=2-22-4.24+7="7
9(2)=2>+2+1 =17,
so the first intersection point is (2, 7), and
f(3)=2-32-4.347=13
g3)=3>+3+1 =13,



so the second intersection point is (3, 13).

flx)=22% -4z +7

glz)=2>+z+1

Figure 9.13: Where do the graphs of f(z) and g(x) intersect?

Example 5 Write a quadratic equation in ¢ that has the given solutions.
(@) —land?2 (b) 2++v3and2— 3 (¢) aand b, constants

Solution (a) Using the factored form we get
t—(-1))t—-2)=(0+1)(t—-2)=0.
(b) Ift =24 /3, thent — 2 = £/3, 50
t-—2°=3

is a quadratic equation with the required solutions.
(c) Again we use the factored form (¢ — a)(t — b) = 0.

Solving Other Equations Using Quadratic Equations

Factoring can be used to solve some equations that are not quadratic, as in the following examples.

Example6  Solve 22% — 52% = 3z.
Solution We first put the equation in standard form:

273 —52° —3r =0
x(22% — 52 —3) =0 factor out an z

(2 + 1)(x —3) =0 factor the quadratic.
If the product of three numbers is 0, then at least one of them must be 0. Thus

z=0 or 20 +1=0 or r—3=0,



Example 7

Solution

Example 8

Solution

SO .
r=0 or x:—i or B = 3

We call 222 — 522 — 3z = 0 a cubic equation, because the highest power of z is 3.

You might be tempted to divide through by x in the original equation, 223 — 52% = 3z, giving
222 — 52 = 3. However this is not allowed, because x could be 0. In fact, the result of dividing by
z is to lose the solution x = 0.

Solve y* — 10y% +9 = 0.
Since y* = (y?)?, the equation can be written as

y* =102+ 9= (2% - 1042 +9 =0.
We can think of this as a quadratic equation in 3. Letting z = 32, we get

22-10249=0 replacing y? with z
(z—1)(z—9) =0 factoring the left side
(y?> —1)(y*> —9) =0 replacing z with 2.

Thus, the solutions are given by
P —1=0 or y?—9=0.

Solving for y gives
y==x1 or Yy = £3.

The equation y* — 10y? + 9 = 0 is called a quartic equation because the highest power of y is 4.
Sometimes an equation that does not look like a quadratic equation can be transformed into

one. We must be careful to check our answers after making a transformation, because sometimes
the transformed equation has solutions that are not solutions to the original equation.

4
Solve —.
a

a —

Multiplying both sides by a(a — 1) gives

ai1~a(a—1):g-a(a—1).

Canceling (a — 1) on the left and a on the right, we get
a® = 4(a — 1),

giving the quadratic equation
a’ —4a+4=0.



Example 9

Solution

Factoring gives
(a—2)2 =0,
which has solution a = 2. Since we multiplied both sides by a factor that could be zero, we check

the solution:

——===1,
2=1 2

a:2—1_ 8
x+3 x+3

Solve

Notice that the two equal fractions have the same denominator. Therefore, it will suffice to find the
values of = that make the numerators equal, provided that such values do not make the denominator
zero.

Rewriting this equation as

and taking the square root of both sides, we see that
r=3 and x=-3.

The denominator of the original equation, x + 3, is not zero when = = 3. Therefore, it is a solution
to the original equation. However, the denominator in the original equation is zero when x = —3.
This means that x = —3 is not a solution to the original equation. So x = —3 is an extraneous
solution that was introduced during the solving procedure.

Exercises and Problems for Section 9.4

EXERCISES

M Solve the equations in Exercises 1-10 by factoring. 15. 2> + 2z =5z + 4 16. 222 +52 =0
L (—2(@—3) =0 2 2(5—2) =0 17. 2> =8z +12=0 18. 2243z +7=0
3 2% B+ 6=0 4 622+ 132 4+6=0 19. 2° + 62 —-4=0 20. 2z -5z —12=0
5. (r—1)(z—3)=8 6. (20— 5)(z—2)° =0 21. 2% =3z +12=>5x+5  22. 2x(x+ 1) = 5(x — 4)
7.2+ 207 +1=0 8. 2" —1=0

9. (=3)(x+2)(x+7)=0

M Find the zeros (if any) of the quadratic functions in Exer-
cises 23-27.

10. z(z® —4) (2 +1) =0

M Solve the equations in Exercises 11-22 by any method.

23, y =322 — 2z — 11 24, y =5z 43z +3

25. y=(2c—3)(3z—1) 26, y=3z" bz —1

1. 2(x—3)(z+5)=0 12. 22 —4=0

27. y = z(6z — 10) — 7(3z — 5)

13. bz(x+2)=0 14. z(x +3) =10



M In Exercises 28-36, write a quadratic equation in 2 with the
given solutions.

28. V5and —V/5
30. Oand 3/2

29. 2and —3
3. 2++v3and2 — V3
33. p+./qandp —\/q

35. a, no other solutions

32. —pand 0
34. aand b

36. With no solutions

M Solve the equations in Exercises 37-45.

38. —222—-3+z*=0

2 2
- -~ __-3=0
y y—3

37. 22— 23+ 22 =0

39. x+l:2. 40.
T

PROBLEMS

3 12

_ 4 2 _
41.272 2274—1 42. t 13t 4+ 36 = 0.

43. t* =3t —10=0. 4. t+ 2Vt —15=0.

45. (t—3)° —5(t—3)°+6=0.

46. Consider the equation (z — 3)(z +2) = 0.

(a) What are the solutions?
(b) Use the quadratic formula as an alternative way to
find the solutions. Compare your answers.

47. Consider the equation 2* + 7z + 12 = 0.

(a) Solve the equation by factoring.
(b) Solve the equation using the quadratic formula.
Compare your answers.

48. Which of the following equations have the same solu-
tion? Give reasons for your answers that do not depend
on solving the equations.

(@) 20 —1 1
2x731_xT3
T —

b =

(b) T+ 3 r—3

© z—3 1
2.15—31_36—1&-3
T+

(d) =

2 —1 r—3
(e 2z—1)(z+3)=2—-3
® (z-3)(z+3)=22x—-1
@ z+3=Q2z—1)(z—3)

B Without solving them, say whether the equations in Prob-
lems 49-56 have two solutions, one solution, or no solution.
Give a reason for your answer.

49. 3(z—3)(z4+2)=0  50. (x—2)(z—2)=0
51. (x+5)(x+5)=—-10 52. (x+2)*> =17
53. (z—3)2=0 54. 3(x +2)2+5=1

55. —2(x—1)2+7=5  56. 2(x —3)2+10 =10

57. If a diver jumps off a diving board that is 6 ft above the
water at a velocity of 20 ft/sec, his height, s, in feet,
above the water can be modeled by s(t) = —16t> +
20t 4+ 6, where t > 0 is in seconds.

(a) How long is the diver in the air before he hits the
water?

(b) What is the maximum height achieved and when
does it occur?

M 1n Problems 61-64, solve (a) Forp

58. A ball is thrown straight upward from the ground. Its
height above the ground in meters after ¢ seconds is
given by —4.9t% + 30t + c.

(a) Find the constant c.
(b) Find the values of ¢ that make the height zero and
give a practical interpretation of each value.

59. A gardener wishes to double the area of her 4 feet by
6 feet rectangular garden. She wishes to add a strip of
uniform width to all of the sides of her garden. How
wide should the strip be?

60. Does 2! + 271 = (x 4+ 2)™" have solutions? If so,
find them.

(b) Forgq.
In each case, assume that the other quantity is nonzero and
restricted so that solutions exist.

61. p*> +2pq+5¢=0 62. ¢*> +3pg =10

63. p’* —p+2=0 64. pg® +2p*q=0

65. Consider the equation az? 4 bz = 0 with a # 0.

(a) Use the discriminant to show that this equation has
solutions.

(b) Use factoring to find the solutions.

(¢) Use the quadratic formula to find the solutions.



66. We know that if A - B = 0, then either A = 0 or 22— 162+ 64 = 42 4)
B =0.1If A- B = 6, does that imply that either A = 6 22202464 =0 5)
or B = 6? Explain your answer.

(z—4)(z—16) =0 (6)
67. In response to the problem “Solve z(z + 1) = 2-6,” 2 — 4.16. ™
a student writes “We must have x = 2 orx + 1 = 6, ’
which leads to z = 2 or z = 5 as the solutions.” Is the Identify and account for the flaw, specifying the step
student correct? (1)=(7) where it is introduced.
68. A flawed approach to solving the equation z—2+/z = 8 69. The equation

is shown below:
102% — 292 +21 =0

2 -2z =8 (1 . .
has solutions © = 3/2 and = = 7/5. Does this mean
2=8=2/z 2) that the expressions 102> —29x+21 and (z—3/2)(z—
(z—8)* = (2v2)* (3 7/5) are equivalent? Explain your reasoning.

9.5 COMPLEX NUMBERS

Until now, we have been regarding expressions like v/—4 as undefined, because there is no real
number whose square is —4. In this section, we expand our idea of number to include complex
numbers. In the system of complex numbers, there is a number whose square is —4.

Using Complex Numbers to Solve Equations

The general solution of cubic equations was discovered during the sixteenth century. The solution
introduced square roots of negative numbers, called imaginary numbers. This discovery lead math-
ematicians to find the solutions of quadratic equations, such as

22 —2x+10=0,
which is not satisfied by any real number z. Applying the quadratic formula gives

L _2EVID V=36
- 5 ,

=14+
2

The number —36 does not have a square root which is a real number. To overcome this problem, we
define the imaginary number ¢ = y/—1. Then

i2=—1.
Using i, we see that (67)? = 3612 = —36, so
= /(61)2 i
r=14+ 236 —1+ (2’) :1i%:1i3i.

There are two solutions for this quadratic equation just as there were two solutions in the case of
real numbers. The numbers 1 + 37 and 1 — 3¢ are examples of complex numbers.

A complex number is defined as any number that can be written in the form
z=a+ bi,

where a and b are real numbers and ¢ = +/—1. The real part of z is the number a; the
imaginary part is the number b.




Example 1

Solution

Calling the number ¢ imaginary makes it sound as though ¢ does not exist in the same way as
real numbers exist. In practice, if we measure mass or position, we want our answers to be real.
However, there are real-world phenomena, such as electromagnetic waves, which are described
using complex numbers.

Solve 22 — 6z + 15 = 4.

To solve this equation, we put it in the form az? + bz + ¢ = 0.
x? —6x+15=4
z? — 6z + 11 =0.

Applying the quadratic formula gives

x_6i\/36—44
- 2

_6+V-8
_6£YTTVE
6j:z'\/2§
6 221'\/5

=_4
272

=34iV2.

Algebra of Complex Numbers

Example 2

Solution

We can perform operations on complex numbers much as we do on real numbers. Two complex
numbers are equal if and only if their real parts are equal and their imaginary parts are equal. That
is, a + bi = ¢ + di means that @ = c and b = d. In particular, the equality a + bi = 0 is equivalent
toa =0, b = 0. A complex number with an imaginary part equal to zero is a real number.

Two complex numbers are called conjugates if their real parts are equal and if their imaginary
parts differ only in sign. The complex conjugate of the complex number z = a + bi is denoted Z, so

Z=a— bi.

(Note that z is real if and only if z = Z.)°

What is the conjugate of 5 — 777

To find the conjugate, we simply change the subtraction sign to an addition sign. The conjugate of
5—Tiis b+ Ti.

SWhen speaking, we say “z-bar” for z.



Example 3

Solution

Example 4

Solution

Example 5

Solution

Example 6

Solution

Find the real numbers a and b that will make the following equation true: 2 — 67 = 2a + 3bi.

For the equation to be true, we must have 2a = 2 and 3bi = —6¢. Thus, a = 1 and 3b = —6, which
givesus b = —2.

Addition and Subtraction of Complex Numbers

To add two complex numbers, we add the real and imaginary parts separately:

(a+bi)+ (c+di) = (a+c)+ (b+d)i.

Compute the sum (2 + 7i) 4 (3 — 5i).

Adding real and imaginary parts gives (2 + 7¢) + (3 — 5i) = (2 + 3) + (7i — 5i) = 5 + 2i.

Subtracting one complex number from another is similar:

(a+bi)—(c+di) = (a—c)+ (b—d)i.

Compute the difference (5 — 47) — (8 — 3i).

Subtracting real and imaginary parts gives (5 — 4i) — (8 — 3i) = (5 — 8) + (—4i — (—3i)) =
(5— 8) + (—4i +3i) = —3 — .

Multiplication of Complex Numbers

Multiplication of complex numbers follows the distributive law. We use the identity 2 = —1 and
separate the real and imaginary parts to expand the product (a + bi)(c + di):

(a+bi)(c+di) = a(c+ di) + bi(c+ di)

= ac + adi + bei + bdi® = ac + bd(—1) + adi + bei
ac — bd + adi + bci
(ac — bd) + (ad + be)i.

Compute the product (4 + 64)(5 + 2i).

Multiplying out gives (4 + 6)(5 + 2i) = 20 + 8 + 30i + 12i> = 20 + 38i — 12 = 8 + 38i.



Example 7

Solution

Example 8

Solution

Example 9

Solution

Simplify (2 + 4i)(4 — i) + 6 + 10i.

We wish to obtain a single complex number in the form a + bi. Multiplying out and adding real and
imaginary parts separately:

(2+4i)(4—i)+6+10i:8—2i+16i—4z’2+6+10i:14+24i+4:18+24i.

Multiplying a number by its complex conjugate gives a real, non-negative number. This prop-
erty allows us to divide complex numbers easily.

(a) Compute the product of —5 + 47 and its conjugate.
(b) Compute z - z, where z = a + bi and a, b are real.

(a) We have
(=54 4i)(=5 — 4i) = 25 + 20i — 204 — 1662 = 25 — 16(—1) = 25+ 16 = 41.
(b) We have

z-Z=(a+bi)(a—b)
= a? + abi — abi — b%i?
=a? - b*(—1)
=a? + b2

A special case of multiplication is the multiplication of 7 by itself, that is, powers of . We know
that i2 = —1; then, i® = i - i> = —i, and i* = (i?)? = (—=1)? = 1. Then i® = i - i* = 4, and so on.
That is, for a nonnegative integer n, :" takes on only four values. Thus we have

i form=1,5,9,13,...
n -1 forn=2,6,10,14,...
—i  forn=3,7,11,15,...
1 forn=4,812,16,...

Simplify each of the following.

(a) i34
(b) 3i® + 242 — 3343 — 4426

Since i* = 1, we use this fact to help us simplify.
(@) i3t =42.32 =28 = (-1)(1) = -1
(b)

338 + 261 — 34%3 — 4425 = 3(48) 4 24 - 20 — 343 - 440 — 442 .



Example 10

Solution

_ 3(2-4)2 + 21-(2-4)5 _ 31-3(2-4)10 _ 4z-2(i4)6
= 3(1) + 2i(1) — 3i3(1) — 44%(1)
=3+ 2 — 3i3 — 442

=3 +2i — 3(—4) — 4(-1)
=3+2i+3i+4

=7+5i.

Division of Complex Numbers

How can we divide two complex numbers? Even a very simple case such as (2 + ¢)/(1 — ) does
not have an obvious solution. However, suppose that we divide 2 + ¢ by a real number, such as 5.
Then we have

247 2 4 2 1.
5 515 5 5
In order to divide any two complex numbers, we use the complex conjugate to create a division by
a real number, since the product of a number and its complex conjugate is always real.

Compute

3+2i
The conjugate of the denominator is 3 — 2i, so we multiply by (3 — 24)/(3 — 2i).

243i 243 3-2 6-4i+9i—62 1245 12 5

5+2 342 3-2i  32t+22 13 13 13"

Exercises and Problems for Section 9.5
EXERCISES

B Write the complex numbers in Exercises 1-18 in the form 15. 3/ =5+ 5v/—45 16. 2i(36> —4i +7)
a + bi where a and b are real numbers.

1.

3.

(2—6i) + (23— 14i) 2. (T+14)(2 — 5i)

17. the conjugate of 11 + 13¢
18. the product of 6 — 77 and its conjugate

1 +5 3 4V
s e 6. 375 — 4y 61 M In Exercises 19-23, find the real numbers @ and b.
2y/=16 — 5/—1 8. (—4i%)(—2i) + 6(5i%) 19. 8 +4i=a+bi
(T+5i) — (12— 113)  10. 6(3 + 44) — 2i(i + 5) 20. 28i = a+bi
1 21. 6 = 3a + 5bi
- (5+2)° " 22. 15 — 25i = 3a + 5bi

(3+8i)+24—7i)  14. (9—7i) — 3(5+1) 23. 36 + 12i = 9a — 3bi



PROBLEMS

24. Which of the following statements is true? Explain
your answer.

(@) it = (b) 30 = %
(¢ 2= @ =i

M Solve the equations Problems 25-32.

25. 22 —8x+17=0
26. 2429 = 10z

27. 2> —6x+14=0

28. 22 — 122 +45 =6

29. 20® — 10z +20 =7
30. 2> —52+16=3

31. 4 + 22+ 1 =4z

32. 32> +32+10 =Tz + 6

REVIEW EXERCISES AND PROBLEMS FOR CHAPTER 9

EXERCISES

M 1n Exercises 1-8, sketch the graph without using a calcula-
tor.

1oy=(z—2)? 2. y=5+2(z+1)*

y=0B-z)(z+2) 4. y= 2z +3)(z +3)
5.y=(z—1)(z—5) 6. y=—2(x+3)(x—4)
7. y=2z—-3)2%+5 8. y=—(z+1)*+25

B 1n Exercises 9-14, write the expressions in standard form.

2
10. 7—t——

9. —5z% —22+3 5 %

2
11. ngzw 12. 2(r — 2)(3 — 2r)

13. 2(s —s(4—s)—1)
4. (22 43)(2°+2) — (22 +4) (x> - 1)

M In Exercises 15-18, find the minimum or maximum value
of the quadratic expression in x.

15. (x+7)* -8 16. a — (z +2)?

17. ¢ — 7(z +a)? 18. 2(2% + 62 +9) +2

B In Exercises 19-26, write the expressions in vertex form and
identify the constants a, h, and k.
19. 2(2*> — 6z +9) +4 20. 11— 7(3 — z)?
21. 2z +4)2 -7 22. x? — 12z + 36
23. —x? + 2bx — V? 24. 6(x* — 8z + 16) + 2

(t—6)2 -3

25.
4

26. b+ c(x® — 4dx +4d*) +5

MIn Exercises 27-29, rewrite the equation in a form that
clearly shows its solutions and give the solutions.

27. 22+ 3x+2=0 28. 1+ 22422 =0

29. 524622+1=0

M Write the quadratic functions in Exercises 30-31 in the fol-
lowing forms and state the values of all constants.
(a) Standard form y = az? + bz + c.

(b) Factored formy = a(z — r)(z — s).
(¢) Vertex formy = a(x — h)? + k.

30. y—8=—2(x+3)>
31. y=2x(3z — 7) + 5(7 — 3x)

M 1n Exercises 32-51, solve for z.

32. 22-16=0 33 2245=9

34. (x+4)* =25 35 (x—6)>2+7=17
36. (x—5)*+15=17 37. (z-1)2-2)=0
38. (z—93)(z+115) =0  39. (z4+47)(z+59) =0
40. 2° + 142 4+45=0 41, 22 + 2124+ 98 =0
42. 202 +2-55=0 43. 2> +1624+64 =0
44, 2> +2604+169 =0 45 2?2 +122+7=0
46. 2* +24x — 56 = 0 47. 32> + 30z +9=0
48. 22% — 422 + 22 =0 49, 2° + 323 +22 =0
50. 24+ x =6

51. Solvex ' +27 ' = —x — 2.



M Solve Exercises 52-57 with the quadratic formula.

53. 22° =52 —12=0
55. 3y* +y—2=17

57. =22 4+12t+5 = 2t+8

52. 22 —4x—12=0
54, 4> +3y+4=6
56. T2 —15t+5=3

M Solve Exercises 58-63 by completing the square.
58. 2 —8z+8=0
60. s°+3s—1=2
62. 2t° —4t+4=6

59. 4> +10y —2=0

6. 1> —r+2="7

63. 3v® +9v = 12

64. Explain why the equation (z — 3)> = —4 has no real
solution.

65. Explain why the equation 2> + x + 7 = 0 has no pos-
itive solution.

B Find possible quadratic equations in standard form that have
the solutions given in Exercises 66-69.
66. x =2,—6

67. t=-,t=—

W=

2
3)
69. ©=+/5—

&

68. 1=2++5

PROBLEMS

B Write the complex numbers in Exercises 70-83 in the form
a + bi where a and b are real numbers.

4
70. (10 + 3i) — (18 — 4d)  71. 3+z

72. /=100 73. /=9 +5v/—49
74. /=8 + 3y/—18 75. 24/=3 — 4/=27
76. 5¢/—32 — 6/ —2 77. (3—14)(5+ 3i)

78, > 79. (14 4i) + (6 — 84)

241

80. 443(64°) — 2i(44%) + 342
81. (3+1i)(5—1i/2)
82. (3i)% + (54)% — 4i + 30

5+ 104
2—1

84. The three different forms for a quadratic expression
are:

Standard form: z* — 10z + 16
Factored form: (z — 2)(xz — 8)
Vertex form: (z — 5)° — 9.

(a) Show that the three forms are equivalent.
(b) Which form is most useful for finding the

(1) Smallest value of the expression? Use it to
find that value.

(ii) Values of x when the expression is 0? Use it
to find those values of x.

(iii) Value of the expression when x = 0? Use it
to find that value.

M Problems 85-86 show the graph of a quadratic function.
(a) If the function is in standard form y = axz® + bz + ¢,
is a positive or negative? What is ¢?

(b) If the function is in factored form y = a(x —7)(z — s)
with » < s, what is ? What is s?

(¢) If the function is in vertex form y = a(xz — h)% + k,
what is A? What is k?

85. y

86. y

16
12

o |

M Write the quadratic function

N

y = 4z — 30 + 22°

in the forms indicated in Problems 87-90. Give the values
of all constants.

87. y =az® +bx+c
89. y=a(z—h)’+k

88. y=a(z—1r)(x—s)
9. y=azx(z —v)+w



91.

92.

93.

94.

95s.

96.

97.

98.

99.

100.

Explain why the smallest value of f(z) = 3(x —6)% +
10 occurs when = = 6 and give the value.

Explain why the largest value of g(t) = —4(t + 1) +
21 occurs when t = —1 and give the value.

Write the expression 22 — 62 + 9 in a form that demon-
strates that the value of the expression is always greater
than or equal to zero, no matter what the value of x.

(a) Use the method of completing the square to write
y = x* — 62 + 20 in vertex form.

(b) Use the vertex form to identify the smallest value
of the function, and the x-value at which it occurs.

The height in feet of a stone, ¢ seconds after it is
dropped from the top of the Petronas Towers (one of
the tallest buildings in the world), is given by

h = 1483 — 16t°.

(a) How tall are the Petronas Towers?
(b) When does the stone hit the ground?

The height, in feet, of a rocket ¢ seconds after it is
launched is given by h = —16t> + 160t. How long
does the rocket stay in the air?

A rectangle has one corner at (0,0) and the opposite
corner on the line y = —x + b, where b is a positive
constant.

(a) Express the rectangle’s area, A, in terms of x.

(b) What value of x gives the largest area?

(¢) With z as in part (b), what is the shape of the rect-
angle?

A farmer encloses a rectangular paddock with 200 feet
of fencing.

(a) Express the area A in square feet of the paddock
as a function of the width w in feet.
(b) Find the maximum area that can be enclosed.

A farmer makes two adjacent rectangular paddocks
with 200 feet of fencing.

(a) Express the total area A in square feet as a func-
tion of the length y in feet of the shared side.
(b) Find the maximum total area that can be enclosed.

A farmer has a square plot of size = feet on each side.
He wants to put hedges, which cost $10 for every foot,
around the plot, and on the inside of the square he
wants to sow seed, which costs $0.01 for every square
foot. Write an expression for the total cost.

M In Problems 101-104, find the number of z-intercepts, and
give an explanation of your answer that does not involve
changing the form of the right-hand side.

101. y = —-3(z+3)(x—5) 102. y=1.5(z —10)?

103. y=—(x—1)>4+5 104 y=2(z+3)?+4

M 1n Problems 105-107, use a calculator or computer to sketch
the graphs of the equations. What do you observe? Use al-
gebra to confirm your observation.

105, y=(z+2)(z+ 1)+ (z —2)(x — 3) — 2z(z — 1)

106. y = (z — 1)(x — 2) + 3z and y = 2°

107. y = (z —a)®*+2a(x —a) +a’fora=0,a =1, and
a=2

108. When the square of a certain number is added to the

number, the result is the same as when 48 is added to
three times the number. Use the method of completing
the square to determine the number.

M n Problems 109-112, decide for what values of the constant
A (if any) the equation has a positive solution. Give a reason
for your answer.

109. 2 +z+A=0 110. 3(z+4)(z 4+ A) =0

111. A(z—3)>-6=0 112. 5(x —3)> - A=0

M In Problems 113-115, the equation has the solution z = 0.

What does this tell you about the parameters? Assume a #
0.

113, az® + bz +c=0
114. a(x —r)(x —s) =0
115. a(x —h)* + k=0
M Problems 116-119 refer to the equation (z —a)(z—1) = 0.

116.
117.

Solve the equation for z, assuming a is a constant.

Solve the equation for a, assuming « is a constant not
equal to 1.

118. For what value(s) of the constant a does the equation

have only one solution in x?

119. For what value(s) of  does the equation have infinitely

many solutions in a?



M In Problems 120-123, give the values of a for which the
equation has a solution in . You do not need to solve the
equation.

120.
122.

124.

125.

Bz —2)"°+a=0
6z —5=8x+a—2z 123. 42°—(1-2z)*+a =0

121. ax —5+6x =0

2

For what values of a does the equation az? = 2% — z

have exactly one solution in z?

(a) Show that if (z — h)? + k = 0 has two distinct
solutions in z, then k must be negative.

(b) Use your answer to part (a) to explain why k£ must
be negative if (x —h)? +k = (x —7)(z — s), with
r#S.

126.

127.

128.

(¢) What can you conclude about k if —2(z — h)? +
k=—-2(x—r)(x—s), withr # s?

(a) Explain why 2(z — h)? + k is greater than or equal
to k for all values of x.

(b) If2(x — h)? + k = ax® + bx + c, explain why it
must be true that ¢ > k.

(¢) What can you conclude about ¢ and k if —2(z —
h)? + k= az® + bz + c?

If @ is a constant, rewrite z° + (¢ — 1)z —a = 0 in
a form that clearly shows its solutions. What are the
solutions?

Rewrite 2a + 2 + a? = 0 in a form that clearly shows
it has no solutions.



SOLVING DRILL

M In Problems 1-30, solve the equation for the indicated variable.

1. 22 — 424+ 3 =0;forz

2. 10+ 32 = 18 + 5z — a%; for z
3. 6 —3t =2t — 10+ 5t; fort
4. 2+ 7t +3=0;fort

5. 8 +5=r2+5r+4;forr
6. 5s® 4+ 33 = 0; for s

7. 2w® + 16w + 15 = 5w + 3; for w

8. bx +13 — 22z =10z — 9; forx

9. 3p> +3p—8 =9p> 4 5p — 14; for p

10. 3t> + 5t —4 = 2t> + 8t +6; for t

11. 22° = 1222; for

12. 5.2w — 2.3w” + 7.2 = 0; for w

13. 2.1¢> —4.2¢ + 9.8 = 14.9 + 1.7q — 0.4¢>; for q

14. 42t +5.9—- 0.7t = 12.2; for t

15. 52* = 20; for z

16. 2z(x +5) —4x +9 = 0; forx

17. p(p—3) =2(p+4); forp

18. z(z+5) —2(4x+1) =2;forz

19. 5(2s+1) — 3(7s + 10) = 0; for s

20. 2t(1.3t — 4.8) + 4.6(t* — 8) = 5t(0.8t + 3.9) — 5(3t + 4); for ¢
21. p? + 5pq + 8qr® = 0; for p

22. p? 4 5pq + 8qr® = 0; for ¢

23. p? + 5pq + 8qr® = 0; for r

24. as — bs® + ab = 2bs — a?; for s

25. as — bs® + ab = 2bs — a*; fora

26. as — bs® + ab = 2bs — a*; for b

27. p(2q9 +p) = 3q(p +4); forp

28. p(2g +p) = 3q(p +4); for g

29. 2[T|Vo = 5V (H® — 3Vp); for H

30. 2[TVo = 5V (H® — 3Vj); for Vo
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10.1 EXPONENTIAL FUNCTIONS

Example 1

Solution

Example 2

We often describe the change in a quantity in terms of factors instead of absolute amounts. For
instance, if ticket prices rise from $7 to $14, instead of saying “Ticket prices went up by $7” we
might say “Ticket prices doubled.” Likewise, we might say theater attendance has dropped by a
third, or that online ordering of tickets has increased tenfold.

In Chapter 5 we saw that linear functions describe quantities that grow at a constant rate. Now
we consider functions describing quantities that grow by a constant factor.

In a population of bacteria, there are initially 5 million bacteria, and the number doubles every hour.
Find a formula for f(¢), the number of bacteria (in millions) after ¢ hours.

Att = 0, we have
f(0) =5.

One hour later, at ¢ = 1, the population has doubled, so we have
f(1)=5-2=10.
After 2 hours, at ¢ = 2, the population has doubled again, so we have
f(2)=5-2.2=5.2%=20.

After each hour, the population grows by another factor of 2 (that is, it gets multiplied by 2), so after
3 hours the population is 5 - 23, after 4 hours the population is 5 - 2%, and so on. Thus, after ¢ hours
the population is

ft)=5-2"

Exponents Are Used to Group Repeated Growth Factors

We can express repeated addition as multiplication. For example, in an investment that starts with
$500 and grows by $50 per year for three years, the final balance is given by

Final balance = 500 + 50 4 50 + 50 = 500 4 50 - 3.
—_——

3 terms of 50

Now we express repeated multiplication using exponents. For example, after 3 hours, the bacteria
population has doubled 3 times:

) - A :'3
f3)=5-2-2.2 =5.23

3 factors of 2

Write an expression that represents the final value of a property that is initially worth $180,000 and

(a) Increases tenfold (b) Quadruples twice
(c) Increases seven times by a factor of 1.12



Solution

(a) The final value is 180,000 - 10 dollars.

(b) Since the initial value quadruples two times, the final value is 180,000 - 4 - 4 dollars, which can
be written 180,000 - 42 dollars.

(c) Since the initial value increases by a factor of 1.12 seven times, the final value is

180,000 (1.12)(1.12) - - - (1.12),

7 times

which can be written 180,000(1.12)7 dollars.

Exponential Functions Change by a Constant Factor

Example 3

Solution

Example 4

Solution

Functions describing quantities that grow by a constant positive factor, called the growth factor, are
called exponential functions. For instance, the function = 5 - 2! in Example 1 has the form

Q = (Initial value) - (Growth factor)®,

where the initial value is 5 and the growth factor is 2. In general:

Exponential Functions

A quantity () is an exponential function of ¢ if it can be written as
Q= f(t)=a-b", aandbconstants, b > 0.

Here, a is the initial value and b is the growth factor. We sometimes call b the base.

The base b is restricted to positive values because if b < 0, then b is not defined for some
exponents ¢. For example, (—2)'/2 and 0~! are not defined.

Are the following functions exponential? If so, identify the initial value and growth factor.
(@ Q=275-3 (b) Q =80(1.05)" () Q=120-¢

(a) This is exponential with an initial value of 275 and a growth factor of 3.

(b) This is exponential with an initial value of 80 and a growth factor of 1.05.

(c) This is not exponential because the variable ¢ appears in the base, not the exponent. It is a power
function.

Model each situation with an exponential function.

(a) The number of animals [V in a population is initially 880, and the size of the population increases
by a factor of 1.14 each year.
(b) The price P of an item is initially $55, and it increases by a factor of 1.031 each year.

(a) The initial size is 880 and the growth factoris 1.14, so N = 880(1.14)" after ¢ years.
(b) The initial price is $55 and the growth factor is 1.031, so P = 55(1.031)" after ¢ years.



Example 5

Solution

Example 6

Solution

The following exponential functions describe different quantities. What do they tell you about how
the quantities grow?

(a) The number of bacteria (in millions) in a sample after ¢ hours is given by N = 25 - 2¢,

(b) The balance (in dollars) of a bank account after ¢ years is given by B = 1200(1.033)".

(c) The value of a commercial property (in millions of dollars) after ¢ years is given by V' =
22.1(1.041)".

(a) Initially there are 25 million bacteria, and the number doubles every hour.
(b) The initial balance is $1200, and the balance increases by a factor of 1.033 every year.
(¢) The initial value is $22.1 million, and the value increases by a factor of 1.041 every year.

Decreasing by a Constant Factor

So far, we have only considered increasing exponential functions. However, a function described by
a quantity that decreases by a constant factor is also exponential.

After being treated with bleach, a population of bacteria begins to decrease. The number of bacteria
remaining after ¢ minutes is given by
3\t
t) =800 (—| .
g(t) ( 4>

Find the number of bacteria at ¢ = 0, 1, 2 minutes.

0
3
00 (=) =800

g(1) =800 (%)1 = 600

We have

s

—~
=

=
I
Qo

9(2) = 800 G)z = 450.

Here the constant 800 tells us the initial size of the bacteria population, and the constant 3/4 tells
us that each minute the population is three-fourths as large as it was a minute earlier.

Graphs of Exponential Functions

Figure 10.1 shows a graph of the bacteria population from Example 1, and Figure 10.2 shows a
graph of the population from Example 6. These graphs are typical of exponential functions. Notice
in particular that:
e Both graphs cross the vertical axis at the initial value, f(0) = 5 in the case of Figure 10.1, and
¢(0) = 800 in the case of Figure 10.2.

e Neither graph crosses the horizontal axis.



f)=5-2"

20 + 800 ¢
600 [
L 450 [ t
10 g(t) = 800 (5)
4
5 ¢
: = ¢ (hours) : ‘ t (minutes)
1 2 1 2
Figure 10.1: The bacteria population Figure 10.2: The bacteria population
f(t) =5 2" from Example 1 g(t) = 800(3/4)" from Example 6

e The graph of f(t) = 5 - 2! rises as we move from left to right, indicating that the number of
bacteria increases over time. This is because the growth factor, 2, is greater than 1.

e The graph of g(t) = 800(3/4)" falls as we move from left to right, indicating that the number
of bacteria decreases over time. This is because the growth factor, 3/4, is less than 1.
Notice that exponential functions for which b # 1 are either increasing or decreasing—in other
words, their graphs do not change directions. This is because an exponential function represents
a quantity that changes by a constant factor. If the factor is greater than 1, the function’s value
increases, and the graph rises (when read from left to right); if the factor is between 0 and 1, the
function’s value decreases, and the graph falls.

The Domain of an Exponential Function

Example 7

Solution

In Example 1 about a population of bacteria, we considered positive integer values of the exponent.
But other values are possible. For example, 5 - 2!° tells you how many bacteria there are 1.5 hours
after the beginning.

Let P = f(t) = 1500(1.025)" give the population of a town ¢ years after 2005. What do the
following expressions tell you about the town?

@ f(0) (b) f(2.9) © f(-4)

(a) We have
f(0) = 1500(1.025)O = 1500.

This tells us that in year 2005, the population is 1500.
(b) We have
£(2.9) = 1500(1.025)*° = 1611.352.

This tells us that 2.9 years after 2005, close to the end of 2007, the population is about 1610.
(c) We have
f(—=4) = 1500(1.025)"* = 1359.926.

This tells us that 4 years before 2005, or in year 2001, the population was about 1360.

In Example 7, negative input values are interpreted as times in the past, and positive input values
are interpreted as times in the future. As the example suggests, any number can serve as an input for
an exponential function. Thus, the domain for an exponential function is the set of all real numbers.



Recognizing Exponential Functions

Sometimes we need to use the exponent laws to find out whether an expression can be put in a form

that defines an exponential function.

Example 8

Solution (a) Writing this as

27t

3

Are the following functions exponential? If so, identify the values of a and b.

2715
(a) Q:? (b) Q=V5-4

-3 =5(5)

© Q= V5t

we see that the function is exponential. We have ¢ = 1/3 and b = 1/2.

VB4 = (5-4%)1/2 = 51/2(41/2)t = /5. 2,

we see that the function is exponential. We have a = V5and b = 2.

(b) Writing this as

(c) Writing this as

V5t4 = \/5¢2,

we see that it is a power function with exponent 2 and not an exponential function.

Exercises and Problems for Section 10.1
EXERCISES

M Are the functions in Exercises 1-4 exponential? If so, iden-
tify the initial value and the growth factor.

1. Q=121
3. Q=0.75(0.2)

2. Q=t-12*
4. Q = 0.2(3)0™

M Write the exponential functions in Exercises 5-8 in the form
@ = ab® and identify the initial value and growth factor.

190
5. Q=300-3" 6.Q:?
7. Q =200 -3* 8. Q=50-2"

B Can the quantities in Exercises 9-12 be represented by ex-
ponential functions? Explain.
9. The price of gas if it grows by $0.02 a week.

10. The quantity of a prescribed drug in the bloodstream if
it shrinks by a factor of 0.915 every 4 hours.

11. The speed of personal computers if it doubles every 3
years.

12. The height of a baseball thrown straight up into the air
and then caught.

13. The population of a town is M in 2005 and is growing
wi